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Within the context of holography we study the general class of d = 4 conformal field theories (CFTs)
after applying a universal helical deformation. At finite temperature we construct the associated black hole
solutions of Einstein gravity, numerically, by exploiting a Bianchi V1 ansatz for the bulk D = 5 metric.
At T = 0 we show that they flow in the IR to exactly the same CFT. The deformation gives rise to a finite,
nonzero DC thermal conductivity along the axis of the helix, which we determine analytically in terms of
black hole horizon data. We also calculate the AC thermal conductivity along this axis and show that it

exhibits Drude-like peaks.
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I. INTRODUCTION

There has been significant recent interest in constructing
black hole solutions that are holographically dual to con-
formal field theories (CFTs) deformed by operators which
break translation invariance. One motivation for these
studies is that the UV deformation provides a mechanism
by which momentum can be dissipated in the conformal
field theory giving rise to more realistic transport behavior
without delta functions [1—16].1 A second and interrelated
motivation is that it provides a framework for seeking new
ground states, both metallic and insulating, as well as
transitions between them [4,7,10,11,21].

In this paper we analyze a specific helical deformation
of d = 4 conformal field theories which is appealing both
because it is universal and because it is possible, at a
technical level, to analyze it in some detail. The deforma-
tion consists of a helical source for the energy-momentum
tensor of the CFT which breaks the spatial Euclidean
symmetry down to a Bianchi VII; subgroup. This defor-
mation is equivalent to considering the CFT not on four-
dimensional Minkowski spacetime, but on the spacetime
with line element

ds® = —di* + &} + 0w} + e w3, (1)

Here w; are the left-invariant one-forms associated with the
Bianchi VII;, algebra,

| = dxl, @y = COS kxldxz —sin kxldx3,

w3 = Sin kxldxz + COS kxldx3, (2)

' Another approach to study momentum dissipation is by using
massive gravity; see e.g. Refs. [17-20].
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with constant wave number k, and the constant a, para-
metrizes the strength of the helical deformation.

The black holes that are dual to these helical
deformations at finite temperature are all solutions for
the D =5 Einstein-Hilbert action with negative cosmo-
logical constant, and hence are relevant for the entire
class of d = 4 conformal field theories with an AdSs dual.
As we will see, the ansatz for the D = 5 metric is static
and maintains the Bianchi VII, symmetry and hence
constructing explicit black hole solutions just requires
solving ordinary differential equations (ODEs) in the
radial variable.”

Classically, the UV deformation parameter «, in
Eq. (1) is a dimensionless number, but due to the
conformal anomaly, a nontrivial dynamical scale is intro-
duced. For a fixed dynamical scale, the system depends
on the value of o, and on the dimensionless ratio k/T.
When T = 0, we can study the effect of the ¢ deforma-
tion by considering a perturbative analysis about the
AdSs vacuum. We find that the solution approaches
exactly the same AdSs vacuum solution in the IR, with
a simple renormalization of length scales. This is very
similar to what is seen for the deformation of d = 3 CFTs
by a periodic chemical potential which averages to zero
over a period [5], and is also reminiscent of some ground
states of particular s-wave [29] and p-wave [28,30]
superconductors.

To go beyond this perturbative analysis, and also to
consider k/T # 0, we construct fully backreacted black
hole solutions using a numerical shooting method and
study their properties. For all values of ¢ that we have

*Bianchi VII, symmetry has arisen in various holographic
constructions [22-28] including constructions with momentum
dissipation [4,13].
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considered, we show that as T/k — O the black holes
approach 7 =0 solutions which interpolate between
AdSs in the UV and the same AdSs in the IR, just as in
the perturbative analysis. In particular, we find that
for the ranges of parameters that we have considered,
the deformations do not lead to any new ground
states.

Following the construction of the black hole solutions
we calculate the thermal AC conductivity as a function
of frequency, x(w), by calculating the two-point function
for the momentum operator 7. In fact the operators
T™ and T””> mix and we calculate the full two-by-two
matrix of AC conductivities, including contact terms. This
calculation requires a careful treatment of gauge trans-
formations and we employ, and also further develop, the
method used in Refs. [7,14]. We observe Drude peaks in
k(w), with an associated nonvanishing DC conductivity at
finite 7'/k.

We also derive an analytic expression for the
associated DC thermal conductivity in terms of the
black hole horizon data, using the technique of
Refs. [10,12]. In addition, analytic expressions for the
other components of the matrix of DC conductivities are
obtained in terms of UV data of the background black hole
solutions. The DC calculation also leads to concise
expressions for the static susceptibilities, the Green’s
functions at zero frequency, which agrees with the limit
of the AC results.
|

f(=2rh*(ga + 2) + r(2k?*sinh?>2a — gh'?) + (g + 4r*)hh')
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II. BLACK HOLE SOLUTIONS

We consider the five-dimensional Einstein-Hilbert action
given by

S= / B x\/=g(R + 12), (3)

where we have set 162G = 1 and fixed the cosmological
constant to be A = —6 for convenience. The equations of
motion are simply given by

Rmn = _4gmn > (4)

and admit a unique AdS5 vacuum solution, with unit radius,
which is dual to a d = 4 CFT.

The metric ansatz for the black hole solutions that we
shall consider is given by

ds®> = —gf?dt* + g~ 'dr* + hzw% + rz(ez"a)% + e‘z"wg),
(5)

where g, f, h, a are all functions of the radial coordinate, r,
only and w; are the left-invariant one-forms associated with
the Bianchi VII, algebra given in Eq. (2). Clearly this
ansatz is static with a Bianchi VII, symmetry. After
substituting the ansatz into Eq. (4) we obtain the following
system of ODE:s:

!
= 0’
fr gh(rh’ 4+ 2h)
4 2[R (FPga® + g —2r%) + r*(gh” — K*sinh®2a) + r(g — 4r%)hi']
g rh(ri' + 2h) -
. 4r_h’ _4h ﬁ’ B h_/2 2k?sinh?2a _o,
g g r h gh
4ra & k*sinh4a

py Are @ _Ksimia 6
o+ ; + . e (6)

For future reference, note that the AdS-Schwarzschild black hole solution, describing the CFT at finite temperature 7 with

4
no deformation, has g = r2— % f=lLh=rand a=0, k= constant,3 with T =r, /7.
Observe that the ansatz, and hence the equations of motion, preserves the parity transformation (x;, k) — —(x;, k), and is

also invariant under the following three scaling symmetries:

r— Ar,
x; = A x,, h — Ah,
t — At, =17

where A is a constant.

