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ABSTRACT: Hydrodynamics is the low-energy effective field theory of any interacting quan-
tum theory, capturing the long-wavelength fluctuations of an equilibrium Gibbs density
matrix. Conventionally, one views the effective dynamics in terms of the conserved cur-
rents, which should be expressed via the constitutive relations in terms of the fluid velocity
and the intensive parameters such as the temperature, chemical potential, etc. .. However,
not all constitutive relations are acceptable; one has to ensure that the second law of ther-
modynamics is satisfied on all physical configurations. In this paper, we provide a complete
solution to hydrodynamic transport at all orders in the gradient expansion compatible with
the second law constraint.

The key new ingredient we introduce is the notion of adiabaticity, which allows us
to take hydrodynamics off-shell. Adiabatic fluids are such that off-shell dynamics of the
fluid compensates for entropy production. The space of adiabatic fluids is quite rich,
and admits a decomposition into seven distinct classes. Together with the dissipative
class this establishes the eightfold way of hydrodynamic transport. Furthermore, recent
results guarantee that dissipative terms beyond leading order in the gradient expansion are
agnostic of the second law. While this completes a transport taxonomy, we go on to argue
for a new symmetry principle, an Abelian gauge invariance that guarantees adiabaticity in
hydrodynamics. We suggest that this symmetry is the macroscopic manifestation of the
microscopic KMS invariance. We demonstrate its utility by explicitly constructing effective
actions for adiabatic transport. The theory of adiabatic fluids, we speculate, provides a
useful starting point for a new framework to describe non-equilibrium dynamics, wherein
dissipative effects arise by Higgsing the Abelian symmetry.
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Part 1
An invitation to adiabatic hydrodynamics

1 Introduction

Hydrodynamics, as is well known, is the universal long-wavelength effective description
of near-equilibrium dynamics of interacting quantum systems. Given its wide range of
applicability and the simplicity of its dynamical content, it behooves us to understand the
derivation of classical hydrodynamic equations from first principles. While many attempts
have been made to distill the essentials of the theory and derive the low energy dynamics
following rules of effective field theory, it is perhaps fair to say that to date a completely
autonomous theory of hydrodynamics remains in absentia.

The traditional approach to hydrodynamics involves identifying the conserved cur-
rents such as energy-momentum and charge currents. Firstly, one invokes an appropriate
Gibbsian ensemble to describe equilibrium thermodynamics. The Gibbs free energy, as a
function of temperature 7" and chemical potentials u;, determines the equilibrium data:
pressures, internal energies, charge densities, etc., which constitute the components of the
currents in the inertial frame chosen by the equilibrium configuration denoted by a unit
timelike vector u*. This explicitly constructs the ideal fluid currents which satisfy apposite
conservation equations. One then allows arbitrary long-wavelength (infra-red) fluctuations
of the intensive variables (T, p1;) and the local thermal frame u*. The fluctuations of the
Gibbs density matrix in a current algebra language translate into higher derivative opera-
tors correcting the ideal fluid constitutive relations. As in usual effective field theory one
allows these operators (respecting requisite symmetries) with arbitrary coefficients. In the
case at hand we should admit local functions of the intensive thermodynamic parameters
(T, p;); these are the transport coefficients of hydrodynamics. Note that the dynamics is
still enforced by the conservation of the currents.

Thus far the construction of the low energy hydrodynamic theory seems analogous to
any other effective field theory albeit in a current algebra language. The main novelty of
hydrodynamics is that it has a constraint: one expects that the hydrodynamic evolution
locally respects the second law of thermodynamics. More abstractly, in addition to the
conserved currents which capture the dynamical information, one posits the existence of
an entropy current, which is constrained to have non-negative divergence. This approach
to hydrodynamics, which we dub as the current algebra approach, is the canonical method
to determining both the constitutive relations and the constraints on the transport coef-
ficients. This viewpoint has been well appreciated for many decades now, cf., [1] for a
clear discussion.

Since the second law of thermodynamics is stated as an inequality one usually finds
that it imposes sign-definiteness constraints on transport data. For instance, one learns at
the first non-trivial order in the gradient expansion that viscosities and conductivities are



positive definite to ensure entropy production. What is perhaps less familiar is the recent
discovery that one also encounters explicit constraints fixing some transport coefficients in
terms of others [2]. An example of this is the Gibbs-Duhem and Euler relations obeyed at
zeroth order in derivative expansion. Said differently, by a careful analysis one can show
that the allowed class of operators respecting the second law is smaller than one might
a-priori have imagined. In all known examples studied so far, the transport coefficients
thus constrained can be obtained from analyzing general hydrostatic equilibria — they are
determined in terms of the so called hydrostatic or thermodynamic response parameters. In
particular, these constraints can be understood in terms of subjecting the fluid to arbitrary
stationary sources (background metric, gauge fields) and obtaining the desired relations
by writing down the generating function for the current correlators, or equivalently the
equilibrium partition function [3, 4].

The class of hydrostatic transport coefficients is quite rich. Not only does it comprise of
novel constraints on higher order hydrodynamic data, but it also importantly includes the
class of anomalous transport coeflicients which provide an interesting insight into the un-
derlying quantum dynamics in thermodynamic systems. While the presence of anomalous
transport coefficients was first clearly encountered in fluid/gravity computations of [5, 6],
they were soon understood as being necessary from the canonical current algebra frame-
work of fluid dynamics in [7]. More recently, starting from the work of [8], it has been
appreciated that the anomalous contribution to transport belongs to the hydrostatic class.
We now have clear picture of how to derive the constraints on them using the equilibrium
partition function [3, 9-13] (for related work on anomaly induced transport we refer the
reader to [14-35]). We will have occasion to describe these results in due course, but for
now we simply record the fact that the equilibrium partition function provides a powerful
way to study the constraints on hydrodynamic transport.

Recently, building on the hydrostatic analysis, Sayantani Bhattacharyya [36, 37] de-
rived a remarkable theorem about hydrodynamic transport. She proved that:

e All the dangerous terms in hydrodynamics which could potentially lead to entropy
destruction, are constrained to vanish from the hydrostatic analysis and there are no
further equality constraints beyond hydrostatics.

e Of the entropy producing dissipative terms, only the ones at leading order in the
gradient expansion are constrained to be sign-definite.

Essentially the upshot of this analysis is the following: once one understands the leading
deviations from a perfect fluid and is able to analyze hydrostatic configurations, one has
completed the task of constructing the hydrodynamic effective field theory (at least as a
current algebra).

While this result captures the essence of the second law constraints, it still leaves unan-
swered questions about the structure of hydrodynamics. One may think of the situation
in the following vein: a-priori in the current algebra approach, constructing tensor valued
operators which correct the ideal fluid conserved currents is a question in representation
theory. Given the intensive parameters {7, u;} and the hydrodynamic velocity field u*



(which is a unit timelike vector), we simply have to build tensors with suitable symmetries
to appear in the energy-momentum tensor 7" and charge currents J!'. The number of
such tensors can be inferred from a straightforward counting exercise at any desired order.
Complications start to arise when we impose the constraints of the second law since this
poses a non-linear constraint, potentially mixing terms across derivative orders. Indeed the
proof of the statements quoted above in [36] relies on a careful unpacking of such mixing
(see [2, 37]). It would be ideal if we could understand the second law constraints in a more
straightforward fashion. Ideally, one would like to have a complete classification of hydro-
dynamic transport, both dissipative and non-dissipative, which respects the democratic

ordering of the gradient expansion.!

This compels us to further our understanding of hydrodynamics, a task we will under-
take in this work. Our primary result will indeed be a complete classification of hydrody-
namic transport at all orders in the gradient expansion. In the process we will also be able
to identify the origins of various curious results that have been uncovered in recent analysis
of hydrodynamic transport, both from studies in kinetic theory and in holography. The
analysis of transport in holographic fluids, which began with the pioneering work of [40]
and was extended by the fluid /gravity correspondence to the non-linear level [41], provides
a rather fertile laboratory for testing non-linear hydrodynamics.

To explain more precisely the rationale behind our analysis, we start with the following
observation. In order to ascertain the structure of hydrodynamics, it would be ideal if we
could formulate the effective field theory, not in terms of the currents as described above,
but rather directly in terms of a Wilsonian effective action. The question then becomes:
what are the natural variables for such an action and how does one incorporate the fact
that the theory is intrinsically dissipative?

As a toy problem, one can focus on the structure of hydrodynamic effective actions
in the absence of dissipation. At the very least this attempt can help us learn about the
constraints resulting from demanding an off-shell (by definition), off-equilibrium, effective
action for hydrodynamics. Happily, such a formalism exists. It was invented in the dis-
tant past to formulate the dynamics of ideal fluids coupled to gravitational degrees of
freedom [42, 43]. In recent years this effective action formalism has been revived starting
from the work of [44, 45]. These works formulate the story in terms of the Goldstone
degrees of freedom associated with individual fluid elements. A systematic exploration for
neutral fluids was undertaken in [46] wherein a detailed comparison with the conventional
current algebra approach to hydrodynamics was made.? In particular, it was noticed that
demanding the presence of an effective action appears to pose stronger constraints than
what would be encountered by the existence of an entropy current with desired proper-
ties.® Said differently, there were relations amongst transport coefficients (the functions

'In many circumstances one also demands that the Onsager relations [38, 39] are upheld, by invoking
the microscopic time-reversal symmetry. We will for the most part be agnostic about these relations, and
relegate comments regarding them to section 18.

2This approach has also been used to study parity-odd transport in 3 dimensions [47-49)].

3For non-dissipative fluids one imposes a strong constraint on the entropy current: we demand it to
be divergence free off-shell. So the theory actually has an additional conserved current due to entropy
non-production.



of intensive parameters multiplying higher order tensor structures in the currents) which
remained inexplicable. Curiously, some of these relations are also manifested in the class
of holographic fluids, which prompted us to examine the situation further.

A crucial check of this effective action formalism was provided in [30] where it was
shown that one can recover the anomalous transport data for non-abelian flavour anomalies
in arbitrary even dimensions (see [20] for abelian anomalies in 2 dimensions). This analysis
highlighted two important facts about the effective action approach: (i) the symmetries of
the theory (ii) the necessity of doubling the degrees of freedom, a la Schwinger-Keldysh
along with non-trivial cross terms (a.k.a. influence functionals of Feynman-Vernon [50])
in the effective action. We will postpone a discussion of the doubling to later, but the
symmetries are worth examining at present.

The effective action for d-dimensional hydrodynamics is constructed in terms of d — 1
scalar fields ¢! which capture energy-momentum transport along with a set of fields ¢ which
transform in a bifundamental representation of the flavour symmetry. One allows arbi-
trary volume preserving field reparametrizations of the fields, ¢’ — fI(¢) and c — cg(9).
This implies that the effective action is invariant under a generalized volume-preserving
diffeomorphism group; this guarantees entropy non-production. More specifically the con-
servation of configuration space volume d@' A --- A d¢® ! is interpreted as the statement
of entropy current conservation. That is one identifies xJg = *(su) = dp' A --- Adp® " as
the 1-form entropy current, with s being the entropy density and u the fluid velocity. Note
that the formalism forces the entropy current to take its ideal fluid form at all orders in
the hydrodynamic gradient expansion. The resulting constitutive relation may then said
to be presented in the entropy frame.*

While one can tie in the entropy conservation with the presence of the enlarged sym-
metry, one would as such like to understand the rationale behind its existence and check
the consistency of employing it to define a conserved entropy current. Moreover, if we were
to extend the effective action approach to physically relevant dissipative fluids, we need
to understand how to allow for entropy production. In fact, empirically the failure point
of the formalism appears to be at an even simpler situation. An attempt to extend the
considerations of anomalous transport to mixed flavour-Lorentz anomalies suggests that
modifications to the entropy current from the form Jg = sw are imperative.” This being
impossible in the framework described above one is led to look elsewhere.

Let us therefore step back and ask the following: what is the canonical choice of
variables for a hydrodynamic effective action? A natural set of hydrodynamic variables in
terms of which an effective action ought to be written, one would guess, are simply the
intensive thermodynamic variables that characterize the Gibbs ensemble T, u; etc., and
the fluid velocity u*. In the non-dissipative effective action temperature is viewed as a

4Frame choices in hydrodynamic current algebra are a reflection of field redefinitions. For example,
there being no a-priori canonical choice for the velocity field in a relativistic fluid one can choose to define
it conveniently. The above choice is just as natural as the often made choice of Landau frame, wherein the
velocity field is taken to be the unit-timelike eigenvector of the energy-momentum current.

5We do not have a complete proof of this statement, but the ease with which we are able to recover all
the results in the formalism described below suggests to us that this is the correct intuition.



function of its thermodynamic conjugate entropy density, while the velocity and chemical
potential (and entropy itself) are indirectly defined in terms of the fields ¢! and c. As such
the on-shell action computes not quite the thermodynamic Gibbs potential, but rather,
its Legendre transform with respect to the entropy density. If one were interested in
allowing deformation of the entropy current, working with Gibbs potential is more natural.%
However, in the hydrodynamic gradient expansion computing the Legendre transformation
is non-trivial.” Inspired by the structural aspects of the formal Legendre transformation
we establish now a new formalism that naturally incorporates the hydrodynamic variables
as the basic fields and provides a framework to describe what we call adiabatic fluids, which
are a generalization of the non-dissipative fluids discussed hitherto.

To motivate the study of adiabatic fluids, let us ask the following question: “what
is the most convenient way to implement the second law of thermodynamics, which a-
priori is stated as an inequality, in practice?”” As we discussed before the conventional
current-algebraic approach is to work on-shell by classifying independent tensors, but this
is limiting from the point of view of constructing an action principle. A useful trick for
implementing inequality constraints is in fact to go off-shell using a suitable set of Lagrange
multipliers, which sometimes is referred to as the Liu procedure [51]. The basic idea can
be explained as follows: suppose we want to constrain the solutions of a set of linear
equations with an inequality constraint. We add to the inequality of interest a suitable
linear combination of the dynamical equations with Lagrange multipliers. While the new
quantity defined thus, also satisfies the same inequality, it has the distinct advantage that
we are no longer on-shell. Said differently, incorporating the dynamical equations of motion
into the inequalities, we can uplift the constraints off-shell and analyze them without having
to solve for the dynamically independent set of data.

Specifically, we take the on-shell statement of non-negative entropy production
V. J5 > 0 and upgrade it to an off-shell statement which reads:

Vulh+ B (VT — g, P - Tl

(1.1)
+(Ag+ BAy) - (D,,J” - Jﬁ,) —A>0.

Here 3, is the Lagrange multiplier for the energy-momentum conservation equation involv-
ing the energy-momentum tensor 7 and the charge current J#, and (Ag + B3*A,) is the
Lagrange multiplier for the charge conservation equation. We have denoted the background
metric and flavour gauge fields by {g,., A, } respectively and F),, denotes the field-strength
associated with A,. Note that we have written the conservation equations for a general
situation including contributions from sources and anomalies (which are captured by the

®Hence the common use of Landau-Ginzburg free-energy funtionals to describe condensed
matter systems.

"This has the insalubrious effect of making comparisons between the effective actions and the equilibrium
partition functions rather complex and involved. In special cases such as the anomalous effective action one
can carry out the Legendre transformation trivially owing to independence of such terms from the entropy
density, cf., [30].



Hall currents J ﬁ and Tfﬁ).s The notation will become clear when we set-up the problem
in greater detail in due course.

It is convenient to take these Lagrange multiplier fields to be the basic hydrodynamic
fields. At zeroth order in derivative expansion, thermodynamics demands that g* = u*/T
be the velocity field rescaled by the temperature and Ag + B A\ = /T be the chemical
potential measured in thermal units. We will use a part of the field redefinition freedom
to assume that these simple relations hold to arbitrary orders in derivative expansion. In
fact, these variables naturally encompass all of the hydrodynamic degrees of freedom; by
rescaling the normalized velocity field by the temperature we have ensured that B is an
unconstrained vector field. We refer to these fields as the thermal vector and the thermal
twist respectively; they are the physical degrees of freedom in local equilibrium.

The off-shell rewriting of the second law of thermodynamics in (1.1) turns out to pro-
vide sufficient control to classify all hydrodynamic transport. A-priori, we can distinguish
between two kinds of transport coefficients: on the one hand those that contribute to off-
shell entropy production, i.e., lead to positive definite A % 0 — these are the dissipative
(Class D) parts of transport. On the other hand we have those which comprise the marginal
case of no entropy production, i.e., those where the production of entropy is compensated
for by the flow of energy-momentum and charge. The latter form the boundary of the
domain of physically admissible constitutive relations and have A = 0. Understanding this
marginal case turns out to be the crucial step that allows us to complete our classification.
This therefore motivates for us the study of adiabatic hydrodynamics, defined as the con-
stitutive relations which solve (1.1) with A = 0, which we will refer to as the adiabaticity
equation.” The class of adiabatic constitutive relations subsumes (but is not identical to)
the pre-existing discussions of non-dissipative fluids.

A large part of our work will be devoted to identifying and classifying all constitutive
relations {7, J#, J4} that solve the adiabaticity equation (1.1) with A = 0. At a broad
brush level there are two types of adiabatic transport: hydrostatic (Class H) and non-
hydrostatic or hydrodynamic (Class H). The former can be inferred from the dynamics of
the fluid in hydrostatic equilibrium described earlier by subjecting it to time-independent
spatially varying external sources. The latter are more diverse; some can be obtained using
a simple Lagrangian formalism involving the hydrodynamic fields {3, Ag}, but there are
others which evade such a simple description. We have found it convenient to isolate the
solutions of the adiabaticity equation into seven classes based on their origins. Together
with the dissipative Class D, we are led to the eightfold way of hydrodynamic transport,
as illustrated in figure 1.1°

We emphasize that we classify (off-shell inequivalent) constitutive relations i.e., give
combinations of currents that satisfy the adiabaticity equation. However, it is convenient

8If the underlying quantum system of interest is anomaly-free then we can set the Hall currents to zero;
we refer to the corresponding version of (1.1) (with A = 0) as the non-anomalous adiabaticity equation for
definiteness.

9The adiabaticity equation we study in some detail below was first introduced in [8] to aid the analysis of
anomaly induced hydrodynamic transport using the standard current algebra approach to hydrodynamics.

10We give a preview of this classification in some detail in section 3.
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Figure 1. The eightfold way of hydrodynamic transport.

for purposes of taxonomy to refer to some more primitive object that generates such con-
stitutive relations. The classification turns out to be canonically motivated by the choice
of the grand canonical free energy current (obtained by Legendre transforming the entropy
current) which is a spacetime vector. This vector can be either longitudinal (aligned to
the thermal vector) or transverse. Since longitudinal vectors are characterized by their
magnitude, we can refer to it as the scalar component. Hence all the classes in figure 1
refer to either scalar or vector structures. For example, Hg and Hg refer to hydrostatic
and hydrodynamic terms that can be encoded in a scalar Lagrangian. Similarly, Hy and
Hy are classes of transport that transform as transverse vectors. Whether at the end of
the day such terms show up as tensors, vectors or scalars in the constitutive relations, is
largely a matter of convention and frame choice.

We also provide evidence that certain well studied hydrodynamic systems respect the
adiabatic classification. In particular, strongly coupled conformal plasmas which can be
described holographically via the fluid/gravity correspondence [41, 52], as well as existing
results in kinetic theory [53] manifestly exhibit the eightfold path. Furthermore, as noted
in our short companion paper [54], second order transport for a neutral holographic fluid,
is encapsulated in a simple effective action (built out of the sources and the thermal vector
and twist)! We take this as striking evidence of physical fluid systems being cognizant of
the adiabaticity equation and the sevenfold constitutive relations which solve it.

To demonstrate that our classification is exhaustive, we argue that all solutions to the
adiabaticity equation can be obtained from a master effective action. This eightfold effective



action clearly is a functional of the hydrodynamic fields {8*,Ag} and the background
sources {guu, A, }. Rather surprisingly, a complete picture emerges only upon including a
second set of background sources, {g,., flu}, which morally speaking appear to be a proxy
for the Schwinger-Keldysh partners of the basic sources. Furthermore, this doubling of
sources comes with an interesting new Abelian gauge symmetry with an associated gauge
field AT, 111

In the thermofield construction one has sources for the left (L) and right (R) degrees of
freedom; these are specific linear combinations of the sources {g,,, A} and {g,., A, }. The
necessity to double of the degrees of freedom, whilst curious for adiabatic transport, has
already been encountered previously in attempts to construct effective actions for anoma-
lous hydrodynamic transport, which forms a special case, in [30]. What is really intriguing
is the gauge field A, and its associated gauge invariance U(1)t, which along with the
diffeomorphism and gauge invariance forms the symmetries of the effective action.'? The
latter act canonically on the fields above, but the U (1)t gauge symmetry acts non-trivially.
All fields carry U(1)t charges, with the gauge transformation acting as a diffeomorphism
or flavour gauge transformation in the direction of 3, Ag. In addition, g,, and A further
undergo transformations depending on the physical fields {8*,Ag, guv, A, }. The Bianchi
identity associated with U(1)T gauge invariance immediately leads to the adiabaticity equa-
tion. In fact, armed with this enlarged space of fields one can immediately write down a
diffeomorphism, flavour gauge and U(1)T invariant effective action which captures all of
the adiabatic transport.

We have chosen to structure the paper into six parts owing to the complexities of the
results we uncover. To help orient readers through the maze of results we also provide a
flowchart in figure 2 to indicate the inter-relations between various sections.

Part I: we begin in section 2 with a definition of the basic statement of the adiabatic
fluids and explain some of the general properties of such fluids directly from the study
of the adiabaticity equation. In section 3 we present a quick overview of the diverse
classes of adiabatic constitutive relations; this provides a short synopsis of part II. We then
turn in section 4 to connecting our construction with the hydrostatic analysis of [3, 4].
We go on to argue that the adiabaticity equation we introduce can be thought of as an
off-equilibrium off-shell extension of the hydrostatic constitutive relations. In section 5
we discuss dissipative constitutive relations, reviewing the results of [36, 37] in a language
adapted to our analysis. This allows us to give an alternate proof of the theorem, classifying
dissipative transport coefficients into those constrained by the second law, and those that
are agnostic to entropy production.

Part II: this is the central part of the paper where we study adiabatic constitutive
relations. For the most part we focus on the non-anomalous adiabaticity equation as

"1t is tempting for various reasons to christen this U(1)T symmetry as KMS-gauge invariance. We will
however refrain from doing so since we won’t fully justify the connections with the Schwinger-Keldysh
framework in the present work and leave a full exposition for the future [55].

12 A clue to the existence of such a structure is provided by the analysis of hydrostatic partition functions
satisfying the Euclidean consistency condition in the presence of gravitational anomalies [13].
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Figure 2. Flowchart giving the structure of this paper. Light blue sections in the middle column
form the main thread of our analysis. The sections in light green contain detailed constructions
of the various classes and could be skipped on a first read. The sections in the left column are
concerned with various Lagrangian descriptions. The classes in the right column are those that do
not fit into a simple Lagrangian framework (without U(1)T).

inclusion of anomalies ends up providing a specific particular solution. We first show in
section 6 how to construct Lagrangian solutions to the adiabaticity equation in the absence
of anomalies. Any diffeomorphism and gauge invariant Lagrangian has a set of Bianchi
identities which together with the canonical definition of the entropy current leads to
the adiabaticity equation. Having established that the background symmetries guarantee
adiabaticity we turn to describing how to obtain hydrodynamic Ward identities in section 7
in terms of a constrained variational principle. To illustrate the efficacy of our formalism,
we quickly review some basic examples discussed in the context of non-dissipative fluids in
section 8.

In section 9-section 11 we turn to the set of adiabatic constitutive relations which do
not belong to Class L, i.e., they don’t admit a Lagrangian description. Our first example
is the Berry-like class of adiabatic transport section 9 — these are non-hydrostatic, non-
dissipative parts of transport which include well studied examples of transport such as Hall
viscosity and Hall conductivity, but also others which have been encountered in holographic
fluids. In section 10 we describe the class of conserved entropy currents which are agnostic
to physical current transport. We argue in particular that such constitutive relations
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will be encountered in the presence of topological ground state degeneracy. In section 11
constitutive relations determined by transverse vector currents are described; there are
some new ingredients here for such transport appears to have never been studied in the
literature (outside hydrostatics).

In section 12 we turn to the problem of finding Lagrangian solutions to the anomalous
hydrodynamic transport. We also demonstrate that a complete story for obtaining anoma-
lous Ward identities requires working in a Schwinger-Keldysh doubled theory. We review
the thermofield doubled Schwinger-Keldysh construction for hydrodynamics in section 13,
taking the opportunity to highlight certain obvious tension with adiabaticity and the role
of influence functionals. We also explain why the terms we introduce in the anomalies both
in the current and in our previous discussion [30] are necessary and sensible.

Part III: we discuss how we can use adiabatic hydrodynamics to provide a complete
classification of hydrodynamic transport in section 14. Not only do we provide an algorithm
for the eightfold classification, amplifying on the results presented in [54], but we also finally
prove that the classification is exhaustive. To exemplify our construction, we provide
evidence that various hydrodynamic systems are cognizant of the eightfold classification
(section 14.5) and give a concise summary of a variety of fluid systems (up to second order in
gradients) in section 14.6. We also outline the basic construction of an effective action which
encompasses all of the adiabatic constitutive relations in section 15 and section 16, though
we leave a fuller exposition of the construction to a later publication [55]. In section 17 we
show how the eightfold way of adiabatic transport is captured by this effective action.

Part IV: we end the main thread of the paper with a discussion in section 18 and
highlight some open questions which we think can be addressed with existing technology

in section 19.

Part V: there are several extensions to our general analysis of adiabatic constitutive
relations which are interesting to explore. We have chosen to present some of these outside
the main line of development so as to keep the flow of the paper more straightforward. In
appendix A we provide a translation from the covariant to the consistent form of anoma-
lous adiabaticity equation. In appendix B we argue that the Lagrangians we introduce are
canonically related via a Legendre transformation to those described earlier in the litera-
ture on non-dissipative fluids. Our presentation clarifies the origins of various symmetries
encountered in the previous discussion. Appendix C provides a construction of topological
currents which play a role in constructing Class C adiabatic constitutive relations. Fi-
nally in appendix D we give a complete characterization of Weyl invariant adiabatic fluids
relevant in the study of holographic fluids, generalizing the discussion of [56].

Part VI: in these appendices we provide some technical details which are omitted from
the main text. Appendix E provides useful technical details for implementing the vari-
ational calculus in Class L theories. Appendix F gives a detailed discussion of second
order neutral fluid hydrodynamics. In appendix G we compare our construction with that
of [36, 37]. Appendix H contains details of the derivation of Bianchi identities in the pres-
ence of anomalies. Appendix I verifies that the symmetries of the eightfold Lagrangian are
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consistent and provides some details for deriving the various Bianchi identities quoted in
the text.

Appendix J provides a quick reference of the various symbols we introduced through
the course of or discussion.

2 Adiabatic hydrodynamics

We would like to construct a hydrodynamic effective field theory which not only incorpo-
rates the fundamental symmetries present in the underlying microscopic quantum system,
but also and in addition is cognizant of the basic constraint of such effective theories, viz.,
the second law of thermodynamics. As described in section 1 the complications of the
inequality constraints imposed by the second law can be tackled by taking the constraints
off-shell using a suitable combination of the dynamical equations of motion [51]. While
this procedure allows exploration of the off-shell constraints, it is actually more efficacious
to first undertake a full classification in the marginal situation where the second law is
imposed as a statement of entropy conservation (as opposed to entropy production). This
split is guided by the fact that hydrodynamic transport can a-priori be categorized as being
either adiabatic!® or dissipative.

Aided by this intuition we therefore propose to study a class of hydrodynamic theories
which we call adiabatic fluids. These are fluids where entropy production is compensated for
off-shell by the dynamics of the theory. Having an off-shell formalism allows much insight
into how one might construct hydrodynamic effective actions. In fact it will turn out that
much of the constraints of the second law can be gleaned from an analysis of adiabatic
transport; explicitly dissipative terms will turn out to be quite tractable in the sequel.

2.1 The adiabaticity equation

Consider a fluid characterized by normalized velocity field u* (with u#u, = —1), tempera-
ture T" and chemical potential 4 moving in a background geometry M with metric g,, and
a background flavour gauge field A, which generically will be taken to be non-abelian. '
We will work in d spacetime dimensions and will assume that the hydrodynamic fields
{u*,T, u} as well as the background sources {g,.,, A,} are slowly varying on this spacetime
manifold throughout our discussion.

While we could choose to work with the hydrodynamic fields defined above it is in
fact convenient to repackage them into an unnormalized vector field and a scalar field.
By a simple redefinition we therefore introduce the hydrodynamic fields (denoted collec-
tively by B)

Iz nooul

B={B.As}, B'=7. Mp=5-TA (2.1)

The fields {8*,Ag} which we refer to as the thermal vector and thermal twist, encode

the same hydrodynamic data as the fields {u#,T,u}. We can explicitly invert the above

!3We use the word adiabatic in a precise technical sense defined below. Reference [36] uses this word
synonymously with hydrostatics, which we prefer not to do. There is more to adiabaticity than equilbirum,
as we shall unearth in the course of our discussion.

14 Generalizations to arbitrary number of flavour symmetries is straightforward.
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Thus for the rest of the discussion, the dynamical content of hydrodynamics is captured
by the d + 1 degrees of freedom in the vector field 8" and scalar field Ag.

A general hydrodynamic system as reviewed in section 1 is characterized by a set of
currents: we have the energy-momentum tensor T# and a charge current J# which should
be considered dynamical. In addition we have an entropy current J g which enforces the
constraint of the second law. It is also useful to include the free energy current G*, which
is a particular linear combination of the above, which we will encounter shortly, cf., (2.18).
To simplify notation, we will collect the various currents we have introduced into a single
set by introducing a collection of tensor fields Cy

H= {TIJ«V7 Jli’ Jg}v (23)

where instead of J g we often equivalently consider the Gibbs free energy current G* to be
defined in due course.

These currents should all be thought of as given by local covariant functionals of the
background and hydrodynamical fields which we also collectively denote as ¥

¥ = {g,,A,,B" Ag}. (2.4)
Then we can write for our currents Gy = Cy [¥] or more explicitly, for the fundamental
currents we have
T =T [®] = T" [gap, Aa, B, Ag]
JH[®] = J"[gap, Aa, B, Ag] (2.5)
J“ = Jg [®] = Jg [gas, Aa, B, Ag] -

These relations are termed constitutive relations.

The dynamical information of hydrodynamics comprises simply of the statement of
conservation modulo source terms (which do work on the system) and anomalies. In
general we can write the conservation equations for a microscopic quantum theory with
flavour and Lorentz anomalies in the presence of background sources as:

vV, TH = J,  F® 4T DY = T3 (2.6)

Here, F},, and D, denote the field-strength and gauge-covariant derivative associated with
A, while {T’;{l, J%} are the covariant Lorentz and flavour anomalies respectively.!® The

151f P[F, R] is the anomaly polynomial, then the covariant anomalies are determined using the following
equations:
oP oP
OF”’ ORH,’

Here Eﬁ“ Y is the torque on the system due to Lorentz anomaly. We adopt a bold-face notation for differential

Jg *1= SH . 1=2

1
THE = iv,,zjg‘” . (2.7)

forms. In general our notation follows that of [12, 13, 30] where the reader will find further details on the
conventions used herein. We will be more explicit when we solve the anomalous adiabaticity equation in
section 12. Some further useful details are collected in appendices A and J.
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center-dot “” is reserved for gauge index contraction which we will never write explicitly.
The gauge-covariant derivative acts on tensors X# %, ., in a familiar fashion, viz.,

Do X g = Vo XF g + [Aa, X )0] (2.8)
with
VaX P g = 00X g + THAGXY Y g+ o AT X, 2.9)
TR0 X g — o = TR XY '
Here [, | represents the appropriate adjoint action of the flavour algebra. The equa-

tions (2.6), which we term as the hydrodynamic Ward identities, together with V,J& >0
capturing the essence of the second law, complete the specification of the hydrodynamic
effective field theory in the current algebra language.

The task of a hydrodynamicist is to provide these constitutive relations, order by order
in gradients of the fields W, subject to symmetry and second law requirements, cf., [1] for
the classic treatment. We will refer the reader to the vast literature on hydrodynamic
constitutive relations which have been computed (in certain cases up to the second order
in the gradient expansion); see [52, 57] for a partial summary of certain results in the past
few years.!0

While most analyses of the second law constraints are done by classifying first on-shell
independent data, as explained in section 1 it is useful to work off-shell. To this end we

want to extend the statement of the second law, viz.,
JJL®]: V,JE >0, (2.10)

to a more amenable one which is agnostic of dynamics. The simplest way to proceed is to
use the fact that linear combinations of the equations of motion can be added to (2.10)
without affecting the inequality [51]. All we need is appropriate Lagrange multipliers to
ensure that the vectorial energy conservation and the scalar charge conservation equations
can be combined with the gradient of the entropy current. The canonical choice is simply
to take the Lagrange multipliers to be the hydrodynamic fields B = {8#,Ag} themselves.
One way to motivate this choice is to exploit the field redefinition freedom inherent in
fluid dynamics, to align the Lagrange multiplier fields to the velocity (rescaled by the
temperature) and chemical potential.
This then leads us to the following statement of the second law of thermodynamics:

Vb + By (VT — gy - P T (2.11)
+ A+ Ay (D = Th) =A >0, ‘

We have introduced A as the placeholder for the entropy production resulting from the
dissipative constitutive relations.

16These computations are typically done by fixing a fluid frame (e.g., in the Landau frame one demands
that the non-ideal parts of T#” and J* are transverse to velocity). We will a-priori make no such assumptions
though at various stages of our analysis we will present results by making certain frame choices.
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Often when confronted with solving constraints given as inequalities, it is simplest
to examine the boundary of the acceptable domain. In the present case this amounts to
switching off dissipation by setting A = 0. The part of the constitutive relation which does
not contribute to A will be termed adiabatic.

This canonical split allows us to motivate the adiabaticity equation. By definition it
captures the marginal situation where dissipation is turned off, i.e., A = 0:

Vb + By (VT — gy P T (2.12)
+(Ag+ B A,) - (D,,J” - Jﬁ) ~0.

