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ABSTRACT

The concept of causality is naturally defined in terms of conditional distribution, however almost
all the empirical works focus on causality in mean. This paper aims to propose a nonparametric
statistic to test the conditional independence and Granger non-causality between two variables
conditionally on another one. The test statistic is based on the comparison of conditional distribu-
tion functions using an Lo metric. We use Nadaraya-Watson method to estimate the conditional
distribution functions. We establish the asymptotic size and power properties of the test statistic
and we motivate the validity of the local bootstrap. We ran a simulation experiment to investigate
the finite sample properties of the test and we illustrate its practical relevance by examining the
Granger non-causality between S&P 500 Index returns and VIX volatility index. Contrary to the
conventional t-test which is based on a linear mean-regression, we find that VIX index predicts
excess returns both at short and long horizons.
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1 Introduction

This paper proposes a nonparametric test for conditional independence between two random vari-
ables of interest Y and Z conditionally on another variable X, based on comparison of conditional
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cumulative distribution functions. Since the concept of causality can be viewed as a form of con-
ditional independence, see Florens and Mouchart (1982) and Florens and Fougere (1996), tests for
Granger non-causality between Y and Z conditionally on X can also be deduced from the proposed
conditional independence test.

The concept of causality introduced by Granger (1969) and Wiener (1956) is now a basic notion
when studying dynamic relationships between time series. This concept is defined in terms of
predictability at horizon one of a variable Y from its own past, the past of another variable Z, and
possibly a vector X of auxiliary variables. Following Granger (1969), the causality from Z to Y
one period ahead is defined as follows: Z causes Y if observations on Z up to time ¢ — 1 can help
to predict Y; given the past of Y and X up to time ¢ — 1. The theory of causality has generated
a considerable literature and for reviews see Pierce and Haugh (1977), Newbold (1982), Geweke
(1984), Liitkepohl (1991), Boudjellaba, Dufour, and Roy (1992), Boudjellaba, Dufour, and Roy
(1994), Gouriéroux and Monfort (1997, Chapter 10), Saidi and Roy (2008), Dufour and Renault
(1998), Dufour and Taamouti (2010) among others.

To test non-causality, early studies often focus on the conditional mean, however the concept of
causality is naturally defined in terms of conditional distribution; see Granger (1980) and Granger
and Newbold (1986). Causality in distribution has been less studied in practice, but empirical evi-
dence show that for many economic and financial variables, e.g. returns and output, the conditional
quantiles are predictable, but not the conditional mean. Lee and Yang (2012), using U.S. monthly
series on real personal income, output, and money, find that quantile forecasting for output growth,
particularly in tails, is significantly improved by accounting for money. However, money-income
causality in the conditional mean is quite weak and unstable. Cenesizoglu and Timmermann (2008),
use quantile regression models to study whether a range of economic state variables are helpful in
predicting different quantiles of stock returns. They find that many variables have an asymmetric
effect on the return distribution, affecting lower, central and upper quantiles very differently. The
upper quantiles of the return distribution can be predicted by means of economic state variables
although the center of the return distribution is more difficult to predict. Moreover, generally
speaking, it is possible to have situations where the causality in low moments (like mean) does
not exist, but it does exist in high moments. Consequently, non-causality tests should be de-
fined based on distribution functions. Further, since Granger non-causality is a form of conditional
independence—see Florens and Mouchart (1982) and Florens and Fougere (1996)—these tests can
be deduced from the conditional independence tests.

The literature on nonparametric conditional independence tests for continuous variables is quite
recent. These tests are generally constructed in the context of i.i.d. data, a-mixing data, or (-
mixing data. For ii.d. data, Huang (2010) proposes tests for conditional independence using
maximal nonlinear conditional correlation. Su and Spindler (2013) build a nonparametric test
for asymmetric information based on the notion of conditional independence, which avoids the
problem of either functional or distributional misspecification. Huang, Sun, and White (2013) in-
troduce a nonparametric test for conditional independence based on an estimator of the topological
”distance” between restricted and unrestricted probability measures corresponding to conditional
independence or its absence, respectively. Linton and Gozalo (2014) develop a non-pivotal non-
parametric empirical distribution function based test of conditional independence, the asymptotic



null distribution of which is a functional of a Gaussian process. Song (2009) proposes a Rosenblatt-
transform based test of conditional independence between two random variables given a real func-
tion of a random vector. The function is supposed known up to an unknown finite dimensional
parameter. Song (2009) suggests to use a wild bootstrap method in a spirit similar to Delgado
and Gonzalez Manteiga (2001) to approximate the distribution function of his test statistics. The
latter three tests detect local alternatives to conditional independence that decay to zero at the
parametric rate. Bergsma (2011) uses the partial copula to test for the conditional independence
between random variables.

For a-mixing data, Su and White (2012) propose a nonparametric test for conditional inde-

pendence using local polynomial quantile regression. Their test achieves the 7-1/2

convergence
rate, where T is the sample size. Su and White (2014) construct a class of smoothed empirical
likelihood-based tests for conditional independence, which are asymptotically normal under the
null hypothesis. They derive the asymptotic distributions of the tests under a sequence of local
alternatives, and they show that these tests possess a weak optimality property in large samples.

Finally, for S-mixing data, de Matos and Fernandes (2007) build a nonparametric test for testing
the Markov property using the concept of conditional independence. Wang and Hong (2013) provide
a characteristic function based test for conditional independence using a nonparametric regression
approach. Su and White (2007) propose a nonparametric test based on conditional characteristic
function. Their test statistic uses the squared Euclidean distance and requires to specify two
weighting functions. Su and White (2008) propose a nonparametric test based on density functions
and the weighted Hellinger distance. Their test statistic is consistent, asymptotically normal,
and has power against alternatives at distance T-Y/2h~%4 where h is the bandwidth parameter
and d is the dimension of the vector of all variables in the study. Bouezmarni, Rombouts, and
Taamouti (2012) introduce a nonparametric test for conditional independence based on comparison
of Bernstein copula densities using the Hellinger distance. Their test statistic is asymptotically
pivotal under the null hypothesis.

In this paper, we propose a nonparametric statistic to test for conditional independence and
Granger non-causality between two random variables. The test statistic compares the conditional
cumulative distribution functions based on an Lo metric. We use the Nadaraya-Watson (NW)
estimator to estimate the conditional distribution functions. We establish the asymptotic size and
power properties of the conditional independence test statistic and we motivate the validity of
the local bootstrap. Theoretically, we show that our conditional distribution-based test is more
powerful than Su and White’s (2008) test and it has the same asymptotic power compared to the
characteristic function-based test of Su and White (2007). Furthermore, our test is very simple
to implement compared to the test of Su and White (2007). We also ran a simulation study to
investigate the finite sample properties of the test. The simulation results show that the test
behaves quite well in terms of size and power properties.

We illustrate the practical relevance of our nonparametric test by considering an empirical
application where we examine the Granger non-causality between S&P 500 Index returns and VIX
volatility index. Contrary to the conventional t-test based on a linear mean-regression, we find
that VIX predicts excess returns both at short and long-run horizons. This presents evidence in
favor of the existence of nonlinear volatility feedback effect that explains the well known asymmetric



relationship between returns and volatility.

The paper is organized as follows. In Section 2] we discuss the null hypotheses of conditional
independence, the alternative hypotheses and we define our test statistic. In Section[3], we establish
the asymptotic distribution and power properties of the proposed test statistic and we motivate
the validity of the local bootstrap. In Section @, we use Monte Carlo simulations to investigate
the finite sample size and power properties. Section Bl contains an application using financial data.
Section [B] concludes. The proofs of the asymptotic results are presented in Section [7l

2 Null hypothesis

Let Vpr = {V;, = (X4, Y, Zt)}le be a sample of weakly dependent random variables in R4 x R x
R with joint distribution function F' and density function f. For the reminder of the paper,
we assume that do = 1 which corresponds to the case of most practical interest. Suppose we are
interested in testing the conditional independence between the random variables of interest Y and
Z conditionally on X. The linear mean-regression model is widely used to capture and test the
dependence between random variables and the least squares estimator is optimal when the errors in
the regression model are normally distributed. However, in the mean regression the dependence is
only due to the mean dependence, thus we ignore the dependence described by high-order moments.
The use of conditional distribution functions will allow us to capture the dependence due to both
low and high-order moments.

