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Abstract

We consider a new idea for a storage model on n nodes, namely sta-
bility of shape. These nodes support K neighborhoods S; C {1,...,n}
and items arrive at the S; as independent Poisson streams with rates
Ai, i=1, ..., K. Upon arrival at S; an item is stored at node j € S;

where j is determined by some policy. Under natural conditions on
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the \; we exhibit simple local policies such that the multidimensional
process describing the evolution of the number of items at each node

is positive recurrent (stable) in shape.
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1 Description of the model

Stability in shape is of interest in several models. There are of course various
growth models, see for example the crystal growth model studied in [I],
though the methods used there are very different from those we use in this
paper. Another model which is relevant is a queueing system with server
vacations or maintenance periods where stability in shape can be seen as a
fairness criterion for arriving jobs. It is also reasonable to view our storage
model as a simplified version of the supermarket model (by dropping the
service), see for example [6].

We have chosen to focus on the routing aspect of the model here. Rather
more complex phenomena appear when service is considered as well and we
are investigating a model in which service times are dependent upon both
the arrival neighborhood and the allocated server.

We consider a storage system (or library) with a finite number of nodes
where identical items are to be stored. The n nodes support non-empty
neighborhoods S;, i =1, ..., K with

K
Usi:{17"'7n}7
i=1

and 1 < K < 2" — 1. Ttems arrive at the neighborhoods as independent
Poisson processes with rates A; > 0 at S;, i = 1, ..., K where we suppose
that > ;" ; A\; = 1. Upon arrival at S; an item is stored at a node j € S;
where j is chosen by some policy. We consider local Markov policies where
each allocation decision is a function of the state, at the arrival time of the
item, of the neighborhood where the item arrives. We will make this more
precise below.

Let |S;| = k; denote the size of neighborhood i and suppose the nodes

. . _ Z Z
in S; are enumerated in some way, so that S; = {s{,..., s} }.

Definition 1.1. We say that j,k € {1,...,n} are neighbors (and write
j~k) if j, k €S; for some i.



This equivalence relation can be used to define the graph G with vertices
{1,...,n} and edges &, where w = (j,k) € £ iff j ~ k. Our main result
(Theorem [B1]) needs the following assumption.

Condition 1.1. The graph G is connected.

Denote the configuration of the system at moment ¢ by
X(t) = (X1(t), ..., Xn(1)),

where X;(t) is the number of items stored at node ¢ at time t. The center

of mass or average load of the configuration is
1 n
M(t) = - Z;Xi(t%
1=

and we denote the shape of the configuration by

X(t) = (Xa(t), ..., Xn(t)) = (Xa(t) = M(t),..., Xn(t) — M(t)),
the vector of loads relative to the center of mass. Note that, if a new item
arrives at time ¢, then M (t) = M(t—)+ L. Also, if we know the shape X(t),
it implies that we know which node is minimally loaded and we know the
load differences between the nodes (as X;(t) — X;(t) = Xi(t) — X;(t)).
Obviously, the process X (¢) is Markovian for any decision rule that de-
pends only on the current node loads. In order for the process X (t) to be
Markovian, we require that the decision of choosing the node is made accord-
ingly to some decision rule which depends only on the current shape of the
system. Also, we are mainly interested in local decision rules, that is, if an
item arrives to the set .S;, then the only information about the configuration
of the system that can be used to make a decision is what happens in the set
S;. For example, the decision can be based on the differences X;(t) — X;(t),
l,j €58;.
If the decision rule is configuration independent and time homogeneous

this gives rise to a space homogeneous (n — 1)-dimensional random walk,



which is transient for n > 3 and at best null recurrent for n < 3. Therefore,
if one wants positive recurrence in shape, the decision rule must depend on
current configuration. Of course, all nodes must receive arrivals for ergodic-
ity in shape to be achieved, hence the walk cannot live in a lower dimensional
sub-space. So, our goal is to find a rule for redistributing the arriving items
at each moment of time in a way to have positive recurrence in shape. One
of the possible choices is to send the item to the node with minimal load S5;
(Join the Shortest Queue routing policy).

We present four routing policies. Two ensure the same rate of the arrivals
to different nodes, and the two others guarantee stability in shape, if some
explicit conditions are fulfilled. We note also that the conditions we refer to
can be easily checked in practice and the implementation of routing policies
we propose is algorithmically simple.

The paper is organized as follows. In Section 2 we introduce the nota-
tions and define the routing policies, in Section [3] we state the results. In
Section [A.1] we formulate the known facts we will use in our proofs. In Sec-
tion @2 we prove Theorem [BI] for which we need some auxiliary lemmas,
and then we prove Theorem B2l In Section [£3] we first prove a lemma that
translates the condition of Theorem [3.3]into the language of convex analysis,

and prove Theorem [3.3]

2 Notations and definitions

Let us first introduce some notation. For ¢ = 1,..., K denote by A; the set

of points p® = (pgi)7 ... ,p&?) € R" such that

py)ZO fOI'jzl,...,I{i,
Z?i:lpgl) =1

We use rather standard convention that a vector x > 0 if its components

(2.1)

are non-negative, and x > 0 if its components are strictly positive.



By F' denote the linear transformation that takes a point z € R™ to the
point y € R™ such that y; = x; — %z;;l zj for i =1,...,n. In words, the
point y represents deviations from the center of mass for the configuration

z. Let
M = F(R") = {yE]R" Sy :o}. (2.2)
=1

Let X (t) = F[X(t)]. The state space of the process X (t) is
M=FN") = {y e (n'z)": Zy, = O}. (2.3)
i=1

Therefore, M C 9t. We can say informally that the dimension of the process
X(t) is 1 less than the dimension of X (t).

