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RAMIFICATION ESTIMATE FOR
FONTAINE-LAFFAILLE GALOIS MODULES

VICTOR ABRASHKIN

ABSTRACT. Suppose K is unramified over Q, and I'r = Gal(K /K).
Let H be a torsion I' x-equivariant subquotient of crystalline Q, I k|-
module with HT weights from [0,p — 2]. We give a new proof of

Fontaine’s conjecture about the triviality of action of some rami-

fication subgroups I‘%) on H. The earlier author’s proof from [1]

contains a gap and proves this conjecture only for some subgroups

of index p in I‘(KU).

INTRODUCTION

Let W (k) be the ring of Witt vectors with coefficients in a perfect
field & of characteristic p. Consider the field K = W (k)[1/p], choose
its algebraic closure K and set I'y = Gal(K/K). Denote by C, the
completion of K and use the notation Oc, for its valuation ring.

For a € Zso, let MI'Gg (a) be the category of crystalline Q,[I'x]-
modules with Hodge-Tate weights from [0, a]. Define the full subcate-
gory MI'{/(a) of the category of I'-modules consisting of H = Hy/H,,
where H,, Hy are I'g-invariant lattices in V' € Mfgp (a) and pVH, C
H, C Hy. J.-M.Fontaine conjectured in [5] that the ramification sub-
groups Fg) act on H € MI'Y (a) trivially if v > N —1+4a/(p—1). The
author suggested in [1] a proof of this conjecture under the assumption
0<agsp—2

It was pointed recently by Sh. Hattori to the author that the proof in
[1] has a gap. More precisely, consider Fontaine’s ring R = I.&H(Ocp /D)n

where the projective limit is taken with respect to the marf)s induced
by the p-power map in C,. Let Wy be the functor of Witt vectors
of length N. For r = (0, modp),>0 € R and m € Z, set r™ =
lim 02" € Oc, and consider Fontaine’s map v : Wy (R) — Oc, /p",

n—oo

where (r9,...,7N_1) —> ZogKNpiri(i) mod p"V. Consider the projection
(00, ..-,0N,...) = oy from R to Oc,/p and denote the image of Ker
in Wy (Oc,/p) by Wy (Oc,/p). This is principal ideal and in order to
apply Fontaine’s criterion about the triviality of the action of ramifi-
cation subgroups from [5], we needed an element of Wy (L), where L
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2 VICTOR ABRASHKIN

is a finite extension of K with “small” ramification, which generates
W3 (Oc,/p). Our “truncation” argument in [1] does not actually work:
the resulting element does not belong to W3 (Oc,/p). In the moment
the author is inclined to believe that such an element does not exist

if N > 1. Nevertheless, our proof in [1] gives the Fontaine conjecture

) just should be replaced by the groups

N+1

up to index p: the groups ng
F(Kv) NIk (yyr)s Where (nyq is a primitive p™ ™ -th root of unity.

The above difficulty appears in many other situations when we try
to escape from “R-constructions” (e.g. W(R), A, etc) to p-adic con-
structions inside C,. In this paper we prove Fontaine’s conjecture by
applying methods from [2]. These methods were used earlier by the au-
thor to study ramification properties in the characteristic p case only.
As a matter of fact, this is the first time when we applied them in the
mixed characteristic situation.

Note also that if X is a smooth proper scheme over W (k) then our
result gives the ramification estimates for the Galois equivariant sub-
quotients of the etale cohomology groups H*(Xg,Q,). Since the ap-
pearance of paper [1] there was a considerable progress in the study of
the appropriate ramification estimates in the case of schemes X with
semi-stable reduction modulo p [7, 3] but in our case (i.e. the case
of schemes with good reduction modulo p) the situation remained un-
changed.

The author expresses deep gratitude to Sh. Hattori for fruitful dis-
cussions.

1. CONSTRUCTION OF TORSION CRYSTALLINE REPRESENTATIONS

The ring R is perfect of characteristic p, it is provided with the va-
lution vg such that vg(r) := lim p™v,(0,), where r = (0, mod p),>o.
n—oo

With respect to vg, R is complete and the field Ry := FracR is al-
gebraically closed. Note that R and R, are provided with natural
I"g-action. Denote by o the Frobenius endomorphism of R and W (R)
and by mp the maximal ideal of R.

1.1. Let G = Spf W(k)[[X]] be the Lubin-Tate 1-dimensional formal
group over W (k) such that pidg(X) = pX + X?. Then Endy G = Z,
and for any [ € Z,, (lidg)(X) = [X mod X?.

