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Abstract

In this article we consider asymptotically harmonic manifolds
which are simply connected complete Riemannian manifolds with-
out conjugate points such that all horospheres have the same con-
stant mean curvature h. We prove the following equivalences for
asymptotically harmonic manifolds X under the additional as-
sumption that their curvature tensor together with its covariant
derivative are uniformly bounded: (a) X has rank one; (b) X has
Anosov geodesic flow; (¢) X is Gromov hyperbolic; (d) X has
purely exponential volume growth with volume entropy equals h.
This generalizes earlier results by G. Knieper for noncompact har-
monic manifolds and by A. Zimmer for asymptotically harmonic
manifolds admitting compact quotients.
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1. Introduction

Let (X,g) be a complete simply connected Riemannian manifold
without conjugate points and SX its unit tangent bundle. For v € SX
we denote by ¢, : R — X the corresponding geodesic with ¢/,(0) = v and
by : X = R, by(q) = limy—, 0 d(cy(t),q) — t be the associated Busemann
function.

Let S, and U, be the orthogonal Jacobi tensors along c,, defined
by Sy,(0) = U,,(0) = id and S,,(r) = 0 and U,,(—r) = 0. Note
that we have U, ,(t) = S_,,(—t). The stable and unstable Jacobi ten-
sors S, and U, are defined as the Jacobi tensors along c¢, with ini-
tial conditions S,(0) = U,(0) = id and S;,(0) = lim, . S, ,.(0) and
U,(0) = lim, 00 Uy .(0). We define U(v) = U,(0) and S(v) = S;,(0).
For a general introduction into Jacobi tensors see [Kn1].

Important for this paper will be the notion of rank which in non-
positive curvature has been defined in [BBE] as the dimension of the
parallel Jacobi fields along geodesics, and is one of the central concepts
in rigidity theory. In the case of no conjugate points it is due to Knieper
[Kn2] and generalizes this concept.

Definition 1.1. Let (X, g) be a complete simply connected Riemann-
ian manifold without conjugate points. For v € SX let D(v) = U(v) —
S(v) and we define

rank(v) = dim(ker D(v)) + 1

and
rank(X) = min{rank(v) | v € SX}

It is easy to see that the function v — rank(v) is invariant under the
geodesic flow.

As already observed in [Kn2] the notion of rank is very important
in the study of harmonic manifolds. After Szabo’s proof [Sz] of the
Lichnerowicz conjecture for compact simply connected harmonic mani-
folds, the classification of noncompact harmonic manifolds is still wide
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open, even though there have been interesting new developments in
the last decade (see, e.g., [RaSh, Ni, He|). In this paper we consider
the more general class of asymptotically harmonic manifolds, originally
introduced by Ledrappier [Le, Thm 1] in connection with rigidity of
measures related to the Dirichlet problem (harmonic measure) and the
dynamics of the geodesic flow (Bowen-Margulis measure).

Definition 1.2. An asymptotically harmonic manifold (X, g) is a
complete, simply connected Riemannian manifold without conjugate points
such that for all v € SX we have tr U(v) = h for a constant h > 0.

Our first main result is the following:

Theorem 1.3. Let (X, g) be an asymptotically harmonic manifold
such that ||R|| < Ry and ||VR|| < R{, with suitable constants Ry, R > 0.
Then v +— det D(v) is a constant function on SX.

Moreover, if X has rank one, there exists p > 0 such that D(v) > p-id
for allv e SX.

For harmonic manifolds, this theorem is a consequence of the rela-
tion between det D(v) and the volume density function (see [Kn2, Cor.
2.5]). For asymptotically harmonic manifolds this theorem was proved
in [HKS, Cor. 2.1] under the additional condition of strictly negative
curvature bounded away from zero. Zimmer [Zi, Proof of Prop. 3.3]
provides a proof under the additional assumption of the existence of a
compact quotient, using dynamical arguments. The proof of the general
case without negative curvature or compact quotient requires new sub-
tle estimates for second fundamental forms of spheres and horospheres
which are presented in Section 2 of this article.

For the next result about asymptotic geometric and dynamical prop-
erties equivalent to the rank one condition we first need to introduce
the notion of volume entropy.

Definition 1.4. The volume entropy hy.(X) of a connected Rie-
mannian manifold X is defined as

1 1 B,
(1.1) hyot(X) = limsupOgv.;(m

r—00

)

where B.(p) C X is the open ball of radius r around p € X.

Note that (1.1) does not depend on the choice of reference point p
and hye (X) is therefore well defined.
Theorem 1.3 is essential in the proof of our second main result.

Theorem 1.5. Let (X, g) be an asymptotically harmonic manifold
such that ||R|| < Ry and ||VR|| < R{, with suitable constants Ry, R}, > 0.
Let h > 0 be the mean curvature of its horospheres, i.e. h = trU(v).
Then the following properties are equivalent.
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X has rank one.

(a)

(b) X has Anosov geodesic flow ¢* : SX — SX.

(¢) X is Gromov hyperbolic.

(d) X has purely exponential volume growth with growth rate hyo = h.

This equivalence has been obtained in the case of noncompact har-
monic manifolds by Knieper in [Kn2|. In the case that (X,g) is an
asymptotically harmonic manifold with compact quotient, this equiva-
lence has been derived by Zimmer [Zi]. Since for harmonic manifolds the
curvature tensor and its covariant derivative are bounded ([Be, Props.
6.57 and 6.68]), the current article generalizes these results in both pa-
pers to asymptotically harmonic manifolds (without a compact quotient
condition).

In a subsequent article [KnPe] we use the main results of this article
to derive results about harmonic functions (solution of the Dirichlet
problem at infinity and mean value property of harmonic functions at
infinity) on rank one asymptotically harmonic manifolds.

2. Manifolds without conjugate points: general results

In this section, (X,g) always denotes a complete simply connected
Riemannian manifold without conjugate points. Let 7 : SX — X be
the footpoint projection and v € SX. The associated curvature tensor
R,(t) : ¢'(v)* — ¢'(v)* along c, is defined by

Ry(tyw = R(w, ¢' (v))¢' (v).

