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example, we write down the subtraction term for the four-gluon two-loop process. The
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finite remainder that can be safely evaluated numerically in four-dimensions.
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1 Introduction

In hadronic collisions the most basic form of the strong interaction at short distances is
the scattering of a coloured parton off another coloured parton. Experimentally, such
scattering can be observed via the production of one or more jets of hadrons with large
transverse energy. In QCD, the inclusive cross section has the form,

do(H1, Hs) = Z/d;ldg& i(&1, 17) f5(€2, 1?)d6i5 (61 Hy, Eo Ha, s (1)

where the probability of finding a parton of type ¢ carrying a momentum fraction £ of the
parent proton momentum H; is described by the parton distribution function f;(&, u?)dé
and the partonic scattering cross section da;; for parton ¢ to scatter off a parton j nor-
malised to the hadron-hadron flux! is summed over the possible parton types i and j. To
simplify the discussion, we have set the renormalisation and factorisation scales to be equal,
1R = [F = [L.

For example, let us consider the m-jet cross section. The (renormalised and mass
factorised) partonic cross section for a parton of type ¢ scattering off parton of type j, dé;
to form m jets has the perturbative expansion

as(p)
2

déyj(&1Hy, & Ha, as(p)) = doijro(§&1Hy, §2Ho) + ( ) déijnro(§1Hy, §2Ho)

2
+ <O‘;(:)> ddijnnLo(€1H1, E2Ha) + O(af) 1)

where the next-to-leading order (NLO) and next-to-next-to-leading order (NNLO) strong
corrections are identified.

The simplest jet cross sections at hadron colliders are the single jet inclusive and the
exclusive or inclusive dijet cross sections. In the single jet inclusive cross section, each
identified jet in an event contributes individually. The exclusive dijet cross section consists
of all events with exactly two identified jets, while events with two or more identified jets
contribute to the inclusive dijet cross section. These cross sections have been studied as
functions of different kinematical variables: the transverse momentum and rapidity of the
jets (of any jet for the single jet inclusive distribution, or of the two largest transverse
momentum jets for the dijet distributions). Precision measurements of single jet and dijet
cross sections have been performed by CDF [1] and DO [2] at the Tevatron and by ATLAS [3,
4] and CMS [5-7] at the LHC.

The single jet inclusive jet cross section has been analysed in view of a determination
of the parton distributions in the proton [8]. Tevatron data on this observable are included
in nearly all global fits of parton distributions, where they provide important constraints
on the large-x behaviour of the gluon distribution. Likewise, measurements of the jet and
dijet cross section can be used to extract the strong coupling constant as up to scales that
are otherwise unattainable with other collider measurements [9].

IThe partonic cross section normalised to the parton-parton flux is obtained by absorbing the inverse
factors of & and &> into dé;;.



All these precision studies rely at present on NLO theory predictions for jet cross sec-
tions [10-16]. The uncertainty inherent to these predictions is the dominant source of error
in the extraction of az. A consistent inclusion of jet data in global fits of parton distribu-
tions at a given order also requires the perturbative description of the jet cross section to
this order. Consequently, the inclusion of jet data in the NNLO parton distribution fits
introduces an unquantified systematic error. The NNLO corrections to jet production are
therefore of crucial importance for precision physics studies of QCD and of the structure
of the proton at hadron colliders.

Multi-jet production at hadron colliders is equally studied in view of precision physics
and new physics searches. While NLO corrections to three-jet production [12, 13] have
been available for some time, the calculation of NLO corrections to four-jet final states
became feasible only most recently [17, 18], largely owing to technical break-throughs in
the efficient evaluation of one-loop mulit-leg amplitudes.

At LO, the m-jet cross section is obtained by evaluating the tree-level cross section for
processes with m-partons in the final state (i.e., the processes involving (m + 2)-partons
with two partons in the initial state), and requiring that each final state parton is identified
as a jet by some jet algorithm. In other words,

déijro(&1H1, & Ha) :/ dﬁg,Lo(&HL&Hz) (1.2)
ddy

where the Born-level partonic cross section is integrated over the N-parton final state d®y

subject to the constraint that precisely m jets are observed by the jet algorithm anN),

/ z/déNJ,SIN). (1.3)
doy

Suppose we now want to compute the m-jet cross section to NLO. For this, we have

In this case of course, N = m.

to consider the real radiation cross section d&% o With (m + 1) partons in the final state,
the one-loop correction d&X} Lo With m partons in the final state, and a mass factorisa-
tion counter-term d&%ffo that absorbs the divergences arising from initial state collinear
radiation into the parton densities:

. _ R v ~MF
doijnro —/ doij nro +/ doy; Nro +/ doij nro- (1.4)
dq:‘m+1 dq:",n dq>m

The mass factorisation counter term is related to the LO cross section through

N dz; dz R
A6} VoG H1, &Hy) = —/lezj FS;)M(Z1,Z2)dUkl,Lo(21§1H1,Z2€2H2)7 (1.5)
where
T (21, 22) = 6(1 — 22) 6, T (21) + 5(1 — 21) 6s TP (22) (1.6)
ikl \Z15 22 22) 015 L (R 21) Oki L 15 (22), .

and FE;)(Z) is the one-loop Altarelli-Parisi kernel.
The terms on the right hand side of (1.4) are separately divergent although their sum
is finite. To write a Monte Carlo program to compute the NLO contribution to the cross



section, we must first isolate and cancel the singularities of the different pieces and then
numerically evaluate the finite remainders.

Subtraction schemes are a well established solution to this problem. They work by
finding a suitable counter-term d?T]SV Lo for delt o~ This subtraction term has to satisfy two
properties, namely it must have the same singular behaviour in all appropriate unresolved
limits as d&ﬁ, o and yet be simple enough to be integrated analytically over all singular
regions of the (m + 1)-parton phase space in d dimensions. We proceed by rewriting (1.4)
in the following form:

. _ R .S
doijnLo = / (4675 nzo — 467 N o)
dq)m+1

55 5V ~MF
+/d<b (/1 doy; o + 4oy NLo + daij?NLO> . (1.7)

In its unintegrated form the subtraction term, d&isj’ ~NLO> has the same singular behaviour as
d&g ~ 1o Such that the first integral is finite by definition and can be integrated numerically
in four dimensions over the (m+1)-parton phase space. The integrated form of the counter-
term fl d&fj ~Lo analytically cancels the explicit singularities of the virtual contribution
d(};i ~ro and the mass factorisation counter-term d&% ]}\7, ro- After checking the cancellation
of the pole pieces, we can take the finite remainders of these contributions and perform the
last integral on the right hand side of (1.7) numerically over the m-parton phase space.

At NNLO, there are three distinct contributions due to double real radiation d&glfv NLO>
mixed real-virtual radiation d&g}j\, ~ro and double virtual radiation d&gg}]fv NLO» Plus two

. ~MF,1 ~MF2
NNLO mass factorisation counter terms, do; I NNLO and do; INNLO> such that

~RR ~ RV ~VV
do;NNLo +/ doi NNLo +/ doy; NNLo
d®,, 41 do,,

MF1 MF2
"‘/ doy; Nnro "‘/ do;; NN Lo (1.8)
d¢m+1 dd,,

doijNnNLO = /
d®ym42

where the integration is again over the appropriate N-particle final state subject to the
constraint that precisely m-jets are observed. As usual the individual contributions in the
m-, (m+1)- and (m + 2)-parton final states are all separately infrared divergent although,
after renormalisation and factorisation, their sum is finite.

The NNLO mass factorisation counter-terms contributing to the (m + 1)- and m-
particle final states are given by,

dzy dz
L MF1 - s
d6;; Nnpo(§iH1, &H2) = — S

1 . .
X Fz(j;)kl(zl’ 22) |:d(71}c%l,NLO - dglfl,NLO (2161 H1, 2262 H3),

(1.9)



and

0 dzy dz
6, Navno (€0 H, §oHa) = — dz1 2z
’ Z1 R2

X Fﬁf;)kl(zl, z2) Ao, L0(2181 H1, 2282 H2)

1 R R R
+F§j;)kl(zl, 22) [/1 A6 nro + 463 nro + dof Lo | (& Hy, Z2§2H2)]a (1.10)

respectively, where

T (21 22) = 6(1 — 22) T (21) + 6(1 — 21) 0Ty (22) + T4 (21)T(22)  (1.11)
and I’g)(z) is the two-loop Altarelli-Parisi kernel.

Following the same logic as at NLO, we introduce subtraction terms. The first,
d&f,NLO, must correctly describe the single and double unresolved regions of the dou-
ble real radiation contribution for d&ﬁ% r0- The second, d&]\/,}g\, 10> must cancel the explicit
poles in dé}ﬁ‘fv 1o as well as reproducing the single unresolved limits. The general form for
the subtraction terms for an m-particle final state at NNLO is therefore:

A _ ~RR ~S ~S
doijnnLo = / (dgij,NNLO - daij,NNLO) +/ doj; NnLo
dq)m+2 dq)m+2
~RV ~VS ~VS ~MF,1
+/ (daij,NNLO - dUij,NNLO) +/ d&j;’NNLo +/ dUij,NNLo
d®m41 Dipt1 Qg1
~VV ~MF,2
+[i¢ daij,NNLO + L@ daij,NNLO' (].12)

Note that because the analytic integration of the subtraction term d&% NN Lo over the single
and double unresolved regions of phase space gives contributions to both the (m + 1)- and
m-parton final states, we can explicitly decompose the integrated double real subtraction
term into two pieces that are integrated over the phase space of either one or two unresolved
particles respectively,

A5 _ 5,1 . S5,2
/ d&j; NnLo —/ /daij,NNLO+/ /daij,NNLO' (1.13)
APy Ay, J1 dd,, J2

We can therefore rewrite eq. (1.12) such that each line corresponds to a different number
of final state particles,

A _ ~RR ~ S
doijNnLo = / [dUz‘j,NNLO - daij,NNLO]
dq)m+2
~RV AT
+/ [daij,NNLO - dUz’j,NNLo]
dq)'rn+1

+/d<1> [d‘%zg,‘l/\/NLo - d&g,NNLo] ; (1.14)



where each of the square brackets is finite and well behaved in the infrared singular regions.
More precisely,

T _ VS .51 MF,1

d&jjnnvLo = doi;NNLo — /ldgij,NNLO —doy; Nnro (1.15)
U _ VS 5,2 MF2

ddijnnLo = — /1 dijnNLo — /2 doiinnro — 0 NNLo- (1.16)

So far, the discussion has been quite general, and the form of the subtraction terms
not specified. At NLO, there are several very well defined approaches for systematically
constructing NLO subtraction terms, notably those due to Catani and Seymour [19] and
Frixione, Kunzst and Signer [20].

Several subtraction schemes for NNLO calculations have been proposed in the lit-
erature, where they are worked out to a varying level of detail. Up to now, successful
applications of subtraction at NNLO to specific observables were accomplished with sec-
tor decomposition [21-25], gr-subtraction [26], antenna subtraction [27] and most recently
with an approach based on sector-improved residue subtraction [28, 29]. The sector de-
composition approach relies on an iterated decomposition of the final state phase space
and matrix element, allowing an expansion in distributions, followed by a numerical eval-
uation of the sector integrals. It has been successfully applied to Higgs production [30-32]
and vector boson production [33] at NNLO. The gr-subtraction method is restricted to
processes with colourless final states at leading order, it is based on the universal infrared
structure of the real emissions, which can be inferred from transverse momentum resumma-
tion. This method has been applied at NNLO to the Higgs production [34], vector boson
production [35, 36], associated V H-production [37], photon pair production [38] and in
modified form to top quark decay [39]. Antenna subtraction is described in detail below
and has been applied to three-jet production in electron-positron annihilation [40-44] and
related event shape distributions [45-49]. The sector-improved residue subtraction extends
NLO residue subtraction [20], combined with a numerical evaluation of the integrated sub-
traction terms. It has been applied to compute the NNLO corrections to top quark pair
production [50-52].