Testing the conditional independence between Y and Z conditionally on X, corresponds to test

the null hypothesis
Hy: Pr{F(y| X,Z)=F(y| X)} =1, Vy e R®,

against the alternative hypothesis
Hi:Pr{F(y|X,Z)=F(y| X)} <1,for some y € R%, (1)

As pointed out by Su and White (2014), the null Hj can be tested using the following null hypothesis
defined for each value y
Ho(y): Pr{F (y| X, Z2)=F(y| X)} =1

and integrating over y. The latter integration can be computed numerically, but the computation
can be time-consuming. Thus, instead of testing the above null hypothesis Hy and Hy(y), we test
the following null hypothesis H|;, which is weaker than the null hypothesis Hy, but practically is

more convenient,

Hy: Pr{F(Y | X,2)=F(Y | X)} =1, (2)
against the alternative hypothesis
H :Pr{F(Y|X,2)=FY | X)} <1 (3)

Independently of our work, the hypothesis testing problem defined by H{ and H] is also considered
in the paper by Su and Spindler (2013) for testing the asymmetric information in the context of
ii.d data. Since the conditional distribution functions F' (y | X, Z) and F (y | X) are unknown, we



use a nonparametric approach to estimate them. The kernel method is simple to implement and it
is widely used to estimate nonparametric functional forms and distribution functions; for a review
see Troung and Stone (1992) and Boente and Fraiman (1995).

To estimate the conditional distribution function, we use the Nadaraya-Watson approach pro-
posed by Nadaraya (1964) and Watson (1964); for a review see Simonoff (1996), Li and Racine
(2007), Hall, Wolff, and Yao (1999), and Cai (2002). If we denote v = (z,y,2) € R% x R% x R%,
V = (X,Z) and ¥ = (z,2), then the Nadaraya-Watson estimator of the conditional distribution
function of Y given X and Z is defined by

Sy Ky (0 V) Ly, (y)
S K, (5 - V7)

where K, (.) = hl_(d1+d3)K(./h), for K(.) a kernel function, hy = hj,, is a bandwidth parameter,
and Ia,, () is an indicator function defined on the set Ay, = [Y, +oc). Similarly, the Nadaraya-

Fh1 (y’@) = ) (4)

Watson estimator of the conditional distribution function of Y given only X is defined by:

T *
Et:1 Kh2 (v — Xy) IAyt (y)
T *
P th (x — Xi)

where K () = hy “*(./n), for K*(.) a different kernel function, and hy = hy,, is a different
bandwidth parameter. Notice that the Nadaraya-Watson estimator for the conditional distribution

Fy (ylz) =

; ()

is positive and monotone.
To test the null hypothesis (2)) against the alternative hypothesis (B]), we propose the following
test statistic which is based on the conditional distribution function estimators

Z{Fhl (I7) - B (Vi X0} w() (©

where w(.) is a nonnegative weighting function of the data V;, for 1 < ¢ < T. In the simulation
and application sections, and because we standardized the data, we consider a bounded support
for the weight w(.). In the latter case we suggest to use a large bandwidth parameter for the
estimation of the conditional distribution function in the tails. The weighting function w(.) could
be useful for testing the causality in a specific range of data, for example to test Granger causality
from some economic variables (e.g. inflation; DGP) to positive income. Moreover, to overcome a
possible boundary bias in the estimation of the distribution function, we suggest to use the weighted
Nadaraya-Watson (WNW) estimator of the distribution function proposed by Hall, Wolff, and Yao
(1999) for [-mixing data and by Cai (2002) for a-mixing data. However, in these cases the test
will be valid only when dy + d3 < 8. Finally, observe that the test statistic I in ([6) depends on the
sample size T" and it is close to zero if conditionally on X, the variables Y and Z are independent,
and it diverges in the opposite case. Further, in the present paper we focus on the Lo distance,
however other distances like Hellinger distance, Kullback measure, and L, distance, can also be
considered.



3 Asymptotic distribution and power of the test statistic

In this section, we provide the asymptotic distribution of our test statistic I' under the null hy-
pothesis, and we derive its power function under local alternatives. We also establish the validity
of the bootstrapped version of the test statistic.

Since we are interested in time series data, an assumption about the nature of the dependence in
the individual time series is needed to derive the asymptotic distribution. We follow the literature
on U-statistics and assume S—mixing dependent variables; see Tenreiro (1997) and Fan and Li
(1999) among others. To recall the definition of a S—mixing process, let’s consider {V;;t € Z} a
strictly stationary stochastic process and denote F. the o—algebra generated by the observations
(Vsy ..., Vi), for s < t. The process {V;} is called S-mixing or absolutely regular if

B(1) =supE | sup |P(A|F°,)—P(A)|| =0, as [— .

seN Ae]::flo

For more details about mixing processes, the reader can consult Doukhan (1995). Other additional
assumptions are needed to show the asymptotic normality of our test statistic. We assume a set of
standard assumptions on the stochastic process and on the bandwidth parameter in the Nadaraya-
Watson estimators of the conditional distribution functions.

Assumption A.1 (Stochastic Process)

A1.1 The process {Vt = (XY, Z;) € R x R x R, t € Z} is strictly stationary and absolutely
regular with mixing coefficients 3(1), such that 3(I) = O(¥!), for some 0 < v < 1.

A1.2 The conditional distribution functions F(y|X) and F(y|X, Z) are (r 4+ 1) times continuously
differentiable with respect to X and (X, Z), respectively, for some integer r > 2, and bounded
on R?. The marginal densities of X; and V; = (X;, Z;), denoted by ¢g* and g respectively, are
twice differentiable and bounded away from zero on the compact support of w(.).

Assumption A.2 (Kernel, Bandwidth, and Weight Function)

A2.1 The kernels K and K* are the product of a univariate symmetric and bounded kernel & :
R = R, ie. K(nlw"vndr‘rdg) = l_Igilz—il—d3 k(nj) and K*(Tllw"vn(h) = H;llzl k‘(%)» such that
fR k(¢)d¢ =1 and fR Ctk(¢)d¢ =0for 1 <i<r—1and fR C"k(¢)d¢ < .

A2.2 As T — oo, the bandwidth parameters hy and hy are such that hy, he — 0, ha = o(hy) and

hdrFds — o(hdt). Further, as T — oo, Thf(dﬁd?’)/ln(T) — 0o and Th§d1+d3)/2+2r — 0.