The constitutive relations which satisfy the adiabaticity equation are called adiabatic con-
stitutive relations.!” Note that this relation is being imposed off-shell on the hydrodynam-
ical system of interest, a fact that will be of crucial import in our discussion. For most
of this paper we will be concerned with the adiabatic case. However, we will, at some
early stage of the discussion (cf., section 5), describe the dissipative part of hydrodynamics
building on the results of [36, 37] using the lessons learned from our adiabatic analysis.

It is worthwhile recording here a version of the adiabaticity equation that holds when
we consider non-anomalous fluids. Since the quantum anomaly manifests itself through
the Hall current terms TI‘}J‘ and Jg setting them to zero allows us to capture the desired
equation for non-anomalous adiabatic fluids, viz.,

Vud§ + B (VT = J, - F*) + (Ag + B*Ay) - D, J" = 0. (2.13)

In the initial part of our discussion we will find it convenient to work with the non-
anomalous case first, and then build up to include the presence of anomalies. There is in
fact a useful perspective that helps to segregate the anomalous contribution from the rest.
Apart from anomalies appearing via the Hall currents, the adiabaticity equation is linear in
the constitutive relations and relates terms of the same derivative order in the constitutive
relations. This means that we can treat anomalous terms in (2.12) as “inhomogeneous
source terms”. Thus they can be removed by picking a suitable particular solution of
adiabaticity equation. As a result we will for the most part assume that such anomalous
terms have been appropriately dealt with and focus on the non-anomalous adiabaticity
equation by setting them to zero, i.e., work with the homogeneous equation (2.13). In
section 12 we will describe how the particular solutions to incorporate anomalous effects
can be obtained.

It is important to appreciate the following fact: when we refer here and in the sequel to
finding solutions to (2.12) we mean that we would like to find a set of hydrodynamic currents
Cy [¥] which satisfy this equation off-shell. Thus we would like to determine families of
constitutive relations parameterized by the transport coefficients that are adiabatic. As in
any structural analysis of hydrodynamic transport we will not be interested in fixing values
of transport coefficients. That can only be accomplished once we have an understanding

1"We provide a translation of the adiabaticity equation in terms of the consistent currents which are
sometimes more natural when working with effective actions in appendix A.
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of the microscopic quantum system whose hydrodynamic description we seek.'® With this
understanding we will continue to speak of solving the adiabaticity equation, hopefully
without causing any confusion.

2.2 Physical interpretation of adiabatic fluids

Let us physically understand the nature of the fluid systems that satisfy (2.12), by qualify-
ing the adjective ‘adiabatic’. Suppose we restrict ourselves to fluid configurations {8*, Ag}
which satisfy the hydrodynamic equations of motion (2.6). Let us re-characterize them for
the present discussion as

1
V,TH =~ J, - F* 4 Tk

) (2.14)
D,J" ~J§

with the symbol ~ referring to the fact that these equations hold only in this restricted
sense (i.e., on-shell). We can then assign a conserved entropy current to this restricted
set of fluid configurations, i.e., VMJgf ~ (. Thus, the constitutive relations which solve
adiabaticity equation describe entropy-conserving (i.e., adiabatic) transport once hydrody-
namic equations are imposed. In this sense the adiabatic fluids are on-shell equivalent to the
non-dissipative fluids as defined in [46]. One way to interpret the adiabaticity equation is
to take the view that we have taken entropy conservation off-shell using the hydrodynamic
fields as Lagrange multipliers, along the lines espoused in [51].

Alternately, the adiabaticity equation is actually a stronger assertion than just entropy
conservation. Say, instead of taking hydrodynamics on-shell via (2.14), we impose

il
vV, TH ~ ], - F*® + Th + fh, (2.15)
DVJV x~ JJ}_I + Qezt

where f7, is the force per unit volume due to an external system and Q. is the charge
injected per unit time per unit volume by the external system. Let us assume that this
injection of energy-momentum and charge happens adiabatically and the entropy injected
into the fluid is VﬂJg ~ S..:. The adiabaticity equation is the statement that all these
cannot be together true for arbitrary {f%.,, Qcxt, Sext }. In fact this transfer can be adiabatic
it and only if T'Sepr + up fl + 1t - Qeat =~ 0, i.e., if and only if external system satisfies
adiabaticity equation. Thus, any two systems which satisfy adiabaticity equation can be
combined to a bigger system which satisfies adiabaticity equation, in a way reminiscent of
the classical discussions on thermodynamics by Carnot and others.

Thus the adiabaticity hypothesis brings in a sense of linearity into hydrodynamics,
much like the superposition principle of quantum mechanics. This allows us to focus the
discussion on isolated systems, with the potential downside that we do not have access to
the dissipative part of hydrodynamics.

18In the interest of full disclosure, we should add that certain constitutive relations which are forbidden
by demanding existence of hydrostatic equilibrium can be viewed as fixing certain transport coefficients to
being functions of others (which are the only physical ones).

~16 —



The main motivation for considering adiabatic hydrodynamics is the observation that
non-dissipative parts of many actual hydrodynamic theories coincide with what one finds
in adiabatic hydrodynamics. We note that not all solutions of adiabaticity equation might
arise in a given microscopic QFT. For example one might want to impose additional con-
straints (like Euclidean consistency [11, 13]) and identify on-shell equivalent or fluid frame-
equivalent expressions to eliminate potentially unphysical solutions. Thus, we generally
expect the solutions of adiabaticity equation to furnish a super-set of physically admissible
non-dissipative constitutive relations up to field redefinitions.

2.3 Ideal fluids are adiabatic

Having presented the basic equation of interest, we now turn to asking how one might
characterize the solutions to the adiabaticity equation. After all we are interested in using
these as the first step in understanding more realistic fluid systems (including dissipation).
To this end we need to show that we have a non-empty solution set to (2.12).

It is natural to study the non-anomalous adiabatic constitutive relations order by order
in derivative expansion. Let us illustrate how this works at zeroth order in derivative ex-
pansion. The most general constitutive relation with zero derivatives of the hydrodynamic
data is'?

Jy=sut, T =culu”+pP", JH=qu" (2.16)

where the entropy density s, energy density e, pressure p and charge density ¢ are scalar
functions of T" and p. The tensor P,, = gu + u,u, is the projector transverse to
the velocity.

The adiabaticity condition (2.13) can then be written quite simply as

u* (T'Vas+pu-Vaqg—Vae)+ (Ts+p-qg—e—p)© =0, (2.17)

where © = V,u" is the fluid expansion. If we insist that this hold for an arbitrary fluid
configuration, then the combination in each of the parentheses should individually vanish.
This then implies that the fluid should satisfy the first law

de=T0ds+ p-dq,

and the Euler relation
e+p=Ts+p-q.

Thus, we recover standard constitutive relations describing thermodynamics from the for-
malism of adiabatic hydrodynamics.

We will soon see that the family of adiabatic fluids is far richer as evidenced by our
eightfold classification illustrated in figure 1. We will shortly provide a short synopsis
of the different classes in section 3. The reader impatient to see some more examples is
invited to consult section 8 where we study neutral fluids and parity-odd charged fluids at
higher orders.

19We have reverted to {u”, T, u} so as to write the constitutive relations in their familiar form.
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2.4 The adiabatic free energy current

We have phrased our discussion of the adiabaticity equation in terms of the entropy current.
However, since we are describing via the hydrodynamic expansion the fluctuations in the
Gibbsian density matrix, it makes more sense to ask about the behaviour of the free energy
current itself. This involves using the standard definition of the grand canonical free energy
current. In terms of the other hydrodynamic currents introduced hitherto:2°

G’ = _TNO"

(2.18)
=-T[JS+ BT +(Ag+B"A,)-J°].

Assuming we know the free energy current we can solve for the entropy current by
inverting the above relation

Jg;:_ ,BVTVU+(A,3+,3VAV)’JU+Q
T
g (2.19)
= (JG)can — T

This expression is useful in that it segregates the various contributions to the entropy
current. The terms — [3,T"7 + (Ag + B”A,) - J7] are usually interpreted as the canonical
part of the entropy current (J§)can. On the other hand the vector —G7/T is called the
non-canonical part of the entropy current. Thus, passing to grand canonical ensemble can
be thought of as focusing our attention on the part of entropy flow which is not simply
related to energy and charge flow. We can think of free energy (up to a factor of T') as just
the name given to this part of entropy.

While in the present discussion the grand canonical free energy current appears as a
convenient book keeping device for the non-canonical part of the entropy current, it will
soon transpire when we consider hydrostatics that it has a natural interpretation in terms
of a partition function.

The notion of the free energy current is quite useful in the context of anomalous hy-
drodynamics. While the presence of a quantum anomaly does not necessarily introduce
entropy into the fluid,?! the charge and energy-momentum injection is inevitably accom-
panied by a free energy injection. The free energy per unit time per unit volume injected
by anomalies is

gL=-1 [5VT# +(Ag+BYA) - I%
(2.20)
=— [Uur-["’HL +u-J5

20While the physical free energy current is G, it is often convenient to write expression for N° (which
is the free energy rescaled by —7~'). This quantity naturally appears as a Noether charge in our effective
action constructions. As a result we will use both quantities interchangeably for much of our discussion.

21The anomalous contribution to the entropy current can typically be chosen to vanish for flavour anoma-
lies. The story for Lorentz anomalies is a bit more involved and is discussed in section 12.
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Using this definition, we can now write the grand canonical version of the adiabaticity
equation (2.12) as (we include A for completeness)

"\ Gy
Ve <T> T

1 12
= ST Sn g + I 8y A+ A

=1 () <0 [P () - ] o

(2.21)

Here EF = FF u, is the electric field and d, represents the Lie derivatives using the
diffeomorphism and flavour transformations generated by {8, Ag}:

539/11/ = £Bgu1/ = vuﬁu + VVIBM)

) V (2.22)
OpAp = LAy + 0uhp + [Ay, Mgl = Du(Ag + BYAy) + B7Fp -

In this expression, we used £g to denotes the Lie derivative along the vector field B*.
It is useful to record the expression for the Lie derivative in terms of the more familiar
hydrodynamic decomposition. A quick evaluation leads to

C)
O+ Py ——— — (ag, + Vi, log T) uy)]

2
539#11 = 2v(/.uBl/) =7 d—1

T (2.23)

1
0y Ay = Du(Ag + B"Ay) + B"Fyp = u® Dy (%) U = 7 O

We use the standard decomposition of the gradient of the velocity field into the transverse
traceless shear-strain rate o, the anti-symmetric vorticity w,,, the vectorial acceleration

a, and scalar expansion O respectively, viz.,

©

Vyu, = O (uv) T W] — Up Gy + Py d—1’ (2.24)
and the flavour fields decompose as
ot = B — T PH'V, (%) . BN =FWy,, (2.25)

An alternate form of (2.21) can be given by using the fluid acceleration a® = u*V ,u®
to eliminate the thermal gradients:

— (Vo +00)G7 = G| = JE(Vo + a5)T
+ T (Vy + ay)uy + J° - [Dopp+ agp — Ey] + TA.

(2.26)

This form of the equation is quite useful in making comparisons with traditional hydrody-

namic analysis.??

3 Classification of adiabatic transport

We now provide a telegraphic summary of the different solutions (i.e., constitutive relations)
to the adiabaticity equation (2.12) we will encounter in the course of our discussion.

22Recall that in the current algebra approach one typically chooses to eliminate thermal gradients in
favour of velocity derivatives. Some useful formulae and commonly used notation are collected in the tables
of appendix J.
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e Class H (hydrostatic constitutive relations) section 4: consider placing a fluid
on a stationary background wherein there exists a timelike Killing vector and a Killing
gauge transformation, { K*, A}, that leave the background sources g, and A, invariant.
In section 4 we explain our reasoning for taking it as an axiom that the obvious hydro-
static fluid configuration given by {8*,Ag} = {K*, Ak} immediately gives solutions to
the adiabaticity equation. We dub this premise as the hydrostatic principle. This gives us
the hydrostatic (i.e., time-independent) configurations of a generic fluid dynamical system.
These configurations lead to hydrostatic constitutive relations which capture the thermody-
namic response parameters that are encoded in terms of an equilibrium partition function.

We emphasize here that we want to classify adiabatic constitutive relations, i.e., cur-
rents Cy [¥] solving (2.12). In some cases the solutions can be efficiently encoded in a
generating function that may be parametrized in terms of other tensor structures. The
physical currents should thus be treated as functionals of these auxiliary (solution gener-
ating) tensor structures. With this clarification we record here that the hydrostatic class
can be further sub-divided into two:

e Class Hg: hydrostatic partition functions transforming as thermal scalars,??
which comprise the class of non-anomalous equilibrium generating functions
discussed in [3, 4].

e (lass Hy : hydrostatic partition functions transforming as thermal vectors such as
those relevant for understanding transcendental anomaly induced transport which
generalizes the parity-odd part of Cardy formula to higher dimensions [13]. Further
details are provided in section 11.

e Class Hp (hydrostatic forbidden) section 4: at a given order in derivatives, Classes
Hg and Hy are exhausted after classifying all independent scalars and vectors that survive
the hydrostatic limit. Together they parameterize the (Euclidean) equilibrium partition
function. However, this counting generically does not match the classification of all possible
tensor structures in the equilibrium constitutive relations at this order. The mismatch is
due to a number of hydrostatic relations Hgr which arise as constraints from the existence
of an equilibrium configuration.

As the simplest example, consider a neutral fluid at zeroth order in derivative expan-
sion. A-priori there are two possible tensor structures in the stress tensor constitutive
relations: u* u” and P*”. The pressure which multiplies P*” parameterizes hydrostatic
partition function. Moreover, the existence of hydrostatic equilibrium at this level is equiv-
alent to the Euler relation, e +p = T's, which enforces that the coefficient of u* u” (energy
density) is not independent, but rather is determined in terms of pressure (this is the hy-
drostatic version of the analysis in section 2.3). This statement can be viewed as saying
that there is one relation between two a-priori independent pieces of transport data, a
feature that characterizes Class Hr more generally.

Z3The transformation property here refers to behaviour under Kaluza-Klein gauge transformations where
we treat the Euclidean thermal circle relevant in hydrostatic as the compact direction we reduce on.
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e Class L (Lagrangian solutions) section 6, section 7: if we are on-shell the con-
tent of (2.12) with A = 0 is simply that of entropy conservation, but we have now allowed
ourselves to take this off-shell. By doing so we have gained the distinct advantage of being
able to ask the following question: “What are the Lagrangian theories that respect the
adiabaticity equation?” This turns out to be surprisingly easy to answer. Consider any
local diffeomorphic and gauge invariant Lagrangian density £ [g,., A, B*, Ag] viewed as a
functional of the background metric g"”, background gauge potential A,, and the hydrody-
namic variables {8*,Ag}. B* is a vector field under diffeomorphisms and Ag transforms
as appropriate for a gauge parameter. We then have a set of Bianchi identities arising
from these background symmetries. These identities then simply imply the adiabaticity
equation with the entropy current Jg = su* where s is taken to be the Euler-Lagrange
derivative of the Lagrangian with respect to the temperature, keeping fixed the chemical
potentials and the background sources. In other words the adiabaticity equation follows
quite trivially in a wide class of Lagrangian hydrodynamic theories.?*

Given a Lagrangian theory of hydrodynamics, we not only want to show that the adi-
abaticity equation is satisfied, but also obtain the correct dynamical equations, which as
we have emphasized, are simply conservation equations. Unfortunately, the simple uncon-
strained variational principle with respect to hydrodynamic variables {3",Ag} does not
result in the desired energy-momentum and charge conservation Ward identities. So the
non-trivial part of the construction involves demonstrating the existence of a novel con-
strained variational principle that obeys the desired dynamics. In fact, such a principle is
easy to state: fixing {g,., A, }, and extremizing [, /=g £ [®] under constrained variations
that stay on Lie orbits of {3, Ag} gives on-shell hydrodynamic configurations.

There is an equivalent but more convenient way of parameterizing such variations.
Start by fixing a reference hydrodynamic configuration {B* Ag} on a (fiducial) reference
manifold M which is diffeomorphic to the physical spacetime M. Then consider a dif-
feomorphism field ¢%(x) and a gauge transformation ¢(z) which relate M and M. Said
differently, the true physical configuration {3, Ag} on M is given by the pullback of the
reference configuration {%, Ag} along ¢%(z), c(x):

" _ Oxt
B1(x) = 5oz Ble(a) .
Ap(z) = cx) Aglp(x)] ¢ (x) + B7(2) Boc(x) ¢ (2)

The fields ¢%(z) and c(x) are just a convenient parametrization of a given Lie orbit of

{B*,Ag}. So instead of doing a constrained variation of {8, Ag} along Lie orbits, we
can equivalently do an unconstrained variation of the fields {¢®(z), c(x)} holding fixed the
hydrodynamic reference configuration. We demonstrate that this prescription leads to the
desired Ward identities.

In addition, as suggested by choice of notation for the fields, we have a wonderful
bonus — we can derive and explain the symmetries of the non-dissipative effective action

24For the moment, we are ignoring situations with anomaly induced transport. We will later explain
how to find Lagrangian solutions to anomalous hydrodynamics, which is indeed possible, albeit with some
interesting technical complications.
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in a simple and effective manner, see appendix B. This analysis will be tantamount to
saying that all transport described by the non-dissipative action formalism (Class ND)
is contained within the Class L constitutive relations. Furthermore, we will demonstrate
that Class Hg C Class L by showing that the equilibrium limit of the Lagrangians we
construct, reproduces the (scalar part of) hydrostatic partition function. However, the
scalar Lagrangian density also has hydrodynamic scalar densities (Class Hg) (which vanish
in equilibrium); strictly speaking L. = Hg U Hg with the hydrostatic scalars forming the
coset Hg = L/Hg.

The simplest non-trivial example of non-dissipative fluids is a neutral fluid at second
order in gradient expansion. This system has been studied from an effective action perspec-
tive in [46]. We revisit this example in section 8 (see also appendix F) where we describe
how we can exploit our new Lagrangian formalism to understand features of the transport.
The neutral fluid Lagrangian is parameterized by five scalar functions which determine 15
transport coefficients. This implies 10 linear differential relation amongst transport coeffi-
cients. 5 of these are hydrostatic and were obtained earlier in [3] — they make up Class
Hp. The remaining 5 relations are adiabatic combinations of transport that do not lead
to any dissipation. Curiously as reported in [54] all second order transport for strongly
coupled Weyl invariant holographic fluids is obtained from Class L.

e Class B (Berry-like transport) section 9: these comprise of the class of solutions
to the adiabaticity equation which are non-hydrostatic but explicitly non-dissipative. They
turn out to satisfy the adiabaticity equation trivially and as a result such transport coef-
ficients are completely unconstrained in the current algebra approach. The nomenclature
owes its origin to the fact that these can be viewed as Berry curvature induced trans-
port. Heuristically these arise when we adiabatically traverse a closed loop in the fluid
configuration space [58]. To wit, consider the following constitutive relations:

1
(T")p =~ ( N eB) _ N(aﬁ)(uw) 8y gap + X5 A,
(J)B = —%XWWB G — S5, Ag (3.2)
a — Ug [e%ej o a
(J§)e =~ (1) — - (J")B

where {NHVoB yhuve SaBl are arbitrary tensors and 4, denotes the Lie derivative asso-
ciated to the diffecomorphism and gauge transformation generated by {B",Ag}. A prime
example for structures of the type (3.2) are the parity-odd shear tensor in 3 dimensions
which contributes to Hall viscosity. There also turn out to be some novel combinations in
parity-even neutral fluids; the (shear) x (vorticity) term which is present in conformal fluids
is of this type (as is a combination seen in the analysis of [46]).

e Class C (conserved entropy) section 10: this is the simplest class of adiabatic
transport, comprising of identically conserved entropy current, with vanishing physical
currents. Since we want non-trivial entropy current, we classify such terms up to exact
gradients, i.e., cohomologically. Wen-Zee currents [59] and their generalizations discussed
by [60, 61] which we explore (and extend) in section C provide examples of such terms.
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One can view this as capturing the transport of topological states of the hydrodynamical
system. These are finite since they arise as solutions to a cohomology problem.

e Class Hy (Hydrodynamic vectors) section 11: just as Class Hy contains hy-
drostatic vectors that give rise to transverse free energies, Class Hy does the same for
hydrodynamic vectors which are vanishing in equilibrium.?® In particular, consider the
following constitutive relations:

1 N V) (o
(1), = 5 | DA™ 5, g0 +2 0% D15, g

4 DAY 5 Ay +2 QY DS, A
1 R R (3.3)
Nm, =3 [DACX(W)Q%QW +2 gy Dx%w}

+ DAy 5 Ag+2 X Dys, Ag
where QZJ){}” V)B) _ Q://\\;O‘ﬁ ) and {Q:j\\}waﬁ , C}“ ve Q:gaﬁ } are transverse in their first index
and are otherwise arbitrary local functionals of ¥. This trivially solves the adiabaticity
equation with a particular choice of transverse free energy current. The simplest examples
of such transport can be found at second order charged fluid dynamics. The constitutive

relations are messy, cf., (11.22) and (11.24), but the free energy current is simpler and
given by the transverse vectors o* v, and © p*.

e Class A (anomalous transport terms) section 12, section 13: anomalous trans-
port is hydrostatic [9-13, 23]. It is however instructive to extract anomalous transport from
an off-shell, off-equilibrium approach, as it provides non-trivial checks on our formalism. By
generalizing the arguments of [30] for flavour anomalies we construct an off-shell effective
action for mixed flavour and gravitational anomalies in Class Hg. This procedure however
does not capture the Hy terms that are necessary for ensuring Euclidean consistency (the
transcendental terms of [11]).

The construction of an action Sapom, which can be added to any non-anomalous action
from Class L to account for the presence of mixed anomalies, proceeds in two steps. Firstly,
we need to use the anomaly inflow mechanism which extends the physical spacetime M to
a (d+1)-dimensional bulk spacetime My;q with Mz = M. The gauge and gravitational
connections of the latter are such that their boundary inflow compensates for the gauge non-
invariance of the physical theory on M. In section 12 we consider the following bulk action:

Sanom = V’P [A, F, A7 f] s (34)
Ma+1
where Vp is the transgression form that interpolates between the gauge and gravitational
connections A,I'*, and their “shadows” A=A+ pu and I“, = T#, + Q*, u. Here
QF,, is the out-of-equilibrium spin chemical potential extending the definition of [12]. The
transgression form Vp is itself given in terms of the anomaly polynomial.

Z5Given that these constitutive relations are primarily determined by the free energy current, it might be
more natural to call this the Gibbsian vector class.
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As expected, the stress tensor and charge current derived from S,nom are non-
equilibrium generalizations of the anomalous currents found in [8, 12]. In the presence
of gravitational anomalies the entropy current is modified by an anomalous contribution
(which vanishes in equilibrium) from its canonical form J = sw/*.?8

Secondly, an anomalous effective action should also lead to the correct hydrodynamic
Ward identities; this however fails if we just consider (3.4). As discussed by us in the
context of flavour anomalies [30], getting the Ward identities to work requires a Schwinger-
Keldysh doubled theory. We describe the general framework of such doubled constructions
in section 13 and show how to obtain the correct anomalous constitutive relations and
Ward identities using two copies (R and L) of the transgression form (3.4) together with a
third transgression form that acts as an influence functional connecting the two copies,

Stot,anom = / (V’P [Ag, g, AR) I]A_R] - Vp[A,, T, AL, [ArL] +Vp [ARa [AFPJ ALa I]A—LD - (3.5)
Mgy

A rather pleasant consequence of viewing hydrodynamic fields {¢®, ¢} as maps from a
fiducial reference spacetime to a physical configuration is that one has a clear picture of
the doubled gauge symmetries (especially diffeomorphisms) encountered in the Schwinger-
Keldysh constructions. While there are indeed two sets of gravitational sources, they are
both obtained by pushing-forward data from a single reference manifold Mg, 1.

* The eightfold Lagrangian (Class L;) section 15: the classification of adiabatic
constitutive relations described above can be motivated on physical grounds. Furthermore,
one can show that the 7 classes above (Classes Hg, Hy, Hg, Hy, B, C, A) exhaust all
adiabatic transport. One can in fact obtain all of these solutions from a single master
action. This effective action is parameterized by the hydrodynamic fields {8, Ag}, the
background sources {g,.,, A, }, their Schwinger-Keldysh like doubles {g,., A4, }, and a new
Abelian gauge field AT),. While the doubling of the sources, whilst perhaps unanticipated,
could be reconciled with the fact that non-equilibrium dynamics is incomplete without
such a construction, the new gauge principle hints at some hidden underlying structure.
We describe why this is necessary and point out some of its physical implications below.
For now we shall simply record that a set of hydrodynamic currents Cy [¥] satisfying the
adiabaticity equation can be derived rather straightforwardly from the effective action

1 ~ 1
Sy = / Az /=g <2TW G + T Ay~ G A%) . (3.6)

Before proceeding to a detailed discussion of the specific classes of solutions to the
adiabaticity equation, let us remark on how this construction is related to the earlier
work on non-dissipative fluids and how the knowledge of adiabatic transport enables us to
complete the classification of hydrodynamic transport.

26The modification of the entropy current was one of the main reasons for us to upgrade from the non-
dissipative effective action formalism used to analyze flavour anomalies in [20, 30].

— 24 —



o Class ND (non-dissipative fluids) (appendix B): this class encompasses non-
dissipative fluids as described in the formalism of [45] with the fundamental degrees of
freedom expressed in terms of fluid element Goldstone fields as reviewed in section 1. We
explain in appendix B how this family of fluids can be embedded into Class L. We show
this by starting with the Lagrangian written in terms of the hydrodynamic fields and
implementing a Legendre transformation with respect to temperature. The fundamental
variable is then the entropy current itself in the new parameterization. By passing to the
reference manifold and examining the redundancies in the map from the fiducial spacetime
M to the physical spacetime M implemented by the fields {¢’, c} mentioned in section 1, we
unearth the origins of the volume-preserving diffeomorphism and chemical shift symmetries
postulated in the effective action constructions of [45, 46].

e Class D (dissipative transport) section 5: having classified all terms that solve the
adiabaticity equation (2.12) with A = 0, we are left with some terms that are genuinely
dissipative, i.e., terms for which no choice of entropy current exists that would remove them.
These dissipative terms can be further subdivided: on the one hand, we have transport
coefficients whose sign is constrained by the requirement of V,J& > 0 for arbitrary fluid
flows (Class D). Such terms only show up at the leading order in derivative expansion. On
the other hand, there are sub-dissipative terms which are completely unconstrained (Class
Ds). It transpires, using a result established in [36] that D, terms appear only at the first
order in gradient expansion. We describe this argument in our language, providing at the
same time a simple characterization of dissipative constitutive relations.

4 Class H: hydrostatics from adiabaticity

We have defined adiabatic fluids to be the set of hydrodynamic constitutive relations that
satisfy (2.12). While in section 2 we have argued that this set comprises of the obvious
example of ideal fluids, we would like to ascertain and classify other solutions to the adia-
baticity equation. We will proceed to establish the existence of various classes of solutions
to (2.12) in the reminder. To keep the logical flow of the arguments simple we will start with
statements that hold in great generality and subsequently specialize to more special cases.

Our first case of interest is what we called Class H in section 3. We specialize to time-
independent configurations in hydrodynamics (i.e., we limit ourselves to hydrostatics). In
order to ascertain non-trivial constraints on fluids from this hydrostatic restriction we need
to turn on external sources, e.g., background metric and gauge fields, which themselves
are time-independent to begin with. Therefore let us assume that there exists a Killing
vector and Killing gauge transformation collectively denoted by X = { K*, Ak} such that
0y g = 0 and 6, A, = 0. We will further assume that K* is timelike everywhere on the
manifold the fluid propagates on.?” To wit, a stationary background source configuration

2TIn particular, we demand by virtue of K being globally timelike on M that the background the fluid
propagates on is free of ergosurfaces. This is necessary in order for the fluid configuration to have a
stationary solution aligned with the Killing field.
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is encoded as
K={K" Ak}, guwK'K"<0 — 6,9 =0,A4,=0. (4.1)

There is a natural hydrostatic configuration associated with this background given by
{B*,Ag} = {K* ,Ak}. This configuration is time-independent since §, B* = 6, K* = 0
and 0, Ag = 0, Ak = 0. It therefore follows that for any functional Z [¥] of the fluid
dynamical variables we have

532 [gaBaAouBa,Aﬂ] = 5JCZ [gaﬁaAa,KO(»AK} =0. (4-2)

The hydrostatic principle: we now formulate an important non-trivial statement
about the configurations we have just described. A-priori by aligning the fluid velocity and
the gauge parameter to the background Killing structure only results in an off-shell con-
figuration of the system. The hydrostatic principle asserts that these off-shell hydrostatic
configurations constructed above are also automatically on-shell, i.e., they automatically
solve the hydrodynamic equations (2.6). We will see that this holds true for all adiabatic
constitutive relations that we will consider in the sequel.

Let us now define the hydrostatic limit of various currents we have defined in the
previous sections by just substituting {8, Ag} = {K*,Ax}. The hydrodstatic currents
are then simply obtained as

<GH)Hydrostatic = eH}{ﬂ“,Aﬁ}:{K#,AK} . (43)

The utility of these currents is that they allow us to write down an expression for the
hydrostatic partition function, the generating function for correlators of the currents Cy.

4.1 Hydrostatic partition functions

Consider a fluid on a background manifold M with metric g,,, and gauge field A,. When
the background sources satisfy (4.1) we can construct a Wick-rotated manifold over which
a partition function can be defined. We begin by identifying every point p € M, with the
point p’ in its future separated from it by a unit affine distance along the vector K#. More
precisely, we identify the points p and p’ if there is a curve z#(7) such that

da” =K". (4.4)
dr
We will also assume that {g,.,A,} are sufficiently slowly varying (spatially) so that there
are no caustics within a unit affine distance. This identification then converts the original
spacetime M into a fibre bundle with a timelike circle fibred over a spacelike base space
Y .28 For definiteness, we will also choose an embedding of the base space into the

original spacetime as a spatial hypersurface (this is equivalent to fixing a gauge for the

28In order to do this without any ambiguity, one needs to prescribe how the flavour fibres at p and p’
should be identified — we will identify these flavour fibres with a flavour transformation given by Ak, i.e.,
we take the local gauge choice at p and p’ to be related by the gauge transformation generated by A . This
then gives fibre bundles charged under the flavour group over the spatial base space.
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Kaluza-Klein (KK) gauge field which arises when we reduce along the timelike circle). For
consistency, we will require that our final results should not depend on this (arbitrary)
choice of embedding.

Since K* is a Killing vector field, we can Wick rotate the background M — Mg by a
suitable analytic continuation of its orbits. Likewise we also Wick-rotate all the hydrostatic
currents to obtain suitable Euclidean currents?®’

(GH)Hydrostatic = (GH)E : (4'5)

With these manipulations we are now in a position to define the grand canonical
partition function e¢’V# following [3, 4]. It is given as the path integral over the manifold
Mg constructed above with thermal boundary condition along the 7-circle. This path
integral is dominated by the hydrostatic saddle point we have just described so it is trivial
to write down the final answer. Let us distinguish situations with and without anomalies
since the final answer for the generating function depends on the microscopics of the theory.

(i). Non-anomalous hydrostatic partition functions: in the absence of anomalies,
Wg is just the Wick rotation of the total hydrostatic free energy, viz.,

o
Wy = / (%;E) 415, (4.6)
XE

where d%~1S, is the area form on the base space ¥ which is defined using the choice of
base space embedding we described above (thus X = ¥ ).

One can easily check that this answer for Wg is embedding independent. Setting
{B*, Ag} = {K", Ak} in (2.21) and using (4.1) we get

v <gu> =0 (4.7)
g T Hydrostatic

This means that its Wick-rotated counterpart % is also divergenceless (i.e., it is conserved).
This then implies that Wg is embedding independent. As advertised earlier, knowledge of
the Euclidean Gibbs current is sufficient information to recover the generating function of
current correlators.

(ii). Anomalous hydrostatic partition functions: the above argument can be ex-
tended to situations where we have quantum anomalies with some minor modifications.
As evident from (2.21), the covariant free energy current is no longer conserved in the
adiabatic limit because of the free energy injection due to anomalies. This issue can be
solved however if we choose to work with consistent free energy current instead.?’

29Tn this section we will use the subscript E uniformly to denote the Wick rotated fields of interest.

39The distinction between the covariant and the consistent currents is that the latter is naturally obtained
from a (anomalous) quantum effective action by varying with respect to sources and is so named because
it satisfies the Wess-Zumino consistency conditions. We provide a quick review of the translation between
the covariant and consistent currents in appendix A. A detailed account of the issues can also be found
in 3, 10] and in standard references such as [62, 63].
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For the present discussion we simply assume that the consistent current is obtained
from the covariant one by a well-defined prescription. Once this is done, the adiabaticity
equation can be written directly in terms of the consistent currents, see (A.11). Given the
consistent currents, using (4.1) in (A.11) we get

ggons
Hydrostatic

provided we choose to work in hydrostatic gauge defined via

=0, (4.8)

Hydrostatic Gauge: o, Kt =0, A =0.

As in the preceding discussion this then suffices to define a generating functional, since we
H
cons,E

can consider the integral of g 7= over the base space ¥ in analogy with (4.6). Thus

modulo a restricted gauge choice, the consistent free energy current leads to a Euclidean
partition function that is well-defined, and independent of the choice of base-space embed-
ding, even in the presence of anomalies.

It is convenient to perform an inverse Wick-rotation of the Euclidean partition function
Wg so that we may use the metric with Lorentzian signature. This amounts to

Gl _
WHydrostatic = - [/ < c;ns) dd 1S/L ] (4.9)
XE Hydrostatic

As we will see shortly, this hydrostatic partition function is a very powerful way to char-

acterize a large subset of adiabatic constitutive relations.

A classification of hydrostatic partition functions: the basic lesson from the above
discussion is that the choice of hydrostatic partition functions is characterized by the (con-
sistent) free energy current Glons. Being a vector in spacetime, it can naturally be de-
composed into a longitudinal part along B* and transverse part, i.e., G¥ = & @* + Y+
with 20, 8" = 0. Accounting for the presence of anomalies as well, this prompts a further
subdivision of the hydrostatic partition functions into three sub-classes.

