
Connection vs metric description for non-AdS solutions
in higher spin theories

Yang Lei∗and Simon F. Ross†

Centre for Particle Theory, Department of Mathematical Sciences
Durham University

South Road, Durham DH1 3LE

Abstract

We consider recently-constructed solutions of three dimensional SL(N,R)×SL(N,R)
Chern-Simons theories with non-relativistic symmetries. Solutions of the Chern-Simons
theories can generically be mapped to solutions of a gravitational theory with a higher-
spin gauge symmetry. However, we will show that some of the non-relativistic solutions
are not equivalent to metric solutions, as this mapping fails to be invertible. We also
show that these Chern-Simons solutions always have a global SL(N,R) × SL(N,R)
symmetry. We argue that these results pose a challenge to constructing a duality
relating these solutions to field theories with non-relativistic symmetries.

1 Introduction

There has recently been considerable interest in higher spin gravity, particularly in the
context of holography [1, 2, 3]. As in Einstein gravity, the three-dimensional case is par-
ticularly simple, and provides a useful laboratory for exploring the issues. The higher spin
theory in three dimensions is simply a Chern-Simons theory: in general it is based on the
infinite-dimensional hs(λ)× hs(λ) gauge group, but for integer values of λ it reduces to the
finite-dimensional SL(N,R)× SL(N,R) [4, 5, 6, 7, 8]. From the Chern-Simons perspective
it is evident that this theory has no local degrees of freedom. This includes the case of
pure gravity for N = 2. In this case it is well-known that the Chern-Simons theory cor-
responds to a first-order description of pure gravity with a negative cosmological constant,
with the spacetime vielbein being obtained as eµ = Aµ−Āµ, where A, Ā are the two SL(2,R)
Chern-Simons fields [9, 10]. Similarly the theory for integer N corresponds to a theory of
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Einstein gravity coupled to massless fields of spin up to N , which are all constructed from
the “zuvielbein” eµ = Aµ − Āµ, which is now an SL(N,R) valued one-form.

For any N , the solutions of the Chern-Simons theory include all the solutions of the
SL(2,R) × SL(2,R) theory, so pure gravity solutions are also solutions of the higher spin
theories. This includes asymptotically AdS3 solutions, and the higher spin theory with
asymptotically AdS3 boundary conditions is conjectured to be dual to a 1+1 CFT with WN

symmetry [8]. But the higher-spin theory is richer, and can include solutions which are not
solutions of vacuum gravity. Our discussion will focus on the realisation of spacetimes with
non-relativistic symmetries, the Lifshitz spacetime [11]

ds2 = −r2zdt2 +
dr2

r2
+ r2dx2i (1.1)

and the Schrödinger spacetime [12, 13]

ds2 = −r2zdt2 − 2r2dtdx− +
dr2

r2
+ r2dx2i . (1.2)

These are of interest as potential holographic duals of field theories with non-relativistic
symmetries. It would be particularly interesting to realise these as solutions of the higher-
spin theories, as the large symmetry algebra may make it easier to explicitly identify the dual
field theory. In addition, these solutions are known to have IR tidal force singularities (for
z 6= 1 in the Lifshitz case [11, 14, 15] and for 1 < z < 2 in the Schrödinger case [16]) which
make their interpretation doubtful in a conventional metric theory. But in a higher-spin
theory, the diffeomorphism symmetry is enhanced, and these singularities could possibly be
just gauge artifacts, as in [17].

Solutions of the higher-spin theory which give metrics of this form were obtained in [18],
as we will review in section 2. As a simple example, a z = 2 Lifshitz solution can be obtained
in SL(3,R)× SL(3,R) Chern-Simons theory by taking the gauge connections to be

A = L0dρ+W2e
2ρdt+ L1e

ρdx, Ā = −L0dρ+W−2e
2ρdt+ L−1e

ρdx, (1.3)

which solves the Chern-Simons equations of motion F = F̄ = 0. Defining the spacetime
metric as

gµν =
1

2
tr(eµeν) (1.4)

reproduces the metric (1.1), with r = eρ. In the metric language, one would expect this
solution to be supported by the spin-3 field

φµνλ =
1

6
tr(eµeνeλ). (1.5)

In [19], it was found that the spin-3 field has a non-zero φtxx component. It is interesting
to note that this breaks time reversal symmetry, so the Lifshitz solution would have to be
holographically dual to some field theory with a vacuum which is not invariant under time
reversal.
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But as we will discuss in section 2, we can choose flat connections such that the metric
takes the Lifshitz form (1.1) but the spin-3 field identically vanishes. This is in conflict with
the equations of motion in the metric formulation, as the Lifshitz metric is not a solution
of the vacuum theory, and the stress tensor is constructed from terms quadratic and higher
order in the spin-3 field φµνρ. It also suggests that the breaking of time-reversal symmetry
is not essential to the Lifshitz solutions.

In section 3, we will argue that the solution of this puzzle is that the relation between
the Chern-Simons and metric formulations fails for the solution (1.3). In the pure gravity
case N = 2, it is well-known that there are solutions of the Chern-Simons theory which
do not correspond to regular solutions in the metric description: the vielbein e = A − Ā
may fail to be invertible, implying that the metric is degenerate. The relation between the
Chern-Simons and metric formulations for the SL(3,R) × SL(3,R) Chern-Simons theory
was studied in [20, 21, 22, 23]. In particular, [22, 23] give a generalization of the non-
degeneracy condition for the vielbein. We will see that this condition is not satisfied for
the Chern-Simons fields (1.3). Thus, we do not have access to a metric-like formulation for
this case. The cases which give a Schrödinger metric involve N > 3, so we need to analyse
the equivalence between Chern-Simons and metric formulations from first principles; we will
find that the z = 2 Schrödinger solutions are non-degenerate but the 1 < z < 2 solutions are
degenerate. We will also comment in passing that the realisations of AdS via non-principal
embeddings [24] also have a degenerate frame.

