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Motivated by single molecule experiments on biopolymers we explore equilibrium morphologies
and force-extension behavior of copolymers with hydrophobic segments using Langevin dynamics
simulations. We find that the interplay between different length scales, namely, the persistence
length `p, and the disorder correlation length p, in addition to the fraction of hydrophobic patches
f play a major role in altering the equilibrium morphologies and mechanical response. In partic-
ular, we show a plethora of equilibrium morphologies for this system, e.g. core-shell, looped (with
hybridised hydrophilic-hydrophobic sections), and extended coils as a function of these parameters.
A competition of bending energy and hybridisation energies between two types of beads determines
the equilibrium morphology. Further, mechanical properties of such polymer architectures are cru-
cially dependent on their native conformations, and in turn on the disorder realisation along the
chain backbone. Thus, for flexible chains, a globule to extended coil transition is effected via a
tensile force for all disorder realisations. However, the exact nature of the force-extension curves are
different for the different disorder realisations. In contrast, we find that force-extension behavior of
semi-flexible chains with different equilibrium configurations e.g. core-shell, looped, etc. reveal a
cascade of force-induced conformational transitions.

PACS numbers: 82.35.Jk, 82.37.Rs

INTRODUCTION

Biopolymers such as DNA, RNA, and proteins carry
out a majority of cellular processes that are crucial to sus-
taining life [1]. These processes are often associated with
conformational changes of biomolecules. Several single
molecule experiments, that probe mechanical properties
of biomolecules, aim to relate primary structure to their
native conformation and their function [2].

Theoretical investigations on mechanical properties of
proteins, DNA and other bio-macromolecules often use
coarse-grained descriptions modeling structural compo-
nents as non-linear elastic springs. Sequence hetero-
geneities are manifested as stiff and compliant elements
along the chain backbone and are modeled by a site
dependent bending modulus κi (where i corresponds
to the lattice site). Statistical mechanical techniques
rooted in the helix-coil model [3] and the worm-like chain
model [4, 5] have been employed to explore stretching and
bending response of biopolymers [6–8]. These models
however assume an annealed form of disorder, allowing
for the inter-conversion between the “helix” and “coil”
phases of the polymer chain as a function of either tem-
perature or force. In the case of quenched disorder the
following question arises. How does the mechanical re-
sponse of a polymer chain with quenched disorder differ
from that of an annealed one?

Motivated by this question we explore the mechani-
cal properties of a polymer chain with hydrophobic and
hydrophilic beads representing the quenched disorder us-
ing Langevin dynamics simulations. We investigate the

stretching response of a polymer subject to equal and
opposite tensile forces applied to its ends. In our simula-
tions the polymer chain is composed of hydrophobic and
hydrophilic segments with the ability to self-hybridize.
Our main result is that the equilibrium configuration as
well as the mechanical response of the polymer chain
is determined both by the fraction of hydrophobic con-
tacts, f , as well as their arrangement along the chain
backbone. We consider three disorder configurations:
(a) random, corresponding to hydrophobic segments uni-
formly distributed throughout the chain backbone, (b)
periodic, where a repeat unit of hydrophobic beads are in-
terspersed with hydrophilic ones at regular intervals, and
(c) block copolymer, where the hydrophobic groups are
clumped together at one end of the chain. A schematic
representation of the disorder arrangements is shown in
Fig. 1.

The problem is similar in spirit to investigations on de
novo protein design of A−B copolymers that give rise to
folded configurations by Khokhlov and co-workers [9–16].
The goal of their study was to identify arrangements of
A and B molecules on the chain backbone that give rise
to globular states akin to native protein conformations.
In order to investigate this Khokhlov et al. equilibrated
a bead-spring polymer in a poor solvent forming a glob-
ule. The atoms that form the core shell of this globular
structure were “colored” [11, 12] and the chain stretched
out to its full length in order to note the position of the
colored atoms along the chain backbone. A set of back-
bone atom arrangements that lead to optimal packing
geometries was thus identified. A large body of litera-
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ture dealing with equilibrium conformations of polymers
with quenched disorder in context of proteins has been
reviewed by Pande et al. [17]. Using simulations and
theory, some other studies have explored both optimal
disorder realizations for most compact packing [18, 19]
and collapse transitions in copolymers [20, 21].

In contrast, however, the mechanical response of chains
with imposed quenched disorder to an applied tensile
force has received limited attention [22, 23]. Techniques
rooted in replica field theory have been employed to de-
termine phase diagrams of stress induced unfolding of
random polymer sequences. Globular, necklace like, and
coil configurations have been reported [22, 23]. These
studies however focus on flexible polymers and do not
address equilibrium configurations or force extension be-
haviors of semi-flexible chains with a distribution of hy-
drophobic/hydrophilic beads.

Our study is novel from this standpoint, i.e. it explores
the equilibrium morphologies and force vs. extension be-
haviors of flexible and semi-flexible polymers with differ-
ent disorder realisations. Starting with a polymer chain
of a given persistence length `p, with a specified arrange-
ment of hydrophobic segments, we equilibrate the chain
and then apply a tensile force to unravel the structure.