A point = = (x1,...,2,) € N" represents the load of the system. By
xg, denote the load of the nodes in S;. Let 1 be the vector with all ones:
1=(1,...,1) e N™.

Now we define the notion of routing policy (RP).

Definition 2.1. A routing policy P is a function that takes a configuration
z € N" to a point P(z) = (PW(2),...,PH)(2)) € [T, Ai. For the process
X(t) (or X(t)) with routing policy P, an item arriving at neighbourhood S;,
when the configuration of the system is x, is routed to node S; with probability

Pj(i) (). The decisions are made independently for each arrival.

For the process X (t) to be Markovian, we suppose that all routing poli-

cies satisfy the following

Condition 2.1. The routing policy P depends only on the current configura-
tion shape, that is, for any admissible x and ¢ € Z we have P(x+cl) = P(x).

The decision about routing can be made using the complete information

about configuration shape, or only partial information:

Definition 2.2. We say that a routing policy P islocal if, fori=1,... K,
the function P®W (x) depends only on the load of the nodes in S;: for any x
and y such that x5, = ys,, we have P (z) = PO(y).



In this paper we will consider four local routing policies.

Definition 2.3. An equilibrium routing policy (ERP) is a routing policy P
such that P does not depend on x and the resulting arrivals at all nodes are

independent Poisson processes with the same rate 1/n (recall that Zfi LA =
1).

Definition 2.4. A strong equilibrium routing policy (SERP) is an ERP
with P > 0.

Let us consider the following system of linear equations:

Z;”i:laij:)\i fori=1,...,K,
K K 1
D1 g aijégﬁé = forl=1,...,n,
where 0y ,,, is a Kronecker delta.

Remark 2.1. The system (24) is a special case of the maximum bipartite
matching problem and necessary and sufficient conditions for existence of
positive/non-negative solutions are well-known.

For each non-empty collection of neighbourhoods J C {1,2,...,K} let

S7=UjesS; and let ny denote the number of nodes in Sj. Then,

Z)\jgnj/n forall JC{1,...,K} (2.5)
JjeJ
is necessary and sufficient for existence of non-negative solutions to (2.4]).
Strict inequality in (23] for all J except O and {1,2,... K} is necessary and
sufficient for the existence of positive solutions to (Z4).
Indeed, if (2.3) is not satisfied, then at least one node in some Sy must
receive items at rate greater than 1/n, under any routing policy. The suf-

ficiency can be shown using mazimum-flow minimum-cut method (cf., for

example, [4,18]).

Remark 2.2. Note that for any parameters of the model S1,...,SKk and

Ay ooy Ay we have:



o there exists an ERP iff (2.4) has a non-negative solution;
o there exists a SERP iff (2.4]) has a positive solution.
Indeed, if 24]) has a non-negative/positive solution we can define
P () = /i
If we have an ERP/SERP, then
Q= )\in(i) ()
is a non-negative/positive solution of (2.4]).

We also rewrite this statement in the language of convex analysis (see
Lemma [.5).
As solving (2.4]) is a problem of linear programming, the existence of

SERP can be easily checked in practice.
Example 2.1.

o Consider a system with n = 3 nodes and all possible neighborhoods of

size 2, A1 + Ao + A3 = 1. Then, there exists a positive solution of the
system 24) iff \i < 2/3 fori=1,2,3.

e Similarly, for n = 4 and all possible neighbourhoods of size 2, there
exists a positive solution of the system (24l) iff \; <1/2, j=1,...,6,
and ey Aj < 3/4 for all J such that ny = 3.

Now we define the other two routing policies which we study. For x € N,
let

= max {zg}} (2.

st ow(T) = max{s] €S xg

and
st (x)= min{sé €S;: r4 = min {xsf}}. (2.7)

Jmin j l:L---,Ri

In words, for any load of the system x € N", sémin(x) is the first node in S;

¢ () is the last node in S;

such that in this node the load is minimal, sj

such that in this node the load is maximal.



Definition 2.5. Join the Shortest Queue (JSQ) routing policy is the routing
policy P(x) = (P(l)(x), ..., PE) (), where

0 otherwise.
Definition 2.6. Suppose that there exists a positive solution oy; of ([2.4).
Let 0 < ¢ < mina;;. We define e-perturbed strong equilibrium routing
policy (e-PSERP) as P(z) = (PW(z),...,PH)(z)), where

a;i+e . . .
Zg\i Zf S.Zj = S.ijin(x)’
(i) - e S 4
PO@) = 8= fsi=si (o),
a/\—lf otherwise.

If ki =1 (i.e., the neighborhood S; has size 1), then we have no freedom to

choose probabilities and p

" (x) =1 for any .

Note that in each of the four cases the routing policy can be chosen to be
local. Indeed, in the case of JSQ it is clear immediately from the definition.
In each of the other three cases, we first need to note that we can choose
the same solution of (2.4)) for all x € N™, then it is easy to see that the
corresponding policy is local. Moreover, in the cases of ERP and SERP it

does not depend on x.

We study the behavior of the process X (t) that has state space M. In
order to simplify the notation, we prefer to keep the same symbol for the
process with any RP; instead when dealing with X (¢) or X (t) we will state
explicitly which RP is used.

Let {X¢(m)}men (resp. {X€(m)}men) be the embedded Markov chain
for the process {X(t)}s>0 (resp. {X(t)}+>0), obtained when we look at
the system only at the moments of arrivals. Note that {X¢(m)},en and
{X®(m)}men are indeed Markov chains, as the arrivals are Poisson. Note
also that {X¢(m)}men has period n under any of the policies considered

(indeed, if X¢(m) = &, we need the same number of items to arrive at every



node to obtain X¢(m/) = #, so we must have m’ = nl for some ). For
ERP, SERP and e-PSERP the process {X¢(m)}men is irreducible, as all
nodes have positive arrival rates and thus any shape can be obtained from
any other shape. The situation is more delicate for JSQ routing policy. For
example, with JSQ, if node 5 does not belong to a neighborhood of size
1, then starting from configuration X¢(0) = 0 it is impossible to obtain
configuration with X¢(m) = # for all i # j and X']e(m) =T+2/n. It
important to note, however, that the configuration X €(m) = 0 is reachable
from any configuration.