A2.3 The weight w(.) is a nonnegative function with compact support A C Ré1+ds

Assumption A1l.1 is often considered in the literature and it is satisfied by many processes such as
ARMA, GARCH, ACD and stochastic volatility models; see Carrasco and Chen (2002) and Meitz
and Saikkonen (2008) among others. Assuming S-mixing data, our main results in sections BIH3.3]
can be shown using the Central Limit Theorem (CLT) for the second order U-statistic in Tenreiro



(1997). It can also be shown that these results continue to hold for a-mixing data. Dehling and
Wendler (2010) provide the Central Limit Theorem for U-statistics under strong mixing conditions.
Assumption A1.2 is needed to derive the bias and variance of the Nadaraya-Watson estimators of
the conditional distribution functions. The integer r in assumptions A1.2 and A2.1 depends on
the dimension of the data, i.e., for example with d; = do = d3 = 1, we can consider the Gaussian
kernel function (r = 2). But for a higher dimension, a higher order kernel function is required.
Assumption A2.2 implies that if the bandwidth parameters h; = cst; T-Y%1 and hy = csty T—1/¢2
are considered, then vy and 19 must satisfy the conditions d; + ds < 11 < (dy + d3)/2 + 2r and
o < b1 < o(14ds/dy). Assumption A2.2 is similar to the one considered in Ait-Sahalia, Bickel,
and Stoke (2001) and is slightly different from Assumption A.2 (ii) in Su and White (2007). The
latter assume that T hgdﬁd?’)/ ’h2" = o(1) instead of Th§d1+d3)/ 22" — 6(1). Hence, our Assumption
A2.2 implies Assumption A.2 (ii) in Su and White (2007). However, in their Monte Carlo study,
Su and White (2007) use the bandwidths hy = O(T~/(4+d1+ds)) and hy = O(T 1/ A+ for r = 4,
de = ds =1 and d; = d < 2, which satisfy our Assumption A2.2.

3.1 Asymptotic distribution of the test statistic

Before presenting the main results, we first define the following terms:

Dy = Cihy (d1-+ds) J. w(vt — F(y|e))? f (ve)dvy,

vt g’l)t

D2 = hZ_dl C2 fxt Yt g*F (( ))(1 - (yt‘xt))3f(xtayt)dxtdyt7

D3 = —203h] & f w (0t — F(ye|v))? f (ve)doy,

(wt

D = (Dl + Doy +D3)/T,

where

w*(xy) = /w(xt,z)g(zmt)dz

4
and

C = %/Kz(x,z)dxdz, Cy = %/K*z(w)dw and Cj = %K*(O)-

Further, we denote
o’ = 20/ w? (%) [/ / h?(Fo» Yo, o) f (Folv0) f (yolBo ) dijodyo | 9> (v0)dv (8)
To go Y Yo
_ _ 2
for € = [, 0y (Jyy s K (b+ @) K (B) dbydbs) " daydas and

. N 1 1 _ - o
W0, Y0, T0) = 5 + = [F2(yo|00) + F2(Fo|00)] — F(max(yo, §o)|00)-

33l

The following theorem establishes the asymptotic normality of the test statistic [in ([6) under

the null hypothesis. In the sequel, «dr stands for convergence in distribution.



Theorem 1 (Asymptotic distribution) If Assumptions A.1 and A.2 hold, then under Hy we
have

(dl +d3) (

Th? I'— D)% N(0,0%), as T — oo,

where T is defined in @) and D and 02 are defined in Equations (7) and (8), respectively.
|

Theorem[]is valid only when d;+d3 < 4r. Hence, for small dimensions, for example d; = d3 = 1,
we can use as a kernel the normal density function. However, if the test is for higher dimensions,
a higher order kernel is required. Further, notice that the term Dj in (7)) is negligible for ds > d;.
Finally, for hy = est; T-Y¥1 and hy = esto T—Y/%2 with ¢ < %(1 + ds/ds), the second bias term
Dy in (7)) is also negligible.

The implementation of our test statistic requires the estimation of the variance term o2 and
the bias terms D1, Do, and D3. We propose the following estimators

YO (1 - F(V|T))3,

~ —(d1+d: w
Dl = C'1h’1( " 3)% Zle g((w)

Dy =hy " Cog S Gl X3’< 1— F(Vi] X)),

Dy = —205h; " LS, 20 (1 B(Y;|V)®,
D:(ljl—l-DQ—l-Dg)/T,
where
1 T
Tz;w x, Zt),
t=

and Fj, (Yy|V;) (resp. Ep,(Y;|X;)) is the estimator of the conditional distribution function Fj, (Y;[V;)
(resp. Fp,(Y:|X:)) defined in @) (resp. (@), and g(.) and §*(.) are the nonparametric kernel

estimators of g(.) and ¢g*(.). Similarly, an estimator of the variance o is given by:
20 G~ 5o
67 =25 ) w (W)a(V)g(Va), (10)
t=1

where

@:LQZ *(Y, Yy, 0)

and the process {Y},t > 1} is an independent copy of Y;, conditionally on V;. Note that we can
generate independently the data {37} using a kernel estimate of the conditional distribution of Y;
given V;.

2 (d1+ds)
Finally, we reject the null hypothesis when T'h]

of the N(0,1) distribution.

(I'—D)/6 > 24, Where 2, is the (1 — a)—quantile



3.2 Power of the test statistic

Here, we study the consistency and the power of our nonparametric test statistic against fixed or
local alternatives. The following proposition states the consistency of the test for a fixed alternative.

Proposition 1 (Consistency) If Assumptions A.1 and A.2 hold, then the test based on I in
(6]) is consistent for any distributions F (y | z,z) and F (y | x) such that

/(F(y|:17, 2) — F(y|x))?w(z, z)dzdydz > 0.

Now, we examine the power of the above proposed test against local alternatives. We consider the
following sequence of local alternatives

Hi(ér): F'(y|z,2) = FP (y | ) [1 + &rA(@,y,2) + o(ér) Ar (@, y, 2)], (11)

where FITl(y|z, 2) (resp. FIT)(y|z)) is the conditional distribution of Y7 given X7, and Zz; (resp.
of Yr; given X7;) and & — 0 as T — oo. The notation “[T]” in FIl(y|z,z) and FITl(y|z) is
to say that the difference between the latter distribution functions depends on the sample size
T. We suppose that |[fIT1 — f||. = O(T_lhl_(d1+d3)/2). The A(z,y,2) and Ap(z,y,z) are such
that 1+ &rA(z,y,2) + op(ér)Ar(z,y,2) > 0, for all (z,y,z) and T, [A(z,y,z)f(z,2)dz = 0,
[ (g, 2)f (2, 2)dz =0,

/A2(x,y,z)w(a;, 2)f(z,y, z)dxdydz =y < o0, (12)

and that
/ AB(z,y, 2Jw(z, 2)f (2, y, 2)dedyd= < oo,

We assume the following assumptions on the stochastic process {(Xr, Y7+, Z7+)} that are similar
to the above assumptions A1.1 and A1.2:

A1.1* Let {(Xry,Yre, Z74), t =1,..,T} be a strictly stationary S-mixing process with coefficients
BTI(1) such that
sup 871y = O(#'), for some 0< < 1.
T

A1.2* The conditional distribution functions FI")(y|X) and FIl(y|X, Z) are (r + 1) times contin-
wously differentiable, for some integer r > 2, and bounded on R?. The marginal densities of
X7 and VT,t = (X714, Z14), denoted by g*m and gm respectively, are twice differentiable
and bounded away from zero on the compact support of w(.).

The following proposition establishes the asymptotic local power property of the test statistic
I under the local alternatives in (IT).



Proposition 2 (Asymptotic local power properties) Under Assumptions A1.1*, A1.2* and
A.2 and under the local alternative Hy(é7) with & = T_1/2h1_(d1+d3)/4, we have

1 .
Th} (d1+d3)(F — D) LN N(v,6%), as T — oo,
where D, o2, and v are defined in (7), (3), and (I2), respectively.

|
Notice that our test has power against alternatives at distance 7Y 2h1_(d1+d3)/ 4 compared to the
power of the tests of Su and White (2008) and Bouezmarni, Rombouts, and Taamouti (2012),

(di+datds)/4 Further, our test has

which have power only against alternatives at distance 7~/ 2h1_
an asymptotic power at the same distance as the characteristic function-based test of Su and White

(2007) and Su and White (2014).

3.3 Local bootstrap

In finite samples, the asymptotic normal distribution does not generally provide a satisfactory
approximation for the exact distribution of nonparametric test statistic. To improve the finite
sample properties of our test, we propose the use of a bootstrap method. In our context, in order
to generate data under the null hypothesis, that is under the conditional independence, the local
smoothed bootstrap suggested by Paparoditis and Politis (2000) seems appropriate.

