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Abstract

We investigate a model based on a generalised version of the Fourier
transform for curved space-time manifolds. This model is possible if the
metric has an asymptotic flat region which allows a duality to be imple-
ment between coordinates and momenta, hence, the models’s name, trans-
Planckian. The theory and the action are based on the postulate of the
absolute egalitarian relation between coordinates x and momenta p. We
show how to implement this construction in a cosmological setting, on a
Friedman-Robertson-Walker metric background, where the asymptotic time
infinity plays the role of the required asymptotic flat region. We discuss the
effect of gravity, and, in particular, of the Hubble expansion of the universe
scale factor on the Fourier map. The dual inflationary stage is responsible
for making the dual sector of the action inaccessible at ordinary low en-
ergies. We propose a scenario in which an effective positive cosmological
constant is caused by how the dual sector of the theory affects the equation
of state for matter particles.
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1 Introduction

We continue the investigation of a theory based on a generalised version of the
Fourier transform introduced in [1]. This paper consists of a concrete implemen-
tation of the idea in a cosmological setting.

We begin with a brief introduction to the trans-Planckian theory and the
motivations behind it. The uncertainty principle ∆xµ∆pν ≥ δµν/2 has its math-
ematical implementation in the Fourier transform. At this stage the dynamic is
not yet introduced, and xµ and pµ are completely symmetrical objects. Dynamic,
of course, spoils this duality. Actions are written as space-time integrals of some
Lagrangian functional. Since we clearly do not observe this symmetry in nature,
if it exists, it must therefore be invisible to us. Suppose there is a fundamental
energy scale in the problem which we call M , then at E/M ≪ 1, the theory could
look like an ordinary theory ruled by normal action given by space-time integral
functionals. To observe the duality, we should not only flip x with p but also the
energy scales E/M with M/E. The reason why we do not observe directly the
duality could be that M is a very large mass scale. In quantum mechanics or
quantum field theory, there is no natural candidate for such a fundamental mas-
sive scale. When we couple everything to gravity, we have a natural candidate:
the Planck mass MP = G

−1/2
N .

We provide a construction based on the Fourier transform. Some technical
issues must be addressed to formulate the theory. First, we have to make sense of
the Fourier transform for generic curved manifolds, not only the flat Minkowski
space. We then have to make sure that the Fourier transform respects gauge
invariance and the equivalence principle, both in x and p manifolds. Finally,
we have to provide dynamics to the system in a way that is consistent with the
duality. Here we choose a minimal approach. Since the ordinary action S is not
invariant, we simply add to it its dual counterpart S̃ and write a total action as
the sum of the two S = S + S̃. Thus the theory is still formulated in terms of an
action principle. In its simplest form, it is just the action of a relativistic harmonic
oscillator:

S =

∫
d4x

(
∂µϕ

∗∂µϕ+M4xµx
µϕ∗ϕ

)
. (1.1)

The relativistic harmonic oscillator appeared in the first works of Born on reci-
procity [2, 3] and in the context of the study of relativistic bound states [4, 5]
(see [6, 7] for recent analysis and more references). In our context is that the
coordinate x subject to the harmonic oscillator potential is not a relative position
between two constituents, but the actual coordinate of the particle. If all particles
were subject to the potential in (1.1), this would predict a very small universe,
bounded at the scale M−1, which we would like to be of the order of the Planck
scale. Thus, another problem to overcome, which is not addressed in [1], is to
explain how the effective mass scale could be much smaller than its natural value.

For the concrete implementation of the generalised Fourier transform, we need
an asymptotic flat region on which momenta can be defined. We here want to
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implement the construction in a cosmological setting, on a Friedman-Robertson-
Walker (FRW) metric background, and work out some of its phenomenological
aspects. The asymptotically flat region is the region at infinite time t → ∞ of
the FRW metric. Therefore, we must chose a zero Euclidean curvature and a
vanishing ‘fundamental’ cosmological constant. We show that the expansion of
the universe, and in particular the early stage inflationary expansion, can work to
make the dual sector invisible at low energies. We use inflation, without entering
into the mechanism that can generate it. A generic GUT scale inflation, to solve
the horizon problem, generates a big hierarchy at least of 1027 in the scale factor.
Inflation has to occur by duality in both x and p manifolds. The observed small-
ness of the last term in the action (1.1) can be explained as a consequence of the
inflation hierarchy. The effective mass is given by M red-shifted by an amount
equal to the total number of inflationary ten-folds thus making the effective mass
a low-scale parameter.

There are many different approaches to the dark energy problem (see, for ex-
ample, the reviews [8–11] covering different aspects). We can roughly divide them
into two categories: the ones in which dark energy is caused by a fundamental
cosmological constant Λfund, and the others in which Λfund = 0, and dark energy
is, instead, caused by some other agent which may be a new degree of freedom
or some modification of gravity. The second category clearly offers the best po-
tential for finding a solution to the dark energy problem which does not require
fine-tuning. Clearly, a solution in the second category faces two challenges: a prin-
ciple has to be found that sets Λfund to zero and then a dynamical explanation for
dark energy should be found. Our approach belongs to this category. The x ↔ p
duality is, for us, the principle that sets Λfund = 0. In our scenario, the ΛCDM
model is substituted with only a CDM model with zero value for the fundamen-
tal cosmological constant. Cold dark matter has a modified equation of state at
late-time, when the effect of the dual action becomes important, and this effect
induces an effective cosmological constant contribution to the energy-momentum
tensor. The main result of the paper is that an effective cosmological constant
term, which is compatible with the observed value of the universe acceleration,
can be explained by the intervention of the S̃ part of the action on the dark matter
equation of state. The order of magnitude fits precisely if the inflationary stage
lasts exactly the minimal amount of time which is required to solve the horizon
problem.

We want to comment on the methodology we follow in this paper, and the re-
lation to other related ideas. We start from the beginning with a strong postulate,
that of absolute equivalence between coordinates and momenta, and work out a
possible implementation and the consequences of that. This principle was first
proposed a long time ago by Born [2], and also in [12]. In these early works, this
idea was applied to QFT problems, like UV divergences or the meson spectra, that
were later solved by other means. The absolute duality between coordinates and
momenta may also be referred as the Born reciprocity principle, in its strongest
possible form. We are now applying this principle to the problem of gravity and,

2



in particular, the cosmological constant. There are other recent works on this
principle applied to the geometry in momentum space and gravity [13–21] on
which we will comment more in the Conclusion.

The duality assumption, together with the requirement that the theory has
to recover the usual QFT plus gravity paradigm at low energy, gives a lot of
constraints which have to be satisfied. This assumption does not fix the theory
uniquely; so, whenever we have a choice, we take the simplest possible path. The
generalized Fourier transform which we define, is an intrinsically global construc-
tion. So, it is natural to implement it in a cosmological setting. Cosmology also
proves to be the essential ingredient in order to suppress the dual term in the
action S̃ at low energy. Then, in the cosmological setting, we discuss some of the
phenomenological consequences and possible observables of the dual part of the
action.

The paper is organised as follows. In Section 2, we review the construction
of the trans-Planckian theory. In Section 3, we implement this construction in
cosmology for an FRW type universe. In Section 4, we discuss the cosmological
solution. We present our conclusion in Section 5.

2 A Trans-Planckian Theory

A field can be equivalently expressed as a function of space-time coordinates ϕ(xµ)
or of energy-momentum coordinates ϕ̃(pµ). The two formulations are related by
the ordinary Fourier transform

ϕ̃(p) = M2

∫
d4x

(2π)2
e−ipµxµ ϕ(x) ,

ϕ(x) =
1

M2

∫
d4p

(2π)2
e ipµxµ ϕ̃(p) , (2.1)

where M is, for the moment, just a normalization constant. One of the basic
properties of this transformation is that it preserves the L2 norm

M2

∫
d4x |ϕ(x)|2 = 1

M2

∫
d4p |ϕ̃(p)|2 . (2.2)

Prior to any dynamics being introduced, space-time xµ and energy-momentum pµ

are completely symmetrical objects. They both have a Minkowski metric ηµν =
diag(1,−1,−1,−1) and the Lorentz transformation with generators Jµν are self-
dual:

Jµν = −iǫµνρσ xρ
∂

∂xσ
= −iǫµνρσ pρ

∂

∂pσ
. (2.3)

Translations, instead, are not self-dual

P µ = −i
∂

∂xµ
, Xµ = i

∂

∂pµ
. (2.4)

3



If space-time is scaled by a factor λ, energy-momentum must be scaled by an
inverse factor:

x → λx , p → λ−1p . (2.5)

When the space-time theory is at high-energy scales E ≫ M , the dual theory is
at small-length scales 1/E ≪ 1/M . This is an exchange of IR with UV.

Actions which are generally written as space-time functionals S[ϕ(x), ∂ϕ(x)]
and have Poincaré invariance (Lorentz plus translations). The simplest case is
that of a free kinetic term for a scalar field S =

∫
d4x ∂µϕ

∗∂µϕ. We immediately
see that the action S is not self-dual under the x ↔ p transformation. The dual
version of S, which would be S̃ =

∫
d4p ∂µϕ̃

∗∂µϕ̃, is a different functional. The
first problem now is to construct a functional that is manifestly invariant under
the x ↔ p duality. The simplest way to have a self-dual theory is simply to add
the two actions in a total action S:

S = S + S̃ . (2.6)

The above formula holds, in general, for the rest of the paper, whatever the choice
of S is.

We always use the duality principle in the following form: whatever the choice
for the action S, the same should be chosen also for S̃, with the Fourier trans-
form ϕ̃(p) replacing ϕ(x); every dimensionless coupling remains the same; and
every massive scale m is replaced by its conjugate m/M2. Since ϕ has canonical
dimension one, we want the parameter M in (2.1) to be also a mass. In this
way, the dimension of ϕ̃ is the inverse of a mass which perfectly fits the duality
requirements.