By 7 denote the time of the first return to the origin:
7 =inf{m > 0: X°(m) = 0}. (2.8)
We say that
(a) {X€(m)}men is transient if P(7 = oo | X¢(0) = 0) > 0,
(b) {X°(m)}men is recurrent if P(7 < oo | X¢(0) = &) = 1 for any & € M,

(¢) {X°(m)}men is positive recurrent if E(r | X¢(0) = ) < oo for any
TeM.

We prefer to give the definition in this form because, as we will see below,
(b) and (c) either hold for all or for no z € M.

3 Recurrence/transience classification

Since the rates of our processes are bounded away from 0 and oo, positive
recurrence of {X (t)}¢o is equivalent to positive recurrence of {X¢(m)}men.
So, we will prove the results for {X¢(m)}men.

Define the shape magnitude as

n n

D(X(1) =Y (Xi(1)* =Y (Xi(t) - M(#))? (3.1)

=1 i=1

(so D (X' (t)) is in fact the square of the Euclidean norm of X (t)).

9



Theorem 3.1. Suppose that Condition [I1] is satisfied and there exists a
positive solution of ([2.4I).

(i) Suppose that we construct the process {X¢(m)}men using either JSQ
routing policy or e-PSERP. Then X¢(m) is positive recurrent. More-

over, there exists ¢ > 0 such that for all 0 < ¢ < ¢ we have
E(T | X°(0) = z) < 0
for all x.

(ii) Also, JSQ routing policy minimizes the expected shape magnitude, that

18, for any routing policy we have

E™ (D (X¢(m + 1)) | X¢(m) = z]
> E[D(X%m+1)) | X¢(m) = z].

Note that using ERP or SERP it is impossible to have positive recur-
rence of X ¢(m). Indeed, these routing policies provide independent Poisson
arrivals with the same rate to all nodes. Then the behavior of the shape can
be described by a (n — 1)-dimensional random walk with zero drift, which
is transient if n > 3 and null-recurrent if n < 3.

If the Condition [[1] is not fulfilled, then we have two or more discon-
nected components, that is, sets of nodes such that arrivals to one of these
sets cannot be routed to the other. In this case, it is impossible to obtain
positive recurrence in shape, for any routing policy. If the number of dis-
connected components is at least 4, then even null-recurrence is impossible
(as in the argument above).

We also have the following converse results (in some sense) to Theo-
rem 3.l Note that in Theorems and B3] we do not require the routing
policy P to be local.

Theorem 3.2. Fix the parameters of the model: Si,...,S5k, A,..., k.
Suppose that there exists a routing policy P such that the process X (t) with

10



the routing policy P is recurrent. Then there exists a non-negative solution

of 24)) (and thus for the model with these parameters there exists an ERP).
We can also rewrite Theorem in a different way:

Corollary 3.1. Fix the parameters of the model: Si,...,S5K, AM,..., Ak
Suppose that there is no non-negative solution a;; of the system ([2.4). Then
for any routing policy P, the process X (t) with the routing policy P is tran-

sient.

Theorem 3.3. Fix the parameters of the model: Si,...,S5k, A,..., k.
Suppose that there is no positive solution oy of the system ([24). Then
for any routing policy P, the process X (t) with the routing policy P is not

positive recurrent.

The following problem is still open. Fix the parameters of the model:
S1,...,SK, M,...,Ak. Suppose that there is no positive solution c;; of
the system (2.4]), but there exists a non-negative solution. Under which
conditions on the parameters of the model Si,..., Sk, A1,...,Ax (and n)
does there exist a (local) routing policy P such that the process X (t) with

the routing policy P is recurrent?

4 Proofs

The structure of this section is as follows. First (Section [4.1]) we formulate
some known fact which we will use in our proofs. In Section [4.2] we in-
troduce some notations and define two functions (f and g) we will use to

prove Theorem Bl Then we prove four lemmas, obtaining bounds on
E[f(X°(m+1)) — f(X°(m)) | X(m) = z]

for JSQ and e-PSERP. Using these bounds, we prove Theorem Bl Then
we prove Theorem In Section [£.3], we first recall some definitions from

complex analysis and apply these to our model. Then we prove Lemma [£.5]

11



which translates the condition of Theorem [3.3] into the language of convex

analysis, and then we finish the proof of Theorem [3.3]

4.1 Preliminaries

We state some known results that we will use in our proofs. Note that The-
orems [£.1] and are Theorems 2.2.3 and 2.2.6 respectively from [3], where
we use ‘positive recurrent’ instead of ‘ergodic’. This change is necessary
as our Markov chains are periodic. That the results also hold for periodic
chains is mentioned in Section 1.1 of [3]. In fact, to see that the reformulated
theorems are valid it suffices to consider the Markov chain 7, at embedded
instants £ = k + pr, where p is the period of the chain and k is a fixed
number.

Let us consider a time homogeneous irreducible Markov chain 7,, with

countable state space H.

Theorem 4.1. The Markov chain n,, is positive recurrent if and only if
there exists a positive function f(x),z € H, a number € > 0 and a finite set

A € H such that for every m we have
Elf(nmi1) = f(im) [ nm =2] < —&, z¢ A, (4.1)
E[f(nmt1) [ nm = 2] < o0, z€A

Theorem 4.2. For the Markov chain 1, to be not positive recurrent, it is
sufficient that there exists a function f(x),x € H, and constants C' € R and
d > 0 such that

e for every m we have

E[f(nmi1) = f(m) [ nm = 2] 2 0, © € {f(z) > C},
where the sets {x | f(x) > C} and {z | f(x) < C} are non empty;

e for every m we have

E[|f(hnt1) — f(nm)| | nm = 2] < d, = € H.