Here, we are interested in the application of the antenna subtraction scheme to hadron-
hadron collisions, and specifically to processes such as pp — jet + X, pp = V +jet + X
(with V.= W* or Z) and pp — H + jet + X. The formalism has been fully worked out
for processes with massless partons and initial state hadrons at NLO [53] and NNLO [54—
57]. The extension of antenna subtraction for the production of heavy particles at hadron
colliders has been studied in refs. [58-61]. Within this approach, the subtraction terms
are constructed from so-called antenna functions which describe all unresolved partonic
radiation (soft and collinear) between a hard pair of radiator partons. The hard radiators
may be in the initial or in the final state, and in the most general case, final-final (FF),
initial-final (IF) and initial-initial (II) antennae need to be considered. The subtraction
terms and therefore the antennae also need to be integrated analytically over the unresolved
phase space, which is different in the three configurations. All of the integrals relevant for
processes at NNLO with massless quarks have now been completed [54-57].



In previous papers [62, 63|, the subtraction terms d&}%, Nro and d&% NLo corresponding
to the leading colour pure gluon contribution to dijet production at hadron colliders were
derived. d&;% NLo Was shown to reproduce the singular behaviour present in d&f}% o inall
of the single and double unresolved limits, while d&% ~1o analytically cancelled the explicit
infrared poles present in d[fﬁ,‘f\, 1o and also reproduced the singular behaviour in the single
unresolved limits.

It is the purpose of this paper to construct the appropriate subtraction term d&% NLO
to render the leading colour four-gluon double virtual contribution d&}(,% Lo explicitly finite
and numerically well behaved in all of phase space.

Our paper is organised in the following way. In section 2, the general structure of
f2 d&f,’?\, 1o and fl d&x,fv o 18 discussed and analysed, together with the detailed structure
for gluon scattering at leading-order in the number of colours.

We review gluon scattering at LO and NLO in section 3. There are two separate
configurations relevant for gg — gg scattering depending on whether the two initial state
gluons are colour-connected or not. We denote the configuration where the two initial state
gluons are colour-connected (i.e. adjacent) by IIFF, while the configuration where the two
initial state gluons are not colour-connected is denoted by IFIF. Our notation for gluonic
amplitudes is summarised in section 3.1 while the one-loop, unintegrated and integrated
subtraction contributions and mass factorisation terms at NLO are reviewed in section 3.2

In section 4 we turn our attention to the specific process of gluon scattering at NNLO.
We consider the infrared pole structure of the two-loop four-gluon amplitudes in section 4.1.
The integrated subtraction terms f2 d&i,’?v o and fl d&}(,fv 1o are presented in section 4.2
and the mass factorisation term discussed in section 4.3. Together, these combine to give
the double virtual subtraction term d&% ~ro and explicit forms for the IIFF and IFIF
configurations are given in section 4.4 where the cancellation of explicit poles between
d&}\/,% o and d&% ~ro is made manifest. Finally, our findings are summarised in section 5.

Three appendices are enclosed. Appendix A summarises the phase space mappings
for the final-final, initial-final and initial-initial configurations. Appendix B collects the
splitting functions relevant to gluon scattering. Appendix C gives details of the convolutions
of integrated tree-level antennae appearing in d(}][\], NLO-

2 Double virtual antenna subtraction at NNLO

In this paper, we focus on the scattering of two massless coloured partons to produce
massless coloured partons, and particularly the production of jets from gluon scattering
in hadronic collisions. We follow closely the notation of refs. [62, 63]. The leading-order
parton-level contribution from the (m + 2)-parton processes to the m-jet cross section at
LO in pp collisions,

pp — m jets (2.1)



is given by

. 1
d6ro = N2o D d®um(ps,- -, Pmt2iP1,p2) o
perms Sm

X[ Ming2(1,2..om + 2)P T (s, . pma). (2.2)

We denote a generic tree-level (m + 2)-parton colour ordered amplitude by the symbol
Minio(1,2...,m +2), where 1 and 2 denote the initial state partons of momenta p; and
p2 while the m-momenta in the final state are labeled ps, ..., ppmio. For convenience, and
where the order of momenta does not matter, we will often denote the set of (m + 2)-
momenta {p1, ..., pm+2} by {p}m+2. The symmetry factor S, accounts for the production
of identical particles in the final-state.

This squared matrix element is decomposed in a colour-ordered manner into leading
and sub-leading colour contributions (as for example derived explicitly in [40]). At leading
colour, [M42(...)|? consists of the squares of the colour-ordered amplitudes, while at sub-
leading colour, it is made from the appropriate sum of interference terms of colour-ordered
amplitudes. Both at leading and sub-leading colour, | M, 12(. ..)|> can be decomposed such
that each potentially unresolved parton is colour connected to only two other partons.

For gluonic amplitudes the permutation sum runs over the group of non-cyclic per-
mutations of n symbols. The normalisation factor, N0, includes the hadron-hadron flux-
factor, spin and colour summed and averaging factors as well as the dependence on the
renormalised QCD coupling constant a.

The 2 — m particle phase space d®,, is given by

d(b’m(pi% ... 7pm+2;p17p2) -
d?!ps A pp i
DEs(2m)d 1 2Ey, o (2m) ]

2m)%6%(p1 +p2 —p3 — -+ — Dmt2)- (2.3)

The jet function I )({p}n+2) defines the procedure for building m jets from n final state
partons. The key property of .Jp, is that the jet observable is collinear and infrared safe.

In a previous paper [62], we discussed the NNLO contribution coming from processes
where two additional partons are radiated, the double real contribution d&ﬁ% o and its
subtraction term dé’f, NLO- d&ﬁ% o involves the (m + 4)-parton process at tree level and

is given by,
. 1
dU]]\%TIJ%LO = NJI\?J@LO Z d®y12(p3, - - - s Pmta; P1,P2) 5
perms m+2
K Munsa(3, 2. om+ DRI ({phnsa)- (2.4)

Subsequently in [63] we discussed the NNLO contribution from one-loop processes
where one additional parton is radiated, the real-virtual contribution d&ﬁ,‘fVLO and its
subtraction term d&?\} NLO- d&ﬁ,‘l/\, Lo involves the (m + 3)-parton process at one-loop and

is given by,
. 1
A6 o = Ni¥Nio D d®mi1(ps,- -, Pme3;p1, p2) 5
perms m+1
X[ Mipa (L, om 4+ 3)2 TS ({phngs) (2.5)



where we introduced a shorthand notation for the interference of one-loop and tree-
amplitudes,

Mia(hm+3)2 =2Re (Mh (L, om+3) MOS0, om+3)) , (26)
which explicitly captures the colour-ordering of the leading colour contributions.

In this paper, we are concerned with the NNLO contribution coming from two-loop
processes, i.e., the (m + 2)-parton process, da’]‘\/foLO and the remaining subtraction and
mass factorisation contributions that are collectively denoted d&% NLO-

In our notation, the two loop (m+2)-parton contribution to m-jet final states at NNLO
in hadron-hadron collisions is given by

1
d6Xvro = N¥kro Y d®n psa---,pm+2,p17p2)?

perms
XMoo ym+2)1 T5 ({pYmea) | (2.7)

where again we use a shorthand notation for the interference of two-loop and tree-
amplitudes plus the one-loop squared contribution,

Mep(m+ 2 = 2Re (Mo m+2) ML, om +2))
+ (Mhpalsm+2) MYT(1 . m+2)) . (28)

The subleading contributions in colour are implicitly included in (2.4), (2.6) and (2.8) but
will not be considered in detail in this paper.

The normalisation factor N7o depends on the specific process and parton channel
under consideration. Nevertheless, at leading colour N, }é% 10s N, ]I\?]‘(,LO and N ﬁf}LO are
simply related to N7o for any number of jets and for any partonic process by

8% asN ? 2
NNNLO = Nro o C(f) )

2 ~ c 2
NiNo = Neo < 25) CC((e)) ) (2.9)

e 2 C(e)?
NifLo = NLO( 25?[) gge;, (2.10)

where
€Y

C(e) = (47T)EW, (2.11)
C(e) = (47m)e . (2.12)

Note that each power of the (bare) coupling is accompanied by a factor of C(e). In this
paper, we are mainly concerned with the NNLO corrections to (2.1) when m = 2 and for
the pure gluon channel at leading order in the number of colours. For this special case, the
leading order normalisation factor Ny is given by
1 1
Npo=—X———-
Lo = 95 7 4(N2 - 1)2

where s is the invariant mass squared of the colliding hadrons.

x (6*N)* (N2 = 1) (2.13)



The renormalised two-loop virtual correction M2 ,, to the (m + 2)-parton matrix
element in eq. (2.7) contains explicit global infrared poles, which can be expressed using
the infrared singularity operators defined in [65, 66]. As discussed in section 1, in order to
carry out the numerical integration over the m-parton phase, weighted by the appropriate
jet function, we have to construct an infrared subtraction term? d(}%N o Which removes
these explicit infrared poles of the double virtual (m + 2)-parton matrix element.

The subtraction term has three components given by eq. (1.16). f2 ds?; N N 1o 18 derived
from the double real radiation subtraction term d&js\, NLO integrated over the phase space
of two unresolved particles and fl d&}\/,?\, 1o is derived from the real-virtual subtraction
term d&xf}g\, 1o integrated over the single unresolved phase space. These two contributions
partially cancel the explicit poles in the double virtual matrix element. The remaining
poles are associated with the initial state collinear singularities and are absorbed by the

.. ~MF2
mass factorisation counter-term do O

One of the key features of any infrared subtraction scheme is the factorisation of the
matrix elements and phase space in the singular limits where one or more particles are
unresolved. In the antenna subtraction scheme, this factorisation is achieved through an
appropriate phase space mapping described in appendix A, such that the singularities are
isolated in an antenna that multiplies matrix elements which involve only hard partons with
redefined momenta. In determining the various contributions to d&][{, ~Lo» We shall therefore
specify the integrated antennae and the reduced colour ordered matrix-element squared
involved. For conciseness, only the redefined hard radiator momenta will be specified in
the functional dependence of the matrix element squared. The other momenta will simply
be denoted by ellipsis.

In order to combine the integrated subtraction terms and the double virtual matrix
elements, it is convenient to slightly modify the phase space, such that

1 dzydz
dUNNLO =N, NLop;m/d(I) pg,...,pm+27z1p1722p2)%7172
X Mo (L m + 2) 51— 20)0(1 = 22) JEY ({phme2) - (2.14)

The integration over z; and z9 reflects the fact that the subtraction terms contain contri-
butions due to radiation from the initial state such that the parton momenta involved in
the hard scattering carry only a fraction z; of the incoming momenta. In general, there
are three regions: the soft (z1 = 29 = 1), collinear (21 = 1, z0 # 1 and 21 # 1, 29 = 1)
and hard (z; # 1, 22 # 1). The double virtual matrix elements only contribute in the soft
region, as indicated by the two delta functions.

In sections 2.1 and 2.2, we discuss the first two terms that contribute to d(}](\],NLO
given in eq. (1.16), namely [, d&f;?v 1o and [, dék3 ;o The final contribution d&%ﬁfo is
discussed in section 4.4.

2Strictly speaking, d6% y10 is not a subtraction term since its made up of integrated subtractions terms
from the double real radiation and real-virtual radiation. Nevertheless, since it contains all the terms needed
to render the m-particle final state finite, it is convenient to call it the double virtual subtraction term.

,10,



a b b,c d e
do¥nro | X9IMOyal? XUMSG, o* XOXIIMG, 1 XEXIIMG, o2 SXGIME, ol
Jid6nro | ADIMSG, 57 - X9 X9 MO, 1o - SXYIMS, ;2
28630 - XYM, o2 - X9 X9|IMO, 1o -

Table 1. Type of contribution to the double real subtraction term dé% y; o, together with the
integrated form of each term. The unintegrated antenna and soft functions are denoted as X3,
X9 and S while their integrated forms are XY, X)) and S respectively. M? denotes an n-particle
tree-level colour ordered amplitude.

