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Geometric analysis aspects of
infinite semiplanar graphs with
nonnegative curvature

By Bobo Hua at Leipzig, Jiirgen Jost at Leipzig and Shiping Liu at Leipzig

Abstract. We apply Alexandrov geometry methods to study geometric analysis aspects
of infinite semiplanar graphs with nonnegative combinatorial curvature. We obtain the metric
classification of these graphs and construct the graphs embedded in the projective plane mi-
nus one point. Moreover, we show the volume doubling property and the Poincaré inequality
on such graphs. The quadratic volume growth of these graphs implies the parabolicity. Finally,
we prove the polynomial growth harmonic function theorem analogous to the case of Riemann-
ian manifolds.

1. Introduction

In this paper, we study systematically (infinite) semiplanar graphs G of nonnegative cur-
vature. This curvature condition can either be formulated purely combinatorically, as in the ap-
proach of [24,31,48], or as an Alexandrov curvature condition on the polygonal surface S(G)
obtained by assigning length one to every edge and filling in faces. The fact that these two
curvature conditions — nonnegative combinatorial curvature of G and nonnegative Alexandrov
curvature of S(G) — are equivalent will be systematically exploited in the present paper. First
of all, we can then classify such graphs. Curiously, as soon as the maximal degree of a face is
at least 43, the graph necessarily has a rather special structure. This will simplify our reasoning
considerably. Secondly, as Alexandrov geometry is a natural generalization of Riemannian ge-
ometry, we can systematically carry over the geometric function theory of nonnegatively curved
Riemannian manifolds to the setting of nonnegatively curved semiplanar graphs. Starting with
two basic inequalities, the volume doubling property and the Poincaré inequality, which hold
for such spaces, we obtain the Harnack inequality for harmonic functions by Moser’s iteration
scheme. Here, for defining (sub-, super-)harmonic functions, we use the discrete Laplace opera-
tor of G. Our main results then say that a nonnegatively curved semiplanar graph is parabolic in
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the sense that it does not support any nontrivial positive superharmonic function (equivalently,
Brownian motion is recurrent), and that the dimension of the space of harmonic functions of
polynomial growth with exponent at most d is bounded for any d. This is an extension of the
solution by Colding—Minicozzi [10] of a conjecture of Yau [55] in Riemannian geometry.

Let us now describe the results in more precise technical terms. The combinatorial curva-
ture for planar graphs was introduced in Stone [48,49], Gromov [24] and Ishida [31]. In [26],
Higuchi conjectured, as a discrete analog of Myers’ theorem in Riemannian geometry, that
any planar graph with positive curvature everywhere is a finite graph. DeVos and Mohar [19]
solved the conjecture by proving the Gauss—Bonnet formula for infinite planar graphs. The
combinatorial curvature was studied by many authors [1,2,7,8,32-34,43,50,51].

In this paper, we are interested in infinite graphs. Let G be an infinite graph embedded in
a 2-manifold S(G) such that each face is homeomorphic to a closed disk with finite edges as
the boundary. This includes the case of a planar graph, and we call sucha G = (V, E, F) with
its sets of vertices V/, edges E, and faces F, a semiplanar graph. For each vertex x € V, the
combinatorial curvature at x is defined as

dy 1
o) =1- 2
(x) 2 + Z deg(o)’
03X

where d is the degree of the vertex x, deg(o) is the degree of the face o, and the sum is taken
over all faces incident to x (i.e. x € o). The idea of this definition is to measure the difference
of 27 and the total angle X, at the vertex x on the polygonal surface S(G) equipped with a
metric structure obtained from replacing each face of G with a regular polygon of side lengths
one and gluing them along the common edges. That is,

27 ®P(x) =2 — Xy

Let x(S(G)) denote the Euler characteristic of the surface S(G). The Gauss—Bonnet formula
of G in [19] reads as

Y o) < x(S(6)).

xeG
whenever X, cG:o(x)<oP(x) converges. Furthermore, Chen and Chen [8] proved that if the
absolute total curvature X eg|P(x)] is finite, then G has only finitely many vertices with non-
vanishing curvature. Then Chen [7] obtained the topological classification of infinite semipla-
nar graphs with nonnegative curvature: R2, the cylinder without boundary, and the projective
plane minus one point. In addition, at the end of the paper [7], he proposed a question on the
construction of semiplanar graphs with nonnegative curvature embedded in the projective plane
minus one point.

We note that the definition of the combinatorial curvature is equivalent to the generalized
sectional (Gaussian) curvature of the surface S(G). The semiplanar graph G has nonnegative
combinatorial curvature if and only if the corresponding regular polygonal surface S(G) is
an Alexandrov space with nonnegative sectional curvature, i.e. Sec S(G) > 0 (or Sec(G) > 0
for short).

Here, we are referring to another notion of curvature for such polygonal spaces, or more
precisely, of curvature bounds. This paper will derive its insights from comparing these curva-
ture notions. A metric space (X, d) is called an Alexandrov space if it is a geodesic space (i.e.
each pair of points in X can be joined by a shortest path called a geodesic) and locally satis-
fies the Toponogov triangle comparison. For the basic facts of Alexandrov spaces, readers are
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referred to [3,4]. In this paper, we shall apply the Alexandrov geometry to study the geometric
and analytic properties of semiplanar graphs with nonnegative curvature.

Alexandrov geometry can be seen as a natural generalization of Riemannian geometry,
and many fundamental results of Riemannian geometry extend to the more general Alexan-
drov setting. Firstly, the well-known Cheeger—Gromoll splitting theorem for Riemannian man-
ifolds with nonnegative Ricci curvature was generalized to Alexandrov spaces (see [3, 6, 40,
41, 56]); the result is that if the n-dimensional Alexandrov space (X, d) with nonnegative
curvature contains an infinite geodesic y, i.e. y : (—00,00) — X, then X isometrically splits
as ¥ x R, where Y is an (n — 1)-dimensional Alexandrov space with nonnegative curvature.
In the present paper, we shall prove that if the semiplanar graph G with nonnegative curvature
has at least two ends (geometric ends at infinity), then S(G) is isometric to the cylinder; this is
interesting since we do not use the Gauss—Bonnet formula here. Moreover, we give the metric
classification of S(G) for semiplanar graphs G with nonnegative curvature. An orientable S(G)
is isometric to a plane, or a cylinder without boundary if it has vanishing curvature everywhere,
and isometric to a cap which is homeomorphic but not isometric to the plane if it has at least
one vertex with positive curvature. A nonorientable S(G) is isometric to the metric space ob-
tained by gluing in some way the boundary of [0, @] x R with vanishing curvature everywhere
(see Lemma 3.9). By this lemma, we answer the question of Chen [7].

Secondly, we prove that G inherits some geometric estimates from those of S(G). Let
d G (resp. d) denote the intrinsic metric on the graph G (resp. polygonal surface S(G)). It will
be proved that these two metrics are bi-Lipschitz equivalent on G, i.e. for any x, y € G,

Cd%(x.y) =d(x.y) =d®(x.y).
We denote by Br(p) = {x € G : d%(p,x) < R} the closed geodesic ball in G and by
B P (p) = {x € S(G): d(p.x) < R)
the closed geodesic ball in S(G) respectively. The volume of Bg(p) is defined as
Br(p) = Y dy

x€BR(p)

The Bishop—Gromov volume comparison holds on the n-dimensional Alexandrov space (X, d)
with nonnegative curvature (see [3]). Forany p € X,0 < r < R, we have

n X n
(1.1 w < (5) ’
Jn(BX(p)) ~ \r
(1.2) H"(BX(p)) < 2" H"(BX (p)),
(1.3) H"(BE (p)) < C(m)R",

where B I}Q( (p) is the closed geodesic ball in X and #” is the n-dimensional Hausdorff mea-
sure. We call (1.1) the relative volume comparison and (1.2) the volume doubling property.
Note that S(G) is a 2-dimensional Alexandrov space with nonnegative curvature if G is a semi-
planar graph with nonnegative combinatorial curvature. Let Dg denote the maximal degree of
the faces in G, i.e. Dg = maxscF deg(o) which is finite by [8]. In this paper, for simplicity
we also denote D := Dg when it does not make any confusion. The relative volume growth
property for the graph G is obtained in the following theorem.
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Theorem 1.1. Let G be a semiplanar graph with Sec(G) > 0. Then for any p € G,
0 <r < R, we have

|Br(p)| R\’
(19 () P )(7) ’
(1.5) |B2r(p)| < C(D)|Br(p)|,
(1.6) |Br(p)| < C(D)R* (R>1),

where C(D) is a constant only depending on D which is the maximal facial degree of G.

Thirdly, we shall show that the Poincaré inequality holds on the semiplanar graph G
with nonnegative curvature. The Poincaré inequality has been proved on Alexandrov spaces
in [29, 36], and also on graphs (e-nets) embedded into Riemannian manifolds with bounded
geometry in [15]. Let u be a local W12 function on an n-dimensional Alexandrov space (X, d)
with Sec X > 0, then

(1.7) / lu—upgy|* < C(n)R2/ |Vu|?,
BX(p) BX(p)

where
1

= — u.
Je (B (p)) JBX (p)

For any function f : G — R, we extend it to each edge of G by linear interpolation and then

to each face nicely with controlled energy (see Lemma 4.6). So we get a local W12 func-

tion on S(G) which satisfies the Poincaré inequality (1.7), and then it implies the Poincaré

inequality on the graph G.