12



The following theorem is an immediate consequence of Theorem 2.1.7
from [3].

Theorem 4.3. Let (2, F,P) be the probability space and {F,, n > 0} be
an increasing family of o-algebras. Let {&;, I > 0} be a sequence of random

variables such that &; is Fj-measurable, and &g is a constant. Let
Yr+1 = Gp11 — 6.
If there exist positive numbers €, M, such that for each k we have
Elyki1 | Fr] < —¢, a.s.

yea| < M as.,

then, for any 01 < €, there exist constants C = C(Sg) and 02 > 0, such
that, for any m > 0,

P[S,, > —6m] < Ce %™,

4.2 Proofs of Theorems [3.1] and

To prove Theorem [B.1] we need some additional notations and four lemmas.

Suppose that we are using either JSQ routing policy or e-PSERP to
construct the process X¢(m) (for now, it does not matter which one). We
are going to construct a supermartingale with bounded jumps, that will
allow us to obtain exponential bounds on 7 (see (2.8]) for the definition of
7) and thus to prove positive recurrence of X¢(m).

Let

n

F(X(m)) = F(XF(m),.... X5 (m)) = 3 (X (m)=M(m))” = D(X*(m)),

1=1

where © (f( ¢(m)) is the shape magnitude defined in (3.I) and

(X4 m) = /7 (X (m) = (3 (X2 m) — 21

i=1

1/2

13



We will prove that g(X e(m)) is a supermartingale with bounded jumps. To
do that, we will need some auxiliary lemmas. In Lemmas 1] and we
estimate E[f(X¢(m 4+ 1)) — f(X%(m)) | X¢(m) = z] in terms of X¢(m)
for e-PSERP and JSQ respectively. In Lemma 3] we obtain a bound on
|f(X¢(m+1)) — f(X¢(m))|, which is needed for the proof that g(f(e(m))
has bounded jumps.

First, we introduce the process (Y1(m),...,Y,(m)) obtained when the
item that arrives at S; is directed to node S; with probability pgi) = a;j/ N,
j = 1,...k; (that is, using SERP). The processes X¢(m) and Y (m) are
defined in the same probability space, use the same arrivals, and if X¢(m) =
Y (m) = z, then X¢(m + 1) and Y(m + 1) are obtained from z using the
respective routing policies (independently for X¢(m+1) and Y(m +1)). In
addition, it is clear that P (Y (m) = z) > 0 iff P(X¢(m) = z) > 0.

Using the fact that «;;’s are such that arriving items are routed to node

i with probability 1/n for any i, we have

E[(Yi(m +1) — MY (m 4+ 1))* = (Yi(m) — MY (m))* | Y (m)]

= (i) 1= MY ()~ ) (Yim) — MY ()
" (it = MY () = ) = (Vi) — A2 ()
= o- (4.2)
where MY (m) =237 Y (k), as MY (m+1) = MY (m) + 1. Thus,
E[f(Y(m+1)) — f(Y(m)) | Y(m)] = n<% - %) _1- % (4.3)

Denote by C; the event that an item arrives at set S;. Recall (2.6])
and (27). From now on, in order to simplify notation, instead of writing
s?max (X¢(m)) and 8§min (X¢(m)), we will write s?max and sé-min. Also, instead

of X¢ (m) we will write X (i, j, m); analogously for X¢(t), Y(m) and Y (m).
J

Lemma 4.1. Suppose that the process {X¢(m)}men is constructed using
e-PSERP. Then

B[/ (X(m +1)) — F(X*(m)) | X*(m) =]

14



. 1
= —262 Z ]max, — XG(Z’]mirhm)) + 1-— E (44)

Proof of Lemmal[f-1l Suppose |S;| > 1. We have, for z such that P(X¢(m) =
z) >0 (and thus P(Y (m) = z) > 0),

E[f(X°(m+1)) = f(Y(m+1)) ]| X(m) =Y (m) =z, C
= E[Z(}Z@(z’,j,m + 1) = (Vi jym+ 1)) | X9(m) = Y(m) =, CZ-]
j=1

LS (- 1))
J#Jmin
S5 (- - 2))
J#Jmin
= 2 (X s ) — Xy i) (4.5)

Ai
as we conditioned on X€¢(m) =Y (m) = x. Thus,
E[f(X°(m+1)) — f(X(m)) | X*(m) =z, (i
= E[f(X°(m+1)) — f(Y(m+1)) | X(m) =Y(m) ==z, C]
+E[f(Y(m+1)) — f(X(m)) | X¢(m) =Y (m) ==, Ci] (4.6)
= _%(Xe(z Jmax, M ) - Xe(iyjmin,m))

1

+E[f(Y(m+1)) = f(Y(m)) | Y(m) =2, C/]

and
[f(Xe(m +1)) — f(X(m)) | X¢(m) = x]
ZA E[f(X¢(m+1)) — f(X°(m)) | X(m) =z, Cj]

15



1
= —252 (4, Jmax, M) — X(4, jmin,m)) + 1 — —. (4.7

n

Note that if there is a neighborhood of size 1, by Condition [[.1]it should be
subset of another neighborhood, of size at least 2. As the terms correspond-
ing to neighborhoods of size 1 in ([@7]) will be equal to 0, the equation ([Z7)
still holds. Lemma 1] is proved. [ |