1. Class Hg: these are hydrostatic partition functions that lift to spacetime scalars. In
this case we can extend the definition (4.9) to write the final answer as a complete
spacetime integral (as opposed to a spatial integral) over M = X g X I where I is
an interval of unit affine length along the Killing direction K.

WHydrostatic = PS [‘IIJC] K° dd_lSU = / ddl‘ vV —4g PS [‘IIJC] ) (410)
EE EEXIK

where Wy = {gw, Ay, K#,Ar}. This is the canonical form in which we expect to

see generating functions for correlators of currents.

2. Class Hy: these are terms in the hydrostatic partition function which lift to trans-
verse spacetime vectors as suggested by (4.9). More explicitly, they are allowed
contributions of the form

WHydrostatic = / (PVU [‘IJIK] )Hydrostatic dding y (411)
Xp
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with
(ﬂUPVU [‘II:K] )Hydrostatic =Ko, (PV‘J [‘I,:K] )Hydrostatic =0. (412)

Note that in order for this to be independent of embedding, we will also require
that the vector field ;7 be conserved, (VUPVU)Hy drostatic — 0- We will discuss these
constitutive relations further in section 11.1.

3. Class A: these are non-gauge invariant, non-diffeomorphism invariant terms that are
added to the hydrostatic partition function to reproduce flavour and gravitational
anomalies. We will explain how to obtain the anomalous constitutive relations in an
off-shell Lagrangian formalism extending the analysis of [30] in section 12.

One of the main outcomes of demanding the existence of equilibrium on arbitrary
time-independent backgrounds is that it serves to delineate a set of constraints on the
transport due to the second law. Certain terms if present in the constitutive relations will
give rise to sign-indefinite contributions to V,J& — these have to be forbidden if we want
to ensure that the divergence of the entropy current is positive definite. This leads us to
an important class of terms which are the hydrostatic forbidden terms (Hg). To wit,

Class Hp: transport coefficients in Classes Hg and Hy can be enumerated by listing
all off-shell independent hydrostatic scalars and vectors at a given order in derivative ex-
pansion. The existence of equilibrium imposes that all other hydrostatic tensor structures
that can appear in the constitutive relations be constrained to occur as linear combinations
of the unconstrained ones. This consistency of the equilibrium partition function gives a
number of hydrostatic relations that we call as Hg (for hydrostatic forbidden).3!

We will have more to say about these various categories in the course of our discussion.

4.2 Currents from the hydrostatic partition function

Given a hydrostatic partition function the constitutive relations can be derived from a
straightforward variational principle. One can effectively think of the partition function
as a generating function, from which one derives the currents by varying with respect to
the sources [3]. One can also obtain the entropy current using the boundary terms of the
variational calculus. We review how this can be done as described in the recent discussion
of [36, 37]. We will recast this in a language that will be at once familiar, and at the same
time set the stage for further discussions in section 6.

First let us see how one can recover the hydrostatic energy momentum tensor and
currents from (4.9). Consider the variation of the partition function under a small change
of sources {gu, Au}. It is useful to think of this variation as arising from a very slow
time-dependence of the sources. Indeed any deviation from equilibrium can be measured
by the temporal changes — we will make extensive use of the fact that d,¢,, and 6,4,
will capture the linear time dependence away from equilibrium in what follows.

3!Empirically, terms in Class Hr appear to account for about a third of the total number of transport
coefficients at a given order in the gradient expansion (beyond leading order). See tables 7 and 8 for a
summary of the counting in a variety of examples.
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We want to calculate the change in Wyydrostatic between two time slices separated by
an infinitesimal displacement 3% §t. This can be done by using Gauss law:

gu
5WHydr0static = -0 |:/ < COHS) ddilsﬂ :|
XE T Hydrostatic

ge _
— Ot |:/ |:_va ( cons):| Badd 1Sa :|
Xg T Hydrostatic (4‘ 13)

[ (%) ]
O%p Hydrostatic

The bulk piece can then be simplified using the adiabaticity equation for the consistent

+ ot

free energy current (A.11). Restricting to the hydrostatic gauge we obtain with a single

variation®2

1 _
5WHydrostatic = |:/2 <2 Tég;ls 5g/uj + Jéfms . 5AM> /Badd lSa :|
E

ggons d—2
(%) o

where dg,, = 0t 0,9, and A, = 6t 6,A,. Further, we have chosen our time slices
such that there is no linear time dependence in {8%, Ag}, i.e., 63% = §t 0,8 = 0 and
0Ag =0t 0,Ag = 0.

Since any variation can be mimicked by a slow time-dependence, we conclude that, in

Hydrostatic

(4.14)
+ ot

Hydrostatic

general

1
OWhydrostatic = [/ (2 TEY s 0guw + JE s - 5Au> Bedi-1g, ]
XE

where (§6,)’ is a boundary term linear in variations of fields, arising out of integration

Hydrostatic

(4.15)

Hydrostatic

by parts.

For the particular kind of slow time dependence under consideration, we can write
($6,4)! = 0t($O,s)? where §56, is obtained by changing all the variations §(...) into
Lie-derivative d,(...). A comparison of (4.15) against (4.14) then yields

(639P8)j = ggons (4'16)

T
Thus, when we vary the sources in the hydrostatic partition function, we get a bulk variation
which allows us to figure out the consistent currents and a boundary variation which gives
us the information about the spatial component of free energy current. Since the temporal
component of free energy current (i.e., free energy density) is already captured by the

321f we are dealing with non-anomalous systems, the subscript cons may be freely omitted.
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partition function before variation, we can then reconstruct the entire free energy current.
By using the free energy current thus obtained as the non-canonical part of the entropy
current, we can finally compute the entropy current associated with the partition function.

A clear algorithmic procedure for doing this which is inspired by our Class L discussion,
can be phrased as follows (cf., also appendix G):

0

1. From Whydrostatic determine Gg .

By varying it, determine the currents {T*" J*}
and the boundary term gives Glons. When covariantized, the latter is just the pre-
symplectic potential (§©,4)* which arises as the surface term when varying the hy-

drostatic partition function.

2. Having obtained the hydrostatic currents, one then takes them off-shell by giving
them linear time dependence. To do so, one adds in non-hydrostatic terms in
{T",J*} by unlinking B from K. Effectively what this amounts to is that the
linear variation of the background fields, in the direction of {8#,Ag}, i.e., d, defined
in (2.22) plays the role of time derivative.

3. One similarly upgrades the boundary term from (§O,)* to (§5O,¢)* to obtain the
linear time dependence in the spatial component of free energy current.

4. In Class Hg the non-canonical part of the entropy current is simply obtained by
combining the temporal and the spatial components of the free energy current:

(Jg>non—can = ;6“ Pg [‘Il] - (JBQF)S)N . (4.17)

We note in passing that we can add a total derivative term V, K] (Komar terms)
to the above whilst still retaining a conserved entropy current, cf., section 6.3.

5. In Class Hy the vector in the partition function can be just covariantised to give the
non-canonical part of the entropy current [10].

6. By adding this non-canonical part to the canonical part of entropy current (J)can =
—B, TH — L& J" | we thus reproduce the prescription for computing the hydrostatic
entropy current given in [37].

With this, we have thus given a direct, covariant and off-shell rederivation of the entire
theory of hydrostatic partition function and its associated entropy current developed in
references [3, 37]. Before moving away from hydrostatics, we remark on two crucial ideas
we have used above to considerably simplify the existing derivations. First is the relation
between consistent free energy current and hydrostatic partition function first proposed
in [10]. The second idea is the off-shell adiabaticity equation (2.12) (first introduced in [8])
which will continue to play a crucial role in what follows.

To summarize, given a hydrostatic partition function which is a functional of the
background (time-independent) sources we can recover on-shell currents Cy which satisfy
the adiabaticity equations (2.12). This provides us with our first class of examples of
non-trivial adiabatic fluids, though soon we will be enlarging our repertoire.
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5 Class D: dissipative terms

In our discussion thus far we have motivated focusing on the solutions to the adiabaticity
equation (2.12) which switches off dissipation, viz., A = 0. While we will explore a rather
intricate structure of adiabatic constitutive relations in part II, one would imagine that
this would be a small part hydrodynamic transport. After all, most of the phenomena we
intuitively grasp in hydrodynamics have to do with dissipation. Strangely enough, this
turns out not to be true. Nevertheless, any complete classification of transport has to
tackle the constraints on such dissipative terms as well. We will now argue that this is
relatively straightforward and, using a key result proved in [36, 37], make a case for a
complete transport classification, once the adiabatic story is complete.

5.1 Constraints on dissipative transport

The second law of thermodynamics requires A > 0, so let us recall what is known about
dissipative transport. The simplest dissipative terms are the shear and bulk viscosities
and charge conductivity, usually denoted as {n, {, o} respectively and enter at first order in
gradients. Recall that at leading order in the gradient expansion, the currents are (see [57]):

™ =euu” +pP*" —2not” — (O PH |

JH=qut' + o, 0", J“:su“—%ao}]m ot . (5.1)
which leads to entropy generation
A= % (200 0™ + (0% + 0y, 07) . (5.2)
This is consistent with the second law and positive definite for
n>0, (>0, 04, >0. (5.3)

The fact that there are no adiabatic terms at first order, as well as absence of (non-
canonical) corrections to the entropy current, are well known. These statements can be
easily derived from the standard current algebra perspective. However, one may intuitively
expect the higher order story to be much more complex, making it unclear how to proceed.
This intuition turns out to be wrong.

For the moment assume that the adiabatic part of the constitutive relations has been
dealt with. First, let us use the positivity of viscosities and conductivities to define a sub-
class D, C D which contains genuinely dissipative/viscous transport. These are terms that
are constrained to be sign-definite by the second law. Terms which are not of this form
will be called sub-dissipative (Ds C D); these will be allowed to take on any value without
causing trouble for the second law. Much of the material that follows in this subsection
was first explained in [36, 37]. We are mostly going to paraphrase the results first, before
unveiling a more abstract proof inspired by our analysis of adiabaticity in part II.

Let us understand why the split D = D, U D; exists. In the hydrodynamic gradient
expansion the divergence of the entropy current captured by A itself admits a gradient

~32 -



expansion (starting at second order as ideal fluids are non-dissipative):
A=Ayt Ayt (5.4)

where Ay is the quantity given in the r.h.s. of (5.2) (or generalizations thereof). The higher
order Ay arise from gradient corrections to both the entropy current and the constitutive
relations. When we compute Ap we can assemble this into a linear combination of scalar
operators with exactly k derivatives (8"3) . There is a basis of such operators; in the
current algebraic approach one usually works with a basis of on-shell independent scalars
at a given derivative order, but this is not necessary (as we shall see). The statement about
the splitting of Class D is equivalent to the statement that the scalar operators admit such
a decomposition.

Scalars of interest at O(9%) are composite operators and can either be (i) ‘descen-
dants’ of operators constrained at lower orders or (ii) simple ‘product-composites’ of lower
order operators. The descendant operators are obtained by acting with derivatives on
lower order tensor structures, while product-composites are simply obtained by contrac-
tion. Examples of the former are operators such as {Qu"V,0,0" u*Vy0,,}, while
{©3,0%%05,074,0 0,, o} exemplify the latter at O(9%).%3

The product-composites are simple; since they are invariants built out of terms that are
already constrained, their coefficients can be arbitrary whilst still respecting the second law
(in the gradient expansion). For example, taking the viscosities and conductivities to be
positive, we ensure As > 0 and thence the contribution to Ag from such product-composite
form, is simply sub-dominant and poses no obstruction to the second law. To wit,

210, o + O+~ 0%+ O‘aﬁdgvdva +730 0, 0" >0
= n,¢ > 0,and {y1,72,73} unconstrained. (5.5)

The descendants are a-priori trickier to handle; at any given derivative order they give
rise to new scalar invariants which have not been encountered at lower orders. Their
contribution to A cannot be subsumed into lower order terms. One way to argue for
their importance is to note that one can find fluid configurations where the lower order
gradients are locally made to vanish, making the descendants important in some domain.
Since we want the second law to hold in all possible scenarios, one must therefore control
the descendants. The rather non-trivial fact is that these are also easy to handle beyond
the leading order.

Let us understand this a bit more carefully following the impressively clear and com-
plete analysis of dissipative transport of [37] (see [2, 36] for earlier results). As explained

there, scalar operators contributing to A are of three types:3*

33Tt is useful at this stage to infer from our hydrostatic discussion that the operator 0, serves the role
of capturing time derivatives about equilibrium configuration. All the aforementioned operators can be
written directly in terms of d,, gu. (likewise occurrences of v, can be expressed in terms of §,, A,,).

341 [37] a fourth type was introduced called A on—diss — these will be accounted for in our adiabatic
story as they end up having net zero contribution to entropy production. Note that we will not include
them explicitly in our counting of Class C constitutive relations as these terms are exact differentials and
thus trivial in cohomology.
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e Terms that contribute to Ay at leading order which need to be controlled to ensure
A > 0. They belong to D, and impose constraints on transport (such terms were
called Agyd—order in [37]). Note that we can write them effectively in terms of (4, g)?
and (d,,A)? for they appear only at quadratic order.

e Descendant terms at any given order which are composite scalars built from a (k—1)3¢
order independent operator and a first order operator, i.e., of the form d,9 DOj_»
where Oj,_5 could be a composite-product. Such terms were denoted as Agiss—imp
in [37].

e Composite-product terms which simply take the form (6, 9)* and (6, A)*. Terms of
this type were called Agiss—product in [37].

Given this decomposition, we have schematically

A = agy (6,9)* + aga (0 A2—I—Z [Fukg 0,9 DO_s + Vg (3,9)F + - -+
k=3

~ Qg g+z

where we have only written out the composite higher order terms explicitly for the metric

2
+Z’Ykg Bg) +- (5.6)
k=3

variation and elided over writing the gauge variations. In the second line we have indicated
a merger of the descendant and leading order terms into a quadratic form which plays a
role in the argument below. With this parameterization

® a4, a4 > 0 for the second law to hold.

e ~; are unconstrained since they multiply terms which are parametrically smaller than
the leading order contributions. These are clearly in the sub-dissipative Class D.

e By completing squares, one can take care of the descendant terms as well (they are
effectively in Class Dy despite appearances). Indeed, as written, positivity of the
second line of (5.6) is ensured once we demand Qag, 24 ete., to be positive definite.
One further needs to ensure that the cross-terms obtained in the process can be
assembled into positive-definite quadratic form.

The remarkable statement of [37] is that this can always be done, recursively order by
order in the gradient expansion! More specifically, the aforementioned reference used the
specific example of (parity-even) charged fluid at third order in gradients to illustrate the
general picture proposed in [36]. But the general structure emerging from that analysis
makes it clear that the construction can be extended to higher orders. The argument in [37]
can be worded as follows: given a hydrostatic entropy current, there exists a hydrodynamic

correction J* which serves to absorb the contributions from the descendant contribu-

extra
tion Agjss—imp to convert them into a positive-definite quadratic form. Inspired by our

construction of solutions to the adiabaticity equation we give a more abstract discussion
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below in section 5.2 using a class of tensor-valued differential operators that subsume the
above statements efficiently.

The upshot of this discussion is that Class D = D,, U Ds with D,, contributions which
are sensitive to the second law making their appearance only at the leading order in the
gradient expansion. So while there are many potential contributions to Class D, most of
them are agnostic to the constraints and thus can be treated democratically.

5.2 Differential operators for dissipation

We will now give a succinct summary of the results of [36, 37], using a compact notation
that is inspired by our construction of adiabatic constitutive relations. The impatient
reader may choose to skip this section at first reading.

We begin our discussion by constructing a set of tensor structures that provide Class
D constitutive relations. We will see in the sequel that these will be quite useful in de-
marcating the second law constraints quite effectively for they provide us with a simple
way to assemble both the product-composite and descendant operators into a positive
definite form.

Let us begin with the non-anomalous grand canonical adiabaticity equation (2.21)

go\ 1.

—Vs (T) = §T“ OpGuv + I -0, A, + A (5.7)
where we have included A denoting entropy production and dissipation. Second law of
thermodynamics demands that A > 0. We will now arrange our conserved currents in an
appropriate form where this condition can be imposed readily.

Consider a differential operator Y which is tensor valued, i.e., it is a map from the
space of tensors to themselves involving some derivations. For the moment we will be
rather abstract about the precise form of this operator, but we have here in mind opera-
tors constructed from ¥ and quantities such as d,¢9,, and 6,A4,. Since in the course of
manipulations we will have to reshuffle derivatives around, we also denote the corresponding
adjoint differential operator obtained via integration by parts as Y.

Let us examine the following constitutive relations, which we suggestively refer to as
Class D constitutive relations:

(T = _é Th, m To, + Tk, o X, | D5 s
= b, n To 4T o T, e s, Ay .
(%) = _é [TIM n Ty, + T:rrA g Tag}a(#y) 05 Yuv |

By construction these currents vanish in hydrostatics, so they potentially contribute to A.
Furthermore, by exploiting the structure of (5.8) we have ensured that the r.h.s. of (5.7)
is at least quadratic in 0,9 and d, A as expected.
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We need to now specify the representation content of the operators T that appear
above. We denote the vector representation as Vect and the two-index symmetric tensor
representation by Sym,. Clearly, A, € Vect and g, € Sym,, where we shall use the
isomorphism provided by metric on M to raise and lower indices when necessary. With
this understanding

o {T,,,YTs,} are tensor-valued differential operators which take two-indexed symmet-
ric tensor fields (Sym,) to diffeomorphism representations denoted by Tens, and
Tens, respectively, where the latter are those which are direct sums of tensor repre-

sentations, viz.,

Ty, : Symy — Tensy, , Yo, : Symy — Tens, (5.9)

e Similarly, {Y4,,, Yo, } are tensor-valued differential operators which take vector fields
(Vect) to diffeomorphism representations Tens,, and Tens, respectively.

Ty, : Vect = Tens,,, Yo, : Vect — Tens, (5.10)

e The adjoints of these differential operators act in the opposite direction, map-
ping direct sums of tensor representations back to Syms, and Vect representations

respectively.
'I"%g : Tens,, — Sym,, Tj,g : Tensy — Sym,, (5.11)
Ti, , ¢ Tensy — Vect, ! , ¢ Tensg — Vect

e Finally, the symbols {m,o} denote arbitrary tensor fields in the product
representations

{Tens, ® Tens,,, Tens; @ Tensy }

which can be thought of as intertwiners to ensure that the net operator acting on
either Sym, or Vect is in the representations indicated by the index structure in (5.8).

It is useful to note that we can write the Class D constitutive relations also in a

T TTI,Q Tg,g n 0\ [ Tn, Y.\ [ 30,9 (5.12)
7o) Yhe Tho )\ 0o )\ Yo, Yo, ) \ 0,4

which better exhibits the algebraic structure of this class of constitutive relations.

matrix form

Substituting the above expression back into the right hand side of grand canonical
adiabaticity equation and removing the adjoint operators via integration by parts, we
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obtain

1
i(TW)D Op G + (JY)D - 0, Aq

1 (wv)(aB) 1
= "9 G |:T;'.7g n Tﬂg + TLg o Tag] 9 5 Yap
1 pv)

(
S [T;g nTo+Th o T,,A}

1
~ 50 Aa [ Th, 0 Tn, + T}

6, An

o Ts, 00 G

A

]aow)
i i o
— 5, Ag [T,,A N Ty + Y5, o T(,.A} -5, Ag
1 1
== |:2T"Tg(sﬁg + T"IA(SBA:| n |:2T"7g53-g + TT}A‘SBA]

1 1
- [21(,,9539 + TUA%A} o [2T,g5,Bg + T,A%A] + Vao(NY)p

(5.13)
where we have kept the total derivative term from integration by parts.
Let us take (G*)p = —T'(N%)p, which in the micro-canonical ensemble is equivalent to
taking the entropy current to be
u
(J)p =~ (T*)p = & - (7)p + (N)p. (5.14)

With this choice we have a simple expression for the entropy production within this
class of constitutive relations (using (5.7)):

1 1
A= [2Tng539 + TTIAéBA:| n [QTW(539 + T"?A(;BA:|
) ) (5.15)
+ [ZTagé,Bg + TUA&BA] o [2Tag5ﬁg + TGA%A}

which is completely parameterized by the differential operators T and the intertwiners
between different representations {n, o}. We want to ensure that A > 0 for the second law,
which is easy to insist for (5.15) has the structure of a quadratic form with the intertwiners
playing the role of the metric. Then demanding that {n, o} transform in appropriately
symmetric representations to provide a positive definite quadratic form, viz.,

n € Sym, (Tens, ® Tens,), o € Sym, (Tens, ® Tensy) (5.16)

with the subscript + denoting that the eigenvalues are non-negative definite. This gives us
a solution to A > 0.

Should we consider intertwiners not transforming in the symmetric tensor product
representation we will find that they would correspond to adiabatic or hydrostatic forbidden
constitutive relations. For instance taking the anti-symmetric representation will lead to
Class B adiabatic constitutive relations as we shall discuss in section 9.

To summarize the above construction, by suitably picking tensor structures we are in
a position to engineer constitutive relations that are guaranteed to satisfy the second law
of thermodynamics.

— 37 —



5.3 Examples: low order Class D differential operators

Let us now examine the results of our earlier discussion in section 5.1 in light of this renewed
understanding. The easiest way to proceed is to start with the leading order in gradients.
Since (5.15) already has two factors of ¢,, on the r.h.s., a contribution to Ay necessarily
requires T to be a tensor operator involving no derivatives. For instance, picking

Yo, =Yo, =1d, Ty, =74, =0, (5.17)

and 7 € Sym, ® Sym, and o € Vect ® Vect to be also zero derivative tensors built from
the background metric g, and the hydrodynamic field B8* we can recover (5.2). To be
specific, (5.2) is reproduced by taking (5.17) combined with

NP =T (PP 42Ty PPPY>e ot =Tog, P, (5.18)

(0) Ohm
where the subscript (0) means that these intertwiners are the contributions at lowest order
in a derivative expansion (the corresponding constitutive relations are first order, of course)
and < - > denotes the symmetric transverse traceless projection.??

At higher order in derivative expansion an interesting subset of Class D constitutive
relations can be obtained by restricting to T-operators which do not act as derivatives. For
instance, in the case of second order constitutive relations, we can consider arbitrary first

order transverse tensors X (#)® and the following correction to (5.17):

Y, = Yo, =1d, T, =0,

g A

T Ua:_iipg‘)(/\a_i ga,
( "7A)P TC (d—1)2 4 A 2T77 <po>

together with the following first order correction to the intertwiners (5.18):

nHro = 1
(1)

: ( N o) N(pa)(W)) . goP =SB (5.20)

(1)

where {N#8 S} are arbitrary tensors involving one derivative. From (5.19) and in-
tertwiners {(n,, +n,,)""*", (6, + o
relations at second order:

(D)aﬁ } we get a large set of Class D constitutive

1
(T")p = (—270" —CO pW)_Z ( N () (@B) _/\/’(aﬁ)(w/)> 8y Gap+ XU 5 A +0O(0P)
1
(JQ)D = (UOhm Ua) + 5‘)((“”)&5'39#1’ - S(aﬁ) ’ 523‘45 + 0(83) ,
(G%)p =0, (5.21)

As we will see in section 14.3, classifying first order transverse tensors {N#8 yrva Sab)
captures all Class D constitutive relations of the parity-even charged fluids at second order
via (5.21).

35Explicitly, the projector is given by X <*#> = (Pﬁ‘Pf - ﬁPO‘BP,W> XM,
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At any given order in derivatives we can construct further constitutive relations by
considering non-trivial T-tensors in such a way that the entropy production (5.15) is man-
ifestly a quadratic form. For example, a simple subset of Class D constitutive relations
at any order is obtained by the parameterization (5.21) with arbitrary tensor structures
{N#vPe SaBY for the entropy production of these terms automatically assembles itself in
a quadratic form. Note that the contribution of the object X#*“ is more complicated and
it only takes the form of (5.21) at second order. At higher orders its mixing with other
terms in (5.21) must be taken into account. With non-trivial choice of T we can easily
obtain the descendant terms while composite-products are obtained by making judicious
choices for the intertwiners {n, o} themselves. We discuss more examples where Class D
transport shows up in section 14.3.

Before we conclude our discussion of dissipative terms, it is worth highlighting the
following point. In most of the preceding analyses of hydrodynamics (such as the discus-
sion of second order Weyl invariant neutral fluids in [64, 65], generic neutral fluids in [2],
or charged fluids in [37]) the modus operandi has always been to down the constitutive
relations for the conserved currents at a given order in the gradient expansion. One then
ascertains the form of the entropy current which ensures that the second law of thermody-
namics is upheld. Usually the entropy currents are determined modulo certain ambiguities
(see below). However, to ensure that the entropy production is sign-definite A > 0, say
by completing the contributions into a positive definite quadratic form, one needs to un-
derstand contributions to the conserved currents at higher orders as well. This is most
clearly illustrated in the neutral fluid analysis of [2]. One of the advantages of working
with the operators T and the intertwiners {n, o} is that we can in one fell swoop ascertain
the combination of transport that ensures A > 0. This makes the analysis at higher orders
much more straightforward.

We note that when we shift the entropy current by

JE — Jh+ Ly [vV=gJ§] = J& + V*D,Jg + D, (V¥ J5 — J5VH) (5.22)

V=
the amount of entropy produced A shifts by a Lie derivative A — A + \/%—gifv [V—gA]
which preserves the condition A > 0. Thus such a shift moves us within the space of
admissible Class D constitutive relations. In the holographic context this is reflected in the
pullback ambiguity in the construction of the entropy current [64].

The explicit construction of Class D constitutive relations in section 5.2 establishes
the main statement we made at the end of section 5.1; all of the product-composite and
descendant scalar operators can be assembled into a form where the only operative re-
striction from the second law of thermodynamics applies at As order. Thus as claimed
in [36, 37| the only inequality constraints of interest arising from the second law operate at
the leading order in the gradient expansion. All higher order terms can be subsumed via
the derivative operators into the sub-dissipative Class Dj.

The reader interested solely in the constraints arising from the second law can stop
here. As described in [36] once we figured out the terms in Classes Hr and D, one is done.
There is no more information from the second law. However, those intrepid souls willing to
brave the winding pathways of the eightfold way are encouraged to continue onto part II.
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Part II

The classification of adiabatic constitutive
relations

6 Class L: Lagrangian solutions to adiabaticity equation

Following the analysis of section 4 we have seen that the set of adiabatic fluids is much larger
than just the ideal fluid family. In principle, we could continue on from our analysis at zero
derivative level as in section 2.3, and solve the adiabaticity equation at higher derivative
orders, to find new families of adiabatic constitutive relations. In practice, however, the
number of terms proliferates very fast and the analysis becomes complicated. Hence, one
therefore would like to seek more practical ways of solving adiabaticity equation or writing
down adiabatic constitutive relations. The most elegant solution would be to mimic our
discussion in hydrostatics (Class H) and construct the generating function for the adiabatic
constitutive relations, consistent with our desire of being off-shell and off-equilibrium.

In this section, we will describe a method to generate a large class of adiabatic con-
stitutive relations in the absence of anomalies. Though this does not give all possible
solutions, at any given derivative order, many solutions seem to fall into this class. We will
call this class of adiabatic constitutive relations as Class L (where L stands for Lagrangian-
derivable) as one can find a local Lagrangian or Landau-Ginzburg free energy functional
which succinctly encodes the constitutive relations. As presaged this will be quite close to
the Euclidean partition function in hydrostatics. In particular, observe that in Class Hg,
the generating functional was given by the longitudinal part of the free energy current.
That is, the natural decomposition of any covariant free energy current,

gh=6p'+", T"B,=0, (6.1)

gives a natural scalar object & which in hydrostatics took the role of the partition function
scalar density Ps [Wy] in (4.10). If we consider the full set of scalar invariants (up to
field redefinitions), including ones that vanish in equilibrium, then we can write down an
off-shell Lagrangian density £ ~ fg & which parameterizes Class L. The non-hydrostatic
part of this construction comprises of those scalars which identically vanish in equilibrium.
All in all such Lagrangian densities will completely parameterize the longitudinal part of
the free energy current in (6.1).

Let us now carry out this construction in detail. Constitutive relations in Class L are
parametrized by a Lagrangian density £ [g,., A,, 8", Ag] which we will assume to be a local
scalar functional of its arguments, i.e., under gauge transformations and diffeomorphisms £
transforms like a scalar field. Intuitively, £ can be thought of as some sort of a generalized
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pressure functional for the adiabatic fluid.? We may write

Shydro = / dlx /=g L[P] . (6.2)

Consider now a variation of this Lagrangian functional which, after sufficient number
of integration by parts, can be brought to the form

0 (\/jg [’) - vu(’geps)'u

-

(6.3)
- % T §gu + J" - 6A, + Thy 687 + Tn- (Mg + Ay 637) .

Here (§0,4)* denotes the surface terms generated due to integration by parts and is related
to the pre-symplectic potential. The symbol § denotes that it is linear in variations of fields.
The reader may simply take (6.3) as the defining statement of the variational principle.

So far h, and n which multiply variations of the hydrodynamic fields (and are thus
conjugate to them) are simply defined by the above variational principle; they will have a
role to play in the sequel. We will refer to them as the adiabatic heat current and adiabatic
charge density respectively.

The variation of the Lagrangian makes it easy to obtain the currents Cy. For instance
we read off {T" JF} from the above variation and take J& = sut with

(s [ em)

(6.4)
{udv 9o, Aa}:ﬁxed

Here % is the variational (i.e., Euler-Lagrange) derivative. The free energy current can be

obtained using (2.18). It is convenient to rewrite this expression in terms of the adiabatic
currents {h,,n} for simplification of future computations. Note that

Th,08° +Tn- (5Ag+ AgdB”) = (hy + 1+ Ag)du + 15 (1 — u”Ay)

- [ho BU +n- (Aﬂ + AUBU)] oT (65)

which in turn implies that

S= 1087 - (Ap+ A7) = o [bou” + 0 66

= Ts+pu-n+u’bh,=0.

In the above and in what follows, we will often want to convert general variations of
hydrodynamic fields {u?, T, u} in terms of variations of {3, Ag} and vice versa. This can
readily be done by using the defining equation (2.1) and explicit expressions can be found
in (E.1) for convenience. In sum from £ we have access to both the physical and adiabatic
currents respectively, with the latter determining the entropy current.

36We will later see that upon restricting to hydrostatic configurations, £ reduces to the hydrostatic
partition function Wiydrostatic which suggests this intuition.
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6.1 Bianchi identities in Class L

The invariance of Shydro under gauge/diffeomorphisms implies certain identities obeyed by
{Tyw, Iy, bo,n}.37 Interpreting these identities in a particular manner will prove conducive
to showing that having a Lagrangian £ [¥] = L [gu., Ay, B, Ag] leads to currents which
solve the adiabaticity equation.

To see this, consider the diffeomorphism and gauge variations induced by a pair of
arbitrary vector field and scalar collectively denoted as X = {{#, A} on the basic hydrody-
namic fields:

00 G = Leguw = V& + Vi€,
0 Ay = LeAy +[A Al +0,A =Dy [A+E"A)+E"F,,
0.8 = LepH ="V, BN — BV LEN, (6.7)
S Mg+ A0, 3" = E'Dy [Ag + BYA)] — 8" Dy [A + €V A
— "B Fu + [Ag + BY Ay, A+ 1 A)],

where the symbol £¢ denotes the Lie derivative along the vector field .

Plugging this variation into the expression appearing on the r.h.s. of (6.3) followed by
a straightforward integration by parts gives

1 v

§T“ Oy Guv + I -0, A +Th,0, 8" +Tn- (5, Ag + A6, 8")
g
V=g

4 [-p+ s, (v |

= V,.NH[X]+€, [—VI,TWJFJV PR 6y (V=9 Thy)+g"Tn- 53Ay] (6.8)
with N#[X] defined as
NE[X] = &, T + (A + EMAy) - J# — TBF [gyb,, F(A+ Ay | (6.9)

We have denoted the diffeomorphism and gauge variation induced by {8*,Ag} as ¢, which
is defined in (2.22). The Noether current N* [B] will play a role in constructing the non-
canonical part of the entropy current or equivalently the free energy current.>

37The material in this subsection was worked out in collaboration with Kristan Jensen.
38In the process of deriving various variational expressions we find the following identities quite useful to
collect terms:

1 o 1 — _ o
\/f—g% (V=95) =Va(B*S9), \/jg% (V=9Ve) = £3Vs + Vo Va3 (6.10)

where S and V,, are arbitrary scalar and one-form fields, respectively. We have made use of the latter in
derving (6.8) and will use the former in, e.g., (6.13).
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We can now plug the expression (6.8) into (6.3) and integrate over the background
geometry to obtain a statement for the total variation

gt
e

+/\/—TJ (A+&04y) - {—DVJ” + \/1_—953 (V=g Tn) }

+ Boundary terms. (6.11)

5x/¢?g£[‘P] = /\/—TJ@ [—VVT“”+JV~F“”+ 5, (V=g Thy)+gWTn.5BAy}

Since L is a scalar under the background diffeomorphism and gauge transformation, the
integral on the Lh.s. has to vanish, . Shydro = 0, up to boundary terms. This immediately
implies for arbitrary {£#, A} one has the diffeomorphism and gauge Bianchi identities:

gt
V=g

D,J° = \/1_7953 (V=9 Tn)

These are the Bianchi identities we are after and per se they hold off-shell. If we think

VI =gy P+ =0, (V=g Thy) + 9" Tn- 6,4,

(6.12)

of {T*,  JF b,,n} as tensor-valued functionals of ¥, obtained from the variational princi-
ple (6.3), then these equations hold identically for the currents for all configurations.

We can supplement (6.12) with another identity which follows from our definition of
the entropy current (6.4)

VoJg = Vo(T's 87) = V=9 Ts) . (6.13)

1
—,
v
which is again valid off-shell.