In the sequel, X ~ fx means that the random variable X is generated from the density function
fx. Consider Ly, Lo and L3 three product kernels that satisfy Assumption A2.1 and a bandwidth
kernel h satisfying Assumption A.3 below. The local smoothed bootstrap method is easy to
implement in the following five steps:

(1) We draw a bootstrap sample {(X;,Y;*,Z/), t =1,...,T} as follows

T
X;~ Ty Ly(X — x) /B
s=1

and conditionally on X/,

T n
Yo~ bRy L (X = X7) /) Lo (Y — ) /h) /D Ln (X — X7) /)
s=1

s=1

and
T T
Zi ~ W8N L (X = XP)/B) Ly (Zs — 2)/h) | Lo ((Xs = X7) /D) 5
s=1 s=1

. 1 (d1+d:
(2) based on the bootstrap sample, we compute the bootstrap test statistic I'* = Thf( 1)

(-
ﬁ*) /6%, where f*, 15*, and ¢* are analogously defined as f, ﬁ, and &, and computed using the
bootstrap data (X;, Y/, Z});

(3) we repeat the steps (1)-(2) B times so that we obtain I'}, for j =1, ..., B;

(4) we compute the bootstrap p-value and for a given significance level «, we reject the null

hypothesis if p* < a.
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Here we take the same bandwidth parameter h, however different bandwidths could also be con-
sidered. An additional assumption concerning the bandwidth parameter h is required to validate
the local bootstrap.

Assumption A.3 (Bootstrap Bandwidth)
A3.1 AsT — oo, h — 0 and Th*?" /(InT)Y — C > 0, for some v > 0 and d = d; + do + d3

The following proposition establishes the consistency of the local bootstrap for the conditional
independence test.

Proposition 3 (Smoothed local bootstrap) Suppose that Assumptions A.1, A.2 and A.3
are satisfied. Then, conditionally on the observations Vp = {V; = (X4, Y, Zt)}z;l, we have

F*iN(O,l), as T — oc.

The proofs are presented in the Appendix. The finite-sample properties of our nonparametric test
are investigated in the next section.

Table 1: Data generating processes used in the simulation study.

DGP X Y; Zy

DGP1 E1t €9t E3t

DGP2 Y, Y; =0.5Y; 1 +e1s Zy =052 1 + €9
DGP3 Y; 1 Y, = (0.01 + 0.5Yt2_1)0'5€1t Zy =0.52,_1 4 €94
DGP4 Y; 4 Y, = hl,tglt Zy = h2,t52t

hit=0.0140.9h1 ;1 +0.05Y,2;  hgy = 0.01 +0.9h9,; 1 + 0.05Z7 ,

DGP5 th_l th = 0.5}/%_1 + 0.5Zt_1 + 1t Zt = O.5Zt_1 + €9¢
DGP6 Y; 4 Y: = 0.5Y;—1 + 0.5Z2 | + et Zy =052;-1 + exn
DGP7 th—l th = 0-5K—1Zt—1 + €1¢ Zt = O.5Zt_1 + €9¢
DGP8 Y;g_1 Y}, = 0.5}/15_1 + 0-5Zt—151t Zt = 0.5Zt—1 + €9t
DGP9 Y, Y = /hi e Zy =057 1 + e

his =0.01 + 0.5Y,2, +0.2522

4 Monte Carlo simulations: size and power

Here, we present the results of a Monte Carlo experiment to illustrate the size and power of the
proposed test using reasonable sample sizes. We have limited our study to two groups of data
generating processes (DGPs) that represent different linear and nonlinear regression models with
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different forms of heteroscedasticity. These DGPs are described in Table [l The first four DGPs
were used to evaluate the empirical size. In these DGPs, Y and Z are, by construction, independent
conditional on X. In the last five DGPs , Y and Z are, by construction, dependent conditional
on X and have served to evaluate the power. We have considered three different sample sizes,
T = 200, T'= 300, and T' = 800. For each DGP and for each sample size, we have generated 500
independent realizations and for each realization, 500 bootstrapped samples were obtained. For
estimating the conditional distribution functions, we have used the normal density function, which
is a second-order kernel, hence C; = 1/27,Cy = 1/y/2m,C3 = 1/4/7, and C = 1/47. Because the
data are standardized, the weighting function in the test statistic [ in ([6)) is given by the indicator
function defined on the set A = {(z,2),—2 < z,z < 2}. Finally, for generating the bootstrap
replications, we have used the normal kernel with a different bandwidth which is provided by the
rule of thumb proposed in Silverman (1986).

In addition to the Silverman’s rule of thumb used in this paper, at least three other ways
can be used to choose the bandwidth in practice. The first one is the cross-validation bandwidth
proposed by Li, Lin, and Racine (2013). The rate of the cross-validation bandwidth satisfies
our Assumption A2.2 since it is of order 7-1/(41+d3)  However, strictly speaking, since the cross-
validated bandwidth is random, the asymptotic theory can be justified with this random bandwidth
only through certain stochastic equicontinuity argument The cross-validation technique is used
in Li, Maasoumi, and Racine (2009) for testing the equality of two unconditional and conditional
functions in the context of mixed categorical and continuous data. However, this approach, which
is optimal for the estimation, loses the optimality for nonparametric kernel testing. The second way
is given by an adaptive-rate-optimal rule proposed by Horowitz and Spokoiny (2001) for testing
a parametric model for conditional mean function against a nonparametric alternative. The third
way for selecting a practical bandwidth is introduced by Gao and Gijbels (2008). Gao and Gijbels
(2008) propose, using the Edgeworth expansion of the asymptotic distribution of the test, to choose
the bandwidth such that the power function of the test is maximized while the size function is
controlled. The above three approaches will be investigated in future research. In this paper, we
take hy = ;T4 and hy = coT~ /425 for various values of ¢; and c9, which correspond to the
most practical case. These values are selected in order to satisfy our Assumption A2.2.

For a given DGP, the 500 independent realizations of length T" were obtained as follows:

(1) We generate T + 200 independent and identically distributed noise values (e1¢,€9¢,3:) ~
N(0, I3);

(2) Each noise sequence was plugged into the DGP equation to generate (X3, Y, Z;—1), t =
1,...,T + 200. The initial values were set to zero (resp. to one) for X;, Y; and Z; (resp. for
his and hoy). To attenuate the impact of the initial values, the first 200 observations were dis-
carded.

Our test is valid for testing both linear and nonlinear Granger causalities and we have compared
it with the commonly used t-test for linear causality. In the linear causality analysis, we have
examined if the variable Z;_ 1 explains Y; in the presence of Y;_1, using the following linear mean

"We thank an Anonymous Referee for his/her remark with respect to the randomness of the cross-validation
bandwidth and the importance of using certain stochastic equicontinuity argument to justify the asymptotic theory.
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regression:
Yi=p+pYio1+aZi1 +e.

The null hypothesis of Granger non-causality is given by Hg : o = 0 against the alternative
hypothesis H; : a # 0. To test Hg, the t-statistic is given by ty = %, where & is the least
squares estimator of « and 64 is the estimator of its standard error o4. In the presence of possibly
dependent errors, 64 was computed using the commonly used heteroscedasticity autocorrelation
consistent (HAC) estimator suggested by Newey and West (1987).

Table 2: Empirical size of the bootstraped nonparametric test of conditional independence.