(t’ X2,)C3) - j’_l(tv XZ,X3),

g 2g;
k — Ak;

3Alternatively, one can set k = 0 and a = constant, which can then be scaled to zero.
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A. UV and IR expansions

We now discuss the boundary conditions that we will impose on Eq. (6). In the UV, as r — o0, we demand that we have

the asymptotic behavior given by

k2 Cp k4
=" l—l—m(l — cosh4a) —F—FW

2 M  k*logr
g_r2<1—@(1_005h400)_ﬁ+ 34

2 c, k*logr
h_r<1—m(1_005h4a0)+ﬁ+ 67

2 c, Kktlogr
a:ao—msmh4ao+ﬁ—w

The most important thing to notice is that this implies that
the metric is approaching AdS5 with a helical deformation,
with pitch 27 /k, that is parametrized by «; as in Eq. (1).
The expansion (8) is, in fact, specified in terms of six
parameters M, f, ¢;, @y, ¢, and k. The third scaling sym-
metry in Eq. (7) allows us to set f = 1 and we will do so
later on. Note that the second scaling symmetry in Eq. (7) is
not preserved by the UV ansatz. However, when combined
with the first we deduce that under » — Ar and rescaling the
field theory coordinates by A~! the ansatz is preserved by
the following scaling symmetries of the UV parameters:

fo = fo ap = ap, k — Ak,
4 (Ak)*
M - 2*M + 5 (cosh4ay — cosh 8a) log 4,
k)%
c, = M), — ( 6) (cosh4ay — cosh 8) log 4,
(Ak)*

Cq = Mey + (sinh4ay — 2sinh 8ay) logd.  (9)

12
The log terms are associated with an anomalous scaling of
physical quantities due to the conformal anomaly.

In the IR, we assume that we have a regular black hole
Killing horizon located at r = r,. We thus demand that as
r — r, we can develop the expansion

4h% + k*(1 — coshda, )

9= 9.(r=r.)- (r=ri Pt
f=Ffi+0(r=ri)+--.
4h% + k*(1 — cosh4a,)
h=nh + R
++ Mhr, (r—ry)+
k% sinh4a
a:a+ W(r—r+)+~--. (10)

This expansion is specified in terms of four parameters
ro,f..hy and a,, with g, fixed to be g, = 4r,.

The equations of motion (6) consist of two first-order
equations for g, f and two second-order equations for /, @

(3 + 4 cosh4ay — 7 cosh 8ay) —

k*1
% (cosh4ay — cosh 8ag) + - - .>’
,

(cosh4ay — cosh 8ag) + - - >
(cosh4ay — cosh 8a) + - - .>’

(sinh4ag — 2 sinh 8ag) + - - - . (8)

and hence a solution is specified by six constants of
integration. On the other hand, we have ten parameters
in the boundary conditions minus two for the remaining
scaling symmetries (7). We thus expect to find a two-
parameter family of solutions parametrized by the
deformation parameter a, and k/T, both of which are
dimensionless. Note that the presence of the conformal
anomaly introduces an additional dynamical energy scale
into the system which we will hold fixed to be unity
throughout our analysis.

B. Thermodynamics
To analyze the thermodynamics of the black hole
solutions we need to calculate the on-shell Euclidean
action. We analytically continue the time coordinate by
setting t = —ir. Near r = r_, the Euclidean solution takes
the approximate form

dr?

g+ (r—ry)
+ 11 (2% ) + e wl). (11)

dsg~ g, fi(r—ry)de® + + hdx]

The regularity of the solution at r = r, is ensured by
demanding that 7 is periodic with period Az = 4x/(g.,f.),
corresponding to temperature T = (f,A7)~'. We can also
read off the area of the event horizon and since we are
working in units with 167G =1, we deduce that the
entropy density is given by

s=dnrth,. (12)

Following Refs. [31-35] we will consider the total
Euclidean action, I, defined as

ITot:I+Icz+ILog’ (13)

where I = —iS and /., is given by the following integral on
the boundary r — oo:
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1
C,/drd3x./_( 2K +6+= ) (14)

Here K is the trace of the extrinsic curvature of the
boundary, y,, is the induced boundary metric and R is
the associated Ricci scalar. Iy, is also needed for regu-
larizing the action and is given by

1 2
[Log = /deSX\/ o8r (—ng + 2RﬂyRMD> 5 (15)

where R, is the Ricci tensor associated with y,,. For our
ansatz, with the induced boundary line element associated
with 7, given by r? times the metric in Eq. (1),

ds2, = r’(=di? + dx} + %3 + e ?%w3),  (16)

we have

2 T
Ic,:V013Arlimr2hfg'/2[6_291/z< +J}+h>

_g—l/Zg/ - /’12
zfg1/2 4

k%sinh? 2a]

I oy = Volj ArrH_)m log r[cosh 8a — cosh 4a],

(17)

where Vol; = [ dx;dx,dx;. We next point out two equiv-
alent ways to write the bulk part of the Euclidean action
on-shell:

Ios = V013Ar/oo dr(2rghf)

Iy

= V013A1'/Do dr(r*hfg +2r?hgf’)’.  (18)

Notice that the first expression only receives contributions
from the boundary at r — oo since g(r,) = 0, while the
second expression also receives contributions from r = r .
We next define the free energy W = T[I1q]os = wVols.
Using the UV and IR expansions we obtain the following
expression for the free energy density:

k4
w=-M+ - sinh* 2q

4

k
=3M + 8¢;, — sT + ﬁsinh2 2a(35 + 61 cosh 4ay),

(19)

and hence the Smarr-type formula

k4
AM + 8cj, — sT + Esinh2 2a0(3 + 5 coshday) = 0. (20)

Observe that under the scaling (9), the log terms drop out
of Eq. (20).
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We now compute the expectation value of the boundary
stress-energy tensor following Ref. [32]. The relevant terms
are given by’

. 1
(T*) = lim {—210’” +2(K = 3)y" + R ~ 57" R

K" K
-1 i S 2 - 21
opr(-15) (21)
where
Kllw 2 [V RpaRpg}
N7 57/41/
w2 2Ry (22)
2 \/_}/57//41/ '

and explicit formulas can be found in Ref. [36]. Using the
asymptotic expansion (8), one obtains the boundary stress-
energy tensor, which we present in Appendix A. It is
straightforward to explicitly show that the stress tensor
is conserved, VﬂT’”’ = 0, where the covariant derivative is
with respect to the boundary metric (16), as expected. We
can also calculate the trace of the energy-momentum
tensor with respect to the boundary metric to get the
conformal anomaly5

~ 1 1 .
Tﬂ” - —2 —RZ—_Rl‘le]
24 8

= l4 (cosh(8ag) — cosh(4ay)). (23)

w|>~‘

We also note that with the stress tensor in hand, as further
discussed in Appendix A, we can use the results of
Ref. [37] to immediately recover the Smarr formula (20)
and also the first law

ok
ow = — s6T + (8¢, + 2k* sinh? 2ay(1 + 2 cosh4ay)) "

1
— 4 (64c, +3Kk*(2sinh 4aq — 3 sinh 8ag))dap.  (24)

C. Perturbative helical deformation about AdS;

Before constructing the backreacted black hole solu-
tions, it is illuminating to investigate, within perturbation
theory, the impact of the helical deformation about AdSs
space-time (at 7' = 0). Specifically, we focus on the small «
deformation given by

*Note that we will write 7% = r®T* with T# then indepen-
dent of r.

°Note that in the present setup the boundary metric satisfies
LR = 0 and there is no ambiguity in the trace of the stress tensor.
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g=r’+ €%dg, f=14€*8f,
h =r+ e26h, a =0+ ebda. (25)
At first order in e, the Einstein equations (6) imply
5 452
sa" +=béd ——-ba =0, (26)
r r
while at second order we obtain
2 8k> 273
5 + =g — 20 +2-5a? = 0,
r 3r 3
1 8k2 2r
5f/ + ﬁ (V(Sh/ - 5]’1) + ?5052 - ?5(1/2 = 0,
3 3 8k?
Sh" +—6h' — —0h + —35a2 =0. (27)
r r r

Equation (26) can be solved analytically in terms of
Bessel functions. Demanding that it is regular at the
Poincaré horizon at r =0 and that it approaches «
as r — oo implies that

2k?
da = rzao K>(2k/r).

(28)

Given this, one can then solve Eq. (27) in terms of Meijer
G-functions, again subject to regularity at the horizon and
suitable asymptotic falloff. Given the analytic solutions
obtained, we find that in the far IR the metric becomes
approximately

dr? 8a3
ds*(IR) ~ —r?dt* + —’; +r? (1 + %) dx?
r

+ r(dx3 + dx3).