The main results from this study can be summarized
as follows: we observe a plethora of equilibrium shapes
as a function of the hydrophobic fraction f , the peri-
odicity length p, and persistence length `p. In particu-
lar, we observe globular states that resemble a core shell
morphology with the hydrophobic beads forming the
core, a looped configuration with hybridised hydropho-
bic/hydrophilic segments, and an extended coil morphol-
ogy. A phase map demarcating regions where such phases
are stable is shown in Fig 5 and 6. We also observe a
sharp first order transition in the chain size at a criti-
cal force Fc for all three disorder realizations at a high
value of the hydrophobic bead fraction f (see Fig. 7).
For a fixed hydrophobic fraction, f , (and f > 0.5) the
critical force, Fc, for the block copolymer distribution is
observed to be higher than that of the periodic and ran-
dom distribution. Interestingly, the difference between
the critical forces corresponding to periodic and random
distributions is negligible. Further, the critical force is
zero for all three distributions for low values of f . A
non-zero critical force Fc is observed above a threshold
value of f which is found to be the same for all three
distributions. The nature of the transition is similar to a
first order phase transition for the block copolymer dis-
tribution whereas it appears to be a crossover phenomena
for the random and periodic ones. For semiflexible chains
with looped internal structure, the force vs. extension be-
havior manifests itself in a series of conformational phase
transitions.

Most biopolymers, including DNA and proteins are
semi-flexible and often leads to complex shapes such as
DNA toroids [24]. AFM microscopy can be used to iden-
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FIG. 1: Schematic representation showing hydrophobic
groups (black circles) arranged along the chain backbone in
(a) random, (b) periodic, and (c) block copolymer arrange-
ments respectively. The fraction of hydrophobic beads is
f = 0.5.

tify these shapes via the associated force induced confor-
mational phase transitions. The simulations presented in
this article provides an in silico tool to understand equi-
librium shapes and associated conformational transitions
of such naturally occurring polymers.

The remainder of the article is organized as follows.
We provide the details of the simulation method in the
following section. The Results and Discussion section
is subdivided into two sub-sections, containing a discus-
sion of equilibrium morphologies, and a description of the
force vs. extension curves, respectively. Finally we pro-
vide perspectives of this work in the Summary section.

SIMULATION METHOD

The copolymer is modeled as a bead-spring chain con-
sisting of N beads linearly connected by N − 1 springs.
The copolymer comprises of two types of monomers (or
beads), they are either hydrophobic or hydrophilic. As
illustrated in Fig. 1, we consider three different arrange-
ments of hydrophobic beads along the polymer chain.
The hydrophobic beads are distributed either in a ran-
dom, periodic or block copolymer arrangements. Fig-
ure 1 represents the three different distributions for a
chain with a fraction, f = 0.5, of hydrophobic groups.

Each bead in the polymer chain represents a Brownian
particle, and its dynamics is described by the Langevin
equation,

mi
d2ri
dt2

= −ζvi −∇iU(rij) + Fri (t) + Fexti , (1)

where mi, ri and vi represent the mass, position and ve-
locity of particle i, respectively. The random force, Fri (t),
arising from the bombardment of the monomer bead by
the solvent molecules is described by the fluctuation-
dissipation theorem,
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〈Fri (t)Frj(t′)〉 = 6ζkBTδ(t− t′)δij , (2)

where kB is the Boltzmann constant, T the absolute tem-
perature, and ζ is the frictional drag. Externally applied,
equal and opposite forces, F exti , act on the terminal beads
of the chain. However, F exti = 0 for the remaining poly-
mer beads. Equation 1 was solved numerically using the
velocity-Verlet algorithm, with a time step ∆t = 0.001τ ,
where τ = l0(m/εLJ)1/2.

The net interaction potential, U(rij), is given by,

U(rij) = ULJ + Ubond + Uangle, (3)

corresponding to the excluded volume interactions, bond
stretching, and the bending energy, respectively. The
excluded volume interaction between any two beads is
described by,

ULJ(rij) =

{
4εLJ [(σ/rij)

12 − (σ/rij)
6
], rij ≤ 2.5σ,

0, rij > 2.5σ,
(4)

where rij = |ri − rj |, εLJ is the Lennard-Jones interac-
tion parameter and σ is the bead diameter. In our sim-
ulations, we have set the bead diameter σ = 0.75l0 [25],
where l0 is the bond length. We use εLJ , l0 and m as
scales for energy, length, and mass, respectively. The
bond length, l0, and the mass of a polymer bead, m are
set to a value of one. The bond stretching potential be-
tween adjacent beads is given by the FENE potential,

Ubond(rb) = −1

2
kr2b ln

[
1− (rb/Rmax)