Clearly, pµ = 0 is a privileged centre of the energy-momentum manifold for the
action S, and, vice-versa, xµ = 0 is a privileged point for S̃. We want, instead, a
theory that is invariant under translations. We can implement translation invari-
ance by introducing an extra U(1) gauge structure. We replace the derivatives by
covariant derivatives

∇µ =
∂

∂xµ
− iQµ , ∇µ =

∂

∂pµ
− iYµ , (2.7)

where Qµ and Yµ are two U(1) gauge bosons living separately on the two manifolds
x and p. These extra gauge bosons have to couple universally to every matter
field. A translation Qµ → Qµ + δµ is equivalent to the transformation of the field
ϕ → eiδµx

µ
ϕ. An expectation value for the gauge boson 〈Qµ〉 will allow us to

choose the centre of the energy-momentum manifold at any point.
We want to add more clarifications on the issue of translational invariance and

the need for the extra gauge bosons Qµ and Yµ. In ordinary theories, momentum
space is linear and is the co-tangent bundle to the space-time manifold. Moreover,
it has a natural centre. So translational invariance in momentum space is broken.
The principle of absolute duality between coordinates and momenta thus, implies
that the translational invariance must also be broken in the coordinate space. The
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introduction of this extra U(1) gauge bundles on both x and p manifolds, with the
gauge connections Qµ and Yµ, makes this breaking ‘softer’: it is spontaneous and
not explicit. The expectation values of Qµ and Yµ in the asymptotic flat region
define the centre of the manifolds.

The action S, with the introduction of gravity, is given by the Einstein-Hilbert
term coupled to the matter field:

S =

∫
d4x

√−g

(
− 1

16πGN

R +∇µϕ
∗∇µϕ

)
. (2.8)

Although we could introduce a kinetic term for the gauge field Qµ, we shall not do
it for simplicity and consider it as an auxiliary field. GN is the Newton constant,
and it defines the Planck mass by the relation M2

P = 1/GN . The Planck mass
sets the scale for the mass M which enters in the Fourier transform; we use
a dimensionless coupling g defined by MP = M/g. The coupling g is a free
parameter of the model. On the trans-Planckian side, the action is the dual
Einstein-Hilbert term coupled to the matter field

S̃ =

∫
d4p

√
−g̃

(
− 1

16πG̃N

R̃ +∇µϕ̃
∗∇µϕ̃

)
. (2.9)

G̃N is the dual Newton constant which defines a dual Planck mass M̃2
P = 1/G̃N .

Self-duality imposes the relations G̃N = M4GN and M̃P = MP/M
2 = 1/gM .

We have to define the generalised Fourier transform in the case of generic
curved manifolds. We cannot use the standard one (2.1), because we would ruin
both the diffeomorfism and gauge invariances. To implement those invariances,
we need to introduce two auxiliary flat Minkowski spaces, which we denote as yν
and qν . The fields ϕ(y) and ϕ̃(q), written as functions on those auxiliary spaces,
are the ones related by the ordinary Fourier transformation (2.1). To obtain the
fields ϕ(x) and ϕ̃(p), we use the following generalised formulae:

ϕ(x) =

∫
d4q

(2π)2
fq(x)ϕ̃(q) ,

ϕ̃(p) =

∫
d4y

(2π)2
f̃y(p)ϕ(y) , (2.10)

where we call f̃y(p) and fq(x) the probe functions. There are properties we wish
to be maintained by the generalised Fourier transform. We want the theory to
be gauge invariant and covariant with respect to diffeomorphisms. Then we want
the generalised Fourier transform to reduce to the ordinary one for global flat
manifolds. Finally, we want the generalised Fourier transform to reduce to an
ordinary Fourier transform in any local inertial frame.

For light-like probes, i.e. the ones for which q2 = 0, it is natural to choose
them as solutions to massless wave equations, subject to a certain background.
We write an action for fq with q2 = 0 as follows

Sfq =

∫
d4x

√−g
(
∇µf

∗
q∇µfq − Q̄µ(if ∗

q∇µfq + h.c.) + Q̄2
µf

∗
q fq

)
. (2.11)
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This action is the same as that of a scalar field, minimally coupled to gravity, plus
some additional terms dependent on a vector Q̄µ which we are going to define
next. The presence of the covariant derivative ∇µ is needed for gauge invariance.
The covariant derivative causes the asymptotic behaviour of the probes to be
eiqx−i〈Q〉∞x, where 〈Q〉∞ is value of Q in the asymptotic flat region. To implement
translational invariance, we need instead f to behave asymptotically in a way that
is independent on Q∞. We then have to add another vector field Q̄µ to cancel
this dependence. Q̄µ is a vector field defined everywhere in space-time and one
particular extension of 〈Q〉∞ is the interior of space time in such a way that both
Qµ and Q̄µ approach asymptotically 〈Qµ〉∞ in the asymptotic flat region. A more
compact way to write the action for f is to replace the covariant derivative with
a new derivative ∂µ − iQµ + iQ̄µ and to write only the kinetic terms. Note the
difference between the two objects Qµ and Q̄µ. The first transform under gauge
transformations, whereas the latter does not. In a canonical gauge, which is the
one we use in the rest of this paper, Qµ is equal to Q̄µ everywhere, and not only
in the asymptotic flat region. In this particular gauge, the equation for f simply
reduces to that of a charge-less field with mass zero

gµν∂µ∂νfq(x) +
∂ν(

√−ggµν)√−g
∂µfq(x) = 0 . (2.12)

q0,−q0q̂ q0, q0q̂

|~q|,−~q |~q|, ~q

q0, ~q

|~q|,−~q

−|~q|, ~q
q2 < 0

−q0, q0q̂

q2 > 0

q0, q0q̂

q0, ~q

Figure 1: Light-cone decomposition for off-shell probes.

When the probe is not light-like, q2 6= 0, we decomposed the vector q as the
sum of null vectors. For time-like vectors q2 > 0, we decompose the four-vector
(q0, ~q) in the following sum of light-like vectors as in the left side of Figure 1

(q0, ~q) =
1

2
(q0, q̂q0) +

1

2
(q0,−q̂q0) +

1

2
(|~q|, ~q)− 1

2
(|~q|,−~q) (2.13)

and the off-shell probe can be decomposed as follows

f(q0,~q)(x) = f(q0,q̂q0)(x)
1/2f(q0,−q̂q0)(x)

1/2f(|~q|,~q)(x)
1/2/f(|~q|,−~q)(x)

1/2 . (2.14)

This definition is self-consistent since, as q approaches the light-cone, f(q0,−q̂q0)(x)
1/2

cancels with f(|~q|,−~q)(x)
1/2, and what is left is precisely fq = f

1/2
q f

1/2
q . For space-like

probes, we use instead the decomposition in the right side of Figure 1).

6



The final action S is the sum of (2.8) and (2.9), where gµν and g̃µν are two
asymptotically flat metrics and are two independent degrees of freedom. The
fields ϕ(x) and ϕ̃(p) are related by the generalised Fourier maps (2.10). There
is still to be defined a scattering phase for the probe functions f ’s which will be
discussed in Section 3. The structure of interactions is as follows:

ϕ ⇐⇒ ϕ̃

l l
g g̃

(2.15)

where the metric gµν interacts directly only with ϕ, and g̃µν interacts directly only
with ϕ̃. The two metrics can influence each other only through the matter fields.

Some features of the model can be understood just by a simple estimate.
We may find it convenient to use a segment to visualise the energy scales and
divide it into four sectors by the three different energy scales, from the right
MP = M/g, M and 1/M̃P = gM as in Figure 2, assuming here g ≪ 1. We want

1/M̃PM
2M̃P

0

M MP ∞M2/MP0

from x

1/M∞

from p

Figure 2: The energy scales.

to compare the magnitude of the two actions S and S̃ at a certain energy scale E,
and see which one is dominant over the matter field equation of state. Consider
a lump of the field ϕ, which is different from zero inside a four-volume E−4, and
almost vanishes outside. Call 〈ϕ〉 the average value inside this lump. An quick
estimate gives S ∼ E−2〈ϕ〉2. From the basic properties of the Fourier transform,
we know that ϕ̃ is spread in a dual four-volume of order E4, and with the typical
value which, using Parseval theorem (2.2), is 〈ϕ̃〉 ∼ 〈ϕ〉E−4M2. Thus, we have

S̃ ∼ E2〈ϕ̃〉2 ∼ E−6〈ϕ〉2M4. The outcome is that at energy scales E ≪ M , the

dual action S̃ by far dominates over the S by a factor (M/E)4. In Section 4, we

show how to invert this behaviour and make S dominate over S̃ at low energies.
A mass term for the matter field can be added both in S and S̃

δS = −m2

∫
d4x |ϕ|2 − m̃2

∫
d4p |ϕ̃|2 , (2.16)

where the duality principle fixes m̃ = m/M2. The mass term is proportional
to the L2 norm which is invariant under the Fourier transform in flat space.
Without gravitational interactions, it is completely unobservable if we move part
of the mass from S to S̃, as long as the sum m2 + m̃2M4 remains invariant. In a
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gravitational background, it is instead possible to distinguish them, because the
term with m interacts only with the metric gµν while the term with m̃ interact
only with the dual metric g̃µν .

0 ∞M MP1/M̃P
1/m̃ m

Figure 3: Masses for matter fields, m and M2/m.