The stable and unstable manifolds through v € SX are defined as
Ws(v) = {—gradb,(q) | by(¢) = 0} and W"(v) = {gradb_,(q) |
b_,(q) = 0}. The footpoint projections 7W*(v) and 7W"(v) are level
sets of Busemann functions and, therefore, horospheres. Horospheres
are usually denoted by H. Observe that S(v) and U(v) are the associ-
ated second fundamental forms.

2.1. A formula for the difference of second fundamental forms
in horospheres. Of importance is the following result which is based
on an formula of E. Hopf [Ho, (7.2)] for surfaces.

Proposition 2.1. Let v : [0,1] — W?*(v) be a smooth curve with
7(0) =v and y(1) =v. Let e1(s),...,en—1(s) be an orthonormal frame
in H = 7W?#(v) along = 7y which is parallel in H with the induced
connection. Let e;(s,t) be the parallel translation along the geodesic

Cy(s)- Then we have

1 T . o
21) 85,0 = 50,0 = [ [ 530,60 (o R0 0)) Sy 00 ds
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and
(2.2)
U{M(O) / / ﬁ/(s W < Ry (t)) Uﬁ/(s)’r(t)dt ds,
where all tensors are expressed with respect to the frame ey (s,t),. .., en—1(s,t).

Proof. We only prove (2.1), the second identity is proved analogously.
We start with the Jacobi equation

:;(S),T(t) + R’Y(S) (t)S'y(s),r(t) =0

and define 5
Zoy(o)r(t) = &S’y(s),r(t)
Then we have
o 02 0
Zyo.t) = 55 9% (o)) = — 5 (Ro(s)(8)S,()r (1))

= - <%Rv(s) (t)> Sy(s)r () = By(s) (1) <%Sv(8)ﬂ“(t)> )

and therefore,

0
Z//(s) r( ) = _Rv(s) (t)Z'y(s),r(t) - <&R'y(s) (t)> Sﬁ/(s),r(t)'

Differentiating the Wronskian of Z, ), and S,y ,, we obtain

0 / *
= ((2300.) 8390 (0) = Z3 1 (DS}, (1)) =

(Z:yk(s),r)//(t)sv(s),r(t) - «/(s),r( )Sf/y/(s),r(t) =

x « 0
- Z’y(s),r(t)R'y(s) (t)s'y(s),r(t) - 'y(s),r(t) <%R'\/(s) (t) S’y(s),r(t)

~—

* * 6
+Z ~(s), r( )R (s) (t)S'y(s),r(t) == «/(s),r(t) <&R~/(s) (t ) Sfy(s),r(t)'

Integration with respect to ¢ from 0 to r yields
0 . N 0
55100 0) = (Z300, YO = [ 850,00 (51 Rt ®) 81000t

Integration with respect to s from 0 to 1 leads finally to

S5.,.(0) — // (s)( < Rv@)()) Sy(s)r(t)dt ds,

proving (2.1). q.e.d.

In order to make use of the formulas in Proposition 2.1, we need to
have estimates for ||S, () ||, [[Uy(s),» || and ||%RV(S) (t)|l. These estimates
are derived in the following two subsections.
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2.2. Estimates for ||S,,| and ||U,,|. We recall the following facts
from [Knl, Chapter 1, Cor. 2.12 and Lemma 2.17] (choosing r = oo
there):

Lemma 2.2. Assume that there exists a constant Ry > 0 such that
—Roid < Ry(t) for allv € SX and t € R. Let A, be the orthogonal
Jacobi tensor along ¢, with A,(0) =0 and Al (0) =id. Then we have

—V/Ro < A, (t)A, (1) < v/Ro coth(ty/Ro)
for all t > 0. Furthermore, we have
—V/Ro < 5,(0) <UL(0) < VRo
for allv e SX.

Note that A, and S,, are related by S, ,(t) = A,(r — t)A;l(r).
Therefore, Lemma 2.2 has the following consequence.

Corollary 2.3. Let ro > 1 and T < ro. If |Ry(t)|| < Ro for all
v e SX and t € R with a constant Ry > 0, we have for all v > rq

|Sv,r ()] < C1(Ro,70,T) forall0 <t <T,
with C1(Rg,ro,T) > 0 only depending on 19, Ry and T.
Proof. We conclude from Lemma 2.2 for all r > r,
15, (0)]| = |45, (r) A, ()| < V/Ro coth(roy/Ro).

ThLet y(t) = (ya(t),y2(t))" with y1(t) = S, (t) and y2(t) = S (t).

v = ( [ t C(s)is ) (0)

Note that ||C(t)] < Vv Ro?+1 and |y(0)||> < 1+ Rgcoth?(rgv/Ro).
This yields

1Sur (Ol < 5] < exp (NROZ T 1) 1+ Rycoth®(roy/Fo)
for all 0 <t < T, finishing the proof. g.e.d.

Next, we present some useful Jacobi tensor identities.

Lemma 2.4. For allv € SX and t < r we have
(2.3) torr—t(0) = S (D SH(D),
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and

Up(0)(0) = Sgeuy r—e(0) = (U)H()(UL(0) = S;,,-(0))S, 1 (2)
(2.4) = (S5.,) " OU0) = 5, (0)U, ' (2).
Furthermore,
(2.5)

' -1
U (0)(0) =St oy ot (0) = (S5,) 7 (2) ( / (SS,TSU,T)I(U)CZU) Sor(t)-

— OO

Proof. Notice first that
(2.6) Septv,z(Y) = Svtta(y + t)S;tl_i_x(t),

since, for fixed x and ¢, both sides define Jacobi tensors in y which agree
at y = 0 and y = z. Differentiating at y = 0 yields for x = r — ¢ the first
identity (2.3). Using the fact that the Wronskian of two Jacobi tensors
is constant, we have

W(Uy, Sur)(t) = (Uy) (£)Su,r(t) — Uy (1) S, (1) =
W(Uva SU,T)(O) = Ul/)(o) - Si/),r(o)
This yields
(UL OU, (1) = Sy, (8,0 () = (U H(B)(U(0) = S7,,.(0)) S, (1).
Since
(U (U () = Ui,y (0) and S, () S, 1 () = e 4 (0)

are symmetric, we obtain the first and second identity of (2.4).
To prove the last assertion we note that for 0 < ¢ < r we have (see
[Kn2, (7.8)])

— OO

. -1
(/(S;’T,Sv,r)l(u)du) Svm(t)_lUv(t) = Uzl;(o) - S;,r(o)-

Inserting this into (2.4) yields (2.5). q.e.d.