Fix N e N.

For i > 0, choose 0; € O¢, such that oy = 0, 0; # 0 and pidg(0i41) =
0;. Set & = (onyy;modp);=0 € R. Then K := k((@)) is a complete
discrete valuation closed subfield in Ry. If K4, is the separable closure
of K in Ry then Ky, is separably closed and its completion coincides
with Ry. The theory of the field-of-norms functor [9] identifies I'x with
a closed subgroup in I'r. The quotient I' /T'xc acts strictly on K. More
precisely, there is a group epimorphism r : I'xy — Autyy )G ~ Z; such
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that if g € I'k then k(g) € Z,[[X]] and £(g)(X) = x(¢9)X mod X? with
x(g9) € Z;. (Actually, g — x(g) is the cyclotomic character.) With this
notation we have g(a) = k(g)(@).

Use the p-basis {u} for separable extensions &£ of I in K., to con-
struct the system of lifts On(€) of £ modulo pV. Recall that Oy (E) =
Wx(oN=1E) [un] € Wi (€) and On(K) = Wy (k)((uy)), where uy is
the Teichmuller representative of @ in Wy (K). This construction essen-
tially depends on a choice of p-basis in K. If, say, {v/} is another p-basis
for I and Oy (&) are the appropriate lifts then Oy (€) and O (€) are
not very much different one from another: they can be related by the
natural embeddings oV 'ON(E) € W(eV71E) € ON(E). The lifts
On(&) are provided with the endomorphism o such that cuy = uf,
and On(Ksep) is provided with continuous I'c-action.

If 7 is a continuous automorphism of £ then generally 7 can’t be lifted
to an automorphism of Oy(€) (but it can always be lifted to Wy (E)).
In many cases it is sufficient to use “the lift” 7 : eV "1On(E) — On(E)
induced by Wy (1) : Wxn(E) — Wy (€). In other words, 7 is defined
only on a part of On(€), but 7modp = eV "tor: VN1 — oN71E
and, therefore, 7 can be uniquely recovered from the “lift” 7

On the other hand, any continuous automorphism 7 of K = k((@))
can be lifted to an automorphism 7V) of On(K) = Wy (k)((uy)) (use
that uy modp = @). Taking into account the existence of a lift 7y, of
T to Ksep we obtain a lift Ts(é\,[,) of 710 On(Ksep) = Wi (0N Kyep) [un].

Set OO = ON(ICsep) N WN(Osep) and O]—l\} = ON(ICsep) N WN(msep),
where m,,, is the maximal ideal of the valuation ring Os., of K.
Then o(OY) C OR, 0(0OF) C O and (,.,0"(Oy) = 0. Note that
ON(K) := Oy N On(K) = Wy (k)[[un]], OF(K) := OF NOx(K) =
un W (k)|[uy]] and On(K) = O (K)[uy'] = W (k)((un)).

For 0 < m < N, introduce

U, = (P ™idg) (un) € OX(K)

Then uy = ouy = puy + uf, t = upg/u; = p+u!~" € O%(K) and
ug_l = tP — ptP~!. As a matter of fact, ug,u;,t depend only on 4.
Indeed, if ' € Wy(R) and v mod pWy(R) = @ then in Oy(K) we
have u; = (p™~tidg)(v).

Lemma 1.1. Suppose g € I'i. Then
a) g(uo) = x(g)uo mod ugOR (K);
b) a(g(t)/t) = 1mod uf 'O (K).

Proof. g(u1) = (p"tidg)(g(un)) = r(g)(u1) = x(9)u modull’Oﬁ)v(/C)
implies a) because o(u1) = uo. Then g¢(t)/t = 1modu? '0%(K) and
applying o we obtain b). O
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1.2. Let MF be the category of W (k)-modules M provided with de-
creasing filtration by W (k)-submodules M = M° > --- > MP~! D
MP = 0 and o-linear morphisms ¢; : M* — M such that for all i,

Gilaritr = ppita.
For 0 < a < p — 2, introduce the filtered module S, such that

— Sa = Oy/ugOy;
— for 0 < i < a, Fil'S, = t'S,;
— ¢, : Fil'S, — S, is o-linear morphism such that ¢;(¢) = 1.

Clearly, S, € MF (use that ot = pmod u‘g_l). In addition, Lemma
1.1 implies also that the action of I'x preserves the structure of an
object of the category MJF on S,.