UB R

Theorem 1.2. Let G be a semiplanar graph with Sec(G) > 0. Then there exist two
constants C(D) and C such that forany p € G, R > 0, f : Bcr(p) — R, we have

(1.8) Yo (f(0) = f)?dx <CDIR® > (f(x) = f(),
X€BR(p) x,yEBcRr(p)
X~y
where |
= dx,
Tor = o] 2= S

and x ~ y means x and y are neighbors.

Finally, we shall study some global properties of harmonic functions on the semipla-
nar graph G with nonnegative curvature. Let / : G — R be a function on the graph G. The
Laplace operator L is defined as (see [9,20,23])

1
LI(x) =) (f() = S ().
X
y~x
A function f is called harmonic (subharmonic, superharmonic) if L f(x) = 0 (> 0, < 0), for
eachx € G.
A manifold or a graph is called parabolic if it does not admit any nontrivial positive
superharmonic function. The question when a manifold is parabolic has been studied exten-
sively in the literature; in fact, parabolicity is equivalent to recurrency for Brownnian mo-
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tion (see [22,27,44]). Noticing that the semiplanar graph G with nonnegative curvature has
the quadratic volume growth (1.6), we obtain the following theorem in a standard manner
(see [27,52)).

Theorem 1.3. Any semiplanar graph G with Sec(G) > 0 is parabolic.

Since Yau [53] proved the Liouville theorem for positive harmonic functions on complete
Riemannian manifolds with nonnegative Ricci curvature, the study of harmonic functions on
manifolds has been one of the central fields of geometric analysis. Yau conjectured in [54,55]
that the linear space of polynomial growth harmonic functions with a fixed growth rate on
a Riemannian manifold with nonnegative Ricci curvature is of finite dimension. Colding and
Minicozzi [10] gave an affirmative answer to the conjecture by the volume doubling property
and the Poincaré inequality. An alternative method by the mean value inequality was introduced
by Colding and Minicozzi [12] (see also [37]). In this paper, we call this result the polynomial
growth harmonic function theorem. Delmotte [16] proved it in the graph setting by assuming
the volume doubling property and the Poincaré inequality. Kleiner [35] generalized it to Cayley
graphs of groups of polynomial growth, by which he gave a new proof of Gromov’s theorem
in group theory. The first author [30] generalized it to Alexandrov spaces and gave the optimal
dimension estimate analogous to the Riemannian manifold case.

Let G be a semiplanar graph with nonnegative curvature and

HYG)={u:Lu=0, ju(x)|<Ccd®(p,x)+ 1%}

which is the space of polynomial growth harmonic functions of growth degree less than or
equal to d on G. By the method of Colding and Minicozzi [10, 11, 13], the volume doubling
property (1.5) and the Poincaré inequality (1.8) imply that

dim H%(G) < C(D)d*®) foranyd > 1,

where C(D) and v(D) depend on D (see [16]). Instead of the volume doubling property (1.5),
inspired by [13], we use the relative volume comparison (1.4) to show that

dim H4(G) < C(D)d>.

It seems natural that the dimension estimate of H d(G) should involve the maximal facial
degree D because the relative volume comparison and the Poincaré inequality cannot avoid D,
but the estimate is still not satisfactory since C (D) here is only a dimensional constant in the
Riemannian case.

Furthermore, we note that a semiplanar graph G with nonnegative curvature and Dg > 43
has a special structure of linear volume growth like a one-sided cylinder, see Theorem 2.10.
Inspired by the work [47], in which Sormani proved that any polynomial growth harmonic
function on a Riemannian manifold with one end and nonnegative Ricci curvature of linear
volume growth is constant, we obtain the following theorem.

Theorem 1.4. Let G be a semiplanar graph with Sec(G) > 0 and Dg > 43. Then for
any d > 0,
dim H4(G) = 1.
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The final dimension estimate follows from combining the previous two estimates.

Theorem 1.5. Let G be a semiplanar graph with Sec(G) > 0. Then for any d > 1,
dim H4(G) < Cd?,

where C is an absolute constant.

For convenience, we may change the values of the constants C, C(D) from line to line in
the sequel.

2. Preliminaries

A graph is called planar if it can be embedded in the plane without self-intersection of
edges. We define a semiplanar graph similarly.

Definition 2.1. A graph G = (V, E) is called semiplanar if it can be embedded into
a connected 2-manifold S without self-intersection of edges and each face is homeomorphic to
the closed disk with finite edges as the boundary.

The embedding in the definition is called a strong embedding in [7]. Let G = (V, E, F)
denote the semiplanar graph with the set of vertices, V', edges, E and faces, F'. Edges and
faces are regarded as closed subsets of S, and two objects from V, E, F are called incident
if one is a proper subset of the other. In this paper, essentially for simplicity, we shall always
assume that the surface S has no boundary except in Remark 3.7 and G is a simple graph, i.e.
without loops and multi-edges. Throughout this paper, we write x € G instead x € V' for the
vertex x. We denote by d, the degree of the vertex x € G and by deg(o) the degree of the
face o0 € F, i.e. the number of edges incident to o. Further, we assume that 3 < d,, < oo and
3 < deg(o) < oo for each vertex x and face o, which implies that G is a locally finite graph.
For each semiplanar graph G = (V, E, F), there is a unique metric space, denoted by S(G),
which is obtained from replacing each face of G by a regular polygon of side length one with
the same facial degree and gluing the faces along the common edges in S. The surface S(G) is
called the regular polygonal surface of the semiplanar graph G.

For a semiplanar graph G, the combinatorial curvature at each vertex x € G is defined as

dy 1
d(x)=1——+ ,
(x) 2 ;C deg(o)

where the sum is taken over all the faces incident to x. This curvature can be read from the
corresponding regular polygonal surface S(G) as

27 ®(x) =21 — Xy,

where X is the total angle of S(G) at x. Positive curvature thus means convexity at the ver-
tex. We shall prove that the semiplanar graph G has nonnegative curvature everywhere if and
only if the regular polygonal surface S(G) is an Alexandrov space with nonnegative curva-
ture, which is a generalized sectional (Gaussian) curvature on metric spaces. In this paper, we
denote by Sec(G) > 0 the semiplanar graph G with nonnegative combinatorial curvature and
by Sec X > 0 the metric space X with nonnegative curvature in the sense of Alexandrov.
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We recall some basic facts in metric geometry and Alexandrov geometry. Readers are
referred to [3,4].

A curve y in a metric space (X, d) is a continuous map y : [a,b] — X. The length of
a curve y is defined as

N

L(y) = Sup{z d(y(yi-1),y(yi)) : any partitiona = yo < y1 <--+ < yN = b}.
i=1

A curve y is called rectifiable if L(y) < oo. Given x,y € X, denote by I'(x, y) the set of

rectifiable curves joining x and y. A metric space (X, d) is called a length space if

d(x,y)= inf {L(y)} foranyx,y € X.
vel(x,y)

A curve y : [a,b] — X is called a geodesic if d(y(a), y(b)) = L(y). It is always true by the
definition of the length of a curve that d(y(a), y(b)) < L(y). A geodesic is a shortest curve (or
shortest path) joining the two end-points. A geodesic space is a length space (X, d) satisfying
that for any x, y € X, there is a (not necessarily unique) geodesic joining x and y.

Denote by I, k € R, the model space which is a 2-dimensional, simply connected space
form of constant curvature x. Typical ones are

R2, k=0,
HK = Sz, K= 1’
H2, x = —I.

In a geodesic space (X,d), we denote by yx, one of the geodesics joining the points x
and y, for x,y € X. Given three points x, y,z € X, denote by Ayy, the geodesic triangle
with edges yxy. Vyz, Yzx. There exists a unique (up to an isometry) geodesic triangle, Axyz,

inIl, (d(x,y) +d(y,z) +d(z,x) < f/—’% if k > 0) such that

d(x,y)=d(x,y),d(y,z) =d(y,z) and d(z,x) =d(z,x).

We call Azjyz the comparison triangle in IT,.

Definition 2.2. A complete geodesic space (X, d) is called an Alexandrov space with
sectional curvature bounded below by k (Sec X > « for short) if for any p € X, there exists a
neighborhood U, of p such that for any x, y,z € U, (withd(x,y) + d(y,z) + d(z,x) < f/—’%
if K > 0), any geodesic triangle Ay, and any w € yy, letting w € 3z be in the comparison
triangle Axyz in I, satisfying d(y, w) = d(y,w) and d(w, Z) = d(w, z), we have

d(x,w) > d(%, ).

In other words, an Alexandrov space (X, d) is a geodesic space which locally satisfies
the Toponogov triangle comparison theorem for the sectional curvature. It is proved in [4] that
the Hausdorff dimension of an Alexandrov space (X, d), dimg (X), is an integer or infinity.
One-dimensional Alexandrov spaces are: straight line, S!, ray and closed interval.

Let (X,d) be an Alexandrov space, B}{ (p) denote the closed geodesic ball centered
at p € X of radius R > 0, i.e. Bl)g(p) ={x € X :d(p,x) < R}. The well-known Bishop-
Gromov volume comparison theorem holds on Alexandrov spaces [3].
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Theorem 2.3. Let (X, d) be an n-dimensional Alexandrov space with nonnegative cur-
vature, i.e. Sec X > 0. Then for any p € X, 0 <r < R, it holds that

H"(BX(p) _ (R\"
=y wiarion = ()
2.2) H" (B (p)) < 2" H"(BE (p)).
2.3) H"(Bg (p)) < C(m)R",

where H" is the n-dimensional Hausdorff measure.