2
]
, (5)

where rb is the separation distance between adjacent
beads, Rmax = 1.5l0 is the maximum allowable separa-
tion distance between bonded beads and k is the spring
constant. In order to model a semiflexible polymer, a
bending potential is used and is given by,

Uangle(θ) = kθ [1 + cosθ] , (6)

where kθ is the bending energy coefficient and θ is the
angle between two adjacent bonds. We varied the values
of kθ between 0 (a flexible chain with zero bending en-
ergy) and 30 to vary the extent of semiflexibility of the
polymer chain. Corresponding to a given value of kθ, a
single polymer chain with all hydrophilic monomers was
equilibrated, and a persistence length, `p, was extracted
from the decay of the tangent-tangent correlation func-
tion given by 〈t̂(0) · t̂(s)〉 ∼ exp[−|s|/`p] [5]. Whereas,
the lowest value of kθ = 0 corresponds to lp = 0.6, an
increase in kθ results in an increase in lp, and the high-
est used value of kθ = 30 corresponds to lp = 25. For
a value of kθ = 0, the polymer would be a freely-jointed
chain, where the bond length would represent a Kuhn

length, bK , and satisfy bK = 2lp. Then, for our model,
bK = l0 = 1, and is nearly twice that of lp = 0.6.

The simulations were carried out in the open-source
molecular dynamics simulation package LAMMPS [26].
We used chain sizes of N = 100, 200, 300 and 400 in our
simulations. The polymer chain is enclosed inside a cu-
bic box of edge length, Lbox, (for instance, Lbox = 50
l0 for N = 100 and Lbox = 100 l0 for N = 400) with
periodic boundary conditions imposed in all three direc-
tions. In order to model the appropriate effective solvent
interactions, we set εLJ = 1.5 for the hydrophobic beads
and εLJ = 0.1 for the hydrophilic ones. For a homopoly-
mer, a choice of εLJ = 0.1 for all beads simulates a poly-
mer chain that demonstrates self-avoiding walk statistics,
whereas a value of εLJ = 1.5 results in a collapsed glob-
ule (results not shown here). When εLJ = 0.4, we recover
Gaussian statistics for the homopolymer. We varied the
hydrophobic bead fraction, f , between 0 and 1, to explore
the effects of disorder on the force-extension response of
the polymer chain.

The initial configuration of the chain was such that a
fraction, f , of the beads were assigned as hydrophobic
and the rest, 1 − f , were considered to be hydrophilic.
Initially, the polymer chain is equilibrated in solution
for a period of 4 × 106 − 4 × 107 time steps (depending
on the chain size) in the absence of any external force
(F ext = 0). The equilibration time chosen for a given
chain length is such that it is several times larger than
the corresponding Rouse relaxation time, thus ensuring
that the chain has indeed equilibrated before the ensu-
ing pulling cycle. The chain was then stretched from
the equilibrium state to full extension by an incremen-
tal increase in pulling force, F ext, from a value of 0.1
to 10. The pulling cycle is followed by a retraction cy-
cle where F ext is decreased from 10 to 0.1. During the
pulling and the retraction cycles, the polymer is equili-
brated for a period of 5× 106− 2× 107 time steps (again
depending on the chain size) at a given value of F ext.
We calculate the time-averaged value of the root mean-
square end-end distance, 〈R2〉1/2, over the equilibration
period. Consequently, the extension of the polymer at
that value of applied force is calculated. The data was
averaged over Nrun = 5 disorder realizations for the three
types of distributions and each value of f . In the case of
the random distribution, the five realizations correspond
to five statistically different arrangements of hydrophobic
groups along the polymer backbone, for the same value of
f . The results obtained from these different realizations
were used to calculate the average values and standard
deviations of the root mean-square end-end distance of
the polymer corresponding to a particular value of force
and fraction of hydrophobic groups
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FIG. 2: Figure shows the average radius of gyration, 〈Rg〉,
for a N = 100 chain over different disorder realizations as a
function of the hydrophobic groups for (a) block copolymer
(filled circles ◦), (b) periodic distribution (filled triangles 4),
and random distribution (open diamonds ♦). The average is
over 5 different realizations for the random system.

RESULTS AND DISCUSSION

Equilibrium morphologies

Figure 2 describes the variation of the radius of gy-
ration, Rg, of a copolymer (N = 100) as a function of
f , for all three distributions at zero applied force. We
find that as f increases, Rg decreases monotonically for
all three cases. An increase in f results in aggregation
of hydrophobic groups leading to a monotonic decrease
in Rg. The variation of Rg with f follows near identical
trends for both the random and periodic distributions for
the entire range of f . Both distributions display a sig-
moidal behavior, where the polymer chains show a tran-
sition from a coiled state to a collapsed, globular state for
f > 0.4. This is in contrast to the behavior of Rg with
f for the block copolymer distribution. For f . 0.2, Rg
values for the block copolymer distribution are close to
the ones corresponding to the periodic and random ones.
However, for 0.2 . f . 0.8, the rate of change of Rg
with respect to f is lower than the other two distribu-
tions. Also, the block copolymer does not go through
a sharp phase transition as the other two distributions.
For f & 0.8, Rg values for all three distributions tend to
a common value. At f = 1.0, Rg is the same for all three
distributions.

