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Abstract

We construct Q-operators for the open spin—% XXX Heisenberg spin chain with diagonal boundary matri-
ces. The Q-operators are defined as traces over an infinite-dimensional auxiliary space involving novel types
of reflection operators derived from the boundary Yang—Baxter equation. We argue that the Q-operators de-
fined in this way are polynomials in the spectral parameter and show that they commute with transfer
matrix. Finally, we prove that the Q-operators satisfy Baxter’s TQ-equation and derive the explicit form of
their eigenvalues in terms of the Bethe roots.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Integrable spin chains are prominent examples of quantum integrable models. They bear a
close relation to two-dimensional integrable quantum field theories as well as lattice models and
rest on surprisingly rich mathematical structures. Furthermore, integrable spin chains play an
important role in condensed matter physics and in the AdS/CFT correspondence.

The key example of an integrable spin chain is the periodic spin—% XXX Heisenberg spin
chain. This one-dimensional quantum system describes the interaction of neighbouring spins
aligned on a line with closed periodic boundary conditions and has been solved by Hans
Bethe [1].
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Curiously, the spin chain need not have closed boundary conditions to be integrable. In fact,
it was shown in [2] that the nearest-neighbour Hamiltonian for the Heisenberg spin chain with
open boundary conditions

L—-1
H=) 6 Giyi+6of +éof, (L.D)
i=1

can be solved using the coordinate Bethe ansatz. Here £ and 3:-‘ are arbitrary boundary parameters,
L denotes the length of the spin chain and &; the Pauli matrices at spin chain site i acting on the
2L _dimensional quantum space.

The quantum inverse scattering method is a powerful tool to study integrable models. It al-
lows the transfer matrix to be constructed using R-matrices that are solutions of the Yang—Baxter
equation. An introduction, as well as references, can be found in [3]. Initially formulated for
closed systems, the quantum inverse scattering method was further extended to integrable mod-
els with open boundaries by Sklyanin [4]. In particular, this allowed the transfer matrix to be
constructed for the open XXX Heisenberg spin chain. As for the closed case the method relies
on the Yang—Baxter equation but in addition to the R-matrices also incorporates certain boundary
matrices obeying the boundary Yang—Baxter equation.'

Baxter Q-operators are of distinguished importance in the theory of integrable systems. They
contain the information about the eigenfunctions as well as the Bethe roots. They are named after
Baxter who introduced a Q-operator to solve the eight-vertex model [5]. Nowadays, interest in
the Q-operators stems from various branches of theoretical physics. Q-operators are of central
importance in the ODE/IM correspondence [6] which relates quantum integrable models to or-
dinary differential equations and play a major role in the formulation of the fermionic basis [7].
A systematic, representation theoretical approach to Q-operators was recently studied in [8,9].
Furthermore, the results obtained for the spectral problem of planar A = 4 super Yang-Mills the-
ory, see [10] and references therein, suggest that Q-operators play a central role in the study of
the integrable structures appearing in the context of the AdS/CFT correspondence, see e.g. [11]
and references therein and thereof.

Even though the Q-operator is often referred to as the most powerful tool for the exact di-
agonalisation of integrable systems it has only been studied for a few examples. In fact, the
construction for the periodic XXX Heisenberg chain in the presence of a magnetic field, along
the lines of [12], is rather recent [13]. See also [14], where these Q-operators have been di-
agonalised using the algebraic Bethe ansatz. Apart from the construction in terms of integral
operators for certain non-compact open magnets that in particular appeared in the context of
QCD [15,16] little is known about Q-operators for open spin chains.

In this article we construct the Q-operators for the open XXX spin-% Heisenberg spin chain.
Following the quantum inverse scattering method we construct the Q-operators as traces of
single-row monodromies similar to the ones that appeared in [13] and novel types of bound-
ary operators which are derived from the boundary Yang-Baxter equation. We show that the
Q-operators commute with the transfer matrix, prove Baxter’s TQ-equation on the operatorial
level and derive their eigenfunctions.

The article is organised as follows. We first review the construction of the transfer matrix for
the open XXX spin-% Heisenberg spin chain in Section 2. In Section 3 we define the Q-operators.

1 Throughout this article we restrict ourselves to the case of diagonal boundary matrices with the Hamiltonian given in

(1.1).
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We introduce the Lax operators for the single-row monodromies and derive the boundary oper-
ators for the Q-operators from the boundary Yang—Baxter equation. Section 4 discusses various
properties of the two Q-operators. We show that the transfer matrix commutes with the Q-
operators and elaborate on the symmetry which relates them. Furthermore, we carefully study
the trace in the auxiliary space of the Q-operators and show that it yields polynomials in the
spectral parameter. More precisely, we demonstrate that the entries of the Q-operator are ar-
ranged in blocks. We evaluate them at leading order of the spectral parameter. In Section 5 we
prove Baxter’s TQ-equation on the operatorial level and argue that the eigenfunctions of the Q-
operators yield the desired Q-functions. Finally, we discuss the results and provide an outlook in
Section 6.