Lemma 4.2. Suppose that the process {X¢(m)}men is constructed using

JSQ routing policy. Then
EU@Wm+m—fw%>MX%m:ﬂ
- ‘22 > ay(X(ig,m) — X“’(z',jmm,m))ﬂ—l. (4.8)

n
1=1 j#Jmin

Proof of Lemma[{.2 Analogously to (L),
E[f(X*(m+1)) = f(Y(m+1)) | X(m) =Y (m) =z, C]
- ¥ % <(Xe(z',jmin,m) +1— M%(m) — %)2

J#Jmin
FY (X m) - Mm) )
J""#Jmin
—<<Y(z’,j, m) 4+ 1— M¢(m) — —) +> ( i,j'ym) — M®(m) — %>2>>
J'#5
= 3 (X G+ 1 M) — )
jgin . ((X j Y1 M n)
(X4 gom) = M) - 3)'
—<<Y(z’,j,m) +1— M¢(m) — %)2 + (Y(ivjminym) - M*(m) — %)2>>
-y 2% (X°(i,j,m) — X(i, Jimins m)). (4.9)
J#Jmin

So,
E[f(X°(m+1)) — f(X°(m)) | X*(m) =z, Ci

16



= -y 22‘?’ (X°(i,4,m) — X°(i, jmin, )
J#imin
+E[f(Y(m+1)) — fF(Y(m)) | Y(m) =z, C} (4.10)

and
B[f(X*(m+1)) - £(X*(m)) | X*(m) = ]
K
= ZAiE[f(Xe(m +1)) — f(X(m)) | X¢(m) =z, C§]
i=1
s 1
— _QZ > i (X, §,m) = X, jmin,m)) + 1 — ~. (411)
1=1 j#jmin
Lemma is proved. [ ]
Denote by e; the i-th coordinate vector, ¢ = 1,...,n. The next lemma

will be used to bound jumps in f due to any possible one-step changes to x.

Lemma 4.3. Let x € N and m(x) = %zyzl zi IFYT (:L'Z—m(:zt))2 > 0,

then for each e;, 1 =1,...,n,
|flz+e) = f(@)] <4V f(a). (4.12)

Proof of Lemma[{.3. Without loss of generality, consider the first coordinate

vector e;. We have then

f(x+e1)
= <x1+1—m(a:)—%)2+ (%—m(m)—%f
i=2
= (21 —m(x))" + 2(z1 — m(z)) (1 _ %) n (1 B %)2
—I-Z (zi — m(:z:))2 - %Z (zi —m(z)) + nn_2 1
i=2 i=2
= 3 (s = ml@)? +2(21 — mla)) +1— % (4.13)
i=1
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% Z (z; —m(z)) = 0.
i=1

Hence for each i = 1,...,n we have
1
f(a;+ei)—f(a:):2(xi—m(x))+1—;. (4.14)
It remains to show that, if > 1", (z; — m(m))2 > 0, then

‘2(:17@- —m(z)) +1— %‘ < 4/f(x).

Note that > (:17Z — m(m))2 > 0 implies that there exists 7,5 such that
|z; — ;| > 1. Thus, there exists at least one [ such that |x; — m(x)| > 1/2

which implies that /f(xz) > 1/2. So,

[f(z+e) = f2)] < 2z —m(z)| +1

n

< 2[2 (zi — m(:z:))z} 2 +1

i=1

< 4/ f(z).

Lemma [4.3] is proved. [
Lemma [.3 implies that, for any RP, if Y7 | (X¢(m) — Me(m))2 > 0,
then

|F(Xe(m+1)) — f(X(m))] <44/ f(Xe(m)) =4g(X°(m)).  (4.15)

It is important to note that the next computations are valid for JSQ and
for e-PSERP.

Lemma 4.4. There exist co > 0 and a > 0, such that for all x € N™ with

n

xi—%ij‘za

zilll,ax,n =
it holds that
B[/ (X*(m +1)) — f(X°(m)) | X“(m) = 2] < —2/F@.  (4.16)
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Proof of Lemma [{.4} We have

n

F(xem)) = N (Xf(m) — Me(m))®

=1
K
< 33T (Xg(m) - Me(m))”
i=1j€S;
K
< LIS max{ (X5 0m) = M)}
< nzmax{ = M(m))}.

JjES;

We now show that under Condition [I.1] we have

K K
2
e (X ) = M(m)” < 2 ( 32 (X v 1) = X (i G )
i=1 1=1
(4.17)
and also
K ) K 2
m%X(X]( m)—M¢(m)) §C4<Z aij(Xe(iaj,m)_Xe(ivjminvm))>'
i=1 7€ =1 j#jmin
(4.18)

Let us consider (4I7). If
X1, Jmin, m) < M¢(m) < X°(4, jmax, M),
then, obviously,
(X5 (m) = M(m))” < (X Ganae: 1) = X i )

Suppose that M€(m) < X°(7, jmin, m) (the case M¢(m) > X (i, jmax, M) can
be treated analogously). Consider the sets of nodes {j : X$(m) < M*(m)}
and {j : X7(m) > M*(m)}. By Condition 1.1 some neighbourhood contains

nodes from each of these sets and hence there exists ¢* such that
Xe(i*yjminam) < Me(m) < Xe(i*yjmaxym)
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and a sequence of neighbourhoods indexed by iy = ,41,...,ix = ¢* such

that S;, , NS;, # 0, ¢=1,...,k Thus,

I]Ié%X‘X m) — M¢(m)|

S Xe(i7jmaX7m) - M@(m) (4 19)
< X4, fmax, m) — X (4, fmin, m) + X(4, jmin, m) — M(m)
< Xe(i7jmax7m) - Xe(i7jmin7m) + Xe(ibjma)(’m) - Me(m)'