A curve y : (—00,00) — X is called an infinite geodesic if for any s, ¢ € (—o0, 00),

d(y(s),y(@) = L(¥l[s,17)

i.e. every restriction of y to a subinterval is a geodesic (shortest path). For two metric spaces
(X, dyx), (Y,dy), the metric product of X and Y is a product space X x Y equipped with the
metric dy xy which is defined as

dxxy ((x1, 1), (x2,y2)) = \/d;%(xl,xz) + d3(y1.y2).

for any (x1, ¥1), (x2, y2) € X x Y. The Cheeger—Gromoll splitting theorem holds on Alexan-
drov spaces with nonnegative curvature [3,40,41,56].

Theorem 2.4. Let (X, d) be an n-dimensional Alexandrov space with Sec X > 0. If it
contains an infinite geodesic, then X is isometric to a metric product Y x R, where Y is an
(n — 1)-dimensional Alexandrov space with Sec Y > 0.

Let (X, d) be an n-dimensional Alexandrov space with Sec X > k, k € R. The tangent
space at each point p € X is well defined, denoted by 7, X, which is the pointed Gromov—
Hausdorff limit of the rescaling sequence (X, Ad, p) as A — oo (see [3]). A point p € X is
called regular (resp. singular) if 7, X is (resp. not) isometric to R”. Let S(X) denote the set
of singular points in X. It is known that " (S(X)) = 0. Otsu and Shioya [42] obtained the
C !-differentiable and C°-Riemannian structure on the regular part of X, X \ S(X). A func-
tion f defined on a domain 2 C X is called Lipschitz if there is a constant C such that for any
X,y €,

|f(x) = f(W] = Cd(x. ).

It can be shown that every Lipschitz function is differentiable #"-almost everywhere and with
bounded gradient |V f| (see [5]). Let Lip(£2) denote the set of Lipschitz functions on 2. For
any precompact domain  C X and f € Lip(S2), the W2 norm of f is defined as

1 Byray = [ 12+ [ V1P,

The W12 space on 2, denoted by W 12(Q), is the completion of Lip(2) with respect to the
W12 norm. We say that a function f € Wlééz (X) if for any precompact domain Q CC X,
fla € WH2(Q). The Poincaré inequality was proved in [29, 36].
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Theorem 2.5. Let (X,d) be an n-dimensional Alexandrov space with Sec X > 0 and

u e VVIOC (X). Then forany R > Oand p € X,
(2.4) / lu—upgy|* < C(n)RZ/ |Vu|?,
B3 (p) BX(p)
where |
UB, =

—X u
H"(Bg (p) JBX(p)

Let (X, d) be a geodesic space and {B 1)2(,- (p)}72, be an exhaustion of X, i.e.

o0
Bl)é(p) C B1)§i+1(1’) foranyi > land X = U Bl)gi(p),
i=1

equivalently R; < R;j4+1 and R; — oo as i — oo. A connected component E of X \ BX (p)
is called connecting to infinity if there is a sequence of points {g; }°il in E withd(p, q;) NS
as j — o0o. The number of connected components of X \ BX (p) connecting to infinity, de-
noted by N;, is nondecreasing in i. Then the limit N(X) = 11rr1,_>oo N; is well defined and
called the number of ends of X. It is easy to show that N(X) does not depend on the choice
of the exhaustion of X, {BX (p)}$2,. Given a connected graph G = (V, E), let G denote the
1-dimensional simplicial complex of G, i.e. a metric space obtained from G by assigning each
edge the length one. Then G is a geodesic space and N(Gy) is well defined. If G is a semi-
planar graph and S(G) is the corresponding regular polygonal surface, then we can also define
the number of ends of S(G), N(S(G)).

In the sequel, we recall some facts on the combinatorial structure of semiplanar graphs.
The Gauss—Bonnet formula for the semiplanar graph was proved in [8, 19].

Theorem 2.6. Let G be a semiplanar graph, S(G) be the corresponding regular polyg-
onal surface, and t = N(S(G)). If G has only finitely many vertices with negative curvature,
then there exists a closed 2-manifold M, so that S(G) is homeomorphic to M minus t points,
and

2.5) Y () = x(S(G) = x(M) —1.

xeG

Moreover, G has at most finitely many vertices with nonvanishing curvature.

By the Gauss—Bonnet formula, Chen [7] gave the topological classification of semiplanar
graphs with nonnegative curvature.

Theorem 2.7. Let G be an infinite semiplanar graph with nonnegative curvature every-
where and S(G) be the regular polygonal surface. Then S(G) is homeomorphic to: R?, the
cylinder without boundary or the projective plane minus one point.

Let G be a semiplanar graph and x € G. It is straightforward that

3<d,<6if®(x)>0 and 3 <dy <5ifd(x) > 0.
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A pattern of a vertex x is a vector (deg(o1),deg(02),...,deg(og4,)), where {Ui}?il are the
faces incident to x ordered with deg(o1) < deg(o2) < --- < deg(oy, ). The following table is
the list of all possible patterns of a vertex x with positive curvature (see [8, 19]).

Patterns d(x)
(3,3,k) 3<k =1/6+1/k
(3.4,k) 4<k =1/12+1/k
(3,5,k) 5<k =1/30+1/k
(3,6,k) 6 <k =1/k
(3,7.k) 7<k<4l | =1/1722
(3,8,k) 8<k <23 | >1/552
(3,9,k) 9<k <17 | >1/306
(3,10,k) 10<k <14 | >1/210
(3.11,k) 11<k<13 | >1/858
(4,4.k) 4<k =1/k
(4,5,k) 5<k<19 | >1/380
(4,6,k) 6<k<11 | >1/132
4,7, k) T<k<9 | >1/252
(5,5,k) 5<k<9 | >1/90
(5,6,k) 6<k<7 |=>1/105
(3,3,3,k) 3<k =1/k
(3,3,4,k) 4<k<11 | >1/132
(3,3,5.k) 5<k<7 | =>1/105
(3,4,4,k) 4<k<5 |>1/30
(3,3,3,3,k) 3<k<5 >1/30

All possible patterns of a vertex with vanishing curvature are (see [8,25]):

(3,7,42), (3,8,24), (3,9,18), (3,10,15), (3,12,12), (4,5,20), (4,6,12),
(4,8,8), (5,5,10), (6,6,6).(3.3.4,12), (3,3,6,6), (3.4,4,6), (4,4,4.4),
(3.3,3,3,6), (3,3,3.4,4), (3,3,3,3,3,3).

We recall a lemma in [8].

Lemma 2.8. Let G be a semiplanar graph with Sec(G) > 0 and ¢ be a face of G with

deg(o) > 43. Then

Z@(x) > 1.

X€Eo

Proof. For completeness, we give the proof of the lemma. Since we have Sec(G) > 0
and deg(o) > 43, the only possible patterns of the vertices incident to the face o are

(3.3,k), (3,4,k), (3,5,k), (3,6,k), (4,4.k), (3,3,3,k),

where k = deg(o).
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In each case, we have ®(x) > %, for x € 0. Hence, we get

> @) = 1. o

xXeo

Let G = (V, E, F) be a semiplanar graph. We denote by Dg = sup{deg(c) : 0 € F}
the maximal degree of faces in G. If G has nonnegative curvature everywhere, then by Theo-
rem 2.6, G has at most finitely many vertices with nonvanishing curvature which implies that
DG < Q.

Lemma 2.9. Let G denote an infinite semiplanar graph with Sec(G) > 0. Then either
Dg < 42, or G has a unique face o with deg(o) > 43 and has vanishing curvature elsewhere.

Proof. 1f G has a face o with deg(o) > 43, then by Lemma 2.8

Y @) = 1.

xXeo

Since G is an infinite graph with Sec(G) > 0, by the Gauss—Bonnet formula (2.5), we have

Y W) =1,

xeG

because y(M) <2andt > 1. Hence ) ., ®(x) = 1 and ®(y) = 0 for any y ¢ o. Further-
more, the only possible patterns of the vertices incident to o are (3, 6, k), (4,4,k), (3,3,3, k),
because the other three patterns (3, 3, k), (3,4, k), (3,5, k) have curvature strictly larger than %,
where k = deg(o). ]

Let § denote the set of semiplanar graphs. We define a graph operationon ¥, P : § — §.
For any G € §, we choose a (possibly infinite) subcollection of hexagonal faces of G, add
new vertices at the barycenters of the hexagons, and join them to the vertices of the hexagons
by new edges. In such a way, we obtain a new semiplanar graph, denoted by P(G), which
replaces each hexagon chosen in G by six triangles. We note that P : § — § is a multivalued
map depending on which subcollection of hexagons we chosen. The inverse map of P, denoted
by P7!:§ — §, is defined as a semiplanar graph P ~1(G) obtained from replacing couples
of six triangles incident to a common vertex of pattern (3, 3, 3, 3, 3, 3) in G by a hexagon (we
require that the hexagons do not overlap). It is easy to see that S(P(G)) and S(P~1(G)) are
isometric to S(G) which implies that the graph operations P and P! preserve the curvature
condition, i.e. Sec S(P(G)) > 0 (or Sec S(P~1(G)) > 0) <= Sec S(G) > 0.

We investigate the combinatorial structure of the semiplanar graph G with nonnega-
tive curvature and large face degree, i.e. Dg > 43. Lemma 2.9 shows that there is a unique
large face o such that deg(o) = Dg = k > 43 and the only patterns of vertices of o are
(3,6,k),(4,4,k) and (3, 3, 3, k). Without loss of generality, by the graph operation P, it suf-
fices to assume that the semiplanar graph G has no hexagonal faces. It is easy to show that if
one of the vertices of o is of pattern (4, 4, k) (or (3, 3, 3, k)), the other vertices incident to o are
of the same pattern. We denote by L the set of faces attached to the large face o, which are of
the same type (triangle or square) and for which the boundary of o U L has the same number
of edges as the boundary of 0. By Lemma 2.9, G has vanishing curvature except at the vertices
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incident to 0. Hence, o U L is in the same situation as o. To continue the process, we denote
by L, the set of faces attached to o U L1 which are of the same type (triangle or square). In
this way, we obtain an infinite sequence of sets of faces, o, L1, L2, ..., Ly, ..., where L, are
the sets of faces of the same type (triangle or square) for m > 1. The sets L, and L, (m # n)
may be different since they are independent.