One might hope that this is basically a technical issue and that one could still use these
solutions to explore non-relativistic holography in a Chern-Simons language: the connections
(1.3) are solutions of the flatness conditions, and they manifestly exhibit a non-relativistic
scaling. However, as we will discuss in section 4, the set of gauge transformations that leaves
(1.3) invariant is a global SL(3,R) × SL(3,R) subgroup of the SL(3,R) × SL(3,R) gauge
group, just as in the AdS case. This is because the solutions have no holonomies, so they can
be related to A = Ā = 0 globally by a single-valued gauge transformation. As a result, the
symmetry group is the same as that of A = Ā = 0. This provides a general understanding
of a fact which was uncovered as something of a surprise in the analysis of asymptotically
Lifshitz solutions in [19].

If we could legitimately pass to a metric formulation, this could be separated into the
Lifshitz isometries of the metric (1.1) and some higher-spin gauge transformations, but in
the Chern-Simons language there is nothing to pick out the Lifshitz subgroup of SL(3,R)×
SL(3,R) as special. Thus, purely in the Chern-Simons formulation, it is not clear how we
identify these backgrounds as non-relativistic, in the sense that their field theory duals would
have a non-relativistic symmetry. This is consistent with the results of [19], which concluded
that the dual of the Lifshitz cases is a field theory with WN symmetry, just as in the AdS
case.

For the Lifshitz case, asymptotically Lifshitz boundary conditions based on the solution
(1.3) have been described in [25, 19, 26, 27, 28]. In section 5, we comment on the extension
of our analysis to asymptotically Lifshitz solutions, and argue that the boundary conditions
of [19] could be re-interpreted as a novel kind of asymptotically AdS boundary conditions.
Finally, we conclude in section 6 with a discussion of the significance of the degeneracy we
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find and prospects for further work.

2 Non-relativistic solutions in the higher spin theory

The SL(N,R)× SL(N,R) Chern-Simons theory has action

S = SCS[A]− SCS[Ā], (2.1)

where the Chern-Simons action is

SCS =
k

4π

∫
M

Tr(A ∧ dA+
2

3
A ∧ A ∧ A), (2.2)

where k is the Chern-Simons level. The equations of motion are the flatness conditions

F = dA+ A ∧ A = 0; F̄ = dĀ+ Ā ∧ Ā = 0. (2.3)

The theory is invariant under SL(N,R) gauge transformations

A→ A′ = g−1Ag + g−1dg, (2.4)

and similarly for the barred sector. Since the connection is flat on-shell, it is locally gauge-
equivalent to A = 0, that is in open regions we can write A = g−1dg for some g. If the gauge
field has holonomies they form an obstruction to writing A as pure gauge globally.

We will write solutions in the “radial gauge” , where we choose a radial coordinate ρ and
write

A = b−1ab+ b−1db, Ā = bāb−1 + bdb−1 (2.5)

where b = eρL0 , and a is a one-form with no dρ component, which is furthermore independent
of ρ, and a similar form is taken for the barred sector.

This theory can be related to a higher spin gravitational theory by introducing the
“zuvielbein” and spin connection

eµ =
l

2
(Aµ − Āµ), ωµ =

1

2
(Aµ + Āµ), (2.6)

where we introduce an arbitrary length scale l in defining the zuvielbein. The equations of
motion then become in terms of these variables

de+ e ∧ ω + ω ∧ e = 0, (2.7)

dω + ω ∧ ω +
1

l2
e ∧ e = 0. (2.8)

In the N = 2 case, writing eµ = eaµta, e
a
µ is a 3 × 3 matrix which we can interpret as the

gravitational vielbein, and these are the equations of motion of pure gravity in a frame field
formalism [9, 10], with Newton constant GN = l/16k. For N > 2, eµ is an SL(N,R) valued
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one-form, with 3(N2 − 1) independent components, and it can be traded for a metric and
higher-spin fields up to spin N . For example, for N = 3 [7], we have a metric defined by

gµν =
1

2
tr(eµeν) (2.9)

and the spin-3 field

φµνλ =
1

6
tr(eµeνeλ). (2.10)

Henceforth we will take units with l = 1.
A simple class of solutions of this theory is constructed by taking the principal embedding

SL(2,R) ⊂ SL(N,R) and considering flat SL(2,R) connections, corresponding to vacuum
gravity solutions. The global AdS3 solution in Poincare coordinates is obtained by taking

a = L1dx
+, ā = L−1dx

−, (2.11)

where L0, L±1 are the usual SL(2,R) generators. Our conventions are set out in appendix
A. In the metric description x± become null coordinates on the surfaces of constant ρ.

We are interested in the non-AdS solutions constructed in [18], in particular the Lifshitz
and Schrödinger solutions. There it was found that one can construct a Lifshitz solution
with integer z by taking

a = a1W+dt+ L1dx, ā = W−dt+ a2L−1dx (2.12)

where W± are required to satisfy

[W±, L0] = ±zW±, [W±, L±1] = 0, tr(W+W−) 6= 0, (2.13)

and a1, a2 are normalization factors. For example, by taking W± = W±2 in SL(3,R) we can
realise Lifshitz with z = 2; this produces the solution in (1.3).