DGP1 DGP2 DGP3 DGP4 DGP1 DGP2 DGP3 DGP4

T =200, o =5% T =200, o = 10%
LIN 0.047 0.051 0.041 0.053 0.091  0.092 0.098 0.092
BT, c¢1=1, ca=1 0.050 0.056 0.044 0.038 0.096 0.104 0.098 0.098
BT, ¢1=0.85, c2=0.7 0.048 0.044 0.064 0.056 0.104 0.128 0.132 0.100
BT, ¢;=0.75, co=0.6  0.036  0.048  0.052  0.052 0.096 0.088 0.120 0.088
T =300, o = 5% T =300, o = 10%
LIN 0.061  0.060 0.051 0.048 0.095 0.104 0.108 0.110
BT, c¢1=1, ca=1 0.053 0.043 0.068 0.040 0.120 0.097  0.110 0.100
BT, ¢;=0.85, co=0.7 0.060 0.036  0.068  0.060 0.120 0.084 0.108 0.130
BT, ¢1=0.75, c=0.6 0.044 0.032 0.060 0.056 0.108 0.076  0.096 0.112
T =800, a = 5% T =800, o = 10%
LIN 0.049 0.052 0.050 0.050 0.100  0.102  0.099 0.103
BT, c1=1, c2=1 0.049 0.061 0.056  0.047 0.105  0.099  0.100 0.103

BT, ¢1=0.85, co=0.7 0.056 0.046 0.056 0.054 0.108 0.092 0.103 0.114
BT, ¢1=0.75, co0=0.6  0.045 0.042 0.056  0.052 0.100  0.089  0.092 0.103
FEmpirical sizes are based on 500 replications. LIN refers to the linear test and BT to our test.
c1 and ¢y refer to the constants in the bandwidth parameters.

The empirical sizes of the linear causality test (LIN test) and of the distribution-based test (BT
test) for different values of the constants ¢; and ¢g in the bandwidth parameters are given in Table
2l Based on 500 replications, the standard error of the rejection frequencies is 0.0097 at the nominal
level o = 5% and 0.0134 at o = 10%. Globally, the sizes of both tests are fairly well controlled even
with series of length T' = 200. For T' = 800, the empirical sizes are very close to the nominal levels
a = 5% and a = 10%, respectively. Thus, in large samples the empirical size is well controlled.
For LIN test, all rejection frequencies are within 2 standard errors from the nominal levels 5% and
10%. For BT test, at 5%, all rejection frequencies are also within 2 standard errors. However, at
10%, three rejection frequencies are between 2 and 3 standard errors (two at 7' = 200 and one at
T = 300). There is no strong evidence of overrejection or underrejection. Finally, for BT test the
empirical sizes seem slightly closer to the corresponding nominal sizes when ¢; = ¢ = 1.
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Table 3: Empirical power of the bootstraped nonparametric test of conditional independence.

DGP5 DGP6 DGP7 DGP8 DGP9

a=5% T =200
LIN 0.994 0401 0.184 0.137 0.151
BT, c¢1=1, cp=1 0.996 0.812 0.852 1.000 0.936
BT, ¢;=0.85, cp=0.7 0.988 0.728 0.792 1.000  0.908
BT, ¢;=0.75, c2=0.6 0976 0.719 0.808 1.000 0.896

T = 300
LIN 1.000 0.412 0.204 0.142 0.171
BT, ¢1=1, cp=1 1.000 0.976 0.966 1.000  1.000

BT, ¢;=0.85, cp=0.7 1.000 0.884 0.908 1.000 0.984
BT, ¢;=0.75, c2=0.6 1.000 0.784 0.868 1.000  0.960

T = 800
LIN 1.000 0.422 0.216 0.151 0.183
BT, c¢1=1, cp=1 1.000 1.000 1.000 1.000  1.000

BT, ¢;=0.85, cp=0.7 1.000 0.997 1.000 1.000  1.000
BT, ¢;=0.75, c2=0.6 1.000 0.978 0.995 1.000 1.000

a=10% T =200
LIN 1.000 0.410 0.211 0.134 0.161
BT, c¢1=1, ca=1 0992 0916 0916 0.984  0.980
BT, ¢;=0.85, cp=0.7 0996 0.844 0.868 1.000  0.960
BT, ¢;=0.75, c2=0.6 0984 0.831 0.854 1.000 0.964

T = 300
LIN 1.000 0.432 0.224 0.159  0.187
BT, c¢1=1, cp=1 1.000 1.000 0.951 1.000  1.000

BT, ¢;=0.85, c2=0.7 1.000 0.948 0.964 1.000 1.000
BT, ¢;=0.75, c2=0.6 1.000 0912 0924 1.000 0.984

T = 800
LIN 1.000 0.456 0.253 0.178  0.212
BT, c1=1, cx=1 1.000 1.000  1.000 1.000  1.000

BT, ¢;=0.85, co=0.7 1.000 0.984 0.980 1.000  1.000
BT, ¢1=0.75, c2=0.6 1.000 0.954 0.993 1.000 1.000
Empirical powers are based on 500 replications. LIN refers to the linear test

and BT to our test. ¢; and ¢y refer to the constants in the bandwidth param-
eters.
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The empirical powers of LIN and BT tests are reported in Table Bl As expected, with the
linear DGP5, LIN test performs extremely well but the nonparametric BT test performs almost
as well, especially when T" = 800. With the four nonlinear models under consideration, BT test
clearly outperforms LIN test. In most cases, BT test produces the greatest power when ¢; = ¢y = 1.
Finally, at both levels 5% and 10%, the powers increase considerably with DGP6, DGP7 and DGP9,
when T goes from 200 to 800.

5 Empirical application

We use real data to illustrate the practical importance of the proposed nonparametric test. We show
that using tests based on linear mean regressions may lead to wrong conclusions about the existence
of a relationship between financial variables. In particular, we examine the linear and nonlinear
causalities between stock market excess return and volatility index (VIX). We test whether stock
market excess returns can be predictable at short and long-run horizons using the VIX index. We
compare the results using the conventional ¢-test and the new nonparametric test.

5.1 Stock return predictability using volatility index

Many empirical studies have investigated whether stock excess returns can be predictable; see
Fama and French (1988), Campbell and Shiller (1988), Kothari and Shanken (1997), Lewellen
(2004), Bollerslev, Tauchen, and Zhou (2009) among many others. In most of these studies, the
econometric method used is the conventional ¢-test based on the ordinary least squares regression
of stock returns onto the past of some financial variables Here we examine the short and long-
run stock return predictability using VIX in a broader framework that allows us to leave free the
specification of the underlying model. Nonparametric tests are well suited for that since they do not
impose any restriction on the model linking the dependent variable to the independent variables.

Recent works use VIX to predict stock excess returns. Bollerslev, Tauchen, and Zhou (2009)
show that the difference between VIX and realized variation, called variance risk premium, is able
to explain a non-trivial fraction of the time series variation in post 1990 aggregate stock market
returns, with high (low) premia predicting high (low) future returns. In what follows, we use
VIX together with nonparametric test to check whether the excess returns on S&P 500 Index are
predictable. We compare our results to those obtained using the standard t-test.

5.2 Data description

We consider monthly aggregate S&P 500 composite index over the period January 1996 to Septem-
ber 2008 (153 trading months). Our empirical analysis is based on the logarithmic return on the
S&P 500 in excess of the 3-month T-bill rate. The excess returns are annualized. We also consider
monthly data for VIX. The latter is an indication of the expected volatility of the S&P 500 stock
index for the next thirty days. The VIX is provided by the Chicago Board Options Exchange
(CBOE) in the US, and is calculated using the near term S&P 500 options markets. It is based on

2Previous studies have also considered testing return predictability from past returns, for a review see Lo and
MacKinlay (1988), French and Roll (1986), Shiller (1984), Summers (1986) among others.
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the highly liquid S& P500 index options along with the “model-free” approach. The VIX index time
series also covers the period from January 1996 to September 2008 for a total of 153 observations.
Finally, we performed an Augmented Dickey-Fuller test for nonstationarity of the stock return and
VIX and the stationarity hypothesis was not rejected.