We can first approach the problem by studying solutions without gravity. This
is the same as g ≪ 1 and limiting the energy scales to the central region in Figure
2. Let us consider the case of both Qµ and Yµ to be constant. We can make a
shift, and centre them at zero, Qµ = 0 and Yµ = 0. The action is then:

S =

∫
d4x

(
|∂µϕ|2 +M4xµxµ|ϕ|2 − 2m2|ϕ|2

)
, (2.17)

which is that of a massive relativistic harmonic oscillator. The equation of motion
is (

∂µ∂µ −M4xµxµ + 2m2
)
ϕ = 0 . (2.18)

The mass term and the space part of the harmonic oscillator potential are positive,
whereas the time part is negative. This sign difference is be very important in
the last section. We can solve the equation (2.18) using the standard technique
of separation of variables. The solution can be given by the eigenstates of the
quantum harmonic oscillator plus a constraint imposed by (2.18):

ϕ ∝
3∏

ρ=0

e−x2
ρM

2/2Hnρ (xρM) ,

n0 =

3∑

j=1

nj + 1 +
2m2

M2
. (2.19)

Hn(x) are the Hermite polynomials (−1)nex
2
(dx)

ne−x2
, and n0, ni are arbitrary

integers. Note that these solutions are normalizable both in space and time di-
rections. Here is visible the reason behind the choice of the relative plus sign
between S and S̃, it is, in fact, the only way to obtain normalizable solutions to
the equation of motion. Since the action is linear in ϕ, we can make a generic
superposition of (2.19), with different integers n0,i, and still have a solution of the
equation of motion. We can also construct coherent states, which are beams of
minimal dispersion that oscillate in the potential with δx ∼ δp ∼ √

n. One of
such configurations, in which the beam is concentrated at the tip of the space-time
light-cone, is given by

ϕ(x) ∝ eikµx
µ

4∏

ρ=0

e−x2
ρM

2/2 ,

kµk
µ = m2

eff = 2m2 +M2 . (2.20)
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We see that, in the central region of the energy scale in Figure 3 (the one between
gM and M/g) the particle ϕ behaves as an ordinary matter particle dominated
by S on the right side of M , first non-relativistic and then relativistic with kµk

µ ≃
2m2. On the left side of M the dynamics is, instead, dominated by S̃.

Now we discuss the possibility of having non-centred solutions, in which Q or
Y is not constant a functions. We choose to treat Qµ as a gauge auxiliary field,
and so its equation of motion is

Qµ =
−iϕ∗∂µϕ+ iϕ ∂µϕ

∗

|ϕ|2 . (2.21)

If Yµ is constant, we can shift to Yµ = 0 and rewrite the action as (2.17), with ∇µ

instead of ∂µ. S is invariant under the gauge transformations ϕ → eiα(x)ϕ with
Qµ → Qµ + ∂µα(x). It is certainly possible to take the solutions (2.19) and make
any gauge transformation obtain a non-constant solution. But these should not
be considered as new solutions. We consider solutions (2.19), with the Qµ and Yµ

constants, the representative for their gauge equivalent set. From the equation
of motion (2.21), we can conclude that the curvature vanishes ∂µQν − ∂νQµ = 0.
In trivial topologies, the solution is always gauge equivalent to a constant. That
proves that if one of the two fields Qµ or Yµ is a constant, then also the other one
must be so (modulo gauge transformations). In the next section, we study a case
in which Qµ and Yµ are both flat connections but their asymptotic values do not
allow them to be reduced to a constant with a gauge transformation.

Then we want to study the full problem, with gravity included in the action.
The metric gµν interacts only with ϕ, and the Einstein equations are unchanged,
Gµν = 8πGNTµν , where the tensor Tµν is given by

∫
d4x

1

2

√−g Tµν =
δSmat

δgµν
=

δSmat

δgµν
. (2.22)

The second passage in this formula follows from the fact that the dual action S̃
is, by definition, independent of the space-time metric gµν . We then have the
energy-momentum tensor as

Tµν = 2(∇µϕ)
∗∇νϕ− gµν

(
gαβ(∇αϕ)

∗∇βϕ−m2|ϕ|2
)
, (2.23)

which is nothing but the ordinary energy-momentum tensor from the S part of
the action. Note that only m appears in the energy-momentum tensor and not
m̃, because it does not couple directly to gµν . At the end, we need to evaluate Tµν

on the solutions of the equation of motion, and here is were S̃ can have an effect
on the metric gµν . What we have said above is also true for dual-gravity, which
is an independent degree of freedom and satisfies the dual-Einstein equations
G̃µν = 8πG̃N T̃µν . The tensor T̃µν is obtained from δS̃/g̃µν , similar to equation
(2.22). So both manifolds x and p satisfy their own Einstein equations. What can
be modified are the equations of motion of the matter fields and, in particular,
their equation of state.
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The generalised Fourier transform is described in the diagram of Figure 4 and
consists of a chain of relations connecting ϕ(x) to ϕ̃(p) passing through ϕ̃(q) and
ϕ(y). The relation between ϕ(y) and ϕ̃(q) is the ordinary Fourier transform.

 

Fourier transform

in
v
er
si
o
n

em
b
ed
d
in
g

em
b
ed
d
in
g

ϕ(y)

in
v
ersio

n

ϕ̃(q)

ϕ(x) ϕ̃(p)

Figure 4: Diagram of the generalised Fourier transform

Transformations from ϕ̃(q) to ϕ(x) and from ϕ(y) to ϕ̃(p) are given by the em-
bedding formulas of Eqs. (2.10). To complete the diagram, we need also to find
the formulas to invert (2.10), and these can be formally written as

ϕ̃(q) =

∫
d4x

√−g

(2π)2
f−1
q (x)ϕ(x) ,

ϕ(y) =

∫
d4p

√
−g̃

(2π)2
f̃−1
y (p)ϕ̃(p) . (2.24)

The inverse probe functions f−1 are not easy to compute in general. In Section
4, we use a certain approximation to compute them. In the flat space, the inverse
f−1 coincides with the complex conjugate f ∗, but this is not true, in general, when
the metric is curved. The functions f−1

q (x) and f̃−1
y (p) are defined to satisfy the

orthogonality relation

1√−g
δ(x− x′) =

∫
d4q

(2π)4
fq(x)f

−1
q (x′) ,

1√
−g̃

δ(p− p′) =

∫
d4y

(2π)4
f̃y(p)f̃

−1
y (p′) . (2.25)

In the case of the Minkowski manifold, these are just the usual orthogonality
relations between the exponentials. Knowing the f−1 functions is very important,
because only with this information can we provide the relation between ϕ(x) and
ϕ̃(p). In Section 4, we solve this in the adiabatic limit in which the variation of
the metric is not too fast.

The action S can be expressed only as a function of ϕ if we know the inversion
formula

S =

∫
d4x

√−g

(
gµν∂µϕ

∗∂νϕ−m2ϕ∗ϕ+

∫
d4x′

√
−g′ ϕ∗(x′)F(x′, x)ϕ(x)

)

(2.26)
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where F is some potential which is affected by both metrics gµν and g̃µν . When
both metrics are flat, it is given by F(x′, x) = M4δ(x − x′)(xµx

µ − m̃2), and we
thus recover (2.17). To compute the potential F , we need to use (2.10) and (2.24),
and the relation between ϕ(y) and ϕ̃(q) is given by an ordinary Fourier transform.
The solution for F is formally written by the following chain of integrals

F(x′, x) =

∫
d4q′

(2πM)2
d4y′

(2π)2
d4p

√
−g̃

(2π)4
d4y

(2π)2
d4q

(2πM)2

(
f−1∗
q′ (x′)eiq

′y′(∇̃µf̃y′(p))
∗∇̃µf̃y(p) e

−iqy f−1
q (x)

− m̃2f−1∗
q′ (x′)eiq

′y′ f̃y′(p)
∗f̃y(p) e

−iqy f−1
q (x)

)
. (2.27)

Computing the probes f and f̃ and evaluating the integral (2.27) for a cosmological
background are the main focus of the rest of the paper.

We conclude this section with a comment about the definition of the general-
ized Fourier transform. The principle of covariance and gauge invariant do not fix
it uniquely. There is an ambiguity in how to define the off-shell probes. Before we
used the definition (2.14) with the decomposition of momenta given in Figure 1.
There are other possible prescriptions. One possibility is to define a probe-action
which generalizes (2.28 and works also for the off-shell probes

Sfq =

∫
d4x

√−g

(
∇µf

∗
q∇µfq − Q̄µ(if ∗

q∇µfq + h.c.)

+ (Q̄2
µ − R(x)2q2µ)f

∗
q fq

)
. (2.28)

There is a mass term proportional to q2 with R(x) a red-shift factor#1. In the case
of a light-like probe, with q2 = 0, we know that the frequency can experience a red-
shift or blue-shift from the asymptotic flat region to the point xµ. For example,
in the cosmology setting, this red-shift facto will be exactly proportional to the
scaling factor of the FRW metric R(x) = a(t). For probes with q2 6= 0, we need
to include this factor explicitly in the probe action. Otherwise we would have
encounter problems especially in the space-like region q2 < 0, with the probe
becoming tachyonic and, thus, losing its oscillatory behaviour. At this point,
we have a problem of defining R(x) canonically for any given space-time metric,
even with non-homogeneous ones. With non-homogeneous universe, we know that
the red-shift of photons depends on the direction of the light-ray because of the
Sachs-Wolf effect (change in the red-shift caused by metric perturbation). We
thus define R(x) as the average of the red-shift for high-frequency photons, the
ones that can be treated as light rays, over the S2 sphere or, which should be
equivalent, as the low-frequency limit of the red-shift in which the perturbations
of the metric are smoothed out and do not depend on the direction.

#1This was not considered in [1]
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Yet another definition would be to decompose it into the sum of two light-like
vectors

(q0, ~q) =

(
q0 + |~q|

2
, q̂

q0 + |~q|
2

)
+

(
q0 − |~q|

2
, q̂

−q0 + |~q|
2

)
(2.29)

where q̂ is the unit vector ~q/|~q|. Then define the generic off-shell probe as the
following product

f(q0,~q)(x) =
f( q0+|~q|

2
,q̂

q0+|~q|
2

)(x)f( q0−|~q|
2

,q̂
−q0+|~q|

2

)(x)

f(0,0)(x)
(2.30)

with f(o,o)(x) being the probe at vanishing momenta. We can check that this
definition is self-consistent.

For the rest of the paper, we will use the definition given in (2.14). We will
comment in the Conclusion on how the different prescriptions affect the main
result of the paper.