2. The open Heisenberg spin chain

In this section we review the construction of the fundamental transfer matrix of the open XXX
Heisenberg spin chain in the framework of the quantum inverse scattering method following [4].
At first we define the fundamental R-matrix

R(z)=z+DP, (2.1)

with the permutation matrix P = Zi b=1 €ab ® epq. Here z is the spectral parameter and ey,
denotes the 2 x 2 matrices with the entry “1” in the ath row and bth column and “0” elsewhere.
Thus, the R-matrix acts on the tensor product of two spaces

R(z):C?®C* > C?®C?. (2.2)
The R-matrix in (2.1) is a solution to the Yang—Baxter equation

Rip(x = y)Ri3(x —2)R23(y —2) = R3(y —2)Ri3(x —2)Rp2(x — y), (2.3)
where we defined

Ri2(2) =R(x) ®1, (2.4)

and Rj3, R»3, correspondingly. Furthermore, one finds that the R-matrix satisfies the unitarity
and crossing unitarity relation

R@R(-2)=1-2", RY()R"(—z—2) = —2(z +2). (2.5)

Here #; denotes the transposition in the first space of the symmetric R-matrix, cf. (2.2).
In order to construct the transfer matrix of the open spin chain we define the quantum Lax
operators £/ which coincide with the R-matrices introduced above

L(z) = Roi(z). (2.6)

They act on the ith spin chain site in the quantum space and on the two-dimensional auxiliary
space denoted by “0” which has been suppressed in the notation above. The transfer matrix T of
the open spin chain is defined from the double-row monodromy matrix I/ as

T =t K@UGE)  with  U2) = MRK@QME). @7
The single-row monodromy matrices M (z) and M (z) are constructed from the tensor product of
the Lax operators £/} withi =1, ..., L in the quantum space and multiplication in the auxiliary

space as
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M@) = LM P (2. £H (), M(z) = LB gy ... (7). (2.8)

Here L is the length of the spin chain, i.e. the number of sites that build up the 2L_dimensional
quantum space. The boundary operators /C and K are diagonal matrices that only act non-trivially
in the auxiliary space and read

p+z+1 0 - q+z 0
= = ) 2.
K(2) ( 0 p_z_1>, K(2) ( 0 g-—z (2.9)
Here, as discussed at the end of this section, the boundary parameters in (1.1) are related to p
and ¢ via § = 1/p and & = 1/q. The boundary operators in (2.9) can be determined from the
boundary Yang—Baxter equation. In particular, the following boundary Yang—Baxter equations
hold
R(x = y)UX) @DR(x+y)AQU()) =TQUYNR(KX + y)UX) @DR(x — ),
(2.10)

and

IRKMNR(—x —y =2)(K(x) @ DR(y — x)
=R(y—x)(Kx) @DR(—x —y =2)ARK(y)), (2.11)
where in addition to the explicit form of the boundary matrices (2.9) we used the Yang—Baxter

equation (2.3) to show (2.10) which involves the double-row monodromy /.
The transfer matrix satisfies the crossing relation

T(z) =T(—z—1). (2.12)

This relation is shown in Appendix A as it is needed in Section 5. For alternative proofs see
e.g. [17,18]. As a consequence of the boundary Yang—Baxter equations above and the unitarity
relations in (2.5) one finds that the transfer matrix commutes for different values of the spectral
parameter

[T(x), T(y)]=0. (2.13)

The spectrum of the transfer matrix can be determined using Bethe ansatz methods. The eigen-
values of the transfer matrix T are given in terms of Baxter Q-functions by the TQ-equation

1)2L+1 —1 2041 |

T() = (e p)etq) S )1 O D) crp+DeFa+1)’ IM.
) 0+(2) z+5 0+()

(2.14)

The TQ-equation can be obtained from the algebraic Bethe ansatz. Depending on the choice of
the reference state, all spin up or all spin down, the eigenvalues of the transfer matrix are either
parametrised by the Q-function Q4 or Q_. The Q-functions are polynomials of degree 2m
parametrised by the Bethe roots zii. Here m is the magnon number and denotes the number of
up (down) spins in the sea of down (up) spins. The Q-functions can be written as

my
l_[(z—zii)(z—i-zf—l—l). (2.15)
i=1

0+(2) =
2my —LFpFq

We note that commonly the Q-functions are defined without the z-independent normalisation
which drops from the TQ-equation. However, the Q-operator construction presented in the next
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section naturally incorporates the prefactor above. The Bethe equations follow from Baxter’s
TQ-equation. They take the form

G Ep)EE L + D = G- DEE+ 42

G Fp+DGE Fa+DEHE L G - - DE )
ki

(2.16)

Finally, the nearest-neighbour Hamiltonian (1.1) is related to the transfer matrix via T'(0) =
2pq (L + H) and consequently belongs to the family of commuting operators. Here we identified
E=1/pand é = 1/q. Thus, the energy eigenvalues can be obtained in terms of the Q-functions
from the derivative of T at z = 0.

3. Q-operator construction

In this section we define the Q-operators Q4 of the open Heisenberg spin chain. We first
introduce the Lax operators for the single-row monodromies and discuss some of their properties.
Then we derive the boundary operators relevant to construct Q-operators from the boundary
Yang—Baxter equation and finally define the Q-operators of the open Heisenberg spin chain.

3.1. Degenerate solutions to the Yang—Baxter equation

As for the construction of the Q-operators for closed spin-% Heisenberg spin chain [13] we
introduce the Lax operators

1 a z+1+N a
L+(z)=<a Z+1+N>, L_(z)=( a 1). (3.1

Here the pair of oscillators (a, a) obeys the usual commutation relations and N is the number
operator

[a,a]=1, N=aa. 3.2)
The Lax operators above are solutions of the Yang—Baxter equation
R(x = y) L) @DUILL(y) = IR L+(y)(L+(x) ®DR(x —y), (3.3)

where R is the fundamental R-matrix defined in (2.1). In addition to the Lax operators L4 in
(3.1) we define

3 _(z—N a - (-1 a

L+(z)—< a _1) ) L_(z)—< a z—N) . 34
Together with the Lax operators in (3.1) they satisfy the unitarity and crossing-unitarity relations