A Schrödinger solution with integer z is obtained by taking

a = (a1L1 + a2W+)dt, ā = W−dt+ L−1dx
−. (2.14)

With the same condition on W±, and appropriate choices of a1, a2, this gives the metric
(1.2), with r = eρ. We will focus on the realisation of z = 2 Schrödinger in SL(3,R) as an
example of this class of solutions. Schrödinger solutions with fractional weights are obtained
by taking

a = (a1W
[1]
+ + a2W

[2]
+ )dt, ā = W

[2]
− dt+W

[1]
− dx

−, (2.15)

where

[W
[i]
± , L0] = ±h[i]W [i]

± , [W
[1]
− ,W

[2]
− ] = 0, tr(W

[i]
+ W

[j]
− ) = tiδij, ti 6= 0. (2.16)

We will take the case with z = 3/2 in SL(4,R) as an example of this class of solutions, where

a = (U3 +W2)dt; ā = − 5

72
U−3dt+

5

24
W−2dx

− (2.17)
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The corresponding metric is

ds2 =
5

8

(
−r3dt2 − 2r2dtdx− +

dr2

r2

)
(2.18)

after replacing r = e2ρ.
In addition to these non-relativistic cases, we will also comment on the non-principal

embeddings of AdS: for example, in SL(3,R) we can realize AdS by taking [24]

a = W2dx
+, ā = W−2dx

−. (2.19)

2.1 A puzzle

In the above solutions, we introduced some normalization constants to cancel trace factors
to make the metric take the usual form with no additional numerical factors. These can be
thought of as a suitable scaling of the boundary coordinates (t, x or t, ξ respectively). But
we could go further: for example, in the z = 2 Lifshitz case we could take

a = a1W2dt+ b2L1dx, ā = b1W−2dt+ a2L−1dx. (2.20)

This is still a flat connection for any values of the constants. The metric is

ds2 = −a1b1e4ρdt2 + dρ2 + a2b2e
2ρdx2. (2.21)

We can re-absorb the constants here in redefinitions of the coordinates. But the change in
the spin-3 field is more significant: the only non-vanishing component is

φtxx = −1

4
(b1b

2
2 − a1a22)e4ρ. (2.22)

(Note that our conventions for the generators are different from [19], as set out in appendix
A.) In [19], this term was interpreted as supporting the Lifshitz spacetime. It was also
noted that it breaks time reversal symmetry. However, if we choose b1b

2
2 = a1a

2
2, we set the

three-form field to zero. How can we have a Lifshitz metric with no matter field to support
it? Note that we can keep the metric fixed and change the value of the three-form field by
varying the constants appropriately, so we expect that the metric equations of motion fail to
be satisfied for generic values of the parameters; there might at best be some special choice
of a1, a2, b1, b2 such that the resulting φ correctly sources the metric.

3 Degeneracy of the non-relativistic solutions

The puzzle noted above suggests that there is a problem in the relation between the Chern-
Simons and metric descriptions in the Lifshitz solution. In this section we will see that
there is indeed a problem for Lifshitz, some of the Schrödinger solutions, and AdS with
non-principal embeddings.
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The issue is one that was already noted in the pure gravity case in [9]: the Chern-Simons
description includes solutions, such as for example A = Ā, for which the vielbein eaµ is
degenerate, and hence not invertible. For pure gravity, such solutions are not acceptable
solutions in the metric formulation. In addition, it is not possible to determine the spin
connection in terms of the vielbein, because the vielbein is not invertible. It is this latter
issue which will generalize to our case. Clearly the problem for the Lifshitz solutions is not
that the metric is not invertible. But in the higher spin context, even when the metric is
invertible the zuvielbein eaµ can fail to determine the connection ωaµ.

In general, the issue is that to convert from a frame formulation of the equations to a
second-order metric formulation, we want to solve the torsion-free condition (2.7) to deter-
mine the spin connection ω in terms of the zuvielbein e. The spin connection is an SL(N,R)
valued one-form, so it has 3(N2−1) independent components. The equation is an SL(N,R)
valued two-form, so it also has 3(N2−1) independent components. This is a linear algebraic
system for the components of ω, so generically it has a unique solution, and knowing e is
sufficient to determine ω. In passing to the metric formulation, we exchange the information
in e for the metric and higher-spin fields, as in (2.9,2.10), and this data is then equivalent to
the connections A, Ā.

But there can be special values of e such that the solution of (2.7) is not unique. (If
we obtain e = A − Ā as the difference of two flat connections, then ω = A + Ā is always a
solution of (2.7), so it can’t happen that there’s no solution.) The metric formulation, where
we retain only the data in e, is then not equivalent to the Chern-Simons formulation. The
two pictures are equivalent only when we can solve (2.7) for ω uniquely.

In the N = 2 case, we can solve (2.7) explicitly by multiplying it by the inverse frame
field, so the uniqueness of solutions is equivalent to the invertibility of eaµ. For N > 2, eaµ
is not a square matrix, so we cannot express the problem in terms of its invertibility. In
[22, 23], this was addressed for N = 3 by introducing additional auxiliary quantities eaµν
constructed out of eaµ such that the collection eaµ, e

a
µν forms a square matrix, and (2.7) was

again explicitly solved using the matrix inverse.
These additional quantities are constructed by first defining the symmetric tensor

êµν =
1

2
{eµ, eν} −

2

3
gµνI3 (3.1)

where I3 is the identity matrix, which is added to ensure traceless of ê as a group element.
Then we define the traceless tensor

e(µν) = êµν −
1

3
gµν ρ̂; ρ̂ = gλβ êλβ (3.2)

There are five independent components of e(µν). Thus the combination (eaµ, e
a
(µν)) can be

treated as a square matrix. In [22], it is shown that invertibility of this matrix is necessary
and sufficient for ω to be uniquely determined by e. For the AdS realisation in (2.11), [22]
show that this matrix is indeed invertible.