3 Cosmology and the FRW metric

We now want to implement the trans-Planckian duality in a cosmological setting.
We take a space-time with an FRW metric

ds2 = dt2 − a(t)2d~x2 , (3.1)

where t is the time coordinate, a(t) the expansion factor of the three-dimensional
space and the ~x the comoving spatial coordinate. An asymptotically flat region in
space-time is required for the implementation of the generalised Fourier transform.
This requirement forces choosing a zero spatial curvature and a zero fundamental
cosmological constant Λfund = 0 to satisfy the condition

lim
t→∞

ȧ

a
= 0 , (3.2)

and thus have the metric at t → ∞ asymptotically flat. The dual universe has
also an FRW-type metric

ds̃2 = de2 − ã(e)2d~p2 (3.3)

where e is the energy, ~p the comoving three momentum, and ã(e) the dual expan-
sion factor. From the duality principle, it follows that

ã(e) = M2 a
(
t =

e

M2

)
. (3.4)

We then have to choose an ansatz for gauge fields Qµ and Yµ. This ansatz
must respect isotropy and homogeneity in both spaces ~x and ~p. The only possible
choice is

Qµ ∝ (0, ~x) , Yµ ∝ (0, ~p) . (3.5)
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Note that these solutions correspond to flat connections, although globally distinct
from the constant solutions which we discussed in the previous section. The zero
components are set to zero, because we want to have the frames centred at t = 0
and e = 0 respectively. The matter action in the absence of gravity, i.e. the
equivalent of (2.17)), is

S =

∫
d4x

(
|∂0ϕ|2 − |(~∂ − iM2~x)ϕ|2 +M4t2|ϕ|2 − |(M2~x− i~∂)ϕ|2 − 2m2|ϕ|2

)
.

(3.6)

The two terms coming from the spatial derivatives |~∇ϕ|2 and | ~̃∇ϕ|2 are both equal

to |(~∂ − i~xM2)ϕ|2. This is a special feature of the ansatz (3.5). The equation of
motion for (3.6) is

(
∂2
0 −M4t2 − 2(~∂ − iM2~x)2 + 2m2

)
ϕ = 0 . (3.7)

Note the difference between the time part, which is a harmonic oscillator, and the
space-dependent part, which has instead an extra term ~x · ~∂. It is convenient to
extract a phase with the following field redefinition

ϕ = eiM
2~x2/2φ , (3.8)

so that the equation reduces to a simpler one, in which the space-dependent part
is given just by the Laplacian operator:

(
∂2
0 −M4t2 − 2~∂2 + 2m2

)
φ = 0 . (3.9)

The phase ~x2M2/2, which appears in the field redefinition (3.8), is following the

frame ~Q and thus cancelling the potential term in the space-dependent part of
the action. In this way, we have achieved the goal of implementing explicitly
translational invariance in the ~x and ~p coordinates, and this happened thanks to
the ansatz (3.5) for the gauge fields. We can then solve the equation (3.9) with
the separation of variables and by using eigenfunctions of the harmonic oscillator
for the time-dependent part and the simple waves for the space-dependent part:

φ ∝ ei
~k~xe−t2M2/2Hn0(tM) ,

n0 =
2~k2

M2
− 1

2
+

2m2

M2
. (3.10)

Any linear combination of those is another solution.
The translational invariance of the spatial part of the FRW metrics, both in

x and p, is implemented, thanks to the ansatz for the gauge bosons (3.5). For
example, the momentum space has a centre, which is dictated by the expectation
value of Qµ. This centre now depends on ~x and translate as we do in the space
coordinate. The same happens for the gauge boson Yµ defined on the momentum
space. This is also reflected in the fact that the solutions (3.10) are simple plane
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waves in the spatial components. Translational invariance in the time direction,
instead, is explicitly broken. But this is also the case for the ordinary FRWmetric;
it is the natural breaking caused by the cosmological expansion.

To include gravity, we need to study the probe functions in FRW backgrounds
(3.1) and (3.3). The gauge fields (3.5) do not affect the probe functions, as long as
we choose the canonical gauge Q̄µ = Qµ in (2.28). This choice is straightforward
for the FRWmetric, but we also want to define this canonical gauge for any metric
that becomes flat asymptotically at t → ∞. At infinity, Q and Q̄ are both flat
connections and equal to ∂µλ(x) with λ(x) = ~x2M2/2). So we have to define a
canonical way to continue the function λ(x) in the whole of space-time. For this,
we declare Q̄µ to remain constant along geodesics which are continuations of ~x
kept constant at t → ∞.

~x ~p

t e

fω,~q(t, ~x)
˜fτ,~y(e, ~p)

Fourier transform

Figure 5: Cosmology map between the x and p universes

The generalised Fourier transform is now schematically described in Figure 5.
We will do the analysis of the probe equation in detail for fq(x). The equation
we have to solve is (2.12). We can start by extracting the part that depends on
the spatial coordinate ~x

fq(x) = e−i~q~xfω(t) . (3.11)

Henceforth, we will use indistinguishably ω and q0 (and also τ and y0 later ). The
reduced probe fω(t) satisfies the following equation:

∂t(a(t)
3∂tfω(t)) + ω2a(t)fω(t) = 0 . (3.12)

This equation is exactly the one that appears in the study of linear perturbations of
massless fields in the FRW background (see [22,25] for reference). The asymptotic
solution at late time is in general of the form

fω(t) ≃ h(t)eiδ(ω)eiωt/γa(t) t → ∞ . (3.13)

The factor a in denominator of the exponent comes from the red-shift caused
by the cosmological expansion, and γ is a constant yet to be determined. The
modulus of the probe function h(t) has, in general, a non-trivial time dependence,
even at late time, and the phase δ(ω) is a scattering phase that has yet to be
defined. The reduced equation for h(t) can be divided into various pieces in a
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late-time expansion. We will consider a(t) as growing not faster than ∝ t. The
dominant term in the expansion of (3.12) is

−a(t)2
ω2

γ2

(
∂t

t

a(t)

)2

+ ω2 = 0 , (3.14)

from which we infer that γ = 1− α. The next term in the expansion is

∂t(a(t)
2h(t)) + a(t)2ḣ(t) = 0 , (3.15)

from which we get h(t)

h(t) ∝ 1

a(t)
. (3.16)

The adiabatic limit is the one in which the fluctuations are rapid compared to the
Hubble expansion rate, and thus we may just be concerned about the slow change
of the frequency and of the amplitude. At sufficiently late time we always enter
into the adiabatic limit, and the function h(t) has no specific ω dependence in the
adiabatic limit.

We now give specific examples of various type of solutions for a(t). The solution
for (3.12) can be found exactly in case of a simple power-law behaviour a(t) = cαt

α.
Let us do first the case α = 1/2 which will be particularly useful in the following
section, since it is that of a radiation dominated universe. The solution for fω(t)
is

fω(t) ∝
1

t1/2
e±i2t1/2ω . (3.17)

Note that this is an exact solution. The adiabatic approximation gives the correct
answer, even when it is not required to do so. This is a special feature of the
power law behaviour α = 1/2. It is useful to consider the number of nodes
of the function fω(t). For this specific case, the number of nodes is finite near
t → 0. The distance between nodes increases like 1/

√
t, but still there is a gap

between t = 0 and the first node which is at t ≃ 1/ω2. This feature of the
nodes has an important consequence for the generalised Fourier transform. A
spectral distribution ϕ̃ which peaks around a certain value of ω, would thus has a
transform ϕ which peaks around ∝ 1/ω2, and not 1/ω as instead would happens
for the ordinary Fourier transform.

For generic power-law tα, the solution can be explicitly written in terms of
Bessel functions

fω(t) ∝ t(1−3α)/2J± 3α−1
2(α−1)

(
ωt1−α

1− α

)
(3.18)

and at large t, they behave as

fω(t) ≃
1

tα
e±it1−αω/(1−α) (3.19)

which is consistent with the late-time expansion (3.13) and (3.16). We see that
α = 1 is a special value. The number of nodes of fω(t) near zero is always gapped
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for the case α < 1 and ungapped for the case α > 1. In this paper, we mostly
consider the α = 1/2 and α = 2/3, which are the cases for a radiation- and matter-
dominated universes. The exponential case of inflation is treated separately in the
next section.

The asymptotic region t → ∞ is where the momenta qµ are defined through
equation (3.13). We still we have to define the phase eiδ(ω). We may consider
this parameter as a scattering phase, which should be fixed by the way we choose
to synchronise the probe functions f . Let us take the case of a flat universe
with a(t) = const. The probes eiωt are synchronised at t = 0; by synchronised
we mean that for any choice of frequency ω, the probes have the same phase at
t = 0. So any Fourier integral of some spectral distribution ϕ̃(ω) will have wave
packets localised at t = 0 and decay far from the centre as coherence is lost.
We can change the time of synchronization, and shift the origin from 0 to t0, by
adding an ω-dependent phase to the probe functions e−iωt0 . The same issue of
synchronization also arises for generic metrics, and the choice of the phase eiδ(ω) in
(3.13) corresponds to the choice of synchronization procedure. For this, we have
to decide which scattering problem the probes solve.

We want the wave packets ϕ(t) to be always centred at t = 0 (and e = 0
for the dual ϕ̃(e)), and this centring has to be valid for any expansion factor
a(t) which may come out of the solution of the Einstein equations. The origin
t = 0 corresponds to the cosmological singularity where a(t) → 0. We first double
space-time, considering also t < 0 by just defining a(−t) = a(t) in the region
with a negative value of t. The probes f(t) are now defined on the entire real line
−∞ < t < ∞. Synchronization at t = 0 can then be realised by imposing the
following constraint

fω(−t) = fω(t)
∗ (3.20)

which locks together the complex conjugation and the time inversion. This corre-

t

a(t)

IN re−iq0t/a OUT re−iq0t/a

OUT eiq0t/a IN eiq0t/a

Figure 6: How to synchronise the probe functions

sponds to the linear superposition of two standard scattering problems. One is an
incoming wave from +∞ which has a reflected wave and a transmitted component.
The other is the same wave but from −∞ (see Figure 6).