Theorem 2.10. Let G be a semiplanar graph with Sec(G) > 0 and Dg > 43, and let o
be the face of maximal degree. Then either G has no hexagons, constructed from a sequence of
sets of faces, 0, L1, L2, ..., Ly, ..., where Ly, are the sets of faces of the same type (triangle
or square), denoted by S(G) = o U |Jo_| Lm, or G has hexagons, i.e. G = P~1(G’) where
G’ has no hexagons.

3. Metric classification of semiplanar graphs with nonnegative curvature

In this section, we prove that any regular polygonal surface is a complete geodesic space
and the combinatorial curvature definition is consistent with the sectional curvature in the sense
of Alexandrov. We then obtain the metric classification of semiplanar graphs with nonnegative
curvature.

Let G be a semiplanar graph and S(G) be the corresponding regular polygonal surface.
Denote by G, the 1-dimensional simplicial complex with the metric, denoted by d %!, by
assigning each edge the length one. As a subset of S(G), G1 has another metric, denoted by
d, which is the restriction of the intrinsic metric d of S(G) to G1. The following lemma says
that they are bi-Lipschitz equivalent. We note that 9 (x, y) = d9!(x, y), forany x, y € G.

Lemma 3.1. Let G be a semiplanar graph and S(G) be the regular polygonal surface
of G. Then there exists a constant C such that for any x,y € Gy,

3.1 Cd% (x,y) <d(x,y) <d®(x,y).
To prove the lemma, we need the following lemma in Euclidean geometry.

Lemma3.2. Let A, C R? be aregular n-polygon of side length one (n > 3). A straight
line L intersects the boundary of /\,, at two points, A and B. Denote by |AB| = d the length
of the segment AB, by 1, [ the length of the two paths Py, P, on the boundary of A, joining
A and B. Then we have

(3.2) C min{ly, >} <d < min{ly, 2},

where the constant C does not depend on n.

Proof. 1Tt suffices to prove that d > C min{/y, [,}. Without loss of generality, we may
assume /; < [». It is easy to prove the lemma for n = 3, so we consider n > 4. If the shorter
path P; contains no full edges of A, i.e. A and B are on adjacent edges, then Py and AB
form a triangle. Denote by a, b the lengths of the two sides in Py and by « the angle opposite
to AB. Then we have @ = =27 and | 1 = a + b. By the cosine rule, we obtain that

d>a—bcosae and d >b—acosa.
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Then it follows that
1
2d > (a +b)(1 —cosa) > (a + b)(l —cos %) = 511.
Hence
1

3.3 d>—I.

(3.3) zh

If P; contains at least one full edge, we consider the following cases.

Case 1. n < 6. We choose one full edge in P; and extend it to a straight line, then project
the path Pp onto the line. It is easy to show that

d > |Proj P1| > 1,

where Proj P; is the projection of the path Py. Since n < 6, we have /; < 3 and

~

(3.4) d>1> gl
Case 2. n > 7. Denote by / the number of full edges contained in P;. We draw the
circumscribed circle of A, denoted by C,,, with center O of radius R,, where 2R, sin % = 1.
Let the straight line L (passing through A and B) intersect the circle C,, at C and D (C is
close to A). Denote by d’ the length of the segment CD, by 6 the angle of LCOD and by [’
the length of the arc CD.
Case 2.1. 1 > 3. On one hand, by [ > 3, we have 6 > 127” > 327”. Hence,

. Lo T Lo T
> — =3—4sin“ — >3 —4sin” — > 2.24.
sin =- sin =- n 7

0
d' =2R,sin— =
2

On the other hand, by |AC| < 1 and |BD| < 1, we obtain that
d'—d <|AC|+ |BD| < 2.

Then we have

d 2 2
) PR TERE T VI

Since d’ = 2R, sin% and !’ = R,,0, we have

’ in 8 .28
3.6) d_=2sm2>2 = 2:3_
I 6 0 T
In addition,
/
3.7) 1/21211—2251,

where the last inequality follows from [y > [ > 3.
Hence, by (3.5), (3.6) and (3.7), we have

(3.8) d>Cl.
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Case 2.2. | = 1. We denote by EF the full edge contained in P; (E is close to A) and
extend AE and BF to intersect at the point H. It is easy to calculate the angle

4 4
AEFEHF =m — — > 17 — —.
n 7

By an argument similar to the beginning of the proof, we obtain that
1 4
(3.9) d = |AB]| 25(|AH|+|BH|) 1 —cos =
> C(|AE| + |[EF| + |FB|) = Cly.

where the last inequality follows from the triangle inequality.
Case 2.3. | = 2. We denote by EF and FH the full edges contained in Py (E is close to
A) and extend AE and BH to intersect at the point K. Easy calculation shows that

AEKH:JI—6—7[Z7T—6—N.
n 7
By the same argument, we get
1 6m
(3.10) d=|AB|2§(|AK|+|BK|) 1 —cos w == >ChL.

Hence, by (3.3), (3.4), (3.8), (3.9) and (3.10), we obtain that
d > Cly,

where C is an absolute constant. Then the lemma follows. O
Now we prove Lemma 3.1.

Proof of Lemma 3.1.  Forany x, y € Gy, it is obvious that d(x, y) < d %1 (x, y). Hence
it suffices to show the inequality in the opposite direction. Let y : [a, b] — S(G) be a geodesic
joining x and y. By the local finiteness assumption of the graph G, there exist finitely many
faces that cover the geodesic y. There is a partition of [a, b], { yi}lN: o» Where

a=yo<yi<-:<yn=b,
such that y|f,,_, 5,1 is a segment on the face o; and y(y;—1), y(y;) are on the boundary of o;,
for1 <i < N.Foreach1 <i < N, we choose the shorter path, denoted by /;, on the boundary
of the face g; which joins y(y;—1) and y(y;). By Lemma 3.2, we get

CL(l;) = d(y(yi-1).y(yi)) = L),

where L(l;) is the length of /;. Connecting /;, we obtain a path / in G joining x and y. Then
we have

N 1 Y 1
Ly =) L) = 5> dyGi-),y(oi) = d(x, ).
i=1 i=1
Hence,

4% (x.y) < L(I) < éd(x,y). .
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Theorem 3.3. Let G = (V, E, F) be a semiplanar graph and S(G) be the regular
polygonal surface. Then (S(G), d) is a complete metric space.

Proof. We denote by S(G) = | J, < 0 the regular polygonal surface of G, by S(G) the
completion of S(G) with respect to the metric d. Let (0)¢, denote the €p-neighborhood of o
in S(G), for €9 > 0. To prove the theorem, it suffices to show that there exists a constant €g
such that for any face o € F we have (0)¢, C S(G).

For any 0 € F, let Q = | J{t € F : t N o # @}. By the local finiteness of G, Q is a
union of finitely many faces and the boundary of Q, dQ, has finitely many edges. It is easy to
see that

d%1(30,90) = inf{d ' (x,y) : x €90, y € do} > 1.

By Lemma 3.1, we obtain that for any x € dQ, y € do,
d(x,y) = C = 2¢,
where we choose €y = % Then we have
d(S(G)\ 0,0) = inf{d(x,y) xeSG)\Q,ye 0} > 2€p > €.

Hence, it follows that
(0)ep C O C S(G). O

Corollary 3.4. Let G be a semiplanar graph and S(G) be the regular polygonal sur-
face. Then G has nonnegative (resp. nonpositive) curvature everywhere if and only if S(G) is
an Alexandrov space with nonnegative (resp. nonpositive) curvature.

Proof. We prove only the case for nonnegative curvature. The proof for the case of
nonpositive curvature is similar.

By Theorem 3.3, S(G) is a complete metric space. It is obvious that S(G) is a geodesic
space. Suppose G has nonnegative curvature everywhere. At each point except the vertices,
there is a neighborhood which is isometric to the flat disk in R2. At the vertex x € G, the
curvature condition ®(x) > 0 is equivalent to X, < 2m. Then there is a neighborhood of x
(isometric to a conic surface in R?) satisfying the Toponogov triangle comparison with respect
to the model space R2. Hence, S(G) is an Alexandrov space with Sec S(G) > 0. Conversely,
if S(G) is an Alexandrov space with Sec S(G) > 0, then the total angle of each point of S(G)
is at most 2sr, which implies the nonnegative curvature condition at the vertices. |

In the following, we investigate the metric structure of regular polygonal surfaces by
Alexandrov space methods, where we do not use the Gauss—Bonnet formula.

Lemma 3.5. Let G = (V, E, F) be a semiplanar graph, G be the 1-dimensional sim-
plicial complex and S(G) be the regular polygonal surface. Then we have

N(Gy1) = N(S(G)).

Proof. 1t is easy to show that N(S(G)) < N(Gy), since G1 C S(G). So it suffices to
prove that N(G1) < N(S(G)).
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Let {BG1 (p)}72, be an exhaustion of G such that G, \ By G (p) has N; different con-
nected components connecting to infinity, denoted by E! | . .. N, , and N(G1) = limj o0 N;.
By the local finiteness of G, N; < co. Forany i > 1, let

Qi =|Jlo e F:onBY (p) # 0},

i.e. the union of the faces attached to ng‘ (p). By the local finiteness of G, Q; is compact.
We shall prove that S(G) \ Q; has at least /V; different connected components connecting to
infinity, then we have N(S(G)) > N; for any i > 1, which implies the lemma.