Thus, for the SL(3,R) cases, checking degeneracy reduces to checking the invertibility
of this matrix. For the Lifshitz z = 2 case, the matrix is not invertible, as

etρ = êtρ =
1

2
{et, eρ} =

1

2
e2ρ{a1W2 − b1W−2, L0} = 0, (3.3)
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so the matrix has a row of zeros. This explains why the metric-like fields we obtained in
(2.21,2.22) don’t solve the equations of motion in the metric formulation: from the Chern-
Simons point of view there’s a higher-spin component in ω which is not determined by g, φ
which plays a role in satisfying the flatness conditions. The general solution of the torsion-
free condition (2.7) in this case is

ω =
1

2
(A+ Ā) + λ1[−eρL0dt+ (W1 +W−1)dx+

1

2
e−ρ(−W2 +W−2)dρ] + λ2W0dx (3.4)

where the λi are arbitrary constants parametrising the non-uniqueness of the solution.
For the z = 2 Schrödinger solution (2.14), by contrast, the matrix is invertible, so the

Chern-Simons and metric formulations are equivalent. The explicit calculation is given in
appendix B.1; the determinant is

det(eaµ, e
a
(µν)) = − 1

32
e10ρ (3.5)

which is non-zero for finite ρ. We can also check that the equations of motion in the metric
formulation are satisfied by the z = 2 Schrödinger fields g, φ; this is discussed in appendix
B.2.

For the AdS solution in the non-principal embedding (2.19), the matrix is again not
invertible. It is not hard to show e++ = e−− = 0. Therefore, we again have zero rows
leading to vanishing determinant. The general solution for the connection ω in this case is

ω =
1

2
(A+ Ā) +W0Θ (3.6)

where Θ is an undetermined one-form. Thus, this solution does not have a metric formula-
tion in the same metric theory as the principal embedding. However, it was argued in [29]
that for this non-principal embedding, we should consider a different metric formulation,
based on interpreting the non-principal SL(2,R) as the diffeomorphism symmetry, and de-
composing the Chern-Simons field in irreducible representations of this symmetry. In this
decomposition, the Chern-Simons field involves fields of lower spin (spin 1 and spin 3/2),
which will be described by first-order actions also in the metric formulation, so the map from
Chern-Simons fields to this other metric formulation may not be degenerate.1

Finally, we would like to consider the non-integer Schrödinger solutions. To do so we
need to go to N > 3, so we cannot use the description from [22]. But for a given e, it is a
simple linear algebra problem to check if (2.7) has a unique solution for ω or not. In the case
of the z = 3

2
Schrödinger solution in (2.17), we find that it does not have a unique solution.

The general solution for the connection ω in this case is

ω =
1

2
(A+ Ā) + ω̂, (3.7)

1We thank Andrea Campoleoni for discussion on this point.
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where the extra term ω̂ written in components is

ω̂t = − 25

768
λ1e

4ρW−2 + λ2L0 −
5

8
λ1U3 +

10

3
λ2U0 −

25

144
λ3U−2 −

25

432
λ1U−3 (3.8)

ω̂x =
5

32
λ1e

3ρ − 25

64
λ1e

3ρU−1

ω̂ρ = −5

8
λ1e

ρW1 + λ3L1 + λ1L0 +
5

3
λ3U1 +

10

3
λ1U0

The constants λi again parametrise the non-uniqueness of the solution. It is interesting
to know whether second order equation of motion can be solved at perturbative order of
deformation of AdS, like that we do for z = 2 Schrödinger solution in Appendix B.2. La-
grangian with the lowest order of spin-3, spin-4 fields were worked out recently [30]. Due to
its complication, we would leave this for future work.

4 Symmetries of the Chern-Simons solutions

In the previous section, we found that the Lifshitz solution (2.12) and the fractional z
Schrodinger solution (2.17) do not have a metric formulation, as the connection ω is not
determined uniquely by e. Can we formulate a duality relating them to non-relativistic
theories directly in the Chern-Simons formulation? In this section we will argue that this is
challenging because the Chern-Simons formulation does not associate a distinguished set of
non-relativistic symmetries with these backgrounds.

Originally, the Lifshitz and Schrödinger metrics (1.1) and (1.2) were constructed to have
the corresponding symmetries as isometry groups. In the higher-spin context, these diffeo-
morphism isometries are supplemented by some higher-spin gauge transformations that also
leave the background invariant, but one could argue that in the metric formulation we can
draw a distinction between diffeomorphisms and the higher-spin gauge transformations and
still regard the backgrounds as having a non-relativistic symmetry. But in the Chern-Simons
formulation, it is not clear how to make such a distinction. All of the symmetries are simply
gauge transformations that leave the given flat connection unchanged.