Li(@Li(-2)=-z, Li(-z-2Li@=-z-1, 3.5)

cf. (2.5). Here the superscript ¢ denotes the transposition of the 2 x 2 matrix which leaves the
oscillators untouched. Note that the Lax operators L can be related to L1 by a particle-hole
transformation and a subsequent multiplication of a diagonal matrix. As the particle hole trans-
formation does not change the commutation relations and the tensor product of any two diagonal
matrices commutes with the R-matrix, we find that the Lax operators L. satisfy the same Yang—
Baxter equation as L, cf. (3.3).
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3.2. Boundary Yang—Baxter equation

In analogy to the transfer matrix construction we define the boundary operators

I'(Fp—z—1-N) . p+(2)
Ki(z) = ) Ki)= 77— (3.6)
p+(2) [(#g—2z-N)
which act diagonally in the oscillator space. Here, as discussed below, the normalisation reads
px(2)=T(Fp -2, p+(2) =T(+q —2). (3.7

We did not find these boundary operators in the literature. The operators K1 and K. are the
counterparts of the boundary matrices in (2.9) and can be determined through the boundary
Yang—Baxter equations

Lo (x — »)Re ()L (x + y)K () = KLt (x + y)Ka ()Lt (x — y), (3.8)

and

Li(y —x)Ks(0)La(—x —y —2)K(y) = K()La(—x — y = 2)KL ()L (y —x). (3.9)

Using the explicit expressions for boundary matrices K and K as well as the Lax operators L4
and L+ we find that this equation is trivially satisfied for the diagonal entries in the 2 x 2 space.
Here we additionally assumed that the boundary operators K4 and K. are diagonal, i.e. only
depend on the number operator N = aa. The remaining two defining relations arising from (3.8)
are conjugate to each other. The same holds true for the defining relations obtained from (3.9).
They read

aKi(x)=(tg—x—1—-N)Ki(x)a and Ki(x)a=aKi(x)(Fp—x—1-N). (3.10)

These equations are naturally solved by the Gamma function as given in (3.6). The functions
o+ and p4 cannot be determined from the boundary Yang—Baxter equations (3.8) and (3.9). The
normalisation in (3.7), which renders the Q-operators to be polynomials in the spectral parameter,
is obtained in Section 4.4.

3.3. Definition of the Q-operators

We will now define the Q-operators. First, we introduce the double-row monodromies U

U4(2) = My (2)Ka (2)M1(2) . (3.11)

Here the boundary operators Ki were defined in (3.6). The monodromies M4 and Mi are built
in analogy to (2.8) from the tensor product of the Lax operators Ll in (3.1) acting on the ith site
of the spin chain and the ordinary product in the oscillator space as

Mi(z) =LY @LP @) L), M@ =LHoLf e LY@, @312

The double-row monodromy matrix (3.11) and the boundary operator K4 in (3.6) allow us to
define the Q-operators Q4 as

Q+(2) =trK+(2)U+(2). (3.13)

Here the trace is taken in the oscillator space. For convenience we give the explicit form of the
Q-operators in (3.13). They read
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_ T(-N-p—z-1 (1 a
Q&= (a Z+1+N> L

I'(g—2) 1 a

z+1+

and

Q. () =tr z+1+N

F(—N-l-p—z—l)(z+l+N a)
['(p—2) a 1/ L
o T(=a—-2) (z—l—l_—i-N a) _”<Z+1_+N a)

'(~N—-g—2) a 1)L a Uy
As shown in the next section, these operators are well-defined and in particular the trace yields a
finite result. The entries of the Q-operators are polynomials in the spectral parameter arranged in

blocks labelled by the magnon number. As also shown in the following, the Q-operators commute
with the transfer matrix and satisfy Baxter’s TQ-equation.

(3.15)

4. Properties of the Q-operators

In the following we discuss some properties of the Q-operators defined in Section 3. First
we show that the Q-operators commute with the transfer matrix and discuss a symmetry among
the Q-operators which is apparent in our construction. Furthermore, we show that the trace over
the oscillator space is well-defined and argue that the entries of the Q-operators are arranged in
L + 1 blocks corresponding to the magnon sectors m . Finally, we study the behaviour of the
Q-operators when the spectral parameter z is large. We find that each block is of maximal degree
z?+ in the spectral parameter and determine the overall prefactor apparent in our construction,
cf. (2.15).

4.1. Commutativity

In this section we show that the Q-operators in (3.13) commute with the transfer matrix (2.7).
In particular, this is a consequence of the boundary Yang—Baxter equation for the double-row
monodromies (2.10) and

Li(x — y)U+(0)Lt(x + »U(y) =U()Lt(x + UL ()Lt (x —y), 4.1

as defined in (2.7) and (3.11) respectively. The boundary Yang-Baxter equation (4.1) yields
the fundamental commutation relations among the double-row monodromies of the Q-operators
and the transfer matrix. It follows from the boundary Yang—Baxter equation in (3.8) and the
Yang-Baxter relations for the single-row monodromies

MM ()Lt (x — y) = Lo (x — y)Me(x)M(y), 4.2)
and
MM (x)La (x — y) =L (x — y)ML(x)M(y) . (4.3)

As a consequence of the unitarity relation for the R-matrix (2.5) which yields M(Z) =
(1 — z22)E M~1(=z) the RTT-relations (4.2) and (4.3) imply that

Mz (X)L (x 4+ y)M(y) = M(y)La(x 4+ y)Mx(x), (4.4)
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N

Fig. 1. Schematic proof of the commutativity of T and Q.

and
M (x)La (x + )M () = M ()L (x + y)M(x) . (4.5)

Now, it is straightforward to show that the Q-operators commute with the transfer matrix.
Using the explicit form of the transfer matrix and the Q-operators we find