For 0 < a < p, define the category of filtered Fontaine-Laffaille
modules MF y(a) as the full subcategory in MF consisting of modules
M of finite length over Wy (k) such that M*™ =0 and Y Imgp; = M.
We can assume that M is given together with a functorial splitting of
its filtration, i.e. there are submodules N; in M such that for all i,
Mz' _ Nz’ @ MH_l. N

Let M € MFy(a) and U,(M) = Hompyx(M,S,). Then the corre-
spondence M + U,(M) determines the functor U, from MFy(a) to
the category of I'x-modules.

Proposition 1.2. If0 < a < p—2 and H € MI'Y(a) then there is
M € MFy(a) such that U,(M) = H.

Proof. Recall briefly the main ingredients of the Fontaine-Laffaille the-
ory [6]. The p"-torsion crystalline ring A,y := A../p" appears as the
divided power envelope of Wy (R) with respect to Ker~. We need the
following construction of a generator of Ker~. (Note that we have a
natural inclusion of W (k)-modules O% C Wx(R).)

Lemma 1.3. Kervy = tWy(R).

Proof. We have y(uy) = oy mod pOc, , therefore, y(ug) = 0 modeOcp
and t € Kery. On the other hand, t = «?~" = [r] mod pW (R), where
r € R is such that @ = /' = —p mod p?/®*~YO¢, . Therefore,
v,(r®) = 1 and ¢ generates Kery, cf. [6]. O

By above Lemma, A..ny = Wx(R)[{v(t) | i > 1}], where ~,(t) are
the i-th divided powers of t. Then the identity ~,(t) = t*~* +u} "' /p
implies that Ae.n = Wa(R)[{vi(ul"/p) | i = 1}].

Recall that A.. y € MF with:

— the filtration FiliAcr, ~, 0 <@ < p, generated as ideal by ¢ and all
i(ug ™ /p), 5= 1;
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— the o-linear morphisms ; : FiliAcr,N — A, n (which come
from ¢ /p’ on Ag) such that ¢;(t) = (1 4+~ /p)' and @;(ul~"/p) =
PP ) (g o

Then the Fontaine-Laffaille functor U, attaches to M € MFy(a)
the I'x-module Hompz(M, A.r ). This functor is fully-faithful (we
assume that a < p — 2) and, therefore, there is M € MF y(a) such that
U, (M) = H.

Consider the W (k)-module W§ = Wx(R)/uiWy(mpg) with the fil-
tration induced by the filtration W (R) = t'Wy(R) and o-linear mor-
phisms ; such that ¢;(t") = 1. Prove that we have an identification of
I'-modules H = Hom iz (M, WS).

Indeed, let T, be the maximal element in the family of all ideals I
of A, n such that ¢, induces a nilpotent endomorphism of /. Then
for any M € MFy(a), Uy(M) = Hompr(M, Aer n/T5). By straight-
forward calculations we can see that T, is generated by the elements of
uWy(mp) and all v;(ul " /p), j > 1. It remains to note that we have
a natural identification A., /T, = W% in the category MF.

Consider the natural embedding O% — Wy (R) and the induced
natural map ¢, : S, — W§ in MF. Prove that ¢4, : ﬁa(M) — His
isomorphism of I x-modules.

Choose W (k)-submodules N; in M* such that M" = N; & M**! and
choose vectors n; whose coordinates give a minimal system of genera-
tors of N;. Then the structure of M can be given by the matrix relation
(pa(fia), -, 00(M0)) = (Mg, - .., 79)C, where C' is an invertible matrix
with coefficients in W (k). The elements of H are identified with the
residues (g, . . ., ug) mod ul Wy (msep) where the vectors (i, ..., uo)
have coefficients in Wy (/) and satisfy the following system of equa-
tions (use that ¢, is topologically nilpotent on u% Wy (msep))

Ol ou; _ _ _
( .,...,a(uo)):(ua,...,uo)C
ot? ot?
In particular, if @ = (4, ..., Uy) then there is an invertible matrix
D with coefficients in Oy (K) such that
(1.1) o(u)D =u.

We know that all coordinates of o™ ~'u belong to oV "Wy (Kyp) C
OnN(Ksep)- Then (1.1) implies step-by-step that the vectors oV 24, . ..,
have coordinates in Oy (Kyep). It remains to note that O = Oy (Kyep)N
Wx(Osep) and O = On(Kyep) N Wi (my,,). The proposition is proved.

]

2. REFORMULATION OF THE FONTAINE CONJECTURE

2.1. Review of ramification theory. Let Zx be the group of all
continuous automorphisms of K., which keep invariant the residue
field of Ky, and preserve the extension of the normalised valuation vy
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of K to K. This group has a decreasing filtration by its ramification

subgroups I,(CU ) in upper numbering v > 0. Recall basic ingredients of
the definition of this filtration following the papers [4, 9, 10].