2.1 Contributions from integration of double real subtraction term: f2 dO’N NLO

There are five different types of contributions to dé= N n o according to the colour connection
of the unresolved partons [27, 40]:

(a) One unresolved parton but the experimental observable selects only m jets.
(b) Two colour-connected unresolved partons (colour-connected).

(¢) Two unresolved partons that are not colour-connected but share a common radiator
(almost colour-connected).

d) Two unresolved partons that are well separated from each other in the colour chain
p P
(Colour—unconnected) .

(e) Compensation terms for the over subtraction of large angle soft emission.

In the antenna subtraction approach, each type of contribution takes the form of antenna
functions multiplied by colour ordered matrix elements. The various types of contributions
are summarised in table 1. We see that on the one hand the a, ¢ and e types of subtraction
terms, as well as the b-type terms that are products of three-particle antennae, can be
integrated over a single unresolved particle phase space and therefore contribute to the
(m + 1)-particle final state of the real-virtual contribution. This was described in detail

[63] On the other hand the double unresolved antenna functions X\ contribution
to daN NLo (which we denote by dO’N N LO) and the colour-unconnected XJX{ terms of
daif?\, 1o can immediately be integrated over the phase space of both unresolved particles
and appear directly in the m-particle final state of the double virtual contribution,

.52 ~S,b4 . S.d
/QdUNNLO = /2dUNNLO+/2dUNNLO (2.15)

We now turn to a detailed discussion of each of the terms in eq. (2.15).

2.1.1 Integration of colour connected double unresolved antennae: fQ d&f,?\éo

In the antenna subtraction approach, the colour-connected double unresolved configuration
coming from the tree-level process with two additional particles, i.e., the double real process
involving (m + 4) partons, is subtracted using a four-particle antenna function — two hard
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radiator partons emitting two unresolved partons. Once it is integrated over the unresolved
phase space of both partons, one recovers an (m + 2)-parton contribution that cancels
explicit pole contributions in the virtual two-loop (m + 2)-parton matrix element.

The integrated subtraction term formally written as [, dUN?VLO is split into three
different contributions, depending on whether the hard radiators are in the initial or fi-
nal state.

When both hard radiators ¢ and [ are in the final state, then X i 18 a final-final (FF)
antenna function that describes all colour connected double unresolved singular configura-
tions (for this colour-ordered amplitude) where partons j, k are unresolved. The subtraction
term, summing over all possible positions of the unresolved partons, reads,

~S,b,4(FF) 1
do NNLO = NiNro Z d®yt2(p3; - - - s P45 P1,D2) 5
perms m
<Y XMoo L) PIS ({phma)- (2.16)

J,k

Besides the four parton antenna function Xlojkl which depends only on p;, p;, pr and p,
the subtraction term involves an (m + 2)-parton amplitude depending on the redefined
on-shell momenta p; and py,, whose definition in terms of the original momenta is given in
appendix A.1. The (m+2)-parton amplitude also depends on the other final state momenta
which, in the final-final map, are not redefined and on the two initial state momenta p;
and py. This dependence is manifest as the ellipsis in (2.16). The jet function is applied to
the m final state momenta that remain after the mapping, i.e., {ps,...,pr, P, -+, Pmta} =
{phmto-

To perform the integration of the subtraction term in eq. (2.16) and make its infrared
poles explicit, we exploit the following factorisation of the phase space,

d®p12(p3, . .- Dmta; D1, P2)

dz d22
= APy (P3, - -+ Pnt2; 2101, 22D2) —
21 29
x0(1 — 21)0(1 — 22)d®x, .., (Pis Py, Prs P13 Pi + Pj + Dr + D1), (2.17)

where we have simply relabelled the final-state momenta. In (2.17) the antenna phase

space d®x, ,, is proportional to the four-particle phase space relevant to a 1 — 4 decay,
and one can define the integrated final-final antenna by
1
Halors212) = o [ A0x Xuol =00 -2, 219

where C(¢) is given by (2.11). The integrated double unresolved contribution in this final-
final configuration then reads,

. SbA(FF) 1 dz dzy
/ZdUNNL(O = NxNzo Z /di) (P35 -+ s Pmt2; 2101, 22D2) = —— ——

Sy 21 %
perms m ~1 2

Z (st 21, 22) Mo (i L )P IS (D) (219)
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where the sum runs over all colour-connected pairs of final state momenta (p;,p;) and
the final state momenta I, L have been relabelled as 7,l. Expressions for the integrated
final-final four-parton antennae are available in ref. [27].

When only one of the hard radiator partons is in the initial state, X 2 ki 1S a initial-final
(IF) antenna function that describes all colour connected double unresolved configurations
(for this colour-ordered amplitude) where partons j, k are unresolved between the initial
state parton denoted by i (where ¢ = 1 or 7 = 2) and the final state parton /. The
antenna only depends on these four parton momenta p;,p;, pr and p;. The subtraction
term, summing over all possible positions of the unresolved partons, reads,

.S 1
dUN’?\’;lL%F) = NiNro Z d®y+2(p3, - -+ Pm+4; D1, D2)
perms Sm+2
£ 3 ST XO Mool B Ly )PIE (phmsn). (2.20)
i=1,2 jk

As in the final-final case, the reduced (m + 2)-parton matrix element squared involves the
mapped momenta I and L which are defined in appendix A.2. Likewise, the jet algorithm
acts on the m-final state momenta that remain after the mapping has been applied.

In this case, the phase space in (2.20) can be factorised into the convolution of an
m-particle phase space, involving only the redefined momenta, with a 2 — 3 particle phase
space [53]. For the special case i = 1, it reads,

d®,12(p3, .- - s Dmt4;D1,P2)
dZ1 dZQ R Q2
= d®,,(p3, - - . s Pmt2; 21P1, 22D2) o 6(z1 — 21)0(1 — @)gd@s(pj,pk,pz;pl, q)

2
(2.21)

with Q% = —¢? and ¢ = pj + pr +pi — p1 and where we have also relabelled the final-state
momenta. The quantity 21 is defined in eq. (A.7).

Using this factorisation property, one can carry out the integration over the unresolved
phase space of the antenna function in (2.20) analytically. We define the integrated initial-
final antenna function by,

1 Q?
X0 (s11, 21, 2 :/d@(sz — 261 —2)X0 ., 2.22
ikl (S1L5 215 22) TP 35— 0(21 = 21) 0(1 — 22) X3 jpy (2.22)

where C/(¢) is given in (2.11) and the invariant mass of the integrated antennae s7;, explicitly

depends on the initial-state momentum rescaling variable z; (s7;, = z12p; - pr). Similar
expressions are obtained when 7 = 2 via exchange of z; and 29,

1 Q* .
XZO,jkl(Séu 21,22) = W /dq’?)% (22 — 22)6(1 — Zl)Xg,jkl' (2.23)
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The integrated double unresolved contribution in this initial-final configuration then
reads,

~S,bA(IF) 1 dz; day
/2d‘7NNL(o = NyNzo Z /d@ (P35 -+ > Pm+2; 2101, 22P2) o —— ——

perms Sm 122

ZZ O (sits 21, 22) [ Mmoo i L )P TS ({phma).

1=1,2

In this expression, the redefined final-state momentum L (relabelled as [) and the rescaled
initial state radiator I (=1 = 2;p;) appears in the functional dependence of the integrated
antenna and in the matrix-element squared. The other rescaled initial state momentum
T = z.p, with r = 1,2 with r # i, does not appear explicitly but forms part of the ellipsis.
Explicit expressions for the integrated initial-final four-parton antennae are available in
ref. [54].

If we consider the case where the two hard radiator partons ¢ and [ are both in the initial
state, then Xg? ;i 1s a initial-initial (IT) antenna function that describes all colour connected
double unresolved singular configurations (for this colour-ordered amplitude) where partons
j, k are unresolved. The subtraction term, summing over all possible positions of the
unresolved partons, reads,

. S,b,4,(11) 1
do NNLO = NiNro Z d®py2(p3, - - - Pmta; P1,P2) Soa
perms
XY XY el Mo (L L ) PIS (Bss e Binga)- (2:24)
iwW=12 3

where as usual we denote momenta in the initial state with a hat. The radiators i and [
are replaced by new rescaled initial state partons I and L and all other spectator momenta
are Lorentz boosted to preserve momentum conservation as described in appendix A.3.

For the initial-initial configuration the phase space in (2.24) factorises into the con-
volution of an m-particle phase space, involving only redefined momenta, with the phase
space of partons j, k [53] so that when ¢ = 1 and | = 2,

d(I)m+2(p37 o 7pm+4§p17p2)

- - . dz; dz
= d®;,(P3, - - - s Pmta; 21D1, 22D2) X 2122 0(21 — 21) 0(22 — 22) [dpy] [dp] Tl 722
(2.25)
where the single particle phase space measure is [dp;] = dd_lpj J2E;/ (2m)41 and % is

defined in eq. (A.10).

The only dependence on the original momenta lies in the antenna function X& ik and
the antenna phase space. One can therefore carry out the integration over the unresolved
phase space analytically, to find the integrated antenna function,

[0(16)]2 /[dpj] [dpr] 21 22 0(21 — 21) 0(22 — 22) X%,jk (2.26)

X0y x (513, 21, 22) =
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where C'(e€) is given in eq. (2.11). Explicit forms for the integrated initial-initial four-parton
antennae are available in refs. [55, 57]. The integrated double unresolved contribution in
this initial-initial configuration then reads,

. S.bA(IT 1 dz dz
/2dUNNL(o) NyNzo Z /ch) (D3 + -y Pmt2; 2101, 22P2) = —— ——

perms Sm A1 22
x> X (s 2 ) Mumga (i L )P IS ({pYma2) - (2:27)
i,0=1,2
As in the initial-final case, the redefined initial state momenta are I =i= zip; and

L =1= zip;. All of the final-state momenta affected by the initial-initial mapping are
simply relabelled, pr — p.

Note that in general, there may be several different four-parton antennae depending
on which particles have been crossed into the initial state, and on whether these particles
are directly colour connected (adjacent) or nearly colour connected (non-adjacent). In
the gluonic case, there are two possibilities, the adjacent case (bearing in mind the cyclic
properties of the gluonic matrix elements), Ff(l, J,k,2), and the nearly colour connected
(or non-adjacent) case, F{(1,4,2,k). Upon integration, both of the gluonic antennae will

depend on si3 and are labelled ]-"AE) and ]:A? nonadj respectively.