QL (0)T(y) =trotr [Us ())U (YK (y)K(x)]

~1 )
= o [Us ()L (x + YUOMKG)La(—x — y — 2K (x)]
1
S Gr Dy o [Lee (r = U (Lt (x + 9)U ()

XK ()L (—x — y = 2)Ka (0)La(y — x)]

1
tro tr [U(y)La (x + y)Us ()L (x — y)

T t+y+DE—y)

xLi(y = 0K ()La(—x — y = 2)Ko()]
= ﬁ tro tr [U(Y) L (x + YU (0K (X)L (—x —y — 2)KO)]

= tro tr [U(Y)U+ (0K (1)K (Y)]
=T()Q+(x). (4.6)

Here, we inserted the identity operator in the first and second step via the unitarity and crossing
unitarity relation (3.5) using the cyclicity of the traces. Employing the boundary Yang—Baxter
equation for the double-row monodromies (4.1), the boundary Yang—Baxter equation in (3.9) and
(2.11) for K4 and K and subsequently using again the unitarity and crossing unitarity relation
(3.5) yields the desired commutation relations

[T(x),Q+(»]=0. 4.7)

The manipulations explained above are schematically depicted in Fig. 1. Here each two crossing
lines denote an R-matrix. The grey vertical lines denote the quantum space while the dashed
and the black line denote the auxiliary space of T and Q respectively with the corresponding
K-matrices at the boundaries which are indicated by the black vertical lines to the left and right.
The first and last equality make use of the unitarity and crossing unitarity relations as well as the
RTT-relations above while the middle equation uses the boundary Yang—Baxter equations.

4.2. Spin-flip symmetry

For the Heisenberg spin chain the two Q-operators Q4 can be related to each other by a
similarity transformation in the quantum space and a change of sign in the boundary parameters
p and g. This follows from a relation among the Lax operators L in (3.1) and the explicit form
of the boundary operators in (3.6). The Lax operators are related via
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(7 o) (] o)=-tse. @8)

Obviously, a similar relation holds for the single-row monodromies Myt and Mi of the Q-
operators involving the similarity transformation

el (01 0 1
s=s=(9 §)es () 4). 49)

As a consequence of the symmetry among the single-row monodromies and the form of the
boundary operators K+ and K4 in (3.6) one immediately obtains a relation among the Q-
operators Q. It reads

8Q+(2)S~ —Q$(Z)|p—>‘l; (4.10)

Finally, we note that the transfer matrix T is invariant under the similarity transformation and a
subsequent change of sign in the boundary parameters p and q.

In what follows we often focus on the Q-operator Q. as it can be related to the Q_ using the
relation in (4.10).

4.3. Block structure

The Hamiltonian as well as the transfer matrix of the open Heisenberg spin chain are block
diagonal, i.e. they do not contain entries that mix between different magnon numbers. This can
be seen from the expansion of the boundary Yang—Baxter equation (2.10) at order x>/*2 after
building the transfer matrix from ¢/ (y), see [3] where the calculation is done for the closed chain.
We expect that also the Q-operators do not mix between states of different magnon numbers such
that [Q+(z), Z, 10 = 0. This is indeed true. It can be verified by evaluating the boundary
Yang—Baxter equation (4.1) at order y>/*2 and subsequently tracing over the oscillator space
after multiplying by K. However, instead of using the fundamental commutation relations that
arise from (4.1) we demonstrate this property by evaluating the corresponding matrix elements
of the Q-operators explicitly. This has the advantage of introducing some notation that will be
needed in Section 4.5. From the definition of the Q-operators in (3.13) we find that the matrix
elements read

2
Q@)1 Z f[Ke@ (M=) 2% R @) (M (@) 21020 ] (@.11)
where
2
Q@)= Y. (Qe@)\7 ey ® Carpy @ ... ® ea (4.12)

{a}.{b}=1

Here we defined the components of the single-row monodromies My and M. in anal-
ogy to (4.12). They are given in terms of the components of the Lax operators Li(z) =
Zi,b:l (Li (z))ab eqp in the quantum space as

(M=) = (M+(2) = (L), p, (L@),,, - (Lx@),,,, - (@13)

In order to show that the Q-operators are arranged in blocks as well as for the discussion in
Section 4.5 it is convenient to introduce four sets

b1by...by,
aiay...ar,

brbr_1...b1
ararp—i...ai
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15“”’:{16{1,2,...,L}|a,=i Ab=j}, (4.14)

of cardinality |I,.<j‘"b)| and i, j € {1,2}. These four sets are in one-to-one correspondence to
the indices of the quantum space, cf. (4.12), and thus uniquely label a given matrix element.
From (4.13) and the explicit form of the Lax operators (3.1) we know that the monodromy

(M(2)):>°" is a sequence of |/ l(g’c)| operators a, |12(i”c)| operators a and |12(§’C)| operators

ajay...ay,
(z 4+ 1+ N). Similarly, Mi(z) b1ba-bi o o sequence of |I(C’h)| operators a, |I(C’b)| operators a
¥y c1¢3...cL q 12 P 21 P
(¢c,b)

and |I,,"| operators (z + 1+ N). As the boundary operators K, and K+ only depend on the
number operator N we find that the trace in (4.11) is non-vanishing if

a,c) ¢,b (a,c ¢,b
LS+ 1157 = 1155001+ 15507 (4.15)
i.e. the total number of creation operators coincides with the total number of annihilation op-
erators in (Mj: (Z))fllcbzz'"ff and (Mi (z))i:fzz'"ff . The cardinality of the sets can be related to
the magnon numbers of the in and out state, i.e. the number of indices with value “2” in
(a1,a2,...,ar) and (b1, by, ..., by) respectively, via

. ) b b
m% =00 1501 mb =115+ s (4.16)

After substituting (4.16) in (4.15) and using the identity |[15°”| 4 |39 = |17 | + 1157 | we
find that

mi=mb =my. 4.17)

A similar argument holds true for Q_.
Thus, we find that the Q-operators Q4 are organised in L + 1 blocks with my =0,1,...,L
where the size of each block is ( mLi) X (mLi).