For fixedi > 1, let

Hj:==E;N(S(G)\ Qi). j=L1....N.

It is easy to see that H; # @, since E I is connecting to infinity for I < j < N;. We shall prove
that for any j # k, H; and Hj are dlsconnected in S(G) \ Q;. Suppose it is not true; then
there exist x € Hj, y € Hy andacurve y : [a,b] — S(G) in S(G) \ Q; joining x and y, i.e.

@3.11) yNO; = 0.

As in the proof of Lemma 3.1, we can find a curve y’ : [a,b] — G in G; such that y’ and
y pass through the same faces, i.e. for any ¢ € [a, b], there is a face t such that y(r) € t and
y'(t) € 1. Since H; and Hy are disconnected in G \ Bgil (p), we have y'(1y) € Bgil (p), for
some fy € [a, b]. Then there exists a face T such that y(f9) € 7 and y’(¢9) € 7. Hence t C Q;
and y N Q; # @, which contradicts to (3.11). |

By this lemma, we can apply the Cheeger—Gromoll splitting theorem to the polygonal
surface of the semiplanar graph with nonnegative curvature.

Theorem 3.6. Let G be a semiplanar graph with Sec(G) > 0 and S(G) be the regular
polygonal surface. If N(G1) > 2, then S(G) is isometric to a cylinder without boundary.

Proof. By Lemma 3.5, N(G1) > 2 implies that N(S(G)) > 2. A standard Riemann-
ian geometry argument proves the existence of an infinite geodesic y : (—oo, 00) — S(G).
Since S(G) is an Alexandrov space with nonnegative curvature, the Cheeger—Gromoll split-
ting theorem, Theorem 2.4, shows that S(G) is isometric to ¥ x R, where Y is a 1-dimensional
Alexandrov space without boundary, i.e. straight line or circle. Because N(S(G)) > 2, Y must
be a circle. Hence, S(G) is isometric to a cylinder without boundary. ]

Remark 3.7. Since the Cheeger—Gromoll splitting theorem holds for Alexandrov space
with boundary, we may formulate the above theorem in the case of regular polygonal surfaces
with boundary (homeomorphic to a manifold with boundary). For the vertex x on the boundary,
we define the combinatorial curvature as

T — Xy
) =1-+ Z deg((f) 27

03X

where Xy is the total angle at x. Let G be a semiplanar graph with nonnegative curvature ev-
erywhere and N(G1) > 2. Then the polygonal surface S(G) is isometric to either the cylinder
without boundary or the cylinder with boundary, i.e. [a, b] x R.
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Next we consider the tilings (or tessellations) of the plane (see [25]) and the construction
of semiplanar graphs with nonnegative curvature.

Let G be a semiplanar graph with nonnegative curvature and S(G) be the regular polyg-
onal surface of G. If S(G) is isometric to the plane, R?, then G is just a tiling of the plane
by regular polygons called a regular tiling. Then G has vanishing curvature everywhere. There
are infinitely many tilings of the plane. A classification is possible only for regular ones. In
this paper, we only consider regular tilings. A tiling is called monohedral if all tiles are congru-
ent. The only three monohedral tilings are by triangles, squares or hexagons. There are eleven
distinct tilings such that all vertices are of the same pattern:

(3%)(3%,6)(33,4%)(32,4,3,4)(3,4.6,4)(3.6,3,6)(3, 122)(4*)(4, 6, 12) (4, 8%)(6>).

They are called Archimedean tilings and they clearly include the three monohedral tilings.

If S(G) has at least two ends, then by Theorem 3.6 it is isometric to a cylinder without
boundary and G has vanishing curvature everywhere. If S(G) is nonorientable, then by The-
orem 2.7 and the Gauss—Bonnet formula (2.5) S(G) is homeomorphic to the projective plane
minus one point and G has vanishing curvature everywhere.

Conversely, if G has vanishing curvature everywhere, then so does S(G). Hence, S(G)
is isometric to R?, or a cylinder if it is orientable. The surface S(G) is homeomorphic to the
projective plane minus one point if it is nonorientable.

In addition, if G has positive curvature somewhere, then so does S(G), which implies
that S(G) is not isometric to R2, but by the Gauss—Bonnet formula (2.5), it is homeomorphic
to R?. We call it a cap.

An isometry of R? is a mapping of R? onto itself which preserves the Euclidean distance.
All isometries of R? form a group. It is well known that every isometry of R? is of one of four

types:
(1) rotation,
(2) translation,
(3) reflection in a given line,

(4) glide reflection, i.e. a reflection in a given line composed with a translation parallel to the
same line (see [25]).

For any planar tiling ¥, an isometry is called a symmetry of ¥ if it maps every tile of ¥
onto a tile of . It is easy to see that all symmetries of X form a subgroup of isometries of R2.
We denote by S(X) the group of symmetries of X. For any ¢ € S(X), we denote by (t) the
subgroup of S(X) generated by the symmetry ¢. The metric quotient of R? by (), denoted
by R?/(t), is a metric space with quotient metric obtained by the group action (1) (see [3]).
The following lemma shows the construction of the tilings of a cylinder.

Lemma 3.8. There is a correspondence between a planar tiling ¥ with a translation
symmetry T, (X, T) and a tiling of a cylinder.

Proof. For any planar tiling ¥ with a translation symmetry 7', the metric quotient
R2/(T) is isometric to a cylinder. The tiling ¥ induces a tiling of R%/(T).

Conversely, given a tiling %’ of a cylinder W, we lift W to its universal cover R? by
amap 7 : R? — W. It is easy to see that 7 is locally isometric, since W is flat. The tiling %’
can be lifted by 7 to a tiling ¥ of R?, which has a translation symmetry by construction. O
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Next we consider the metric structure of the semiplanar graph with nonnegative curvature
such that the corresponding regular polygonal surface is nonorientable, i.e. homeomorphic to
the projective plane minus one point.

Lemma 3.9. There is a correspondence between a planar tiling ¥ with a glide reflec-
tion symmetry t, (X,t) and a tiling of the projective plane minus one point with nonnegative
curvature.

Proof. Let X be a planar tiling with symmetry of a glide reflection
t=TaproFL =FpoT,,

where a > 0, L is a straight line, T 7, is a translation along L through distance a and Ff, is
a reflection in the line L. The metric quotient R? /(1) is isometric to the metric space obtained
from gluing the boundary of [0,a] x R, which is perpendicular to the line L, by the glide
reflection ¢. It is easy to see that R? /(1) is homeomorphic to the projective plane minus one
point and has vanishing curvature everywhere. Hence the planar tiling 3 and the symmetry ¢
of ¥ induce a tiling of R?/(1).

Conversely, let ¥’ be a tiling of R P2\ {0}, with nonnegative curvature (actually with
vanishing curvature everywhere). We construct a covering map of R P2 \ {o} with a Z, action,

7 S2\{S,N} - RP2\ {0},

where S and N are the south and north pole of S2. We lift the tiling ¥’ to a tiling X"
of §2\ {S,N}. Since X’ has vanishing curvature everywhere, so does the lifted tiling X"
Note that S?\ {S, N} has two ends. By Theorem 3.6, the regular polygonal surface S(X")
is isometric to a cylinder, denoted by (£S5') x R. By Lemma 3.8, the tiling of a cylinder X"
can be regarded to be a tiling of the cylinder which induces a planar tiling X" and a transla-
tion symmetry 7>, with T54-invariant domain [0, 2a] x R C R2. Since the Z5 action of r, the
tiling X" has a glide reflection symmetry

t=FpoT,L

where L is parallel to the direction of the translation 75,. O

By the discussion above, we obtain the metric classification of S(G) for a semiplanar
graph G with nonnegative curvature.

Theorem 3.10. Let G be a semiplanar graph with nonnegative curvature and S(G)
be the regular polygonal surface of G. If G has positive curvature somewhere, then S(G) is
isometric to a cap which is homeomorphic but not isometric to the plane. If G has vanishing
curvature everywhere, then S(G) is isometric to a plane, or a cylinder without boundary if
it is orientable, and S(G) is isometric to a metric space obtained from gluing the boundary
of [0,a] x R by a glide reflection, 1 = T, 1, o F,, where L is perpendicular to the cylinder, if
it is nonorientable.

At the end of the paper [7], Chen raised a question on the classification of infinite graphs
with nonnegative curvature everywhere which can be embedded into the projective plane minus
one point. By Lemma 3.9, it suffices to find the planar tiling with a glide reflection symmetry.
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Theorem 3.11. The monohedral tilings of the projective plane minus one point with
nonnegative curvature are of three types: triangle, square, hexagon.

Proof. By Lemma 3.9, the monohedral tiling of the projective plane minus one point
with nonnegative curvature is induced by the monohedral tiling of the plane of triangles, of
squares or of hexagons and a glide reflection for the tiling. |

Chen [7] gave two classes of monohedral tilings of the projective plane with nonnegative
curvature: PS, (n is even) and PH, (n is odd); PS; is induced by the monohedral tiling of
the plane of squares. In fact, PH, (n is odd) is a proper subset of monohedral tilings of the
projective plane minus one point which are induced by the monohedral tiling of the plane by
hexagons. We give an example below (see Figure 1, 2) which is induced by the tiling of the
plane by hexagons, but is not included in PH, (n is odd). Let PT, PS, PH denote the tilings
of the projective plane minus one point which are induced by the monohedral tiling of the plane
of triangles, squares, hexagons and a glide reflection symmetry. They provide the complete
classification of monohedral tilings of the projective plane minus one point with nonnegative
curvature.