,adj
So far, we have discussed the individual terms cascading down from the double real

subtraction term f2 dﬁjsv’?\’,io. Collecting up terms proportional to a single colour ordering

denoted by (...), we find a contribution of the form,

~S.b,4 1 le d22
/d ONNLO = N]‘\?]‘\;LO /dq)m(p:z,~--,pm+2;21p1,2‘2p2)5 77Jr(nm)({p}m+2)
m <1 22
xX4(. 521, 22) [Minga(. . )P (2.28)
where the ellipsis refers to the colour ordering of the partons and for gluon scattering
1
X9 .. 521, 2) = Z e Xf’ab(sab, 21, 22) (2.29)
ab ab

where the sum runs over the colour connected pairs (a,b) in the cyclic list (...). The
integrated double unresolved antenna X, £ ab(Sabs 21, 22) represents the sum over the antennae
obtained by inserting two unresolved particles between and around the hard radiator pair
(a,b). S ;g“ is the symmetry factor associated with the integrated antenna. For gluons,
Sf‘* = 4 for the final-final case, Sf“ = 2 for the initial-final case and 554 =1 and Sf“ =2
for the adjacent and non-adjacent initial-initial cases respectively. For example, in the
four-gluon case, we find that when the initial state gluons are colour-adjacent (IIFF),

= 5 . 1
Xg(lg? 29729?.79; 21, ZQ) = ﬁ,adj(siiv 21, 22) + ifg,nonadj(siéﬂ av ZQ)

1 1 1
+§J—-£(Siia 215 22) + 1f4(sijv 21 22) + 5]:4(1)(8]'17 21, Zg), (230)

and when the initial state gluons are not colour-adjacent (IFIF),

1 1

5}—2(«911, 21, 22) + 5}—2(5127 21, 22)

1 1

+§F2(S§]7 21, Z?) + 5-}—2(5]1, 21, 22)' (231)

Xg(Iga iga quig? 21, 22) =
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2.1.2 Integration of colour unconnected double unresolved antennae:
Jy 46310

As discussed earlier in section 2.1, contributions to the double real subtraction term due
to colour-unconnected hard radiators that have the generic form X3 x X3 must also be
added back in integrated form. Each antenna is fully independent and the (m + 2)-particle
phase space of the double real contribution factorizes into the m-particle phase space of
the double virtual contribution times independent antenna phase spaces for both the inner
and outer antennae. Note that each antenna phase space introduces integrals over the
momentum fractions carried by the incoming partons. We label these momentum fractions
as x1 and x5 for the inner antenna and y; and - for the outer antenna. This contribution is
then integrated over both of the antenna phase spaces to make the infrared pole structure
explicit.

This leads to the following structure for the integrated double unresolved colour un-
connected contribution,

1 dl‘l dl‘z dy1 dy2

. S.d A% Stk e}
do'y =N, /d‘b D3, - -+ > Pm+2; T1Y1D1, T2Y2P2
/2 NNLO NNLO m( " )Sm T T2 Y1 Y2

x Z X:%O(Sa T1,%2) X??(8/7 Y1, Y2) ‘Mm+2({p}m+2)’2 J&m)({p}mH)

8,8’

where all momenta lie in the set {p},4+2. Note that the invariant masses of the integrated
antenna s and s’, always involve different momenta, and the type of integrated antennae
are fixed by the corresponding term in d&i;;iv LO"

The integration over x1, x9, y1, yo reflects the fact that the integrated subtraction terms
contain contributions due to radiation from the initial state such that the parton momenta
involved in the hard scattering carry only a fraction x;y; of the incoming momenta. In
order to explicitly show the cancellation of e-poles we need to combine this contribution
with the other integrated subtraction terms present in [, d&i;?\’;lLO, i d(&]‘\/,f\}%o as well as
the two-loop matrix elements themselves. We therefore identify the momentum fraction
carried by the incoming partons x;y;p; with the momentum fraction carried by the double
virtual contribution z;p; by imposing the following constraint,

1= /dzleQ 5(2’1 - $1y1)(5(22 - xgyg) . (2.32)

This leads to two-dimensional convolutions of integrated antennae that we perform ana-
lytically of the type,

[ @ &3] (5,85 21, 22) = /dﬂfldﬂfzdyldw X3 (s, w1, 22) X5 (5, 1, ya)
X(S(Zl — 1‘13;1)5(22 — x2y2) . (2.33)

Explicit expressions for the convolutions of the gluonic antennae relevant to this paper are
given in appendix C.
We note that the XY @ XY terms coming from f2 d&IS\,’}iV o combine with similar terms

coming from the integration of the fl d&]‘\/,}g\}(&;) real-virtual subtraction term, and play a
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dox o
Final State Particles a a (b,c)
m+1 X3 Mol XYM o ADXPIMY, )
m X3|M +2|2 XO|M +2’2 X:«‘?X?)‘M +2|2

Table 2. Type of contribution to the real-virtual subtraction term d&}\/,}g\, .o, together with the
integrated form of each term. The unintegrated antenna functions are denoted as X9 and X1 while
their integrated forms are X and X respectively. |M}|?
and one-loop n-particle colour ordered amplitude while |M?
tree-level colour ordered amplitude.

denotes the interference of the tree-level
|2 denotes the square of an n-particle

particular role in the infrared structure of the double virtual subtraction term d&%]\, 1O
This will be discussed more fully in section 2.2.2.

2.2 Contributions from integrating the real-virtual subtraction term:
~VS
JidonRLo

There are three different contributions to the real-virtual subtraction term d(}]‘\/,*?\, 1o Which
have different physical origin:

(a) One unresolved parton in the single radiation real-virtual contribution. Each sub-
traction term takes the form of a tree-level or one-loop antenna function multiplied by
the one-loop or tree-level colour ordered matrix elements respectively. It is denoted
byd&%i%o

(b) Terms of the type X3 X9 3 that cancel the explicit poles introduced by one-loop matrix

elements and one-loop antenna functions present in daNN o- This term is named
~VSb
donNLo-

(c) Terms of the type XY XY that compensate for any remaining poles in the real-virtual
AVSC
channel labelled do y'\7 s

so that

. VS, AVSb VS,
déNRro = doNNio + Aoy to T A6 NN To- (2.34)

The types of contributions present in each of these terms are summarised in table 2 and
were described in a previous paper [63]. We see that a,b and ¢ types of subtraction terms
can be integrated over a single unresolved particle phase space and therefore contribute to
the m-particle final state, so that

~ ~VS.a ~VS,(be
/1 A6V 0 = /1 d6N o+ / ey asbe) (2.35)

We now turn to a detailed discussion of each of the terms in eq. (2.35).
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2.2.1 Integration of single unresolved real-virtual subtraction: fl d&]‘\/,}q\&o

In the antenna subtraction approach, the single unresolved configuration coming from the
one-loop process with one additional particle, i.e., the real-virtual process involving (m+3)
partons, is subtracted using a single unresolved tree level three parton antenna multiplied
by a (m + 2)-parton one-loop amplitude and a single unresolved one-loop three parton
antenna multiplied by a (m + 2)-parton tree-level amplitude. Once the unresolved phase
space is integrated over, one recovers an (m + 2)-parton contribution that cancels explicit
poles in the virtual two-loop (m + 2)-parton matrix element.

The integrated subtraction term, formally written as [; d&]‘\/[}q\}%o, is split into three
different contributions, depending on whether the hard radiators are in the initial or final
state.

In the final-final configuration, the integrated subtraction term is given by,

5V 3.9, 1 dz dz
/ donaro " = MiNio / dq)m(ps,---,pm+2;z1p1,zzp2)? 212{
! m <1 22
S usins 21 20) Moy ) IS ({Phns2)

ik

Z L (Siks 21, 22) MOy o zk,.-.>|2J£1m><{p}m+2>} (2.36)

where the notation for the integrated one-loop three parton antenna function follows
eq. (2.18),

1
Xék(SIK’ 21,22) = o /dCI’Xi]-k 1jk 6(1—21)6(1 — 22), (2.37)

and in (2.36) the final state momenta I, K have been relabelled as i, k. Explicit integrated
forms for X} .1 are available in [27].

It should be noted that X}jk is renormalised at a scale corresponding to the invariant
mass of the antenna partons, s;;;, while the one-loop parton matrix element are renor-
malised at a scale 2. To ensure correct subtraction of terms arising from renormalisation,
we have to substitute

Bo Sk
Xin = X+ = ka 2 —1 (2.38)

which in integrated form reads,

sik\ -
X%-k(sik,zl,@) — X]k(slk,zl,zg) + % Xigk(sik,zl,@) (</;§) — 1) . (2.39)

The terms arising from this substitution will in general be kept apart in the construction
of the colour ordered subtraction terms, since they all share a common colour structure (3.
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Similar integrated subtraction terms are appropriate in the initial-final and initial-
initial configurations. In the initial-final case we have,

.VSa 1 dz;dz
/d JYffVLgF NNNLo/dq’m(p3,-~-7Pm+2;21p1,22p2)s12{
1 m 21 22
Z Z 1,7k zk7z17z2)|Mm+2( g )|2 J(m ({p} +2)
=12 k
+ 303 AL (s 21, 22) MO, oLk nwwmmﬂ@w
=12 k

where the integrated one-loop three parton initial-final antenna function for the special
case 7 = 1 is defined as,
1 1 Q° 5 1
In (2.40) the final state momentum K is relabelled as k while the rescaled initial state
radiator I = zp;. Explicit integrated forms for )(117 ;i are available in [54].
Finally, the initial-initial integrated subtraction term is

VS, 1 dz;dz
/d X/Niom NNNLO/d(I)m(p3a ce s Pm+23 21P1, 22P2) o — ==
1 Sm 21 22
Z k] zk321a22)|Mm+2( 5’];7 )|2 ({p}erQ)

i,k=1,2

+ Y A 21 22) MOa (ks P TS ({P}m+2)} (2.42)
i,k=1,2

where the integrated one-loop three parton initial-initial antenna function is defined as,
1 N N
XIIQJ(SiQ, 21,22) = % /[dpj] 21290(21 — 21) 6(22 — 22) X112’j . (2.43)

A§ in the initial-final case, the redefined initial state momenta are I = i= zip; and
K =k = z;pj, and similarly to (2.22) the invariant mass of the integrated antennae sis
explicitly depends on the initial state momentum rescaling variables z1, zo (s153 = 21222p1 -
p2). Explicit integrated forms for X1127 ; are available in [56].

So far, we have discussed the individual terms cascading down from the real-virtual
subtraction term fl da}\/,}g\,%o Collecting up the terms associated with a single colour
ordering, we find a contribution of the form,

1 d21 dZQ

/d‘}J‘\//}gvlzo = NxXro /dq’m(p?n . ,pm+2;21p1,22p2)s— o T ({pYmsa)
m

b
88210 (IMbgalc D = Ui )

b
OX ( ..;2’1,2’2) ’Mm+2(. . )‘2 +X§(. .. ,2:1,2:2) ’Mm+2(. . )’2]

(2.44)
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where by is the leading colour coefficient of 3y and, for gluon scattering

1
X5(-521,22) = Y —= X (b 21, 22), (2.45)
ab Sab
0 : _ [sal\° L 1o
X0(io,2) = > (=% —= X (Sabs 21, 22), (2.46)
ab K Sab

and as in eq. (2.29), the sum runs over the colour connected pairs (a, b) in the cyclic list (.. .).
Fach integrated antenna represents the contribution obtained by inserting one unresolved
particle between the hard radiator pair (a,b). Sﬁf is the symmetry factor associated with
the integrated antenna. For gluons, S 5 3 = 3 for the final-final case, S f 3 = 2 for the initial-
final case and S fb'“‘ = 1 for the initial-initial case. Assembling terms for the four gluon case,
we find that when the initial state gluons are colour connected, i.e. in the IIFF topology,

we have
- = .. 1
Xg(lg’ 29’297]9; 215 22) = ]:i?(siév 21, z2) + i]:i?(siia 21, ZQ)
1 1
+§F§L(Si]’, Z1, 22) + gfg(Sji, 21, ZQ), (247)
for n = 0,1, while in the IFIF case we have,
- 1 1
X3(1g, 19,29, Jg; 21, 22) = 5}?(511'721»2‘2) + 5@(32‘2721722)
1 1
+§f§l(55j,z1,22) + 5.7:§L(Sﬁ,zl,z2). (2.48)

XS 3 for these two processes is obtained in an obvious manner.
Y

2.2.2 Integratlon of explicit poles subtraction in the real-virtual channel:
VS, (b,c)
JidoNNLO

As discussed earlier, contributions to the real-virtual subtraction term that have the generic

form X3 x X3 must also be integrated over the phase space of the unintegrated antenna.