Recall from the introduction that S(v) = S, (0) and U(v) = U,(0). A
key role plays the positive symmetric operators

D(v) =U(v) — S(v),
since their kernels determine the rank of the manifold X.

Proposition 2.5. Assume there exists Ry > 0 such that ||R,(t)|| <
Ry for allt € R. Then we have the following estimates for S, and
Uy,
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(a) There exists a; = a1(Rg) such that for allr > 1 and t > 0,
[Sur (=Dl < are¥™! U g ()] < age¥ e,

(b) Under the additional assumption D(¢t(v)) > p-id for all t € R
and some constant p > 0, there exists ag = as(Ro, p) such that for
allr >1and 0 <t <r,

S0, (Ol < ase™8 U ()] < aze™5"

Proof. Rauch’s comparison estimate (see, e.g., [Knl, Chapter 1, Prop.
2.11]) implies that ||A(t)z||/sinh y/Rot is monotone decreasing. Since
Spr(—t) = Ay(r +t)A; 1 (r) we conclude

Ay(r)x | = |A(r + t)x|| < Slnh.\/Ro(T‘—Ft) < al(Ro)emt.
[ Ay (r)z|| | A(r)z|| sinh /Ror

This together with U, ,(t) = S_, ,(—t) proves (a).
Using the monotonicity Sj,,.(0)  S;,(0), we have by assumption

Ut () (0) = St (), (0) > Uy, (0) — S, (0) = D(¢' (v)) > pid.

Using (2.5), this yields for all z € (¢'v)* with ||z|| = 1,

. -1
) < <( / (S;t,rsv,}w)du) s;,%<t>:c,s;%<t>x>

. ~1
< /(S;rsv,r)l(u)du) : HSv_,i(t)tz

”Sv,r(_t)

Furthermore, we have

i -1
(/ (S;,rsv,r)l(u)du) =

1

t .
min{ I (S5 Svr) " (W) Yu, yu)du =y € vt |yl = 1}

Therefore,

pmin { / ((S5,) ™ (W (S3,) " (Wya)du = y € v L, [yl = 1)}

—00

< 1S5 ()l?
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for all € (¢'v)* with ||z| = 1. Defining
pu) = min{(S5,) 7 @yl? : y € (6" 0)5 llyll =1}

= win IS Wl y € () Iyl =1},

we obtain
t

) / pdu < p [ pldu < (0
0

and, hence,
pF(t) < F'(t)

t
for F(t) := [ ¢(u)du. This means that p < (log F')’(¢), which implies
0

F(t) > Fgl)ept for all ¢ > 1 and, therefore,
(2.7 olt) = F'(t) = pF(t) > LX) oo
for all r > ¢ > 1. Corollary 2.3 implies for 0 <t <1 <r
e(t) = min{lIS;H Oyl y e (60 Iyl =1}
1 1

= >
”SU,T’(t)H -G (R07 1, 1) ’

ie., F(1) > ~=———. Plugging this into (2.7), we obtain
C1

(Ro,1,1)
p t
t) > ————¢F
A2 oD
: _( GiBoa) Y2
for all » >t > 1. Choosing as = inlp/ec=rT , this implies that we
have
1S5+ )yl 1 oo 1
— > (1) > =5 min{~, e P} = — e
WP 202wy e =

forall r >t > 0and y € (¢'v), y # 0. Since S, (t) : (¢'v)t — (plv)+
is an isomorphism, we obtain for all z € (¢*v)*, r > 1 and t € [0,7)

S ()] < aze™ ]
finishing the proof of (b). q.e.d.

Remark. The special case of Proposition 2.5(b) for stable and un-
stable Jacobi tensors was obtained by Bolton (see [Bo, Lemma 2]).

The following corollary summarizes the facts which we will need fur-
ther on in this chapter.
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Corollary 2.6. Let |R,(t)|| < Ry for allv € SX and t € R with a
constant Ry > 0. Let v : [0,1] — W5(v) be a smooth curve and p > 0
such that

D(¢'(7(s))) = p-id
for all s € [0,1] and t € R. Then there exists a function b: R — (0, 00),
only depending on Rg and p, such that we have for all v > 1 and all
—oo<t<r,

28) IS0 B < B U0 ()] < b0O).
For t > 0 we have

(2.9) b(t) < ase 5",

Moreover, if 8 = 7y and 3; = 7(¢' ’y) we have

(2.10) 18:(s )|| < () [18'(s)l

(2.11) (@) ()l < b(t)v/1+ RollB'(s

for all s € [0,1] and t € R.

Proof. The inequalities (2.8) and (2.9) are straightforward conse-
quences of Proposition 2.5. The same inequalities hold also for the
stable and unstable Jacobi tensors S5 and U,. Note that Js(t) =

Bi(s) = %C.Y(S) (t) is the stable Jacobi field along c,(s) with initial values
Js(0) = B'(s) and  J{(0) = S7(,)(0)J5(0).
Then Js(t) = Sy(s)()(Js(0))¢, which implies
1B < 1Sy (O)(B"(s))ell < b1 (s)]I-
Furthermore we have
b2 9 o D 2 _ 4 2 |1y ¢ 2
1™ ) (I = I Be() "+ ()7 = | = Be ()P V5 5) 0 v ()™

Since Vﬁé(s)qbtv(s) is the second fundamental form of the horosphere
7WE(¢!(v(s))), we have with Lemma 2.2

16" ) (s)II* = Hd%ﬁt( M+ 1515 (0B (s)I* < b(1)* (1 + Ro)1 5 (s)]*-
This implies (2.11). q.e.d.