5.3 Causality tests

To test the linear causality between S&P 500 excess return and VIX, we consider the following
linear mean regression
exrirr = Wr + Br exry + o VIXy + €441,

where exry;, is the excess return 7 months ahead and VIX; represents VIX at time ¢. In the
empirical application, we take 7 =1, 2, 3, 6, and 9 months. VIX does not linearly Granger cause
the excess return 7 periods ahead if Hy : @, = 0. We use the standard t¢-statistic to test the null
hypothesis Hy. To avoid the impact of the dependence in the error terms on our inference, the
t-statistic is based on the commonly used HAC robust variance estimator. The results of linear
causality (predictability) tests between stock excess returns and VIX are presented in Table [} see
the second row LIN in Table @l At 5% significance level, we find convincing evidence that excess
return can not be predicted at both short and long-run horizons using VIX.

Now, to test for the presence of nonlinear causality (predictability) we consider the following
null hypothesis:

Hy: Pr{F(exrii, | exry, VIX;) = F(exriy, | exry)} =1

that we test against the alternative hypothesis

Hy : Pr{F(exrit, | exry, VIX;) = F(exriy, | exry)} < 1.

Table 4: P-values for linear and nonlinear causality tests between Return at different horizons and
Volatility Index (VIX).

Test statistic / Horizon Return 1 Month 2 Months 3 Months 6 Months 9 Months

LIN 0.433 0.133 0.888 0.954 0.995
BT ¢i =cp=15 0.000 0.000 0.010 0.000 0.000
BT ¢t =cp=12 0.000 0.000 0.015 0.000 0.000
BT ¢t =cp=1 0.000 0.005 0.025 0.010 0.000
BT ¢; =0.85, cg = 0.7 0.000 0.010 0.035 0.036 0.000
BT ¢; =0.75, ¢ = 0.6 0.000 0.045 0.085 0.061 0.005

LIN and BT correspond to linear test and our nonparametric test, respectively. ¢; and co refer
to the constants in the bandwidth parameters.

The results of nonlinear causality (predictability) tests between stock excess return and VIX
are also presented in Table [ see the rows BT of Table[dl Before we start discussing our results, we
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have to mention that the data are standardized and the weighting function w(.) is the same like the
one used in the simulation study; see Section . Further, five different combinations for the values
of ¢; and ¢y are considered. We have seen in the simulation study that our nonparametric test has
generally good properties (size and power) when ¢; = ¢o = 1. Therefore, our decision rule will be
typically based on the results corresponding to ¢; = ¢ = 1. At 5% and even 1% significance levels,
our nonparametric test show that VIX predicts stock excess returns both at short and long-run
horizons

6 Conclusion

We propose a new statistic to test the conditional independence and Granger non-causality be-
tween two random variables. Our approach is based on the comparison of conditional distribution
functions and the test statistic is defined using an Lo metric. We use the Nadaraya-Watson ap-
proach to estimate the conditional distribution functions. We establish the asymptotic size and
power properties of the new test and we motivate the validity of the local bootstrap. Our test is
easy to implement, has power against alternatives at distance T—Y/2p~(d1+d3)/4 compared to the
test of Su and White (2008), which has power only for alternatives at distance T-12p=4/4 where
d = dy + da + ds. It also has the same performance as the one of the tests of Su and White (2007)
and Bouezmarni, Rombouts, and Taamouti (2012). We ran a simulation study to investigate the
finite sample properties and the results show that the test behaves quite well in terms of size and
power.

We illustrate the practical relevance of our nonparametric test by considering an empirical
application where we examine Granger non-causality between S&P500 Index returns and volatility
index (VIX). Contrary to the linear causality analysis which is based on the conventional ¢-test, we
find that VIX predicts stock excess returns both at short and long-run horizons.

Finally, our test can be extended to data with mixed variables, i.e., continuous and discrete
variables, by using the estimator proposed by Li and Racine (2008). Also, a practical bandwidth
choice for the conditional test and an extensive comparison with the existing tests need further
study.

7 Appendix

We provide the proofs of the theoretical results described in Section Bl The main tool in the proof
of Theorem 1 and Propositions 1 and 2 is the asymptotic normality of U-statistics. To prove
Theorem [Il and Proposition 2, we use Theorem 1 of Tenreiro (1997). To show the validity of the
local smoothed bootstrap in Proposition Bl we use Theorem 1 of Hall (1984). The proofs are in
general inspired from the ones in Ait-Sahalia, Bickel, and Stoke (2001) and Tenreiro (1997), of
course with adapted calculations for our test.

3Qther results about testing stock return predictability using variance risk premium are available from the authors
upon request. The variance risk premium is measured by the difference between risk-neutral and physical (historical)
variances. The results using our nonparametric test show that the variance risk premium helps to predict excess
returns at long horizons, but not a short horizons.
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Now, we establish the asymptotic normality of the test statistic I' defined in ([6). This test statistic
can be rewritten as follows

£ = [ {Futole.2) — Fuaolo)} oo, 2) dFr ),

where Fr is the empirical distribution function of the random vector V;. Let us define the following
pseudo-statistic

£ = [{Futle.2) - o)} w2 ar ), (13)

where the empirical distribution function Fr(v) in I is replaced by the true distribution function
F(v). We show, see Lemmal5] that replacing Frr(v) by F(v) will not affect the asymptotic normality
of the test statistics I'. We begin by studying the asymptotic distribution of I'. To do so, we consider
the following term:

U(t) = /¢2(t,v)w(x,z) dF(v),
where
Flylz, 2)g9(x, 2) + tpa(x,y,2)  Flyle)g™(x) + tpi(z,y)
9(z,2) + tgr(z, 2) g*(x) +tgi(z)

Using Taylor’s expansion, we have

¢(t,’U) =

U(t)=T(0)+tP'(0) + ?I/”(O) + %\If’”(t*),

where 0 < t* < t. Under Hy, we have ¢(0,v) = 0. Then, ¥(0) = 0 and ¥’(0) = 0. As in Ait-Sahalia,
Bickel, and Stoke (2001), we can show that

() = O(llgr(x, 2)II” + [lgi]*)-

Therefore, at t = 1, we obtain

2
v = [ (5 w2 arw) + 0 (eI + ilF) (1)

Now, consider the terms:

T T
pi(e,y,2) = > Kp, (0=V0) Lay, ()= F(ylz, 2)g(x, 2),  pil,y) =D Kj,(e=X) Lay, ()= F (yl2)g" ()
t=1 t=1

and
g1 (z,2) = §(z,y) — g(z,2), gi(z)=79"(z) —g"(2).

Hence, using these notations and (I4]) we obtain

n 2
f=/ <%2J<vt,v>> w(a, 2) dF(v) + O ([l y) — g, )P + 137 (@) — g * @)|F)
=1
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where

J(Vi,v) = Ky, (0 - V) L}(le)

(110 0) = Folo2)) | - — K@ = X0 (1,00 = Flo)]

Under Assumption A.2, the term O (||§(z,y) — g(=, 2)||> + ||g*(z) — g*(2)]|?) is negligible. Let
us denote,
J*(Vi,0) = J(Vi, 0) = E(J(V, 0)).