In the discussion of asymptotically Lifshitz solutions in [19], it was found that the higher-
spin gauge transformations extend the Lifshitz symmetry of (1.1) to a global SL(3,R) ×
SL(3,R) symmetry group. In fact, there is a simple argument to see that the same happens
in all cases. The symmetries are the gauge transformations ε such that

δεA = dε+ [A, ε] = 0, (4.1)

and similarly in the barred sector. The Lifshitz and Schrödinger metrics (1.1) and (1.2) are
analogous to AdS in Poincare coordinates, so the boundary coordinates are non-compact,
and cannot be compactified without eliminating the anisotropic scaling symmetry (with
the exception of the Schrödinger z = 2 case, where we can compactify ξ). Thus, in the
Chern-Simons formulation there can be no non-trivial holonomies, as there are no non-
trivial topological cycles in the spacetime to measure holonomies around. As a result, the

9



connection is globally gauge-equivalent to zero, that is each of our solutions is of the form
A = g−1dg, Ā = ḡ−1dḡ for some globally defined group elements g, ḡ. Now if we use
A = g−1dg, and set ε = g−1ε′g, (4.1) reduces to

dε′ = 0 (4.2)

which is satisfied by arbitrary constant ε′, forming a global SL(N,R) subgroup of the gauge
group. Thus the ε that leave A invariant will always form a global SL(N,R) group (although
for a given A, the gauge transformations ε = g−1ε′g are not themselves constants). Thus, the
symmetry of any Chern-Simons solution with no holonomies is always SL(N,R)×SL(N,R).

Explicitly, for the z = 2 Lifshitz solution, dε′ = 0 can be solved by writing

ε′ =
1∑

i=−1

εLiLi +
2∑

i=−2

εWiWi (4.3)

where εLi and εWi are constants. The relevant group element g such that A = g−1dg gives
the Chern-Simons field in (1.3) is g = eW2t+L1xeρL0 . Thus the symmetries ε = g−1ε′g are

ε = eρ(−xεL0 + εL1 + x2εL−1 + tεW−1 − 4txεW−2)L1 (4.4)

+ (εL0 − 2xεL−1 + 4tεW−2)L0 + e−ρεL−1L−1

− e2ρ(2tεL0 − 4txεL−1 − x2εW0 + xεW1 − εW2 + x3εW−1 + 4t2εW−2 − x4εW−2)W2

+ eρ(−4tεL−1 − 2xεW0 + εW1 + 3x2εW−1 − 4x3εW−2)W1

+ (εW0 − 3xεW−1 + 6x2εW−2)W0 + e−ρ(εW−1 − 4xεW−2)W−1 + e−2ρεW−2W−2

reproducing the result of [19]. If we interpreted these symmetries in terms of diffeomorphisms
using ε = −ξµAµ, as suggested in [19], εW2 , εL1 , εL0 parametrize time-translation, spatial
translation and Lifshitz scaling respectively, although it is not clear if this is valid given that
the frame is degenerate [9].

For the AdS solutions (2.11), (2.19), the appearance of an SL(N,R)×SL(N,R) symmetry
is expected. But for the Lifshitz and Schrödinger solutions it implies that we cannot identify
a non-relativistic isometry group from the Chern-Simons perspective. For z = 2 Schrödinger,
we can pass to a metric formulation, and identify the Schrödinger algebra as the subgroup of
this SL(N,R)×SL(N,R) which is realised as diffeomorphisms. But for the other cases with
no metric formulation there is no clear sense in which they are non-relativistic, despite the
manifest scaling properties of (1.3); this scaling is only one of a set of SL(N,R)×SL(N,R)
symmetries.

A possible subtlety in this argument is that when we take a background and define
asymptotic boundary conditions where the fields approach the background asymptotically,
the isometries of the background may not form a subgroup of the asymptotic symmetry
algebra (see [31] for an example of this). So the non-relativistic symmetry could potentially
be picked out by a notion of asymptotically Lifshitz/Schrödinger boundary conditions. But
a choice of boundary conditions such that the asymptotic symmetry algebra does not include
the symmetries of the background is usually considered undesirable. In particular, this does
not happen for the asymptotically Lifshitz solutions of [19], where the full SL(3,R)×SL(3,R)
symmetry is included in the asymptotic symmetry algebra.
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4.1 Map to AdS

One way of thinking about this result is that since all the topologically trivial solutions are
gauge-equivalent to A = Ā = 0, the Lifshitz and Schrödinger solutions can be related to
the usual AdS solution by a suitable gauge transformation; so the fact that they have the
same symmetries can be seen as a reflection of their just being AdS in a different gauge.
Let us give this transformation explicitly in the Lifshitz case. For the AdS solution (2.11),
AAdS = g−1dg with g = eL1x+eL0ρ, while for the Lifshitz solution (2.12), ALif = h−1dh with
h = eW2t+L1xeρL0 . Identifying the AdS coordinate x+ with t+ x in the Lifshitz solution, the
transformation is then

ALif = f−1df + f−1AAdSf, (4.5)

with

f = g−1h =

 1 0 0

−
√

2eρt 1 0

t(t+ 2)e2ρ −
√

2eρt 1

 . (4.6)

A similar argument in the barred sector produces

f̄ =

 1 −
√

2eρt t(t+ 2)e2ρ

0 1 −
√

2eρt
0 0 1

 . (4.7)

We have assumed that we work with non-compact x, as compactifying it breaks the scaling
symmetry, but it is interesting to note that compactifying x does not obstruct this relation.