2.3. Estimate for H%R%S) (t)||. Our next goal is to derive an estimate

for ||%R'y(s)(t)” in terms of 3'(s). Henceforth, we assume that the
curvature tensor and its covariant derivative of X are bounded, i.e.,

IR <Ry and [[VR| < R

with suitable constants Ry, R{, > 0. Moreover, let v : [0,1] — W¥(v)
denote a smooth curve such that

D(¢'(v(s))) = p-id
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for all s € [0,1] and ¢ € R with a suitable constant p > 0. Let ¢;(s) and
ei(s,t) be defined as in Proposition 2.1 and 8 = 7y and 3; = m(¢ly).

Lemma 2.7. Let r > 1. Then there exists a constant Co(Ry, p,),
only depending on Ry, p and r, such that

H%ei(s’t)u < Ca(Ro, p,7)18'(s) for all t € (—r,7).

Proof. First of all, note that the second fundamental form of all horo-
spheres is bounded by \/Ry. Let N be a unit normal vector field of
H = 7#W?3(v). Since e; is parallel in H with respect to the induced
connection, we have

reils) = { a9, (Vo 5)(9) ) (Vo 5)().

Therefore,
D 2 D 2 D 2
“Eei(s) = <Ee,~(s), (Noﬂ)(s)> = <e,~(s), EN05(8)>
< les(s)I? VN o B(s)1* [18"(s)11?
(2.12) < Roll6'(s)]*.

Let Pvt(s) be the parallel transport along c,(,). Define

D D _,
f(s,t) = ‘|£ei(s,t)H = ‘ EPV(S)GZ'(S)
Differentiation yields
0 ,o DD _, D

2.1 25, t) =2( TPt ei(s), —eils,t) ).
213 g f0=2( G Pus. paln)
Note that

DD DD 0

EEP,?/(S)CZ(S) = EEP,’;(S)&(S) +R <Ci{(s) (t), %CW(S) (t)) GZ(S,t)

~———
=0

= R (c;(s) (1), %CV(S) (t)> ei(s,t).

Plugging this into (2.13) we conclude

0 , 0 /
X 600 < R 1 @ | g @] st = R 110001,
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which implies

max{0,t} af
.0 = S0+ | O (s, )| ar

min{0,t} ot

< D i(s)||+ R ' B'(s)||d

< |ze)| + R [ 13l

(2.12) . T )

< VR + Ba [ ], 6D dr

< VRO R [ w5

This finishes the proof. g.e.d.

The estimate for ||%Rﬁ/(s) (t)|| is derived from the components. The
(4,7)-th component of R, (t) is

(Rys)ei(s,t),e5(s, 1) = (Rei(s, 1), 0" (7(5)))0" (7(s)), €5 (s, 1))
This implies that we have
0
(aRy(s)(t)lj - <£ (R (B)es(s:1) ,ej(s,t)> "

D
<R'y(s) (t)ei(sv t)v £€j(8, t)> :
Using

Vi(R(Z,W)W) =
(VJR)(Z, W)W + R(V 12, W)W + R(Z,N ;W)W + R(Z, W)V ;W
and the bounds ||R|| < Ry and [|[VR| < R, we obtain

Hg (Rﬁ/(s)(t)ei(s,t))H <

By | 801+ o (| Zesto)]| +2| 2 (@600) ) <
Ry b0) 19001+ o (oo B +2| 2 (6060 |).

where we used (2.10) and Lemma 2.7. Since £ ¢(y(s)) = V)¢ (1(s))
is the second fundamental form of the horosphere 7W?*(¢!(v(s))) which
is bounded in norm by v/Ry||5;(s)]|, we finally obtain

|2 (R Qi) | < Catlto, By 50




RANK ONE ASYMPTOTICALLY HARMONIC MANIFOLDS 13

with Cs(Ro, R}, p,7) = Rhb(t)+ RoCa(Ro, p, )+ 2R b(t). This implies
that
(2.14)

0
<%R’y(s) (t)> o
27]

2.4. An estimate for the difference of second fundamental forms
in horospheres. Combining the results in the first three subsections,
we are now able to prove the following result.

< (C3(Ro, Ry, p, ) + RoCa(Ro, p,7)) 18 (s)]].

Theorem 2.8. Let (X, g) be a complete simply connected Riemann-
ian manifold without conjugate points. Assume that |Ro|| < Ry and
VR < R, with suitable constants Ry, Ry > 0. Let v : [0,1] — W*(v)
be a smooth curve and 8 = 7. Assume that D(¢'(v(s))) > p-id for all
s €[0,1] and t € R and some constant p > 0. Let v > 1. Then there
exists a constant C5(Ro, Ry, p,7) > 0, only depending on Ry, Ry, p and
r, such that

152 (1).(0) = 8%0) . (O)I] < C5(Ro, Rp p. ) £(B)
and

U 4. (0) = UL )., (O)] < C5(Ro, Riy, p.7) £(B),
where () denotes the length of the curve 3.

Proof. We only give the proof of the second estimate, the first esti-
mate is proved analogously. Let v = 7(0) and v = 7(1). Inequality
(2.14) implies that there is a constant Cy = Cy(Ry, Ry, p,r) > 0 such

that
| R < catgo.

We conclude from Proposition 2.1 and Corollary 2.6 that

1,0~ Uy, 0 < [ [ rortoF

< [on [ wtpaignas

< (R07R07P7 ) 6(5)
with C5(R0, RIO, P, T‘) = 04 f—r b 2dt. q.e.d.

IN

0
‘ SR.Y(S)( )H dt ds

3. The function det D(v) is constant

From now on, we assume that (X,g) is asymptotically harmonic.
Recall that we introduced the positive symmetric operator D(v) =
U(v) — S(v). Our aim is to prove Theorem 1.3 in the Introduction.

Note first that in the case of asymptotically harmonic manifolds the
stable and unstable Jacobi tensors are continuous in the sense of [Es,
p. 242]. This property is also called continuous asymptote.
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Lemma 3.1. Let (X,g) be an asymptotically harmonic manifold.
Then v +— U(v) and v — S(v) are continuous maps on SX.