We can now easily check that (6.12) and (6.13) together imply the adiabaticity equa-
tion (2.13) in the absence of anomalies, for

Vb + B (VT — J, - F*) 4 (Ag + BA)) - D, J”
1

- = 6, (V=9 Ts)+ B, (V=g Tho)

+/=gT B n -6,BA(,+%-53 (vV=9Tn)
= 0, (V=9 [T+, + -]
—0. (6.14)

We have used the basic definitions (2.1) and the relation (6.6) derived earlier. We should
emphasize that by virtue of the Bianchi identities (6.12) holding off-shell we have demon-
strated that the Lagrangian system defined by £ [¥] satisfies the non-anomalous adiabatic-
ity equation (2.13) off-shell. We will postpone a more detailed discussion of the anomalous
situation until section 12; suffice it to say for now that there is a Lagrangian construction
that gives a particular solution to (2.12).
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Sometimes it is convenient to write the combinations that occur above in a conventional
hydrodynamic expansion. Upon explicit evaluation one finds

1
——5, (/=g Th,) +Tn-6,A,
V=g » (V=9 Tbs) +Tn (6.15)

= v)\(ha u)\) + b (vo + ao-)’UJ)\ + S(VU + ao-)T —n- [Eo' - DUM - aa,u]

and
\/%53 (V=9 Tn) = Dy(nu®) + [n, (6.16)

In the above expressions we encounter the fluid acceleration vector a, and the rest frame
electric field E, = F,yu” introduced earlier.

6.2 Noether current in Class L

Having seen that Lagrangian systems of hydrodynamics as formulated above satisfy adi-
abaticity equation off-shell, we now proceed to extract some more basic lessons. Most of
these follow from the basic variational principle and are encoded in the Noether current for
the Class L constitutive relations which is related to the free energy current of the system.

We proceed by first deriving the Noether theorem for our Lagrangian system. By
substituting (6.12) into (6.8), we get

1
V,.NHX] = §T“” OpGuv +J" -0, A+ T, 6,68 +Tn- (6, Ag+ Ao B") (6.17)

with N#[X] as given in (6.9). The primary content of Noether theorem is that a current
NH[X] satisfying the above equation exists.

It is easy to see that every Noether current satisfying (6.17) gives a free energy current
satisfying the adiabaticity equation (2.21) with g; = 0 (for non-anomalous fluids). In
particular, we see that we solve (2.21) by identifying {£#, A} = {B", Ag} (but we will still
keep {g,w, Au} general) and take

G° = —TN°[B]
— T (m T + (Ag+ B Ay) - J7 — T 3° [5" b, + (Ag + B A,) - n]) (6.18)
G =0.

Thus we see that the free energy current coincides (up to a factor of T') with the Noether
current (or the non-canonical part of the entropy current) N7[B], cf., (2.18).

The corresponding entropy current is also easily constructed: we remind the reader
that the non-canonical part of the entropy current is —G?/T = N?[B] so that the total
entropy current is given by

JZ =N[B] - BT — (Ag + B Ay) - J°

(e u)‘ g ILI/ (e
:N[B]—?TA—TJ (6.19)

=-TB% |B" b, + (Ag+ B 4)) -n
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Thus, the choice of free energy/entropy currents is in one to one correspondence with the
choice of the Noether current, consistent with our identification in (6.6).

Let us now try to get an alternate expression for N#[X] which will be useful later on.
We have from (6.3) and (6.17) the simple identity

VuNUX] = ——b, (V5 £) — Val(rOyq )"

= v# [gﬂﬁ - (%C@Ps)#] >

-

(6.20)

where we have assumed that £ transforms as a scalar. This shows that the vector £#L —
($xOpg)* (which is often called the canonical Noether current) has the same divergence as
NH[X]. Assuming there are no cohomological obstructions, we can then write

NU] = €9L = (FxOpe ) + VK[ (6.21)

where KM [X] = —K"P[X] is called the Komar charge of the system. We will call this
decomposition of N#[X] as Komar decomposition. This gives an alternate expression for
free energy current as

G = -TN[B] = -T <5"£ — (§36p4)7 + VVK”“[B]> : (6.22)
and
JE =sut
= —B,T" — (Ag+ B A,) - J* + NH[B] (6.23)

=B, T" — (Ag + B Ay) - J* + B*L — ($56p6)" + VKM [B].

Note that the pre-symplectic potential (¢ O, ) appears in these expressions only through
($pOps)*. Since §,8* = 0 and 6,Ag = 0, this means to get the free energy current or
the entropy current, we need not actually get the contributions to (§3O,¢)* from varying
{B*, Ag}. The contribution to the pre-symplectic potential can be obtained by just varying
{9, Au} and then see what we obtain when we integrate by parts.

6.3 Hydrostatic partition function for Class L

Our discussion of the Class L solutions to the adiabaticity equation has so far been uncon-
strained, in that we have only assumed that the currents can be derived from a Lagrangian
L[¥]. We now relate this story to the analysis of section 4 where we also derived the
currents from a generating function. In order to ascertain the connection we now specialize
to hydrostatics. Since we have an explicit expression for the free energy current in Class
L, we can invoke the arguments that led to (4.6) to come up with a hydrostatic partition
function for theories in Class L.

We will now argue that Class L provides an off-shell generalization for hydrostatics.
Note however, that Class L can at best incorporate Class Hg as we are required to write
the integral of a spacetime scalar density for the effective action Shydro-
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First we constrain the sources to support a Killing field configuration X = {K*, Ax}
which we will momentarily identify with B = {8#, Ag}. Further using (6.22) we can write
on the base space X

ag
d—1 d—1
WHydrostatic = - [ ? d So ] = [/ N° ['B] d So' :|
XE Hydrostatic Xg Hydrostatic

_ [ /E ) <g05 — ($56,.)" + V,,IC””[ZB]) 415, } (6.24)

Hydrostatic

1
= »CHydrostatic K° dd_lSa + |:/ a ’CGV [B] dd_2Sau :|
0

XE P35 2 Hydrostatic

where we have used the fact that ¢,, annihilates functions in hydrostatics (4.2) to drop
the (§5O,s)° contribution. Here, Lyydrostatic denotes £ [®] with {8#, Ag} replaced by
{K*",Ak}. We finally obtain

Whiydrostatic = / dx —3 LHydrostatic + Boundary contributions, (6.25)
ZE X [K

where the integral is performed over the manifold Xp X Ix where Ix is an interval of
unit affine length along K*. So in the end we get the simple result that the hydrostatic
partition function is just the integral over the Lagrangian after taking the hydrostatic limit
of L[¥].

Lest the reader be misled into thinking that we recover the complete set of hydrostatic
partition functions (Class H) from the Class L family of adiabatic fluids we hasten to add
an important caveat alluded to earlier. It should be clear from (6.25) that we obtain from
L [¥] only those hydrostatic partition functions that can be written as spacetime scalars,
since we have an integral over the entire manifold M = X x Ix. This is what we called
Hg in our discussion in section 4. From the categorization explained there, there are two
other classes of terms in the partition function which do not obviously arise from Class
L Lagrangians: the Class Hy terms involving integrals over transverse vectors and the
Class A terms which play a role in anomalous hydrodynamic transport.®® Thus, apart
from these terms (which seem to be a finite set of terms in any spacetime dimension) we
recover most of the theory of partition functions and the adiabatic constitutive relations
that they lead to.

Given the connections to hydrostatics, it is useful therefore to decompose Class L into
explicit contributions from hydrostatics Hg and genuine hydrodynamic scalars Hg. To wit,
one has L = HgUHg. The hydrodynamic scalars, which necessarily involve one d,, insertion
(by definition), are identically vanishing in equilibrium — they require us to turn on time
dependence to contribute. Moreover, as a result the values of the hydrostatic scalars can
be freely changed by contributions proportional to the Class Hg terms. Hence, hydrostatic
scalars Hg C L take values in a coset: Hg = L /HS.

39Since we have focused on Lagrangian solutions to non-anomalous adiabaticity equation (2.13) it is not
surprising that we have not yet encountered Class A. We will encounter Class A terms when we turn to a
detailed discussion of anomalies in section 12.
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Finally, we can make a precise connection between the Noether current construction
outlined in section 6.2 and the entropy current constrained by hydrostatics. As explained
in section 4 the hydrostatic entropy current has been studied in some detail in [36, 37]. As
we now understand, varying (6.25) with respect to the metric and gauge field (we do not
vary {B",Ag} since they are fixed to { K*, Ax} in the hydrostatic limit) we obtain

1
5WHydrostatic = /dd$\/ —g |:2TMV (5gw, 4+ J7 - (SAU
Hydrostatic (626)

+ Boundary contributions

which agrees with the rule given in [3]. Further, if we just keep the first order deviations
from hydrostatics in the equation for the non-canonical part of the entropy current N?[B] =
BoL — ($0,4)° + V, K7 [B], we get the prescription given in [37]. This was explained in
detail in section 4.2 and we elaborate on the connections further in appendix G.

7 Hydrodynamic Ward identities in Class L

Up to this point our discussion of Class L has been quite abstract. We have only exploited
the diffeomorphism and gauge symmetry to extract the Bianchi identities (6.12), which
in turn led to the adiabaticity equation. As such we have in fact been treating the hy-
drodynamic fields {8*,Ag} effectively as non-dynamical fields, thus working off-shell as
far as the hydrodynamic fields are concerned. The only exception is the hydrostatic limit
studied in section 6.3, where we went on-shell by simply setting {8",Ag} = {K*,Ax} and
invoking the hydrostatic principle.

This is clearly unsatisfactory; the utility of a Lagrangian is that it not only allows us
to construct an off-shell action, but that it also comes equipped with a variational principle
that captures the on-shell dynamics by giving us the equations of motion. We will now
proceed to address this lacunae and give a variational procedure to go on-shell. Our goal is
to simply to give the hydrodynamic fields {8", Ag} appropriate dynamics which enforces
the conservation equations in (2.6) (with TI’;L = J# = 0 in the absence of anomalies).

7.1 A constrained variational principle for hydrodynamics

Let us go back to the derivation of the Bianchi type identities in section 6.1. Inspection of
the Bianchi identities (6.12) which are obeyed by all Class L constitutive relations suggests
that on-shell equations of non-anomalous hydrodynamics (2.6) would be satisfied (with
anomaly terms set to zero) if the fields {8*, Ag} obeyed the following equations:

0y (\/—g Tbu) +Tn-0,A,~0,
1
\/7—79593 (V=g Tn)~0.

These equations have to arise for consistency of our formalism as the dynamical equa-

-

(7.1)

tions of motion obtained by varying the fields {8",Ag}. It is clear a-priori that this is
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not going to happen naturally; the basic variational equation (6.3) if interpreted naively
would lead to b, +n- A, = 0 and n = 0 (assuming 7" # 0), which is certainly not what we
would like to have. The key point we have to understand is the following: given that the
dynamical degrees of freedom comprise of a vector 3* and a scalar Ag, we have to decide
what variations of these fields to admit as being physical. Our argument above shows that
an unconstrained variation of these fields is inconsistent with the dynamics we seek, so the
question is whether a suitable constrained variational principle exists.

We would like to claim now that such a constrained variation of {8, Ag} exists and
it naturally leads to the correct hydrodynamic Ward identities upon using the Bianchi
identities (6.12). To see how the desired equations can be obtained from a variational
principle, consider the following: fix the metric and gauge field and extremize Shydro [¥]
among a family of B = {8, Ag} which are related to each other via Lie transport. We will
denote this class of variations by © to distinguish it from the variation we have considered
hitherto without the Lie transport constraint.

To wit, given an arbitrary X = {¢#, A} we define this constrained variation as:

5: ©8'=0,8", ©Ag=0,Ag,  Bgu =04, =0. (7.2)

Our claim is that the on-shell hydrodynamic configurations are precisely those {8*,Ag}
which satisfy 5Shydro [¥] = 0 up to boundary contributions.
To show this, we use the definition of b, (7.2), in (6.3) to write

1
ﬁ@ (\/jg ‘C) - VM@@PS)“ =Ths6,8"+Tn- (5xAﬁ + AU&x:@U)

=-Tbs0,6 —Tn-(0,A+ Az0,£7) ,

(7.3)

where we have used 0,3 = £¢8 = —£g{ = —0,{. Integrating the above equation by parts
to move the derivatives over from the variational parameters {£#, A} results in

1 1 i
ﬁg (V=g L[¥]) = (\/_—9593 (V=9Ths)+Tn- 53140) §
n \/1_7/53 (V=g Tn] - (A+ A, ) (7.4)

¥ vu{@@ps)“ T8 b €+ (At Ay 7)) } |

Insisting that this be zero for arbitrary X = {&*, A} then directly leads to the required
equations (7.1).

Thus as advertised Lagrangian theories of hydrodynamic fields equipped with a suit-
able variational principle, give rise to the correct hydrodynamic equations of motion and
simultaneously provide an off-shell solution to the adiabaticity equation.

7.2 Reference fields and conservation equations

In section 7.1 we gave a constrained variational principle which enabled us to derive the
hydrodynamic equations from the Lagrangian £ [¥]. While prescriptive, it is cumbersome
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Figure 3. Illustration of the connection between the physical and reference fields for Class L
adiabatic fluids. The fields on the physical spacetime manifold M are related to those on the
reference manifold M by a pull-back using the dynamical fields {¢®,c}. The constrained variation
on M which gives the correct equations of motion corresponds to varying {¢®,c} while holding
{B*, Ap} fixed.

to work in the space of constrained variations to derive dynamics. It is somewhat more
satisfactory to shift to a description where these constraints are automatically implemented
by an action, rather than being imposed by hand.

To do this, we need to decompose the variations of {8*, Ag} into those allowed by
the constraint, and those in the orthogonal space of variations (which are forbidden by
the constraint). The former lie in the Lie orbit of an admissible configuration. We can
exploit this characterization in decomposing the degrees of freedom into the truly dynam-
ical ones and the ones held rigid under the variation. To ascertain the physical space of
variations, we pick a reference configuration {3, Ag} in each Lie orbit and then express
the actual {8*, Ag} by Lie dragging this reference configuration by a gauge transformation
and diffeomorphism. We thus seek to decompose the hydrodynamic fields into

(i) A heavy component which is the reference configuration that one does not vary when
extremizing (denoted by the blackboard bold font characters).

(ii) A light component which is given by the Lie drag modes that one varies when ex-
tremizing.

We begin by systematically first establishing a reference configuration. It is convenient
to imagine that these reference configurations live on some other spacetime M which is
gauge equivalent and diffeomorphic to the original spacetime. We will use the (first half of
the) lowercase Latin alphabet to denote the spacetime indices on M to distinguish them
from lowercase Greek indices used for the original spacetime M.

Let 2* be coordinates on M and x® be coordinates on M. B = {3*, Ag} be the reference
hydrodynamic fields living on M. The actual {8, Ag} are obtained by introducing a
diffeomorphism field ¢%(x) and a gauge transformation field ¢(z) from physical spacetime
M to M and then using them to pull-back {% Ag}. In order to do this, let us introduce

the matrix d,¢% = % and its inverse e} = gi’;ﬁ that can be used to pull-back tensor
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indices. For definiteness, let us think of these matrices as functions of x, viz., living on the
actual spacetime M. They satisfy

et 0,0 = o el 9,p" = 5f . (7.5)
With this definition the pull-back of the reference configuration is given by

B = ey (x) B*[p(x)]
Ag = c(z) Aplp(@)] (@) + B () Ope(z) ¢ (x) .

Note that Ag transforms with the correct inhomogeneous piece so that Ag + A, 37 trans-

(7.6)

forms covariantly. More precisely, consider a flavour transformation A, — g 'A, g +
g 19,9 and (Ag+ Ay B7) = gt (Ag+ A,B7)g. It follows from the above expressions
that this corresponds to a left transformation of ¢ given by ¢ — g~'c with Ag kept fixed.

The decomposition given in (7.6) means that changing {¢%, c} takes {8, Ag} along
a Lie orbit whereas changing the functional form of {3, Ag} takes {8",Ag} from one Lie
orbit to another Lie orbit. So, in order to get the hydrodynamic equations, we should
extremize Shydro [¥] with respect to variations of the {¢?,c} fields keeping the functional
form of {B%, Ag} fixed. See figure 3 for an illustration of the situation.

It is easy to intuit how this has to work in principle. We simply have to consider the
variation of the relation (7.6) between the physical fields and the reference parameterization
introduced above. We would then plug this into (6.3) to ascertain the variations of the
Lagrangian in the physically admissible directions. To see how this actually works in
practice, let us begin by recording out the variation of B# and Ag in terms of the reference
and physical fields. Relegating the details of the actual computation to appendix E we
quote here the final result of import:

08" = eq OB* — b, (e 0¢")

7.7
6Ag =c dAg ¢t + e B (Dyc)ct + 4, [6c ¢t — 760" Dy c_l] , .7

where the variations of {¢%, ¢} appear as variations along Lie orbit as we wanted.
We can now substitute the above equation into (6.3). Once again we have to do an
integration by parts to isolate the terms proportional to the dynamical degrees of freedom.

After a bit of algebra we get
1
— _ " Mo . -1 _ u o a . —1
7\/_795 (V=9 L) VH{(JQPS) +utn-dce u' e 6% [hy + 1 (Opc c +AU)]}

1
= 5wacngJr JH5AL+ €] [he + 1 (Orc ¢t 4+ Ag)| T OB* + ¢ 'nc- T dAg

— \/1_7953 (V=g Tn) - {50 Tt —e7 5" Opc ¢+ AU)}
+e2 o [\/jgég(\/—ig Thy)+Tun- 6,5140] : (7.8)

The dynamical equations of motion can be now read off from the terms proportional to
0p® and dc respectively. Inspection of (7.8) make it clear immediately that isolating these
terms we end up with the equations of motion (7.1).
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Thus, extremizing Shydro [¥] with respect to {¢%, ¢} variations gives the correct energy-
momentum and charge conservation equations as required. As such we have transplanted
a constrained variational problem into one where the variation is unconstrained for the
physical fields {¢%, ¢} but the price one pays is to introduce a set of reference fields which
are held rigid in the process.

7.3 Gauge redundancy of reference fields

In section 7.2 we decomposed the hydrodynamic fields {8*, Ag} into fixed reference fields
{B*, Ag} and dynamical fields {¢?,c} parameterizing the Lie orbits of this reference con-
figuration. Let us now scrutinize the decomposition (7.6) more closely to ascertain the
symmetries of our new parameterization.

The decomposition (7.6) introduces a new redundancy in description. We can al-
ways do a gauge transformation or diffeomorphism on the reference configurations and
compensate for it, say, by changing {¢%, ¢}, so that we end up getting the same physical
hydrodynamic configuration. For example, consider the following gauge transformation for
the charged fields:

Ap= [T A f = f71B7 0o f

et (7.9)

where f is any flavour gauge transformation on M. It is then simple to see that this
transformation leaves Ag unaffected. Hence, these transformations should be thought of
as a gauge redundancy in our description which forces us to identify

{Ap, }~{f Mg f— 71 B%0sf, cf} (7.10)

as they give the same hydrodynamic field Ag.
There is a similar redundancy in diffeomorphisms on the reference manifold M given by

e = fp)

Agle®) = Aglf*(o)] (7.11)
a
) > G B
where ¢%(x) are understood to be the coordinates on M obtained by pushing forward z-
coordinates. Hence, any two configurations which differ by such (-diffeomorphisms should
also be thought of as the same fluid configuration as they lead to identical hydrodynamic
fields {B", Ag}.

As with any gauge redundancy, it is convenient to pass to a formalism which is covariant
with respect to this set of transformations. Moreover, since the redundancy is the gauge
and diffeomorphism properties of our fields, we can just introduce a metric and flavour
gauge fields on M to properly account for it. Endowing M with these structures would
allow us to covariantize all the transformations. We will do this by first pushing forward
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the metric and flavour gauge fields on the actual spacetime M to M using {¢?,c} i.e.,
we define

calf] = et e} g
Adlg] = et [ Aue+ 0]

Given the push-forward relation for the metric, the Christoffel connection transforms in a

(7.12)

related fashion:
Melip] = € Bup™ [THox ef + Oaep] - (7.13)

We can use the connections A, [ to define covariant derivatives on IM which can then be
used to construct invariants of y-diffeomorphisms and ¢ gauge transformations. One can
also easily check that the connections on M and M are consistent with Lie transport. That
is, for the pushforward of a general tensor field,°

‘l]—ala2.”b1b2~~[50] = (au1§0a1)(8u2%0a2) o 65116522 """ TMlMle/lvz"- 9 (7'14)
we have
(O ™) (O p?) -+ - eyregs -+ [LeTHH27 ] = Lie oy T by (7.15)

7.4 Variational principle on reference manifold

We can now reformulate the variational principle that gives rise to the hydrodynamic
equations in terms of {gqp, Aq}. We begin by observing that invariance of Shydro [¥] under
diffeomorphisms and gauge transformations means that

%mM—A/ﬁMW—A%@%M&%FANﬂEW (7.16)

where we use the condensed notation ¥ to denote the collection of “hydrodynamic” fields
on the reference manifold.

It follows then that we can get hydrodynamic equations by extremising [, /=g L [¥]
by varying {¢% c} inside {g, A} keeping {8, Ag} fixed. To see how this works, we will
begin by decomposing the variations of {g, A} into (i) variation of reference sources and
(ii) variation of the dynamical fields {¢%, ¢}. Using (7.12), we obtain

c 0 v
59(11}[90] = 6(9&17[90]) - 5‘:0 asocgab[(p] = eg €p 5g;w - 6<pgab

; (7.17)
6RAa[p] = 6(Aalg]) — 0p° G Aalp] = e 7 (0AL) ¢ = 0,Aq
where d,, is the Lie drag on M along {§¢%, —c~'éc}, viz.,
6<pgab = IDa(SSOb + 1Db&;pa )
(7.18)

oA, =D, (—0_1(56 + Ay 5g0b) + &pb Fy, -

40We have written here the expression for an uncharged tensor field transforming solely under diffeomor-
phisms; including gauge transformations is straightforward which we leave as an exercise.
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In the above expressions we have introduced the covariant derivatives ID and field strength
IF' which are defined with the reference connections A, [ respectively in the usual fashion.

With these definitions in place, let us then translate the variational calculus onto the
reference manifold M. First, when we vary fM v/—g L [¥] with respect to {gus, Ay}, we get
the currents:

1
5/ Fgmw]:/ V=g (2Tﬂbagab+Ja.5Aa+Tlha5[Ba+Tm-(5A@+Ab5@b)>,
M M
(7.19)

where all boldface currents are understood as the pushforwards of physical currents on M
to the reference manifold. If we further extremize fM v/—g L with respect to just the ¢-
part of {gay, Ay} (holding fixed the functional form of {8, Ag}), we are led to conservation
equations for the energy-momentum tensor and similarly for the charge current. To obtain
these we have to perform the constrained variation & which amounts to Lie drags of the
sources along {d¢®, —c~1éc}. Using (7.17) we learn that one should employ the variations

89&1) = _5gogaba 8Aa = _550Aa, 8ﬂ3a = 0, BA@ =0. (720)

Applying this variation to (7.19) leads to

&S/ vV—g L[¥] = / V—g {5gpc DT — J% - Feo] + (—c 1oc+ Audp®) - chJ]C} . (7.21)

M M

We can now read off the hydrodynamic conservation equations on the reference manifold:
D, Ty —J - Fe =0, D.J°=0. (7.22)

This makes the variational principle on the reference manifold very simple in practice
because it allows us to skip the computation of Bianchi identities*! and obtain the correct
hydrodynamic Ward identities directly. The covariance of our reference manifold formalism
makes it very easy to translate these results back to equations of motion on the physical
spacetime M: one just replaces Latin indices by Greek indices and switches bold-face letters
back to normal font. This prescription is thus equivalent to the one given in section 7.2.

7.5 Static gauge on the reference manifold & hydrodynamic fields

Given a covariant form of an action with some redundancies it is sometimes convenient to
pass to a gauge fixed version and focus on the physical degrees of freedom. To this end we
can partially fix the gauge symmetries in the reference fields. Ignoring any possible Gri-
bov type topological ambiguities, let us use the gauge transformation and diffeomorphism
freedom on M to set

Ap =0, =1 and p=I=0 forIe{l,...,d—1}. (7.23)

41'While we have not explicitly indicated how to get the Bianchi identities, these follow in the same manner
as on the physical spacetime M. We simply vary f]M v/—g L with respect to ¥ and follow the same set of
arguments as in section 6.1. Modulo a font and index change, the algebra remains identical.
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In what follows, we will refer to this as the static reference gauge. As is clear from above,
we will henceforth use uppercase Latin alphabets to denote spatial indices on M.

Let us now examine the residual gauge redundancy that is left unfixed in the static ref-
erence gauge. The following set of ¢-diffeomorphisms and ¢ gauge transformations survive
the static reference gauge fixing of (7.23)

Oh’
@’ = h'(p!), det <8SOI> #0,

00 %+ g(pl), (7.24)

c—cf(eh).

We will refer to the transformations in first line as transverse diffeomorphisms in @-space.
Further, we will call the shift symmetry in ¢° in the second line as the thermal shift and
the (right) spatial gauge transformations of ¢ in the third line as the chemical shift.*

It is useful to compare the redundancies in the parameterization using the reference
manifold variables with those present in our discussion of the hydrostatic state in section 4.
One can in fact check that the redundancies in the two cases are precisely the same. For
example, in static reference gauge, the metric and gauge field on M assume a ‘Kaluza-Klein’
form familiar from hydrostatics:

1 2
Gap A"’ = — 5 (d” + 0, dp')" +p,, dp'dp’
0 0 0 0 0 0 0 0

ab 2

— QR ——=-T" —Q — +p’ -0 |l 7= -0,
R 9"~ 90 T P <5s0’ ! 3@”) (3@] 700
A dp® =ct (%) c (dcpo + @Idcp’) +a, dp!
0 0
=T—,
D 00

where @, is a gauge field for the thermal shift, whereas a, is the spatial component of the

> (7.25)

[u[l

1
Ug dp® = T (dcpo + 0, dyp")

reference gauge field. As in hydrostatics, we have the useful rule of thumb that the tensor
components with only 0’s in down (covariant) indices and only Is in up (contravariant)
indices are invariant under thermal shift. This follows from the fact that the thermal shift
invariant basis on tangent and cotangent bundles of M are given by

g 0 0
{dgoo +a, de’,de'}, and {&00, B —q 8()00} , (7.26)

respectively. It is thus convenient to replace {e/} which transforms under thermal shift
with a set of thermal shift invariant vectors { P} instead. Let us define the hybrid hydro-
dynamic projectors
o _ 027 o Ox?
I 8(,01 1 8@0'

(7.27)

“2The rationale for this terminology, which is inspired from the formalism of non-dissipative fluids [45],
will be come clear in appendix B. We will demonstrate there how the class of adiabatic fluids encompasses
the non-dissipative fluid framework explicitly.
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They satisfy
P* 0gp! = Pg' =65 +uug, Oap" P =01,

I

~Tus, P’= (80900—1—@] (%goJ)P" Pe 9o’ +a, =0,

(7.28)
9ap P P] =y, p’ PP =P,
Gos P]’B =p!, daip’ P’ PJO‘ _ goc,B D!
Using these thermal shift invariant vectors, we can write
eg 5" = P75p" + B7 [6¢° + 0,697 . (7.29)

This thermal shift invariant form is often useful in explicit computations. For example,
when varying /—g L [¥], we get (7.8) where dp® always occur in this combination.

The static reference gauge has the merit that once we adopt it, only dynamical fields
show up in the description; all gauge redundancies are eliminated. Hydrodynamics in static
reference gauge is then completely described by the following set of degrees of freedom:

e (d—1) spatial ¢’s which satisfy u? 9,47 =0,
e a field ¢° such that T = u® 9,¢° and
e a field c such that p = u®(9yc)c™! + u® Ay,
Further, we can solve for u? itself directly in terms of these dynamical fields. We get

1 -1

o — oQy...00g_1 a

1 d
)
\/detd,1 (glﬂ/ 6M<p181,<p1) a1 P ag—1P

This follows from the fact that u” is orthogonal to the (d — 1) vector fields d,¢! and is
d—1

(7.30)

hence parallel to e7@1+%-1 9, ©!... 9, +19% . The square-root pre-factor then ensures
the correct normalization appropriate for a d-velocity.

A more elegant way of writing the above expressions is to introduce a spatial volume
form on the space of ¢’s using the spatial part of the pushforward co-metric g?, i.e., we
define p?’/ = g" 0,p'0,¢’ whose inverse then defines a thermal shift invariant spatial
metric p,, introduced in (7.25). Using this expression one can work out the parameteriza-
tion of hydrodynamic fields {38, Ag} in terms of {¢%, c}. For completeness let us record

these expressions which read:

d—1
1
u’ = (d — 1>' gL Od—1 Egﬂj?..ld71 H 8041@“’ ,

: T

1 d—1
= (7.31)
1 _
— (d_ 1)' 600‘1."ad71€§[?)--~1d71 (aa(PO +®I 80901) Haozi()o]i

1

w= =1 5"0‘1"'0“1*159’;)".“_ ((05¢)c ¢! + Ag) Haocz‘P i
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where Eg[p) , s the spatial volume form associated with p,,. We can also give a similar
1774 d—1

expression for thermal shift invariant vectors {P?} defined in (7.27):

1
o _ oaBi...Ba—2 lp) i
B = g e T 1
More generally one can express a k-fold anti-symmetric tensor product of the projection
tensors P ® in terms of the ¢! fields as

d—1-k

1-—
1
| lo pat agl gat..apfi.fa—1-k ~(P)
(k+1tu” PR P = G se € iy H1 0g,
1=

(7.33)

The expressions derived above, express the hydrodynamic fields as gauge-invariant
composite fields formed out of the basic dynamic fields {¢°, 7, c}. While this is the most
economical presentation in terms of the dynamical degrees of freedom, the gauge fixing
introduces a degree of non-linearity in the mapping between the physical fields and the hy-
drodynamical variables. Nevertheless, there is a certain simplicity to the parameteriza‘cion'
the hydrodynamic equations can then be obtained by writing [ /=g £[¥] or [y, /=g L [¥]
as a functional of {g,., Aa, ¥’ ¢!, c} and extremising with respect to the dynamical fields
{°, 7, c}. Moreover, the hydrostatic limit in the static reference gauge can be obtained
by setting

c=1, Oy’ =Ty 62

o)

Osp! = 0!

o)

(7.34)

i.e., we can just pull-back the reference configuration through what is essentially an identity
map between the spacetime and M. This is to be expected given the close analogy between
the two formalisms noted around (7.25). Then the formalism we just described reduces to
the hydrostatic formalism described in [3, 4] as expected. One can easily derive explicit
expressions for the partition function by recasting the results of section 6.3 in the static
reference gauge.

The reader familiar with the discussion of non-dissipative fluids [45, 46] will undoubt-
edly see some similarities with the variables used in that context. However, there are some
subtle (but important) distinctions; we are not yet within the remit of that framework.*3
The connection between the formalism outlined herein and that used in the aforemen-
tioned references is explained in appendix B, where we demonstrate that non-dissipative
fluids (Class ND) are a subclass of adiabatic fluids.

7.6 Field redefinitions in Class L

In this subsection, we will examine the field redefinitions of the hydrodynamic fields
{u?, T, u} which leaves the on-shell physics invariant. While we are allowed to do a general
redefinition of the hydrodynamic fields, this does not translate into a general redefinition of

43We draw the attention of the reader to the fact that T' and j are treated symmetrically in this descrip-
(0]
tion, with e playing an analogous role to c¢. This is similar to a model considered in [66].
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the Lagrange multiplier fields {8", Ag}. We remind the reader that we have already used
up a subset of field redefinitions so as to have a simple relationship between the Lagrange
multiplier fields {8",Ag} and the original hydrodynamic fields {u”, T, u}, see section 2.1.
In this subsection, we will examine the residual redefinitions which are allowed for the
Lagrange multiplier fields {8, Ag}.

One of the advantages of shifting to {8", Ag} was that the hydrostatic configurations
can simply be described by aligning {8*, Ag} to the Killing fields {K*, Ax}. An admis-
sible field redefinition should preserve this feature. This then suggests that we consider
redefinitions of the form

/6“'_)/6#_6'3‘/'“ :5u+£\/5”7

(7.35)
Alg — A@ — 6BAV = Aﬁ -+ fv/\ﬁ + [Aﬁ, Av] — ,BUBUAV

for some general diffeomorphism and flavour parameter {V# Ay }. The presence of 4,
ensures that the nice features of hydrostatics survive these redefinitions. This is the most
general class of redefinitions that are admissible for {8*, Ag}.

In Class L, there is a more concrete way of seeing why two fluids related by (7.35)
should be considered on-shell equivalent. Using (7.4) we can write down the change in
Lagrangian induced by field redefinitions in (7.35):

L[W] — L]P] + ( 6, (V=9 Ths) +Tn-5BA(,> Ve

1
V=9 1 (7.36)
+ \/—_7953 (V=g Tn] - (Av + A4, V) +V,(...),
viz., the Lagrangian is shifted by terms proportional to the equations of motion and a
boundary term. In a field theory, this is the most general redefinition admissible in the
Lagrangian density. What this means in practice is that we can effectively focus on the
basis of on-shell independent scalars parameterizing £ [¥], which greatly simplifies the
computation (see for example appendix F).

An alternate way to get at the same result is to shift to the description based on
reference manifolds and pullback fields. So consider then replacing £ [¥] by the functional
on the reference manifold I [¥]. Variation of this functional under arbitrary variation of
fields {p®, c} leads to terms proportional to the equations of motion V,T* = J, - F* and
D, J* =0, which effectively means, using the notation introduced in (7.2),

5Lk (] = (VQTC;C

"~ J&) . Fa“) €ua 09" + DQJ&) . {—(50 ¢l el 60" Opc Tt + AU)} )

(7.37)
Here we are working order by order in the gradient expansion, which as explained earlier
is completely kosher in the absence of anomalies. £;, denotes the scalar contribution at k™"

order in gradients. Using (7.7), we can relate these field redefinitions of the pull-back fields
to the redefinitions of {8*,Ag} in (7.35):

VHE =ehdp®, Ay = —bc ¢t + €5 6¢d,c L. (7.38)
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In practice we can use this redefinition freedom as follows: say we are interested in
contributions to the currents at k* order in gradients. We can implement a shift of ¥ in
all the terms up to the (k — 1) order, so that we pick up a contribution to the Lagrangian
proportional to the conservation equation to one lower order than we are interested in. In
other words

Z oL, [‘I’] = (VQT(%M — J(Ol‘)Fa#) €ua 590a

=1 =1
- (7.39)

+ Z Vad() - {*(56 €760 Opc T+ Ag)} +oe
=1
where we have only retained terms up to k™ order in the gradients. By a suitable choice
of ¢ and dc we can eliminate some of the terms in Ly [¥].