4.4. Tracing over the auxiliary space

In this section we show that the trace over the non-vanishing entries of the Q-operators is
well-defined and determine the normalisation p4 and p4, cf. (3.7), which renders all entries
polynomials in the spectral parameter.

First, we note that the entries of the Q-operators can be expanded in terms of the oscillators.
Thus, after normal ordering of a given sequence in the monodromy M and anti-normal ordering
the sequence in the monodromy 1\7[+ as well as using the linearity of the trace we find that by
construction all entries that contribute to the Q-operators in (3.13) can be brought to the form

P i = U [Ke@ a2 Ru0) 223" ], .18)

with r1, 72, 51, 52 € NO. Here, as discussed above, the trace is non-vanishing if there are as many
creation as annihilation operators

ri+s1=r2+s2, 4.19)

cf. (4.15). After inserting the explicit form of the boundary operators (3.6) and reordering the
oscillators using the commutation relations in (3.2) the argument in the trace of (4.18) can be
written in terms of the number operator N as

A~ +s51

P (2) s [F(S1$p—z—1—N) ki|

pE = S1(r1 +s1, k) tr N .
pi(z),; R A O

r1,12,81,82 —

(4.20)
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Here, we used the relation a/a/ = Z/{:O S1(J, k)Nk with S the Stirling numbers of first kind
[19]. The trace in (4.20) can be evaluated using the relation

F(xi -N)
F(yi -N)
C(l4+x4) k=0

(I+x+—y+£)(y+)

) , 4.21)
I'(x+) k i . I'y+—x+—1—j) +
where S> denotes the Stirling numbers of second kind [19] and we used the abbreviations
xy+=s51Fp—2z—1, yr=s+qg—2z. 4.22)

The relation in (4.21) can be obtained by rewriting the trace as a hypergeometric function which
can be related to a polylogarithm using Euler’s integral transform. The series expansion of the
polylogarithm of non-positive integer order and the integral representation of the Beta-function
yields (4.21). The derivation can be found in Appendix B. From (4.21) it is straightforward to
evaluate the sum in (4.20) using the identity

ri+s1
D Sir A5, D20 41 j 4+ 1) =+ Déry syt +8r4s1 - (4.23)
i=j
It can be shown using the recurrence relation for the Stirling numbers of second kind and their
inverse relation [19]. Finally, we find

r — ) , r —
PE = () (FrFq+s1—s2) p+(z,q) U(Fp Z+s1). (4.24)
LIzt D(FpFqg+si+rn+1) pi(z,p) T(Eg—z2—1)

Obviously, as s; > 0 and r, > 0, the normalisation in (3.7) renders PEa polynomial in z of
degree s + r». Therefore, also all entries of Q4 are polynomials in the spectral parameter z. In
the next section we will determine an upper bound for the degree of the polynomials in a given
magnon sector.

4.5. Leading-order z behaviour

In this section we show that the Q-operators are polynomials of maximal degree z>”* in the
corresponding magnon sectors and determine the m-dependent prefactor of the Q-functions,
cf. (2.15).

In order to determine the leading order z behaviour we focus on a given intermediate state

(c1,c2,...,cr) in the sum that yields the components of the Q-operator Q... We define
ciea...c bib
V(@ a,b,0) =t [Ki (@) (M @)oo Re (M4 )27 | (425)

cf. (4.11). Since we know the number of (z + 1 + N) in the sequence of a given matrix element of
the single-row monodromies M4 (z) and M (z), cf. Section 4.3, we can expand them in powers
of (z 4+ 1). The expansion for the components of M (z) reads

155
(M+( ) 51‘2 CL — Z (Z"f‘ 1)‘[22 (M(k))LILZ -CL (426)

apaz...ap ayay...ar”
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155

Here (M(k))clc2 “L s a sum of (

aaray ) sequences that only contain oscillators. Moreover, each

cicp...cp,

sequence contains the same numbers of aand a as (M, (2)
+ ayay.

, cf. Section 4.3, and k oper-

ators N. A similar expansion holds true for the components of the monodromy M+. It follows
that the contribution to the sum (4.26) can be written as

ll(a c)l u(c.b)l
V(z;a,b,c)= Z Z (z+ 1)|1(a,c)|+‘12<§.b)|_k1_k2
=0 k=
(kp)yciea...c (ky)\b1 b3
xur[Ke@ME)ae s Re@ )] @2

When evaluating the trace using (4.24), the leading order in z of ) can be extracted by normal

ordering the sequences in (M(k'))c' €L and picking the terms with the highest power of a, while

ayay...ajy,
anti-normal ordering (I\A/Ifﬁ)l;lfzz fLL and picking the highest power of a. This is equivalent to
neglecting all the quantum corrections while normal (anti-normal) ordering which we denote by

: (MS{”))ZI]ZZLL nd * (M(kz))l;]fzz ., [ respectively. As a consequence the large-z contribution

of a given intermediate state is

rging
V(z,a,b,c) 2l Z Z z'l(“)lﬂl(( "1k
=0 k=
(kpyciez..cL | & - (Nr(ko)\b1b2...Dp -
x tr [K+(Z) (M )dlllz ar 1Ky (2): (M+ )clczr..cL ] ’
(4.28)
where
- (Mkoyereaen L _ 1135 a5 1k gl 1+ 4.29
( + )alaz...aL' - ki a ’ (4.29)
and
(c.b) c ¢
TN = (Uzl? |) allsi " gl (4.30)
2