In the case of a block copolymer, the hydrophobic
groups at one end form a globule, while the rest of the
chain assumes a coil structure. As f increases, a greater
fraction of the chain is in the globular state, whereas the
hydrophilic block remains as a coil. Consequently, the
entire chain does not form a compact globule for any
value of f apart from f = 1. However, for the periodic
and random distributions, hydrophobic groups are dis-
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FIG. 3: Equilibrium morphologies of a N = 400 polymer
chain as a function of different hydrophobic fractions, f , peri-
odicity lengths, p, and persistence lengths, `p. The hydropho-
bic and hydrophilic beads are indicated in red and blue colors,
respectively. The chain rigidity/persistence length increases
along each row while the hydrophobic fraction increases along
each column. For flexible chains a core-shell like morphology
is seen for all values of f , while for semi-flexible chains with
large periodicity lengths, looped configurations are observed.

tributed along the entire polymer chain, which enables
attractive interactions between hydrophobic groups that
are far separated along the chain contour. This results
in a first order coil-to-globule transition at f ≈ 0.35.

Thus, copolymers with f > 0.35 and zero bending
energy organize themselves as compact globules in so-
lution. However, the equilibrium structure can change
if the bending energy cost (equivalently, the persistence
length, `p) increases. In addition, the equilibrium struc-
ture can also change if there is a change in the periodicity
length, p, the length scale over which hydrophobic groups
are repeated for a given value of f . Thus, the periodicity
length, p, defines the disorder correlation length along
the polymer contour. The choice of p in our simulations
is such that an integer number of periods make up the
contour length, and a fraction f of the length p would
comprise of hydrophobic beads, thus reflecting the over-
all hydrophobic fraction at that scale.

Figure 3 shows equilibrium morphologies of polymers
(for N = 400) as a function of their persistence length `p,
hydrophobic fraction f , and periodicity length, p. For a
semi-flexible chain, a combination of bending energy with
the bending modulus κ = kBT`p, solvent quality εLJ
and hybridisation energy between hydrophobic and hy-
drophilic segments dictates the equilibrium morphology.
The table shows configuration snapshots with increasing
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bending modulus (or `p) along each row and increasing
hydrophobic fraction, f , as one moves down a column.
It is seen that for small values of persistence length the
equilibrium morphology resembles that of a core-shell
like particle with the hydrophilic particles at the surface
shielding an inner hydrophobic core. As the hydrophobic
fraction increases, there are fewer hydrophilic particles to
completely cover the globule surface, which exposes some
of the hydrophobic beads to the solvent.

With increasing bending modulus it costs energy to
bend the chain over length scales less than or compara-
ble to the persistence length `p. As a result the core-shell
morphology is not seen. Instead the chain manifests it-
self in either an extended coil, an elongated fold or a
loop like morphology. As is evident from Fig. 3, these
newer structures appear over specific ranges of f and p.
For small values of both f and p (f = 0.4, p = 5 and
f = 0.5, p = 2), a globular configuration for small `p
gives way to a coil-like configuration with increasing `p.
For larger values of f or p, elongated folds and loops are
more common, and especially, dominate the lower right-
hand side of Fig. 3. A polymer with a large `p value
will bend over longer length scales, and if p is also large,
then its hydrophobic segments will hybridize over longer
lengths along the contour and prefer to form an elon-
gated fold or a loop. The occurence of these structures
will also increase as f increases, since hybridization of hy-
drophobic segments becomes much easier. Thus, the loop
configuration is observed for large values of hydrophobic
fractions, f = 0.6, 0.7, periodicities, p = 6.5, 10, and per-
sistence lengths, `p = 16, 25, respectively. It must be
noted though that the ratio `p/L and not `p alone is the
crucial parameter as it sets the scale over which sections
of the chain can bend and hybridise. For example for
`p/L u 10−3 − 0.0625 sections of the chain which are a
few persistence lengths apart can bend and hybridise. If
however a smaller chain size is chosen e.g. N = 100 as
shown in Fig. 4 such conformations are not energetically
favorable and therefore not observed.

The representative configurations for a chain of con-
tour length N = 100 and `p between 0.6 − 25 (i.e.
`p/L → 0.006 − 0.25) are shown in Fig. 4. Two dis-
tinct configurations are seen here; core-shell structures
similar to the N = 400 case for low values of `p, and
extended coils for large values of `p. Although, simula-
tions for both N = 100 and N = 400 were carried out
for the same values of `p, it is interesting to note that
we do not observe any loop structures for N = 100, and
fewer elongated folds for N = 100 when compared to
N = 400. This observation further strengthens the argu-
ment that the ratio `p/L and not `p alone is the crucial
parameter which determines the equilibrium structure of
the copolymer.