FIG. 1 (color online).
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Thus, we see that at T =0, the effect of a small «
deformation does not change the IR behavior away from
the unit-radius AdSs, apart from a renormalization of
length scales in the x; direction given by

G (r=0) _, +%'
Gy, (r = ) 5

1= (30)

In Sec. ITE we will explicitly construct the full nonlinear
T = 0 solutions which interpolate between AdSs in the UV
and AdSs in the IR, that agree with both the perturbative
analysis just discussed, as well as the 7 — 0 limit of the
black holes that we now discuss.

D. Numerical construction of black hole solutions

We construct the black hole solutions numerically. We
solve the system of ODEs (6) with the asymptotics given by
Egs. (8) and (10) using a shooting method, for fixed values
of ap and k and then cool them down to low temperatures.
Recall that for a given dynamical scale, the parameters
specifying the UV data are o, and the dimensionless ratio
T/k. In practise we set k = 1.

In the left panel of Fig. 1 we display the free energy of
the black hole solutions as a function of the deformation
parameter o and the dimensionless temperature ratio, 7'/ k.
As ag — 0, with the deformation being switched off,
the solutions smoothly approach the AdS-Schwarzschild
solution, as expected. For example, in Fig. | the red line
denotes the free energy of the AdS-Schwarzschild solution
(with T/k — T).

We can also examine the behavior of the solutions as the
temperature is lowered to zero, T/k — 0. An examination
of the solutions shows that the entropy is going to zero with
the power-law behavior s ~ T3. This behavior is clearly
seen in the right panel of Fig. 1 where we have plotted

3.05F
3.00¢
2.95¢
L
» 2.90F
'_
2.85F
2.80fF

2.75F

0.50 1 5 10
T

0.05 0.10

The left panel plots the free energy, w, of the black holes constructed versus the deformation parameter, «, and

temperature, 7', and we have divided by suitable powers of k to plot dimensionless quantities. The blue line is the free energy of the
T = 0 solutions, which were constructed independently, and the red line is the free energy of the AdS-Schwarzschild black holes. The
right panel is a plot of the entropy exponent, given by T's’/s, against T/k for the helical deformed black holes with a, = 1/4 (blue),
ay = 1/2 (purple) and ay = 1 (olive). For low temperatures the exponent approaches 3, associated with the reappearance of AdSs in

the far IR.
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2.0

FIG. 2 (color online).
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“

02 04 06 08 10

Plots for the 7' = 0 helical deformation solutions about AdSs. The left panel plots the behavior of the metric

functions g (red), f (blue), h (green) and « (orange) against radius for the case of oy = 1/2. We see that the solution smoothly
approaches AdSs in the far IR. The right panel plots the parameter 4, defined in Eq. (30), which captures the renormalization of length
scales, for various a,. The almost coincident dashed line is the behavior obtained using the perturbative expansion in Sec. II C.

Ts'/s for three different deformation parameters, ay =
1/4,1/2 and 1. This behavior suggests that all of the black
holes are approaching AdSs in the far IR at 7 = 0. This
conclusion is supported by an analysis of the behavior of
the functions entering the metric. It is further supported by
an explicit construction of 7" = 0 solutions that interpolate
between the same AdSs in the UV and the IR, which we
discuss in the next subsection. For example, the blue line in
the left panel of Fig. 1 shows that the free energy of the
black holes agrees with that of the 7" = 0 solutions.

E. Nonlinear helical deformation about AdS; at T = 0

We now construct 7 =0 solutions’ that interpolate
between AdSs in the UV and in the IR. We find that their
properties are precisely consistent with the 7 — 0 limit of
the black hole solutions of the last subsection.

The UV expansion is the same as we had for the black
holes given in Eq. (8). In the IR, as r — 0, building on
Eq. (28), we use the following double expansion:

Ka? . 5h
g=r? +—f+e‘4"/"+’<1 +—+r+(’)(r2)> + -,

8k
o KT Sh,, 2
f=ty - L £ 007 ) £
_ i h 21h
h:h+r—ka+2h+ ak/hyr (] 4 h+r+@<r2) 4.,
r 8k
. 2k? 2k
a:7a+_ 2K2(——) + -, (31)
\mhr h.r

where the neglected terms are O(e~%/"+"). In the far IR the
metric approaches the AdSs vacuum solution with the flow
governed by k-dependent relevant modes, in the same spirit
as in Refs. [5,28]. This IR expansion is specified by three

®Note that we do not call these solutions “domain wall”
solutions because the same AdSs vacua is present at each end of
the renormalization group flow.

dimensionless constants @, f.,h, and we observe, in
particular, that f, and &, allow for a nontrivial renorm-
alization of length scales between the UV and the IR. By a
simple counting argument, we expect to find a one-
parameter family of solutions parametrized by the defor-
mation parameter @, (for a fixed dynamical scale).

We proceed by solving the equations of motion subject
to the above boundary conditions, again using a shooting
method. The behavior of the functions is summarized in
the left panel of Fig. 2 for @y = 1/2 and we see that
they smoothly interpolate between the same AdSs in the
UVand IR. Similar behavior is also seen for other values of
ag # 0. To see that these solutions are indeed the 7 — 0
limit of the black holes constructed in the previous
subsection, we can compare the expectation values in
the UV data of the domain wall solutions with those of
the black hole solutions and we find precise agreement. For
example, in the left panel of Fig. 1 we display the free
energy density.

It is also interesting to note that the expansion (31),
combined with the analytic AdS-Schwarzschild black hole
[given just below Eq. (6)], allows us to obtain the low-
temperature scaling behavior of the finite-temperature
black holes. At low temperatures the radius of the black
hole horizon will be related to the temperature via
r. ~aT/f.. Thus, the low-temperature scaling of the
entropy density, for example, is given by a double expan-
sion of the form

4f_l+7r4T3 (

=2 73
5 a+f+ e_4j7+k/l_1+ﬂT+
fi

s =dnrth(ry) ~ = 5373

4+, (32)
where the parameters on the right-hand side are as
in Eq. (10).

In Sec. I C we have seen in the perturbative analysis for
small o that there is a renormalization of the length scale in
going from the UV to the IR. By constructing the 7 =0
solutions for various a; we can plot the dependence of the
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renormalization parameter Z, defined in Eq. (30), as we vary
ag, as shown in Fig. 2.

III. TWO-POINT FUNCTIONS OF THE
STRESS TENSOR

In this section we calculate two-point functions of the
7™ and 7”23 components of the stress tensor, which mix
in the a-deformed helical backgrounds, at finite frequency,
w, and zero spatial momentum. In particular, from the
T™1T™ correlator we can obtain the AC thermal conduc-
tivity, k(w). We will use and further develop the method
discussed in Refs. [7,14], building on Refs. [38,39].

A. The perturbation

We consider the following time-dependent perturbations,
ds* — ds* + §(ds?), around the background solutions that
we constructed in Sec. II with
|

1
. (—2iwh,y, kr*sinh2a+ s f2gh* (—4r° 4 3rg)

237 rzfzgzhz

PHYSICAL REVIEW D 91, 066003 (2015)
8(ds*) = 26g,,, (1, r)didx, + 28gx; (1. r)wrws.  (33)
It will be convenient to Fourier decompose our perturba-

tions as

do .
5gtxl(t’ r) = /Ee_lwthtxl ((l)a r),

do _.
dgs(t.r) = [ e (. r), (34)

and the reality of the perturbation implies that

}_ltxl (w’ r) = htxl (_a)’ r)’

hos(@, r) = hys(~w, ). (35)

It is straightforward to show that this perturbation gives rise
to two second-order equations

+hys[=r?@?h? + 2 gk*r* (1 +cosh4a) + 42 gh*(2r* — g+ gr’d?)]) =0,

h// _;
PR gh? (2h4-rh')

(hAr(4rh® + K2 W'sinh®2a+ 2rghh* —4r* B2 W + h* W g — r* B2 go'?)