Figure 1.  (6,6,6) in RZ. Figure 2. (6,6,6)in RP2\ {o}.

In addition, as the Archimedean tilings of the plane, we can classify the tilings of the
projective plane minus one point with nonnegative curvature for which each vertex has the
same pattern.

Theorem 3.12. The tilings of the projective plane minus one point with nonnegative
curvature such that the pattern of each vertex is the same are induced by the Archimedean
tilings of the plane and a gilde reflection symmetry.

We give two examples of tilings of the projective plane minus one point which are in-
duced by the Archimedean tilings and glide reflection symmetries (see Figure 3, 4, 5, 6). It is
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easy to see that there are infinitely many tilings of the projective plane minus one point with
nonnegative curvature because of the complexity of the tilings of the plane. Another way to see
the complexity is that we can apply the graph operation P on the tiling of the projective plane
minus one point with hexagonal faces to obtain a new one.

Figure 3. (4,8,8) in R2. Figure 4. (4,8,8)in RP2\ {o}.

Figure 5. (3,4,6,4) in R2. Figure 6. (3,4,6,4)in RP2\ {0}.

4. Volume doubling property and Poincaré inequality

In this section, we shall prove the volume doubling property and the Poincaré inequality
for semiplanar graphs with nonnegative curvature.

Let G be a semiplanar graph and S(G) be the regular polygonal surface of G. For any
p € G and R > 0, we denote by Br(p) = {x € G : d%(p,x) < R} the closed geodesic ball
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in the graph G, and by
S(G
B (p) = {x € S(G) : d(p.x) < R}
the closed geodesic ball in the polygonal surface S(G). The volume of Bgr(p) is defined as
Br(p)l = D dx.

x€BR(p)

and the volume of BI‘S;(G)(p) is defined as |B£(G) (p)| = e3‘€2(B£(G)(p)), where #?2 is the
2-dimensional Hausdorff measure. We denote by ff Br(p) the number of vertices in the closed
geodesic ball Br(p). Note that for any semiplanar graph G with nonnegative curvature,

3<dy <6 foranyx €G.
Hence |Br(p)| and §Bg(p) are equivalent up to a constant, i.e.
3Br(p) = |Br(p)| = 64Br(p),
forany p € G and R > 0.
Theorem 4.1. Let G = (V, E, F) be a semiplanar graph with Sec(G) > 0. Then there

exists a constant C(D) depending on D := maxsef deg(o) such that for any p € G and
0 <r < R, we have

BRI _ R\?
@ mon =c0(7)

Proof. We denote Bg := Br(p) and Bg = Bg(G)(p) for short. By Lemma 3.1, we
have B3, NG C B C By NG.Forany o € F,Cy < |o| := #?%(0) < C2(D). Let

Hg :={0 € F:oN Bg # 0}
denote the faces attached to Bg. Then

4.2) |Brl= ) dx < D-fHg,

XE€EBR

where {{ Hg is the number of faces in Hg. For any o € F, since the intrinsic diameter of ¢ is
bounded, i.e. diam o := sup{d(x,y): x,y € 0} < D, we have for any face 0 € Hp

s s
0 C BRtdiamo € Br4D-

Hence it follows that

4.3) CitHr < Y ol <|BR,pl.
o€Hp
By the volume comparison of S(G) (2.3), (4.2) and (4.3), we obtain
4.4) |Br| < C(D)|BR,pl < C(D)(R + D).

For R > D, we have |Br| < 4C(D)R?.For 1 < R < D, we have |Bg| < C(D)R? by (4.4).
Hence, for any R > 1, the quadratic volume growth property follows

(4.5) |Br| < C(D)R*.
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For any r > %, where C is the constant in Lemma 3.1, let ' = Cr — D. We denote by
Wr:={oeF:aﬂB§7§@}

the faces attached to B;S:, and by

W= o

oW,

the union of faces in W;.. For any vertex x € W, N G, there existsac € W, such that x € o and
d(p,x) <r'+diamo < r'+D = Cr.ByLemma3.1, wehave d%(p,x) < C~'d(p.x) <r,
which implies that W,NG C B,.Itis easy to see that

(4.6) BRI < Wl = ) lo| < Ca(D)iW,

oW,

where W} is the number of faces in W,.. Moreover, by 3 < deg(o) < D foranyo € F,

4.7) 3Wr < ) deglo) = ) de <6i(Wr NG,
oW, x€W, NG

where #(W, N G) is the number of vertices in W, N G.
Hence by (4.6) and (4.7), we have

(4.8) BY| < C(D)4(W; N G) < C(D)B, < C(D)|B|.
By the relative volume comparison (2.1), (4.4) and (4.8), we obtain that for any r > g,
S 2
| BR| |BR+D| (R+D)
<C(D)——— =<C(D .
|Br| — ) |BS| ~ PN\er-p
Let ro(D) := %.Forro(D) <r<R< oo,r—g > 5 and R + D < 2R, so that we
have
B R\?
(4.9) Bl _ C(D)(—) .
| Br | r

For0 <r < R <ro(D), by (4.5), we have

|Br| _ | Bro(D)l

(4.10) <
|Br| |BO|

2
fs§XDvaD>5cun(§).

For0 < r < ro(D) < R, by (4.5), we have

B C(D)R? R\? R\?
@.11) Brl _ C(D) SCXDVZ(—) scXDﬁéu»(—).
IBrI |BO| r r
Hence it follows from (4.9), (4.10) and (4.11) that forany 0 < r < R,
|Bg] (R)2
<CcDO)|—]). O
51 =P\

From the relative volume comparison, it is easy to obtain the volume doubling property.
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Corollary 4.2. Let G be a semiplanar graph with Sec(G) > 0. Then there exists a con-
stant C(D) depending on D such that for any p € G and R > 0, we have

(4.12) |B2r(p)| = C(D)|Br(p).

In the rest of this section, we shall prove the Poincaré inequality on a semiplanar graph
with nonnegative curvature.

Theorem 4.3. Let G be a semiplanar graph with Sec(G) > 0. Then there exist two
constants C(D) and C such that forany p € G,R > 0, f : Bcr(p) — R, we have

(4.13) Y (f) = fBR)?dx <C(DR® D" (f(x) = fF())*
X€BR(p) x,yEBcr(p)
x~y
where ]
= dx,
fBR |BR(p)| xe%(p) f(x)

and x ~ y means x and y are neighbors.

For any function on a semiplanar graph G, f : G — R, we shall construct a local W !-2
function, denoted by f>, on S(G) with controlled energy in two steps, and then by the Poincaré
inequality (2.4) on S(G), we obtain the Poincaré inequality on the graph G. In step 1, by linear
interpolation, we extend f to a piecewise linear function on G, fi : G; — R. In step 2, we
extend f] to each face of G. For any regular n-polygon A, of side length one, there is a bi-
Lipschitz map

Ly: Ay — By,
where B, is the closed disk whose boundary is the circumscribed circle of A, of radius
1 27
rp = 25in“7” (forap = =F).

Without loss of generality, we may assume that the origin 0 = (0, 0) of R? is the barycenter
of Ay, the point (x,y) = (r5,0) € R? is a vertex of A,, and By, = B, (0). Then in polar
coordinates, L, reads

Ly :Ap > (r,0) = (p,n) € By, (0),

where for 6 € [jo,, (j + Doyl, j =0,1,...,n—1,
reos (0 — (2j + 1)%)
cos %t

p= ,

n=20.

It maps the boundary of A, to the boundary of B;, (0). Direct calculation shows that L, is
a bi-Lipschitz map, i.e. for any x,y € A, we have Ci|x — y| < |Lyx — Lpy| < Ca|x — y|,
where C; and C, do not depend on n. Then for any o € F, we denote n := deg(o). Let
g : By, (0) — R satisfy the following boundary value problem:

{ Ag =0 1in érn (0),
glog,, 0 = f1oLy".
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where ﬁrn (0) is the open ball. Then we define f> : S(G) — R as
(4.14) S2lo = g o Ln.

It can be shown that f; is a local W !+2 function on S(G), since the singular points of S(G) are
isolated (see [36]).

We need to control the energy of f> by its boundary values. The following lemma is
standard. We denote by B; the closed unit disk in R2.

Lemma 4.4. For any Lipschitz function h : 0B1 — R, let g : By — R satisfy the fol-

lowing boundary value problem

glop, = h.

/|Vg|25/ 2.
B 0B
h2§C(/ g2+/ hg),
3Bl B] aBl

Proof. Let ——, 010 cosnb (gorp — 1 2. .. .) be the orthonormal basis of L2(3By).
V2
Then T

{ Ag =0 inB,

Then we have

where hy = g—g

h: 8B1 — R
can be represented in L2(dB) by

1 s cosnb sinn6
h(6) = ap—— + Z(an + by )
n=1

Var VT VT

So the harmonic function g with boundary value / is

1 > cosnb sinnf
r0) =ap—— + anr"——+b r”—).
g(r,0) 0 o ’;( n N n N
Since Ag = 0, we have Ag? = 2|Vg|?, and then

1 1 0g2
f IVg|2=—/ Agz:—f s
B, 2 B 2 0B ar

which follows from integration by parts, so that

oo

|Vg|2=/ ggr = na2 + b2).
/31 0B, Z nen

n=1
In addition,
o0
hg =Y n*(ay +by).
9B1 n=1

Hence,

(4.15) /lVg|2§/ hj.
B 0B
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The second part of the theorem follows from an integration by parts and the Holder
inequality:

h2=/ (hzx)-x:/ V- (g%x)
831 331 Bl

=2/ g2+2/ gVg-x
B B

1 1
2 2
5/ g2+2(/ gz) (/ IVgIZ) (by [x| < 1)
B B B
53/ g2+/ Vel?
B B
<3 / g%+ h (by (4.15)). o
B 0B}

Note that for the semiplanar graph G with nonnegative curvature and any face 0 = A,
of G, we have

1 1
— Iy = T =< 7
J3 2sinZ T 2sin 3

Then the scaled version of Lemma 4.4 reads

3<n<D,

= C(D).