Proof. Since U, ,(0) — Uy (0) is positive, we have for t > 0
1U3,:(0) = UL0)]| < tx(U,,1(0) — Uy (0)) = (U7, (0)) — h.

Since tr(U,,;(0)) converges pointwise monotonically to h as t — oo, we
conclude from Dini that the convergence is uniformly on all compact
subsets of SX. Since the maps v +— U, ,(0) is continuous for all £ > 0
and U, ,(0) — U;(0) = U(v) uniformly on compact sets, we conclude

continuity of v — U(v). The continuity of v — S(v) follows immediately
from S(v) = =U(—v). q.e.d.

As a start, it is easy to see that det D(v) = det D(—wv):
det D(—v) = det(U(—v) — S(—v)) = det(=S(v) + U(v)) = det D(v).
Now we work towards the result that det D(v) is constant on all of SX.

3.1. det D(v) is constant along the geodesic flow. The arguments
in this section follow the arguments given in the proof of [HKS, Lemma
2.2].

Proposition 3.2. Let (X, g) be asymptotically harmonic. Then for
all v € SX, the map t — det(D(¢'v)) is constant.

Proof. For the proof we need besides D(v) the symmetric tensor

H(v) = —3(U(v) + S(v)). Note that U and therefore also S are so-

lutions of the Ricatti equation

EU((btv) +U(¢")* + Ry, = 0.
Hence, a straightforward calculation yields for all v € SX
d
(31)  (HD+DH)(g') = S(6'0)* - U(6')* = Z-D(6")

In the case det D(¢'v) = 0 for all t € R, there is nothing to prove. If
det D(¢'v) # 0 for some t € R, we have

%logdetD(qﬁtv) = mtr«%mqﬁtv)) D‘l(qﬁtv))

_ m tr (HD + DH)(¢'0) D~ (¢'0))

2
= ————tr(H(¢'v)) =0
det D(¢tv) ' ( (¢ U)) ’
since tr H(w) = —%(tr U(w) + tr S(w)) = —3(tr U(w) — tr U(—w)) = 0.
This implies that ¢ — det D(¢'v) is constant for all ¢t € R. q.e.d.
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3.2. det D(v) is constant along stable and unstable
manifolds. Note that the key ingredients here are Proposition 2.5(b)
and Theorem 2.8. We first prove the following lemma.

Lemma 3.3. Assume there is a constant Ry > 0 such that | R|| < Ryp.
Let v € SX. Assume there is a constant p > 0 such that

D(¢'(v)) > pid

for allt € R. Then there exists a constant a > 1, depending only on Ry
such that

a
0< S;ﬁt(v) (0) — S(/i)t(v)ﬂd(()) S ; and 0< U(;t(v),r(o) — Uéﬁt(v) (0) S
for all v >0 and all t € R.

Proof. Since we have Uy, ,.(0) = —S_,(0) for all w € SX, it suffices
to prove the first assertion. Proposition 2.5(b) yields for all ¢ > 0

15w (B)]] < az = az(Ro, p),
where w = ¢°(v) for some s € R. Recall from [Kn2, Lemma 2.3] that

r -1
,0) = $0,00) = [ (835.) wa
0
This implies for all x € S, (5 X

a
r

((54,(0) = Sy, (0))z,z) < H </OT(S:ZSw)_1(u)du>_l

< ( | |r<s;zsw>u—1<u>du)_l

1 - 2
([~
0 a3 r

which yields the required estimate. q.e.d.

Now we assume that (X, ¢g) has rank one, i.e., we have det D(w) > 0
for all w € SX. It suffices to show that w +— det D(w) is locally
constant on W#(v). Let v € SX and p > 0 such that det D(v) = 2p.
Since w +— det D(w) is continuous on SX by Lemma 3.1, we find an
open neighbourhood U C SX of v such that det D(w) > p for allw € U.
Let v,v € UNW*#(v) and v : [0,1] — UNW?*(v) be a smooth curve with
~v(0) = v and (1) = v. We need to show that for every € > 0 we have
|det D(v) — det D(v)| < e. We have

|det D(v) — det D(v)| = | det D(¢'(v)) — det D(¢"(v))]
for all t € R and
(3-2) Jim d(¢'(v), ¢ (2)) =0,

and the convergence is exponentially because of (2.9) and (2.11).
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Since our operators D(w) = U(w) — S(w) > 0 are uniformly bounded
by 2v/ Ry and the determinant is a differentiable function, there is a
uniform Lipschitz constant A > 0 such that

| det D(wy) — det D(ws)| < A||D(w1) — D(ws)]|.

Therefore, it suffices to show that, for every § > 0, there exists t > 0
such that

(3.3) ID(¢" (v)) — D(&' (@) < 6.
Let D,(w) = U, .(0) — S, .(0). Lemma 3.3 implies
1D(6 () — Du(6 )] < =

for all w € ¥([0,1]) and ¢ € R. Therefore, we can choose r > 1 large
enough such that we have

1D(¢*(v)) = De(¢' @) < 3

for some t > 0. But this is a direct consequence of (3.2) and Theorem
2.8.

This shows that w — det D(w) is locally and therefore also globally
constant on W#(v). Note that w — det D(w) is also constant on W*(v):
Let w € W*(v). Then —w € W#¥(—v) and

det D(w) = det D(—w) = det D(—v) = det D(v).

3.3. det D(v) is constant on SX.In the case det D(v) = 0 for all
v € SX there is nothing to prove. Therefore, we assume that there
exists v € SX with det D(v) # 0.

For v € SX, let

W) = |Jo' (W) = {~gradb,(q) | ¢ € X},

teR

W) = (o'W (v)) = {gradb.(9) | ¢ € X}.
teR
Observe that W9 (v) = —W%(—v).

We define a vector w € SX to be asymptotic to v € SX if w €
WO (v). Since X has continuous asymptote, being asymptotic is an
equivalence relation (see [Es, Prop. 3]). We write v ~ w for asymtotic
vectors v,w € SX. Note that a flow line ¢®(v;) can intersect a leaf
W(v9) in at most one vector, since the footpoint sets of these leafs are
level sets of Busemann functions and b, (7(¢'(w))) = by(m(w)) — ¢ for
asymptotic vectors v,w € SX.
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Lemma 3.4. Let v,v' € SX with det D(v) # 0. Assume that
W (v) = W4(') and v' € W (v). Then v =1'.