The last inequality is due to the fact that, as S; N S;, # 0, it holds

X(%, jmin,m) = min X(i,7,m) < min X°(i,j,m)
SZ-ES' S;ESiﬂSil

S max Xe(l ]7 ) < max Xe(il,j,m) = Xe(i17jmaX7m)
85 teS; ﬂSll 8;-1652‘1

Continuing (£.19]), we get

max| (X5 (m) — M(m)|

< X4, Jmax, m) — M€(m)

) = X(i, jmin, M) + X (i1, jmax, m) — M€(m)

< X4, Jmax, m)
+ X(i2, Jmax, m) — M¢(m)

S Xe(iajmaxﬂn - X
m _Xe(iajminam) +Xe(ilajmaxam) _Xe(ilajminym)
and so on until i = * (at the last step one has to use X°(i*, jmin, m) <

M¢(m)). So, we obtain

k
gré%x‘ ) S ; ZZ,]maxa ) _Xe(ifyjminym))

and (£I7) follows with some c¢3 < K. The argument for (418]) is similar.
Then Lemma [£] together with (AI7) (for e-PSERP), and Lemma
together with (Z.I8]) (for JSQ), imply that, for some ¢y > 0,

E[f (X (m+1)) = f(X(m)) | X9(m)] < —car/ F(Xe(m)) = —cag(X*(m)),
(4.20)
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when f(X¢(m)) is large enough. Lemma L4 is proved. n

Proof of Theorem [3.1l First, we verify that g(X e(m)) has bounded
jumps. If 31 (X¢(m) — Me(m))2 = 0, then, obviously, g(Xe(m +1)) —
g(X¢(m)) < const. So, suppose that Y1, (X¢(m) — ]\46(771))2 > 0.

Using inequality [v/1+b — 1| < |b| for b > —1, we obtain that

|g()~(e(m +1)) — g(f(e(m))‘

B Y 11/2 F(Xe(m+1)) = f(X(m))\ /2

- [f(X (m))] / <1 + f(Xe(m)) ) a 1‘
o] F(XEm 1)) = F(X(m)
1G] woy

A 1) — F(XEm))| o

[£(Xe(m))]"?

IN

< 4,

by Lemma 3]
Let
A=Mn{z € R": max|z;| < a},

where a is from Lemma 4l That is, A is the set of possible configurations

.....

now prove that
E[g(X(m+1)) — g(X%(m)) | X(m) = 2] < —e2/V?2,

ifx ¢ A. Indeed, if z € M\ A, as V1 +b < 1—|—% for b > —1, we get (using
Lemma [£.4))
E[g(X¢(m +1)) — g(X¢(m)) | X¢(m) = 2]

_ WE[(H f(Xe(m+1)) —f(fce<m>)>”2_1 | %e(m) :4

F(Xe(m))
- E[f(Xe(m+ 1)) — f(x) | X'e(m) ::17]
a 2y/f(z)
<-2.
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Thus, by Theorem [4.1] the process X¢ is positive recurrent.
For 74 = inf{m > 0: X¢(m + k) € A}, take now

S — g(Xe(m)), if m<7a,
" —(m—TA), if m>7y

and apply Theorem (3] to the sequence {S,,}. We have that for any 6, <
c2/2, there exist C' and dy such that

Plrg > (1—6)m | X¢(k) =2’ ¢ A] < Ce 2™,
Note that there exist k and § > 0 such that for any y € A
P[X¢(m+1) =0 for some | < k | X¢(m) = y] > 6.

It is then not difficult to obtain that E(e” | X¢(k) = z) < oo, where
7 = inf{m > 0: X°(m) = 0}. This proves part (i).

For the part (ii), fix a routing policy P accordingly to Definition 2.1l and
let Z(m) be the process obtained using this routing policy. That is, when
Z(m) = z, an item that arrives at S; is directed to node 82 with probability
P(x), and then Z;(m + 1) = Z(m) + 1, Zy(m + 1) = Z(m) for | # j.
We will compare this process to X¢(m) obtained with JSQ routing policy.
Let these to processes be defined at the same probability space and use the
same arrivals, but the routing policies act independently. Analogously to

Lemma [£2] we get

E[f(X°(m+1)) — f(Z(m+1)) | X°(m) = Z(m) =z, Cj]

=2 Z P(Z Xe (i,5,m) — Xe(i,jminam))-
J#Jmin

Thus,
E[f(Xe(m +1)) = f(Z(m+1)) | X¢(m) = Z(m) = |

— _QZA ST P (@) (X4, 4,m) — X(i, jmin,m)) <0, (4.22)

Z 1 .7 75.7111111
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which proves part (ii). Theorem B.]is proved. [ ]

Proof of Theorem Let N;(t) be the number of arrivals at S; by time ¢.
Since N;(t) is a Poisson process with rate \;, a.s. N;(t) — oo and N;(t)/t —
Nast—oo,i=1,...,n.

As X(t) is recurrent, we have that for almost every realization of the
process X (t) there exists an infinite sequence t1,to, ... such that X (tj) =0
for all j. For these moments ¢; we can define
AiNik(t
air(ty) = 7]\7@-(155')])’

where Nji(t;) is the number of items arrived at S; and routed to node sf;
by time t;. So, sending the proportion a““/\—(fﬂ) of items arriving at S; to
st, results in the same number of items at all nodes. As the sequence of
a;i(t;) is bounded, we can chose a subsequence a;(tj) — ayy, as tj — oo.