+ hy rh[—rhh' (47* + g) +2r*(gh” — k*sinh®2a) + 4r*h* + 2h* (=2 + r*a?)] = 2iwha3kh* (2h + k') sinh2a) =0,  (36)

and a first-order constraint equation

h23

. hi\' .
ior’*h? (h—tz) +2kr3 2 ghsinh>2a (m

)/:o. (37)

One can check that the constraint equation combined with
either one of the second-order equations implies the other
second-order equation.

This set of coupled linear ODEs is to be solved numeri-
cally subject to the following boundary conditions. At the
black hole horizon we demand in-going boundary con-
ditions [38] and choose

huy = (r=r )= G) + O((r = 1)),
hyy = (r=r)#0) +O((r= 1) (38)

Using the equations of motion we find that this expansion is
fixed by only one parameter hﬁj} ) with

.
W) = L mio) e )
4(e”r —e™*) f1k

In the UV, as r - oo, we impose the following expansion:

[
ok
hy, = 15, —l—%sinhZaosz P
r

1 2
h23 = r2S2 -+ <§ iwk sinh 2a0s1 -+ %SZ - kZCOSh22a0s2>
+ ) + T, (40)

where the dots include terms involving logarithms. The
constraint (37) implies the following relation for the UV
data s;, v;:

64iwv; + 128ksinh2ayv, + iw(—128¢, + 16k*sinh2ay*)s,
— 4k (64c, cosh2ay + 4k* sinh 2> (2k* — w?
+2k?cosh4ay))s, =0. (41)

As already mentioned, it is sufficient to solve the
first-order constraint equation (37) combined with the
second-order equation for h,3, and hence a solution to
the equations of motion is specified in terms of three
integration constants. On the other hand, the UV and
IR expansions are specified in terms of hg;),sl,sz,vl,
with v, (say) determined from this data via the constraint.
Since the ODEs we want to solve are linear, we are
allowed to rescale one of the constants to unity; we
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choose to set hg;) = 1. Thus, we are left with three
nontrivial pieces of UV and IR data, which matches the

number of integration constants in the problem.

B. The Green’s function

The two-point function matrix, G, is defined as

Ji :Gl‘ij, (42)

where J; are the linear-response currents that are generated
by the sources s;. Here the currents are the stress-tensor
components defined, as usual, as the on-shell variations’

1 55@
Jy = (T™) = lim —
= \/=Jw 5htx1 (I")
1 55@

Jy = (T?") = lim —————.
re /=G 6hp3 (1)
To calculate the currents as a function of the sources, we
consider a variation of the action that is quadratic in the
perturbation and then put it on-shell. Doing so, after
discarding some total derivatives in time, we find

d 2 / ! h/
551 = / drd®x2? (r (g +ol g 2) s, Shs,

(43)

2z \fh \ g f h
r 4ghf
3 (hix, Ohyy, + 20y SNy ) — 5 hy36hys
+ LI oy + 2hys6iL)Y 1 44
7( h36hy3 + 2hy36h5)) +ct. +log,  (44)

3 3
Jl =5 <3—2k4 —3M+§k2602

iwk
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where, for simplicity, we have not written out the contri-
butions from the counterterms (c.t.) and log terms (log) [the
Minksowki analogues of Egs. (14) and (15)], which cer-
tainly play a key role, and e.g. A, 6l = hyy (@0)6h,, (—o).
To obtain this expression we have substituted in Eq. (34)
and carried out the integral over time as well as over one
of the @’s. We next observe that the total derivative in r picks
up contributions from the UV boundary and also, in
principle, from the black hole horizon. We assume that
the variation obeys the in-going boundary conditions at the
black hole horizon analogous to Eq. (38). We then observe
that since both g(r,) and h,, (r}) vanish, there is only a
potential contribution from the horizon from the last two
terms. Inspired by Ref. [38] we discard these terms.

To proceed we take the variations of e.g. &, (@, r) and
ille (w, r) to be independent, with w > 0 [see Eq. (35)].
More specifically, we are interested in variations with
respect to the sources {Js;(w),55;(w)}. In fact, we can
deduce that these are indeed the source terms by also
allowing for variations of &v;(w),7;(w) and showing
that the latter variations drop out. After some calculation
we find

8= [ | Zoi—j@si(w)a(w)wsi(w) (@), (43)

now integrating just over® w > 0, and

11 3 35
-3 k* cosh4ay — g k*w? cosh 4a + 9% k* cosh 8(10)

—s21¢- (10k? — 3w* + 14k> cosh 4ay) sinh 2a — 40,

8 16 24

3 3 3 37 9 131
Jr =8, (—M - k* + = kw* — — o* — = k* cosh4a, + g k*w? cosh 4ay — 96 k* cosh 8(10)

3iwk
+S1

where J; are the complex conjugates of the J;. At this stage
one can use the constraint (41) to remove one of the v;’s and
continue with the calculation; however, we choose not to
impose the constraint until the very end of the calculation as
this keeps the formulas more symmetric.

To obtain the two-point function matrix, G;;, we now
want to differentiate the expression for the currents, J;, with
respect to the sources s; via

"Note that throughout we write e.g. Ohy,, = 6hyy,, so that we
have %T"”éhﬂu = T™6h,,, + ---. This accounts for the absence
of the usual factor of 2 in Eq. (43).

(2k* — @? + 6k cosh 4ay) sinh 2 + 4v,, (46)

[
Gi' - avl_./,». (47)

J

Taking the derivatives of the »; with respect to the s; is
actually a bit subtle since, following the discussion at
the end of Sec. III A, in the gauge we are using, we
cannot independently vary the sources s;. The resolution is
to utilize gauge transformations and a key observation
is that there is a residual gauge freedom that acts on
the boundary data. Specifically, if we consider the

¥Note that there is just a single term for @ = 0.
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coordinate transformation on the background solution
given by

x| = x| + e e, (48)

where the constant’ €y i1s of the same order as the
perturbation, then this induces the residual gauge trans-
formation acting on the metric perturbations:

. 2
by, (r,@) = hyy, — ieqwh?,

h23 (r, (1)) d h23 - 2€0kr2 sinh 2a. (49)

(2k sinh 2a) vy — iw(2¢), +

PHYSICAL REVIEW D 91, 066003 (2015)

By expanding at the AdS boundary we find that this
induces the transformations on the UV data:

S| = 81 — €y,
k4
v = v — 2ieyw <ch + SSiHh42ao),
Sy = 8§ — 2€pk sinh 2,
vy — v, — gk cosh 2ay(4c, + k* cosh 2aysinh®2q;). (50)

One can check that the constraint (41) is consistent with
these transformations. In Appendix B we will show that
these gauge transformations imply that the correct deriv-
atives that should be used are given by

K o
& sinh* 2aq)s,

9

a = )
ke 2k sinh 2ays; — iws,
(2k sinh 2a ) v, — k cosh 2aq(4¢,, + k* cosh 2a sinh® 2ay) s,
as Uy = . .
! 2k sinh 2ays| — iws,
o 4 — io(2c), + ’j‘isinh“ 2a0)s| — iww;
2?1 = 2k sinh 2ays; — iws, '
k cosh 2a(4c, + k* cosh 2 sinh? 2a) s, — iwv,
asz Uy =

as well as 0,,s; = 6;;. The derivatives 05 ¥; are obtained by
complex conjugation. One can check that these are con-
sistent with the constraint (41).