Phase maps based on the equilibrium morphologies of
the polymers for both cases, N = 100 and N = 400, are
shown in Figs. 5 and 6, respectively. A complete listing
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FIG. 4: Representative snapshots of dressed polymer architec-
tures for N = 100 chain as a function of different hydrophobic
fractions f , periodicity lengths p, and persistence length `p.
While core-shell morphologies similar to the N = 400 case is
observed, looped configurations are rarely seen even for large
persistence and periodicity lengths.

of equilibrium structures for both N = 100 and N = 400,
for all simulated values of f , p, and `p, can be found in
the Appendix (Tables A-1 and A-2). The phase maps
indicate the occurence of a particular equilibrium struc-
ture as a function of the hydrophobic fraction, f , on the
Y−axis and a dimensionless parameter, `p/(pN), on the
X−axis. The dimensionless parameter, `p/(pN), reflects
the ease of association of hydrophobic segments that are
separated from each other along the chain contour by a
characteristic distance.

In both cases, we find that a narrow globule region ex-
ists for very small values of `p/(pN) that spans the entire
range of values of f . An increase in `p/(pN) results in
a less compact structure with a larger equilibrium size.
Thus, for N = 100, larger `p/(pN) values result in equi-
ilbrium structures that are either coils or extended coils,
and span most of the phase map. However, for certain
intermediate values of `p/(pN) and large f , there is a
narrow region where elongated folds are the equilibrium
structures. In the case of N = 100, the ratio `p/L, which
defines the degree of flexibility of the polymer backbone,
varies between 0.006 - 0.25. As a result, for large `p
(where `p ∼ L), the polymer is semiflexible and does not
easily bend to form elongated folds or loops. This ex-
plains the complete absence of loops in Fig. 5, and the
existence of only a very narrow region for elongated folds.

For N = 400, `p/L varies between 0.001 and 0.0625
(`p << L), which makes the polymer flexible over the
length, L = 400. Regardless, an increase in `p leads
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FIG. 5: Phase map for a N = 100 chain. The two key pa-
rameters that dictate the stability of different configurations
is the hydrophobic fraction f , and the ratio of the persistence
length to the periodicity length normalised by the total num-
ber of beads, `p/pN . The different phases are indicated by
globule (+), coil (∗), folded (4), and extended coils (◦). The
lines indicate 50% stability lines for the different phases.

to a decrease in chain flexibility. The resulting phase
map (Fig. 6), now shows distinct regions corresponding
to all four structures, namely, globule, coil, elongated
folds, and loops, respectively. These structures are dis-
tributed across the phase map in the following manner.
Core-shell globules are observed for very small values of
`p/pN along the left hand-side of the plot. The coil re-
gion is located in the lower right hand-side of the phase
map corresponding to large values of `p/pN and small
values of f . In contrast, loop structures are found pre-
dominantly in the upper right hand-side of the phase
map, corresponding to large values of both `p/pN and
f . The loop region also extends into a narrow band that
lies between the globule and coil regions for small f in
the lower part of the phase map. Most of elongated fold
structures exist in a region between the globule and loop
regions for large f . Similar to the behavior of the loop re-
gion, the elongated fold region also extends to low values
of f , and appears as a narrow band between globules and
loops. The occurrence of elongated folds for N = 400 at
lower values of f (f = 0.4, 0.5) is in contrast with the
phase map for N = 100, which is marked by an absence
of elongated folded structures at f = 0.4 and 0.5. This
is because for N = 400, the polymer is less rigid, which
makes it easier for hydrophobic segments to hybridize
over longer lengths of the chain contour, and form folds
even at low f . For N = 100, the chain is more rigid
and can form folded structures only when a significant
hydrophobic attraction energy at large f is able to over-
come the bending energy cost. Hence, we do not observe
folded structures at low values of f .
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FIG. 6: Phase map for a N = 400 chain as a function of the
hydrophobic fraction f , and the ratio of the persistence length
to the periodicity length normalised by the total number of
beads, `p/pN . For small values of persistence length this
corresponds to a flexible chain. The different phases globule
(+), coil (∗), folded (4), and looped (�) are shown. The lines
indicate 50% stability lines for the different phases.

Though different equilibrium configurations of poly-
mers has been reported in this study, an order parame-
ter that distinguishes the different phases have not been
identified. The lines in Fig. 5 and 6 demarcating different
regions of parameter space where each phase is stable are
guides to the eye drawn through the 50% relative stability
for each of the phases. Thus the horizontal dashed line in
Fig. 6 parallel to the `p/pN axis at a value of f ≈ 0.55 de-
marcates the coil (indicated by ∗) and looped (indicated
by �) phases. A thorough analysis of the phase diagram
indicating the lines of metastability and spinodal will be
carried out in a future study.