Evidently, aj; > 0 and > 7 | o, = Aj. Then, as

ZXl/ tj ZN

"4
we obtain
1 X)
n EiKlN'( t;)
Z 57 Nont)6rs,
Zz 1N i=1 m=1
K Kq
1 ~ Nim(t5)
———— D _Niltj) ) 0
T YR N )Z = Ni(t;)
K Ki
ti N;(t; N i (t;
= —% J Z (J) Z a (3)5178%.
S Nilty) =t g N
As 0
Ni(t t 1
; — )\Z and 178 N — 74 N = 17
> im1 Nil?) dic Ai
and a;m(tj) — im, we see that {ayy} is indeed a solution of (Z4) and
Theorem is proved. |
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4.3 Proof of Theorem 3.3

We will use theorems from [7], therefore let us recall some definitions from
there. A subset C' in R" is called convez if (1 — N)a + Ay € C for every
reC,yeCand 0 < A <1 A subset M in R™ is called an affine set if
(I1=XNz+ Ay € M for every x € M,y € M and A € R. Given any set
A C R” there exists a unique smallest affine set containing A (namely, the
intersection of the collection of the affine sets M such that A C M), this set
is called affine hull of A and is denoted by aff A. Given a set A C R" the
interior that results when A is regarded as a subset of its affine hull aff A
is called relative interior of A and is denoted by ri A. The closure of A is
denoted by cl A. Note that cl(cl A) = cl A and ri(ri A) = ri A; moreover, if
A is convex, then cl(ri A) = cl A (see Theorem 6.3 in [7]). If A is convex and
A # &, then ri A # @ (see Theorem 6.2 in [7]). A set A is called relatively
open if riA = A.

Let us apply the definitions to our model. Note that A; € Rf is convex,
i =1,...,K. By E denote the linear transformation that takes a point
p=(pW,...,pH)) € R\t +rK to the point z = (z1,...,x,) € R” such
that .

Ty = ;;)\my)é&s; for{=1,...,n

where, as before, dy,, is a Kronecker delta.

Let L:= E(A; x --- x Ag) C R" and (4.23)
D :=F(L) C M C R™.

Since, for ¢ = 1, ..., K, the set A; is convex, we see that the set A; X --- X Ag
is convex (see Theorem 3.5 in [7]). As E and F are linear transformations,
the sets L and D are convex (see Theorem 3.4 in [7]). Since, fori =1,..., K,
the set A; is compact, the set A; X -+ X A is also compact. Since E and

F are linear transformations, and therefore, continuous transformations, we
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see that the sets L and D are compact. In particular, D is closed, that is,
cdD=D.
To translate the condition of Theorem B3] to the language of convex

analysis, we need the following lemma.

Lemma 4.5. For any parameters of the model Sy,...,Sg and \1,..., Ay,

the following statements are equivalent:
1. 0 eriD;
2. there exists a positive solution oy; of the system (2.4)).

Proof. Note that ri A; is the set of points p(*) = (pgi), . ,p,(fi)) € R* such
that

p§i)>0 for j=1,..., kK,

" (4.24)
i (]

> ; by = 1

Moreover,

I‘i(Al X oo X AK) = (I‘iAl) X oo X (I‘iAK) (4.25)

(see the proof of Corollary 6.6.1 in [7]). Since FoE is a linear transformation,

we see that
F[E(ri(A1 x -+ x Ag))] =i F[E(A X -+ X Ag)] =1iD

(for the first equality see Theorem 6.6. in [7]).

Thus we have proved that F/[E((riA1)x---Xx (riAg))] = ri D. Therefore,
y=F[E(p)] €riD if and only if p € (ri A1) x -+ x (riAg). Recalling (£.24))
for riA;, we get that y = F[E(p)] € ri D if and only if

pgi)>0 forj=1,...,k,andi=1,..., K,

Z;”i:lpgi) =1 fori=1,...,K.

(4.26)

Suppose that item 1 holds, that is, 0 € riD. Then there exists p €
RF1TTEK and 2 € R™ such that p satisfies (£26]), F(p) = x and F(x) = 0.
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Then we have

n n K ki 0 K & " K
;:;a:g = ;;;Azpj 51753. = ;;)\,pj = ;)\, =1.
In the first equation we use the definition of E, in the second the fact that
hy= 51,331 = 1, in the third the second line from (£.26]). Therefore, using the
definition of F, it follows from F(z) = 0 that = E(p) = (,...,1). Then

Z;”':l )\ip(-i)éhsé_ = % for £ =1,...,n. We have proved that if 0 € ri D then

there exists p € R¥1TFTAK gyuch that

p§i)>0 forj=1,...,k,andi=1,..., K,

S =1 fori=1,..., K, (4.27)

>0ty )\ipg»i)Csl g=1 fort=1,...,n
]

«

> for p§-i) in (£.27)), we get a positive solution of (2.4]). Thus

Substituting
item 2 holds.

Now suppose that item 2 holds, that is, there exists p € R¥1+T " TFK that
satisfies (4.27)). Let us prove that 0 € ri D. Comparing the first and second
line of ([A27)) with (£26]), we get F[E(p)] € ri D. Let x = E(p). Then

.
. ; 1
e
=)

In the first equation we use the definition of £ and in the second the third
line of (@.27). From the definition of F' it follows that F'(x) = 0. Therefore,
F[E(p)] =0. Thus 0 = F[E(p)] € ri D and item 1 holds. |

Let us recall some additional definitions from [7]. For M C R™ and

a € R™, the translate of M by a is defined to be set
M+a={x+a|xze M}

A translate of an affine set is another affine set. An affine set M is parallel

to an affine set L if M = L + a for some a. Each non-empty affine set is
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parallel to a unique subspace L (see Theorem 1.2 in [7]). The dimension of
a non-empty affine set is defined as the dimension of the subspace parallel
to it. An (n — 1)-dimensional affine set in R™ is called a hyperplane. By
(-,) denote the inner product in R™: (z,y) = > i, x;y;. Given $ € R and

a non-zero b € R™, the set
H={z|(z,b) = B}

is a hyperplane in R"™; moreover, every hyperplane may be represented in
this way, with b and 8 unique up to common non-zero multiple (see Theorem
1.3 in [7]).