If we ignore the negligible term, the pseudo-statistic I' can be written as follows

I ~ (ZJ Vi, v ) (z,2)dF(v)

— 2Z/J (Vi, v)J (Vs, v)w(z, 2)dF(v) { /J2 (Vi v)w(z Z)dF(U)}

2
= T Z/J* (Vi 0)J* (Vs, v)w(z, 2)dF (v) + {(T— 1)Z/J*(Vt,v)E(J(Vl,v))w(x,z)dF(v)}
+ {7 - ) [BO0 0+ 7 {z [ 70t z)dF(v)}
dy+dg T
= 27 ', s ){T‘leT(W,VS)}+2T_1/2(1—T_1)h71’{T‘l/QZGT(W)}+T_1BT+NT
t<s t=1

= 27 'h, (dlgdS)Tn + 27 V21— T YW Tis + T7'Br + Ny (15)

where

=+ {SLL PV )dFP )} Np = {T(T 1) [E2I(V, 0))w(, 2)dF (v)}

Ty =T" doi<tes<r HT(Vi, Vs), Tz = T2 Zthl Gr(Vh),
(16)
with

Hrp(a,b) = h e fJ* a,v) J*(b,v)w(z, z)dF (v) and Gr(a) = h{" [ J*(a,v)E(J(V1,v))w(z, z)dF(v).

Notice that the term T1; is a degenerate U-statistic such that H(a,b) = H(b,a) and E(H (V;, b)) = 0.
The central limit theorem for U-statistics is developed in Yoshihara (1976), Denker and Keller
(1983), Tenreiro (1997), and Fan and Li (1999) among others. We apply Theorem 1 of Ten-
reiro (1997) to show that the term T; is asymptotically normal. The variance of Tj; is 52 =

%E [HT(VO,VO)T, for {f/t, t > 0} an i.i.d. sequence where V, is an independent copy of V;. We
also show that under Assumption A.2.2, T, is negligible. Further, the term Brp represents the
bias term in the test statistic and it is very important in finite samples, when bootstrap is used to
calculate the p-values. The term Np is deterministic and negligible. To sum up, the test statistic
is normal with mean and variance given by Br and o? respectively.

Now, let us show the asymptotic normality of T11. To do so, we need to check the conditions
of Theorem 1 in Tenreiro (1997).
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Lemma 1 Under Assumptions A.1-A.2 and Hy, we have
T % N (0,5%),
where

5 = %/ﬁo w? (o) [/yo /yo 2 (Fo, 1o, Vo) f (Fo|vo) f (yolvo)difodyo | g° (Vo) dug

with C = fams <fb17b3 K (b+a) K (b) dbldb3)2 dadas and

h(go, Yo, Vo) = / (I{yoSy} - F(y]@o)) (I{z)oéyo} - F(yOWO)) f(ylvo)dy

Proof. Now, let us check the conditions (iii)-(vi) in Theorem 1 of Tenreiro (1997), which are
(iii) ur(4 4 6) = O(T); (iv) vr(2) = o(1); (V) wr(2 + 60/2) = o(TV/?); (vi) 2p0(2)T™" = O(1),
for some dp, y1 > 0 and 9 < 1/2 and where

ur(p) = max{max;<i<7 || (Vi, Vo)llp, ||hr (Ve, Vo) }
vr(p) = max{maxi<i<r ||Gro(Vi, Vo)|lp. ||Gr0o(Vo, Vo)l }
wr(p) = ||Gro(Vo, Vo)llp,

ZT(p) = 1ga§TmaX{HGTt2 (W17 VO)HP? HGTt2(Vb7 th)Hpv HGTt2 (VOv VO)HP?

1<t <T

with Gy (u1, ug) = E [hr (Vi w1 )by (Vo, ug)] and ||.||, = {E|.|,} /7. In addition, in Tenreiro (1997) E[hr(Vo, Vo)]? =
262 + o(1).

To check these conditions, we first need to calculate ||Hr(Vi,Vp)l||, = BEYP|Hy(V;, Vo)[P and
|G (Vi, Vo)l|p, where Gr(u,v) = E(Hr(Vo, w)Hr(Vp, v)). We have,

p(d1+d3) // ‘/ 2tv)Kh1 = ) Ky (0= 00) (Iyi<yy — F(yl0))

(I{yoﬁy} F(y|v) )w(x,z )‘pf(vt,vo)dvt dvg
—p(dy +d3) 1
|

70 ) — ) /h) K ((0 = 90) /1) (Igy,<yy — F(y|0))
([{yoSy}_F( ‘U)) w(z, 2)dF ()P f(ve, vo)dvy dvg.

E(|Hr(Ve, Vo)I?)

Q

~ 72
By change of variables, as for E [HT(VO, Vo)] given below, we can show that |Hp(V;, Vp)[P =
0 (h§d1+d3)(1—p/2))_ Thus, ||Hr(Vi, Vo)||, = O <h§d1+d3>(1/”‘1/2)>, Using the same argument, we
can show that || Hz(Vo, Vo)||, = O (hgdﬁd?’)(l/p_lﬂ)). Hence, condition (iii) is fulfilled.
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Let us now calculate the term G (u, v),

Grlu,v) = E(Hr(Ve,u)Hr(Vo,v))

WO ([ [ K€~ V) (e = FQIO) K€~ 0) (e ~ F(&1E)
K€ = Vo) (Tpeeny — F@IE) K€ =) (Iycy — PE1D) aa(©as(@)de )
Oy S+ / [ [ 5= &/m) k(€ - aym)K(E - &) /)

K((§" —v%)/h)dédéd g,

where az(§) = w;?(gf) and a(E) = wég;)(gé). By the change of variables, £ = & + 7, £ =
& + hi(t+7) and { = u + hi(19 — 7), we obtain

Q

IN

T(u’v) SC///K(T+)K(T+—|—7~'+)K (TS')K(TS'+7-++uh_U> d7d7~'d70+0(h61l1+d3).
1

Thus,
G (Vi, Vo)l|p = O <h(d1+d3)/10) and  [|Gr(Vo, Vo)l|p = O <h(d1+d3)/p) _

Hence, vp(p) = O(h%P?). Following the same steps, we can show that wr(p) is bounded and
2p(p) < Ch{T9 . Therefore, conditions (iv), (v) and (vi) are fulfilled.

Now, to calculate the variance, observe that the product J(V;,v) x J(Vs, v) is composed of four
terms and that the dominant one is

7 KT =) X 9, (7= V2) (14, (0) = FID) (Lay, () = F).

Thus, we have

_ 72 T—T T—D
E[HT(VO,VO)] _ h1—3(d1+d3)/ ~ {/K(U vo> K<U vo>
0,00 v hl hl

(Iyo<yy — FWlD)) (Igo<yy — F(ylv)) @(@) f(v)dv}? f(vo) f(B0)dv dip + o(1),

where p(9) = w(v)/g?(®). Two changes of variables are needed. The first one is 79 = (%o, Z0) =
To + hia, (dvg = hcll1+d3da) with a = (a1,a2,a3) and as = §o. The second one is ¥ = vy + h1(b +
a), (dv = hcll1+d3db) with b = (b1, b, b3) and b = y). Using Taylor expansion, we obtain

202 =E [HT(V(LVO)]2 = C/ w2(v0)/ h2(Fio, Yo, o) f (20, Jo, 20) f (vo)dfodyodvo + o(1),

Jo

where

h(%o, Yo, V0) = /(I{yo<y} — F(ylvo)) (Igo<yor — F(yolto)) f(ylvo)dy

_ /w Fulooydy — [ Flyluo) floo)dy [OOF(ylﬁo)f(yI@o)der | Pl iy

max(yo,J0) Yo vo
1 1 _ ~ = Py
- 3 + 3 [F2(y0|'u0) + F2(y0|v0)] — F(max(yo, §o)|vo)-
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The following lemma provides the asymptotic bias of the pseudo-statistic I
Lemma 2 Under assumptions A.1-A.2 and Hy, we have
di+ds

Thy = (T7'Br — D) = o0p(1),

where the terms D and By are defined in (7) and (16), respectively.

Proof. We start with the calculation of the expectation of Br. We have

— 17 _ * 2
)~ [o (K@D Ual) “FWe) Bl X0 Un) PN ) g,

9(D) g*(x)
) /E (K,“ (v —T) %y) - F<y|@>>>>2 w(5) f(0)do
v [m (K*Z S g(f &,)(y) - F(y'x))f w(B)f(v)de
o [ (Kl U l0) PO (il X0 W) ~FODY )
— D+ Dy + Ds.