Proof. v' € W%(v) implies that v and v’ are asymptotic. Since
Wu(v) = —W?3(—v), W¥%(v) = W*(') implies that —v and —v' are
also asymptotic. Therefore, v and v’ are bi-asymptotic. We have
v' & ¢®(v), since both v and v’ lie in the same unstable manifold W (v).
By [Es, Thm. 1](iv), there exists a central Jacobi field along ¢,, i.e.,
ker D(v) # 0. But this contradicts to det D(v) # 0. q.e.d.

The assumption ||R|| < Ry implies that the intrinsic sectional curva-
tures of all horospheres are also uniformly bounded in absolute value, by
the Gauss equation. Therefore, there exists § > 0 such that for all horo-
spheres H and all p € H, the intrinsic exponential map exp, 4, : Tp,H —
H is a diffeomorphism on the ball By, 3(6) = {v € TyH | H’UH < 5}

Assume that n = dim X. Let v € SX be a fixed vector with
det D(v) # 0. Now, we define the following continuous map (see Figure
1)

vy X X Bs(0) — SX,
where Bs(0) = {y e R" 71| |ly|| < 5}: Choose a smooth global orthonor-
mal frame Z; = —grad b,, Zs, ..., Z, on X. Define

€XPg,xW(Z1(q <Zyz : )

where % : TW"(w) — W"(w) is defined by ¢ (q) = grad b_,(q).

(¢ y) =7, () € W*(Z1(q)),

Z1(q) = —grad b,(q)

P W*(Z1(q))

Figure 1. Illustation of the map ¢, : X x Bs(0) — SX

We now show that ¢, is injective: Let ¢,(q,y) = pu(¢’,y’). Then
W(Z1(q)) = W*(Z1(¢')) and
Z1(q)) = —grad b,(¢') ~ v ~ —grad b,(q) = Z1(q),
which implies Z;(¢') € W%(Z1(¢q)). We conclude from the previous
subsections that det D(Z1(q)) = det D(v) # 0. Using Lemma 3.4, we

obtain Z1(q) = Z1(¢'), i.e., ¢ = ¢’. The equality y = v’ follows now from
the injectivity of the exponential maps and ¥y,.
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Since dim X x Bs(0) = 2n — 1 = dimSX, we conclude that U =
©u(X xBgs(0)) C SX is an open neighborhood of v, by Brouwer’s domain
invariance. Moreover, det D(w) = det D(v) # 0 for all w € U, using
that det D is constant along unstable manifolds, as well.

Now we are able to prove Theorem 1.3.

Proof. Without loss of generality, we assume that there exists a vector
vg € SX with det D(vg) = o« # 0. Let SX, = {w € SX | det D(w) =
a}. By continuity of w — det D,,, the set SX, C SX is closed. Since
vy € SXg4, we know that SX, is non-empty. The above arguments
and Sections 3.1 and 3.2 show for every vector v € SX, that the open
neighbourhood ¢, (U) is contained in SX,, i.e., SX,, is open. Since SX
is connected, we conclude that SX, = SX.

Since ||R|| < Ry implies that X has bounded sectional curvature, the
second fundamental forms of horospheres are bounded and therefore
the eigenvalues of the positive endomorphism D(v) = U/ (0) — S, (0) are
also uniformly bounded from above.The rank one assumption implies
det D(v) = const > 0. Both facts together imply that the smallest
eigenvalue of D(v) is uniformly bounded from below by a constant p > 0.

q.e.d.

4. Proof of the equivalences

From now on, we assume that (X, g) is asymptotically harmonic with
|R|| < Rp and |[VR|| < Rj. Our goal is to prove Theorem 1.5. We
prove each of the implications separately.

4.1. Rank one implies Anosov geodesic flow. Observe first that
h = 0 implies tr D(v) = trU(v) — tr S(v) = h —h = 0. Since D(v)
is positive, this implies D(v) = 0 and det D(v) = 0 which contradicts
to rank(X) = 1. Now we assume that rank(X) = 1 and, therefore,
D(v) > p > 0, by Theorem 1.3. By [Bo, Theorem, p. 107] this implies
that the geodesic flow is Anosov.

4.2. Anosov geodesic flow implies Gromov hyperbolicity. Recall
that a geodesic metric space is called Gromov hyperbolic if there exists
d > 0 such that every geodesic triangle is d-thin, i.e., every side of the
triangle is contained in the union of the §-tubular neighborhoods of the
other two sides.

Assume now that the geodesic flow ¢! : SX — SX is Anosov with
respect to the Sasaki metric. For v € SX consider the normal Jacobi
tensor along ¢, with A4,(0) = 0 and A/ (0) = id. Then the Anosov
property implies (see [Bo, p. 113])

[Au(t)z]| > ce™ ||

for ¢t > 1 with suitable constants ¢, @ > 0. Consider two distinct geodesic
rays c1 : [0,00) = X and ¢9 : [0,00) — X with ¢1(0) = ¢2(0) = p and
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define
di(c1(t),e2(t)) = nf{L(y)| 7:[a,b] = X\ B(p,t)
a piecewise smooth curve joining ¢ () and co(t)},

where B(p,t) = {¢ € X | d(p,q) < t}. Let t > 1 and ~v : [0,1] —
X\B(p,t) be a curve connecting ¢;(t) and co(t). Let v1 = ¢{(0) € SpX
and vy = 4(0) € SpX. Then y(s) = exp,(r(s)v(s)) with r : [0,1] —
[t,00) and v : [0,1] — S, X and

V'(s) = Dexpy(r(s)u(s)) (r'(s)v(s) +r(s)v'(s))
= 1'(s)Cl(5) (r(5)) + Au(r(s))'(s).
Since c;}(s) (r)LA,(r)v'(s), we conclude that

I/ ()| = e[/ (s)]].
This implies that

1
sz/HﬂﬂWZw%@mm
0

and therefore

(4.1) lim inf

t—o00

log df(e(0). o)
t >

with a suitable constant ¢y > 0. This implies, using [BH, Chapter III,
Prop. 1.26] that X is Gromov hyperbolic. (Note that the condition there
q

is liminf;_, oo M = 00, which is a priori weaker than (4.1). In
fact, both conditions are equivalent to Gromov hyperbolicity, see [BH,

Chapter III, Prop. 1.25].)