The upshot of this discussion is that we can always choose to parameterize £ [¥] solely
in terms of the on-shell independent scalars at a given order in the gradient expansion.
This has a significant effect in simplifying the computations. An explicit verification of
this statement at the level of neutral fluids at second order in gradients can be found in
appendix F.44

8 Applications of adiabatic fluids

Having in the previous sections given a rather abstract discussion of the Class L adiabatic
fluids, we now turn to some specific examples. We first describe how neutral fluids can be
understood in this language and derive the constraints arising from demanding adiabatic-
ity on such fluids up to the second order in hydrodynamic gradient expansion. We also
comment briefly on the case of charged parity-odd fluids in 3 dimensions working to first
order in the gradient expansion. We choose these specific examples for their simplicity and
also because they have been previously analyzed in the framework of non-dissipative fluids
(Class ND) in [46] and [48] respectively. Later on in section 14 we will also have occasion
to describe charged fluids, when we illustrate the general classification scheme we develop.

8.1 Neutral fluids up to second order in gradients

Consider a neutral non-anomalous fluid for which we wish to find the constraints imposed by
adiabaticity. Since there are no charges we ignore the field Ag and the corresponding gauge
field source A,; thus our Lagrangian is going to be a function only of the hydrodynamic
field B# and the background metric source g,,. Our strategy will be to follow intuition
from hydrodynamics and write down a Lagrangian density order by order in the gradients
of these fields. So we have

L [/@H’g,ul/] = Lo [ﬁu’guu] + Ly [ﬁu’guu] + Lo [ﬁ“,gﬂy] +oee (8'1)

where Lj involves terms with exactly k& derivatives acting on the fields. We will now
proceed to construct the first three terms in the above gradient expansion and derive the
corresponding hydrodynamic constitutive relations.

4Pield redefinitions affecting the entropy current have been described previously in section 5.3.
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8.1.1 Zeroth order in gradients

At leading order in the gradient expansion, we want a scalar function built out of g, and
B*. Clearly, there is only one such scalar which is the norm of 8*, which we can trade for
the temperature T from (2.2). So we can write our leading Lagrangian as

L0168, 9] = p(T). T 1 (8.2)

vV _gw/ /B‘LL BV '

Now we can apply the variational calculus of section 6 to this Lagrangian and extract
the currents. We already know the Bianchi identities and the dynamical equations they
are supposed to satisfy on general grounds. Thus all we need is the analog of (6.3) for our
specific choice of £y. A simple calculation using (E.1) leads to*®

L (VTgLo) = ST ) p P g+ TO B 687 (83)
V=9 2
There are no boundary terms, and the currents are just what we expect for an ideal fluid

T(‘égz (Tp" —p)utu” +p P, Jg,(o) =p u!

%) = p/(T) T2 87
where we identify ¢(T') = Tp/(T) — p(T') with p(T') being the pressure (or negative of the
free energy). We have already verified that the ideal fluid satisfies the adiabaticity equation

(8.4)

directly in section 2.3, but it of course now also follows from the variational calculus.

8.1.2 First order in gradients

Moving to the next order in gradients, we find that there are two one derivative scalars
that we can write down B37V,T and V, B, both of which can be multiplied by an ar-
bitrary function of the scalar T. However, these two scalars are not independent as La-
grangian entries. They are equivalent up to a total derivative term owing to the identity:
f(T)Vu.B* =V, (f(T)B") — f(T)B"*V,T. We will therefore only pick one of them to
include in £1. Since it is simpler to vary the gradient of the temperature, we parameterize
the first order Lagrangian as

L1 [13#’ g;w] = ﬁa Vafl (T) (85)
whose variation again leads to
1 ! ! Q0
= 8 (VL) = (B VT g = TV ') iy + Vo (167 57)
+ f1 (VT = T% (Vo B7) By) 68" (8.6)

The stress tensor arising from adding £, is again of the perfect fluid form, except that the
definitions of the energy density and pressure are shifted by terms involving 3°V,T and
V,3?. The final expressions for the transport data is then:

TL = [ (T Ve + 7V, T) u' u” + f{ B V,T P
1 (8.7)
1) =~ 1 (uVologT + T V,07)

4SDerivatives with respect to temperature are denoted by a prime, viz., F(T) = %.

— 59 —



In addition we have the adiabatic heat and pre-symplectic currents given by
(= fi (V*logT —T*(V,67) B")

R 1 (8.8)
($Ops)" = f1 (T U 08 + o Tu u’ 5gaﬁ> B

The stress tensor appears to be in the ideal fluid form, but given that there are various
gradient terms lurking around, we would like to ascertain whether there are genuine viscous
contributions. The hydrodynamic stress tensor at first order is expected to contain terms
involving the shear and expansion of the fluid whose coefficients are the shear and bulk
viscosities, cf., the Landau frame expression given in (F.12) (see also our discussion in
section 5). To compare with conventional expressions in hydrodynamics it is useful to
write the answer for the stress tensor (8.7) in a more familiar form.

Usually hydrodynamic stress tensors are given in terms of basis of independent tensors
which are identified by invoking on-shell relations at one lower order, cf., [41] for a nice
review of the procedure. For neutral fluids derivatives of the temperature are typically
eliminated in favour of velocity gradients; using the conservation of the ideal fluid we obtain

€E+p

T~——— —
VH 6/(T) euu

€E+p

- a,=Tv’Ou,—Ta,. 8.9
() Gu vs Quy 0y (8.9)

We have introduced the speed of sound v2(7T') to simplify future expressions:

d
2=

- (8.10)

If we eliminate the temperature gradients using the above, we find for the gradients of 3*
the following expressions:

2

1 e Vs
VM'BVET<UMV+WMV+d_1PMV>_T@uuuV’

o (8.11)
V087 ~ T (1+02).

Armed with this information we can then rewrite the hydrodynamic currents in (8.7) as

ideal
pp 1acal [T 2 puv
Tyy = 10 [ufu” +v; P
ideal

n -

1 (8.12)
7 e,
where we have made clear with the notation e that we are only taking the ideal part
of the fluid on-shell. We also can check that the free energy current vanishes ggl) ~ (
using (2.18). Further, using that we have the pre-symplectic potential in (8.8), one can
obtain the Komar charge using (6.23). Noting as described in section 6.2 that we only need
the variation of the background metric under Lie transport by 8" i.e., 0,9, = 2V (,0,)
we have

ideal

KM [B] (8.13)
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We are now in a position to discuss some physical aspects of the first order Class L
term (8.5). The first peculiar feature to note is that while the adiabaticity equation (2.13)
is clearly satisfied, the form of entropy current is counterintuitive. It is well known that a
neutral fluid has no correction to the ideal fluid entropy current at first order. In fact, by
using the standard current algebra logic in hydrodynamics, one can show that an entropy
current with non-negative divergence demands vanishing of the coefficient of © u* at first
order (similarly for the other a-priori allowed vector a*) [2].

Clearly, in the present case what is happening is that the entropy production is being
compensated for by the energy-momentum tensor off-shell (note that we have not imposed
the first order conservation equations as yet). However, we can make a somewhat more
clean statement by examining the stress tensor itself. Since we are free to make a certain
amount of field redefinitions as discussed in section 7.6, which amount in hydrodynamics
language to choice of fluid frame, in comparing the stress tensor we should account for
this. At leading order in the gradient expansion the simplest way to proceed is to project
the stress tensor (8.12) onto frame invariant (i.e., field redefinition independent) tensor
structures. This is implemented by employing the tensor and scalar projectors C%” and
C respectively [3]:

1
Cf = PR PRI - =
1

v 1 2 v 1
Cs—d_lP“ Tlgy)—vsu“u T/S,/).

P/.Ll/ PO{,B T(/lg) ,
(8.14)

Acting with these operators on (8.5), we find the results to vanish identically. In other
words, there is no frame independent on-shell information in the stress tensor. More
importantly, the term in (8.5) which resembles the bulk viscosity term © P*” should not
be interpreted as such; it is not a genuine contribution to the dissipative transport.

For the first order Lagrangian (8.5) we saw that the process of taking the ideal fluid
part on-shell led to a stress tensor with no physical information. We claim that the field
redefinitions described in section 7.6 can be used to remove (8.5) by setting f; = constant,
leading to the same conclusion as above.

Let us see how this can be used at first order for the Lagrangian term (8.5). We start
with the ideal fluid contribution and write

8Ly [B]+ L1 (8] = p'(T) <VH logT — vg ©u, + a#) et S+ fi(T)u’Vylog T+ - -+ (8.15)

Writing v2p'© = (vgp’ -T (ng’)/> utV, logT up to a total derivative we see that
picking

fi
et dp® = — ut 8.16
O A ) T () (510

we can eliminate the £; completely as required.

8.1.3 Second order in gradients

At the second order in gradient expansion we have many new scalar functions built from
the background metric and hydrodynamic fields. One can use the standard fluid dynamical
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parameterization and write the terms as:*6

o* =00, w=w, W, a®=a,0", %, R
Vv, TV, eu'v,T, a v, T, u'V, T u"V,T, (8.17)
Roo = Ry v u”, u'V,0, V3T, uwu'v, Vv, T,

where we have introduced the shear tensor o, and the vorticity tensor wy,; cf., (2.24) and
table 11 for their definition. A-priori we have thirteen independent functions of temperature
multiplying these scalars and making for a rather formidable computation.*” However,
there are some simplifications which we can exploit:

(i) the four terms in the third line can be related to others up to total derivatives

(ii) the four terms in the second line can be related to those in the first by a first order
field redefinition (one chooses ef, d¢® to be aligned along either a* or © u*).

All in all we have five independent terms to consider which still makes for a somewhat
complex computation. The end result is that the adiabatic part of 15 independent transport
coefficients for a neutral fluid at second order [2] is determined in terms of five functions of
temperature, pretty much along the lines of the non-dissipative effective action computation
of [46]. We postpone a full discussion of how this works in full detail (including explicit
verification of our field redefinitions) to appendix F.

For now we will restrict ourselves to Weyl invariant neutral fluids which are much
easier to describe. For one there are only 5 independent transport coefficients [41, 67].
Furthermore, since a pre-requisite for Weyl invariance is that the Lagrangian must be
invariant under Weyl rescalings of the background metric g,,, we also have a reduction
in the number of terms which enter the Lagrangian. The Weyl transformation proper-
ties of various fields are well known. We further develop a Weyl covariant formulation of
adiabatic hydrodynamics to deal with fluids arising from conformal field theories, extend-
ing [56], in appendix D, where the reader can find some of the necessary details for the
computations below.

The Weyl covariant second order scalars at our disposal are (each with Weyl weight*®
w=+2)

o?, W, (“R),  g" (D) logT) (D) logT). (8.18)

46The advantage of this parameterization is that it is easier to read off the energy-momentum tensor upon
variation. It is straightforward to use (2.1) to rewrite these in terms of 3" and its derivatives if necessary.

4T A classification of independent second order scalars was done in [2]. Specifically, off-shell genuine second
order scalars were shown to be five in total, which are the last four scalars in (8.17) along with the Ricci
scalar R. The others are products of one-derivative objects. While [2] took these to be the first four scalars
of (8.17) after using (8.9), we have a-priori included the terms in the second line since we choose to remain
off-shell.

48 A tensor is said to have Weyl weight w if under Weyl rescalings of the background metric g, — e2® Juv
it transforms homogeneously with a rescaling e~*?. The metric itself has Weyl weight w = —2 with these
conventions. For more details please see appendix D.
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Using the identification (D.31), the Weyl covariant derivative is defined in (D.6) and the
associated Ricci scalar in (D.15). Since the temperature 7" has Weyl weight w = +1 it
follows that the Lagrangian which is invariant under Weyl transformations has to take
the form

Y = ke T2 0% + by T % W

+ kr T2 [R— (d—2)(d—1)a*+ %@2 —2(d—2)(d—1)a*V®log T

+2(d—2)Ou*V, logT}

_ 20 02
+ kp 792 ((VulogT)Q—i—Qa“VulogT— d_luﬂvulogT—Faz—(Cl_l)Q)

(8.19)

where k,, k,, kr and kp are constants. All the dependence on the thermal vector is
implicit in (8.19); if necessary we can convert all the terms to appropriate combinations of
B* and its derivatives. The field redefinition freedom discussed in section 7.6 allows us to
set k7 = 0 which we shall do forthwith (cf., appendix F for further details).

The variation of the various terms in the Lagrangian can be computed using the rules
given in (E.1) in a straightforward (albeit tedious) manner. One of the advantages of using
the standard parameterization in terms of the velocity and temperature instead of B* is
that simplifications at intermediate steps using hydrodynamic identities are transparent.
We present the variation of the full neutral fluid in appendix F; see (F.5a)—(F.5e) from
which the relevant details for the Weyl invariant fluid can be extracted. Let us therefore
pass directly to a discussion of the stress tensor.

The Weyl covariant stress tensor for conformal fluid is expressed in a succinct manner
in the following basis of five independent tensors [56] (see also [57]) as:*°

T(/;’;,w = 7uDY o + k CHWP y, ug (8.20)
+ N olne aa"> + Ay olna wal/> + Agw(ua wa”> ’
where the longitudinal Weyl covariant derivative evaluates to
)
u*Dy o' = PP u® Voo + ——o'". (8.21)

d—1
This expression is written in the so called Landau frame where the corrections to the
ideal fluid stress tensor are demanded to be perpendicular to the velocity field, i.e., TH" =
T(‘él)/ + D k1 T(‘;:; with wu, T(% = 0. We can equivalently write (8.20) in a basis adapted to

our classification scheme:

T(/g)/,w =\ —k)oH%GYZ + (N + 27 — 2kK) o HW )T

+ 7 (u*DY oM —20H w7 ) + AgwHw,” (8.22)

+ K (C’“"”’B Uq Ug + oMY= 42 0<“awa”>) .

49When comparing with the expressions in these papers we warn the reader that there are some convention
differences (mostly involving factors of two and the sign in the definition of w,, and some index contractions).
See footnote 91 for a mapping between conventions of various papers.
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As we will see shortly, this adiabaticity adapted basis is more natural for it does not mix
the different classes in the eightfold way; each term will turn out to be at home in a
unique class. The first two terms will turn out to be forced to vanish in Class L, while the
remaining three will be unconstrained.

The raw expressions obtained from the variation in appendix F are somewhat unillu-
minating written as they are in a non-standard basis of tensors. As before we have to use
the on-shell equations of motion for the ideal fluid (8.9) to eliminate the thermal gradient
terms. A somewhat more tricky proposition is the fact that the stress tensor which solves
the adiabaticity equation is not necessarily in the Landau frame. Since the solution to the
adiabaticity equation (2.13) in Class L for non-anomalous fluids has J§ = su* one may
in fact view the result as naturally being cast in the entropy frame (see also [46, 48]). To
compare the results with the Landau frame presentation, we first switch off the first order
terms (since they carry no physical information). We then project the stress tensor com-
puted by the variational principle onto the frame invariant tensor and scalar parts. This
is a relatively trivial exercise and one can then read off the coeflicients of the independent
tensors used in (F.12). The projectors in question are given explicitly in (8.14). Carrying
out the aforementioned computation we find the following set of transport coefficients for
a Weyl invariant neutral fluid [65]°°

n=¢=0,
T=—(2(d—2)kp+2kys) T4 2,
k=—2(d—2)kpT%?,

AN =—2(d—2)kpT9 2,

Ao = 4k, T2,

A3 =—2((d—2)kr —2k,) T4 2.

(8.23)

The scaling with temperature can of course be determined on dimensional grounds. Equiv-
alently, the Weyl covariant stress tensor in Class L is forced to take the form

1224 _ AW v <pc, , v> <po,  v>
T(2),W_T(“ Dyo 20°M% 7)) + A3 wH W,

(8.24)
+ K (C’“a”ﬁ U UG + oMYV 42 a<”awa”>)

which is written in the basis of (8.22) and can be derived from a two-derivative La-
grangian density

1 2K
Ly = 1 [— ) "R)+2(k—T) 0%+ (A3 — K) w2] . (8.25)
What is interesting about the result (8.23) is the following: given that there are a-priori

three parameters allowed in our Lagrangian, {k,, k., kr}, after exploiting field redefinition
freedom, we expect two relations between the five transport coefficients. These can be
ascertained by inspection of (8.24) to be the simple linear relations:

A=K, Ao =2(k—1). (8.26)

50The first derivation of the second order transport coefficients was carried out explicitly in d = 4
by [41, 67].
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These relations are actually quite fascinating; we have an infinite class of hydrodynamic
constitutive relations for which they hold thanks to the holographic fluid/gravity corre-
spondence, cf., [52]. We will return to a complete discussion of holographic fluids and its
relation to the adiabatic eightfold way in section 14.

8.2 Parity-odd fluids in 3 dimensions

Our second example concerns the class of parity-odd charged fluids in 3 spacetime dimen-
sions. This system has been described in the non-dissipative effective action framework
originally [47] and was revisited more recently in [48]. The investigations of the latter
reference revealed that there is some tension in incorporating aspects of Hall transport
in this framework (see also [46]). This has been addressed in an intriguing recent devel-
opment [49], wherein the Hall viscosity coefficient was captured in terms of a non-local
term in the effective action. For the present we will focus on local Lagrangians, but will
comment on the non-local terms at the end. Given our discussion of the neutral fluid in
section 8.1 we will be a bit brief in the following, indicating just the salient results.

8.2.1 Zeroth order in gradients

Since we are dealing with charged fluids, we now have the full set of hydrodynamic fields
W to consider. At leading order in the gradient expansion, we need a scalar function of
these fields. A moment’s thought suffices to note that the only function of relevance is a
scalar function of temperature and chemical potential (which will be the Gibbs free energy
for the system). To wit, we have

Lo [®] =p(T, ). (8.27)

Applying the variational calculus of section 6 using (E.1) leads to®!

1 1
——0(V=9Lo) =5 (TP +pp—p)u'u’ +pP")dgu +pu’dA,
\/jg ( ) 9 (( ) ) 2 (8.28)
+ (T9 +up) T?Bo 087 + T (6Ag + As 5687)
There are no boundary terms, and we have the currents for an ideal charged fluid
Tioy = (Tp' + pp—p)uu” +p P, Jjo =pu, J§ =p'u* (29)

by = (T0 +up) T B, Ny =P
In the present instance, p is the pressure of the system and the charge density is given by
the thermodynamics to be ¢ =p and e = p' + up — p.
8.2.2 First order in gradients

Moving to the next order in gradients, we find that there are no interesting parity-even
one derivative scalars build from ¥. The argument for this follows along similar lines as

51'We will continue to denote temperature derivatives with a prime, while derivatives with respect to
chemical potential are denoted with an over-dot.
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that presented in section 8.1, so we will refrain from repeating it again here. Physically,
of course, this is easily understood by noting that there are no non-trivial solutions to the
adiabaticity equation at first order in gradients.

However, if we have a system that is parity-odd, then in 3 spacetime dimensions we
can write down two scalars which, following [48], we parameterize as

L1 [®] = (T, 1) e”* u,p Vouy + b(T, 1) 77 u, Vo Ay, . (8.30)

In fact these are the two terms which are allowed in the hydrostatic partition function [68].

We have set to zero the parity-even first order terms such as the charged analog of the term

discussed in (8.5). They do not contribute to physical transport data. As a result, one can

essentially view £ [¥] as the off-shell extension of the equilibrium partition function.
Varying the Lagrangian density we find for the hydrodynamic currents

T4 = 26007 0P (20 Vg + 5V, A5 — 1y [0/VoT +10 Vop| )
+ P ([Tt{a’+un‘a+2na} Q+ [T6’+u5+ 6} %)
Ja) =7 Ve — €7 u, ([;' VT + Evgu) + [ﬁ) Q+ [NJ%} u® (8.31)
with the pre-symplectic potential
(6@PS)‘(71) = w(T, p) e”* u, Suy + b(T, 1) €77 u, 5 Ay (8.32)
and the adiabatic heat current and adiabatic charge density entering the Bianchi identities
bei) = ([Ttﬁ’+ur§+2t{1} O [T6’+ME+ 6] ‘B) u®
7 (20 Yy — 101, Vo — /0, Vo T+ 6V, 4,)  (8.33)
=0+ bB (8.34)
where we defined the parity-odd scalars

Q= eroA up Vot B = —r7A upBox = gPoA up, VaAy. (8.35)

DO | —

The entropy current derived from (8.33) and (8.34) reads
Jh = (Fo’ Q4 p ‘B) ut (8.36)

These expressions are reasonably similar to the ones derived in the non-dissipative effec-
tive action formalism by [48]. One can pursue their algorithm to extract the transport
coefficients as we summarize below.

Firstly, the most general parity-odd first order stress tensor and charge current are
given by the following Landau frame expressions [68]%2

T(Og =(—CO+xBB+xa) PP —2no®f — iy ghv(e Uy aﬁy) , (8.37)

Ty = Oopm 0"+ X1 € 0y VT + Xp e uy By + G €™ uy 0, (8.38)

%2The analysis of [68] also a-priori allows the two further parity-even vectors contributions in the charge
current, viz., Ji, = —xr T'a® + xg E%. We have used the fact that the only parity-even contribution
compatible with the second law is the conductivity term exhibited in (8.38) and thus set xr = xg = 0.
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where we use the parity-even vector introduced in (2.25). The coefficient 7y is called the
Hall viscosity and & is the (hydrodynamic) Hall conductivity. We will refer to yr as the
odd Ohm conductivity and Y7 as the odd thermal conductivity.

To compare this expression with (8.31) we have to project once again onto frame

invariant combinations. Doing so we find the following relations (setting fi = HTP =u+ %
and v2 = [g—f}q with ¢ = p for brevity):
TXT:<E_T$_“§E)_;(%_T?§_“§2> ’ (8.39)

We see from (8.39) that the stress tensor does not have any frame-invariant tensor
data and thus the Hall viscosity 7y predicted by (8.30) vanishes, consistent with [46, 48].
Examining the charge current, one finds that the Hall conductivity ¢y and Yg can be
taken to be the independent transport coefficients:

o =

@2 | gy (e +om) +2%e | 2
2 Q. (g)
o\ (8.40)
ji & (XB +6n) + 28
9 (1)
ap \ ¢

It is a-priori tempting, based on the linear relation involving the odd Ohm and Hall con-

(=}
I

N | =

ductivities, to speculate that one can fix 6y in terms of the other transport coefficients.

We expect in general three relations amongst the set {xq, X5, X7, XE,0H}. One of
these is the expression in the penultimate line of (8.39). Another which can be ascertained
by eliminating the Lagrangian scalars from the first four lines of (8.39) is

- 1. 5 ap| .
XB—=Xo—v;TXT = [8])] XE (8.41)
K q]e

These results of course agree with those derived earlier in [68] (see also [3]). The final
relation can be written using (8.40) eliminating the Lagrangian scalars to, b. We have
not been able to derive a simple closed form answer, since we seem to need to employ
thermodynamic identities in an involved fashion.
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Passing to a simpler context of Weyl invariant fluids, reveals an unnecessary nuance.
Now, ( = xB = xa = 0 by the tracelessness of the stress tensor and xr = 0 by virtue
of V, T not being homogeneous under Weyl rescaling (see appendix D). Then the only
non-vanishing vector transport are the conductivities and the parity-odd ones have to be
determined in terms of the Lagrangian functions.®® One linear combination of ¥p and
o gives a linear combination of the Lagrangian scalars, but this allows both of them to
be independent.®

Despite these complications we suspect that Class L does not allow for the most general
form of the Hall conductivity 6. At the same time, a curious fact of the Class L effective
action is the vanishing of the Hall viscosity as has been noted earlier in [48]. In summary
we see that in Class L

ﬁH = 0, 5H = fixed. (8.42)

As we shall see later in section 9 these relations are akin to the relation between
{7, A1, A2} for the neutral fluid (8.26). Since 6y and 7y are completely unconstrained by
the second law [68] one should find that any value for the Hall viscosity is acceptable in
hydrodynamics. We defer comments on non-local Lagrangians and the recent construction
of [49] to section 9, since understanding deviations from relations such as (8.26) and (8.42)
is part of a more general endeavour of constructing actions for Berry-like transport. Once
we understand that they are Berry-like terms (Class B), we will be able to find an effective
action which allows arbitrary non-vanishing value of 7y and 6 in our extended formalism
(see section 17).

9 Class B: Berry-like transport

We have explored for the most part of our discussion, solutions to the adiabaticity equation
classified by a Lagrangian £ [¥], which we termed as Class L adiabatic fluids. This raises
an interesting question: “Are all solutions to (2.12) obtained from a suitable Lagrangian?”
The answer surprisingly turns out to be no! There are several classes of adiabatic transport
that do not appear to fit into a simple Lagrangian description. We have already hinted that
anomalous transport (Class A) requires more structure. In particular, in [30] we argued
that an anomalous hydrodynamic effective action necessarily involves a Schwinger-Keldysh
doubling of fields in order to satisfy the correct Ward identities. One might argue that
such transport comprising typically of finite set of terms (those governed by the anomaly)
is special.

However, strangely enough, this doubling trick by itself does not appear to suffice in
general. We find three additional classes of transport, of which two (Class B and Class Hy)
are non-finite classes (the third Class C is finite). To complete our classification scheme
and to understand the nature of adiabatic transport, we have to indeed analyze what such

®30ne can confirm that (8.33) trivializes in a Weyl invariant fluid.
54The one exception to this argument is the special case of an equation of state where we have a temper-
ature independence, e.g., p(T,u) = C u? for some constant C' as one encounters for an extremal black hole

(in the holographic context), since this implies that a% (%) =0.
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constitutive relations mean. Therefore, before trying to enlarge the set of Lagrangian Class
L transport by incorporating Schwinger-Keldysh doubling and influence functionals (c.f.,
section 13), let us now explicitly construct the parts of adiabatic transport which do not
seem to fit into Class L.

We start with adiabatic transport that we call Class B (for Berry curvature inspired
constitutive relations). These Berry terms actually arise in familiar contexts of hydrody-
namic transport, and have indeed been encountered hitherto, without the general structure
however being appreciated. The simplest examples of these arise in parity-odd fluids in 2+1
dimensions, where the Hall transport falls in this class, cf., section 8.2. We first introduce
the basic tensor structures and constitutive relations in section 9.1 and then exhibit some

examples to illustrate the construction.®®

9.1 The Berry constitutive relations

We now describe a large set of solutions to the non-anomalous adiabaticity equation based
purely on exploiting some tensor structures which conspire effectively. The logic is going to
be similar to our discussion in section 5. We will start with the grand canonical adiabaticity
equation (2.21) reproduced here for convenience:

7 1
~Vo <gT> = 5T 0p g + I - 0, Ay (9.1)

We are going to use the fact that the r.h.s. involves an explicit contribution from the
variation of the background fields along B via the {0, ¢,.,, 6, A, } insertions. Imagine picking
an ansatz for the conserved currents which also contains an explicit insertion of these
operators, i.e., schematically consider T"” o 6,93 and J* oc 0, Ag. If the intertwining
tensors that complete the map above have the appropriate symmetries, then it is plausible
that upon further contraction with d,g,, or d,A, we ensure that the divergence of the
free energy current vanishes. This means that we can solve the adiabaticity equation
with the no free energy current; the conserved currents themselves conspire to ensure lack
of dissipation.

Inspired by the above argument, consider the following constitutive relations:°
1
(T")p = —7 ( A () (@B) _ N(aﬁ)(w)) 8y Gag + XI5 AL
1 (9.2)

(J)5 = —5 X5, g,,, — S - 5, 4

where { N8 xrve SeBl are arbitrary tensors (modulo field redefinitions). Here (o) and
[af] indicates the usual projection to the symmetric and anti-symmetric parts respectively.

5Using the differential operators introduced in section 5.2 one can in a single swoop construct all Class B
constitutive relations. This discussion being somewhat abstract is better appreciated once the basic story
is laid out.

56The conflation of the notation with the tensor structures used for describing Class D constitutive
relations in section 5.3 is intentional. It will allow us later to talk about a single tensor structure whose
symmetric part contributes to Class D and anti-symmetric part to Class B.
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Substituting the above constitutive relations into the adiabaticity equation in the grand
canonical ensemble, we get

1
5 (T8 8,000 + ()1 0, 4

1
= = (NW@B) _ Ar(@B) )} 5 g 8 g,
+ 52((“”)0‘ (8 G O Aa — 0 Any 83 g) — 0, A - S5 Ap

=0

we see that we solve the adiabaticity equation (9.1) if we simply take (G7)pg = 0.
In the micro-canonical ensemble, this is equivalent to taking the entropy current to
have a purely canonical contribution, viz.,

()8 = —Bo(T*")s — (Mg + B45) - (J)p

1]1 1
. { (N(aﬁ)(;w) _ N’(W)(aﬂ)) ug 5 X(w)a}% "

T)4 (9.4)

1
o7 {X(a‘””“ﬂ — SM} 0, A

Thus, equations (9.2) and (9.4) give a large set of adiabatic constitutive relations. The set of
constitutive relations parameterized by these expressions is what we term to be Class B.?”

Before we proceed further with our analysis, let us pause to motivate our terminology.
The tensors which multiply 4, g, and é,, A, are anti-symmetric for the most part (the only
symmetric tensor is the compensator X which mixes the two sources). Such anti-symmetric
tensors may be viewed as curvatures in the phase space of hydrodynamic fields ¥; indeed,
they have the correct symmetries to be interpreted as such. Phase space connections and
associated curvatures typically contribute to the Berry phase picked up by the system
when it is made to traverse a closed loop in configuration space. While we have not quite
justified why {N [(u)l(@B)] | § [W}} should be thought of as configuration space curvatures,
supporting evidence for this interpretation can be advanced by examining the physics of
Hall viscosity [58]. As we will see below the Hall viscosity term is the simplest example of
Class B transport, and the fact that it is associated with the dynamics of quantum states
in the phase space makes it plausible to forward a rationale for our terminology.

All the Class B constitutive relations trivially satisfy hydrostatic principle because
they vanish in hydrostatic equilibrium. They thus drop out of the hydrodynamic equations
in the hydrostatic limit. These are thus examples of non-hydrostatic but non-dissipative
constitutive relations. In fact, some aspects of these as we shall see have been encountered
in previous analyses but were not identified to belong to this general class. For instance in
the analysis of [68] it was noticed that the Hall transport coefficients are unconstrained by
any form of the second law, while [46] noticed a similar feature for a particular combination

57See, however, the slight generalization below.
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of second order transport coefficients for a neutral fluid. We will now show how these arise
within the general construction above.

While a general Class B term can be characterized by the tensors {N,X,S} with
the indicated symmetry properties, which can be classified by working in the gradient
expansion, a slight generalization allows us to write a complete solution to Berry transport.
Recall our discussion of tensor valued derivative operators and the set of intertwining
tensors used to describe dissipative Class D transport in section 5.2. This construction
can be exploited to give non-trivial Class B relations as well. This is not quite useful for
the purposes of classification, but does provide an alternative perspective on the Berry-like
transport whilst simultaneously indicating some degenerate situations where naive Class
D terms are actually adiabatic. Furthermore, it substantiates our earlier statement in
section 5 regarding the adiabatic nature of non-symmetric intertwiners.

Firstly let us ask when A obtained in (5.15) vanishes. As the interwiners {n,o}
connect two identical representations, this will happen whenever they transform in an
anti-symmetric representation, i.e.,

A=0 = n € Asym (Tens, ® Tens,)) , o € Asym (Tens, ® Tens,) . (9.5)

So we clearly have an adiabatic constitutive relation. Thus, equations (5.8) and (5.14)
along with the conditions (9.5) give a large set of Class B solutions. One can get even more
by generalizing the intertwiner matrix in (5.12) to contain off-diagonal mixed intertwiners
k € (Tens,, ® Tens,) as follows:

Th _ T%,g Tg,g nkK Ty, Tya %539 ‘ (9.6)
J 5 Ty, Yoo -k O Yo, Yo, d, A

The additional k-intertwiners with opposite sign drop out of the entropy production (5.13),
so they contribute to Class B.

While the description in terms of the tensor valued differential operators T and inter-
twiners {n, k, o'} provides a complete description, there is one difference between this pic-
ture and the simpler parameterization introduced in (9.2), which should be borne in mind.
This concerns the free energy flux. When the tensor operators T in (5.8) are just tensors
(i.e., they do not involve derivative operators), they reproduce the simple parametriza-
tion (9.2). For in this case no integration by parts is necessary to obtain (5.14), so the
Noether current is just zero (which is consistent with (9.4)). However, in the more general
case that the constitutive relations (5.8) contain genuine derivative operators, one has to
do an integration by parts in (5.13), leaving behind some total derivative terms that give
a non-canonical contribution to (J§)g.

Further, this construction makes it also clear that there are certain constitutive rela-
tions which we would want to think of as dissipative, which end up nevertheless in Class
B. These are situations wherein the intertwiners {n, k, o} themselves are built from higher
order mixed symmetry representations. Consider for example, the following tensor repre-
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sentations

| |=Sym,,

‘ (aB)(uv)(pA) ‘ (aB)(uv)(pA)

Nl )] _ A8 EN) _

63 pX > 53 Guv (9.7)

i.e., we obtain the intertwiners from the same underlying representation Hj by contracting
different sets of indices. However, when we compute A we find

A = 8, gas NU@OEOD) 5 o

| (aB)(ur)(pA)

= 5’39015 52390)\ 5939#1/

(9.8)

5y oy NLOONW o
=0.

A similar analysis can be carried out for the flavour charges, by working with the repre-
sentation Vect instead. In fact, we can make the general statement by choosing to work
with the representations Tens,, and Tens, respectively. Let

= Tens,, [o]|= Tenss, (9.9)

and define

np € L ’7‘, op ez o] (9.10)
/A o

will provide examples of naive Class D terms which secretly belong to Class B, since they
do not produce any entropy.