For any non-zero b € R™ and any 8 € R, the sets

{z](z,0) <8}, fz|(z,b) =7}

are called closed half-spaces. The sets

{z | (x,b) < B}, {z|{z,0)>p}

are called open half-spaces. The half-spaces depend only on the hyperplane
H = {x : (z,b) = B}. One may speak unambiguously, therefore, of the open
and closed hyperspaces corresponding to a given hyperplane.

Let Cy and C5 be non-empty sets in R™. A hyperplane is said to separate
C4 and (s if (' is contained in one of the closed half spaces associated with
H and (5 lies in the opposite half-space. It is said that to separate C; and
(5 properly if C7 and Cs are not both actually contained in H itself.

Now we are ready to prove Theorem B3l By Lemma (.5, we have 0 ¢
riD.

Note that the one point set {0} is an affine set, ri D is a relatively open
convex set and (riD) N {0} = @. Therefore, there exists a hyperplane H
containing 0 such that one of the open half-spaces associated with H contains
ri D (see Theorem 11.2 in [7]). Since 0 € H, we see that H = {x : (z,b) = 0}

with some b € R", b # 0. Substituting, if it is necessary, —b for b, we see
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that there is a linear functional f : R™ — R that sends point y € R™ to value
(y,b), and if y € ri D, then f(y) >0

Recall that the state space of the Markov chain X¢(m) is M. Since
riD C 9, we see that there is a point z € M C 9 such that f(z) > 0.
Also, 0 € M and f(0) = 0. To prove that X¢(m) is not positive recurrent
let us apply Theorem to the Markov chain X¢(m) and the function f.
To apply the theorem, we see that it is enough to check that

E[f(Xe(m +1)) — f(Xe(m)) | X¢(m) = z] >0 forany ze M (4.28)
To prove ([A28) it is enough to prove
E[f(F[X*(m+1)]) — f(FIX°(m)]) | X*(m)=2] >0 VzeN" (4.29)

To prove ([£29]), we need some notation. For i = 1,..., K, denote by
(2) the j-th coordinate vector in R*. By T denote the linear transfor-
matlon that takes a point p = (p(I,...,pK)) € RM++rK to the point

x = (z1,...,2y) € R such that

K kK
:ZZpy)ch’S; fort=1,...,n

i=1 j=1
In particular, T' takes the point egi)
l=1,...,n

Let us prove ([£29]). Take any x € N". Recall that, for routing policy P,

to the point x such that z, = ¢, , for
]

we have p = P(x) € Ay X --- x Ag. Moreover,
E[f(F[Xe(m +1)]) = F(FIX(m)]) | X*(m) = 2]
=SS (Pl £ D)) — F(Flal))

i=1 j=1
- Z Z )‘ij 52))])
o K kK ) )
G Aipg-’)T(ey’)]) — F(FIE@) > 0.
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In the second and third equalities we use that f o F' is a linear functional.

Let us check the last inequality. We have
F[E(p)] € F[E(A; x --- x Ag)] = D.

Since D is closed and convex, we see that cl(riD) = clD = D (see the
properties of operations ri and cl in the beginning of Section [4.3]). Note
that f(y) > 0 for y € ri D and linear functional f is continuous, therefore,
fly) >0 for y € cl(riD) = D.

Thus all conditions of Theorem are satisfied and Theorem [B.3] is

proved. [ |

Acknowledgements

The work of M.M. was partly supported by CNPq (grant 450787,/2008-7),
FAPESP (grants 2007/50459-9, 2004/03056-8).

The work of V.S. was supported by FAPERJ (grants E-26/170.008/2008
and E-26/110.982/2008) and CNPq (grants 471891/2006-1, 309397 /2008-1
and 471946 /2008-7).

The work of M.V. was partly supported by CNPq (grants 304561 /2006~
1, 301455/2009-0, 472431/2009-9, 471925/2006-3) and FAPESP (thematic
grants 09/52379-8, 2004/07276-2).

We thank Tain MacPhee who has read the manuscript very carefully
and helped us to improve the presentation. Also, the authors thank the

anonymous referee for valuable comments and suggestions.

References

[1] E.D. ANDJEL, M.V. MENSHIKOV, V.V. SISKO (2006) Positive re-
currence of processes associated to crystal growth models. Ann. Appl.
Probab., 16, no. 3, 1059-1085.

29



2]

[3]

D.J. GaTES, M. WESTCOTT (1993) Markov models of steady crystal
growth. Ann. Appl. Probab. 3 (2), 339-355.

G. FavyoLLE, V.A. MALYSHEV, M.V. MENSHIKOV (1995) Topics in
Constructive Theory of Countable Markov Chains. Cambridge Univer-
sity Press.

L. R. ForD, JrR. AND D. R. FULKERSON (1962) Flows in networks.

Princeton University Press, Princeton, N.J.

S. Foss, N. CHERNOVA (1998) On the stability of a partially accessible

multi-station queue with state-dependent routing. Queuing Systems 29,
55-73.

M.J. Luczak, C. McDIARMID (2006) On the maximum queue length
in the supermarket model. Ann. Probab. 34 (2).

R. T. ROCKAFELLAR (1970) Convex analysis. Princeton Mathematical

Series, No. 28. Princeton University Press, Princeton, N.J.

R. T. ROCKAFELLAR (1984) Network flows and monotropic optimiza-
tion. Pure and Applied Mathematics (New York). John Wiley & Sons
Inc., New York. A Wiley-Interscience Publication.

30



	1 Description of the model
	2 Notations and definitions
	3 Recurrence/transience classification
	4 Proofs
	4.1 Preliminaries
	4.2 Proofs of Theorems ?? and ??
	4.3 Proof of Theorem ??