After some calculation, using Eqs. (46), (47), (51)
and (41), we find that

Gy, (@) = —16k? sinh? 2a0%— T™,

0

1
Gy (@) = —4w? & +

(T“’z‘”z — T@303 ) ,
(l)o 2 sinh 200

Glz(a)) = —G21 (C()) = 8ikw sinh 2a0 % s (52)
0

where T refers to the background stress tensor given in

Eq. (Al) and ¢, and ¢, are the following gauge-invariant

combinations:

o . S,

P01~ inh2ag”

_ U1

2= 2 sinh a2

81 4 ) 4 326']1

~ 5 (8k4 —3K2? + 16k* coshdag +

64k2< @ 1ok cos a0+sinh22a0>
SHraw

2% (10k> = 3w+ 14k%coshday).
+1128ksinh2ao(0k 3w* + 14k*coshday). (53)

°In Appendix B we will return to the fact that a constant gauge
transformation violates the in-going boundary conditions at the
black hole horizon.

2k sinh 2ays| — iws,

) (51)

[

Note that G,(w) = —G,;(w) is expected since the defor-
mation does not break time-reversal invariance and 7" and
T** are odd and even operators under time reversal,
respectively. In Appendix B, as an aside, we will show that
by taking two derivatives of the on-shell action one does
not recover the Green’s function but rather the Hermitian
combination G + G'.

Let us now consider the Green’s functions in the
limit that @ — 0, which gives the static susceptibilities.
First we observe from Egs. (36) and (37) that when w = 0
an exact solution is given by dg,, =0 and gy =
s,7? sinh 2/ sinh 2. In fact this zero-mode solution is
obtained from the coordinate transformation x; — x| —
s,/ (2ksinh 2a) on the background solution. Similarly,
there is also another solution given by g, = s19 f% with
0g»; = 0, which can be obtained from the background
solution via t— t—s;x;. For both of these explicit
solutions we can obtain the corresponding values of the
expectation values v, and v; as explicit functions of s, and
sy for each case, respectively. Calculating as above we
deduce that'”

"It is interesting to compare our results to that of
AdS-Schwarzschild. Carrying out the above derivation we
find that Gll(a)) = -3M = —Tn, Glz(a)) =0 and Gzz(w) =
—M —30*/16 +4v,/s,. Note that for G,, there is also a
hidden delta function.

066003-9



DONOS, GAUNTLETT, AND PANTELIDOU

800
— T/k=0.14
. 600+ T/k=0.3 ]
x -
3 — T/k=0.5
= 400F — T/k=07 1
2 — T/k=0.9
=0 \
D\
0 i
0.0 0.5 1.0 1.5 2.0

w/k

FIG. 3 (color online).

PHYSICAL REVIEW D 91, 066003 (2015)

100
sol — T/k=0.14]
T/k=0.3
<
< 60 — T/k=05 ]
& — T/k=0.7
& 40p— — T/k=0.9 ]
20t
O n n n
0.0 0.5 1.0 1.5 2.0

w/K

Plot of the real and imaginary parts of the two-point function G|, = (T™1T"), suitably scaled with

 and k, against @/ k, suitably rescaled with k, for various values of the temperature for helical black holes with &g = 1/2. The left panel
shows the real part of the thermal conductivity, Re(Tk(w)) = Im(G,,)/@ with the red dots indicating the DC conductivity predicted
from the results of Sec. IV. The right panel shows the real part of G;; and the red dots indicate the static susceptibilities

derived in Eq. (54).

limGll ((l)) = TN s
w—0

1
~ 2sinh2aq

lll'l'(l)Glz(C()) = 0,

lim G22 ((U) TP . T@303 ) ,
w—0

(54)

where the stress-tensor components of the background
geometry are given in Eq. (A4).

We now make some preliminary comments concerning
the DC conductivity matrix, defined as

ImG;;(w
CijEii_%%‘ (55)
We will see from our numerical results in the next section
that the component Cy;, which fixes the DC thermal
conductivity via C;; = Tk, is nonvanishing, and in
Sec. IV we will obtain an analytic result in terms of black
hole horizon data. Given this, and recalling Eq. (52), we see
that we must have Im(¢,/¢y) ~ @ as @ — 0 and hence
we have

C22 = 0 (56)

On the other hand to obtain Cy, and C,; we require the
behavior of Re(¢,/¢g) as @ — 0. This can be obtained by
comparing the results (54) with Eq. (52) and we deduce that
the off-diagonal components of the DC conductivity matrix
are given by

C12 — —C21 — (Tn + Txlx]). (57)

" 2ksinh 2a,

C. Numerical results

As discussed above, it is sufficient to solve the first-order
constraint equation (37) combined with the second-order
equation for /1,3 given in Eq. (36), and hence a solution is
specified in terms of three integration constants. In practice
we exploit the fact that the equations are linear to set

hﬁj] ) = 1 and then the three integration constants are the s;

and v; subject to the constraint (41). We solved the system
using a standard shooting method.

In the left panel of Fig. 3 we have plotted the real part of
the thermal conductivity k, obtained via

_ Gy,

Tk(w) o

(58)

for the helically deformed black holes with a, = 1/2.
Note that in this and subsequent plots, we have divided
by suitable powers of k to plot dimensionless quantities.
As the temperature is lowered we see the appearance
of Drude-type peaks associated with the fact that we
have broken translation invariance in the x; direction.
The red dots in this panel are the DC thermal conductivities
that are obtained from an analytic result in terms of black
hole horizon data, which we derive in Sec. I'V. The right
panel of Fig. 3 plots the real part of Gy;.

In Fig. 4 we present the corresponding plots for G,; and
G,, for the same background black holes with ay = 1/2.
We observe the Drude peaks in Im(G,;)/® which, from
Eq. (52), have the same origin as the Drude peaks
in Im(G )/ .
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Plot of the real and imaginary parts of the two-point functions Gy, = (T®2*3 T2} and G, = (T™1 T*2*3),

suitably scaled, against @w/k for various values of the temperature for helical black holes with ag = 1/2. In the top left plot we see
that the DC conductivity Cy, = 0 as in Eq. (56). In the top right plot, the red dots indicate the static susceptibility derived in Eq. (54).
In the bottom left plot, the red dots indicate the DC conductivity C,; derived in Eq. (57). In the bottom right plot we see that the
static susceptibility vanishes in agreement with Eq. (54); we also see that this plot is a simple rescaling of that in the upper left plot,

as expected from Eq. (52).

IV. DC THERMAL CONDUCTIVITY FROM
THE BLACK HOLE HORIZON

In this section we will derive an expression for the
thermal DC conductivity x = lim,,_k(w) in terms of
black hole horizon data, following the approach of
Refs. [10,12]. The final result is given in Eq. (73).
Recall that k = C;;/T. We will also recover our previous
results for the other DC conductivity matrix elements Cs,,
and Cj,, C,; given in Egs. (56) and (57), respectively,
as well as the static susceptibilities G;;(w = 0) given
in Eq. (54).