First, from the change of variables, ¥ = (v — ©y)/hy and v' = (v}, v},v%), with v, = y, and using

Taylor expansion, we obtain

=/ / /= \ 2
Dy = h1_(d1+d3)//K2(U) {74, (vy) = F(vs]00)} w(vy) f (2, vy, 2¢) f(v4) dvg dv” + o(1)

hl_(d1+d3)/K2(@/)d17// % {IAt(Ué) —F(v§|ﬁt)}2 flxe, vh, 2¢)dvty doy.
n t vh

Since

| L) = Py Sz = glon) [ (1= Flaglan}? F5o)aes
vy > Yt

_ ég@t)(l—F(ytwt))B,

we get

Dy = Clhl_(d1+d3)/ Q;((%)(l — Fydlw:))? f (vr)doy,

where Cy = 1 [ K*()dv'.
Second, by the change of variable (x — x¢)/hs = 2’ and using Taylor expansion, we have

_ 1 .
Dy = hy . / / ﬁK 2(37/) {1a,(y) — F(y\x)}2 w(x, 2) f(we,y, 2) f (2, yt)dx,ddedxtdyt~
x!,y,z J Tt,Yt (g (‘Tt))
Under Hy, we get

[ Fr )L ) = Plylen) dy = 50 = Flunlan) gl ).
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and hence

_ w*(x
Dy = h2 d1C2/ *( t) (1 - F(yt‘xt))3f(xtayt)dxtdyta
Tt,Yt g (xt)

for Cy = & [ K**(z)dz and w*(z¢) = [ w(xy, 2)g(z|z:)dz.
Finally, using the following change of variables x = x; + hox’ and z = 2z; + h12’, under Hy, we obtain

L[ K- () - PO} Kl e) Daw) - Fel)
50 = [ [{ - x b))

(V) g*(z)
) K(%$/72/)K*(ﬂf/) {14, (y) —F(yfﬁt)}2w 5 £ 1. o) F o\ di d
= hy // FGATEED) (00) f (21, y, 2¢) f (vi)dvy da'd2'dy.

Since he = o(hy) and fy {I4,(y) — F(y|lo)Y? f(2e,y, 2) = %(1 — F(y:|vt))3g(v¢), we obtain

Dy = —3sn" [ LS )

where C5 = K(0). Also, using similar argument to the one above, we can show that

dy+d: T
Var <Th1 > (T7'Br - D)> = % Z/E(Jf)w(ﬁ)f(v)dv = o(1),
t=1

and this concludes the proof.
Lemma 3 Under assumptions A.1-A.2 and Hy, we have
TR 2T, = 0,(1),

where the term Tyy is defined in (14). [ ]

Proof. Observe that by construction we have E(Gr(V;)) = 0. We denote by 5% the variance of
T12. To calculate this variance we need to evaluate the covariance between Gp(V;) and Gr(Vp).

First, under the assumption hy = o(hy), we have
E(J(Vi, ) = hivy(v) + o(hy),
where (v) is a function of the kernel K, of the r** derivative of F' and of g. Second,
Cov(Gr(V2),Gr(Vs)) = E(Gr(Vi)Gr(Vs))
([ 10000 e o

Q

—2/J(Ut,U)E(J(US,v/))g(v)f(v')f(vt,fus)dvtdvsdvdv'

—I—/IE(J(vt, V) E(J (vs,v")E(0)EW) f (vt, vs)dvrdvsdvdv” + o(1)

= /J(vt,v)J(vs,v')ﬁ(v)ﬁ(v')f(vt,vs)dvtdvsdvdv' - </E(J(vs,v))£(v)dv>
= I—1I++o(1)
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where £(v) = v(v)w(v) f(v). We next need to compute the terms I and II. Let us first calculate
the term I. We have,

_ Kpy (T =) (L, (y) = F(ylo)) K%, = Xo) (La,(y) = Flylz))
- N }

9(v) g*(x)
A En @ =) () - F) K5 - 2s) (Ta,(y) - F(y']2")
g9(v') g*(z')

xE(0)EW) f (vt vs)dvrdvsdvdv” + 0p(1).

From the change of variables ( T — T;)/hy = (a1,a3) = a@;(az = y) and ( v/ —T3)/h1 = (by,b3) =
b, by = 1/, we obtain

po [ ] et - Flpl) K Kt Qoo - Pl
9(v) hg g* (@)
K(b) (La,(b2) = Flbafvf)  h® K*(hwe/hg) (1a,(b2) — F(bslzs))
9(vs) hgl g*(xs)
E(wy, az, 2)E(x), b, 21) f (vr, vs)dvrdvsdadb + o,(1).

If we assume that 2979 /pdt = o(1), then

B K(a) (1a,(a2) — F(ylv)\ { K(b) (Ia,(b2) — F(bo|0])
P f( )( )

en) 9(0s)
E(wy, ag, 20)E(xy, b, 21) f (vt, vs)dvrdvsdadb + op(1)

= /g(vt)g(vs)f(vt, vs)dvrdvs + op(1)
= E(C(V)C(Vs)) +0p(1),

where ((v;) = C*z% with C* = [L K(a)da and d(v;) = [, (La,(a2) — F(y|vr)) §(we, az, z¢)das.

Using similar arguments, we show that

IT = </vt C(’Ut)f(vt)dvt>2 +0p(1) = E(C(Ve)* + 0p(1)

Consequently, using Assumption Al.1, we obtain

67 = Var(((Vo)) +2)  Cov(¢(V1), ¢(Vi+i)) < oo.

i>1
Hence, under Assumption A2.2, we conclude the proof of Lemma 3.
Lemma 4 Under Assumptions A.1-A.2 and Hy, we have
di+d
TR N — o(1),

where the term Nt is defined in (16).
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Proof. The proof is straightforward, since E(J(V;,v)) = O(h}) and Th§d1+d3)/2+2r — 0.
Lemma 5 Under assumptions A.1-A.2 and Hy, we have
di+d3)/2 /1
TR - T) = 0,(1),

where T and T are defined in (@) and (I3).

Proof. This result follows from the same arguments in Su and White (2008).
|

Proof of Proposition [Il This result can be shown by following the same steps as in the proof of
Theorem [II However, the term Np defined in (I0)), is now given by

Np = / E2(J(V;, ) w(z, 2)dF (v) + o(1)
— [ Bl 2) - Pla) Pue. dF @) + of0).

Therefore, if [(F(y|z,2) — F(y|z))*w(z, 2)dF(v) > 0, we have Th§d1+d3)/2NT — o0. Hence, the
test is consistent.
|

Proof of Proposition [2 First, following similar arguments as in Lemma 1-5 for the stochastic
process {(X74, Y7+, Zrt)}, we can show that

-~ d
7B )/ <r -D- / {(FIT (y|z, 2) — FT) (y|2) Yw(z, 2) dFT) (v)> 4 N (0,0%).
Second, under the alternative hypothesis, we have

[ {Fm ke~ FO0)} w2 dFO) = [ 820 w2 dET0) + 0,(6h).

Proof of Proposition Bl Conditionally on V; = {V;}]_,, the observations {V;*}_, forms a trian-
gular array of independent random variables. Thus, conditionally on Vp, Gp(V,*) and Hp(V,*, V;*)
are independent. The result of this proposition is obtained using similar argument to the one in
the proof of Theorem [Il with the terms, 711, T12, Br and Np in (3] are replaced by their boot-
strapped versions T}y, T}y, By and N, respectively, using the bootstrap data Vi = {V;*}L,. Thus,
conditionally on Vr and using Theorem 1 of Hall (1984), we get the result in Proposition [l

|
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