For any field extension & of K in Ky, set Esep = Ksep, in particular,
Ze = Ixc. All elements of Ty preserve the extension vg of the normalised
valuation on & to Ksp.

Forx > 0, set Zg , = {t € Zg | ve(t(a) —a) = 1+ Va € mg}, where
mg is the maximal ideal in Og.

Denote by Z¢/k the set of all continuous embeddings of £ into Ky,
which induce the identity map on K and the residue field kg of €. For
T 2 0, set IS/IC,x = Ig,x mIf,‘/IC-

If 11,10 € Zgjk and x > 0 then ¢; and 1y are x-equivalent iff for any
a € mg, ve(ti(a)—ta2(a)) = 1+z. Denote by (Zg/k : Ze/k ») the number
of z-equivalent classes in Zg/x. Then the Herbrand function ¢g/x can
be defined for all z > 0, as

wec(x) = / (Zex : Tej ) Mda .
0

This function has the following properties:
® ©¢/k is a piece-wise linear function with finitely many edges;

o if L C & C H is a tower of finite field extensions in K., then for
any = > 0, py/x(2) = e/ (Pnye()).

The ramification filtration {I,(CU )}v>0 appears now as a decreasing

sequence of the subgroups I,(CU ) of Ty, where I,(Cv ) consists of © € Ty such
that for any finite extension &£ of K, v € Zg,, with ¢ xc(ve) = v.

If we replace the lower indices K to &£, the ramification filtration
{I,(Cv )}@0 is not changed as a whole, just only individual subgroups
change their upper indices, that is I,(CU ) = Iévg).

Note that the inertia subgroup I'? of T'e = Gal(Ks,/E) is a subgroup
in Z¢ and for any v > 0, the appropriate subgroup Fg’) =TeN Ig}) is
just the ramification subgroup of I's with the upper number v from [8].

2.2. Statement of the main theorem. The main idea of our ap-
proach to the I' gx-modules U, (M) is related to the following fact. The
filtered module S, depends only on the field K and its uniformizer .
Therefore, S, can be identified with its analogue S constructed for
any ramified extension K’ of K together with its uniformizer @'. The
whole group Zx does not preserve the structure of S, but the ramifica-
tion subgroups I,(CU), where a > a} = (a+ 1)p" ! — 1 do preserve this
structure because of the following proposition.

Proposition 2.1. If v > a}y and M € MFy(a) then a natural action
of Iix on Wy (Ksep) induces the I,(Cv)-module structure on U, (M).

Proof. All we need is just the following lemma. O
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Lemma 2.2. If7 € I,(Cv) with v > ayy then
a) 7(uo)/uo € Oy (Kep);
b) for 0 <i < a, p;(7t") = 1.

Proof of Lemma. For T € I,(CU), we have 7(uy) = uy + 1y + pw, where
NN € u‘f“O; and w € Wy (Ksp). For 1 < i < N, this implies

N—z—l—lw'

(28]

T(u;) = w; +1; +p
where 7; € u{T'O% and w; € Wy (Kyep). Therefore,

7(up) = uy mod uf™OF; .

This implies part a) because 7(ug) = uomodui™' O} and part b) be-

cause o(7t)/o(t) = 1 mod ulO%. O

With the relation to the original problem of estimating the up-
per ramification numbers of the I'x-module H notice now that I =
k((@)) coincides with o=y, where Ky is the field-of-norms of the p-
cyclotomic extension K of K. Then for any v = 0, F(Kv) =IgN I,(Cv*),
where ;- (v*) = v. In particular, v > N — 1+ a/(p — 1) if and only
if v* > ay.

So, the proof of Fontaine’s conjecture is reduced to the proof of the
following theorem stated exclusively in terms of the field K of charac-
teristic p.

Theorem 2.3. For anyv > al, the group I,(Cv) acts trivially on ﬁa(M)

3. PROOF OF THEOREM 2.3

3.1. Auxiliary field K'. Let N* € N and r* € Q be such that for
q:=p" ,r*(¢—1):=b" € Nand v,(b*) = 0.
Consider the field X' = IC(N*,r*) from [2]. Remind that

— KK =g
— K' = k((@')), where & = @'7E (" )~! (here E is the Artin-Hasse
exponential);

— the Herbrand function ¢x//x has only one edge point (7*,7*). (In
particular, g/ /x(r) < o for all > r*.)