Before proceeding with explicit examples of Class B terms, we should point out that
the constitutive relations above (9.2) are subject to field redefinition ambiguities. For
instance we can redefine the thermal vector and twist as in (7.35) which would then affect
the intertwiners. We leave it as an exercise for the reader to work out what the changes
induced are, noting that they involve rather messy algebra. We will however have a bit
more to say about this as we develop the eightfold effective action in section 17.

9.2 Examples of Class B transport

Let us now consider some examples of Berry transport. By construction, Class B constitu-
tive relations have at least one derivative (since ¢, ¢, and d, A, is linear in the gradients
of {B*,Ag}). Thus, there are no examples in zero derivative order.

Hall transport in 3 dimensions: at one derivative order, in 3-dimensional parity vi-
olating fluids, there is an adiabatic constitutive relation that can be obtained by setting
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NwabB = i Tu,ePt™ PYP along with X = 0 and 8% = —&,, Tu,e”*P. We obtain
then for the currents

(T")g = —ij,, Eaﬁ(uuagﬁl/) ,

Qe

(J¥)B =Gy - €*Tupb, (9.11)

H

Qe

(JS)B = R T

n
T

We recognize the transport coefficients ,, and 7, as the Hall conductivity and Hall vis-
cosity respectively, from our discussion in section 8.2. As mentioned earlier the fact that
the Hall transport terms on-shell lead to an exactly conserved entropy current (from the
adiabaticity equation) was the reason that [68] found in the current algebra approach no
constraint on them from the second law. Since the tensor structures vanish in hydrostatics,
so we have no information regarding these terms from the equilibrium partition function.

Berry terms in neutral fluids: our second example for Class B constitutive relations
is perhaps in the simplest hydrodynamic system imaginable, a neutral fluid! While there
is no adiabatic transport at first order, we have seen that there are adiabatic parts to each
of the 15 transport coefficients of a neutral fluid, cf., appendix F. Amongst these lurks a
term of the form (9.2). Since 6,9, = 2V(,8,) can be written using (8.11) in terms of
the shear etc., and is clearly a first order term, we pick for the tensor A% another first
order contribution. The symmetries we require fix this tensor uniquely to be

NHveB _ o (A(, ot PB4\, whe PVﬁ) (9.12)

Using the decomposition of the gradient of 3" we can express the stress tensor in a sim-
ple form:

(TH)g = —Ao (O 0™ — a® PH) — A, (w'*0¥, + w” o) (9.13)

Let us compare this with the parametrization of the second order Landau frame stress
tensor given in (F.12). Using two simple identities

Ao + Ao —
2000+ & Puo? = L (00 + Pruo?) + 27 (00, — Puuc?) (9.14)
o) = 5 (WL + )

we identify the two coefficients A\, and A\, as determining linear combinations of the trans-

port coefficients, viz.,

§2— Ao
5

Ap = Ay =2, (9.15)

The fact that the two tensor structures appearing in (9.13) are non-dissipative was in fact
was noticed in the analysis of [46], but again it was not appreciated then that these were
part of a larger set of adiabatic transport data in hydrodynamics.
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9.3 Embedding Class B in Class L?

Given a couple of examples at our disposal let us take stock of whether we can identify
a way to embed Class B into Class L. Each of our two examples has been explored in
the non-dissipative effective action framework. So we can make some informed statements
about whether or not this is possible. Since the details seem to be a-priori distinct in the

two cases we will address them in turn.

Hall transport: the analysis of [48], building on earlier work of [47] and [46], argued
that there is no local effective action that captures Hall viscosity. Furthermore, it was
found in that construction that the Hall conductivity was not an independent transport
coefficient, but rather a linear combination of it and the coefficient Y g introduced in [68]
was fixed by the effective action. More specifically, the tensor structures involved are the
ones displayed in (9.11).

We find a very similar relation in the Class L construction outlined in section 8.2. In
particular, in (8.39) we have derived the parity-odd transport coefficients in terms of the
Lagrangian scalars {E;, }. As there are six parity-odd transport coefficients and only two
scalar densities, we expect four relations amongst the transport. Two of these are hydro-
static relations which eliminate two combinations of of {Xq, X5, X7r}. One such relation
is easy to find algebraically and is given in (8.41); the other appears to be complicated
to obtain in closed form. The third relation, which is not hydrodynamic, appears to fix
Hall conductivity ¢y, which is invisible in hydrostatics, in terms of a hydrostatic response
parameter Y, [48, 68]. The final relation is the one that sets the Hall viscosity 77 = 0.

A-priori, given that the Hall conductivity and viscosity are adiabatic, any value for
these hydrodynamic transport coefficient is acceptable. So it is in fact somewhat curious
that the Class L theory fixes their value so specifically. The results obtained herein are
consistent with the effective action analysis of [48] (which involves a Legendre transforma-
tion — see appendix B). It should be noted that recently [49] have argued that a suitable
non-local term allows one to at least obtain non-vanishing Hall viscosity. The construc-
tion involved constructing a Wess-Zumino term in the configuration space of fluids (using
the Lagrangian scalar variables of the non-dissipative effective action formalism of [45]).%®
While this construction does indeed give a non-vanishing Hall viscosity, it however con-
strains it to be of the specific functional form 77 = s f(q/s), as opposed to a general
function of s and ¢ (or T and p after Legendre transformation). We believe this is sig-
nificant and points to a different resolution of the puzzle of Class B Hall transport terms.
Indeed, we will later exhibit a Lagrangian system in section 15 which will give us the most
general form of Hall transport.

Neutral fluids: the situation in the neutral fluid case is similar. A9 is fixed in Class
L, and is constrained to obeying the relations (8.26) and (F.18), in situations with and
without Weyl invariance respectively. Furthermore, these relations appear to be upheld in
two extreme corners: for Weyl invariant strongly coupled holographic plasmas as well as

58 A general construction of Wess-Zumino terms for a wide class of physical systems with various choices
of internal symmetries was described in [69].
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in kinetic theory.”® Once again we do not know of a simple modification to incorporate
these terms in Class L, but we will make a case for an extended Lagrangian which allows
arbitrary values for Class B transport coefficients in due course.

10 Class C: conserved entropy

In hydrodynamics, the conserved currents {T#", J#} are canonically defined, but the en-
tropy current J: gf is a more abstruse object. It has no microscopic counterpart, arising as it
does due to coarse-graining inherent in the statistical description of the quantum system
of interest. Per se one only requires an entropy current satisfying V,J§ > 0 or (2.11) to
exist, with no implication of uniqueness. The ambiguities in entropy current have been
well appreciated in various discussions, cf., [2, 37, 64] for a sampling of recent literature
where this issue is clearly spelt out.

We will now argue that there is one more type of adiabatic constitutive relation solv-
ing (2.12) which relies potential ambiguities in the entropy current. Recall that in Class L
one can always add arbitrary Komar terms as in (6.21) to any entropy current determined
by the Noether construction (in the absence of interesting cohomology). Such ambigui-
ties in the entropy current are physically uninteresting and we won’t discuss them further.
However, there may actually be other entropy current contributions which are cohomolog-
ically non-trivial but still identically conserved without producing energy-momentum or
charge transport. These terms are not accounted for in our previous analysis because all
adiabatic classes so far led to non-trivial energy-momentum or charge currents, even taking
into account field redefinitions.

Let us therefore examine as our next class of non-anomalous adiabatic constitutive
relation a very simple set of currents. At any order in the gradient expansion one can
consider a family of exactly conserved vectors J#, V ,J# = 0. Since we are only interested
in solutions to (2.12) we can simply set

(o=, (T"™)ec=0, (J"c=0 (10.1)

and achieve this desired outcome! As long as we have conserved vector fields J* [¥] we
have achieved a trivial adiabatic constitutive relation.

For reasons described earlier, not all conserved vector fields J#, or equivalently their
dual current (d —1)-forms j, are physically interesting. A trivial class of conserved currents
can be obtained by taking J* = V, XI#! for some anti-symmetric tensor X*; in other
words the entropy current (d — 1) form is exact xj = d(xx) = d(xj) = 0. As in any
physical application, we are interested in cohomologically non-trivial conserved currents.
These are similar to the Komar terms encountered in Class L which are uninteresting as
long as there are no boundaries. We shall later see that in the extended Lagrangian theory
these will correspond to total derivative boundary terms. We will henceforth quotient the

59In the holographic context the relations are only valid in two derivative Einstein-Hilbert theory. Higher
derivative corrections appear to spoil the Class L relation fixing A2, see [70-72] and our discussion in
section 14.5.
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space of conserved currents by such exactly conserved currents and Class C will comprise
of cohomologically non-trivial currents.

Since here we have no energy-momentum or charge transport, but solely entropy flux
along the chosen vector field, one has a macroscopic manifestation of entropy without
any physical effect. While one might a-priori think that even non-trivial elements of the
cohomology, i.e., non-exact (d—1)-current forms are uninteresting, there are certain choices
of J# which are worth exploring closely.

To do so, let us consider some examples, starting as usual with parity-even charged
fluids. For vectors built out of ¥ and their gradients, it is clear that there is no con-
served vector at first order in gradients; the three parity-even vectors a*, © u* and v* are
generically non-conserved. At higher orders it is possible to find conserved vectors, but
most of these are exact differentials of the form V, X#. For instance, we have five such
vectors at second order in gradients, since we have a plethora of first order anti-symmetric
tensors [37],

X1 e {ult gl i gV gl (%) , PHOpYB F Y (10.2)

which give an exactly conserved entropy current at second order. These we discard for
being trivial cohomological elements.

One however has a non-trivial conserved current in odd spacetime dimensions owing
to topological considerations. The simplest example is in three-dimensional parity-even
neutral fluids where, inspired by Wen-Zee shift current [59] which appears in Hall transport,
we have the following second order conserved vector:

1 1
e =_c g70B ghv Uy, <Vaul,v/3U)\ — RVAQ5> , (10.3)

Euler 2 Euler 2

where Rqg.s is the Riemann tensor and c is an arbitrary constant. The nomenclature

Euler
is motivated by the fact that the conserved topological charge associated with this current
is the Euler characteristic of the codimension-one spatial slice normal to u# [61]. It is
easy to check conservation directly, though the analysis is greatly facilitated by writing the
associated current 2-form. We give a simple derivation of this fact and the generalization

to arbitrary odd d = 2n+ 1 dimensions in appendix C.%° From there we find that in general

g - _ i c OQ102...02n—102n ,  HV1V2...V2n—1V2n
Euler 2n Euler i
1
X §RV1V2041042 - Valuyl vazullg
1
X §RV2n—1V2n042n—1042n - ann—luVQn—lva}anZn (104)

is a conserved current present at the (2n)*™ derivative order and gives a Class C solution
to (2.12).

50These currents were recently revisited in the context of parity-odd Hall fluids in [60] and [61]. The
latter work independently generalized the construction to arbitrary odd dimensions. Our discussion in
appendix C provides a complementary perspective.
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Let us understand the physical consequence of the Euler current contribution to en-
tropy current in d = 3. The Euler current reduces to the Euler character of the spatial two
manifold on which we place our fluid. Let us for simplicity take M3 = R x Yo where Y is a
compact two manifold. Then Jt! w, is a measure of the topology of Y2, and in particular
its integral gives the Euler character (and hence the genus) of this two-manifold. Since
there is no a-priori reason to restrict attention to spherical or planar topology, we can con-
sider fluids on negatively curved Riemann surfaces and extract a contribution from J& .
The topological contribution will compute a degeneracy in terms of the Euler character
5 = Cpyler X

This situation can be realized holographically. A three-dimensional CFT such as the
M2-brane worldvolume (ABJM) theory can be placed on M3 = Rx 5.5 While the vacuum
dynamics of this theory is ill-behaved owning to the conformal coupling of the massless
scalars (transforming in the 8, of SO(8)g), it is plausible that the thermal corrections
stabilize the theory. In the strong coupling limit the gravity dual is given by supergravity
on AdS; x S”. The four-dimensional Gauss-Bonnet term is the leading correction to the
two derivative Einstein-Hilbert dynamics. This term is however topological and integrates
to a pure boundary term and thus does not affect dynamics. It does however change the
degeneracy of the thermal density matrix. In particular, in the presence of this Gauss-
Bonnet term, a black hole in AdS, picks up a contribution from the Wald functional [73]
proportional to the Euler character of the spatial two-manifold which is the bifurcation
surface. For the CFT on R x Y5 the black hole horizon is such that its spatial cross-
sections and especially the bifurcation surface have the same topology as ¥s. Then the
Wald entropy does get a contribution proportional to x(X2) which is indeed what we see
purely from a field theory analysis. One can furthermore check that the pull-back of the
Wald functional on the horizon onto the boundary, to define a boundary entropy current as
in [64] will indeed give a contribution of the form (10.3). Similar remarks apply to higher
(odd) dimensional CFTs on topologically non-trivial backgrounds. Indeed (10.4) entropy
current is obtained from a particular Lovelock term in AdSg1.

The above discussion can be extended to charged fluids. For example we can consider
the Chern current in even spacetime dimensions

a — 1 O Q2 " Q2n—102n .
Chern on cChern € FalaQ Fa2n710¢2n ’

(10.5)

which despite being exact does contribute to the degeneracy of states and thus the entropy.
One easy way to intuit this is to look at the a three-dimensional field theory again (n = 1).
Now we have a background magnetic field in the spatial manifold which is well known
to contribute to ground state degeneracy (e.g., classic Landau level physics). In higher
dimensions we would be picking up contributions when the topology of the gauge bundle
is non-trivial (e.g., instanton bundle in d = 5). It would be interesting to investigate other
such contributions from combinations of the background sources and realizations of such
effects in physical fluids.

51These considerations extend to other three-dimensional QFTs; we simply choose the ABJM theory for
illustrative purposes.

- 77 —



11 The vector classes: transverse free energy currents

We now turn to another family of solutions to (2.12) which are not captured by Class L
Lagrangians. The transport terms constructed in this section rely on the presence of a set of
vector fields. These fields could be hydrostatic whence the transport will be characterized
by the Class Hy terms encountered in section 4. It also transpires that we can have non-
hydrostatic vector fields which give solutions to the adiabaticity equation; we will name
the set of constitutive relations thus determined as belonging to Class Hy (in analogy with
our distinction in the scalar case).

11.1 The hydrostatic Class Hy

In section 4.1 we have already mentioned the fact that hydrostatic partition functions are
either classified by scalar densities or by conserved transverse vectors Py which satisfy

Kq(Py) =V, (P/) =0. (11.1)

Hydrostatic Hydrostatic

Their contribution to the equilibrium partition function is as indicated in (4.11). We
note that such terms have been studied in the context of Cardy-like formulae in higher
dimensions [11, 13, 18, 74]. These terms first showed up as ‘integration constants’ of
the anomaly induced transport [8, 22]; that they contribute as vectors to the partition
function was first realized in [3]. These terms are sometimes termed transcendental anomaly
induced transport terms in order to distinguish them from the ‘rational’ anomaly induced
terms in Class A. These names emphasizes the fact that Cardy-like formulae for Class Hy
transport always involve extra transcendental factors of 27 unlike the Class A transport.5?
The supersymmetric cousins of Hy, play a crucial role in the recent proposals for Cardy-
like formulae applicable to supersymmetric partition functions [76]. We will now review
the structure of these terms as discussed in these references mainly to give a complete
representation of all the classes of adiabatic transport.

Let us begin with a simple example in two-dimensional fluids (d = 2). Consider the
following adiabatic constitutive relations

(T, = =28, T? e, (g, =0,  (J9m, = -2 Teu,. (11.2)
This corresponds to a transverse free energy current
(G, = &, T? M, . (11.3)

These constitutive relations can be derived from a hydrostatic partition function
1 _
WHydrostatic = _/ (T (gU)HV [‘I’g{]) dd 1S0' . (114)
XE Hydrostatic

It is easily checked that these constitutive relations solve adiabaticity equation (2.21) for
an arbitrary number é,;. It was argued in [11] that for a general field theory, we have ¢, =

52Such contributions are also well understood in the holographic context and we refer the reader to [75)
and references therein for a detailed discussion.
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2(27r)2(:g where ¢4 is the Lorentz anomaly of the underlying two-dimensional theory. For
2d CFTs, this is just the (parity-odd part of) Cardy formula. Thus, the parity-odd Cardy
formula relates the coefficients that appear in the Class Hy with the anomaly coefficients
that appear in Class A constitutive relations (which we will encounter in section 12).

The above construction (and the corresponding parity-odd Cardy-like formulae) can
be generalized to arbitrary even dimensions following [13]. We will give a description of the
construction below for completeness, but the reader may find the discussion below more
comprehensible after reading through our Class A section, section 12.

Given the close relation between the Class Hy and Class A constitutive relations that
Cardy formula implies, it is useful to set them in a common formalism. To this end, it is
convenient to introduce a new gauge field A", and an associated chemical potential p™.
It turns out to be natural to treat the temperature as the chemical potential (by thinking
of it as the twist in the thermal circle), so u™ = T'. This is equivalent to introducing Ag)
such that Ag) + B7AT, = 1. We will take the field-strength F(",, corresponding to this
new gauge field to zero.%?

With this gauge field, Class Hy constitutive relations take the same form as Class A
constitutive relations (but now involving p'™ in addition) and the coefficients in Class Hy
correspond to pure and mixed anomalies involving the new gauge field A7),. The higher
dimensional analogues of Cardy formula can then be phrased as fixing the new anomaly
coefficients in terms of the usual anomaly coefficients. In d = 2n dimensions, Class Hy
constitutive relations are characterized by the exact forms encoding these new anomalies.
Thus, consider an anomaly polynomial relevant to Class Hy of the form

|24 ]
PHV = Z (F(T>)2j /\’P(Hv,j) [F,R], (11'5)
j=1

where Py, j;)[F, R] denotes an exact 2(n + 1 — 2j)-form made by wedging the flavour
field strength 2-form F' and the Riemann curvature 2-form R¥,. For a given set of L”T‘HJ
exact forms {P, ;) [FvR]}j:1,27...,L%J’ we can then construct a Class Hy constitutive
relation.®® We note that CPT invariance only allows Py, which are even in F(™ [10, 13].
This also ensures that once F(7 is set to zero, all the new anomalies introduced via Pi,,
vanishes as they should.

As mentioned above, the detailed form of Class A constitutive relations and how
they are derived starting from an anomaly polynomial are described in section 12 and
appendix A. It is a straightforward exercise to repeat the derivation with a new gauge
field A", and the anomaly polynomial Py, followed by setting F,, = 0 at the end.
We will present here the result of this exercise and refer the reader to our sections on

53In fact, a lot of this formalism will play an important role in the construction of an extended Lagrangian
theory for adiabatic hydrodynamics in part III. We defer physical statements till section 15; for now the

reader may simply take the introduction of A™

and associated quantities a convenient way to encode Class
Hy constitutive relations as was done in [13].
64T he anomaly polynomial Pu, was called Pirans in [13]. We pretty much follow their notation for

differential forms etc., and further notational conventions are as explained in section 12 (see also appendix J).
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Class A for more details. We will need the definition of the spin chemical potential from

equation (12.21)
1

", = T (D,B" ~ D"B,) (11.6)
along with the definition of “hydrodynamical shadow” gauge field and spin connection
from (12.2) and (12.19) respectively. We have
A=A+ pu,

) : (11.7)

r“, =T, + Q" u.
In analogy with (12.23), let us also define the bulk Hall currents for the sequence of anomaly
polynomials {P , ;) [F, R] }j=1,2,-~-7L%J as

OP my,j)

8rP(HvJ)
OF '

11.8
IR (11.8)

2 (I ) ) = 2 (S ) w1y ) e = 2

We will denote by hats the corresponding objects evaluated for the shadow connections.
We are now ready to present the general form of Class Hy constitutive relations.

Using (12.25) for the new anomaly polynomial and setting F(™,,, = 0, we get for the heat

current 4, the spin current EHV, the charge current JHV, and a contribution to the

entropy current (J Hv) the following expressions in differential form notation:

25
wdy, == Y TP uA ) AG)m, ),
j=1
2] |
xBy, la == Y Tun@w) A (En)wy )
j=1
25

xq, == > (2 - DTV un(2w)? AP, ),

Hy

(11.9)

j=1
+1
™5

J
Ty, = > 25T un 2w)¥ A Ty ) -
j=1

This in turn gives (see egs. (12.28) and (12.30)) an energy momentum tensor and an entropy
current of the form

1
ap —0® WP ardf o= a[Bp] Blap] _ yrp(ap)
(T*")u,, 0 U + 0y U + 5 D, (EHV + ZHV EHV ) ,

! (11.10)
«a « < 1]ao
(I, = (J8)f, = 580 Sa)” .
along with a charge current given by (J®)y,,. Here, (3 H)ﬁ‘[;m] is defined via
24 |
(e = Y AT Ay e (11.11)
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These constitutive relations then solve the adiabaticity equation (2.12) without the anoma-
lies (since the limit F™,, = 0 sets all the new anomalies to zero).
The corresponding free energy current is given by (G%)u, = (G'%)m, + 3ua (2 H)ﬁ&ra]
with
|25 R
*g;{V = Z T u A (2w)* 2 APy - (11.12)
j=1

In the hydrostatic limit u, (3 H)ﬁ&m] = 0 and only the (G'7)m, part of the free-energy
current contributes to the hydrostatic partition function. Thus,

1 _
WHydrostatic = _/ (T (gU)HV [\I’J{]> dd 150 .
XE Hydrostatic
L2 (11.13)
Y T R e P
Sg J=1

We note that this free-energy current is transverse, thus justifying our nomenclature in
calling these class of terms as Class Hy .

In any even space-time dimensions, given a set of exact forms
{Pw, F, R} J=12, L of appropriate degree, we can construct an adiabatic
constitutive relations using the formulae above. Additional physical considerations over
and above second law such as Euclidean consistency, cf., [11, 13], can be used to fix these
exact forms in terms of the original anomaly polynomial of the theory. These ‘parity-odd
Cardy formula’ or ‘replacement rule’ thus fix Py, that appears in the Class Hy in
terms of the anomaly polynomial P[F, R] that controls Class A constitutive relations.
Following [11, 13], this relation takes the form

Pu, [F,R,F7] = P[F,trR* s trR* 4 2(2n F7)?*| — P[F,tr R?]. (11.14)

For example, if the anomaly polynomial that controls Class A is taken to be P =
cg(trR?)?, then the Py, controlling Class Hy is fixed by the Cardy formula to be
Pu, =4c, 2rFD)2AtrR? 4 4 ¢y (20 FM)L,

This completes the discussion of hydrostatic transverse free energy currents which give
rise to adiabatic constitutive relations.

11.2 The non-hydrostatic Class Hy

Let us now turn to another set of solutions to the adiabaticity equations involving vectorial
degrees of freedom. We should be focusing now on vectorial contributions that vanish in
hydrostatic equilibrium (should they not do so, we would be able to include them in our
discussion of Class Hy ).

11.2.1 General construction of Class Hy

For the simplest way to motivate the construction, it is convenient to start with the non-
anomalous adiabaticity equation in the grand canonical ensemble which we derived in (2.21)
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and requoted in (9.1) during the Class B discussion of section 9. The free energy current
decomposes into longitudinal and transverse vectors as in (6.1). Longitudinal vectors can
all be obtained directly from Class L; so we only need to focus now on transverse vectors
to find the remaining solutions to (9.1).

The r.h.s. of (9.1) involves at least one factor of é,, g, or d, A, which vanish in hydro-
statics since 0, g, = 0, A, = 0. In other words, if we take the hydrostatic configurations
off-shell by unlinking B # X then the Gibbs free energy flux is produced at O(d,). The
statement of hydrostatic principle is simply at the this order we have compensating energy-
momentum and charge flow to ensure adiabaticity.

However, now consider the situation where the Gibbs free energy flux is itself quadratic
in departures from equilibrium, i.e., G* ~ O (5;). This would be invisible from an hydro-
static analysis. Taking divergence of such a term we should expect then that the r.h.s.
of (9.1) would have contributions at O (62) (when the derivative hits the tensor structure
multiplying the J, terms), as well as terms which behave as d,, D,,d,,. Since the r.h.s. itself
involves one ¢, insertion, it follows that the terms of interest should have the currents
containing combinations of ¢,, and Dd,, terms.

This simple reasoning then leads to the following ansatz for the energy-momentum and
charge currents:

v 1 v)(a v)(a
(Tﬂ )ﬁv = 5 [DPQ:,I/D\S’M )(apB) 5390{,8 + 2 Q:f\gft )(apB) Dpéggozﬁ]
+ DR 5y Ao +2 €M Do, Ag (11.15)
(g, =2 [ Do 6, gy + 2 €% Dy '
Hy = 5 [FrSx 5 uv X pOzJuv

+ D, 5 Ag+ 2P D5, A

These tensor fields are local functions of ¥ and their

where Cﬁ;ﬂ”)(aﬂ) — 6‘7\5‘&5)(#’/)

gradients.
This solves adiabaticty equation with the free energy current

(N%),, = - <ng>HV (11.16)

1 V)« V)& «
- 16?39/“/@7\}# (h) 593906/3 + 539HV€pX(# e 05 Aa + 573140{ : Q:g( g '593‘45

As should be clear from the construction, the tensors {€xr, €y, Cs} are a-priori completely
arbitrary with the indicated symmetry structure (modulo field redefinitions — see below).
Moreover, it is clear, that we will only obtain genuinely Class Hy constitutive relations if
we make sure that the free energy current will be transverse, i.e., we demand that the first
index of the tensors be transverse:

QB rlmey, = gty ¢, (11.17)

The solution to (9.1) characterized by the constitutive relations (11.15) and the free energy
current (11.16) is the Class Hy of Gibbsian vectors. The astute reader might wonder
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why we choose to call this Class Hy as opposed to Gy to indicate the Gibbsian structure
employed in the construction. Our choice will be rationalized when we argue that these non-
hydrostatic vectors can be obtained from a generalized Lagrangian density (with enhanced
symmetry) in section 15.

From the construction it is clear that Hy terms contribute to the constitutive relations
only from the second order in gradients; the presence of an explicit derivative and a single
6‘3
case). In the context of proving the completeness of our classification (cf., Theorem 1 in

in (11.15) ensures that we cannot get a first order contribution (even in the parity-odd

section 14), we will demonstrate that the parameterization (11.15), (11.16) is complete, i.e.,
every non-hydrostatic adiabatic constitutive relation with transverse free energy current is
of this form.

11.2.2 Example: second order charged fluid

Let us look at an example to illustrate the construction. Unfortunately the simplest setting
where we encounter this class happens to be for a charged fluid at second order in gradients,
owing to the observation above. We want a second order contribution to the free energy
which implies that the tensors {€xr, €x, €s} should be zero-derivative objects from (11.15).
A-priori we have the following inequivalent tensor structures at our disposal:

Q:%f”)(aﬁ) c {pp(lt,@”/)paﬁ7 pp(uﬁ”/)ﬁalgﬁ, pp(upl/)(aﬁﬁ)}7
@fv(ﬂl/)a c {Pp(p, Py)a, P Ppa}7 (11.18)
Qg(aﬁ) c {pp(algﬁ)} 7
and permutations thereof. These tensor structures have to be contracted with 4, g,, and
0, Aq in the free energy current (11.16). These linear variations can be expressed in terms
of hydrodynamical objects using (2.23) which we reproduce here for convenience:

2 C]
On g = 2V (1) = T |Tm T Pl d—1 (agu + Vi, logT) ul’)]

(11.19)

1
6 A = Dulhp+B"A) + B"Fyy = u” Do (5) w, = v,

with the vector v# defined in (2.25). However, upon evaluating these variations on-shell as
in (E.2), we find that the tensors in (11.18) give only two different non-zero contributions
to constitutive relations (others are linear combinations of these two). Without loss of
generality, we choose to parameterize the two non-trivial choices leading to inequivalent
transverse vector contributions to the free energy current at this order as

@%#V)(CYB) — Q:g(aﬁ) — 07 Q:l))(g,lw)a — TCl (T, M) Pp<u PV>oz_|_TC2 (T, ,U) P ppo (1120)
This gives the following transverse vector contributions to the free energy:
(G%)i, =2C10" 0y +2C2 00" (11.21)

The contributions to the energy-momentum tensor and charge current are rather cumber-
some, so we give separately the terms that correspond to the C;(T,u) term and to the
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Co(T, 1) term, respectively. From C; we get

d .
("), = —Ci dis Oot — 201 DM"> + (DC — 201) v<Fa”> — Oy p<HEY>

_ @+ 0G|

(d—1)

v 1 v
[a(“%pu ) 4+ i O plky )]

Hey, u”) — O 0oy ’

« « q s « «
(T, = [~ Cro®] u + [6+p<®01 - C1) - Cl] %0, = (DC1) 0™a,

. (3—d)01 q 1
ap pa pa «a
+C10"PE, +2C1 Do + 2d-1) =+p o Up+7d_1®b
(d+1)01 q Ci ¢

— O p” 11.22
2(d—1) e+p P2 e+p ’ ( )

which is built from the following fluid frame invariant scalar, vector and tensor

contributions:%°

d

Cs=2Lc 0%,
dq

q . (d+1)01 q

Cé=|—(®DC; —-Cp) -C APy Py, — (DC1) o™

v L—+p( 1= ) 1]0 oA e e (PG,
+C10“PE, +2C1 Dy, (11.23)

d .
=0y diq) B0t —2C) D" + (DC) —201) vFa”™ — ¢ v<HEY>

q . < U>
— DC, —-Cy) —-C K .
L+p( 1= G 1]0 ’

In the above expressions we use the abbreviation 9C; =T C] + u C’l, where primes denote
T-derivatives and over-dots denote u-derivatives. The C5 tensor structure on the other
hand gives the following transport:

v q - 2 -
TH) e = (DCy) a%q— | —— (DCy—Cy) — —Cy (v - Ey) —2Cy Dad®
( )HV {( 02) av |:€ +p( 02 02) 02:| o] 02 (D ) CQ o]

dp v 14 14 1 14
—ngq@Z}P“ — 20y [0(“pnpu )—w(“pnpu )-f—ﬁ@n(“u )] ,

o _ 2 [ q - o o
(J )ﬁv—[(h@}u +|:€+p(CDCQ—C2)—CQ:|@U —(9Cy—2C%)0Oua

+ Cy OE* +2Cy PV ,0 —

1
Co [U”O‘Up —w%, + 11 ] Da] ,

E+p
(11.24)

55For the form of frame-invariant data we use the conventions of [3, 48] as described in (8.14).
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with frame-invariant data as follows:

CS = (@CQ) Clat)a — L:j_p(@CQ — CQ) — 02:| 02 — CQ (Ua . Ea) — 202 Daba ,

cY = Lj_p(@@ —Cy) — 0'2} Qv — (DCy —2C2) O a® 4+ CL OFE* + 20y P’V ,0,

chk=0. (11.25)

All the above expressions are written in the basis of independent scalars, vectors and
tensors as listed in table 2. From that table and the list in table 7, it is evident that most
of the above terms are fixed in terms of Class B and Class D parameters. The only terms
that are not obvious to classify are the combinations (C¢,CF) = (D,o?*, D<Fv">) and
(Cs,C%) = (Dav®, =PV ,0). It would be interesting to study the second order charged
fluid in more detail and see if these combinations get fixed in Class L.

From these calculations, we can now also see why there are no Class Hy terms in
neutral fluids at second order. In neutral fluids, only the tensor structure €, would be
relevant. Hence we would take the tensors in the first line of (11.18) and would compute
the associated constitutive relations. To this end we would perform contractions with the
on-shell expression of d,¢,,. However, as can be seen from (E.2), for uncharged fluids
05 9uv only has pieces that are either completely transverse or completely longitudinal. A
quick glance at the structure of the possible €5 terms shows that in this way we could not
get a transverse free energy current.

We find it rather curious that Class Hy constitutive relations are sparse (at least at
low orders in the gradient expansion). There is no reason for the number of transverse
vectors to be limited at a given order in gradient expansion, but it appears that many such
contributions are subsumed in other Classes. It would be useful to have a clear intuition
for why this is the case. One hopes that by studying such constitutive relations in various
hydrodynamic systems would help reveal some rationale for the paucity of Class Hy .

12 Class A: lagrangian solution to anomalous adiabaticity equation

The framework of adiabatic fluids whilst sufficiently general to allow us to discuss anoma-
lous hydrodynamics and being formulated as such to incorporate these effects, we have so
far refrained from analyzing such systems explicitly. The main novelty with the anoma-
lous constitutive relations is that one has to account for contributions which account for
a modification of the equations of motion due to the presence of flavour and gravitational
anomalies. Indeed it was in attempting to understand these constitutive relations that the
adiabaticity equation was first proposed in [8].

Thus far the only exposure to anomalies we have had has been in the context of
hydrostatics. It has been well known for a while that Class H contains Class A, see
for example the analyses of [3, 10-13]. However, we have established that Class Hg C
Class L, which begs the question whether we can understand the anomalous transport in
terms of an effective action. Indeed, one could take the philosophy that for the adiabatic
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fluid framework achieve its stated goal of enabling us understand how hydrodynamics can
be derived from an action principle, we would need to demonstrate that the anomalous
transport can be captured by a Lagrangian, thus establishing that Class A C Class L.

There is reason for optimism on this front, since [30] have demonstrated that purely
flavour anomalies can be captured by non-dissipative effective actions (Class ND); cf.,
appendix B. So it would seem that by suitably reverse engineering the construction of [30]
and implementing the Legendre transformation we should be able to solve for anomalous
contributions to the adiabatic hydrodynamics. Indeed this is all that needs to be done in
the case of flavour anomalies. The mixed flavour and gravitational anomaly story however
turns out to be a bit more intricate. In fact as mentioned earlier, it provides us with a
strong rationale to switch from the formalism of non-dissipative fluid effective actions to
the framework proposed herein.