We now analyse more in detail the probe equation (3.12) for a generic function
a(t) (3.12). We find it convenient to define a reduced function gω by

fω =
gω
a3/2

(3.21)
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and so the differential equation reduces to a standard Schroedinger problem

g̈ω − V (t)gω = 0 (3.22)

with a potential given by

V =
3

2

äa+ ȧ2/2

a2
− ω2

a2
. (3.23)

At large t, the solution must be a superposition of incoming and outgoing waves

gω ≃ eiωt+δ + re−iωt−δ (3.24)

with r the reflection coefficient which by unitarity must be 0 ≤ |r| ≤ 1, where
|r| = 1 corresponds to complete reflection. For a power-law function a(t) = cαt

α,
the potential is

V =
9
(
α
(
α− 2

3

))

4t2
− ω2

c2αt
2α

. (3.25)

We see that there are two competing terms in the potential. The first term
is positive for α < 0 or α > 2/3 in which cases we expect a scattering back
component r 6= 0. There is no scattering back, however, for 0 ≤ α ≤ 2/3. The
scattering phase δ is particularly simple for the two most interesting cases of
radiation and matter domination. For the first α = 1/2, the phase is δ = 0,
because the solution (3.17) is exact everywhere. For the latter α = 2/3, the
scattering phase is δ = π and is the same for all frequencies ω. For a realistic
cosmological solution, the matter-dominated period never reaches time zero but
it is always preceded by a radiation-dominated period for time smaller than the
equivalence time. If teq is bigger than 1/ω2, we do not have to worry about the
scattering phase problem, even if the last stage of a(t) is not radiation dominated.

4 A Cosmological Solution

In the previous sections, we defined the action of the trans-Planckian theory and
the generalised Fourier map for cosmological manifolds. We can now approach
the full problem and try to solve the equation of motion coupled to gravity. This
is, essentially, the problem of computing the term F(x′, x) given in (2.27), and
understand how it affects the matter equation of motion and, consequently, the
metric. We use the adiabatic approximation for the probe functions.

We make a preliminary comment. In ordinary gravity, multiplying a(t) by a
constant a(t) → λa(t) does not change the physics, since this multiplication can
be compensated for by a coordinate redefinition ~x → ~x/λ. In the theory we are
considering, this constant is, instead, physical. The self-duality choice (3.4) fixes
the freedom to rescale the coordinates. This means that the overall scale of a(t)
becomes a physical observable and will enter in the final result.
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We need to address two main issues. First, we have to find a mechanism
to suppress the dual term in the action S̃, which, neglecting gravity, would give
a universe of the Planck-scale size, with S dominating at high energies and S̃
dominating at low energies. We need to find a suppression mechanism that makes
S dominant over S̃ at our energy scales instead. The suppression mechanism, to
be effective, has to be much stronger than the classical polynomial enhancement.
The second task is to find some observable consequence of the existence of a dual
sector S̃. We will see that from the inversion of the action S̃ that the dual term
can be responsible for an effective positive cosmological constant. We will then
fit it to the experimental value.

We want to invert S̃ and write it as a functional over ϕ(x), so that we can
clearly understand what its effect is on the equation of motion of the matter field.
In the adiabatic limit, we can invert the probes and find an analytic expression
for f−1 and f̃−1. From the following orthogonality relation

∫
dta(t)3 h(t)eitω/a(t)

e−itω′/a(t)

a(t)4h(t)
= 2πδ(ω − ω′) , (4.1)

we, thus, have

fω(t) = h(t)eitω/a(t) , f−1
ω (t) =

e−itω/a(t)

a(t)4h(t)
. (4.2)

This is the inversion formula (2.25) with the specific use of the probe (3.11) and
(3.13) in the adiabatic limit. The spatial part is trivial and can be factored out
as a spatial delta functions, as in the ordinary Fourier transform. The equivalent
for the dual probe function f̃ is:

f̃τ (e) = h̃(e)e−ieτ/α(e) , f̃−1
τ (e) =

eieτ/ã(e)

ã(e)4h̃(e)
. (4.3)

In a standard cosmology, we have an initial stage which is radiation dominated
and a second stage which is matter-dominated:

a(t) = c1/2t
1/2 t < teq ,

a(t) = c2/3t
2/3 t > teq , (4.4)

with the transition between the two at equivalence time teq between the matter
and radiation components. The particle ϕ is, for us, a cold dark matter particle,
and its freeze-out happens after tm, which is when the temperature of the universe
reaches the scale of the particle massm. The value of tm follows from the Friedman
equation 1/4t2 = 8πρ/3M2

P with the energy density ρ ∝ m4, with some coefficient
which we do not need that depends on the number of species in the thermal bath.
When ϕ is not the only component of the universe, the teq is, in general, different
from tm:

teq = 102Xtm ≃ 102XMP

m2
, c2/3 ≃ c1/2

m1/3

10X/3M
1/6
P

, (4.5)
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where 102X encodes this shift from tm to teq which depends on the particular
composition of the universe and is defined so that a(teq)/a(tm) = 10X . The dual
universe has a mirror behaviour, which again follows from the duality principle

ã(e) = c̃1/2e
1/2 e < eeq ,

ã(e) = c̃2/3e
2/3 e > eeq , (4.6)

with transition at eeq ≃ 102Xem.
The principle of duality allows us to relate the various parameters as follows:

c̃1/2 = c1/2M , (4.7)

and

eeq = 102Xem ≃ 102XM2MP

m2
, c̃2/3 ≃ c̃1/2

m1/3

10X/3M1/3M
1/6
P

. (4.8)

The function h(t), which is the modulus of the probe functions in (3.13), has the
following behaviour in the radiation and matter-dominated universe:

h(t) ≃ 1

t1/2
m1/3M1/3

10X/3M
1/6
P

t < teq ,

h(t) =
M1/3

t2/3
t > teq . (4.9)

Note that normalization of the probes is not relevant so we chose normalization
at our convenience. The dual version of (4.9) is given by:

h̃(e) ≃ 1

e1/2
m1/3

10X/3M2/3M
1/6
P

e < eeq ,

h̃(e) =
1

e2/3M1/3
e > eeq . (4.10)

The inversion formula is given, in general, by equation (2.27). We do it in detail
for the 0-0 part of the kinetic term, which is also the most physically interesting.
This term is

∫
deã(e)3∂eϕ̃

∗∂eϕ̃ and then reduces to the following chain of integrals:

∫
deã(e)3

∫
dτ ′

∫
dω′

∫
dt′a(t′)3

∫
dτ

∫
dω

∫
dta(t)3

1

(2π)3
ϕ∗(t′)ϕ(t)

ττ ′

ã(e)2
h̃(e)eiτ

′e/ã(e)eiω
′τ ′ e

it′ω′/a(t′)

h(t′)a(t′)4
h̃(e)e−iτe/ã(e)e−iωτ e

−itω/a(t)

h(t)a(t)4
. (4.11)

We do first the integral de by isolating the terms that depend explicitly on e

∫
de ã(e)3

1

ã(e)2
h̃(e)eiτ

′e/ã(e)h̃(e)e−iτe/ã(e) . (4.12)
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This can be expressed as

∫
ds

c21/2M
2/3m2/3

102X/3M
1/3
P

eis(τ
′−τ) =

c21/2M
2/3m2/3

102X/3M
1/3
P

2πδ(τ − τ ′) , (4.13)

where we changed variable from e to s = e/ã(e). The next step is to integrate
dτ ′, and the main integral (4.11) reduces to the following:

∫
dω′

∫
dt′a(t′)3

∫
dτ

∫
dω

∫
dta(t)3

1

(2π)2
ϕ∗(t′)ϕ(t)

c21/2M
2/3m2/3

102X/3M
1/3
P

τ 2 eiω
′τ eit

′ω′/a(t′)

h(t′)a(t′)4
e−iωτ e

−itω/a(t)

h(t)a(t)4
. (4.14)

Then we integrate dτ , whose only dependent part is
∫

dττ 2eiτ(ω
′−ω) = −2πδ′′(ω − ω′) , (4.15)

where δ′′ is the second derivative of the delta function. Then we integrate dω′,
and (4.14) reduces to

∫
dt′a(t′)3

∫
dω

∫
dta(t)3

1

2π
ϕ∗(t′)ϕ(t)

c21/2M
2/3m2/3

102X/3M
1/3
P

t′2

a(t′)2
eit

′ω/a(t′)

h(t′)a(t′)4
e−itω/a(t)

h(t)a(t)4
. (4.16)

Then is the turn of the ω dependent part which gives
∫

dωeiω(t/a(t)−t′/a(t′)) = 2πa(t)δ(t− t′) . (4.17)

Finally, we integrate dt′ so that (4.16) becomes

∫
dta(t)3

c21/2M
2/3m2/3

102X/3M
1/3
P

t2

h(t)2a(t)6
ϕ∗(t)ϕ(t) . (4.18)

This completes the inversion of the original expression (4.11). This can also
be rewritten, by using (4.4) and (4.9), in a more convenient form which in the
radiation-dominated period is

∫
dta(t)3

1

c41/2
ϕ∗(t)ϕ(t) , (4.19)

and in the matter-dominated period is

∫
dta(t)3

104X/3M
2/3
P

c41/2m
4/3t2/3

ϕ∗(t)ϕ(t) . (4.20)
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Note that this term counts as a negative mass squared term in the full action S.
The sign is positive, since we started from a 0-0 kinetic term in momentum space
that had positive sign; the inversion makes it a potential term and, being the
positive sign, it is a negative contribution to the potential energy. Even in flat
space-time, as in the relativistic harmonic oscillator (1.1), this term was a negative
potential, but proportional to t2 and not to t0. In our case, it is, instead, constant
in time, thanks to the essential contribution of the non-trivial time dependence of
a(t).