5 Asymptotically Lifshitz solutions

So far, we have focused on the non-relativistic backgrounds, and seen that some interesting
examples fail to have a corresponding metric description. Holographically, such solutions are
dual to the vacuum state in the dual field theory, and it is essential to consider solutions which
asymptotically approach these backgrounds to define the holographic dictionary. Since the
failure of the metric description is non-generic, one would expect that considering these more
generic solutions could also offer a resolution of it. In addition, imposing a given asymptotic
boundary conditions partially fixes the gauge in the asymptotic region, eliminating those
gauge transformations that take us out of this choice of boundary conditions. Since the bulk
theory has no local degrees of freedom, it is these gauge transformations that are broken by
the choice of boundary conditions that provide the physical content of the bulk theory - the
higher spin analogue of the boundary gravitons.

In this section, we will consider spacetimes which asymptotically approach the Lifshitz
background (2.12). We will first consider the asymptotically Lifshitz boundary conditions of
[19], which are the most well developed, and then consider alternatives. In [19], asymptoti-
cally Lifshitz solutions were defined in the radial gauge as Chern-Simons solutions with

A = b−1db+ b−1(â(0) + a(0) + a(1))b, Ā = b−1db+ b−1(ˆ̄a(0) + ā(0) + ā(1))b, (5.1)
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where b = eρL0 , and â(0), ˆ̄a(0) is the background solution (2.12). The first fluctuations a(0), ā(0)

have only an x component, which is determined in terms of four functions L(x), L̄(x),W(x), W̄(x),

a(0)x = 4tWL0 − LL−1 − 4t2WW2 + 4tLW1 +WW−2, (5.2)

ā(0)x = −4tW̄L0 − L̄L1 − 4t2W̄W−2 − 4tL̄W−1 + W̄W2 (5.3)

(the constant coefficients here are different from in [19] because we use a different convention
for the SL(3,R) generators, as set out in appendix A). The second subleading terms a(1), ā(1)

are general, having arbitrary t and x components, but are required to fall off at large ρ,
a(1), ā(1) ∼ o(1).

In [19], this definition of the asymptotic boundary condition was shown to lead to fi-
nite, conserved canonical charges (constructed from the boundary functions L, L̄,W , W̄ and
the gauge transformations preserving the boundary conditions) which generate a W3 ⊕W3

asymptotic symmetry algebra, containing the SL(3,R)× SL(3,R) symmetries of the back-
ground (2.12).

δL = L′εL + 2Lε′L + 3Wε′W + 2W ′εW −
1

2
ε′′′L (5.4)

δW = 3Wε′L +W ′εL −
1

6
L′′′εW −

3

4
L′′ε′W −

5

4
L′ε′′W −

5

6
Lε′′′W

+
8

3
L2ε′W +

8

3
LL′εW +

1

24
ε
(5)
W (5.5)

with similar expressions for the barred sector.
Because the first subleading terms do not affect the at component, the extended vielbein

at this order is still degenerate:

etρ =
1

2
{et, eρ} ≈ 0, (5.6)

up to terms coming from a(1), ā(1). Thus, it would seem that there are solutions with non-zero
values of the charges here where the metric formulation is still not possible. For solutions
with sufficiently general a(1), ā(1), the extended vielbein may be non-degenerate in the bulk,
but as these terms vanish as we approach the boundary, we would expect that the inverse
vielbeins of [22] will blow up there. Thus, the degeneracy is a real obstacle to the construction
of a good metric description for this class of asymptotically Lifshitz boundary conditions.

It was argued in [19] that these boundary conditions are distinct from the usual asymp-
totically AdS boundary conditions [7]. Two main arguments were given: one relied on the
breaking of time-reversal invariance in the Lifshitz solution, but as we have seen it is pos-
sible to take the generalised backgrounds in (2.20) such that the spin-three field vanishes,
eliminating the breaking of time-reversal symmetry. The other was that the asymptotically
Lifshitz boundary conditions involve functions of x, while asymptotically AdS boundary
conditions involve functions of x±. This indeed shows that asymptotically Lifshitz solutions
are distinct from the asymptotically AdS solutions, if we relate the two backgrounds using
the gauge transformation (4.6).

However, given the failure of the metric description in the gauge (2.12), we think it may
be more straightforward to understand the physical significance of these boundary conditions
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if we apply this gauge transformation to re-express them in terms of the AdS solution (2.11).
That is, let us take the solutions (5.2,5.3) and apply the gauge transformation (4.6). We
then obtain a family of solutions of the form (5.1), but where now â(0), ˆ̄a(0) are the AdS
background (2.11), and

a(0)x = −Lt2L1 − 2LtL0 − LL−1 +Wt4W2 + 4Wt3W1 (5.7)

+6Wt2W0 + 4WtW−1 +WW−2,

ā(0)x = −L̄t2L−1 − 2L̄tL0 − L̄L1 + W̄t4W−2 + 4W̄t3W−1

+6W̄t2W0 + 4W̄tW1 + W̄W2. (5.8)

Thus, the asymptotic boundary conditions of [19] can be rewritten in a different gauge as
a new kind of asymptotically AdS boundary conditions. Since in this gauge the relation to
the metric formulation is possible, the physics of the boundary conditions may be clearer in
this gauge. Note the asymptotic symmetry algebra (5.4), (5.5) is unaffected when we shift
from Lifshitz gauge solution to AdS gauge solution.