4.3. Gromov hyperbolicity implies purely exponential volume
growth with h = h,y,. We like to note first that simply connected
Riemannian manifolds X without conjugate points which are Gromov
hyperbolic spaces admitting compact quotients have purely exponential
volume growth (see [Coor, Thm. 7.2]). Here we consider the spe-
cial case of an asymptotic harmonic manifold without the additional
assumption that X admits a compact quotient.

Definition 4.1. Let X be a Riemannian manifold with hye, = hye(X) >
0. Then X has purely exponential volume growth with growth rate h,
if, for every p € X, there exists a constant C = C(p) > 1 with

%ehw” <vol B,(p) < Celvor™  for all v > 1.

We first prove the following general lemma.

Lemma 4.2. Let X be a §-hyperbolic space without conjugate points
and bounded curvature. Then the volume of any geodesic sphere grows
exponentially. In particular, we have hyo (X) > 0.
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Proof. Fix p € X and geodesic rays c1,¢o : [0,00) — X with ¢1(0) =
c2(0). As remarked above, Gromov hyperbolicity implies

q
lim inf log d; (c1(t), ca(t)) > ¢(9),
t—00 t

where ¢(6) > 0 depends only on the Gromov constant J. In particular,
there exists tg > 0 such that for all ¢t > ¢

ds, ) (c1(t), ea(t)) > etc®/2,

where dg () is the intrinsic distance in the sphere Sp(t) C X. Let
v 1 [0,1(t)] = Sp(t) be a minimal geodesic in Sy(t) connnecting c;(t)
and cz(t). The 1/4-balls in Sy (t) with centers v¢(k) and k € ZN[0,1(t)]
are pairwise disjoint. Lemma 2.2 implies that the second fundamental
forms of S,(t) are bounded by a universal constant for all ¢ > ¢, > 0.
Using the Gauss equation, this implies that the curvatures of the spheres
Sp(t) are uniformly bounded for ¢ > t, as well. Therefore, the 1/4-balls
in Sy (t) have a uniform lower volume bound Ay > 0. Hence, we have

vol(Sy(p)) > Ag(e'®/? — 1)
for all ¢ > ty. This finishes the proof of the lemma. g.e.d.

Lemma 4.3. Let (X,g) be an asymptotically harmonic manifold.
Then, for all p € X, there exists a constant C1(p) > 0 such that

%hr(p) > Ci(p) forallr > 1.

er

In particular, we have

h < hvol(X)'
Proof. As in the proof of [Kn2, Cor. 25|, we have for all v € SX
det A,(t)  det Ay(t) 1
detU,(t)  eht  det(U(v) — S;,.4(0))’

which implies
vol S.(p) / 1

ehr Js,x det(U(v) = S,,.(0))
(0)>U(v)—S.

v,t2

(4.2) dbp(v).

Using U(v) — S, 4, (0) > 0 for all 0 < ¢; < ta, we obtain

vol S,.(p) / 1
e 7 Js,x det(U(v) = 57 1(0))
Continuous asymptote implies the continuity of v + U(v)—S, ;(0). This

yields the existence of a constant @ > 0 such that det(U(v)—S, 1(0)) > a
for all v € S, X and implies the statement in the lemma. q.e.d.

dbp(v).

Recall the following result in [Kn2, Cor. 4.6].
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Proposition 4.4. Let X be a simply connected d-hyperbolic manifold
without conjugate points. Consider for v € S,X, £ =d+1 andr >0
the spherical cone in X given by

Apo(r) =={cw(t) |0 <t <ryw € SpX, d(cy(£L), cw(£L)) < 1}
Then, for p =46 + 2 the set A, ¢(r) is contained in
Hy, p(r) :i={cq(t) | — p/2 <t <1y ¢ is an integral curve of
grad b_, with ¢,(0) = ¢ € b=1(0) N B(p, p)}.
This useful result has the following consequence.

Corollary 4.5. Let (X,g) be a Gromov hyperbolic asymptotically
harmonic manifold and p € X. Then there exists a constant Ca(p) > 0
such that

T

vol B,.(p) < C’g(p)/ ehsds,
—p/2
where p is defined as in Proposition 4.4. In particular, we have

hyot (X) < h.
Proof. Let p € X. Choose Il = + 1. Then we have
S$pX = | Unulr),
veESPX
with the open sets
Upe(r) = {w € Sp X | d(cy(£0), cp(£0)) < 1}.
Since S, X is compact, we find finitely many vectors vy,...,vp € S, X
with
k
SpX = | Uy, (1),
j=1

which implies for p = 4 + 2

k
B,(p) C | Av;u(r) € | Ho,p(r).

j=1 j=1
Using

vol(H, (1)) = [ ¢"*ds vola(b;'(0) 1 By()
—p/2

where volg denotes the induced volume on the horosphere by '(0), we

conclude
I8

k
vol B,(p) < | 3 volo(6,1(0) 1 By(p)) / ehads.
i=1

—p/2
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Setting Ca(p) = Z§=1 volo(b;jl(O) N B,(p)) proves the first part of the
corollary. The inequality h,q(X) < h follows then from the definition
of hyer(X). q.e.d.

Now we prove the implication claimed in this subsection.

Proposition 4.6. Let (X,g) be a Gromov hyperbolic asymptotically
harmonic space with with bounded curvature. Then X has purely expo-
nential volume growth with h = hye.

Proof. Gromov hyperbolicity implies h,o(X) > 0, by Lemma 4.2.
Lemma 4.3 and Corollary 4.5 together yield h = h,,(X). Moreover, we
derive from Corollary 4.5 that

02 (p) hr
h .