To obtain the matter equation of state, we need its energy-momentum tensor
evaluated on the solution to the equation of motion. Because the extra mass
squared (4.18) comes from the S̃ part of the action, it does not affect the energy-
momentum tensor directly, because it is not coupled to gµν (see Eqs. (2.22) and
(2.23)). It alters though the equation of motion of the matter field, and so it
affects indirectly its equation of state. We thus use a convenient trick of adding
and subtracting this extra mass squared term to the energy-momentum tensor.
We thus rewrite (2.23) as follows:

Tµν = 2(∇µϕ)
∗∇νϕ− gµν

(
gαβ(∇αϕ)

∗∇βϕ−m2
effϕ

∗ϕ
)

+ gµν δm
2ϕ∗ϕ . (4.21)

where the effective mass is m2
eff = m2 − δm2, and the difference δm2 comes from

the extra term from S̃. This means that a negative mass squared term in the action
induces a different equation of state for the matter ϕ. The first line of (4.21) is
that of a massive particle with mass meff , whereas the second line is like a positive
cosmological constant term.#2 Later, we compare it with the observed value of
the dark energy. Because we know that the ratio of the cosmological constant
and dark matter component in the universe are roughly ΩΛ : Ωm ≃ 0.7 : 0.2,
and, thus, of the same order of magnitude, we want δm2 to be also of the same
order of magnitude of the mass squared of the dark matter particle. We can, for
convenience, rewrite (4.20) as

∫
dta(t)3

1

c41/2

a(teq)

a(tnow)
ϕ∗(t)ϕ(t) . (4.22)

If we want this negative mass squared term to be comparable in absolute value
with m2, we need to impose

c1/2 ≃
(

a(teq)

a(tnow)

)1/4
1

m1/2
≃ 1

10 m1/2
. (4.23)

Let us now invert also the other terms in S̃. The space part i-i of the kinetic

#2This term is proportional to gµν , and, thus, it has an equation of state p = −ρ like that of
a cosmological constant, but is not a real constant because of the dependence on ϕ∗ϕ.
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term is:

−
∫

deã(e)3
∫

dτ ′
∫

dω′

∫
dt′a(t′)3

∫
dτ

∫
dω

∫
dta(t)3

1

(2π)3
~∂φ(t′)∗~∂φ(t)

1

ã(e)2
h̃(e)eiτ

′e/ã(e)eiω
′τ ′ e

it′ω′/a(t′)

h(t′)a(t′)4
h̃(e)e−iτe/ã(e)e−iωτ e

−itω/a(t)

h(t)a(t)4
,(4.24)

where φ is the same as (3.8) to make covariant derivative is self-dual. Now we do
the first integral de which is the same as before (4.12) and (4.13), so we have

−
∫

dω′

∫
dt′a(t′)3

∫
dτ

∫
dω

∫
dta(t)3

1

(2π)2
~∂φ(t′)∗~∂φ(t)

c21/2M
2/3m2/3

102X/3M
1/3
P

eiω
′τ ′ e

it′ω′/a(t′)

h(t′)a(t′)4
e−iωτ e

−itω/a(t)

h(t)a(t)4
. (4.25)

We integrate dτ which gives
∫
dτeiτ(ω

′−ω) = 2πδ(ω − ω′) and then we integrate
dω′, and the integral (4.25) becomes

−
∫

dt′a(t′)3
∫

dω

∫
dta(t)3

1

2π
~∂φ(t′)∗~∂φ(t)

c21/2M
2/3m2/3

102X/3M
1/3
P

eit
′ω/a(t′)

h(t′)a(t′)4
e−itω/a(t)

h(t)a(t)4
. (4.26)

Then is the turn of
∫
dωeiω(t/a(t)−t′/a(t′)) = 2πa(t)δ(t− t′), and finally we integrate

dt′ and from (4.26) we get

−
∫

dta(t)3
c21/2M

2/3m2/3

102X/3M
1/3
P

1

h(t)2a(t)4
~∂φ(t)∗~∂φ(t) . (4.27)

To compare it with its similar term in the action S, the i-i kinetic terms, is
convenient to extract the gii = a(t)2 factor and we get exactly

−
∫

dta(t)~∂φ(t)∗~∂φ(t) (4.28)

which is valid both in the radiation dominated and matter dominated regions.
Now let us consider the dual-mass term given by (2.16) which is

−
∫

deã(e)3
∫

dτ ′
∫

dω′

∫
dt′a(t′)3

∫
dτ

∫
dω

∫
dta(t)3

1

(2π)3
ϕ(t′)∗ϕ(t)

m2

M4
h̃(e)eiτ

′e/ã(e)eiω
′τ ′ e

it′ω′/a(t′)

h(t′)a(t′)4
h̃(e)e−iτe/ã(e)e−iωτ e

−itω/a(t)

h(t)a(t)4
.(4.29)

We do the first integral de which is
∫

de ã(e)3h̃(e)eiτ
′e/ã(e)h̃(e)e−iτe/ã(e) (4.30)
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This can be expressed as

∫
ds

c61/2M
14/3m2/3

102X/3M
1/3
P

f(s)s2eis(τ
′−τ) ≃ −

c61/2M
14/3m2/3

102X/3M
1/3
P

2πδ
′′

(τ − τ ′) (4.31)

where we changed variable to s = e/ã(e) and the function f(s) ≃ 1 for the
radiation dominated part 0 < s < sm. The double derivative delta function in
(4.13) is thus an approximation, assuming ϕ̃(e) is mostly contained in the radiation
dominated period and it has to be checked later. Then we integrate dτ ′ and the
main integral (4.29) reduces to

∫
dω′

∫
dt′a(t′)3

∫
dτ

∫
dω

∫
dta(t)3

1

(2π)2
ϕ(t′)∗ϕ(t)

c61/2M
2/3m8/3

102X/3M
1/3
P

ω′2 eiω
′τ eit

′ω′/a(t′)

h(t′)a(t′)4
e−iωτ e

−itω/a(t)

h(t)a(t)4
. (4.32)

Then we integrate dτ which gives
∫
dτeiτ(ω

′−ω) = 2πδ(ω− ω′). Then we integrate
dω′ and the integral (4.32) becomes

∫
dt′a(t′)3

∫
dτ

∫
dω

∫
dta(t)3

1

2π
ϕ(t′)∗ϕ(t)

c61/2M
2/3m8/3

102X/3M
1/3
P

ω2 eit
′ω/a(t′)

h(t′)a(t′)4
e−itω/a(t)

h(t)a(t)4
. (4.33)

Then is the turn of dω
∫

dωω2eiω(t/a(t)−t′/a(t′)) = −a(t)32πδ′′(t− t′) , (4.34)

and finally we integrate dt′

−
∫

dta(t)3
c61/2M

2/3m8/3

102X/3M
1/3
P

1

h(t)2a(t)2
ϕ(t)∗∂2

t ϕ(t) . (4.35)

This is equivalent to

−
∫

dta(t)3c41/2m
2 ϕ(t)∗∂2

t ϕ(t) . (4.36)

The first goal we want to achieve is to suppress S̃ with respect to S at low
energy. One way to do this could be to choose a very large coefficient c1/2; this
would suppress (4.19) and (4.20). This mechanism would require a considerable
amount of fine tuning, because the negative mass term 1/c21/2 should be smaller
than any observed energy scale. Another problem with this mechanism is that it
would clearly not produce any observable effect of S̃, and, thus, not be good for
the dark energy interpretation which would require a relatively large mass (see
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the condition (4.23)). Now we consider also the other terms in S̃. The dual space
kinetic term becomes exactly equal to the normal kinetic term from S (4.27).
We also want to suppress this term, and this is another reason why tuning the
parameter c1/2 is not a viable solution.

The wave function in space-time, if dominated by S, is oscillating like ϕ ∝ eiT t,
where T is the universe temperature that is decreasing like 1/a(t). This is valid
up to the scale when the temperature reaches the mass of the particle t ≃ tm after
which the matter field ϕ oscillates with fixed frequency ϕ ∼ eimt. The Fourier
transform ϕ̃ is, thus, a spectral distribution peaking around some energy scale E
and decaying exponentially at larger energies. In particular, there is no oscillation
in the spectral distribution ϕ if S dominates. We assume for the moment that
there is a suppression mechanism that occurs if the distribution ϕ is confined to
a restricted zone which we define to be e ≤ emax (see Figure 7) (later emax will be
identified with the scale of inflation). In the relativistic limit t < tm, the spectral
distribution ϕ̃ remains unchanged. This is because the probes fq scale exactly like
a radiation field. In the non-relativistic case t ≥ tm, the distribution ϕ̃ shifts to
the right in the e spectrum as time is increased. We define the cutoff mass mmax

ϕ̃(e)

E emax e

Exponential tail

Figure 7: At low energy, the ϕ̃ distribution would be almost entirely contained in a ‘suppression

zone’ defined by e ≤ emax.

to be the frequency related to the cutoff scale emax, so that if the wave function
oscillates like ϕ ∝ eimmaxt, or at lower frequency than that, its dual ϕ̃ is contained
in the suppression zone from 0 to emax. We want to express mmax as function of of
emax. For this, we have to use the chain of the generalised Fourier transform. The
probe functions in t are eiωt/a(t), so ω/a(t) gives the desired mass. ω and e are
both related to τ , but the first is with an ordinary Fourier transform with eiωτ ,
the other with the probes eiτe/ã(e) = eiτe

1/2/c̃1/2 . We then have to use the relation
ω ≃ e1/2/c̃1/2. Finally, we have the ml expressed as a function of emax

mmax ≃
e
1/2
max

c̃1/2 a(t)
. (4.37)

We then have to impose the three requirements: 1) mmax must be higher than any

energy scale observed so far where not a trace of S̃ has ever being detected. 2)
mmax must become of the order of the dark matter mass m exactly at the present
cosmological epoch tnow. This means that ϕ̃ comes out of the suppression zone,
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and the effect of S̃ becomes observable. 3) The magnitude of S̃ when ϕ̃ comes
out of the suppression zone must be with the observed dark energy value (4.23).
For the first two requirements to be compatible, we have also to assume that the
dark matter mass m is bigger than any energy scale observed so far. Having m ≃
TeV, or greater should be sufficient. For example, a WIMP dark matter can have
mass up to 300 TeV so there is plenty of possibilities to satisfy these requirements.
This mechanism is shown in Figure 8, where the upper bound given by the line

 

Thermal energy reaches scale of dark matter mass

log a(tm)

Energy scale of thermal bath

logE

logm

Emax to be pre-inflation in the dual universe

Coincidence between Emax and m

Lighter particles (baryons, leptons)

log a(tnow) log a(t)log a(tf)

Figure 8: The scale mmax and the scale of dark matter compared. Below mmax line, the

spectral distribution is included in the pre-inflation zone. Dark matter ϕ becomes flat after

the temperature reaches its mass scale. We want the intersection to coincide with the present

cosmological epoch.

mmax, decaying like 1/a(t), crosses the dark matter scale at a certain time which
we want to impose as tnow. Other lighter particles are still below the mmax bound
and so do not yet feel the effect of S̃.