An alternative asymptotically Lifshitz boundary condition was given in [26]. The con-
nection is taken to have the form

at = W2 − 2LW0 +
2

3
L′W−1 − 2WL−1 + (L2 − 1

6
L′′)W−2, (5.9)

ax = L1 − LL−1 +WW−2, (5.10)

where L and W are now functions of both t and x, subject to the consistency conditions

L̇ = 2W ′, (5.11)

Ẇ =
4

3
(L2)′ − 1

6
L′′′. (5.12)

Similarly, for the barred fields

āt = W−2 − 2L̄W0 −
2

3
L̄′W1 + 2W̄L1 + (L̄2 − 1

6
L̄′′)W2, (5.13)

āx = L−1 − L̄L1 − W̄W2, (5.14)

with consistency constraints

˙̄L = −2W̄ ′, (5.15)

˙̄W = −4

3
(L̄2)′ +

1

6
L̄′′′. (5.16)

In these asymptotic boundary conditions, the degeneracy of the generalised frame is resolved
for generic L, W . The determinant is

−W
3

8r14
(r2 + L)4[(r2 + L)3 − 2W2][(r2 + L)(r2 − L)2 − 2W2]. (5.17)

There are some specific points r where the determinant vanishes. These singularities would
not spoil the non-degeneracy property and can be avoided by method of fibre bundle [22].
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Since the determinant is not vanishing even at large r, one would expect a metric formulation
is possible even in the asymptotic region. It may be interesting to explore these boundary
conditions further; it was noted in [19] that the canonical charges in this case are finite but
not conserved.

In [26], there was also a further generalization to turn on some source terms, taking

at = µ2W2 + µ1L1 − 2Lµ2W0 − (2Wµ2 + Lµ1)L−1 + (L2µ2 +Wµ1)W−2,

ax = L1 − LL−1 +WW−2, (5.18)

and barred sector

āt = µ2W−2 − µ1L−1 − 2L̄µ2W0 + (2W̄µ2 + L̄µ1)L1 + (L̄2µ2 + W̄µ1)W2,

āx = L−1 − L̄L1 − W̄W2. (5.19)

The presence of the sources µ1, µ2 makes the determinant of the generalized vielbein non-
zero even for vanishing L,W , so this deformation away from Lifshitz resolves the degeneracy
of the generalized vielbein even in the vacuum. The metric formulation is well-defined in
this case since metric-like fields solve Einstein equations by the method in appendix B.2.
We leave further study of these deformations to future work.

6 Conclusions

We have seen that the Lifshitz and non-integer Schrödinger solutions of [18] have degenerate
generalized vielbeins, so they are not equivalent to some solution in the metric formulation
of the higher spin theory. We also found that in all cases the symmetries of the backgrounds
in the Chern-Simons formulation are SL(N,R) × SL(N,R), generalizing and simplifying
an observation of [19]. These seem significant obstacles to interpreting these backgrounds
as non-relativistic solutions. The Schrödinger solutions with integer z have non-degenerate
generalized vielbeins, so they remain as non-trivial examples of non-relativistic backgrounds
in the higher spin context. But our results prevent us from studying several interesting
questions about these backgrounds, such as identifying examples of Lifshitz field theories or
addressing the physical meaning of the IR singularities in the metrics (1.1, 1.2).

These problems could be moderated by considering classes of solutions which asymptot-
ically approach these backgrounds, although one would be concerned that the problem with
the vacuum solution would reappear in the asymptotic region. For the most well-developed
example of asymptotically Lifshitz boundary conditions in the higher spin context [19], we
find that the generalized vielbein is still degenerate at first subleading order. We have
proposed that these boundary conditions may be more usefully viewed instead as a novel
asymptotically AdS boundary condition. In that gauge a metric formulation is available,
and it would be interesting to understand the differences from the usual asymptotically AdS
boundary condition. For the boundary conditions of [26], the degeneracy of the general-
ized vielbeins was lifted, and it appeared that an inverse could exist even in the asymptotic
region. It would be interesting to understand this case further.
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The problems we have found are likely to be special to the case of three bulk dimensions,
as the Chern-Simons formulation is particular to this case, and the absence of bulk degrees
of freedom also obstructs obtaining richer families of solutions. It would be interesting to
explore the realisation of non-relativistic backgrounds like (1.1, 1.2) in higher-dimensional
higher spin theories [32, 33, 3].
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A Conventions

A.1 sl(3, R) Algebra

The conventions in two cases are different. The sl(3, R) generators satisfy algebra

[Ln, Lm] = (n−m)Ln+m (A.1)

[Ln,Wm] = (2n−m)Wn+m (A.2)

[Wn,Wm] = σ(n−m)(2n2 + 2m2 −mn− 8)Lm+n (A.3)

In our calculation σ = − 1

12
. Our generators are

L−1 =

 0
√

2 0

0 0
√

2
0 0 0

 , L1 =

 0 0 0

−
√

2 0 0

0 −
√

2 0

 , L0 =

 1 0 0
0 0 0
0 0 −1



W−2 =

 0 0 2
0 0 0
0 0 0

 , W2 =

 0 0 0
0 0 0
2 0 0

 , W0 =
1

3

 1 0 0
0 −2 0
0 0 1


W−1 =

1√
2

 0 1 0
0 0 −1
0 0 0

 , W1 =
1√
2

 0 0 0
−1 0 0
0 1 0
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A.2 sl(4, R) algebra

Our representation of sl(4, R) algebra is slightly different from [18].