As explained in Refs. [10,12] the strategy is to switch on
sources for the operators 7™ and T*2%* that are linear in
time, s; = b;t, where b; are constant parameters, and then
read off the linear response. As shown in Appendix C of
Ref. [12], the expectation values of the operators will then
be given by

T (1) = [tGy,(0 = 0) — Cy ]b,
T2 (1) = [tGyj(w = 0) = Cylb;, (59)

and hence, given the expectation values, we can deduce the
DC conductivity matrix, C;;, as well as the static suscep-
tibility matrix, G; j(a) =0).

j°

A. Linear-in-time source for 7™

Following the construction of Refs. [10,12], we consider
perturbations around the black holes of Sec. II of the form

Gux, (1. 7) = =C16F (r) + hyy (1),
9rx, (r) = hrxl (}"), ngW3(r) = h23(}”),

where ( is a constant. It is straightforward to show that the
linearized Einstein equations reduce to one equation that
can be algebraically solved for 4, in terms of h,3, hs,

Ch
o o—
" 2k%rg(2h + rh')sinh*2a
X (=6r*h* + gh® 4+ k*r’sinh®2a + 4rghh’

(60)

+ r2gh”? — r’gh*a?) — h—2 7}% / (61)
2k \r*sinh2a) ’
a second-order ODE for 4, ,
1
hfy, = —5=—— (hiy h[2r* gh"* + 2r*gh*a* 4 4r*h?

rgh?(2h + ri)
—4gh? — 4r*hh' — rghh’' — 2k*r*sinh?2q]
+ hy AlArh® — Ar*h2 W + 2rghh — r?gh* i o/?

+ gh?h' + K2Psinh?2ah’]), (62)

066003-11



DONOS, GAUNTLETT, AND PANTELIDOU

as well as a second-order ODE for 6F which can be
integrated to give

S5F = f2g. (63)

Now, following the same discussion as in Ref. [12], with
this 6F we deduce that

by =-¢ (64)

is parametrizing a time-dependent source for the heat
current 7.

We next obtain a first integral for the equation of motion
for h,,,. To do so we consider the two-tensor

G = Vri, (65)

where k = 0,. Using the equations of motion we can show
that 0,(,/—gG™') = 0 and thus we can conclude that

2,3 2 htx
:”; g a,(gf;) (66)

is a constant and hence can be evaluated at any value of r.
By evaluating it at r — co we will now show that Q is the
time-independent part of the heat current, Q = T;".
Evaluating Q at the horizon, after ensuring the perturbation
is regular at the horizon, will lead to the final expression for
the thermal DC conductivity .

Using Eq. (21) to calculate the stress-tensor component
T™ for the perturbed metric, at a general value of r and to
first order in the perturbation, we can show that

PG (e
=" 8r<gf2>
=2 fhy/g(f2gT™ = (hyy, —Ctgf)TH™),  (67)

0 =2y=3G™

where 7% is a component of the stress tensor of the
background given in Eq. (A4). Since Q is time indepen-
dent, the time-dependent piece of 7™ must cancel with the
time-dependent piece coming from the second term. In
other words,

™ =Tg" - T, (68)
where qu is time independent, and hence

0 = Pfhy/g(f2gTy" = hyy T5). (69)

We will demand that h,, ~ r~2 close to the boundary
and hence the first term in the brackets dominates the
second term and we conclude that at r — co we have
Q = r°Ty" = T§" as claimed. Thus, we have

PHYSICAL REVIEW D 91, 066003 (2015)
T = Q — (iTh%, (70)

At this point, using Eq. (59) and recalling Eq. (64),
we see that the explicit time dependence implies that
Gy (0 =0) = T%", in agreement with the static suscep-
tibility derived earlier in Eq. (54).

To evaluate Q at the black hole horizon we need to know
the behavior of 4, as r — r. Allowing /,3 to be constant
at the horizon, using Eq. (61) we see that &, diverges at
the horizon as

h% 1
By = — 2?; 4o (71)
4k* sinh* 2a, (r—ry)

Notice that /53 is not constrained in any other way: we
choose it so that hy3 and also h,,, fall off fast enough as
r — oo so that they do not contribute to any source as
r — oo; we will return to this point below. Now, given
Egs. (71) and (63), we ensure that the perturbation is regular
at the horizon by using in-going Eddington-Finklestein

coordinates (v, r), where v = ¢ + log(r — r+)ﬁ, and we
deduce that the behavior of 4, should be

hrx] ~f+g+(r— r+)hrx1‘,-:hr
—{fy(r=r)n(r—ry)+--. (72)

Importantly, one can check that this expansion can also
be obtained directly from the near-horizon expansion of
the differential equation for A, in Eq. (62). In fact this
expansion imposes only a single condition at this boundary
and, as we mentioned above, we impose that as r — co we
have the behavior £, ~ r~2. Together these two conditions
give aunique solution to the differential equation in Eq. (62).
Having obtained a regular perturbation we can now use
Eq. (66) to obtain an expression for Q evaluated at the
horizon. Using Eq. (59) wehave Cy; = =T™ /b, = —Q/b,
and since C; = Tk, we deduce the following expression
for the thermal conductivity x in terms of horizon data:

asT

~ k?sinh?2a, (73)

For the black hole backgrounds that we constructed
explicitly in Sec. II, we have checked that this result agrees
precisely with the @ — 0 limit of the AC conductivity. This
is displayed for a particular helical deformation, for various
temperatures, in Fig. 3. We can also use the analytic result
(73) to obtain the low-temperature behavior of the thermal
conductivity for the helically deformed black holes. Indeed,
following the analysis leading to Eq. (32), we find that for
T < 0 we have the leading-order behavior
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A o
K ~ (—;T‘GJrs) T7 4F k/hoaT (74)
ai fik

We now return to a point mentioned above. Consistent
with Eq. (61) we choose the asymptotic expansion of /1,3 as
r — oo to be given by

Iy — ¢ k sinh 2a, N 32¢; + 8M — k* + k* cosh 8«
» 2 16k sinh 2a 12

k3 sinh 6a log r
— TZO + - ) (75)

which ensures that the 1/r, 1/ and log r/r> terms in the
asymptotic expansion of A, all vanish. It is clear from
Eq. (75) that the perturbation that we are considering does
not have a non-normalizable source term, as claimed above.
However, there is a corresponding expectation value for
T*>*3. Indeed we find, using Eq. (21), that

To — ¢ 8M + 32c¢), + k* sinh? 2a(7 + 13 cosh4ay)
B 4k sinh 2a, '

(76)
Comparing with Eq. (59) we conclude that

T2s 1

C p— p—
2 ¢ 2ksinh2qq

(T + %), (77)

as well as G,;(w = 0) =0 in agreement with Egs. (57)
and (54), respectively.

B. Linear-in-time source for 7%2%3

We now consider perturbations around the black holes of
Sec. II of the form

gtxl(r) = htx] (r)’ 9rx, (r) = hrx,(r)’

Gusaos (1. 7) = §216F (r) + has (1), (78)

where ¢, is a constant. After substituting in the equations
of motion we find that it is consistent to take

SF = r? sinh 2a. (79)

Note, for later use, that since @ — «a, at r — oo, the source
is parametrized by

b2 = 52 sinh 2a0. (80)
We also find that we can solve for h,, algebraically

[ ———
rxj 2kar

(81)

r2sinh 2a’
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and we can also obtain a second-order differential equation
for h,, which, remarkably, we can cast in the form

8,0 =0, (82)

where

0 =02 rfolh—ri), (83)

and Q is given in Eq. (66).