In this section we will show that a specific class of anomalous terms is a subset of Class
L, i.e., they can be formulated in terms of a Lagrangian. For the case of flavour anomalies,
this is a simple modification of [30] which we will use as a guiding template. We will extend
that analysis to the case of general mixed anomalies in what follows. We will focus on
constructing particular solutions to the anomalous adiabaticity equation (2.12). This will
be sufficient to capture all the flavour and mixed contributions which are neither gauge nor
diffeomorphism invariant, but will be insufficient to capture the gauge and diffeomorphism
terms that are necessary for the consistency of the Euclidean partition function. The
terms we are unable to include are the Hy terms discussed in section 11, which comprise
of the transcendental anomaly contributions [13]. In the present section our main aim will
be on finding solutions to the off-shell adiabaticity equation; only in section 13.3 will we
worry about the on-shell conditions and the anomalous Ward identities for these require
Schwinger-Keldysh doubling of the degrees of freedom. Subsequently in section 15 we
will give a prescription that does appear to capture all anomaly induced transport in an
extended theory of adiabatic hydrodynamics.

12.1 Flavour anomalies

Let us begin our discussion by recalling some salient facts from the analysis of [30] in the
context of effective actions for flavour anomalies. In the framework of Class ND effective
actions [30] showed that an effective action given as a transgression form provides a solution
to (2.12) with T‘lﬁlL = 0. More specifically, it was shown that for a hydrodynamic system
in d = 2n dimensions living on a spacetime manifold M one has a local effective action in
one higher dimension.’® We have an effective action that can be succinctly written on an
extended spacetime Mg, 1 with 0Mg, 1 = M being the physical spacetime where the fluid
propagates. The effective action takes the beguilingly simple form

Sanom - / v/ —9d+1 Lanom —
Mgy

VP[A,A]:/ A (PIFI-PIE]). (12.1)

Mg Mg 2w

56This follows from the fact that we can use the anomaly inflow mechanism [77] to construct a local
effective action by coupling our anomalous quantum system to a topological theory in the higher dimension.
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In the equation above, we have also provided an explicit expression for the transgression
form Vp[A, A] in terms of in terms of the hydrodynamic velocity 1-form wu, the vorticity 2-
form w and the anomaly polynomial P[F| which is a d+2 = 2n+2 form built from the gauge
invariant field strengths.%” Note that du = 2w — u A @ where a is the acceleration 1-form.
The transgression form denoted herein as Vp[A, A] is a functional of two gauge con-
nections A and A. The former is simply the background gauge field source in differential
form notation, while the latter is what was called in [30] as the “hydrodynamical shadow
gauge field”. It is a linear combination of the background source and the hydrodynamic

velocity field defined as
A=A+ pu, (12.2)

or more directly in terms of the hydrodynamic fields B we have for its components
A=A, +T28, (Ag+ 87 A,). (12.3)

The symbol P denotes the anomaly polynomial evaluated over the shadow gauge field.
This shadow field appears pretty much universally in all attempts to understand anoma-
lous transport in hydrodynamics; it was first encountered during an attempt to solve the
anomalous adiabaticity equation in [8] and plays a significant role in the anomalous hydro-
static partition function (for reasons that will be transparent soon) [10-13].

As written the anomalous effective action is simply a functional of the background
sources {g,w, A, } and the hydrodynamic fields B = {8", Ag}. The gauge field dependence
is manifest, while the velocity field u* can be expressed in terms of B using (2.1). What is
perhaps less clear is the dependence on the background metric, but owing to the presence
of the shadow field in the transgression form, one has a non-trivial metric dependence.
To be sure we are extending our sources and hydrodynamic fields to live on My41. We
will use the same symbols to denote the bulk hydrodynamic fields only differentiating the
components by the indices when necessary. Lowercase Latin indices from the later half of
the alphabet will denote bulk indices, with 1 being used to denote the direction normal to
the physical spacetime M. To wit,

‘Ild+1 - {gmna AmuBm?AB}a IBJ_ =0. (124)

Thus, despite its origins within the framework of non-dissipative effective actions
in [30], (12.1) should be viewed as a particular element of Class L for our purposes with
L = Vp|A, A] Strictly speaking we are now extending our definition of Class L to in-
clude local Lagrangians in one higher dimension, as we must, if we insist on dealing with
anomalous symmetries.

Generically transgressions are defined on a space of interpolating connections. For
instance, given two connections say A; and A, respectively, the transgression form denoted

57We will follow the notational conventions of [8, 1113, 30] using bold-face letters to indicate differential
forms etc. . . Furthermore, to retain compact expressions we perform some formal manipulations with differ-
ential forms as in the aforementioned references. Divisions by a differential form implicitly indicates that
the numerator when expanded out always has a factor which cancels the form we divide by; the expression
in (12.1) is a 2n + 1 form written as if it were a ratio of a 2n + 3 form and a 2 form. We refer the reader
to the above references where these concepts are explained in greater detail.
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more generally as T[A1, Az| can be viewed as a functional of a continuous set of connections
A, with t € [0,1] interpolating between A;—g = A; and A;—1 = Ay. One can write this
quite succinctly for gauge connections as

T1AL, As] = /01 dt [ddf:t <37F’>j , (12.5)

A=t A1 + (1 — t) Ai—g. (12.6)

with

Having this explicit expression is useful for carrying out the variational calculus we need
to do to check that the functional S,nom does indeed provide a solution to the anomalous
adiabaticity equation (2.12) with T/~ = 0.

For the particular choice of connections A;—y = A and A, = A we define an in-
terpolation from the hydrodynamic shadow field to the physical gauge field source via
Ay = A+ (1 —t)pu. The corresponding field-strengths are given by

F=dA+A’=B+uAE,

. A -~ . . 12.7
F=dA+A2=B+unNE=B+2wu+ul(E—-Du—ap). (12.7)

a and w are the acceleration and vorticity defined after (12.1), while B and E are the rest
frame magnetic 2-form and electric 1-form respectively. The interpolating field-strength is
F, =tF + (1 —t)F since (AA)%? =0 . One can, of course, check explicitly that

wiad= ol (G -5 [0 [F R o

u ~
== A (P-P),
2w
as indicated above.
To compute the variation of these transgression forms, we need to evaluate 0Vp|A, A]
The explicit computation is described in appendix D of [30] and we quote the final result:

SVp[A, A] = A - xoni1Jy — A - 3o 3y + d{éA xdp + 6w A *q,,} . (12.9)

Here Jp is the Hall current defined directly in terms of the variation of the anomaly
polynomial:

oP
*2n41 Jy = 87F s

with a similar expression for the shadow Hall current J . The two other currents appearing

(12.10)

in (12.9) are defined in terms of the boundary terms arising from the variation

1 2
/ dt [5At : < oP > : dAt} =0A - *xJp +ouN*q,, (12.11)
0 t

OFOF dt

where we have used u A % = 0 and parameterized the terms involved in the variation
in terms of gauge potential variation and the velocity field variation. These quantities Jp
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and g, are determined directly from the variational calculus to be
1 2
0P dA,
Jp = dt .
P /0 [<8F8F>t dt}

_u  [oP 0P
2w OF 9F |’

1 s o*P dA,
fpos [l (oror),

:_@A{p_ﬁ_(p_p).gﬁ}.

(12.12)

and

*qp
(12.13)

So far the variational calculus did not call for any details of how we are parameterizing
the hydrodynamic fields. While we have indeed written the final expression in terms of
du, the variation of the velocity field, it is easy to convert this to the hydrodynamic field
variations using (E.1). Explicitly one can evaluate variation of the action in terms of the
sources and the hydrodynamic fields®® to obtain an explicit answer for the variation as

s vpla A= ]i{ { (75— BTy 64

Mgt

— - jCII{ [Pq(mu”) Sgmn + (Pym + ugum) T 8™
— Ty 3% - (6Ag + Améﬂm)}

+/ V=g [J% 6 AL+ qgfuﬁ)égag} . (12.14)
M

In deriving the above we have used (E.10) to write the variation of A in terms of the
physical fields and their variations. For notational simplicity we have also abbreviated

]i = /Md+1 vV —9d+1 (12.15)

so as to avoid cluttering up the equations.

As we see there are two types of contributions to the variation of our Lagrangian
Vp[A, A] On the one hand, we have some bulk variations (the first two lines in the r.h.s.
of (12.14)) which define the bulk currents living on My41. To wit,

_ 74 _ I
0" = —pe G (P + Ppu™) I =T = P I

(d+1) 2q ~q (12.16)
b = —p Iy (P +ugum) T, n .,y =TugJy .

%80ne can also convert this variation to one involving the reference fields introduced in section 7.2. These
should also be viewed as living on the reference bulk spacetime since the hydrodynamic fields which they
are a proxy for are defined in terms of maps from there to the physical spacetime. We will shortly come
back to this viewpoint to facilitate some parts of the analysis.
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These have to to satisfy the analog of the bulk adiabaticity equation. This can be shown
directly by running our argument for the Bianchi identity in the bulk theory; cf., the
discussion around (H.12) for an explicit proof of this statement.

More interesting for us are the boundary terms in the last line of (12.14) — these are
the contributions that arise from the inflow mechanism. In particular, they capture the
constitutive relations for anomalous hydrodynamics. Since we have the terms explicitly in
terms of the source variations we can directly read off from here using (6.3) the anomalous
currents to be

(T*P)a = ¢@uf +qu™,  (J*)a=Jp, (J3)a=0. (12.17)

These currents satisfy the anomalous adiabaticity equation (2.12) on the boundary
manifold M. This was first established in [8] and follows immediately from the previous
analysis of [30].59 As described there, by isolating the anomalous contributions and solving
the adiabaticity equation to give the above particular solution (12.17), one has accounted
for all flavour anomalies. One can then couple the anomalous Lagrangian Lanom to any
non-anomalous adiabatic fluid Lagrangian system and continue to satisfy adiabaticity.

Finally, let us make a remark on the construction above which will be useful for gen-
eralizations. The anomalous Lagrangian density /gq+1 Lanom 18 a scalar density on the
bulk spacetime manifold. Per se, in keeping with our general philosophy this is an off-shell
quantity, since we have nowhere insisted in our construction above that the fields be on-
shell. However, restricting to hydrostatics by enforcing B = K one ends up with an on-shell
construction which as we now appreciate is related to the hydrostatic partition function
WHydrostatic (625)

In general the relation between the hydrostatic partition function and the non-
dissipative fluid formalism is complicated by a non-linear Legendre transform (see sec-
tion B). However, for the flavour anomalies the fact that Lanom (12.1) is independent of
the entropy density makes the Legendre transformation trivial.”® This also to some extent
underscores the rationale for introduction of the shadow gauge field A: the shadow field
plays a crucial role in ensuring the correct properties of the hydrostatic partition function
as has been described in earlier works.

12.2 Mixed anomalies

We would now like to generalize anomalous adiabatic fluids to the case where we have
gravitational or mixed anomalies. One of the motivations for reviewing in some detail
the flavour case in the previous subsection, was that it provides a hint of how one should
generalize the construction to incorporate gravitational effects. To a large extent a specific
solution to the anomalous adiabaticity equation in the presence of mixed anomalies can be
obtained by treating the gravitational field as a non-abelian flavour field. This is roughly

59We will give a more detailed derivation for the mixed anomalies in section 12.2. Setting the gravitational
terms in that analysis to zero will demonstrate the claim herein explicitly.

"0This was the reason why the direct comparison of the non-dissipative effective action with the hydro-
static partition function worked quite seamlessly in the consistency checks carried out in [30].
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the correct intuition, though as we will see in the course of a more thorough analysis below
there are some subtleties we need to deal with. In particular, we will see that the entropy
current is modified in the presence of gravitational effects, no longer vanishing as in (12.17).

We are going to start our discussion for the mixed anomaly by mimicking the discus-
sion for the flavour case. Specifically, since there is a close connection between the off-shell
Lagrangian and the on-shell hydrostatic partition function we are going to take inspiration
from the latter which is by now well understood for mixed anomalies [12]. Once again
we imagine that the set of anomalies of our underlying quantum system is encoded in an
anomaly polynomial P[A, T'] with A being the gauge connection and I' the spin connection
for the background geometry.”! We are also unabashedly going to work in the bulk geome-
try Mgy with the physical spacetime M = OM,4; as before. The general set of conditions
we impose on the geometry is similar to that encountered in section 12.1, though we will
have to add some new ingredients as we proceed.

In analogy with the flavour story, let us consider modifying Class L by adding to the
Lagrangian a higher dimensional term of the form

/ VvV —9d+1 Eanom ==
Mgq1

VplA,T, A, T :/ — A (PIF.R] - PIF. R])

Mgt Mgq1 2w

(12.18)

The specific choice of the Lagrangian is motivated by the fact that Vp[A,T, A, f‘] is the
canonical form for the scalar part of the hydrostatic anomalous partition function (Class
Hg). The key difference from (12.1) is the dependence on the background geometry; the
anomaly polynomial now is a functional both of the background field strength and the
background curvature R.

Let us examine the dependence of the potential anomalous Lagrangian introduced
above: apart from the backgound sources {gmn, Am} we have also the shadow fields ap-
pearing in Lapom. The shadow flavour gauge connection A is the same as before being
given by (12.2). The shadow spin connection however is new and requires to be defined.
A natural course of action is to follow the partition function analysis of [12] and demand
that this be given in terms of the background spin connection, the velocity field, and a spin
chemical potential QF,, as

I, =T+, + Q' u. (12.19)
Modulo defining the spin chemical potential we are now equipped with a putative anoma-
lous Lagrangian.

The spin chemical potential should couple to the background metric structure since
its origins are in the Lorentzian structure of the local tangent space geometry on M (and
hence by inflow on My41). In hydrostatic equilibrium the analysis of [12] shows that it is
related to the gradient of the Killing vector K* which extends trivially to a Killing field
on Mgy1. The relation in the hydrodynamic variables living on the physical spacetime M

""We will mostly work with the one-form spin connection since it is most conducive for the purposes
of carrying out the formal manipulations. Translating this to the Christoffel connection is reasonably
straightforward. We will in fact do so when we write out some explicit components.

~9] —



is just
(QMV)Hydrostatic = TDVKM (1220)

with T' being the equilibrium temperature. We could take this expression off-equilibrium
and off-shell by simply replacing K* — B*. However, we need to be careful with the
symmetries: for a Killing vector field D, K,y = 0 by virtue of Killing’s equation. Hence
only the antis-symmetric part of the tensor D,K" is non-zero. Away from equilibrium
when we consider D, 3" we are likely to encounter both the symmetric and anti-symmetric
contributions. The naive generalization K* — B# would retain both, but we claim that
the correct off-shell extension of (12.20) should only keep the anti-symmetric part.”? With
this motivation we define:

1
Q, = T (D"~ D"B,) = TQg D’ (12.21)

where we have introduced the antisymmetrizer Qf7 = %(5‘5 8% — g"* g,p) for future con-
venience. By construction we ensure that in hydrostatic equilibrium we recover the spin
chemical potential of [12].

The main claim we wish to make is that the Lagrangian density Vp[A, T, A, f‘] provides
a solution to the adiabaticity equation (2.12). Furthermore, the currents derived from this
Lagrangian are consistent with those derived earlier in [12] in hydrostatic equilibrium. We
will establish this by a straightforward computation.

12.3 Variational calculus for mixed anomalies

The anomalous Lagrangian density Vp [A,I‘,A,f‘] (12.18) is once again a transgression
form. Let us therefore focus on the transgression formula between the pairs of gauge
and spin connections {Ai—1,Ty—1} = {A, T} and {Ai—o,Ti—o} = {A,I'} respectively.
Since the gravitational connection I'' behaves exactly like a non-abelian gauge connection,
the calculation is a straightforward generalization of what we had to in the case of the
flavour anomaly.

We begin by considering the first variation of the transgression form, which is given
directly by the analog of (12.14), except that now we have terms coming from the spin
connection. This can be written in a reasonably compact form by introducing bulk Hall
currents and boundary anomalous currents as:

oVp [A, T, A,f‘} = AN Ty — SAN Ty
1 1 . -
+ 0T AT Byl — ST AT Sy, (12.22)

1
+d{6A/\-*J7> + §5I‘aﬂ A*EpP, +5u/\*q,,,},

"We do not have an a-priori reason to motivate this particular choice; what we can see is a post-facto
argument. Choosing the spin chemical potential to contain the symmetric part of the gradient results in
a tension with the off-equilibrium adiabaticity equation; see the discussion around (12.30) for what goes
wrong. We note that choosing the anti-symmetric part makes the shadow connection metric compatible
(but not torsion free). This property however does not uniquely characterize our choice.
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The bulk Hall currents are themselves given in terms of the derivatives of the anomaly
polynomial with respect to the field strengths and are given by

0P iy, h, 9 0P

*2n+1J - =92
= oF “ " “OR%,’

(12.23)
These currents will play a role as before in determining the amount of anomaly inflow
into the boundary theory. The anomaly induced boundary currents can also be deter-
mined explicitly and the only change due to the spin connection is a slight generalization
of (12.13) for the current g, to include appropriate gravitational contributions. The flavour
anomaly induced current Jp being blind to the spin connection remains unchanged as
n (12.13). In addition we have a spin anomaly current Xp. To write down the expressions
for the currents, it is useful to introduce an electromagnetic splitting of the field strength
and curvature:
B=F—-uAE, E=—-i,F,
_ (12.24)
(BR)ag = Rag —u AN ERag, ERag = —ZuRag ,

where 1,, denotes contractions with u#. With this information we can now write down all

three currents, as we do below for completeness: 3

! PP\ dA, 2P\ d(T"p),
*J"’_/O dt[(amw) rr +<8F8Ra5) di }
_u  [9P 0P\ _oVp

OF oF | 0B’

2P\ A7) PP\ dA,
*>P “_2/ [<8R0‘56R75>t a (aRa56F>' at ]

_2u A{ oP 0P }_2 OV
ORs  ORey 9(Br)“s

! PP dA, . PP d(I%)
*q”_/o dt(l_t)[“' (aFaF' &t T 9FOR°,; i )

Lo o*P d(l_w(g)t_i_ PP dA,
OR30R"s  dt ORCz0F  dt

2w

(12.25)

u . . 9P . 0P OVp

=——AN|P-P—(F-F)-— — (R* — R" = = )

(2)? [ T B)BR%] D)

In order to obtain bulk and boundary Bianchi identities from the basic varia-

tion (12.22), we need to follow the same logic as in the case of flavour anomalies. We

perform the detailed computation in appendix H and only quote the result for the Bianchi
identities of the (physical) boundary theory:

(6702

\gﬁ V=9T(45)o]

1 « Sl [o 3 1 RS «a
+ §D»y (EH[ 'Y] —EIJ}[ ’ﬂ) — <,LLJJ]._I+QQ MEHJ_'LLV> u-,

Dg(T*?)a = (JP)a - F5 +
(12.26)

"For further details we refer the reader to [12].
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and
Do(J%A = J5 — J5, (12.27)

which are satisfied by the anomalous currents

a 2 5Sanom a a 1 a o «a
Vv « oundary
1 68
(e _ _ — 9Panom — g 12.9
(J )A V=g 5Aoz boundary JP ( 8)

We now want convert these Bianchi identities into an adiabaticity equation and check
that (2.12) is satisfied with an appropriate choice of currents. Since the energy-momentum
and charge currents are defined by varying the Lagrangian with respect to the sources, these
currents are already manifest in the above expressions. Plugging these in and demanding
that the following adiabaticity equation be upheld

1
72

+ (A +B%4Aa) - (DU(JU>A - Jﬁ) =0

Da(J§)A+ Ba | Do(T7)n = (J7)a - F Dwz#“]]

(12.29)

results in a non-trivial solution for (J§)a! More precisely, we find that in addition
to (12.28), we need to define the following entropy current in order to get a solution
to (12.29):

1 - o
(J§)a = —58. 57 (12.30)

The expressions (12.28) and (12.30) define a required particular solution to (2.12) that
can be used to remove the anomaly terms (both flavour and Lorentz anomalies). What is
curious in our construction is the fact that we have necessarily had to modify the entropy
current in order to achieve this. Specifically, the entropy current (J§)a does not quite
satisfy (6.4) anymore. We conclude that the solution to the anomalous adiabaticity equa-
tion requires modifying the entropy current apart from noting that given the variational
principles, it is the only current that we are free to manipulate.

While the reader might consider the above set of statements somewhat ad-hoc, we
should add that the structure of the terms is rather tightly constrained. We have not
been able to find any other Lagrangian solution to the anomalous adiabaticity equation.
Moreover, small modifications such as allowing the spin chemical potential to be defined
directly in terms of the gradient of the velocity field (i.e., without the anti-symmetrization
introduced in (12.21)) ends up destroying the structure. One intuition we can offer is the
following: in contrast to the flavour anomaly discussion of section 12.1 the new element we
have to account for is the background metric variation. Since the diffeomorphism symmetry
enters more universally any slight modification of the structures results in inconsistencies.
We believe that this is indicative of some underlying structure that can be used to formulate
our arguments more robustly — we will pursue this line of thought in the future (see
however section 15 for some preliminary ideas on this front).
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EAJIJ}[QB = 0 and we reproduce the

It is worth recording that in hydrostatic equilibrium
result of [12]. Furthermore, we also see that the anomalous stress-tensor and charge current
in (12.28) take precisely the form that is expected by naively generalizing hydrostatic
results. We take these to be important consistency checks of our construction. Attempting
to solve the adiabaticity equation directly to obtain off-shell currents, leads to somewhat
different constitutive relations. While this will be discussed elsewhere [78], it is worth
noting that this result uses a different spin chemical potential (in particular they take
the gradient of the thermal vector eschewing the projection to the anti-symmetric part as
in (12.21)).

More generally, it is worth keeping in mind that the Class A constitutive relations
are particular solutions to the inhomogeneous adiabaticity equation. As always these are
ambiguous to shifts by homogeneous solutions. In terms of the current discussion, we
have the freedom to add into Class A any other adiabatic constitutive relation, whilst
maintaining adiabaticity. So two a-priori different looking solutions to the anomalous
adiabaticity equation should be demonstrably related by adding in a linear combination of
terms from the other six classes. More formally, Class A constitutive relations take values
in the coset (Adiabatic constitutive relations)/(Class {L,B,C,V}) with V = Hy U Hy
denoting the vector classes.

12.4 On-shell dynamics of anomalous adiabatic fluids

Given that we have off-shell adiabatic constitutive relations (12.28), (12.30) we can ask
whether our anomalous effective action (12.18) satisfies the correct on-shell constraints.
A-priori we expect based on our knowledge of the flavour anomaly discussion of [30], that
the on-shell Ward identities are not going to be obeyed by our Lagrangian system. We will
show in section 13.3 that a thermofield doubled construction can fix this problem. For now
we are simply going to use the construction of the previous subsections to show that the
on-shell equations we obtain from Class L anomalous hydrodynamics are incorrect.

To get started, let us assume that fMdJrl Vp [A,I‘,A,f‘} provides for us a particular
solution to the anomalous adiabaticity equation. The complete hydrodynamical system
as we have discussed hitherto is then a combination of a non-anomalous part and the
anomalous terms we have just taken care of. So we can write an effective action for our

system as a sum of two contributions

St = [ V79 Lual®)+ [ VplATATY (12:31)
M May1

and treat the entire bulk 4+ boundary dynamics as part of an extended Class L system.

In what follows we will denote the contribution from the non-anomalous terms in Class L

arising from L, , by the subscript ‘n-a’ so as to keep track of them explicitly. These terms

then are required to satisfy the non-anomalous Bianchi identities from (6.12):

ng

DVTII;I; — (Ju)n-a - FH +

j_—ég (V -9 T (bu)n-a) + QPWT Npa * 53Au )
. g (12.32)

_gdB (V=9 Tnna) .

DUJI?—a:
V=9
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We note that we are not adding any bulk non-anomalous terms since the presumption is
that the physical fluid lives on M with the bulk fields on Mg, simply providing us with
an efficient way to keep track of the inflow and Hall currents.

Since we are interested in the on-shell dynamics, let us introduce the reference fields
{B*, Ag} and their related pullback fields {¢% c}.”* The dynamical information of the
theory is obtained by extremizing the effective action Seg with respect to the pullback fields.

Performing the required manipulations, we firstly find sensible equations of motion
for bulk quantities which we quote in section H.2. Similarly, for the boundary degrees of
freedom we find that the extremization in the Lie orbit of the reference sources {gup, Ag}
leads to

g

63 (\/jg T [(bu)n—a + (qp)y]) + g’“’Tnn_a . 5,BAV ~0,

\/1_795,3 (V=9 Tnpa) ~0.

Note that the anomalous part of the action only contributes a single term proportional

V=g (12.33)

(¢p)u- This can be seen from (H.6) where all the boundary terms except the very last one
give vanishing contribution when we restricted to the constrained variation in the Lie orbit
of the reference sources.

Using then the Bianchi identities (12.26), (12.27) together with the on-shell dynamical
equations (12.33) we find that the on-shell fluid configurations on the boundary M obey

« «Q o o « 1 1o &
Dy (T2 + (T%)5) = (i + (J7)a) - Fo + 5Dy (S5 = 537)
A 1 A
— <u S+ 29@2#%) u®,
Do(JS, 4 (JO)A) ~ J5 — I . (12.34)

We note that these are not quite the correct hydrodynamic equations. The anomalous
Ward identities should rather be

1 a
Dy (T2 + (T°)a) = (Ja+ (J)a) - F + 5 D557,

Do (JZo+ (J7)A) =~ T .

(12.35)

The troublesome terms are the shadow (hatted) currents on the r.h.s. of (12.34).

Thus, we conclude that further modification is required in how one formulates the field
theory of the pullback fields for it to match with the usual hydrodynamics. This will be the
focus of section 13.3 where we will follow the analysis of [30] to show that the correct Ward
identities which require removing the shadow terms from the r.h.s. of (12.34), can be ob-
tained by working with a doubled set of degrees of freedom. Before applying the Schwinger-
Keldysh technology to Class A, let us now set up an appropriate general formalism.

"For the discussion of anomalous fluids the reference fields and the reference manifold are taken to be
(d 4+ 1)-dimensional. However, apart from using different indices as summarized in table 13 we will refrain
from introducing a new notation for the bulk reference quantities; hopefully it will be clear from the context
whether we are discussing the bulk or the boundary reference data.
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13 Schwinger-Keldysh formalism for Class L. and application to Class A

Thus far we have tried to formulate hydrodynamics in terms of response to a single set
of background fields {g,., A,}. However, since hydrodynamics is ultimately a statistical
system, we should allow for statistical fluctuations. By the fluctuation-dissipation theorem
these statistical fluctuations are closely tied to allowing statistical dissipation. The correct
framework for dealing with this is the Schwinger-Keldysh formalism [79, 80] whereby the
dynamical fields (and the background sources) are doubled.

Now the astute reader would wonder why we bring up the issue of doubling the fields
since the basic premise of the adiabatic fluid formalism is that it is conservative; on-shell
the adiabaticity equation ensures that no entropy is produced thus allowing no dissipation.
Nevertheless since we are interested in classifying hydrodynamic transport in general, it is
worthwhile analyzing the situation in the adiabatic case which provides a useful context for
the general discussion. Furthermore, our discussion of anomalous transport in section 12
confronts us with the issue of getting unwanted shadow contributions to the Ward identities.
As we will show, this is an artifact of working with a single copy theory and doubling the
degrees of freedom recovers for us the correct Ward identities, despite falling within the
purview of adiabatic transport (Class A) as in [30].

There are two issues we wish to highlight in the hydrodynamic Schwinger-Keldysh func-
tionals that we will construct below. The first is the doubling of degrees of freedom and the
associated symmetries. The second is the fact that such functionals a-priori allow interac-
tions between the two sets of degrees of freedom. These terms are are sometimes referred
to as influence functionals following [50]. In fact, our previous discussion of Lagrangian
constructions of anomalous hydrodynamic effective actions in [30] already exemplified the
occurrence of such interaction terms. We will however take this opportunity to rephrase the
construction in a more canonical fashion. Along the way we will see some advantages of the
Class L reference field formalism for the Schwinger-Keldysh functionals. While this appears
to hold useful clues in understanding how to apply the Schwinger-Keldysh construction in
generic non-equilibrium dynamics, we will also find a certain tension with the adiabaticity
equation. The following discussion should be viewed as a first step in setting up the general
construction and we will in particular highlight some of the missing ingredients. A fuller
exposition of these ideas will however be postponed to a future publication [55].

13.1 Schwinger-Keldysh fields on the reference manifold

With these facts in mind, let us now consider uplifting our construction from a single copy
of fields ¥ to the Schwinger-Keldysh doubled system. We start by doubling the fields to
a pair of left and right fields indexed by sub/superscripts L and R respectively, {¥, ¥y}.
In particular we not only double the background sources to {g};,, A;;} and {g},, Aj}} but
we also double the dynamical fields to {¢r, cp} and {¢g,cr}. We will want to couple both
sets of these physical fields to the background fields.

This has one important implication: since there are now two sets of pull-back fields
which we can apply on the reference fields {3, Ag} living on M, we also have two sets of
hydrodynamic fields {8*, Ag},, and {8", Ag}r coupling to the corresponding backgrounds.
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Figure 4. Ilustration of the Schwinger-Keldysh setup. The physical spacetime manifold M has
been doubled. However, the two copies are not entirely independent as they are both related to the
same reference configuration on M via pull-backs using the dynamical fields {¢, c}1 r. Despite the
presence of two copies of source fields on M there is only one diffeomorphism and gauge redundancy
involved; invariance under this symmetry implies Schwinger-Keldysh Bianchi identities.

Indeed this is to be expected since we literally wanted to double the numbers of degrees
of freedom of our system. Furthermore, it is clearly possible to derive both copies of the
theory on the physical spacetime M from the same reference configuration on M. To wit,
the R-fields are related to the reference fields via

Br(wr) = (en)s B[or(zn)],
-1

R 1 (13.1)
A,@(fﬂR) = cr(wr) Aglpr(zr)] e (zr) + B (2r) Oscr(Tr) ¢ (Tr) 5

and similarly for the L-fields. On the other hand, if we push-forward the sources from the
physical manifold M onto the reference manifold M, we get two copies of reference sources:

9y (Tr) = Ouilh Ouph glor(r)] 132)
A,PI(QUR) = 8#‘/3% cr(7r) Ag[‘PR(l’R)] C?@R) - (‘LCR(xR) Cgl(ifﬁ), .

and similarly for the L-sources. See figure 4 for an illustration.

We now see a major advantage of introducing the reference configuration. In tradi-
tional treatments of the Schwinger-Keldysh formalism while one is fine with doubling the
physical degrees of freedom, doubling of the background sources, especially the metric,
poses an important puzzle. If we have a physical set of degrees of freedom living on a
spacetime manifold M are we working with a pair of diffeomorphic manifolds Mg, M, in
the doubled theory? If so, since points on two distinct manifolds may only be related up
to an overall diffeomorphism, how does one map degrees of freedom on the right to those
on the left? The pay-off of introducing a reference manifold is that it provides a common
ground for comparing the two different degrees of freedom. Since My, +— M +— Mg,
we can bring all the physical fields onto the reference manifold using the pullback fields,
perform all manipulations on the reference manifold and thence push forward to the phys-
ical spacetime. We believe this is the correct way to understand the symmetries of the
Schwinger-Keldysh formalism.
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Having identified the relevant degrees of freedom we can write the Schwinger-Keldysh
action generically as

Ssic [T, / Naryal” / VIO LW+ S, (W, W]
Mr Mz (13.3)

:/M <\/@]L[@R] —v=or L[Ws] + v—or L,, [WR,WL])-

We have allowed here for the possibility of a non-vanishing influence functional that couples
the two sets of degrees of freedom. In the process we have arbitrarily chosen to write L,
as a scalar field with the metric on M taken to be gz.”

For the situations we have discussed so far we do not need to include such terms, but
anomalous (and also dissipative) parts of the constitutive relations will turn out to involve
non-trivial influence functionals. At the moment we will not impose any constraints on
Lrr (apart from the obvious symmetry requirements).

We now want to describe the variational principle on the reference manifold for
Schwinger-Keldysh actions of the form (13.3). Varying Ssk with respect to the various
fields and sources yields a-priori two sets of currents associated with the two sets of degrees
of freedom:

1 1
0Ssk [Wr, W] = /M V—0Or {2T§b593b - §5T§b5@2b +J% - 0A; —sI7-0A;  (13.4)

where we abbreviated s = /—g./v/—0gr.'© While this defines the general Schwinger-
Keldysh constitutive relations, the equations of motion are obtained by extremizing Ssk
with respect to {¢?, c}r,r. inside {gap[p], Aal¢]}r 1, holding fixed {f%, Ag}. Since there are
now two copies of pullback fields {¢?, ¢} 1, there are a-priori two copies of diffeomorphism
and gauge symmetries. For example, we can obtain equations of motion for {’I[’“b J%} by
infinitesimally varying the right pullback fields. To wit, consider a variation {§¢%, —cg 'dcg}
inside the R-fields:

800y = —0p Ggp» OAG = —0p Ay,

Sgy, =0, AL =0, (13.5)

op* =0, oA = 0.

"SOf course, the choice of the influence functional Lagrangian density being given in terms of the R metric
is simply a matter of convenience. The choice matters in practical terms; when we have to define index
contractions, covariant derivatives etc., which will be done with gE‘V with the above convention.

"®Note that temperature and chemical potential come as r and L versions since they depend on the metric
and gauge field, respectively:

1 M c
Tr/L = o , Tl:i = Ap+ B°AR™
g,/ Bepy /
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Applying this variation to (13.4), we obtain

BSsk [Pr, O] = / V=0r {&pcﬁ [Da(Tr)e — Tg - Feo] + (—ci e + Agdph) - chJE} :
M
(13.6)

From this we can read off the usual equations of motion for {T¢, J2}. Equations of motion

for the left copy can be derived in an analogous fashion.