Inflation provides a suppression mechanism that can satisfy all three previous
requirements. The three requirements fix the amount of e-fold during inflation
in a way which is completely independent of the solution of the horizon problem.
We know that an inflationary period for the early universe must occur to solve
the horizon problem and generate fluctuations as seeds of large-scale structures
[22–25]. Our result turns out to be compatible with the number of e-folds required
to solve the latter problems.

Various scales enter into the problem; we sketch all of them in Figure 9. The
expansion factor has the following three different stages:

a(t) =





c
(b)
1/2 t1/2 t < ti
cexp eσt ti < t < tf
c
(a)
1/2t

1/2 t > tf

(4.38)

where inflation lasts from ti to tf , and the suffixes (b) and (a) stand for ‘before’
and ‘after’ inflation. We consider a universe with radiation-dominated early stage
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MI

a(t)
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Figure 9: Universe expansion with an inflationary stage.

which lasts from the singularity at t = 0 to the beginning of inflation ti. The total
expansion factor during inflation is given by:

a(tf)

a(ti)
=

c
(a)
1/2

c
(b)
1/2

= eσ(tf−ti) (4.39)

and σ(tf − ti) is the total number of e-folds. We do not address the mechanism
that generates the inflationary stage; we just assume its existence. Usually, this is
considered to occur around the GUT scale at 1016 GeV, and we also consider this
value as a reference in what follows, although the main result does not depend
on this assumption. We want at least ti > tP so that gravity is semi-classical,
and this is consisted with the small magnitude of CMB perturbations. The total
number of e-folds has a lower bound given by the necessary amount to solve the
horizon problem. We never use this information directly, and we check at the end
if our result may be compatible or not with this lower bound; our constraints fix
the number of e-folds in an indirect way. We determine the coefficients cexp and
σ just matching with the first stage to have a smooth a(t) and a′(t)

σ ≃ 1

2ti
cexp ≃ c

(b)
1/2t

1/2
i e−1/2 . (4.40)

The other information we need is the expansion after inflation up to the present
epoch. There is a 104 factor from now to the time of equivalence between matter
and radiation. The temperature at teq is roughly at the eV scale. From there, the
universe behaves like t1/2 with temperature T ∝ 1/a(t) up to the scale of inflation
which we choose to be at the GUT scale. Thus, a ratio of a(tnow)/a(tf) ≃ 1025+4

in the scale factor roughly separates our present epoch from the beginning of
inflation.

We then have to solve the probes in the new background (4.38), and, in par-
ticular, during the inflationary stage. After the beginning of inflation at ti, the
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probe function quickly abandons the adiabatic regime of oscillations to enter into
an extreme non-adiabatic regime in which both the modulus and phase remain
constant. The solution of the probe equation (3.12) in the inflationary stage
a(t) = cexpe

σt is given by:

ϕ = d1

(
1 +

ω2

2c2expσ
2
e−2σt + . . .

)
+ d2

(
e−3σt + . . .

)
(4.41)

with two integration constants d1 and d2. This solution is valid in the limit

ω2

2c2expσ
2
e−2σt ≤ 1 . (4.42)

So ϕ is frozen to be constant and equal to d1. This is a very well-known effect in
the theory of cosmological perturbations [22–25]. Fluctuations are frozen, both in
frequency and in amplitude, when their scale is bigger than the Hubble horizon.

The scale factors a(t) and ã(e) are self-dual and related by equation (3.4). This
means that there is an inflationary stage also for the dual universe ã(e). The dual
inflationary period from ei to ef works exactly in the same way of the boundary of
the suppression zone emax which we postulated before (see Figure 10). The dual

 

ei ef e

Fourier transform ϕ̃(e)

ã(e)

tfti tnow t

field ϕ(t) fluctuating

a(t)

Figure 10: The suppression zone is the pre-inflation stage.

action is

S̃ ∝
∫

deã(e)3∂eϕ̃∂eϕ̃ . (4.43)

If ϕ̃ is entirely outside the inflation zone (i.e. e > ef), the magnitude of S̃ remains
constant. Any shift of the energy spectrum is irrelevant, at least as long as
α(e) ∝ e1/2. This is because the probes in the adiabatic approximation behave
like 1/e1/2, and so (4.43) is roughly scale invariant. That the probes are growing
toward small e is important in this balance. During the inflationary stage, instead,
the probes have their modulus frozen, while the scale factor ã(e) instead is still

changing and thus reducing S̃ exponentially going toward small e. The result is
that S̃ passing from the after-inflation to the pre-inflation zone is experiencing a
total suppression which is quadratic with the scale factor:

S̃(b)

S̃(a)

≃
(
ã(ei)

ã(ef)

)2

. (4.44)
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We lose a factor of ã2 from the fact that ϕ̃ is not growing because it is at the
super-horizon scale, and, thus, is extremely non-adiabatic (4.41). We also want

to impose that S̃ to become of the order of S just when the spectral distribution
ϕ̃ jumps outside the pre-inflation zone, as in Figure 8, to have a dark energy
explanation from S̃. This condition, together with the suppression (4.44), means
that S is negligible with respect to S, and thus unobservable, when the spectral
distribution ϕ̃ is concentrated before the dual inflationary stage.

Now that we have inflation as a suppression mechanism, we have to redo the
previous analysis and substitute emax with eI in (4.37). Using c̃1/2 = c1/2M and
eI = M2ti, the formula for the upper bound mass becomes:

mmax ≃ t
1/2
I

c
(b)
1/2 a(t)

. (4.45)

The change in the previous analysis is the (b) on top of the c coefficient. Now
again, we require mmax ≃ m at tnow (the coincidence of Figure 8) and we have
that, after re-arranging some terms,

c
(b)
1/2c

(a)
1/2 ≃

t
1/2
I

M
1/2
P 10Y

(4.46)

where, as before, 10Y is the total expansion between the dark matter scale tm
and now (Y ≃ 16 taking m ≃ TeV), and we have divided the total expan-

sion to factorise m from the equation. Combining with the requirement c
(a)
1/2 ≃

a(teq)
1/4/a(tnow)

1/4m1/2 from the condition (4.23), we thus have

c
(a)
1/2

c
(b)
1/2

≃ a(teq)
1/2M

1/2
P 10Y

a(tnow)1/2mt
1/2
I

≃ MI10
Y

102m
(4.47)

where MI is the mass scale of inflation and tI ≃ tf ≃ MP/M
2
I .

Now we want to put in some numbers. We take MI ≃ MGUT ≃ M ≃ 1016

GeV. The mass m of the cold dark matter is taken to be at the TeV scale. It is
important to have it bigger than the observable energy scales, because ordinary
massive particle should be still well inside the suppression zone, with only dark
matter coming out of the suppression zone. Y ≃ 16 is the ratio of the TeV scale
and the radiation temperature now. These numbers give

c
(a)
1/2

c
(b)
1/2

≃ 1027 (4.48)

which is compatible with the number of e-folds required to solve the horizon
problem.

In general, to solve the horizon problem, we want the number of e-folds during
inflation to be equal to or greater than the number of e-folds after inflation (with
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a small correction from the matter-domination period which count as half of the
others). So the correct number of e-folds necessary to include the present horizon
in the causal region is a(teq)/a(tf) for the radiation-dominated period multiplied
by (a(tnow)/a(teq))

1/2 for the matter-dominated period. Now we can rewrite the
total expansion factor which is required to solve the horizon problem as:

c
(a)
1/2

c
(b)
1/2

≃ a(teq)
1/2a(tnow)

1/2

a(tf)
≃ a(teq)

1/2MI10
Y

a(tnow)1/2m
. (4.49)

This is precisely equal to (4.47) which was independently obtained from the condi-
tions to solve for the dark energy problem. The equivalence of the two conditions
does not depend on the particular choice of MI , M , MP and m.

We have to check that the suppression mechanism works also at very low
energies. The suppression factor (4.44) is independent of the energy scale. The
classical enhancement, which is, instead, energy dependent, could regain strength
at extreme low energies and cause a reappearance of the S̃. We want to see how
low this energy scale is. The relative strength of S̃ and S is polynomial S̃/S =
(E/Eref)

2, with Eref being the reference scale where they are equal, which for us
is the time of reappearance now. The suppression mechanism caused by inflation
gives a factor (a(tf)/a(t∗))

2, with ti < t∗ < tf the time when the fluctuation exits

the horizon and becomes frozen (4.42). So, the low-energy scale where S̃ regains
strength is:

c
(a)
1/2

c
(b)
1/2

ωlow

ωref
≃ Eref

Elow
. (4.50)

With the choices of Eref ≃ TeV, GUT scale inflation, and using the fact that
ω ∝ E1/2, this low energy scale is given by Elow ≃ 10−6 eV. All the ordinary
matter particles have masses much greater than this scale, and since ϕ̃ cannot
fluctuate slower than the mass of the particle, the effect of Elow should not be
visible. Everything we discuss in this paragraph is very sensitive to the particular
choice of the dark matter m and the inflation scale MI, and upon the particular
form of the pre-inflation stage.