Lemma 4.5. For 3 <n < D, and any Lipschitz function h : 0B,, — R, we denote by
g the harmonic function satisfying the Dirichlet boundary value problem

{ Ag =0 in ]§rn,
gloB,, = h-
Then it holds that

/lvglzic(D)/ 02,
B, 9B,,

Ju, =], &+ ], %)

n n n

where T = %89 is the unit tangent vector on the boundary 0By, and ht is the directional
derivative of hin T.

The following lemma follows from the bi-Lipschitz property of the map L, : A, — By,.

Lemma 4.6. Let 0 be a face of degree n, i.e. 0 = Ay, in a semiplanar graph G. Let
f2lo be constructed as (4.14). Then we have

“16) /A VA2 < C(D) /3 (ke

2 2 2

where T, is the unit tangent vector on the boundary 0\, and ( f1)T, is the directional deriva-
tive of f1in Ty,.
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Let e C A, be an edge with two incident vertices, u and v. By linear interpolation, we
have

1
[ 7= [ s+ a=nsera = 3w + fasw + rwd.

hence

@.18) U+ ) = [ 2 =502+ 10,
In addition,

@.19) %, = = s

Now we can prove the Poincaré inequality.

Proof of Theorem 4.3.  Let Bg‘ = Bgl (p) denote the closed geodesic ball in G{. We
set the constant

CR :(fZ)BS s fa.

1 /
R+1+D S
i |Brr1+pl IBS1ip

By the combinatorial relation of vertices and edges and (4.18), we have

(4.20) Y (S —er)dr < Y [(f) —cr)* + (f() —cr)]
xebr enBath
o[, h-cal
Bgh
Let
Wr+1 :{aeF:aﬂBg}r1 # @} and Wgyq = U 0.
c€EWRt1
Since BI%‘_I C Usewg,, 00, we have
@m [, Giears Y[ (-
BR-H c€EWR1 do
<coy Y ( [h=err+ [ (fl)%),
ceWrat o do

where the last inequality follows from (4.17). For any y € Wg4 1, since diamo < deg(o) < D
forany o € F, we have d(p,y) < R+ 1 + D. It implies that Wg41 C B£+1+D' Hence by
(4.21),

_ 2 _ 2 2
422) /B o, Uh=ew? <€) [B L (e +C(D)ae%+l 1k
< CDY(R+1+ D)Z/ IV fol?
BRii4p
C(D 2.

where we use the Poincaré inequality (2.4).
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. G
LetUr4+1 :={t e F:tN B§+1+D #+ 0}.SlnceBR_lH C B§+1 C B£+1+D,wehave

Wgr4+1 C Ur+1. By Lemma 3.1, it follows that

G
(4.23) Urt1NG1 CBEL gy oDy

By (4.16), (4.19), (4.22) and (4.23), we obtain that

(4.24) /BGI (fi —cr)> <C(D)(R+ 1+ D)? Z /|Vf2|2
R+1

T

teUr+1
vew) Y [ ok
oc€EWgr11 o
<CD)R+1+D)* > | (hF
teUgr+1 ot
+C(D) Y | (7
0EWR+1 9o
<CD)R+1+D3 Y /(fl)zr
teUr+1 ot

<C(D)(R+1+ D)’ > (f(x) = f())*.

X, YEBo—1(ri142D)
X~y

For R > C7Y(1 +2D) =: ro(D),wehave C""(R+1+2D) < (C™' +1)R = C1R
and R+ 1+ 2D <2R.Let

1
for = g0 Y f(x)dy.

xeBpgr
then by (4.20) and (4.24) we obtain
(4.25) D (f() = fBp)?dx < Y (f(x) —cr)dx
xeBr x€Bpr
<CIDR* Y (&) —fO)
xX,y€Bc| R
x~y

For 1 < R < ro(D), let GR = (VR ER) be the subgraph induced by Bg. For any
x € GR, we denote by dy gr the degree of the vertex x in GR. The volume of G is de-

fined as
vol GR = Z dy gr

xeGR

and the diameter of G® is defined as diam GR = SUPy yeG R dGR(x, ). Let 11 (GR) be the
first nonzero eigenvalue of the Laplacian of G ®. Then the Rayleigh principle implies that

)Ll(GR) — inf Zx,yGGR;x~y(f(x) - f(y))2

]};gR—»R Yoxegr(f(X) = for)?dy gr
const.

where
1

vol GR

Y f()dygr.

xeGR

Jor =
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We recall a lower bound estimate for A; (GR) by the diameter and volume of GR (see [9]),

1
21(G®) > .
i )_diamGR-VolGR

Since 3 < dy < 6, we have

1
gdx S dx’GR S d_x.

It is easy to see that diam GR < 2R and vol GR < |Bg| < C(D)R? by (4.5). So that we have

: > C(D).

Ry < >
MO = R CDIRE = 2r0(D) - CDYZ(D)

which implies that

> (fx) = fgr)?dygr <C(D) Y (f(x)— f(¥)?,

xeGR x,yeGR
X~y

forany f : GR — R.
Hence we obtain that

(4.26) D) = f8p)2dx <6 Y (f(x) = for)dy gr
XEBR xeGR
<CD) Y, (f)—fO)
x,yeGR
X~y
<CDR* Y (fx)— f())*
x,yeBR
X~y

For 0 < R < 1, the Poincaré inequality (4.13) is trivial. The theorem is proved by (4.25)
and (4.26). O

5. Analysis on semiplanar graphs with nonnegative curvature

In this section, we shall study the analytic consequences of the volume doubling property
and the Poincaré inequality.

In Riemannian manifolds, it is well known that the volume doubling property and the
Poincaré inequality are sufficient for the Nash—Moser iteration which implies the Harnack in-
equality for positive harmonic functions (see [21,45]).

Let G be a graph. For a function f : G — R, the Laplace operator L is defined as

LI = o 32(70) — f().
X yrox

The gradient of f is defined as

VP =) (f0) = f0))*

y~x
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Given a subset 2 C G, a function f is called harmonic (subharmonic, superharmonic) on  if
Lf(x) =0 (>0,<0) forany x € Q. We denote by

HYG)=1{f:Lf =0, |f(x)] = C@%(p,x)+ 1}

the space of polynomial growth harmonic functions of growth degree less than or equal to d
on G.

It was proved by Delmotte [17] and Holopainen—Soardi [28] independently that the Har-
nack inequality for positive harmonic functions holds on graphs satisfying the volume doubling
property and the Poincaré inequality. Applying their results to our case, we obtain the following
theorem.

Theorem 5.1 ([17,28]). Let G be a semiplanar graph with Sec(G) > 0. Then there exist
constants C1 > 1, Ca(D) < oo such that for any R > 0, p € G and any positive harmonic
Sfunction uw on B¢, r(p), we have

5.1 max ¥ < Cp(D) min u.
Br(p) Br(p)

Remark 5.2. In [18], Delmotte obtained the parabolic Harnack inequality and the
Gaussian estimate for the heat kernel which is stronger than the elliptic one of the preceding
theorem.

In the Nash—Moser iteration, the mean value inequality for nonnegative subharmonic
functions is obtained (see [14]). Since the square of a harmonic function is subharmonic, we
obtain

Lemma 5.3. Let G be a semiplanar graph with Sec(G) > 0. Then there exist two con-
stants Cy and C»(D) such that for any R > 0, p € G, any harmonic function u on B¢, r(p),
we have

(5.2) 2(py < —2P) 12 (x)d,y.
Berl 2
X€ ClR(p)

The Liouville theorem for positive harmonic functions follows from the Harnack inequal-
ity (see [46]).

Theorem 5.4. Let G be a semiplanar graph with Sec(G) > 0. Then any positive har-
monic function on G must be constant.

Proof. Since G is a semiplanar graph with Sec(G) > 0, it follows that Dg < oo. Let u
be a positive harmonic function on G. By the Harnack inequality (5.1), we obtain

(5.3) r%a;x(u — igfu) < Ca(Dg) rgiRn(u — igfu),

for any R > 0. The right hand side of (5.3) tends to 0 if R — oco. Hence,

u = infu = const. O
G
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A manifold or a graph is called parabolic if it does not admit any nontrivial positive
superharmonic function. The parabolicity of a manifold has extensively been studied in the
literature (see [22, 27, 44]). In the graph setting, it is equivalent to the fact that the simple
random walk on the graph is recurrent, see e.g. [52]. We already prove the quadratic volume
growth, (4.5) in Theorem 4.1, of the semiplanar graph with nonnegative curvature. Note that
[52, Lemma 3.12] yields the parabolicity of such graphs.

Theorem 5.5. Any semiplanar graph G with Sec(G) > 0 is parabolic.