Using the trace formula in (4.24) we can evaluate the right-hand side of (4.28). After neglecting
further subleading contributions that arise from the trace formula we evaluate the sums for k|
and k> using the relation (B.15) and find

Vowt (oo 1, 1) = V887 PSS 1571 (gl
[

x DAL+ 1577 + 1)
P=p =g+ 1+ 115" +115" 1= 157D

Pep—q+ 15771+ 1y L+ 1157+ 157+ D)
(4.31)

After substituting the relation (4.16) we find that the order of z in (4.31) and consequently of a
given magnon block of Q4 is 2m = IIZ(?’C)I + IIZ(Z’C)I + II(C D)4 |12(§’b)|. An analogous deriva-
tion of the block structure holds for Q_ but it also follows from the spin-flip symmetry discussed
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in Section 4.2. Hence, in every magnon block m of the Q-operators Q4 the maximal degree of
the polynomial entries is 2.

Last but not least, we would like to determine the z-independent prefactor of the Q-functions
in (2.15). To obtain it we sum over the intermediate states (cy, ¢, ...cr) of V1 which yields
the leading order in z of the Q-operator Q.

bb .b 1
(Qi (@), =2 Zyz>>1<z,|1i§?’c)|,|1i§?’b>|>. (4.32)

ayaz...ajy,
{c}=1

Here the sum over {c} denotes the sum over all indices cy, ¢, ..., cr.. Let us introduce the nota-
tion n;j = 1" | and define c;; = |1{"" N (1{5 9 U 15, where 189049 c,2,..., L)
simply denotes the indices whose value for the mtermedlate state (c1 c2,...,cp) is “27. All
cardinalities |Il.(ja C)| and |Ii(jc )| can be expressed in terms of 7;; and ¢;; using the relations

115 = it +nip — et — ¢in s 115 = it +cin s
(c,b) (c b)
[, | =n1i +n2i —cii — i, |1, | =c1i+cai- (4.33)
We note that ;.1 in (4.31) only depends on the cardinalities |Il.(ja’c)| and |Ii(jc’b)| and not on the

actual ordering of the components in the single-row monodromies. Thus we can parametrise the
sum using the variables c;;. The sum over the intermediate states takes the form

biby...bp 7>1 QL ni = ni2 e na1 s n

102...01, 2

(Qr@) g = E < )E < )E < )E (622>yz>>1(2,nij,0ij)-
cl (&)

c c c
c11=0 1 2=0 12 1=0 1 c22=0
4.34)

From the explicit form of ), 1 in terms of the variables introduced in (4.34) we find that the
alternating sums of the binomials over c1» and ¢ vanish if n12 #% 0 and no1 # 0. This is the case
for any off-diagonal matrix element of the Q-operator. The two remaining sums over ¢ and c2»
can be evaluated using the relation (B.16). We find

2m4

(Qi(z))blbz...bL z>=>1 Z

ajay...ar, 2my—LFpFq 8ay,byBaz,by -+ * Say by, - (4.35)

Here the leading order z behaviour of the Q-operator Q_ can either be obtained from a similar
calculation or by applying the relation among the Q-operators discussed in Section 4.2.

As a consequence of the results obtained in this section the eigenvalues of the Q-operators
Q.. are polynomials of degree m 4 in the spectral parameter z with the leading coefficient given
in (4.35).

5. From Q-operators to Q-functions

In this section we prove that the Q-operators satisfy Baxter’s TQ-equation on the operatorial
level and discuss that as a consequence the roots of the eigenvalues of the Q-operators satisfy the
Bethe equation.

In order to show that the operators T and Q4 satisfy the TQ-equation, cf. (2.14), we take
inspiration from Baxter’s original method applied to construct the Q-operator of the eight-vertex
model [5], see also [20,21] where a similar method has been used. The idea is to multiply T
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and Q4 as given in (2.7) and (3.13) respectively and to bring the resulting monodromies and
boundary matrices to an upper triangular form in the auxiliary space of the transfer matrix to
finally take the trace. To do so we use the remarkable identity

LY @LY (2) = Gor LY (2 Gy 5.1

see also [22]. Here ]LgJ]r is an upper triangular matrix in the auxiliary space of the transfer matrix
denoted by “0” with entries in the auxiliary space of the Q-operator “+4"" and the spin chain site .
It reads

LY (@)= @+ DL e +aey) ) (5.2)
0+ 0 zLElr](Z-f-l) 0

Furthermore, G is a lower triangular matrix in the auxiliary space of the transfer matrix with
entries in the auxiliary space of the Q-operator

Goy = (; ?)O. (5.3)

A direct computation shows that similar formulae exist for the combinations of boundary opera-
tors

KoL 22K+ (2) = Gos Ko+ (2) Gy (5.4)
where

Koy (2) = <(q T TN )O : (5.5)
as well as

K+ (@)L (22 = 2)Ko(2) = Got Koy (2) Gy | (5.6)
where

—2(p+2)z+DKiz—1)  (p—z—DKi(»)a ) _ (5.7)
0

K0+(Z)=< 0 —(p—z—DKi(z+1)

Using the relations above it is straightforward to show that the TQ-equation is satisfied by the
operators T and Q. From (4.6) we know that

2z +1

= o ol [Mo(2)M,4 (2)Ko(2) Ly (22)K 4 (2)