Another low-energy scale is when the dual ϕ̃ enters the quantum gravity region.
If eI correspond to dark matter mass m, then eP correspond to m

√
eP/eI ≃

mMI/MP . If we take our reference value for MI ≃ MGUT and m ≃ TeV, this scale
is GeV. We think this should give no particular trouble with the suppression of
S̃.

We want also to check the effect of the dual of the kinetic term (4.27). Compar-

ing it with the ordinary kinetic term in the S action which is
∫
dta(t)~∂φ(t)∗~∂φ(t),

we see that it is exactly of the same order (4.27). This is not an issue if we are still
in the suppression zone. If we are outside instead, like for dark matter, we would
have an anomalously large (nearly twice) kinetic term. This would not change
the previous considerations regarding the dark matter equation of state, but it
would affect its dynamics. A coefficient in front of the space kinetic term in the
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Lagrangian, in the non-relativistic limit, would change the inertial mass of the
particle but not its gravitational mass. In particular, in the same gravitational
potential, the particle would go slower than the ordinary baryonic matter. This
could be an important point for future developments, because it may provide more
distinctive signatures of this model. These modifications will not be effective until
the present epoch and, in particular, they will not affect the stage of structure
formation.

Our solution correlates the three following problems: the number of e-folds
necessary to solve the horizon problem, the small value of the effective cosmological
constant Λeff = 10−120M4

P , and the coincidence problem (i.e. why the cosmological
constant becomes observable just now). We are thus reducing the fine-tuning
required in the ordinary ΛCDM model. Note that in our scenario, inflation lasts
just the number of e-folds necessary to solve the horizon problem. Models with
‘small’ number of e-folds have also been used to justify the large-scale anomalies
in the CMB spectrum (see, for example, [26]).

Finally, one comment about the solution full set of equations. We can always
consider the long wavelength limit, where only the homogeneous functions a(t) and
the average energy-momentum tensor T µ

ν = diag(ρ,−p,−p,−p) are important.
Friedman equations are unchanged, because they are part of Einstein equation
which are unaffected by S̃ due to (2.22). So we have:

ȧ2

a2
=

8πGN

3
ρ (4.51)

and the continuity equation, which follows from the Einstein equation

∂t(a(t)
3ρ(t)) + p(t)∂t(a(t)

3) = 0 . (4.52)

The equation of state is p = wρ, where w is given by (4.21) and is

w = −δm2

m2
(≃ −.7) , (4.53)

where, within the parenthesis, is the measured value to fit the dark energy data.
The solution is, thus, given by

ρ ∝ a−3(1+w) and a(t) ∝ t2/3(1+w) (4.54)

This solution is compatible with the matter field equation of motion only if δm2 =
0. The missing point here is in the homogeneity assumption. This assumption
forces the metric to have only one dynamical degree of freedom a(t). Fluctuations
from the homogeneous state are then important; they give extra degrees of freedom
in the metric which are essential to solve the full set of equations in the presence
of the effect of S̃.

30



5 Conclusion

Every ordinary field theory can be made x ↔ p symmetric with the technique of
the generalised Fourier transform. Gravity and gauge interactions always come
in two copies, one for each manifold xµ or pµ. Matter fields are, instead, living
on both manifolds simultaneously, and the two descriptions ϕ(x) and ϕ̃(p) are
related by the generalised Fourier transform. The scheme of interactions is given
by:

matter ⇐⇒ m̃atter

l l
gauge/gravity g̃auge/g̃ravity

(5.1)

The case considered in this paper is the simplest one possible, with one scalar
matter field, gravity and one abelian gauge field. To generalize to fermionic matter
fields, or to other gauge groups, all we have to do is find the right probes functions
f and f̃ to implement the covariant Fourier transform in (2.10).

We implemented the translational invariance in the spatial part of the FRW
metric by using a particular solution for the gauge fields Qµ and Yµ. Translation
invariance in the time components is, instead, explicitly broken, but this is already
the case in the standard cosmological model. A different approach, which we have
not pursued in this paper, would be to eliminate the gauge fields Qµ and Yµ and
consider the translational invariance to be broken also in the space components.
This would mean that both coordinates and momenta manifolds have a privileged
centre, and the probe functions are synchronised at this point. In view of the
fact that the effect of S̃ is washed out by the dual inflationary stage, and thus
visible only at the cosmological horizon scale or at very high energy, this differ-
ent approach could still be a viable possibility. But because of the lack of the
translational invariance, computations in this different scenario for an expanding
geometries would be more difficult.

The different definition of the covariant Fourier transform for off-shell probes at
the end of Section 2 means that the theory is not uniquely fixed by the principle
of absolute duality. For the result we discussed in the cosmological setting of
Section 4, the new definition (2.28) would not make any appreciable difference.
There would be, instead, a small modification for the case of the definition (2.30.)
f(0,0), which enters in the definition (2.30), is in the extreme non-adiabatic regime,
and it can be checked that f(0,0) ∝ 1/t3α−1 when a(t) ∝ tα. This means that
h(t) ∝ tα−1 for a generic probe fq, which is not too close to the light-cone. This
should be used instead of (3.16). Note that for the radiation-dominated period,
there would be no difference h(t) ∝ 1/t1/2. For the matter-dominated period, we
would have h(t) ∝ 1/t1/3 instead of h(t) ∝ 1/t2/3. The main change in Section 4
would be (4.22) being replaced by

∫
dta(t)3

1

c41/2

(
a(teq)

a(tnow)

)2

ϕ∗(t)ϕ(t) , (5.2)
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and, as consequence, the scale c
(a)
1/2/c

(b)
1/2 necessary to solve the dark energy problem

would then be MI10
Y /104m instead of (4.47) and thus 102 smaller that the one

required for the horizon problem. Finding the ‘right’ covariant Fourier transform
remains an open problem.

Our model does not address the problem of the completion of gravity or of
what is the right description of gravity at the Planck scale. In this respect, it
is just an effective description which becomes valid at low energies with S, or
at very high energies with S̃. The main idea is that trans-Planckian physics for
the matter fields can be described avoiding dealing directly with the problem of
quantum gravity. Of course, quantum gravity fluctuation are important at the
Planck scale, and a complete theory should eventually address this issue. It is not
clear if the principle of absolute duality between coordinates and momenta can be
compatible with other theories of the completion of gravity, such as string theory.
An UV/IR duality is present in string theory in the form of T-duality [28], but
only for compactified directions. A recent attempt to extend this to non-compact
directions can be found in [18]. The string cosmology exhibits a big-bounce [29,31],
which is a consequence of the T-duality of the underlying theory. Also, the relation
between time direction and RG flow in cosmology has long been speculated on in
the context of dS/CFT correspondence [32]. There are also attempts to realise
holography in asymptotically flat spaces [33].

To implement the the generalised Fourier transform, we had certain constraints
to satisfy. First, we needed an asymptotically flat region, and this forced us to
choose an FRW metric with zero spatial curvature and zero fundamental cosmo-
logical constant. The late-time region is the asymptotically flat region. In theories
with no Λfund, the present acceleration of the universe should then be explained
in some other dynamical way. We proposed a scenario in which the late-time
reappearance of the effects of the dual action S̃ provides the required mechanism.

The inflationary stage, which by duality must also occur in the momentum
manifold, produces a hierarchy which is big enough to suppress the effect of the
dual terms in the action S̃, and thus make the theory consistent with low-energy
experiments. Thus, we can roughly say that we still live in the centre of the
relativistic harmonic oscillator (1.1), and its size has been inflated from the original
Planckian scale to the size of the universe now. Physical observables of the dual
action can be found on a cosmological scale or at very high energy. In particular,
we showed that an effective positive cosmological constant can be produced by the
effect of S̃ on the dark-matter equation of state. The smallness of Λeff is related
to the hierarchy produced by the inflationary stage. There are other aspects of
this duality that should be explored in more detail. In particular, it should be
understood how quantum mechanics is realized in a theory where time and energy
enter in an equivalent way. Some aspects of this problem have been considered
in [27] in the world-line formalism of the relativistic harmonic oscillator.

The ideas we present have aspects in common with others that can be found in
the literature, but also have some peculiar distinctions. Non-trivial geometry in
momentum space is not a new concept and has long been speculated starting from
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the early works [2, 12, 13]. More recently, it has been applied to the problem of
gravity in the UV. Recent works in this direction are the study of the principle of
relative locality [15–17]; these works discuss generic predictions and observables of
non-trivial geometry in momentum space. In these works, there is no assumption
of absolute duality between coordinates and momenta and the approach is more
constructive. This may also because of the particular limit considered in which
the Planck mass is kept constant, while the Planck length is sent to zero. A
recent attempt to incorporate curvature in coordinate space is [19]. There are
some similarities between these approaches and ours. For example, the existence
of a fundamental scale and the need of a covariant Fourier transform seem to be
universal aspects of theories with non-trivial geometry in momentum space. The
scheme (5.1) seems, instead, peculiar to our construction. A somehow similar
approach to the cosmological constant problem can be found in [20] . Gravity
in momentum space has also been considered in a different approach by Moffat
in [21].

We have performed some first steps toward a cosmological solution. The main
complication arises as a result of the non-local and global nature of the equations.
This is not an ordinary Cauchy problem. We used some approximations to deal
with this problem, the main ones are the homogeneity of the universe and the
adiabaticity of the probe functions. Improvements in the mathematical techniques
used would be very useful to make further progress. The other thing to be done
is to incorporate fermions and gauge interactions and study more realistic field
theories. It would also be interesting to attempt to model the inflationary stage
with a similar effect used to explain the dark energy.
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