In the last part of the section, we investigate the polynomial growth harmonic func-
tion theorem on graphs. For Riemannian manifolds, the polynomial growth harmonic function
theorem was proved by Colding and Minicozzi in [10]. By assuming the volume doubling
property (4.12) and the Poincaré inequality (4.13) on the graph, Delmotte [16] proved the
polynomial growth harmonic function theorem with the dimension estimate in our case

dim H%(G) < C(D)d*®),

where C(D) and v(D) depend on the maximal facial degree D of the semiplanar graph G
with nonnegative curvature. We improve Delmotte’s dimension estimate of H 4(G) by using
the relative volume comparison (4.1) instead of the volume doubling property (4.12).

Theorem 5.6. Let G be a semiplanar graph with Sec(G) > 0. Then
(5.4) dim H%(G) < C(D)d?,
forany d > 1.

We will use the argument by the mean value inequality (see [12,37]). From now on, we
fix some vertex p € G, and denote Bg = BRr(p) for short. We need the following lemmas.

Lemma 5.7. For any finite dimensional subspace K C H%(G), there exists a con-
stant Ro(K) depending on K such that for any R > Ro(K), u,v € K,

Ar(u,v) := Z u(x)v(x)dy

XEBR

is an inner product on K.
Proof. The lemma is easily proved by a contradiction argument (see [30]). |

Lemma 5.8. Let G be a semiplanar graph with Sec(G) > 0 and K be a k-dimensional
subspace of H2(G). Given B > 1,8 > 0, for any Ry > Ro(K) there exists an R > Ry such
that if {u; }le is an orthonormal basis of K with respect to the inner product Agg, then

Kk
> ArQui up) = kD,

i=1

Proof. The proof is same as [16, 30, 38]. O
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Lemma 5.9. Let G be a semiplanar graph with Sec(G) > 0 and K be a k-dimensional
subspace of H%(G). Then there exists a constant C(D) such that for any basis of K, {u;}*

i=1
R>0,0<6<%,wehave

k
Y Ag@iup) <C(D)e? sup > uP(y)dy,

i=1 ue(A’U)yEB(lJré)R

where (A, U) :={w = Z{;l au; Z{le al.z =1}

Proof. For any x € Bg, we set
Ky ={u € K :u(x)=0}.

It is easy to see that dim K/K, < 1. Hence there exists an orthonormal linear transforma-
tion ¢ : K — K, which maps {ui}le to {vi}f.czl such that v; € Ky, for i > 2. The mean
value inequality (5.2) implies that

k k
D outx) =Y vix) = vi(x)
i=1 i=1
< C(D)|B(1+6)R—r(x) ()| ! > v (y)dy
YEB(1+e)R—r(x)(X)

< C(D)|Basor—r@@®[™ sup > uP(y)dy,

ME(A,U) yeB(]—|—e)R

where r(x) = d%(p, x).
By the relative volume comparison (4.1), we have

2R
(1+e)R—r(x)
2R

1 R— 2
|B(1+e)R—r(x)| = C(D)(( +<) r(x)) | B2r(x)]

2
> c<D)( ) Br(p)| = C(D)e2|Bxl.

Hence, by 3 < dyx < 6forany x € G,

k k
Y wwWdi=6Y Y w0 =CDE sp Y w0y o

i=1x€Bg i=1x€Bp “E(A’U)yEBque)R

Proof of Theorem 5.6.  For any k-dimensional subspace K ¢ H?(G), weset p = 1+e.
By Lemma 5.8, there exists an R > Ro(K) such that for any orthonormal basis {u; }f.‘=1 of K
with respect to A(14¢)r, we have

k
Z AR(ui up) > k(1 + ¢)~@d+2+9),
i=1

Lemma 5.9 implies that

Kk
> Ar(ui,ui) < C(D)e>.
i=1
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Setting € = ﬁ, and letting § — 0, we obtain

1 -2 1 2d+2+48 5
k < C(D)(ﬂ) (1 + ﬁ) < C(D)d>. o

The dimension estimate in (5.4) is not satisfactory since in Riemannian geometry the
constant C(D) depends only on the dimension of the manifold rather than the maximal facial
degree of G. Note that Theorem 2.10 shows that the semiplanar graph G with Sec(G) > 0 and
D¢ > 43 has a special structure, i.e. the one-side cylinder structure of linear volume growth.
In Riemannian geometry, Sormani [47] used Yau’s gradient estimate and the nice behavior of
the Busemann function on a one-end Riemannian manifold with nonnegative Ricci curvature
of linear volume growth to show that it does not admit any nontrivial polynomial growth har-
monic function. Inspired by the work [47] and the special structure of semiplanar graphs with
nonnegative curvature and large face degree, we shall prove the following theorem.

Theorem 5.10. Let G be a semiplanar graph with Sec(G) > 0 and Dg > 43. Then for
any d > 0,
dim H4(G) = 1.

To prove the theorem, we need a weak version of the gradient estimate [39]. We recall
the Cacciappoli inequality for harmonic functions on the graph G.

Theorem 5.11 ([39]). Let G be a graph and d,, = sup,.eq dx. For any harmonic func-
tion u on Bgr, r > 1, we have

C(dm)
Y VUl = =55 3 wd(y)dy.
X€B, Y€Ber
Moreover for any x € By,

C(dm
(5.5) vl = e S 2,
YEBer

Corollary 5.12. Let G be a semiplanar graph with Sec(G) > 0 and Dg > 43. For any
harmonic function u on G, we have

C(D)
(5.6) IVul() = = osca, o

where 0SCp, (x)U = Maxp,, (x) ¥ — Ming,, (x) U.

Proof. By Theorem 2.10, the regular polygonal surface S(G) has linear volume growth.
As same as in the proof of (4.5) in Theorem 4.1, we obtain that for any x € G and r > 1,

(5.7) |Br(x)| < C(D)r.
By (5.5) in Theorem 5.11 and d,, < 6, we have

C C
(5.8) |Vul?(x) < - E u?(y)dy < — |Ber(x)| max ul.
" eBer(x) " Ber (x)
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We replace u by u — ming,, () u in (5.8), noting that (5.7), to obtain that

C(D)
[Vu|(x) < NG OSCB, (x)U-

Remark 5.13. We call (5.5) the weak version of the gradient estimate since its scaling
is not as usual, but it suffices for our application.

Proof of Theorem 5.10. Let G be a semiplanar graph with Sec(G) > 0 and Dg > 43.
Let o be the largest face with deg(o) = Dg = D > 43. By Theorem 2.10, either G has no
hexagons, which looks like o, L1, L2, ..., L, ... where each L, has the same type of faces
(triangle or square), i.e. G = 0 U |y Lm, or G has hexagons, G = P~} (0 U g Lm),
where P~ is the graph operation defined in Section 2. Denote by A = o N G the set of ver-
tices incident to o, by d%(x, A) = minye4 d%(x, y) the distance function of 4 in G. Let
B (A) ={xe€G:d%(x,A) <r}and dB,(A) = {x € G : d%(x, A) = r}.

We claim that by the construction of G, for any x, y € dB,(A), there is a path joining
x and y in B;(A) with length less than or equal to 3D. For the case that G has no hexagons,
we know that #10B,(A) = D and 0B, (A) is a closed path (a cycle). This is trivial. For the case
that G has hexagons, by induction on r € N, we have #{0B,(A) < D and the distance to A4, i.e.
d(x, A) is invariant under the operation P~!. Since for each two vertices in 0B, (A) sharing
one hexagon, there is a path on the boundary of the hexagon with length < 3 which lies in
B, (A). Note that f0B,(A) < D, the claim follows.

In addition, for any g € A, we have

(5.9) 9B, (A) C Br4+p(q).

Let u € H4(G) and M(r) = 0SCyB, (4)U = Maxyp, (4) U — Minyp, (4) u. By the max-
imum principle which is a direct consequence of the definition of the harmonic function,
we have maxjyp, (4) 4 = maxp, (4)u and minypg, (4) ¥ = ming, (4) U, so that M(r) is nonde-
creasing in r. To prove the theorem, it suffices to show that M(r) = O for any large r. Let
Vr.Xp € 0B (A) satisfy u(y,) = maxpp, (4)u and u(x,) = minyp, (4)u. Then there exists
a path in B, (A) such that

Yr =20 ~Z1 ~ "~ Z] = Xr,
where z; € B, (A) for0 <i </ and! < 3D. Hence

-1

(5.10) M(r) = u(y,) —u(x,) < Y [Vul(z)

i=0

-1
Yy C(D)
i=0

7 OCBerzY

SCB7r+D(4)u

<c(D)° o

SCB7,42p (AU

(0]
<C(D) NG

M(9r)
Jr

where we use (5.6) in Corollary 5.12, Bg,(z;) C B7,+p(q) C B7r+2p(A).

-(3D)

<C(D)

forr > D,
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Letr > Ro(D,§) := (%)2, for § < 1 which will be chosen later. Then we have

C(D)
:

<§f<l.

By (5.10), for any r > Ry (D, §), we obtain that for k > 1,

M(r) < 8M(9r) < §¥M(9*r).

Since u € H4(G), by (5.9),

M(r) <2 max |u| <2C(r+ D+ l)d.
Br+p(q)

Hence for large k with okr > D +1,

k
M(r) < 85 M(9Fr) < 2C85(9Fr + D + 1) < C2d+ 1k (o r)d = C(d)(%) d

if we choose § = =L. Then for any r > Ro(D,§) = (C(D)2-9%)2, we have

2.94°

N~
M(r) §C(d)(§) rd.

By k — o0, we obtain M (r) = 0, which proves the theorem. |

Combining Theorem 5.6 and Theorem 5.10 with Lemma 2.9, we obtain a dimension

estimate that does not depend on the maximal facial degree D¢ .

Theorem 5.14. Let G be a semiplanar graph with Sec(G) > 0. Then for any d > 1,

dim H%(G) < Cd?,

where C is an absolute constant.
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