For K’ and its above uniformiser @’ proceed as earlier to construct
the lifts O (K') and Oy (Ksep) obtained with respect to the p-basis @'
Introduce similarly the modules O}, Oy, the elements ug, ¢’ € On(K')
and the filtered module S,,.
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3.2. Compare the old and the new lifts using their canonical embed-
dings into Wy (Ks,). Note that uy is not generally an element of
O (K') because the Teichmuller representative uy = [a] can’t be writ-
ten as a power series in vy = [@'] if N > 1. However, we can easily see
that for 1 < i < N, uy_; € ON(K') modp™™ Wy (K'). In particular,
Uy, Ug, t € OE\T(’C/)

Proposition 3.1. If¢ € U,(M) then for anym € M, £(m) € O (Kaep)-
Proof. Proceed as we proceeded at the end of Section 1. Then the

vectors (£(7y), - . .,&(p)) appear in the form & mod u2OF;, where € is a
vector with coefficients in On(Ksep) such that
(3.1) o(§)D =¢,

and the matrix D has coefficients in O (K') (use that ¢ € O (K')

~—

We know that all coordinates of oV~'¢ belong to oV 'ON(Ksep) C
Ox(Ksep). Then (3.1) implies step-by-step that the vectors oV =2, ... €
have coordinates in O (Ks.p). O

3.3. Now suppose v* > ay, I,(Cv) acts trivially on U, (M) for all v > v*
and v* is the minimal with this property. The existence of v* follows
from the left-continuity of the ramification filtration with respect to
the upper numbering.

If v* = a}y then our theorem is proved.

Suppose that v* > aj. Choose the parameters r* and N* from
Subsection 3.1 such that ajyq/(q —1) < r* <v*.

For any a € Ol (Ksep), set al? = o™V a.

Lemma 3.2. u;/u}{” = 1 mod u "0 (K').

Proof. Consider b* = r*(¢—1) € N from Subsection 3.1. Then b* +¢q >
qlay +1) =q(a+1)pY~! and

uy = v mod <u{(q) oL (K +pON(lC/))

This implies u; = u] @ mod uj @™ O (K') and the lemma is proved.
U

Corollary 3.3. a) ug/ug@ is invertible in OO(K');
b) o(t/t'@) = 1 mod u, W O (K).

3.4. I,(Cv,*)—action. Introduce the filtered module S, @ as follows.
Y AU OJ/\f(]/U(;(q)aO]/V+;
—for0<i<a, Fil'S, @ — t’(q)i&i(q);

— /@ FiI'S, @ — 819 is o-linear such that o @ (t'@7) = 1.
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Suppose M’ € MF y(a) is given similarly to M by the relation
— — — — _N*
(0a(Ma), -y 00(n0)) = (g ..., 00)0 " C

Then we can use 0¥ to identify the modules ﬁ;(M’) := Homyz(M', S))
and U, (M) := Homp#(M,S.?). This identification is compatible
with the action of the subgroups I(v,), where v > ajy.

Note that the fields K and K’ are isomorphic (as any two fields of for-
mal power series with the same residue field). Choose an isomorphism
k: K — K’ such that (@) = @ and k|, = 0= . We can extend &
to an isomorphism of separable closures of K and K’. This allows us
to identify the groups Zx and Zx and this identification is compatible
with the appropriate ramification filtrations. Even more, we obtain
an identification of U, (M) with U’(M’) and this identification respects
the action of I,(Cv) on U,(M) and the action of I,(CU,) on ﬁé(M/) for any
v > a}. Therefore, v* is the maximal number such that I,(éi*) acts
non-trivially on U’ (M’) and

e v* is the mazimal such that I,(Cv,*) acts non-trivially on ﬁa/(q)(M).

3.5. I,(Cv "_action. Introduce the filtered module Sy as follows:

— S = O} NOx(Ksep) [ufOR N Oy (Kicp);

— Fil'SF = 'S, N S};

— ;= 80i|Fﬂis; : FﬂiS; — S,

The results from Subsection 3.2 allow us to identify U,(M) with
Ur(M) = Homp (M, S}). By the results from Subsection 3.3, there is
a natural embedding of filtered modules §; — S, and, therefore, we
can identify U, (M) with U, (q)(M ’). This identification is compatible
with the action of ramification subgroups I,(Cv ) for all v > ay. So,

e v* is the maximal such that I,(Cv*) acts non-trivially on ﬁa'(q)(M).

3.6. The end of proof of Theorem. It remains to notice that
I,(Cv, ) = I,(CUO), where v5 = @xr/c(v*) < v*
The contradiction.
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