T(2)Q+(z) = tro tr [Uo (2) Ly 22U+ () K4 ()Lt (=22 — 2)Ko(2)]

x Mo(2)M4(2)K4(2)Li (=22 —2)Ko(2)],  (5.8)

where we used the explicit form of the double-row monodromies and the RTT-relation (4.5).
Furthermore, we note that

Ma(@M4(2) = Goy L QL @ L ) G (5.9)
and

MoV (2) = Gy LE QLA ) L ) 61! (5.10)



R. Frassek, .M. Szécsényi / Nuclear Physics B 901 (2015) 229-248 243

Finally, using the decompositions involving the boundary operators (5.4) and (5.6) we can eval-
uate the trace in the auxiliary space of the transfer matrix which is written as a product of only
upper triangular matrices. We find

T (q+z)(p+z)<”” Qi —1) *
=t
(2Q+() =tro 0 (q—z—l)(p—z—l)%Q+(Z+l) o
( )2L+1
=(q+z)(p+z)7Q+( -1
z—|—2
ZL+1
+@—z—-D(p—2z-1) rQi(z+1). (5.11)
Z+§

Here * denotes a non-zero entry of the upper triangular matrix. This is Baxter’s TQ-equation
on the operatorial level involving Q. Using the symmetry between Q4 and Q_ discussed in
Section 4.2 and noting that

ST@)S™ ' =T@)| p—>-p . (5.12)
q—>—q

we obtain the TQ-equation for Q_. Thus we derived the TQ-equation in (2.14) for operators

2L+1
T(z)Q¢(z)=(zip)(Zi4)uQ (z—1)
Z+§
Z2L-H
+E@Fp+DEFqg+D—F
zZ+

2

Qi(z+1). (5.13)

From Section 4.5 we know that the eigenvalues of the Q-operators are polynomials in the spectral
parameter of degree m4 with the leading coefficient given in (4.35). Furthermore, we note that
on the level of the eigenvalues the TQ-equation implies that

0+  Qi+(=z—-1
Q:(z—1)  Qi(-2)
This is a consequence of the crossing symmetry of the transfer matrix (2. 12) It follows that
the fraction above is of the form Q1(z)/0+(z — 1) = Hzmi (z—7z; )/(z +z; ) with zE

—Z —1fori=1,2,...,m+. Hence we obtain

(5.14)

i+my =

1
= — 1 5.15
0+(z) g H(z @+ + ). (5.15)

Finally, evaluating the TQ-equation at the roots of the polynomials Q+ we find that the roots
satisfy the Bethe equations (2.16). Thus we conclude that the eigenvalues of the Q-operators are
given by Baxter Q-functions which are polynomials of degree 2m+ of the form (5.15) with zeros
at the Bethe roots.

6. Summary and outlook

In this article we defined Q-operators for the open Heisenberg spin chain with diagonal bound-
ary conditions.
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Our method combines Sklyanin’s formalism for integrable open spin chains [4] and the
Q-operator construction for the closed Heisenberg spin chain [13,23,24]. An obstacle that im-
mediately arises is that the construction of the transfer matrix as presented in [4] assumes certain
symmetries of the R-matrix and most of them are absent in the Lax operators used for the Q-
operators construction [13]. Thus, a priori it is not clear which boundary Yang-Baxter equations
and unitarity relations have to be satisfied in order to build members of the commuting family
of operators from the two bulk Lax matrices used in [13]. The boundary Yang—Baxter equa-
tions and unitarity relations relevant to construct such operators that commutes with the transfer
matrix of the open Heisenberg spin chain, cf. Section 4.1, were presented in Section 3. These
relations along with the solutions to the boundary Yang—Baxter equations (3.6) led us to define
two operators which commute with the transfer matrix. To show that the constructed operators
are well defined we studied the evaluation of the trace in the auxiliary space which is more in-
volved than for the case of the closed chain. We found that the operators are of block structure
and polynomials in the spectral parameter governed by the magnon number. Finally, we showed
that the defined operators satisfy Baxter’s TQ-equation on the operatorial level. This allowed us
to deduce the form of their eigenvalues and identify them as Baxter Q-operators.

We found that the Q-operators constructed here naturally incorporate a z-independent pref-
actor in the corresponding Q-functions. It depends on the length, the magnon number and the
boundary parameters p and ¢q. In principle, this prefactor can be absorbed by redefining the mon-
odromies for the Q-operator. However, naively this would spoil the locality which is manifest in
our definition.

It would be interesting to study the boundary operators introduced here in the context of
the twisted Yangian [25] and derive further underlying functional relations for the Q-operators,
cf. [13,23] for the case of the closed chain. As for closed chains it should be possible for the
open chain to obtain the Q-operators from transfer matrices by taking certain limits in the aux-
iliary space, see e.g. [26,27] where the relevant Lax operators were obtained from the universal
R-matrix [28]. It may also be interesting to study how the Hamiltonian can be obtained from the
Q-operators as studied for the closed chain in [29] as well as the relation to the constructions of
Q-operators for the open ASEP in [30], the derivation of the TQ-equation in [31] and the integral
operator approach as studied for the closed chain in [32,33].

We hope that the construction generalises to the case of non-diagonal boundary matrices. It
was suggested in [34], see also references thereof, that Baxter’s TQ-equation is modified by the
insertion of an inhomogeneous term. The construction of the Q-operator may shed more light
on that relation and might yield a direct proof of the TQ-equation as presented here for diagonal
boundary operators.