As for f2 d&ffﬁlv o> €ach term present in da]‘\/,}gv(LO) produces a contribution of the form,

. 1 dzy dzs dy; dys
/101 NNLO = NYX1o /d‘Pm(p?w'-,pm+2;331y1p1,962y2p2)

XY A (s, 1, 02) X9 (s y1, y) [ M2 ({Phma2) P T3 ({phims2) - (2.49)

SS

The infrared structure of these terms for gluon scattering takes a very particular form.
For example, if we consider a particular colour ordering of gluons (...), the structure of
the [| d&]‘\/,}q\}bLO contribution is given by,

. VSb
/1 donNLo
1 le d22

= NJ‘\%LO /d‘bm(p:’n -y Pm+2;5 21P1, 221?2)57 7172 Jr(nm)({p}er?)

(X§@XY] (.. 121,22) — 2 [X§ @ XY (... 521, 20) | [Minga(. . ) ? (2.50)
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where,
[Xg ® Xg] (co.521,22) = /d$1dw2dy1dy2 0(z1 — 71y1)d(22 — T2y2)

1 1
% Z (){3)X307ab(sab7$17x2) Z >X£cd(80day17y2)

ab ab cd <Sc)c(l3
= /dl“ldl“Qdyldyz 6(z1 — 11y1)d(22 — T232)
xX9(o. 2, 20)X0( .y, v2) (2.51)

[Xg ® Xg] (...321,22) = /dxld@dyldw 0(z1 — 71y1)d(22 — T2y2)

1
X Z T-Xgab(sabv$17$2)X£ab<3aba91792)
ab (Sabs)

- ———5 [ ® X5 (sab, Sab; 21, 22) (2.52)

where, as in egs. (2.28) and (2.44), the sums runs over the adjacent pairs (a, b) and (¢, d) in
the cyclic list (...). The [X$ ® X§] term is produced by the part of d&XUS\}(Lb)O that absorbs
the poles in the one-loop matrix element, Al 19, While the [Xg ® Xg] contribution comes
from the antenna that corrects for the pole structure of X3.

Similarly, the contribution from the sum of f2 d&i,’jl\, o and fl d&]‘\/,}q\}cLO is given by,

. S.d VS,
/2 doNnLo + /1 do Nz
1 le dZQ

= NX%LO /dq’m(psa---,pm+2521P1722p2)SJy(nm)({P}mw)
m <1 22

y [_ L RGO KE] (i 21v0) + RO KT (i 21,20) | Mogal- P (259)

Here, all of [Xg ® Xg] and the three terms in [Xg ® Xg] where the invariants have at least
one common hard radiator momentum are produced by fl déxf}g\}(f)o. The remaining terms
in [Xg ® Xg}, where there is no overlap between the hard radiator momenta, come from
J2 463 ro-

In our example of four gluon scattering, we see that in the IIFF case,

[Xg ® Xg] (ig’ an igajg; 21, 22)
1
= [ o X (s13,513 21, 22) + i (X9 @ &3] (535, 89:5 21, 22)
1 1
9 [ © 2] (sigs 1520, 22) + 1 (A5 @ A5 (51,8515 21, 22),
(2.54)
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while in the IFIF topology,

M(Ig,ig,ig,jg;Zl,Zg)
1 1
- 1 [XZ’E) ®Xf>9] (8745 5143 21, 22) + 1 [Xy? ®X3?] (83, Si3; 21, 22)
] (

1 1
+Z [Xg? ® XD 53,5953 21, 22) + 1 [Xé) ® /'\,’3?] (5,1, 81; 21, 22)-
(2.55)

Explicit expressions for the convolutions of the gluonic antennae relevant to this paper are
given in appendix C.

3 Gluon scattering at LO and NLO
In this section we discuss gluon amplitudes and gluon scattering up to NLO.

3.1 Gluonic amplitudes

The leading colour contribution to the m-gluon n-loop amplitude can be written as [67-71],
AZ’L({pia )"ia al})

2 n
— QM/2gm*2 <9N20(6)> Z Tr(T% W ... T% ) A" (o(1),- -+, o(m)). (3.1)
oc€ESm [/ Zm

where the permutation sum, S,,/Z,, is the group of non-cyclic permutations of m sym-
bols. We systematically extract a loop factor of C'(€)/2 per loop with C'(€) defined in (2.11).
The helicity information is not relevant to the discussion of the subtraction terms and from
now on, we will systematically suppress the helicity labels. The T* are fundamental rep-
resentation SU(N) colour matrices, normalised such that Tr(T%T?) = §9/2. A" (1,--- ,n)
denotes the n-loop colour ordered partial amplitude. 1t is gauge invariant, as well as being
invariant under cyclic permutations of the gluons. For simplicity, we will frequently denote
the momentum p; of gluon j by j.

At leading colour, the n-loop (m + 2)-gluon contribution to the M-jet cross section is

given by,
. o 1
do = Nm+2dq’m(P3, e apm+2;P1,P2)%
<Y AL (1), o(m+2) T (9, D) (3.2)
Uesm+2/Zm+2
where
, . 1
Ao, olm) = 3 5 AW, o (m) A 010l + 0 (3
helicities t=0,n
(3.3)

encodes the summed and squared matrix elements such that, for example, A2 includes
both the interference of two-loop graphs with tree-level as well as the square of the one-
loop contribution.
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The normalisation factor A}, includes the average over initial spins and colours and
is given by,

a5N> m=2 C()mtn—2 (3.4)

n _ %
Nz = Nio < 27 Ceym=2 "~
where for the 2 — 2 Born process, N7 is given in eq. (2.13). As usual, we have converted
g% into a, using the useful factors C(e) (2.11) and C(e) (2.12),

#ve@= (%) .

The dijet cross section is obtained by setting M = 2 in (3.2). At NLO, m +n = 3; the
virtual contribution has m = 2 and n = 1, while the real radiation component has m = 3
and n = 0. At NNLO, m + n = 4 and the various contributions are obtained by setting
m = 4 and n = 0 (double real), m = 3 and n = 1 (real-virtual) and m = 2 and n = 2
(double virtual). We will encounter both A% and A} when discussing the double virtual
corrections to the NNLO dijet cross section in section 4.

As discussed earlier, it is convenient to introduce two different topologies depending
on the position of the initial state gluons in the colour ordered matrix elements. These
are labelled by the colour ordering of initial and final state gluons. We denote the con-
figurations where the two initial state gluons are colour-connected (i.e., adjacent) or not
colour-connected as IIFF and IFIF respectively,

déro = datd™ 4+ dothl", (3.5)

where,

A 1
A6t = Nio /dq>2(p37-'-,1?4;p1,p2)2, J§2)(p37p4)

S 2490200 (3.6)
P(i,5)€(3,4)

R 1
Aot = Nio /d%(pg,--.,m;phpz)z, Jg(z)(p&m)

X Z Ag(igaigaégajg)7 (37)
P(i,5)€(3,4)

where the sum runs over the 2! permutations of the final state gluons.

3.2 Contributions to the gluonic final state at NLO

In this subsection, we collect up the terms that are relevant for the 2-particle final state
at NLO. There are three contributions, the renormalised interference of one-loop and tree
graphs, the integrated subtraction term and the NLO mass factorisation contribution.
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3.2.1 The four-gluon single virtual contribution d&]‘\/f LO

The leading colour four-gluon one-loop contribution to the NLO dijet cross section is ob-
tained by setting m = 2, n = 1 and M = 2 in (3.2) such that NY,;, = N} and we
have,

oy = Nio (a;jj) 0(6)/d‘1’2(p3,~--,p4;Z1p1,Z2p2)21! d;lldz? I3 (p3. p4)
x> 2441, 20,40, 5g) 51— 21) (1 — 22), (3.8)
P(i,5)€(3,4)
d&}\/f%m = Nro <a257]7\7) 0(6)/d‘1’2(173, . ,p4;21p1,22p2)% (L?CZZ JQ(Q)(pg,m)
x> Ab(lgig,2g,5g) 8(1 = 21) 8(1 — 22). (3.9)

P(i,5)€(3,4)

We note that the singular part of the renormalised one-loop contribution involves the

infrared singular operators,
A}L(Ig’ 2g,1g,Jg) = 21(1)(€§ 1g,24,1g, Jg) Ag(

1 fay o A A
1
4

0> 29,1g:Jg) + O(€), (3.10)
Ai(Lgrig 29, g) = 2010 (€ 1g, ig, 29, Jg) AL

9rigs 295 79) + O(), (3.11)

=0 =D

where the infrared singular operators for the two permutations are given by,

—

IW (61, 24,1, 5g) = I (6, 519) + LD (e, 535) + 10 (€, 505) + 18 (e, 5,1),  (3.12)
I(l) (6; Iga iga anjg) = Ig]) (Ea sii) + Ig%) (63 sii) + I;? (67 S?j) + Ig(g}g)(ea Sji)a (313)

with,

(1) - e jr o n 8991\
I/ (€ 569) (1= o) LZ + e 2 . (3.14)

3.2.2 The integrated NLO subtraction term fl d&?\}LO

Within the antenna subtraction scheme, the NLO integrated subtraction terms for the ITFF
and IFIF configurations are given by,

~ asN = 1 dZ dZ
/dJJ%éIOFF = Nro ( 5 > C(e) /d‘I)Q(pz, . 7P4;21p1722p2)§ L= Jg(z)(pg,m)
1 s L 21 k9

x> XY(1g, 2., dgi 21, 22) 2 AY(1g, 2, dg, o), (3.15)
P(i,j)€(3,4)

1 le dZQ (2)

R asN\ -
/da]%ggm :./\/'Lo< 28 )C(E)/d%(ps,--~,p4;21p17222?2),JQ (p3,pa)
1 s 2! Z1 22

x Z Xg(Ig’ig’ég’jm 21, 22) Ag(Igaigv2gng)v (3.16)
P(i,7)€(3,4)

where the relevant X3 are obtained by setting n = 0 in eqgs. (2.47) and (2.48) respectively.
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3.2.3 The NLO mass factorisation term d&%fo

At NLO, the mass factorisation term is given by

. asN\ = 1 dz; dz
/dazﬂff’oIIFF = -Nro ( >C(e)/d¢>z(p37---,p4;Z1p1,22p2) S22 7 (ps, pa)
1

2m 2! VAR
x Z Fglg);gg(zl’@)2A2(Iga§gaigajg)a (3.17)
P(i,j)€(34)
5 aslV'\ A 1 dz; dz
oy " = =Nio ( 2 )C(G)/d%(m,---7p4;Z1P1,22P2), S22 7 (pg, pa)
1 7T 20 21 2o
x Z Fglg);gg(zl’22)A2(Igvigaig:jg) (3.18)
P(i,j)€(3,4)
where
Tgg (21, 22) = 8(1 = 20) T (21) + 8(1 — 21) T (20), (3.19)
with ,
L4 (2) = —2p29<z>. (3.20)

3.2.4 Finiteness of the NLO two-particle final state contribution

We see that the gluonic contribution to the two-particle final state in the IIFF channel is
given by combining egs. (3.8), (3.15) and (3.18), such that the combination

21W (14,2, 1, 5g)0(1 — 21)8(1 — 20) + X3(1g, 2g, i, Jgs 21, 22) — DL o (21, 22)  (3.21)
is finite, which is indeed the case. Similarly, the combination of egs. (3.9), (3.16) and (3.18)
21W (€14, 4g, 29, 5g)0(1 — 21)8(1 — 22) + X3(1g,dg, 29, Jgs 21, 22) — T o (21, 22)  (3.22)

is also finite.

4 Double Virtual corrections for gluon scattering at NNLO

As discussed in section 2, the four parton contribution consists of the genuine two-loop
four parton scattering matrix element together with doubly and singly integrated forms
of the six-parton and five-parton subtraction terms. In this section, we give expressions
for the contributions that enter in the implementation of the double virtual correction and
construct the subtraction term d[f][{, ~ro for the IIFF and IFIF topologies. Here, and as in
refs. [62, 63], we focus on the leading colour contribution to the pure gluon channel.