Force vs. extension behavior

We now compare the force-extension response of
copolymers with different distributions of hydropho-
bic groups. Figure 7 shows force, F , vs. extension,〈
R2
〉1/2

/L, for all three distributions at four different
hydrophobic fractions, f = 0.2, 0.4, 0.6 and 0.8 for
N = 100. Representative force-extension curves for
N = 200 for the same values of f are presented in
Fig. 8. We would like to note two important aspects
of the force-extension curves in Figs. 7 and 8. First, the
force-extension curves correspond to completely flexibile
polymers with zero bending energy and `p = 0.6. Sec-
ond, the force-extension curves for the periodic distribu-
tions represent the smallest periodicity length, p, for a
given value of f . The effects of both `p and p on the
force-extension behaviour are discussed in the later part
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of this section.

For small hydrophobic fraction, f = 0.2 (Fig. 7(a)),
the chain extension increases monotonically with F for
all three distributions, with little variation between them.
For higher hydrophobic fractions (f = 0.4, 0.6, 0.8), a
first order globule to coil transition is observed at a
critical force, Fc. In the case of periodic and random
distributions, the hydrophobic groups, which are dis-
tributed along the entire chain contour, hybridize with
each other to form a compact globule. Therefore, when
the magnitude of the applied force is small, the globule
is only slightly distorted from its equilibrium conforma-
tion. Consequently, the extension remains nearly con-
stant for small F . In contrast, the block copolymer un-
dergoes a relatively larger extension for smaller values of
F (F < Fc) for f = 0.4, 0.6, 0.8. This is because in poor
solvents, the block copolymer consists of a hydrophobic
globule at the end of a flexible, hydrophilic coil that is
easy to stretch under the application of a tensile force.
Once the long wavelength fluctuations along the chain
backbone have been smoothed out, the end-to-end dis-
tance of the chain remains constant upon an increase in
the force F . However, beyond the critical force Fc, the
chain unravels undergoing a jump discontinuity in size.
On further increase in F above Fc, the chain stretches out
to full extension. As is expected, the large force behavior
is identical for different disorder realizations as shown in
Fig. 7.

We also note the mechanical response between periodic
and random distributions for higher hydrophobic frac-
tions f = 0.6, and f = 0.8 past the first order globule-coil
phase transition is more pronounced as the chain length
is increased from N = 100 to N = 200 (see Fig. 7 and
Fig. 8 panels(c) and (d)). Based on our simulations we
conclude that the force-extension curve for the random
distribution lies above that of the periodic ones for the
parameters quoted here.

Comparing the force-extension curves for N = 100 and
200 in Figs. 7 and 8, respectively, we find that both are
qualitatively the same. In other words, an increase in the
chain length does not alter the force-extension response.
In fact, we see the same response for the larger chain
lengths, N = 300 and 400, that we have simualated (re-
sults not shown here). Figures 7 and 8 differ only in the
values of Fc, which is slightly higher for N = 200 and also
the response past the transition threshold as alluded to
in the earlier paragraph. This can be expected because
the overall binding energy of the globule would increase
with increase in the number of hydrophobic groups.

Figure 9 shows the variation of Fc as a function of f for
N = 100, 200 for all three distributions of hydrophobic
groups. For N = 100, and f < 0.3, the critical force, Fc,
required to uncoil the polymer chain is zero for all three
distributions. This is because for small f , the total num-
ber of hydrophobic contacts are few. Thus, the polymer
remains in a coil-like state, and starts stretching contin-
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FIG. 7: Figure showing force, F , vs. extension, 〈R2〉1/2/L,
curves corresponding to N = 100 copolymer chains for differ-
ent values of the hydrophobic fraction, f , and different dis-
order realizations along the chain backbone, block copolymer
(filled circles ◦), periodic (triangles 4), and random distribu-
tion (diamonds ♦).
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FIG. 8: Figure showing force, F , vs. extension, 〈R2〉1/2/L,
curves corresponding to N = 200 copolymer chains for differ-
ent values of the hydrophobic fraction f and different disorder
realizations along the chain backbone, block copolymer (filled
circles ◦), periodic (triangles4), and random distribution (di-
amonds ♦).

uously even for small values of F . In case of the block
copolymer, Fc increases discontinuously to a large value
of approximately 3.2 (from a zero value) for f ≈ 0.35, and
with increasing f , Fc quickly saturates to a value of 4.0.
In contrast, for the periodic and random distributions,
Fc appears to increase linearly with f for f & 0.35. For
N = 200 chains and a block copolymer distribution of
hydrophobic beads, the critical force is nonzero beyond a
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FIG. 9: Figure shows the variation of critical force Fc as a
function of the fraction of hydrophobic groups f for different
disorder realizations (a) block copolymer (circles ◦), (b) peri-
odic distribution (triangles 4), and random distribution (di-
amonds ♦), and different chain lengths N = 100 (solid line),
and N = 200 (dashed line). The average is over 5 different
realizations for the random system.

fraction of ≈ 0.2. A finite size scaling analysis (not shown
here) in which the critical hydrophobic fraction is plotted
against 1/L yields a value of f ≈ 0.2 in the thermody-
namic limit L → ∞. In contrast, the critical fraction
remains ≈ 0.35 for periodic and random distributions for
both N = 100 and N = 200 chains.