We next examine the regularity of the metric at the
horizon. Considering g,,,,,, and using Eddington-Finklestein
(zri sinh2a ;.

T log(r—r,). Then

_ 5Hh% 1
kg fo(r=ry)’

Again using Eddington-Finklestein coordinates, this

behavior of 4, at the horizon implies that A, ~ h;l with

coordinates we must have /153 ~

using Eq. (81) we can deduce that A, ~

Loh?
ht = — )
1 2k

(34)

We now return to the constant Q. Evaluating it at the
horizon we have

Q(r+) =0(ry)

_ rfigs

= _Th;;]
E

— 2= (Ttl + Tx]x])

—ﬂ([Sch + 2k*sinh? 2ay(1 +4coshay)]).  (85)

To get the first and second lines we used g(r ) =0,
Egs. (66) and (10). To get the third line we used
Eq. (84), while the last line is obtained using the Smarr-
type formula (20) as well as Eq. (A1). On the other hand,
evaluating at r — oo we first find, using Eq. (21), that

0 = P i P = s T

iah2 1201 _ 1/
+Cz<ksmh 2a _g'*(h rh)>>' (86)

h? krh

As r —» oo we find that the first and last terms give a
contribution leading to

Q=T —%([86;1 +2k*sinh? 2ay(1 +4coshay)]),  (87)

and we thus have
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T = 2 (g ), (88)

Using Eq. (59) we now deduce that

TI)C] 1

Cir = — - _
27 T sinh2a,  2ksinh2a

(Ttt + Txlxl), (89)

in agreement with Eq. (57), as well as Gj,(w = 0) =0, in
agreement with Eq. (54).

Finally, returning to Eq. (81) and demanding that
the 1/r, 1/r and logr/r’ terms in the asymptotic
expansion of £, all vanish we deduce that the constant,
1/r* and log r/r? terms of h; all vanish. Using Eq. (21) we
then find

T3 = %t(T"’Z‘”l — T@303), (90)

Using Eq. (59) we thus recover the result (56) that Cy, =0
and moreover Gy, (w = 0) = WLZ% (T2 — T2303),

V. FINAL COMMENTS

Using holographic techniques we have analyzed in some
detail a universal helical deformation that all d = 4 CFTs
possess. The deformation is specified by a wave number &,
the strength of the deformation @ and a dynamical scale
that is introduced due to the conformal anomaly. We
constructed black hole solutions that describe the deformed
CFTs at finite temperature for a range of k, . By analysing
the low-temperature behavior of the black hole solutions
we showed that the deformed CFTs approach, in the
far IR, the undeformed UV CFTs, up to a renormalization
of length scales. This is similar to what was seen in
Ref. [5] for the deformation of d = 3 CFTs by a periodic
|

k4
T"=3M +8c, +ﬁsinh22ao(35 +61cosh4a),

k4
T =M + 8Ch +§Sinh22a0 (49 + 95 COSh4a0) s

T**2 = cosh2ay(M + 8¢, cos2kx, )
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chemical potential which averages to zero over a
period.

We calculated the AC thermal conductivity along
the axis of the helix and showed that it exhibited Drude
peaks. This involved a careful calculation of the two-point
functions for the 7™t and 7“2“* components which mix
in the deformed background. We also obtained an
analytic result for the DC conductivities in terms of
black horizon data, by switching on sources that are linear
in time, following Refs. [10,12], finding a satisfying
agreement with the AC results, including the static
susceptibilities.
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APPENDIX A: BOUNDARY
ENERGY-MOMENTUM TENSOR

Here we record the explicit expressions for the compo-
nents of the energy-momentum tensor 7" defined in
Eq. (21). Writing 7% = rST* and after setting fo = 1,
we find

1 1
+sinh2q <— 8c,— 96 2kx; (96M + k*(33 + 148 cosh4ay + 107 cosh8ay) ) + @Sinh4a0k4(—35 +107 cosh4ao)> ,

7% = cosh2ay(M — 8¢, cos2kx, )

1 1
=+ sinh2q <— 8Cy+——cos2kx; (96M + k*(33 + 148 cosh4ay + 107 cosh8ay) ) +-——sinhdayk* (=35 + 107 cosh4a0)> ,

96

sinh2ay

7% =sin2kx, <—8ca cosh2ay +

(96M + k*(33 + 148 cosh4ay + 107cosh8a0))> .

48

(A1)

If we set ap = 0, the above agrees with the results of Ref. [28] in the absence of matter fields.

We also note that we can use the results of Ref. [37] to recover the two expressions for the free energy that we obtained
directly in the text. Specifically, Eqs. (2.15) and (2.14) of Ref. [37] imply that
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k 2n/k ~
w=-Ts—_— dxy/ —y(T 7tt)

27 0

k 2r/k ~ ~

- - E 0 dxl V _y(TX © x2x2 + TXZXB}/)CZJC})
k 2r/k

= - g dx, Vv _7(szxzyx3x2 + Tx}x}}/x}x})'
0

(A2)
The first expression gives the first line of Eq. (19), while
the second and third expressions give the second line. We
can also check that the expression for the stress tensor
satisfies the condition (2.18) of Ref. [37]. Finally, the first
law given in Eq. (2.13) of Ref. [37] implies that

4
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ok
Sw = — 58T + (8c¢;, + 2k*sinh*2qy(1 + 2 cosh 4ay)) a

1
~2 (64c, + 3k*(2 sinh 4y — 3 sinh 8) ) Scxg.
(A3)

It is also illuminating to write the stress-tensor compo-
nents in the x,,x3; sector with respect to the basis of
vectors dual to the left-invariant one-forms w;. Writing
T =T'vv, + T vw; with v, =0, vy, =0,, v, =
cos kx;0,, —sinkx; 0y, and v3 = sinkx,d,, + cos kx,0,,

we obtain the diagonal components:

k
T =3M + 8c), + —— (1 — e7*®)2(61 + 70e*® + 61¢8%),

192
4

k
T2 = M + 8¢, +—— (1 — e74%)2(95 + 98¢ 4 95¢8),

192

1
T2 = — % e20[3(=32M + k* — 256¢,) + k*(—4 cosh 4a; + cosh 8ay — 72 sinh 4a + 108 sinh 8ay)],

1
T = — % e?®[3(=32M + k* + 256¢,) + k*(—4 cosh 4a + cosh 8a, + 72 sinh 4ay — 108 sinh 8ay)].

We can also determine the anomalous scaling behavior
of the energy-momentum tensor. Under the scaling trans-
formations given in Eq. (9), we find that

T™ = AT + (2k)* log A, (A5)

where in the dual basis used in Eq. (A4) we have

W= —AJ3,  hmo = —A,
hoor = 20 (A3 + B), "o = ¢ (A/3 - B),
(A6)

with A = cosh4a, — cosh8a, and B = 3 (sinh4a;—
2sinh 8a). Notice that the tensor /4 is traceless with
respect to the boundary metric (1), consistent with Eq. (23).

APPENDIX B: DERIVATIVES OF THE v;
WITH RESPECT TO THE s;

In this appendix we will derive the expressions for the
derivatives 9, v; given in Eq. (51) that we used to obtain
the Green’s function. This provides a further development
of the approach described in Ref. [7], which we will also
describe in the next subsection.