4.1 The four-gluon double virtual contribution d&]\/,XfLO

The leading colour four-gluon double virtual contribution to the NNLO dijet cross section
is obtained by setting m = 2, n = 2 and M = 2 in (3.2) such that Ny X;, = N} and

— 25 —



we have,

~ asN 2 = 1 d21 d22 2
dff]‘\/fﬁloFF = Nro ( sﬂ > 0(6)2/d<1>2(p3,---,p4;21p1,zQp2)2! Do JQ( )(P3,p4)

x> 243(1g 209, g) 5(1 = 21) (1 = 22), (4.1)

. asN\? _ 1 dz; dz
dax%%w = Nro ( - > 0(6)2/d%(ps,m7p4;Z1p1,Zzp2)2! 711722 J2(2)(p3,p4)

x> AY(Lgig,24,dg) 6(1 = 21) (1 — 29). (4.2)
P(i,5)€(3,4)

<

Explicit expressions for the interference of two-loop amplitudes with tree-level and the
self-interference of the one-loop amplitudes are given in refs. [72] and [73], respectively.
When adding together all contributions in the double-virtual channel, we observe that
contributions of order € or higher to the one-loop amplitude cancel, although they are mul-
tiplied with divergent factors in individual terms (one-loop self-interference and integrated
real-virtual subtraction terms). This cancellation can be understood in detail from the
infrared singularity structure at NNLO [65, 74].

The renormalised singularity structure of the two-loop contribution in egs. (4.1)
and (4.2) can be easily written in terms of the renormalised tree-level and one-loop matrix
elements [65]. For the IIFF ordering we have,

2 a2 . . . s 5 . . bO T 5 4 1
A?L(lg>29>lg7]g) = 2I(1)(6; 1g,24,1g, Jg) (Ai(lg’ 2991 Ja) = €A2<1g729,zg7j9))
—21W(; 14, 2,1y, 7g)* A1, 29, g Jo)

. F(]_ B 26) b() o ) a & .
+2e~ 7 I'(1—e <6+K> 1M (2¢; 19, 2g.1g, Jg) A3(1g, 24, g, jg)
+2H® (€) Ag(iga §ga igyJg) + O(%) (4:3)

with an analogous equation for the other colour ordering. At leading colour, the constants
K and H® (¢) are given by,

_ 67 7
18 6’
il 5 1172
HY() = —% (9¢,42 . 4.4
()= dra—q 28+ 3+ 3 (4.4)

4.2 The integrated NNLO subtraction term, fQ d&ﬁ,NLO + fl d&}\/,}g\}(g’g)

Combining terms as discussed in section 2, the integrated four parton subtraction contri-
bution for this topology can be written as,

S.IIFF AVSIIFF
(/2dUNNLo +/1dUNNLo )
1 le dZQ (2)

:N]‘\?j‘\;LO/d(b2(p37"'7p4;21p1732p2)2' 77«12 (pg,p4)2 Z
S P(i,j)e(3,4)
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Xzol(Igu iguigajg; 21, 22) + Xé(Iga an igajg; 21, 22)

1

b = . o0 —~0T/5 A - -
OX (19,29,Zg,jg;21,22) - [Xg ®Xg] (197297Z9,j9;21,22)

_bo

1 - = . B EN
p X0(1g72gazgv]gv21=22) 5 [Xg ®Xg] (1g:2g,9g: Jg3 21, 22) A4(1 2g,1g,Jg)

+X3(19=2gvlgngvzlvz2)A4(I _9729739)} (4.5)

where the various combinations of integrated three parton antennae are given in section 2.
A similar expression with the same structure is valid for the IFIF topology.

4.3 The NNLO mass factorisation contribution dJN]I\;LQO

The four-particle NNLO mass factorisation term for the IIFF topology is

. 1 dzydzg (9
doynio T = N¥kro /d¢’2(p3,~--7p4,21p1722p2)J( )(p3,p4)2

2z P(i,j)€(3.4)
~ [— Dag (21 22) A§(Lg, 20,49, 5) = Tty (o1, 22) AL, 2., Gg)
= [0 © X8] (1,240,191 g3 21, 22) AY(Lg 24191 )
+ {Fglg);gg ® Félg);gg} (21, 22) Ag(igv §g=igajg) ) (4.6)
where Fglg);gg(zl, 29) is given by eq. (3.19) and FéQg);gg(zl, z9) is given by
@) g(21,22) = 6(1 = 20) T2 (21) + 6(1 = 21) TE(2) + T (21)T (L) (20),
with

1

M) = 50z (B © ) (2) + B0y ()] — o le) )

The convolutions are given by,

[Fgg)gg @ XO] (9,29, g, g 21, 22) = /dxld@dyldyz 0(z1 — m191)d(22 — 22Y2)
ergg)gg(xlax2)xgagaanigujg;y1>y2)7 (4.8)
and
[Fglg)gg ® F%);gg] (21,22) = /dxldx?dyldw 6(z1 — w1y1)0(22 — 2y2)
Xrég)gg(xl’ 2) Fég)gg (y1,y2)- (4.9)

It is straightforward to obtain a similar expression for the IFIF topology.
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4.4 The four-gluon subtraction term, d&]l{,NLO

By assembling the expressions given in the previous subsections, the two-particle subtrac-

tion term d&%]{,[fOF can now be written in the suggestive way,
AgUHIEF _ [ q6SHFF _ [ 4o VSIIFF _ 3 MF2IIFF
ONNLO = ) INNLO . INNLO INNLO

1 dzy dz
= N¥Xro /d‘bz(mw-,p4;zlp1,22p2)1 —2 J§2)(p3,p4)2 E
2' Z1 %9 L~
P(i,5)€(3,4)

X{ - [Xg(Im an Z.gajg; 21, Z2) - Fg(];);gg(zla 252)]

bo

X [Azll(lgvzwig’jg) - 6A2(1972gvigng)]

1 = a5 . 22
— 5 [(Xg - Fglg),gg) ® (Xg - Fé?gg)} (1g7 29729’]57; 21, 22) Ag(lg’ 29’ lg,jg)
- |:X2(Igv 297 ig)jg; 21, 22) + X%(Igv ng /L'gng; 21, 22)

+ ?Xg,?)(igvigvigng;zlv@) - [Xg ®Xg} (Iga anigng§zlaz2)

=(2) A A
— Dygige(21, 22)] Aj(14,2,, Zgajg)}a (4.10)
where we have eliminated I'®) using,

1 bo B
F§729);gg(zlv 2) = 2 [F%)%gg ® Félg);gg} (21, 22) — ngi);gg(zl’ 22) + Fég);yy(zl’ ), (4.11)

€

with
7(2) 1 1 1
Fgg;gg(zla 22) == —?6 [(5(1 - ZQ)pgg(Zl) + 5(1 - Zl)pgg(22)]
b
—ﬁ [6(1 = 22)phy(21) + (1 — 21)phg(22)] , (4.12)

and the explicit form of the convolution (X§ — Félg);gg) ® (X3 - Fgé);gg) in this topology is

given in (C.6).

It is a key requirement of dé}% ~ro that it explicitly cancels the infared poles present
in the double virtual contribution d&]‘\/,%LO. We previously observed that to cancel the
infrared poles at NLO, the pole structure of the combination X3 — I‘éggg must reproduce
that appearing in the Catani I*) operator as in (3.21).

With this in mind, we see that the first two lines of eq. (4.10) correspond to the first
two terms in the Catani pole structure of the two-loop contribution Ai(ig, §g, ig,Jq) given
in eq. (4.3). In fact these two lines give a contribution proportional to the finite part of X3,

bo

€

AY x Finite(X9).
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The remaining lines in eq. (4.10) correspond to the remaining terms in the Catani pole
structure where the fourth order poles cancel and, as expected, produce a deepest pole

We have checked that the remaining terms in (4.10) analytically cancel against the infrared

poles (that start at O(1/€*)) coming from the I (2¢) and H® (¢) terms in (4.3).
The subtraction term for the IFIF topology can be constructed in an analogous manner

contribution of

and we find an identical structure,

AGUIFIF _ [ qaSAFIF _ [ q5VSIFIF _ 4 MF2IFIF
ONNLO — . OINNLO . ONNLO ONNLO
1 dzy dz
ars , 1dze (2
= NynNro /d%(pg,.--,p4,21p1,22p2)2,Jg( (3. pa) >
) -

P(i,j)€(3,4)
X{ - [Xg(ig>ig>2gajg;zl>z2) - Féi;%gg(zlyz2)]
Vi s b o s
X | Ag(Lg,ig,2g, 4g) — ?A4(1gvzgv297«79)

1 0 1 0 1 T . 5 . 0/5 - .
- 5 [(Xfﬂ - Fgg);gg) ® (X3 - Fég%gg)} (1gvlg) 29)]g; 215 22) A4(1g’ g 29’179)

- |:X2(Igvig) Qg)jg; 21, 22) + Xé(Igvigv igng; 21, 22)

bo - s e Mo (S

+ ?X8,3(1gv19729739;21722) - [Xg ®Xg} (1ga1gazga]g§zlaz2)

T (a1, 20)| A%y, ig, 2, 59) (4.13)
99;99\~1> <2 4\Lgstgs4g5Jg) (- .

Once again, we see that there is a correspondence with the Catani pole structure and we
have checked explicitly that eq. (4.13) precisely reproduces this pole structure.

5 Conclusions

In this paper, we have generalised the antenna subtraction method for the calculation of
higher order QCD corrections to derive the double virtual subtraction term for exclusive
collider observables for situations with partons in the initial state to NNLO. We focussed
particular attention on the application of the antenna subtraction formalism to construct
the subtraction term relevant for the leading colour gluonic double virtual contribution to
dijet production. The gluon scattering channel is expected to be the dominant contribution
at NNLO. The subtraction term includes a mixture of integrated (tree-level three- and
four-parton and one-loop three-parton) antenna functions in final-final, initial-final and
initial-initial configurations. We note that the subtraction terms for processes involving
quarks, as required for dijet or vector boson plus jet processes, will make use of the same
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types of antenna building blocks as those discussed here. By construction the counter-term
removes the explicit infrared poles present on the two-loop amplitude rendering the double
virtual contribution locally finite over the whole of phase space.

The double virtual subtraction terms presented here provide a major step towards the
NNLO evaluation of the dijet observables at hadron colliders. The expressions for d&]l\], NLO
presented in section 4, completes the required set of subtraction terms d&?\} NLo 162],
d&}\} ~NLo 163] and d&][\], ~ o required to render the four-, five- and six-gluon channels explic-
itly finite and well behaved in the single and double unresolved limits relevant for the gluon
scattering at NNLO, thereby enabling the construction [64] of a full parton-level Monte
Carlo implementation at leading order in the number of colours. The ultimate goal is the
construction of a numerical program to compute the full NNLO QCD corrections to dijet
production in hadron-hadron collisions.
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A  Momentum mappings

The NNLO corrections to an m-jet final state receive contributions from processes with
different numbers of final state particles.

In the antenna subtraction scheme, one is replacing antennae consisting of two hard
radiators plus unresolved particles with two new hard radiators. A key element of the
antenna subtraction scheme is the factorisation of the matrix elements and phase space
in the singular limits where one or more particles are unresolved. This factorisation is
guaranteed by the momentum mapping.

If we denote the sets of momenta for the M-particle processs by {p}as, then in order
to subtract singular configurations from one final state, and add their integrated form back
to final states with fewer particles, there needs to be a set of consistent momentum maps
such that

{ptm+a = {Ptmss, (A1)
{p}m+4 — {p}m+2a (A2)
{ptm+s = {ptme- (A.3)

The single unresolved emissions corresponding to egs. (A.1) and (A.3) have been the
subject of previous publications and therefore we collect here only the transformations that
map singularities in the (m-+4)-parton process to their integrated form in the (m-2)-parton
process, i.e., eq. (A.2).
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If the antenna consists of two unresolved particles j, k colour linked to two hard ra-
diators ¢ and [, then the mapping must produce two new hard radiators I and L. Each
mapping must conserve four-momentum and maintain the on-shellness of the particles
involved. There are three distinct cases,

final — final configuration ijkl — IL
initial — final configuration ijkl — IL
initial — initial configuration %jk[ — 1L

where, as usual, initial state particles are denoted by a hat. In principle, the momenta
not involved in the antenna are also affected by the mapping. For the final-final and
initial-final maps, this is trivial. Only in the initial-initial case are the spectator momenta
actually modified. The momentum transformations for these three mappings are described
in refs. [53, 75] and are recalled below.