The lower volume estimate follows from Lemma 4.3: For » > 2 we have

vol B(p) _ J_vol Si(p)dt _ vol Sty (p) _ Ci(p)
> > >
ehr — ehr - ehr - eh

vol B,(p) <

for some tg € [r — 1,r]. This finishes the proof of purely exponential
volume growth. q.e.d.

4.4. Purely exponential volume growth with h = h,, implies
rank one. Finally, we show the remaining implication of Theorem 1.5.
This closes the chain of implications and finishes the proof that all four
properties listed in (a), (b), (c) and (d) are equivalent.

Assume that (X, g) is asymptotically harmonic with purely exponen-
tial volume growth h = hy,. We have

Y 1
S« oy sy e < vl(B )

This implies

L[ 1 vol(B,(p))
e /T—l /pr det(U(v) — S;7t(0))d9p(”)dt < — g =C0)

for some constant C'(p) > 0. Assume that det(U(v)—S;, ,(0)) — 0 for all
v € S, X. Then, because of monotonicity and Dini, we know that this
convergence is uniform. This is in contradiction to the above inequality.
Therefore, there exist v € S, X with det(U(v) — S(v)) # 0 and (X, g)
has rank one.

5. Asymptotically harmonic manifolds with bounded
asymptote

The notion of bounded asymptote was first introduced by Eschenburg
in [Es, Section 4]. Examples of manifolds of bounded asymptote are
manifolds with nonpositive curvature or, more generally, manifolds with
no focal points.
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Definition 5.1. Let (X,g) be a complete, simply connected Rie-
mannian manifold without conjugate points. X 1is called a manifold
of bounded asymptote if there exists a constant A > 1 such that

(5.1) ISo(H)| <A Vt>0, VoveSX.
Lemma 5.2. The bounded asymptote property (5.1) implies

||Uv(t)\|2% Wt>0, YveSX.

Proof. Letting x — oo, we conclude from (2.6)
Seto(y) = Suly + 1), (2).
Using S, (t) = U_,(—t), we obtain
S_gto(s) = Up(t — 8)U, L (2).
This implies
L= [[S_ge(®Uu (1) < AU D],
finishing the proof. g.e.d.
Remark. Rank one asymptotically harmonic manifolds with ||R|| <

Ry and |[VR|| < R{, are manifolds of bounded asymptote by Proposition
2.5.

Next, we discuss relations between the geometrically defined con-
stants h, hyo (X) and the Cheeger constant hopeeg(X ), defined as

area(0K)

X)= e

iChecg(X) I%CX vol(K) '’

where K ranges over all connected, open submanifolds of X with com-
pact closure and smooth boundary.

Proposition 5.3. Let (X,g) be an asymptotically harmonic mani-
fold. Then we have

hvol(X)7 hC’heeg(X) > h.

Proof. The inequality h,(X) > h was already stated in Lemma 4.3.
For the proof of hAcheeq(X) > hlet K C X be a set as described above.
Choosing a Busemann function b,, we have Ab, = h and obtain via
Gauss’ divergence theorem and || grad b,|| = 1,

hvol(K) = / Aby(z)dr = / (grad b,, v)dr < area(0K),
K oK
where v is the outward unit normal vector of 0K in X. q.e.d.

Even though we proved in the previous section that h = hy(X) for
Gromov hyperbolic asymptotically harmonic spaces X with bounded
curvature, we do not know whether this holds for general asymptot-
ically harmonic manifolds. However, a sufficient condition for h =
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hoot(X) = hCheeg(X) is that X is asymptotically harmonic and has
bounded asymptote.

Theorem 5.4. Let (X, g) be asymptotically harmonic and of bounded
asymptote. Then we have

h = hvol(X) = hC’heeg(X)'

In particular, this equality holds for all rank one asymptotically har-
monic manifolds with |R|| < Ry and |[VR|| < Ry,.

Proof. The bounded asymptote property implies that we have

1 /
E < <(U(U) - v7t(0))1’,1’>,

for all unit vectors x € v* (see the proof of [Kn2, Prop. 5.2]). This
implies
1
det(U(v) — S, ,(0)) > A2 21
and we obtain with (4.2)

15,
vol S, (p) S/ A2n_2r”_1d0p(v) — wn_1A2n—2rn—1,
SpX

ehr
where w,,_1 is the volume of the Euclidean unit sphere of dimension
n — 1.This implies vol S,(p) < Cr"~1e" and, therefore, h,,(X) < h.
Together with Lemma 4.3 we obtain h = Ry (X).

Next we prove hcpeeg(X) < h: Let g(r) = Xgllg:(z))' We will show

that g(r) — h for r — oo which implies hopeeq(X) < h. We have with
I’Hospital

fSpX det A, (r) dbp(v)

li = i
Jm g(r) oo T Js, x det A, (s) d,(v) ds
y Jo, x tr(AL(r) AT (r)) det Ay (r) dby(v)
- 1m 7
700 fspx det Ay (r) dbp(v)

provided the last limit exists. (We used the notion df for the canoni-
cal volume element of the unit sphere S, X). Note that A’ (r)A,(r) =
Ugry(0). Since ||Uy,(0) — Uy, (0)]| < A72 (see, for instance, [Kn2, bot-
tom of p. 686]), we conclude

A2

0<trl,,.(0) —h<(n-— 1)T

for all w € SX and r > 0. Therefore, tr(A,(r)A,(r)) — h and the
convergence is uniformly, which implies that the last limit above exists
and is equal to h. This, together with Proposition 5.3 above, implies
that hCheeg(X) = h. q.e.d.
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REMARK It was shown by Zimmer in the proof of [Zi, Cor. 49] that
hyot(X) = h also holds in the case that (X, g) is asymptotically harmonic
admitting compact quotients. Equality of h, hye(X) and hcpeeq(X) also
holds for all noncompact harmonic manifolds X without additional con-
ditions (see [PeSa, Theorem 5.1]). Moreover, the agreement of these
three geometric constants implies (see [PeSa, Corollary 5.2]) that the
bottom of the spectrum and of the essential spectrum of the Laplacian
Ax coincide and Ag(X) = A\{¥(X) = %2.
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