As we have seen in Figs. 3 − 6, both `p and p have
a profound impact on the equilibrium description of
the copolymer. Hence, we can expect that the force-
extension response will also be influenced by a finite
bending energy, and the disorder correlation length along
the polymer backbone. Figure 10 describes the variation
of the critical transition force, Fc, with the periodicity
length, p, for different values of f , for a chain length
of N = 400. These Fc values correspond to two of the
smaller persistence lengths, `p = 0.6 (Fig. 10(a)) and
`p = 4 (Fig. 10(b)) considered in our simulations. The
Fc values for Fig. 10 have been estimated from individual
force-extension curves corresponding to a specific combi-
nation of values of f , p, and `p. We know from Fig. 3 that
the equilibrium phase at small `p is a globule (except for
f = 0.4, p = 5, `p = 4 where it is a coil), and the force-
extension curves show a single globule-coil transition at
some force, F = Fc. For both `p = 0.6 (zero bending en-
ergy) and `p = 4, Fc increases almost linearly with p for
a given value of f . If `p is small, then the polymer chain
bends easily bringing different hydrophobic patches along
the contour closer. For a constant f , a larger value of p
implies that longer stretches of hydrophobic beads are
found along the chain backbone. A longer hydrophobic
stretch would provide a larger “contact area” for another
hydrophobic stretch that binds to it, thus increasing both
contact probability and the binding energy. This increase
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FIG. 10: Variation of the critical force, Fc, as a function of
periodicity length, p, for different hydrophobic fractions, f ,
and small values of `p for N = 400 copolymers; (a) `p = 0.6,
and (b) `p = 4.

would manifest itself as an increase in Fc for a larger p. In
addition, as one would expect from intuition, the critical
force also increases with f for a fixed value of p.

A simpler characterization of the force-extension
curves becomes more difficult for larger persistence
lengths. Equilibrium structures at large `p values are ei-
ther elongated folds or loops, organized as several strands
folded on top of each other and held together by stretches
of hydrophobic beads. In contrast with force-extension
curves for small `p globular structures which show a sin-
gle plateau at F = Fc corresponding to a globule-coil
transition, a typical force-extension curve for large `p val-
ues shows several plateaus corresponding to succesive un-
binding of strands from the folded equilibrium structure.
As a result it becomes difficult to define a single value
of Fc. Such multiple transitions are observed for elon-
gated folds and loops in our simulations, and are shown
in Figs. 11 and 12 for an elongated fold and loop, re-
spectively. The force-extension curve in Fig 11(a) repre-
sents the unfolding and stretching of an elongated fold
structure (N = 400, f = 0.4, p = 25, `p = 9). At
least four transitions (force plateaus) can be spotted at
F = 2.0, 5.5, 6.5, 8.5 and 9.5 for the range of F values con-
sidered in our simulations, and these events are marked
from (i) - (vi). The equivalent configuration snapshots
corresponding to the events in Fig 11(a) are shown in
Fig 11(b). We can see a large change in both size and
structure between events (ii) and (iii), which is also ev-
ident from the corresponding size change in the force-
extension curve. Although, successive transitions are not
accompanied by large changes in chain extension, snap-
shots (iii) - (vi) do show a step-wise unfolding of the
elongated fold structures in (i) and (ii).

Figure 12(a) shows that the force-extension response of
an equilibrium loop structure (N = 400, f = 0.4, p = 25,
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FIG. 11: Figure shows, (a) the force-extension curve with
multiple plateaus for an elongated fold configuration for N =
400, f = 0.4, p = 25, and `p = 9, and (b) configurations of the
elongated fold at various stages of its unfolding corresponding
to the multiple plateaus in the force-extension curve.

`p = 16) is similar to that of an elongated fold structure
in Fig 11(a), with multiple transitions at F = 4.5, 5.5,
and8.5. We would like to note here that only a change in
`p between Figs. 11 and 12 has led to a transition from an
elongated fold to a loop structure. From the configura-
tion snapshots in Figure 12(b), we see a stepwise peeling
of the loop structure. Between (ii) and (iii), we see a
large change in extension with opening up of one of the
hybridized strands into a straight coil. The subsequent
change from stage (iii) - (iv) is accompanied by further
stretching of the coil, while the loop remains intact. How-
ever, between stages (iv) and (v), we can clearly see the
dissociation of the final two strands that form the loop
structure.