A.1 Final-final mapping

The final-final mapping is given in [75] and reads,

p?zpéﬁ) = JUPQL+T1P§%+T2P§+ZP§‘,
pr=pt— =0 —2)p + (1 —r)pf + A —r2)pp +(1—2)p), (A.4)

(GkD)

with p? = p? = 0. Defining sy = (py + p;)?, the coefficients z, 71,79, 2 are given by [75],

Sjk + ;i
rH = —>
Sij + Sk + Sji
Skl
r—=——-,
Sik + Sjk + Skl
1
T = 14 p)sijke — 71 (Sj6 +2551) — 12 (s +25
2(sij+5ik+8il) |:( p) ijkl 1( ik jl) 2( 7k kl)
SiiS1 — SinSs
(1 _Tz)w] :
Sil
1
z = 1—p)sijke — 71 (Sjk +2845) —r2(sk + 25
2(£il+5jl+5kl) |:( p) igkl 1( 7k Z]) 2( 7k zk)
SiiS1 — SinSs
—(ry —Tz)w] :
Sil
2
r —T9
p= [1 + % A(Sij Skis Sil Sjk, Sik Sil)
Sil Sijki
+ {2 (7”1 (1=r2) + 11— 7"1)) (Sijskl + SikSjl — Sjksil)
Sil Sijkl

I

+4r (1 — 7"1) SijSj1 + 4ry (1 — TQ) Sikskl}] ,

Mu, v, w) = u? 4+ 02 + w? — 2(uww + uw + vw) .
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This mapping smoothly interpolates all colour connected double unresolved singularities.

It satisfies the following properties;

Piw P PGy when p;, pr. — 0,
Pigm — Pi T Pj+ Prs PG P when p; || pj [ pr,
P P PGy it pe+p; whenp; | py | pi,
Pim P PG~ Prtpr when p; — 0 and py || pi,
s = pi +pj, PG — pj when pi, — 0 and p; || pj,
P~ Pi P PGy~ P+ D when p; || p; and py || pi.
(A.5)
A.2 Initial-final mapping
The initial-final mapping is given in [53] and reads,
Pt = sl
Pr=vi_ =pf+p+ - (- 2)p), (A.6)

with p? = p% = 0 and where the bar denotes a rescaling of the initial state parton and 2;
is given by [53],

Py
= — I (A7)
Sij + Sik + Sil

The mapping satisfies the appropriate limits in all double singular configurations;

P = Di PGy P when p;, pp — 0,

Pj — Dis Py~ P+ P when p; — 0 and py, || pi,

pj = pi, PGy Pt Pt p when p; || pr [ pr,

pj — (1 —w)p;, PGy — when p; — wp; and pi — 0,

p; — (1 —w)p;, Py~ PL P when p; — wp; and py, || pi,

pj— (1 —w)p;, p(j/«kj) — Py when p; + pi, = wp;, (A.8)

and where the roles of partons j and k can be interchanged.

A.3 Initial-initial mapping

The initial-initial mapping for il, jk — IL is given in ref. [53] and reads,
pi =D = 4},
P =0 = 4,

(¢ + q)?

_ 2pm - q .
(¢"+q") + p’;; 4
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¢ =p} +p =0 -y,

¢" = p; +p (A.9)

with p? = p% = p2, = 0 and where the bar denotes rescaling of both of the initial state
partons and m runs over all the particles in the final state that are not actually part of the
antenna but require boosting in order to restore momentum conservation.

The rescaling of the initial state momenta are given by the fractions 2; and 2; given

by [53],
Sil + 851 + Skl Sz]kl
Sit + Sij + Sik
3 = Sit + Si5 + Sik Sz]kzl (A.10)
Sit + Sji + Ski ’

With these definitions it is straightforward to check that the momenta mapping satisfies

the correct limits required for proper subtraction of infrared singularities. Specifically, in
the double unresolved limits;

P — Diy P — Dl when p;, pr, — 0,

pj — (1 —wi)ps, Pj — M when p; — 0 and p, = w;p;,

p; = (1 —wi)ps, p; — (1 —wi)p when p; = w;p; and py, = wipy,

pj — (1 —wi)ps, Pi — M when p; + pr = w;p;, (A.11)

together with the limits obtained from these by the exchange p; <+ p; and p; <> py.

B Splitting functions

In this section we collect the splitting functions that appear in the NLO and NNLO mass
factorisation counter terms, d&f\\,/[fo and d&%ﬁfo, that are required for the construction of
the double virtual subtraction term d&% NLO

The leading colour contribution to the gluonic splitting functions read [76]

11 2
Pg() = 801 = y) +2Do(y) +— — 4+ 2y — 27, (B.1)
121 2n? 11 2
(Pog ® 1g) () = (36 - 3> 6(1—y)+ 3 <290(@/) + v 442y — 23/2)
4H(0; 44
+8D1(y) — 1(_y) +12—12y + §y2 — 12y H(0; ) + 4y* H(0;y)
—ﬁ—w—mu;y) (2—4+2y—2y2> (B.2)
3y y y
8 11 27
o) = (5 +362) 801 = )4 27+ (14 ) (5 H9) + 8110, 00) - 5 )
1 1
42— == —2—y—y*) [ H(0,0;y) — 2H(~1,0;y) —
<1+y ) y y><( y) ( y) C2>
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67 /1 44
—<—f>—mmmw—fH@w
Y 3
2 )\ (67
+ ;—4+2y—2y E—C2+H(O7O;y)+2H(1,0;y)+2H(O,1;y)

o ((0,0) + 2H(1,0:9) + 2100, 159) 2 (- @ ) Pu)

1
(B.3)
where we have introduced the distributions
In"(1—y
D) = (M) (B.4)
1—y n
and where the notation for the harmonic polylogarithms H(my,...,my;y), m; = 0,+£1
follows refs. [76, 77]. The lowest-weight (w = 1) functions H(m;y) are given by
H(0;y) = Iny ,  H(£liy) = FIn(15y) . (B.5)
The higher-weight (w > 2) functions are recursively defined as
1
— In"y , it my,...,m,=0,...,0
w!
H(mlv"'7mw;y) = Y
/ dz fm,(z) H(ma,...,my;z) , otherwise
0
(B.6)
with 1 1
== fal) = BT
foy) fia(y) = (B.7)

C Convolution integrals

In this section we collect the convolution integrals that capture the infrared structure of
the double virtual contribution. In the most general case, we find convolution integrals
between two integrated three-parton tree-level antennae that come from the integrated
double real and real-virtual subtraction terms, but also convolution integrals of an Altarelli-
Parisi splitting kernel with an integrated three-parton tree-level antenna and convolution
integrals of two Altarelli-Parisi splitting kernels that are produced by the mass factorisation
contribution.
The convolution integrals described above are defined respectively as,

(A9 @ X9 (5,521, 22) = /dxldwz dyidys X3 (s, 21, 22) X5 (s, y1, y2)

x6(21 — z1y1)0(22 — T2y2) | (C.1)
T 0 2] (i) = [ dordn I (o) A (s, 203 ), (€2
ﬁ$®%k@m¢@:/mmm%%ww@aww@—mw, (C:3)

[FIS) &® Fl(zl)]l (Zl, 22) = /dl‘l dy1 F,(Cll)(l'l) Fl(ll) (y1)5(21 — $1y1)5(1 — Zz) N (04)
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[r,(;) ® r}j’] (21,22) = / darg dyn TO (2) TS (42)6 (22 — 2202)5(1 — 21)
- [r e 7). o). ©

To explicitly show the cancellation of e-poles we perform the above integrals analytically.
For the purpose of this paper the relevant antennae are those containing the pure gluon
final state that we recall below. The integrated final-final [27], initial-final [53] and initial-
initial [53] to O(e) read, respectively,

) 3,11, (73 7x?
,E%k(sik,.%l,.fg) = <Z§) 5(1 — 1'1)5(1 - 1'2) |:2 + — + ( - ﬂ-) + 0(6):| )

€ 2¢ 4 4
ls1p]\ ¢ 2 1/(11 2
ff’jk(sik,wl,xg) = ( 2 0(1 — x9) 6—25(1—931)4—2 €5<1_x1)+4_;1_2x1
67 > 11
+2$% — 2D0($1)) + (5(1 — 1‘1) <18 — 7r2> — F’Do(xﬂ + 2D1({L'1)
11 2 2
——+H 4——— =2 222
61’1 + (0,331)( 1 1-— T o1+ xl)

I

2
+H(1,21) <4 - 2x1 + 2x%> + O(e)
1

f{)?,j(si?vxl’x?) = <2122>_ [2125(1 —21)6(1 — x2) + % (5(1 — 1) (2 — 3512 — zo + 23
—Do(x2)>> — 51— x1)o(1 — @)Z 11— x1)<1>1(a;2)
HH(-L2) ~ og() (2 - = — = —m +a3)

1 1
+H(1,x2)<2 — — — X2 +x%)) —Do(:vl)(Z — — — 2 +x%)
T2 x
D) Do) + !
—Do(x T
2 0102 2$1$2(1+$1)(1+$2)

—2a3x5 — 22323 + 102225 + 62325 + 20305 + 4a?ad + 203ad 4 10225

(Qx%xé + 2xfxd — 4ada

+1Oa:1xg + 4;101:133 + 2x1:c§’ + 2m1x% + x129 + 229 + 2)
1

+ﬁ< — 102325 + 2323 — 220225 — 5a22] + batad — 18x,4]
I i)

—4x x5 + 23175 — 33170 — By — X — 4:L'2> + (x1 > 22) + O(e)

To evaluate the finite part of the convolutions consistently, the integrated antennae are
needed through to O(e?) and computer-readable expressions can be found in files attached
to [27, 53].