The generalisation of the Q-operator construction to higher rank algebras is outstanding. In
particular supersymmetric higher rank algebras with non-compact representations play an im-
portant role in the context of the AdS/CFT-correspondence, see [35] and references therein and
thereof. For generalisations of the closed Heisenberg spin chain we refer the reader to [23,24,36].

We plan to return to these questions elsewhere.
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Appendix A. Crossing symmetry of the transfer matrix

The crossing symmetry of the transfer matrix can be shown using the crossing relation for the
R-matrix

O1Rp(—z— 107 =R (2). (A1)

as well as the boundary crossing relations

01Ki(—z— o' = try P1aR12(22)K2(2) (A.2)

1
2(z+1)
and

N 1 N
01K1(—z— 10" = 5. 0 PRRI(-22 = 2K (). (A3)

Here the matrix O is given by

0 1
0:(_1 o)’ (A4)

with O = O~!. The subscripts in the equations above denote the corresponding space. Using
the crossing relation (A.1) and the Yang—Baxter equation (2.3) we find that (A.3) implies

1 N ~
Oy (—z — )07 ' = —5o 2 PioRin(-22 — ML (K2 (IMY (2), (A5)

where U is the double-row monodromy in (2.7) and the #, the transposition in the quantum space
whose subscripts are suppressed. Substituting (A.2) and (A.5) into the definition of T(—z — 1)
in (2.7) we find

T(—z—-1)=T(2). (A.6)
Here we used the crossing unitarity relation in (2.5) and the relation ./\/lg" () = Mg)(z) with #g
the transposition in the auxiliary space.

Appendix B. Trace formulae

In this appendix we evaluate the infinite and finite sums for the combination of Gamma func-
tions appearing in Sections 4.4 and 4.5.
In the following we repeatedly use the reflection formula of the Gamma function

T —x) =

sin(rx)’ ®.1

and the generalised hypergeometric function defined as
o (@D (@2)n -+ (@p)n 2"

F (a1,aa,...,a,,b1,ba,...,by;2) = —, (B.2)
pra S S T T T g(b1>n<bz>n~-~<bq)nn!

where
©Om=cct1).. (chm—1)=Ccrm (B.3)
I'(c)

denotes the Pochhammer symbol.
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B.1. Proof of the trace formula (4.21)

In this section we evaluate the trace cf. (4.21) which sums over the states of the infinite-
dimensional oscillator space

9]

r -N r —
T o =N Nk = Z [ls —m) nk. (B.4)
I'(yx —N) = Tlhe—mn)
If k =0 using (B.1), (B.2) and (B.3) we can write the infinite sum as
(0,¢]
r — r
P s QAT NP PRSI (B.5)
= TOhx—n) Ts)
The hypergeometric function , F7 takes a special value if its argument z equals 1 [19]
Ce)(c—»b—
2Fi(a, b; c; 1)=M. (B.6)
I'(c—a)T'(c —b)
This brings us to the result for the k =0 case
r -N (1
(e —N) (1+x4) )

"TO:-N)  (+x: -yl Gs)

If k € NT the first term in the sum is zero, hence by shifting the summation index and using
(B.1), (B.2) and (B.3) the sum takes the form
oo

Fxt—n) , TGx—1)
nk = et Fe 22,2 —yas 1, 1,2 — xgs 1) (B.8)
Zr(yi—m My — DS ss e o )

n=0 k k—1

Euler’s integral transform relates a generalised hypergeometric functions of a given order to one
of a lower order via

1Fy+1(a api1; by bg+1;2) = Libg1)
+ -+ s ey +1> yeeey +1> -
P P 1 T(aps )T (bg41 — api1)
1
x/t“ﬂ“‘l(l—t)bq“_”l’“_lqu(a],ag,...,ap;bl,bz,...,bq;tz)dt. (B.9)
0

In our case we have
r'2-—xg)

k le(zv"'vz’z_y:t; 17"'7172_-x:t; 1):
* T2 -yl (ys — x1)

1
x/;‘ﬂ’i(] =L R 2,0, 2: 1, 1 nde, (B.10)

0
cf. (B.8). The hypergeometric function with the arguments above is related to the polylogarithm
fFoo12 . 20, =1L (). (B.11)

For negative integers —k the polylogarithm can be written as
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k Jj+l
t
Li_x(t) = 1Sk +1,j+ 1) —— , B.12
ik (1) ;0] 2k + J+)(1_t> (B.12)

where S, denotes the Stirling numbers of second kind [19]. It is the consequence of the repeated
action of the derivative property ¢ d; Li, (#) = Li,—1(¢) on Lig(¢) = lth From the definition of
the Beta-function

1
B(x,y) = /t"_l(l -0 lar =

0

L'y

B.1
F(x+y)’ ®19

and the reflection formula (B.1) we obtain the final result

Tre —N) Fxs) < - o Ta—xe—1—))
— = INf=————= (1) 1Sk +1,j+1 i
R N D A o )
(B.14)
if k e NT.

The result for the k =0 and k € N7 cases are exactly (4.21).
B.2. Sums appearing in Section 4.5

In Section 4.5 two types of sums appear in the derivation of the leading order z behaviour.
The first reads

Xj:(_l)k<j>F(A+k)  T(ATB-A+))
k=0

= ) (B.15)
k)T (B+k) T(B-AT(B+))
where A, B are parameters and n € N. For the evaluation of the sum we used (B.1), (B.2), (B.3),
(B.6) and also the property of the Pochhammer symbol with negative integer values, namely that
(—a)y=0ifaeNanda <k, cf. (B.3).
The second types of sum is

n

ZF(A—H)_iF(I—i—n—i—A)
Fr(+i) A Td+n)

: (B.16)
i=0

where A is arbitrary parameter and the relation can be shown by induction in 7.
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