L−1 =


0
√

3 0 0
0 0 2 0

0 0 0
√

3
0 0 0 0

 , L0 =
1

2


3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

 , L1 =


0 0 0 0

−
√

3 0 0 0
0 −2 0 0

0 0 −
√

3 0


Quintet:

W2 =


0 0 0 0
0 0 0 0

2
√

3 0 0 0

0 2
√

3 0 0

 , W−2 =


0 0 2

√
3 0

0 0 0 2
√

3
0 0 0 0
0 0 0 0



W0 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , W−1 =


0
√

3 0 0
0 0 0 0

0 0 0 −
√

3
0 0 0 0

 , W1 =


0 0 0 0

−
√

3 0 0 0
0 0 0 0

0 0
√

3 0


Septet:

U3 =


0 0 0 0
0 0 0 0
0 0 0 0
−6 0 0 0

 , U2 =


0 0 0 0
0 0 0 0√
3 0 0 0

0 −
√

3 0 0

 , U1 =
2

5


0 0 0 0

−
√

3 0 0 0
0 3 0 0

0 0 −
√

3 0



U0 =
1

10


3 0 0 0
0 −9 0 0
0 0 9 0
0 0 0 −3

 , U−1 =
2

5


0
√

3 0 0
0 0 −3 0

0 0 0
√

3
0 0 0 0



U−2 =


0 0

√
3 0

0 0 0 −
√

3
0 0 0 0
0 0 0 0

 , U−3 =


0 0 0 6
0 0 0 0
0 0 0 0
0 0 0 0


B Schrödinger higher spin calculations

B.1 Determinant

We consider the most general form of Schrödinger solution after normalization:

at = kW2 + cL1; ax− = 0 (B.1)
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āt =
1

k
W−2; āx− =

2

c
L−1 (B.2)

Dreibein e can be found to be

e = L0dρ+
1

2
(ke2ρW2 + ceρL1 −

1

k
e2ρW−2)dt−

1

c
eρL−1dx

− (B.3)

The extra introduced 5 tetrads are

e(x−x−) =
1

c2
e2ρW−2 (B.4)

e(ρρ) = W0 −
1

3c2
e2ρW−2 −

k

3c
eρL1 (B.5)

e(tx−) = −1

2
e2ρW0 +

k

6c
e3ρL1 −

1

3c2
e4ρW−2 (B.6)

e(tt) =
c2

4
e2ρW2 − e4ρW0 +

1

3c2
e6ρW−2 +

k

3c
e5ρL1 +

c

2k
e3ρL−1 (B.7)

e(tρ) =
1

2
ceρW1 (B.8)

e(ρx−) = −1

c
eρW−1 (B.9)

We only need 5 of these tetrad since they are linearly dependent due to the traceless condition
gµνe(µν) = 0. In this specific case,

e(x−x−) + e(ρρ) + 2e−2ρe(tx−) = 0

Therefore, we calculate the determinant of 8 × 8 matrix with spacetime indices excluding
(ρρ).

det(eaµ, e
a
(µν)) = − 1

32
e10ρ (B.10)

We find this nonvanishing value is independent of the choice of k and c. Then we should be
able to map frame-like Schrödinger solution (B.1) (B.2) to metric-like fields.

B.2 Einstein equation in D=3 higher spin theory

We showed that the zuvielbein of z = 2 Schrödinger solution in SL(3, R) has non-vanishing
determinant. One would then expect the fields constructed from it to solve the equations of
motion in the metric formulation. In terms of metric-like fields g, φ, Lagrangian of (2.1) can
be written as [20]

L = LE-H + LF , (B.11)

where LE-H = R +
2

l2
and LF contains terms depending on φ (note that we set l = 1). LF

was worked out to quadratic order in φ terms in [20], with general expression:

LF (φ2) = φµνρ(Fµνρ −
3

2
g(µνFρ)) +m1φµνρφ

µνρ +m2φµφ
µ (B.12)

+ 3Rρσ(k1φ
ρ
µνφ

σµν + k2φ
ρσ
µ φ

µ + k3φ
ρφσ) + 3R(k4φµνρφ

µνρ + k5φµφ
µ)
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where φρ = φ µ
ρµ , Fρ = F µ

ρµ and Fµνρ is the Fronsdal tensor defined by

Fµνρ = ∇σ∇σφµνρ −
3

2
(∇σ∇(µφνρ)σ +∇(µ∇λφνρ)λ) + 3∇(µ∇νφρ) (B.13)

The mass coefficientsmi are determined by requiring invariance under gauge transformations,
which gives

m1 = 6(k1 + 3k4 − 1); m2 = 6(k2 + k3 + 3k5 +
9

4
) (B.14)

Different kis may parametrize the same theory if one performs a redefinition of metric and
spin-3 fields. For convenience, let’s take those values of ki in [20],

k1 =
3

2
; k2 = 0; k3 = −3

4
; k4 = −1

2
; k5 = 0 (B.15)

The unique choice of ki were determined by requiring asymptotically AdS solution solving
Einstein equation.

Rµν −
1

2
gµνR− gµν = − 1√

−g
δ(
√
−gLF )

δgµν
(B.16)

The right-hand side of the equation is too complicated to display. Exact expression is
accessible in [34]. We perform the calculation by the help of xAct package [35, 36].

Schrödinger spacetime is not asymptotically AdS. However, one can consider it as per-
turbative deformation of AdS [37]. The zuveilbein to our interest would be

at = L1 + σW2; ax− = 0 (B.17)

āt = σW−2; āx− = 2L−1 (B.18)

which corresponds to metric

ds2 = −σ2r4dt2 +
dr2

r2
+ 2r2dtdx− (B.19)

and spin-3 field

φt−− =
σ

3
r4; φttt = −σ

4
r4 (B.20)

σ measures deformation from pure AdS in lightcone frame. Apparently metric fields would
solve Einstein equation if σ = 0.

After substituting (B.19) and (B.20) into (B.16), one can find the equation holds at the
lowest order of σ. Similarly, one can also check the equation of motion about φµνρ [20] can
be solved at the same order of σ.
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