Convolution integrals involving the antennae above appear explicitly in the four-gluon
subtraction term dc?*][\], yro derived in section 4.4. In particular the explicit form of the
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convolution (X9 — I‘(glg);gg) ® (X9 — Félg);gg) for both the IIFF and IFIF topologies reads,
(Xg_rglg);gg) ® (Xg_rglg);gg) (19,29, 19, Jgs 21, 22) =

1
(75 73] (312’515321,2’2)"‘1 (75 @ F3] (sai, 5555 21, 22)+ = [F3 @ FY| (515, 813 21, 22)

—

3] (sj1, 85121, 22) + [F5 © F3) (s13, 835 21, 22) + = [Fs @ F5| (513, 855 21, 22)

[\3\}—k0~3\l¥)©\>—‘

1
3 [FS @ F§] (s3, 8153 21, 22) +

) (Sij, 5515 21, z9)+ [Féi]) & ng)} . (21,22)+ [Fglg) ® Fg?} ) (21, 22)

o

]

F3 @ F| (s13,81; 21, 22) + ® F9] (31, 8,13 21, 22)
]

+2T5) (21)Ty) (22) -2 {F%) ®f§} (51221, 22) =2 [ng) ®f§} (s13: 21, 22)

- [F&]) ® f:ﬂ . (8345 21, 22) — [F%) ® }'g} (83521, 22) — 3 [F(l) ® ]-"3] (8153 21, 22)

219 78] v~ [ 79 om0 [0 0.2 )

(C.6)

<Xg*ré?;99> ® <Xg*rt%);gg> (19,19, 29, 43 21, 22) =
1 [ ® F3 811',812'%21,22)4-% []—“g ®.7"§] (SiQ,SiQ;Zl,ZQ)—I-i []-'g ®]-‘§] (s34, 893 21, 22)
% [f:(s) ®f§)] (51i75i§§21722)+% []:;? ®]:9(,)] (514, 5255 21, 22)

3] (
1 []:0@]:3] (81,8415 21, 22) +
—|~2 (79 @ 78] ( 811'78]-1;21,,22)-1—% (75 @ F9] (sia, 5353 21,22)4—% [F9 @ FI (533, 8,15 21, 22)
"’E [F3 ® F3] (5358513 21, 22) + [Félg) ® Fgﬂ ) (21, 22)+ [Fglg) ® Félg)h (21, 22)
4200 ()0 (29) - [rgq) ® }g} (1321, 22) - [ﬂglg) 2 }?”JL (51,121, 2)
[T @ B (sizi 1, 2) = [T @ FR| (smi 21, 20)= [T @ FS| (35321, 20)
- [F(g? ®f?ﬂ2 (525521, 22) — [F(glg) ®f§)]1 (51521, 22) — [F;}]) ® IQL (5,15 21,22) - (C.7)

The full expressions for the convolution integrals through the finite part are quite
lengthy and are attached in computer-readable form to the arXiv submission of this pa-
per. In this section we give only the leading singular contributions. For the convolutions
involving two three-parton tree-level antennae we obtain,

[Fii © Friop) (Siks snp3 21, 22) = <SZ§) <Sn§) 01— 21)0(1 — z2)

[ [

9 33 550 21 ,\ 1 7, 31625 3913 , 87

Z 4 2722 2 (539 — L~ —150) (7——
[e4+e3+e2( 1 27 )+e(539 2" )+ {16 o1 T "
—55043) O(e), (C.8)

s\~ (lsnl )
[]:jk ®]'—1 np:| (Sikvsip;zlazQ) = (ﬁ) <1§> o(1— 22)[
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1 -
6801 - zl)}
1733 6 )
5|5 00— )+ (12 L~ 6m 4 6e 6D0(z1))}
17 231 _ .\ 33 33 )
+€3 _(5(1 - Zl)(T — o7 ) - ?DO(Z]_) + 6D]_(Z]_) + 22 — 2721 — 112]_ + 1121
6 ) 6 6 )
+H(1,zl)<12 — o —6at 621> n H(O,zl)<12 S 621”
Lo, (C.9)
Sz —€ S5 —€
[J:z?}k ®Ff’2,p] (Siks 5125 21, 22) = <M§> <'ul22> [
1
5 [35(1 ~ )81 - zz)]
111 3 )
"‘6*3 [?6(1 — 21)5(1 — 22) + 5(1 — Zl)<6 — ;2 — 320+ 325 — 3D0(2’2)>
3 2
+6(1 — z9) <6 o 321 + 321 — 3D0(zl))}
+0(62)] , (C.10)
I3 0 F3 (s sn AET AL AN
[ 1,k @ l,np] (81> S1p3 21, 22) = 2 el
1 -
|40 - 20801 - zz)]
1722 8
| F 01— 2)8(1— 22) +6(1 - zg)(16 8 48 - 890(21))}
17 738, 44 80 88
T3 _5(1 —21)0(1 — 2’2)(2 — 37 ) +6(1 - 22)< — §D0(2’1) + 16Dy (1) + 3 "3
58 ) 16 ) 12 12
o 222 H(l,z1)<32 — o 16m 16z1) + H(0, zl)<16 S
—202% + 122%))}
+0(e Y], (C.11)
T3 o T3 1 (s gn (sl YT szl
[ 1,5k ® Q,np] (81k752p721722) - Hg 7
1
5 [45(1 —a)e(1 — z2)]

122 4
—{—g [36(1 - 21)5(1 — 22) + 5(1 — Zl)<8 - ;2 —4z9 + 42% - 4D0(z2))

+6(1 — 22) (8 - jl — 4z + 4z - 4130(21))}
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1 73 22 22 22 11
= [5(1—31)5(1—22) (Z—2ﬁz> +0(1—21) <—§D0(Z2)+4D1(22)+f————z2

+§Z2 + H(l,Zz) (8 — ;2 — 422 + 42’2> + H(O,ZQ)(S — ;2 — 1_7,22 — 42’2 + 422>>
22 22 22 11 11 4

(1 — (—72) AD S T2 yH(, (—7
+6(1 — 29) 3 0(21) +4D1(21) + 3 3, 3 21+ 5 A +H(1,2)(8 -

4 4
—4z + 42%) + H(0, z1)<8 - —— 4z + 42%)) — Dg(z1)<8 — — — 4z
4 1 z2

4 8 4z
) +4Dg(21)Do(22) + 16 + —— — — + 2

4
+4z§> — Dop(22) (8 — = — 4z + 422
2179 Al Z1

<1

422 8 4 423
S22 8z + 825 + =l 821 + 42129 — 42125 — i 827 — 4222y + 42223
21 22 Z9 29
+0(e )|, (C.12)
7 o F | (st s13: AT AT
1,5k 12,p| \S1k> 5125 21, z9) = 2 5
I Iz
1
< [25(1 ~ )81 — zz)]
1711 2 )
+ [—5(1 — 21)8(1 — z) +6(1 — zl)(4 A P 2D0(zg)>
4
+5(1 — 22) (8 — — —dz + 42’% — 4D0(21)>:|
Z1
+0(e7?)], (C.13)
S5 —€ S5 —€
12 12
[}%,j ® ‘F%?,p} (12, 512; 21, 22) = <M2> <Iug> [

+€i4 [5(1 —2)0(1— zz)}

" [5(1—21) (4—3—2z2+2z§—22>0(22)) +8(1—29) (4—3—2z1+2zf—2z>0(21))]

€3 29 21

+0(e7?) . (C.14)

For the convolution integrals involving an integrated three-parton tree-level antenna

and an Altarelli-Parisi splitting kernel we obtain,

Snp \
[ngl) ® fgopi| 1 (Snp§ 21,29) = (/ﬂp) 5(1 — 29) [

1r 11 6

g |: — ?6(1 — Zl) —+ 12 — ;1 — 621 + 62’% — GDO(Zl)i|

1r 121 11 ,

5 [ ~ T8 a) + 22— - — a4 10 11730(21)}

1 803 77 73 73 73, 73

s = (_7 72) _fa 9 P2 Oh
+- [5( z1) o1 T 2" 73 9, 2 ATt AT 0(z1)
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—n? (7 — 2; ;zl + ;zl ;D0(21)>]

+O(") |, (C.15)

[ (1)®fljk} (8113 21, 22) = (|<Zi§|) 5(1—22)[

4
1—2=

[5(1 - 21)( - gﬂ) + H(1,z1)(16 - 281 — 8z + 8zf) — H(0, 21)< s

44 44
1122, — 4z%> P12 0 12 4 2y 8D1(z1)}
32:1 3
1
+€ [5(1 - Zl)( -

3711,
— 4+ =
108 ' 36
8
+H(1,0,zl)<16 A 8z%) + H(0, 1,21)(8 2% 6y
z
55

+82%) + H(0,0, Zl)( - T 7T 1221 + 421) + H(l 21)<12 — 37 — 1221
21

49
12

12
. 4@,) FH(L,1, 2) (24 T P m%)
21

1
+54) + HO. a)(14- 2 3—@ A 5 27) — 6Da(z1) + 5 UDi(e1) - 2pp(a)

7173 43T 389, 5 5,
ofl 15 457 2 943, 220D
T8 T st gAatT (3 P °<zl))]

+O(eo)] , (C.16)

. —e
[()®}—13k} (31k§21722):<|;§|> [

1 11 4

S5 [ —0(1 = 21)3(1 = 22) + (1 — =1) (8 R 422 — 4DO(ZQ))]
1

2

121 22 11 11 11 5, 11
o300 2000 = 2) 80— 2) (5 — 5= g+ 3~ 3 Du(=))]
22 11 11 11 11 4
l—2) (- —+— 24 —D -D 4y 422
0 zQ)( 3 T3, T3 3ty O(Zl)) 0<Zl>(8 n et ZQ)

4 8 4z 423 8
e )(8———4zl+4zl)+4D0(z1)1>0(z2)+16+———+ 25

2172 21 <1 <1 <2

4z 473
—829 + 822 + 72 — 821 + 42120 — 42125 — 721 + 822 — 42229 + 42:%2%}

, (C.17)

S75 —€
[Fglg) ® ‘7_?2,]} . (812521, 22) = (122> [

1

S 58— 20501 22) 4601 — ) (4 jl ~ 221 + 227 — 2Dy(=1) )|
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1r 1, 11 o1 o1 1, 11
‘I—(S(]. - ZQ)(H(l,Zl)(g - ;1 - 421 +4Zl) + H(O,Zl)( - ;1 - 1_721 - 621 + 221)
11 7 11 25 11 2
—I—4’D1(21)+f'D0(21)+*—7—f21+f2%> +'D0(21)<—4+*+222—22§>
6 3 221 6 2 22

2 4 2z 222 4
+D0(22)( 4+— +221—2z1) +2D(21)Do(22) +8+ — —— 22—
2129 21 21 21 z2

2 227
—dzy + 422 + Z— — 4z + 22129 — 22125 — 71 + 427 — 2222 + 2z%z§}
2 2

+0(eh]. (C.18)

In all the cases where an initial-final antenna involves the opposite initial state leg, the
resulting expression can be obtained with (z; <+ z2) interchange.

[Fiik @ F3 p] (Siks 553 21, 22) = [Firg @ Fimp] (Siks S3p3 22, 21) (C.19)
[]: ik ® }'2 np] (831, 823 21, 22) = [fl e ® ]:1 np] (52k, S2p» 22, 21) (C.20)
{]:gjk(g]:%ip} (81k» 8125 21, 22) = f?]k@’}—l } (52k, 512, 22, 21) (C.21)

[F(l) ® fgop_ ) (Snp; 21, 22) = I‘(l) ® Fgop} (Snps 22, 21) (C.22)
[ng ®]:23,jk: (saps21,22) = F(l @ff’]k} (S 22, 21) (C.23)
[I‘g]) ® fé”,jk: ) (s31; 21, 22) = I‘(l) ® ‘7:1734 (S3k, 22, 21) (C.24)
[Félg) ® Fi J- ) (5123 21, 22) = i gg) ® ]:12,]} ) (512, 22,21) - (C.25)

For completeness we give also the convolution of two Altarelli-Parisi splitting kernels,

1 1
T o), (120 =

1 121 2 8 4 4
~ s - (——72) H(1, (16———8 82) H(0, (———
= [ (1—2) 6 3" + ( 21) - 21+ 827 ) + H(0, 1) o
8§ 22 14 22
122 + 4Z%) + 8Dy (1) + 2 . 2 Do) — R 32’1] (1 — 25) . (C.26)

C.1 Convolutions of plus distributions

In this section we collect the results for the convolution of two plus distributions which
appear in the convolution integrals of the previous section. They are defined as,

Dy ® Din] (2) = / dz dy <1“n1(1_;””)>+ <1“n1(1 - y))+ 5(= — ) (C.27)

)
and read,
D0 & Do) (2) = ~Gaa(1 — 2) +2D1(2) — 5 (C.28)
Dy o Do) (2) = Ga(1— ) — GDolz) + oDa() + b2 B0 )
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[D2 @ Do) (2) = —20ud(1 — 2) + 2¢3Do(2) — 26D (2) + %pg(z) _20(0,1,1,2)

1—-2z
2H(1,0,1 2H(1,1
o ( 707 72) o ( ) 705'2) (030)
1—-=2 1—=z
2 H(0,1,0, 2
[D1® D1 (2) = —%5(1 —2) +263Do(2) — 22D1(2) + Da(2) — 1 532 _H o )
2H(0,1,1 2H(1,0,1 2H(1,1
o (07 ) 72) o ( 707 72) o ( ) 7072) ] (C31)
1—-=2 1—=z 1-=2
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