To properly take into account gauge transformations
in forming the derivatives we argue as follows. We
first consider a solution to the perturbed equations of
motion (36) and (37), that is specified by the UV expansion
parameters [appearing in Eq. (40)] given by (s7, s5, v, v})

(A4)

I
and that satisfies in-going boundary conditions at the black
hole horizon. We next consider a pure gauge solution that is
obtained by taking x; — x; + ¢¢ in the background
solution. If € is a constant, €, then this will preserve the
gauge but violate the in-going boundary conditions at the
black hole horizon. This can be remedied by taking € to be a
function of r that vanishes at the horizon and approaches ¢,
at the UV boundary with a suitably fast falloff in r. This
latter condition will ensure that while this transformation
will generate h, , terms in the perturbation, taking us
outside our gauge, this will not have any additional impact
on the UV data over and above that given in Eq. (50). We
can therefore parametrize a general class of solutions with
parameters ((, €q) via the UV data

s1 = s1¢ + sieo,
5y = $5¢ + s5€p.

_ g
v = v{{ + vie€,

vy = v5¢ + Vi€, (B1)
where
k4
SLII = —iw, 1}? = 2w <Ch + 8sinh42a0> s
5 = —2k sinh 20,
v = —k cosh 2ay(4c, + k* cosh 2agsinh®2a;). (B2)
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Next we observe that the first two equations in Eq. (B1)
imply

5185 — 5287 75y — shs
¢= sts9 — shs?’ 0= yrsT —sps?” (B3)
152 = 5257 152 ~ 5257

We can also obtain analogous expressions using the second
two equations and by equating these with Eq. (B3) we
obtain the relations

9 or r o9 9 r 9 or
_ V18381~ V15587 — Vy8)ST + 01855

,U}”
1 g g s
Slsz —S2Sl
g.r rd g r g or
o — V25251 = 0283851 = 13528, + 128558] (B4)
2 g g .
S1S2 —stl
We next calculate
. g
dy,v; = v50,,¢ + v70y,€0, (B5)
and then using Eq. (B3) we obtain
rog r .9
9. v — U18; — 80
SOl T g g
152 = 8297
7.9 rod
9 v — S101 — V18
s Y1 — er!] _Srs!] ’
152 = 9297
ro9 r,9
0. vy — U383 = 50
s Y2 — er!J _srs!] ’
152 = 8297
g9 rod
stv, — vhs
Dy vy = 2172 7t (B6)
52 Srsg _Srsg
152 = 5297

Note that the same procedure as in Eq. (B5) gives the
expected 0,.5; = 5; It is important to emphasize that the
results in Eq. (B6) are gauge invariant in the sense that they
are unchanged under the shift of (s, s}, v}, v5) by an
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substituting the expressions (B2) into Eq. (B6), we obtain
the results quoted in the main text (51).

1. The approach of Ref. [7]

We briefly comment on the approach for obtaining
the Green’s function from the currents, which was used
in Ref. [7] and also in Ref. [14]. The basic idea is
to calculate the components G;; by working in a gauge
s, =0 via

. (B7)

$,=0

S

and similarly the components G;, by working in a gauge
s; =0 via

G ="
$2

(B8)

s1=0

Let us first consider the gauge s, = 0. If we have
a solution satisfying the in-falling boundary conditions
with UV data given by (s}, v/) then we can consider a
gauge transformation x; — x; + e~ ®e(r), with e(r)
approaching the constant €, at the UV boundary, with
additional properties as described earlier in this appendix.

we obtain [setting { =1 in

s
If we choose €; = m

Eq. (B1)]

i®
82) = | S\ — 5550,
(s1.52) (sl 2k sinh 2a, >

. Iz
S— 1w <20h +4sinh42a0) 55,

' 2ksinh2a,

k4
v, = v5 — coth 2ay <2ca + ?cosh 2a0sinh32a0> 5,

arbitrary amount of (sY,s9, Y, v3). Consistent with this, (B9)
using Eq. (B4), the quantities with an r superscript in
Eq. (B6) can be replaced by those without. After  and we conclude that in this gauge we have
|

vi|  (2ksinh2a0)0] — io(2c;, + 5 sinh*2a) s}

S1 15,0 2k sinh 2as| — iws) '

vy ~ (2ksinh 2ag)v5 — k cosh 2ag(4c, + k* cosh 2agsinh?2ag) s5 (B10)

Silg—0 2k sinh 2qys] — iws} '

which combined with Eqs. (B7) and (46) will give the same result for G;; as in Eq. (51).
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Alternatively, one can achieve sl = 0 by performing a

gauge transformation with €y = —1, so that

2ik sinh 2,
s~ (o +7osg),

k4
v = U'{ - (2Ch +Zsinh42ao> S'{,

ik
vy = v} + — (4, cosh 2aq + K*cosh?2agsinh® 2aq) 57,
w
(B11)
and hence
vy La)(ZC,, +5£ smh42(x0)sl —iwv]
525,20 2ksinh2ays] — iws?
vy _ kcosh2ay (4cq + k* cosh2apsinh®2aq) s — iwvh
$2 15,0 2ksinh2ags| — iws? '
(B12)

Combining this with Egs. (B7) and (46) will give the same
result for G;, as in Eq. (51).

APPENDIX C: DERIVATIVES OF THE
ON-SHELL ACTION AND THE RELATIONSHIP
TO THE GREEN’S FUNCTION

As emphasized in Ref. [38] evaluating the on-shell action
and then taking two derivatives with respect to the sources
should give a real quantity. Thus, despite some claims to the
contrary in the literature, the evaluated on-shell action does
|

96

d
s@ — / d’x / _w<s2s2< 148k* cosh 4ay — 131k* cosh 8ag + 108k2w? cosh 4 —
>

>0 27
5157
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not provide a method to obtain the Green’s function
directly. In this appendix, we investigate this in a little
more detail as it provides a nice consistency check on the
procedures we have used.

The on-shell Minkowski action at second order in the
perturbation can be written in the form

SO — /ddz d“’(th(d 2];+2Z)h,le

3r? 2ghf 3fgh !
th txlh;xl - 1”3 h%S 27 YR h23h
+ c.t. + log
1 Cl

where, for ease of presentation, we have not written out
the contributions from the counterterms and log terms
[the Minkowski analogues of Egs. (14) and (15)] and
e.g. h, = hy, (@)h,,, (—o). To get this expression we have
used the second-order equations for the perturbation as well
as the background equations of motion and carried out the
integral over time. In particular, there are some total time
derivatives which give no contribution. We next observe
that the total derivative in r picks up contributions from
the UV boundary and potentially the black hole horizon.
In fact since both g(r, ) and h,,, (r,) vanish there is only a
contribution from the horizon from the last term, but this
vanishes after integrating over all @ (this is in contrast to
statements made in Ref. [38]).

Thus, using the UV expansions for the background,
Eq. (8), and the perturbation, Eq. (40), along with the
constraint (41), we find that the on-shell action (C1) can be
written as

9k* + 36k*w* — 96M — 18w*)

+—— (—44k* coshday + 35k* cosh 8a, — 36k>w? cosh day + 9k* + 36k*w* — 288M)

96
5152

+g iwk(—=3w?* + 8k* + 16k* cosh 4q) sinh 2ay — T 2 iwk(=3w? + 8k* + 16k2 cosh 4ay) sinh 20

+2(32@2 +§2’U2 _3151 —Sl'ljl)).

As in the main text we are treating s; = s;(w) and
5; = §5;(w) as independent variables with @ > 0 and sim-
ilarly with the expectation values »; and 7;, which are to

be considered as functions of the sources: v; = v;(sy, 5,)

(C2)

|

Using the derivatives given in Eq. (51) and also the
constraint (41) we now find, after some calculation, the
simple result

5Ss?
=G, +Gi;

5,05, i (€3)

with G;; as given in Eq. (52).
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