SUMMARY

We have utilized Langevin dynamics simulations to
investigate the equilibrium morphologies and force-
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FIG. 12: Figure shows, (a) the force extension curve with
multiple plateaus for a loop configuration for N = 400, f =
0.4, p = 25, and `p = 16, and (b) configurations of the loop at
various stages of its unfolding corresponding to the multiple
plateaus in the force-extension curve. The transition between
snapshots (iv) and (v) clearly shows the de-binding of the
final two strands that make the loop structure.

extension behavior of a single copolymer composed of
hydrophobic and hydrophilic groups arranged in peri-
odic, random and block distributions along its backbone.
Our simulations demonstrate that in addition to the frac-
tion of hydrophobic groups on the chain, a competition
between various length scales, namely, the persistence
length, the periodicity length (i.e. disorder correlation
length) in comparison to the total chain length play an
important role in dictating the equilibrium morphologies.
For small persistence lengths and long chains, we find a
core-shell equilibrium morphology with the hydrophilic
beads on the outside. In case the polymer chain is small,
similar core-shell morphologies, with some hydrophobic
beads exposed are seen. This is due to the semi-flexibility
of the chain that makes it energetically unfavorable to
bend the chain over length scales smaller compared to its
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persistence length. The semi-flexibility manifests itself at
higher disorder fractions giving rise to looped conforma-
tions with hybridised hydrophobic/hydrophilic beads in
the low persistence length, long chain limit, and extended
coil conformations in the short chain limit. The plethora
of phases arising in this system has been summarized in
a phase map.

We further report that the mechanical response of a
heteropolymer undergoing a force-induced globule-coil
transition is dependent on the distribution of hydropho-
bic groups along its backbone. For flexible chains all
three disorder realizations have globular equilibrium mor-
phologies at large hydrophobic fractions, and show a first
order transition in their sizes at a critical force, Fc. How-
ever, for a given fraction, the critical force is observed
to be higher for the block copolymer in comparison to
the periodic and random distributions. In addition, our
simulations show that the force-extension responses of
the periodic and random distributions are nearly iden-
tical for short chains (N = 100). For longer chains
(N = 200 − 400) a difference in force-extension behav-
iors past the transition point is seen. We further plotted
the critical force, Fc, as a function of the hydrophobic
fraction, f , for different disorder realisations. Since the
polymers behave like coils for small hydrophobic frac-
tions, Fc = 0 for all three distributions. An important
result is that Fc is non-zero for f ≈ 0.35 for the ran-
dom and periodic distributions, which is different from
f ≈ 0.2 for block copolymers. On further increase in the
hydrophobic fraction, the critical force shows a first order
transition for the block copolymer. However, it increases
continuously for the random and periodic distributions.

For semi-flexible chains with small persistence lengths
(lp = 0.6, 4), we observe a core-shell to coil transition
in the force-extension behavior corresponding to a single
unfolding event. The critical force, Fc, which character-
izes this unfolding event is found to increase almost lin-
early with the disorder correlation length, p. However,
as the persistence length increases more complex folded
structures (elongated folds and loops) are observed at
equilibrium. As a consequence, the force-extension be-
havior shows a cascade of transitions corresponding to
successive unfolding of the hybridized domains.

We now place our results in context of existing the-
ories on the subject. The collapse transition of disor-
dered polymers has been the subject of several stud-
ies [27–29]. Statistical techniques rooted in replica meth-
ods has been used to explore globular conformations [17]
(and references therein). Further optimal distributions
of hydrophobic and hydrophilic groups along the primary
sequence leading to folded conformations have been in-
vestigated in context of rational design of proteins [9–
16, 18, 19]. and statistical mechanical theories of random
systems [27, 29] have been employed to explore such con-
formational states of A-B/H-P heteropolymers.

However, mechanical behavior of disordered polymers

have been less investigated [30]. Our results illustrate the
difference in mechanical properties of such heteropoly-
mers having similar bulk structural properties but dif-
fering in the local arrangement of disorder undergoing
a force induced globule-coil transition. Transfer matrix
calculations based on the helix-coil model for annealed
disorder [7, 8] can be adapted to the case of quenched
disorder. However, this is omitted from the present pa-
per for brevity and the fact that it does not yield any
new insights over those obtained from simulations.

This work opens up several avenues of theoretical re-
search. In particular, an order parameter based charac-
terisation of the menagerie of observed phases, the tran-
sition between these phases and the dynamics of tension
induced unravelling of hierarchically folded structures.
So far such tension induced dynamic transitions of glob-
ules [31–33] have been reported only for homopolymers,
and would need to be adapted for the specific case stud-
ied here. We believe that a more generic model that has
been used to study such dynamical transitions in context
of polyelectrolytes [34] will prove handy for the purpose.

We hope that our work will spark interest amongst
polymer chemists interested in rational design of poly-
mers that aim to identify sequences that lead to specific
folded structures. Further, we believe this work would
also be useful to single molecule biophysicists [35] in-
terested in understanding protein conformational tran-
sitions and allostery.

APPENDIX

Tables A-1 and A-2 contain the complete list of equi-
librium structures for both N = 100 and N = 400, for
all simulated values of f , p, and `p.

TABLE A-1: Table showing different equilibrium structures
obtained for N = 100 for all simulated values of f , p, and `p.
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TABLE A-2: Table showing different equilibrium structures
obtained for N = 400 for all simulated values of f , p, and `p.
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