However, note that it is not obvious how the two copies should be coupled. In order to
make this deficiency of a naive Schwinger-Keldysh formalism more apparent, let us briefly
demonstrate how it fails to give a sensible adiabaticity equation. To this end, let us consider
Bianchi identities on the reference manifold as obtained from a common diffeomorphism
and gauge transformation along {€%, A}:

Seom” = Lygn", 0,3 = £e6°,
5 ARE = Lo AR 4 [ARE N 4 N,
(13.7)
S Mg + A5, B = €Dy [Ag + BPA)M] — BDa[A + €A
— {aﬂngsz + [A[B + ﬂ}a[AaR/L,y\ + {bAbR/L] )

Inserting this in (13.4) we can do exactly the same integration by parts as in section 6.1
to obtain:

5 Sk (W W) = [ Fgr{ia[—mb (et —sT2) + (35 el — 50 - B
M

ab
g
+ \/%%618 (V=0r [Tr by — Ty shy])

+ <@?{b Trng - 6IBA£{ - @%b Ty, smy, - 5]BKAZE> }

1

vV —Or

(& L C ]‘
—/M\/—gR (A+EAL) - [—]DC(SJL)—F\/@&B («/—gRTLsmL)} :
(13.8)

[ e ran. [—DCJ; s, (VR T mR)}

where 0, denotes Lie transport along B = {*,Ag}. We can directly read off Bianchi
identities from this variation. We define the reference manifold entropy current in the
same way as on physical spacetime M, i.e. Jg = (Trsr — 5Ty s.)B* with sg/;, defined
as the functional derivative of Sgk with respect to Ty, exactly as in (6.4). Using the
Bianchi identities from (13.8) it is then straightforward to derive the following adiabaticity
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equation in complete analogy to (6.14):

Dol + B Dy (T8 — s T2) — (35 Fel — 505 - Fi? )|

+ [(Ag+ B°AL) - Dady — (Ap + BAL) - Do(s I7)]
-1 (V=0a[ (T s — s Tus0) + (B — s 1)

lng
+(TR[UR‘]T1R—5TL[UL‘IUL)]> =0.

Clearly this form of a Schwinger-Keldysh adiabaticity equation is not satisfactory: in
the hydrodynamic limit where right and left quantities coincide, the equation collapses
to something trivial. This indicates that a proper Schwinger-Keldysh formalism must
contain a rule to connect the right and left contours. Note that in the absence of influence
functionals we can separately derive the Bianchi identities on the left and right and check
that they are upheld. While this in itself is not ideal, at least in the absence of influence
functionals adiabaticity continues to hold in the doubled theory. The issues alluded to
above, start arising only when the two sides start talking to each other.

In section 15 we will construct a doubled formalism where an additional symmetry
ensures a sensible adiabaticity equation. For the moment, we leave it with the observation
that a naive Schwinger-Keldysh formalism as developed in the present section suffers from
various deficiencies.

13.2 Hydrodynamic currents in common/difference basis

Regardless of the problems pointed out in the previous subsection, from working on the
reference manifold we nevertheless gained a distinct advantage: we have a way of defining
currents in a basis of common and difference fields. Let us now briefly outline how this
allows to compute the hydrodynamic currents of interest in a rather simple way. By
taking linear combinations of the sources we can consider the average source and the
difference source which will be useful in our discussion. Generalizing the notion to also
include the hydrodynamic fields, we define the following average and difference fields on
the reference manifold:

=ty -0, V=2 (Vg+¥). (13.9)

1
2
For completeness we record the explicit definition of the difference hydrodynamic fields
which will play an important role in what follows:

Eb(x) )

- (13.10)
ha(x) = Ag(x) — Ag(x),

(]
)
o
—~
&
~—
I
(]
8.
—
A
~
\
(]

where x% are some coordinates on IM; for instance, one could consider the above difference
fields as functionals of the diffeomorphism fields by setting x® = ¢%(z).

In any system out of equilibrium, we are interested in analyzing the causal response
of sources. This amounts to considering linear combinations of correlation functions with
operator insertions in both the R and L copies of the theory. The causal correlation
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functions involve a single variation with respect to the difference source [81]. It is therefore
useful to remember that the Schwinger-Keldysh construction (13.3) couples the difference
source to the average current and the average source to the difference current:

4 1 a a, 4 1 a a =
0Ssk [Wr, WL] = / vV —9 {2 <5R TRb — 5L TLb) 08ab + 1 <5R TRb + 51, TLb) 0Gab
M
o 1 _
+ (TRSR, Ihg - TL 5L Ih;) 5@‘1
+ (TR ngR - TL ‘5L H]'L) . (5Aﬂ3 + Aaé@a)

1 —
+ = (Trsrng + Ty spmy) - (A“(ma)}

[\

where 651, = \/=0r.1./V—0

While the above discussion remains valid for generic non-equilibrium dynamics, our
interest is in the hydrodynamic limit where we only allow small (long-wavelength) depar-
tures from thermodynamic equilibrium. Omne useful consequence is that we can obtain
the hydrodynamic currents by working to linear order in deviations from the equilibrium
configuration wherein the left and right degrees of freedom are identified. Said differently,
we consider linear deviations of the diffeomorphism and gauge transformation fields about
a common equilibrium configuration: ¢%(z) = ¢%(z) = ¢%(x) and cx(x) = c(x) = ().
From the action (13.3) one obtains the hydrodynamic constitutive relations by varying
with respect to the reference sources {g, A}y ; and taking the hydrodynamic limit:

2 < 0Ssk B 0S5k >
V=0r \Oggler]  dg5,[en]

g 1 < 0Ssk B 0Ssk >
hydre /=g \0AE[pr]  OAL[p]

ab o
Thydro -

erl(e) = pi(e) = ()

cr(x) = eu(x) = e(x)

(13.12)

erl(@) = ¢il(z) = " (2)

cr(2) = (@) = e(x)

where % = 1(p%+?) is the common part of ¢y and ¢;, which coincides with ¢y, ¢y, in the
hydrodynamic limit. From (13.11) it transpires that the hydrodynamic currents (13.12)
are the common currents which can equivalently be obtained by varying Ssk with respect
to {0ap, Ay} and then taking the hydrodynamic coincidence limit. Note however, that
such a variation yields the same expressions as the right hand side of (13.12) only in the
hydrodynamic limit (i.e., to linear order in difference fields). Beyond linear order, the
natural Schwinger-Keldysh currents are defined by (13.4).

Similarly, the desired equations of motion in the hydrodynamic limit can be obtained
making use of this simplified variational principle: in analogy to the discussion of sec-
tion 7.4 we can do a variation of {p®, ¢} inside the difference sources, holding the reference
configuration of {%, Ag} fixed:

5x@ab = _5<p@ab7 A, = _(ipAa ;

5
e (13.13)
0, 6*=0, 0, Ag=0.
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This variational principle applied to (13.11) directly yields equations of motion for the
hydrodynamic common currents. Its relation to the variational principle of the previous
subsection should be seen as being consistent to linear order in difference fields (which is
good enough if we take the hydrodynamic limit at the end of the day).

While it is clear that the above Schwinger-Keldysh formalism can achieve some things,
it is certainly not entirely satisfying. By postulating a reference manifold configuration
underlying both copies of the physical theory together with a way the symmetries act
there, we are able to obtain equations of motion for the hydrodynamic currents. However,
we have no obvious way of defining an entropy current on the reference manifold from first
principles. In order to obtain an adiabaticity equation for the currents obtained in this
subsection, we need to construct the reference manifold entropy current by hand such that
adiabaticity is satisfied. This is the strategy that we will follow in the construction of Class
A constitutive relations (see section 13.3 below).

13.3 Anomalous Ward identities in the Schwinger-Keldysh formalism

The analysis of section 12 underscores the fact that, while the anomalous adiabaticity
equation can be solved within the framework of Class L adiabatic fluids, one fails to recover
the desired on-shell Ward identities. The reason for this failure can be traced to the fact
that the amount of anomaly inflow into a single copy theory, respecting the adiabatic
principle, is a bit too much [30]. As one can see from the transgression form characterization
of the anomalous Lagrangian (12.18), the inflow to the boundary manifold M from the
bulk topological theory comprises not only of the anomaly in the physical background
sources {A,T'} but also involves an extra bit of inflow from the shadow fields {A,T}.
The latter have to be removed from the system in order to obtain the correct physical
Ward identities.””

Fortunately we now know a cure for this problem; as discussed in [30] and reviewed in
the previous subsections the Schwinger-Keldysh formalism provides a natural framework
to understand the Ward identities. In particular, we will find it quite useful in the following
discussion to be able to have non-trivial influence functional contributions. The symmetries
of the Schwinger-Keldysh construction pick out a unique influence functional which in turn
implies the desired anomalous Ward identities (12.35).

Let us hark back to the discussion of section 12.4 where we took our anomalous effective
action in the single copy theory to be Seg [®], cf., (12.31). From that discussion, it is clear
that we need to add to the total action S.g another term which fixes the dynamics by
ensuring that we have the correct amount of inflow. In the double-field context, we are
thus looking for a total action of the form

Stot = Stot [‘I’L7 ‘I’R]

(13.14)
= Oeff [‘IIR] - Seff [‘IIL] + S]F[lI’Ra lIIL] )

with Seg [¥] being given in (12.31) and S,,. is a cross-contour term that involves fields
from both copies of the theory.

""We recall that the extra terms in (12.34) all involve the shadow fields in the r.h.s. of the physical
conservation equations.
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It proves convenient for reasons mentioned above to write the action Si. on the ref-
erence manifold directly. This can always be achieved using (13.1). As explained in sec-
tion 13.1 one then has a single background geometry where all the currents live. The
resulting action will depend on ¥ = {gl; [¢r], Ay [¢r], B*[¢r], Agler]} and similarly for ¥,
i.e., we effectively view it as an effective action for two copies of sources while keeping one
copy of hydrodynamic degrees of freedom {3*, Ag}. We thus write

Stot = Stot [QOR,CR, YL, CL] = <Sn—a[‘”’R] +/ Vp [WR]>
Mgy

~ (Swaltad+ [ Vpltd) + 5,100, 0]
" (13.15)

As remarked earlier, by working in terms of the reference manifold M (and its bulk exten-
sion which we denote as Mgy11), we circumvent potential confusions about the presence of
two copies of the spacetime manifold with two metrics and two gauge and diffeomorphism
symmetries. Despite the fact that there are still two copies of source fields living on M,
there is only one physical gauge and diffeomorphism invariance involved in (13.15). Equa-
tions of motion in the hydrodynamic limit can then be obtained from a simple variational
principle as described in section 13.2.

Since the contributions from Seg [¥] have already been computed in section 12.4, we
now turn to an explicit description of the contributions that come from S,,. Using the
same arguments as [30], we can infer what the form of S|, [¥g, ¥,] ought to be. Its form is
pretty much dictated by ensuring that we have the correct amount of inflow: it needs to
be a transgression form between the two sets of shadow fields. We therefore claim that the
precise term to add as our anomalous influence functional is the transgression from hatted
fields on the right towards hatted fields on the left contour, i.e.,

Sie= [ VelhnFuiduf)
Mgy
= / Ve (A[@R},f[%];A[@L],f[m]), (13.16)
Mgy

The main thing we need to check is that the above cross-term influence functional pro-
vides the right correction terms necessary to fix the anomalous hydrodynamic Ward iden-
tities (12.34) without influencing the physical currents (12.30). We can use the same
kind of manipulations as in section H to verify this. As we pointed out in the general
discussion of Class L Schwinger-Keldysh formalism, section 13.1, a non-linear treatment
requires carefully separating R and L degrees of freedom. However, we are eventually
interested in the hydrodynamic limit of the currents, i.e., the coincidence limit where dif-
ference fields are set to zero. Therefore we can employ the simpler formalism where we
vary the Schwinger-Keldysh action directly with respect to difference sources, disregarding
any current contributions that contain hydrodynamically vanishing quantities, c.f., sec-
tion 13.2. After explicit computation (see section H.3), we obtain for the variation of the
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entire anomaly part of the action in the hydrodynamic coincidence limit™®

=5 (SIF + [ veln - Vp[w)

hydro Mgyt
1 1 _
_ ][ [ D, (»:M[NP] + >zN[MP} B )ZZ(MN)> ~ 8GN + ;[]% . 6AM:| (13.17)
Mgy, L2 2
1 a C ac c a a 1o a A
M 2 2

where hydro denotes the limit where all the expressions that are not variations of difference

fields are evaluated at ¢ (z) = ¢%(x) = ¢*(z) and cg(x) = c.(z) = c(x). Further, {Gap, Ay}
denote the difference sources as introduced in section 13.2. Equations of motion are now

5Sanom

hydro

obtained by varying {¢%, ¢} inside the difference sources on M, i.e. (13.13). Following that
logic, we immediately obtain the bulk on-shell equation of motion, which we now write for
the reference fields

1
5DaD> (}ZM[NP} 4yl zi}”M)) ~TFoyp-J5,  Dplb~0. (13.18)

The boundary equations of motion from S,,om then take the form

D, [; D, (z a1 yblec) z;ﬁ“b)> + 2(1:1,(;1111’)} ~ T, J% + ;]D T DTS ~ T,
(13.19)
where all fields are in the hydrodynamic limit, i.e., the R~ and L-fields have been identified.
After combining the R- and L-pieces, the additional non-anomalous contributions to the
boundary equations of motion are the same as in (12.32) with (12.33). Putting all of this

together we get the hydrodynamic equations of motion for the action (13.15):
1
b {Tﬁ?ﬁgmc (2 + e 55 ) +2 apu b)} T (T + ) + gD

Dg [J2, + J%] ~ I3 (13.20)

When written in terms of quantities on the physical spacetime M, these are the usual equa-
tions of motion (12.35) for hydrodynamics with mixed flavour and gravitational anomaly.™

This completes for us the derivation of the equations of motion for the full Schwinger-
Keldysh action. We conclude that a Schwinger-Keldysh formulation with suitable
Feynman-Vernon term is capable of imposing the correct dynamics on our theory. Working
in a formalism with doubled set of degrees of freedom is inevitable if we want to circumvent
having various Ward identities contaminated by unwanted hatted anomaly contributions.

"8We adhere to our index conventions stated earlier:
e Boundary physical manifold M: indices from the Greek alphabet.
e Bulk physical manifold Mg4+1: indices from the second half of the lowercase Latin alphabet.
e Boundary reference manifold IM: indices from the first half of the lowercase Latin alphabet.

e Bulk reference manifold Mg41: indices from the second half of the uppercase Latin alphabet.

" The translation between the physical and reference manifolds is simple: we replace ¥ — ¥ and change
indices back to Greek.
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13.4 Effective actions for Class D?

In section 5 we have seen that dissipative transport is well under control. The positivity
of the leading order transport coefficients and lack of further constraints is reminiscent of
general structures of effective field theories, wherein unitarity imposes positivity controls
on kinetic terms but leaves typically higher order interactions arbitrary.%"

Ideally, it would be great if we can give a complete picture for dissipative transport
by constructing an effective action; once this is understood we would be able to make a
clear analysis from a microscopic perspective. It has long been understood that such an
effective action has to be described using the Schwinger-Keldysh construction. We would
like to offer some critical thoughts at this juncture, why this construction requires further
bolstering, paving the way for a general picture in section 15.

To incorporate dissipation in the Schwinger-Keldysh doubled formalism, it is neces-
sary to incorporate interactions between the left and right fields via the Feynman-Vernon
influence functionals [50]. Then, upon integrating out one set of degrees of freedom that we
take to be the difference fields (¥, — ¥y), one obtains an effective action for the common
fields ¥, + ¥y with dissipative interactions. What we are after then is a constraint on
the influence functionals ensuring that such interactions are compatible with the second
law. We should emphasize that this is a very physical requirement since the second law of
thermodynamics is a macroscopic manifestation of microscopic unitarity.

If we naively construct influence functionals without any constraint, then we have seen
that the adiabaticity equation fails. One should then worry about terms that violate the
second law. In particular, using generic influence functionals one can construct effective
actions which allow non-vanishing Class Hgr terms, which as we have seen are forbidden
by adiabaticity (in fact hydrostatics). One potential issue is that unconstrained influence
functions violate the fluctuation-dissipation relations which typically are encoded by the
Kubo-Martin-Schwinger (KMS) condition in non-equilibrium dynamics. While there is
some understanding of how these relations are to be imposed in the Schwinger-Keldysh
formalism we are as yet unaware of a complete treatment in the hydrodynamic context
(see for instance [83-85] for some progress in this direction).

Ideally, we would like some element in the Schwinger-Keldysh construction which for-
bids influence functionals that lead to disallowed constitutive relations (such as Class Hp).
Given our previous discussions and in particular section 13.3, let us take a step back and see
what we can learn from the adiabatic effective actions. For Class L constitutive relations,
the Schwinger-Keldysh construction is rather straightforward. We simply have (13.3) with
L,, = 0 since there is no need for any interaction terms in either Class Hg or Class Hg.
So this does not provide us with much guidance on how to proceed.

Anomalous transport of Class A is however more interesting, as we need a non-trivial
influence functional (13.16), required in order to satisfy the Ward identities. While our
construction was be guided by the symmetries and the rigidity of anomalies, it should be

80This analogy comes with caveats. In relativistic quantum field theories there are sign-definiteness
constraints on the leading corrections to the positive definite quadratic kinetic terms arising from causality
as discussed for instance in [82].
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borne in mind that the final answer in (13.15) is not derived from first principles. While
we have presumably fixed the non-covariant part of the influence functional correctly by
demanding the Ward identities, it is plausible that there are additional pieces which ensure
that the term we propose satisfies the KMS condition.

In any event the story about influence functionals for adiabatic transport is incomplete
— we have not been able thus far to incorporate the vector classes Hy,, Hy and C into an ef-
fective action framework, nor the Berry-like transport terms of Class B. It appears intuitive
that writing an effective action for such transport does require some form of Schwinger-
Keldysh doubling; indeed we will see glimpses of such a structure in section 15-section 17.
We will argue there for a new symmetry principle which circumvents all these problems.
The set of influence functionals will be constrained in precisely the right way by the pres-
ence of a new symmetry to ensure adiabaticity. Furthermore, we will see a more natural
variational principle deriving the Ward identities of hydrodynamics. We however forewarn
the reader that whilst this structure is tantalizing, we postpone a complete discussion of
the implications vis a vis the Schwinger-Keldysh constructions to a future publication [55].
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Part I1I
The eightfold way to dissipation and its
lagrangian unification

14 The eightfold way

We are now in a position to outline the complete classification of hydrodynamic transport

at arbitrary orders in the gradient expansion building on the results derived in section 4-

section 13. We will give the algorithm for the intrepid hydrodynamicist to implement the

construction at any desired order.

14.1 The route to classification

We will work off-shell in the most general fluid frame. We first compile a list of all tensor

structures that can appear in constitutive relations Cy [¥]. We will sequentially eliminate

elements of this collection by assigning them to distinct classes suggested by the eightfold

way. The algorithm for understanding the transport classification can be implemented in

the following sequence:

e The first step of our analysis is to remove the particular solutions of Class A by picking

the correct particular solution leading to the anomalous constitutive relations, i.e.,
g
{(G7)a, (TH")a, (J*)a} given in terms of the anomaly polynomial P[F, R]. These

anomalous currents take the form

a 1 &Aoo
(‘]S)A = _§ﬁa ZH[ ] )

1 « o (07
(T°%)a = qgu’ +¢Ju + 5 D, (EPW + pierl sl 5)) , (14.1)

(J*)a=Jp,

where the various pieces in these currents are given in terms of the transgression form

Vp = 2 A (P[F,R] — P[F, R)) as

OVp OVp
- P, =2
P T How) P 9(Br)"s
oVp womit b oP
= —_— n 2 a = 2 .
*IP =55 " R,

e We then remove the terms that are forbidden by the hydrostatic analysis.

(14.2)

involves discarding Class Hp terms {(G”)u,., (T" )u,, (J*)u,} from the constitutive
relations. These terms are tensor structures allowed by symmetry, but forbidden by

the second law.
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e There are combinations which can never be removed irrespective of choice of entropy
current. These irreducibly dissipative combinations belong to Class D . All other
combinations solve non-anomalous adiabaticity equation which is homogeneous in
derivative order. We will henceforth proceed derivative order by derivative order
with no mixing of adiabatic constitutive relations at different orders. The dissipative
constitutive relations take the form (5.8):

(T")p = _% [Tj,,g n Yy, +Y5 o Tag} (ed) 8590
R A
(1= 5 [Then Ta, + 74, 0 1o, ™" 6,000 |
- [TIIA n Tn, + TTO'A a TUA]aﬁ‘ O Ag -

where the dissipative Noether current (N?)p is determined by integration by parts as
in (5.13). As shown in section 5.3, a large subset of Class D constitutive relations up to
the second order in derivative expansion can be obtained instead by the simpler task
of classifying transverse tensor structures {N*77 X#e S} and plugging them into

1
(T")p20 = (~2n 0" —( O P) = ( N ) (@B) 4 N(@ﬂ)(/ﬂ/)) 8y Gap+ X5 Ay

1
(J)0.20 = (Ggn, 07) + 5 X095, g, — S0 6, A

(G )p2o =0. (14.4)

e We then remove the Class C constitutive relations by eliminating the non-trivial
conserved vectors that can serve to provide contributions to the entropy current:

(T")e =0, (JM)e =0, (G)e=-T1J), (14.5)
where J? are identically conserved topological currents.

e At the next step, we will remove Class B by looking at all combinations in that deriva-
tive order that solve adiabaticity equation with zero free energy current. In order to
adhere to the derivative counting one should simple classify the intertwining tensors

{N, X, 8} without the derivative operators T as the latter mixes derivative orders:5!

1
(T")p =~ ( NE)@B) _ N(am(uu>> 8y gos + X5 AL
1
(JY)p = —52((””)0‘5939“” _ Glesl . 5, A5, (14.6)
(G7)8 =0.

81 Note that this argument seems to indicate that Y construction while useful in constructing solutions
for Class B, serves little purpose in the classification program, where all we care about is the set of solutions
at a given derivative order.
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At a given derivative order, say k', let there be Ny functions which parameterize
constitutive relations solving the non-anomalous adiabaticity equation and have non-trivial
free energy current. We will examine the grand canonical adiabaticity equation (2.21) and
focus on the expression for the most general adiabatic free energy current. This is in fact
easier to deal with than the stress-tensor and charge currents owing to the fact that we only
have to classify vectors and not symmetric tensors. As we have already taken the effort
to remove Class B terms in the preceding steps, the most general adiabatic free energy
current will then be written in terms of just these Nyt functions we enumerate.

Let us decompose the adiabatic free energy current into a longitudinal scalar and vector
part by the ansatz:

" o
g " g7

_Z n_ p
LB T

- (14.7)

using the hydrodynamic field and the transverse spatial projector P, . Further, let N,
be the number of functional combinations that appear in the scalar part £. Without loss
of generality, let us assume our parametrization is such that we can then divide the Nyot
number of functions in G into N, functions that appear in £ and the reminder (that do
not appear in £). Now, set the N, — Nz number of functions that do not appear in £ to
zero. We are then left with a N functions worth of solution of adiabaticity equation which
we will denote by {Gg., T fg‘:, J’; .} After subtracting this solution, we have Ny — Ng
solutions with purely transverse free energy current denoted by {GY,, T“/”', J(}}

Let us now focus on {GZ,, TE”, J& }. The decomposition for these solutions (14.7)
then reduces to

_% =L B"— Pt 98 (14.8)

T T

where the data is now parameterized by scalar functions.
In the next step, let us use £ as the Lagrangian and then construct N, functions worth

of Class L constitutive relations which are of the form

Gz =-T (ﬂ"c — (#pOps)” + WC"”[B]> ;

T éé(gﬁ) (14.9)
J“: 1 5(\/jg£)
LT A,

Since this accounts for all the N solutions, the difference {GZ.—G%, T4, —Tr", J5.—J7}
can only contain repetitions, trivial solutions or a mix of other classes, such as Class B

or even Hy type solutions.®? All that matters for our discussion is that the currents are
derivable from some form of a generating function (as in, e.g., Class L). In that case we can
set the controlling functions to be some functionals of the hydrostatic and hydrodynamic

82Tt is useful to know that even though we are generating solutions from a scalar Lagrangian density we
can indeed get some transverse vector components in the free energy current.
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parameters in £. We can discard them without loss of generality, and choose a basis of
solutions such that

{950,750, Tse} = {92, TL", I}

e The above discussion takes care of all Class L (which divides further into Hg and
Hg) constitutive relations. At this point, we have accounted for five adiabatic
classes {Hg, Hg, A, B, C} in addition to the Class D terms (and we have eliminated
Hp terms).

e We are now left with the remaining constitutive relations with transverse free energies,
{Q\U/a Tau) J\/j'} = {(gU)HV + (ga)ﬁvﬂ (TuV)HV + (T“V)ﬁvﬂ (J'u)HV + (J'u)ﬁv}'

e The Class Hy terms can be eliminated by invoking the replacement rule arising from
Euclidean consistency and thus employing a similar trick as in the Class A discussion
earlier. We define a modified anomaly polynomial P via

Pu, [F, R, FO] = P[F,trR?* — trR* + 2(2r FT)?X] — P[F,trR*].  (14.10)

and find the constitutive relations

o a 1 S 1[ao
(I9m, = (T, — 380 Sa)u™
o o o 1 o o a
(T = g w’ +q} u+ 3D, (Sgll 4 wilon — pplen) (14.11)
(T, = T3,
where
oV; oV;
*q = PHV ) *21{ BO& = ZA )
Hy 8(2w) 1% a(BR)aB
OVp op (14.12)
= v *2n41 E b — 2 HV ]
*Jy, 9B (XH)Hy o ORa,

One main difference from the Class A constitutive relations (apart from the presence
of AT in Py, ) is the fact that the entropy current (and thus the free energy cur-
rent) gets a non-trivial contribution in this class. The additional contribution to the
entropy current (J g)ﬁv is defined in terms of the Hy transgression form:

a(VPH )

where B is the two-form magnetic field for AT, B = FM — 4 A 4, F(.
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e Having dealt with the other classes the rest will go into Class Hy and takes the
general form

1 V)|(a
(@), = _T[45‘B G 5 o

+ 5391“/@5’((#1/)04 Oy Ag + 0, A - th(aﬁ) . 5314/3}
14 1 V)|« V)&
(T")g, = 5 [Dp%(w WD) 5 Gog +2 N 5 gaﬁ}

+ DRI 5 Ay 42 € DS A,
1

(Ja)ﬁv - 2 {Dpe:px(uy)a(sfzsg/w +2 Q:’/')Y(MV)OC Ddeglw}

+ Dl 5, Ap+2 ). D5, Ag. (14.14)

e Once we have accounted for these terms we have exhausted all possible hydrodynamic
constitutive relations; the eightfold path is complete and the most general constitutive
relations allowed by symmetries at a given order in derivatives can be written as

G7 =(G7)a +(G)up +(G7)p +(G7)c + (67)B + GZ + GV,
T = (TM)p + (TH)ap + (T")p + (T") e + (TH)p + T + T8, (14.15)
JH=(I")a + (T)ap + (J)p + (TH)e + () + 7 + Ty

Theorem 1. All hydrodynamic transport is exhaustively classified by one of the aforemen-
tioned seven adiabatic classes, viz., {Hg,Hs, A, B,C,Hy,Hy} and the forbidden constitu-
tive relations of Class Hp, in addition to the dissipative Class D = D, U Dy.

The constructive algorithm described above outlines the general structure of the proof
we would like to present. However, in order to complete the proof, we need a precise
argument stating that our constructions exhaust the terms in the non-Lagrangian classes
{Hy,B,D} completely. We will give such an argument in the following subsection, sec-
tion 14.2. However, before we give an independent proof, let us anticipate the result of
section 15-section 17 which makes it clear that there exists a master effective field theory
which will encompass precisely the adiabatic classes and thus provides a much more direct
proof of the completeness of our classification:

Theorem 2. The sevenfold classes of adiabatic hydrodynamic transport can be obtained
from a scalar Lagrangian density Lt [,8“, Ags Guvs A, Gy Ay, A‘T)“] :

1 v~ A o vo v o
Lr =35 T Guy + J" - Ay + (JE + BT + (Ag + BYAy) - J7) AT, (14.16)
As indicated the Lagrangian density depends not only on the hydrodynamic fields and the

background sources, but also the ‘Schwinger-Keldysh’ partners of the sources {gu, flu} and
a new KMS-gauge gauge field A7,,. This Lagrangian is invariant under diffeomorphisms
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and gauge transformations®® and under U (1)1 which acts only on the sources as a thermal
diffeomorphism or gauge transformation along B. The U(1)t gauge invariance implies a
Bianchi identity, which is nothing but the adiabaticity equation (2.12). Furthermore, a
constrained variational principle for the fields {B",Ag} ensures that the dynamics of the

theory is simply given by conservation.

Given the Lagrangian L£; we are essentially done, since all we need to do is to show
that by picking appropriate scalar densities in the extended space of fields gives rise to a
solution in one of the aforementioned eight classes. This is relatively straightforward as we
shall see in section 17. What is less apparent at first sight is the rationale for the existence
of the extended set of degrees of freedom and the extra U(1)t symmetry. The reader might
take these as part of our construction for the present, though we believe that the Class L+
story we are about to present hints at some fundamental truisms that ought to be valid in
non-equilibrium dynamics of QFTs (and potentially fixing some of the problems described
in section 13).

Before presenting the detailed construction of £ in section 15-section 17, we shall now
give an independent proof of the completeness claimed in Theorem 1 and then illustrate

our eightfold classification for various fluid systems.

14.2 Completeness of the adiabatic taxonomy

In the lead up to the statement of Theorem 1 we have already covered a reasonable amount
of ground vis a vis a proof of the statement. We will in the following complete some of
the open issues which that discussion left out and argue that out eightfold classification
is complete. The proof per se will be phrased in a physical language; it can be made
mathematically rigorous as necessary but we prefer to illustrate the basic statements in a
fashion that makes them more intuitive.

The key component of the proof is to realize that one needs to control the free energy
current G in order to ascertain the behaviour of transport. In much of our discussion,
including section 14.1, we have emphasized the fact that the free energy current is a space-
time vector simplifies the classification scheme. Accounting for all possible vectors that
can appear in G would suffice for our purposes of demonstrating completeness.

Let us first examine adiabatic constitutive relations. We invoke the decomposi-
tion (14.7) of the free energy current. Using the argument following this equation in
section 14.1, it is clear that the entire contribution to the longitudinal part of the free en-
ergy current is captured by the Class L (= Hg UHg) by picking a set of generating scalars
which are either hydrostatic (Hg) of hydrodynamic (Hg). Furthermore, anomalies are dealt
with using the particular solutions of the adiabaticity equation, leaving us then with situ-
ations of traverse vector free energy current and some situations where the free energy is
vanishing (Class B) or identically conserved (Class C). In addition we have the dissipative
constitutive relations. Of these Class C terms are easy to handle and like with the anomalies
one quickly can exhaust the space of cohomologically non-trivial conserved currents.

83 Anomalies if present are dealt with using the inflow mechanism [77]. Lr then includes a topological
theory in d + 1 dimensions coupled to the physical d-dimensional QFT (at the boundary/edge).
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Thus for a full proof of Theorem 1 we need to ascertain that the parameterizations we
gave for Classes {Hy,Hy,B,D} are exhaustive. Let us make a couple of remarks:

e For Class D, the argument is clear since we can always recast the most general positive
definite form using a set of tensor valued differential operators T and suitably chosen
intertwiners {n, o} as discussed in section 5.2.

e For Class B (without Y operators), one can argue that in the vector space of terms,
all the combinations orthogonal to {,, ¢, d, A, } necessarily take the form given in
egs. (9.2) and (9.4).

e The hydrostatic transverse vector free energy currents are likewise easy to tackle by
focusing on a limited set of terms that survive equilibrium.

e The only unresolved problem is how to argue that our construction for Hy does not
miss any terms. The issue here is that there are too few of them in our explicit
examples to see how they work in general. We will present an argument in favour of
the completeness of our classification below.

To prove the completeness of our parametrization (14.14) of Class Hy, we need to
consider the set of all possible transverse free energy currents (g”)ﬁv. Since we are only
interested in non-hydrostatic currents (otherwise we could describe them in Class Hy),
they need to contain at least one factor of d, gu,,.84 Let us parameterize such currents as

1

(N9)g. = -7

Hy, (ga)ﬁv =7 539#1/ with UUQ:UIW = 0, (14.17)

where €7 is some tensor. Now consider the divergence of this current:
VU(NJ)EV = (Vo €M) 6, g + €M Vo (6 9ur) - (14.18)

From the structure of the adiabaticity equation (5.7), it is clear that this free energy
current is only adiabatic if the divergence (14.18) is proportional to d,g,,. This is clear
by examining the adiabaticity equation (2.21). In (14.18) first term in the r.h.s. has an
explicit 0, g, which would serve. The second term however contains descendant operators
(using the terminology from section 5). These are independent tensors and do not contain
a free 0,9,,. Alternately, one simply notes that there are fluid configurations which are
hydrostatic locally (i.e., d,, g, = 0 at some point on M) but such that V, (8, 9u) # 0, the
above divergence can only be consistent with adiabaticity if every term contains at least
one undifferentiated factor of d,¢g,,. Either way we require €°*” to contain a factor of
059w in general. However, this requirement implies that (go)ﬁv contains two factors of
059 and hence is precisely captured by our Class Hy parametrization (14.14).

84Tn this subsection, we will content ourselves with the discussion of neutral fluids. In charged fluids, one
could also use d,, A, instead of J,, g, to describe deviations from equilibrium, which leads to a completely
analogous discussion.
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Let us now consider the slightly more general situation where the object € in (14.17)
is not a tensor, but a tensor-valued derivative operator. W.l.o.g. we can parameterize this
situation as

(N%)g, = €MV (0ygm)  with  u,€W =0, (14.19)

where €7 is some tensor. Let us consider separately the cases where €7#) is symmetric
and anti-symmetric in its first two indices, respectively:

e Anti-symmetric case (Q:")‘(*“’ ) = gloA(w )): One can easily see that the anti-symmetric
component does not provide anything new as it can always be canceled by a combina-
tion of terms of other classes and an uninteresting Komar piece; to see this, observe
that (N7)g,, can be decomposed as follows:

(N7, = @loA (w) VA(G s G
=V, (@[JA](W)(sﬁgW) — (VAQ[UA](NV)> 8 G (14.20)
—V, ((;;[UA](W) 5, gW) o (vAQ;[pA](uu)) 8w

+u° (upV AQj[W\](M”)) 8 G »

In the last line the first term is Komar (hence uninteresting), the second is captured
by Hy (it’s of the form (14.17)) and the last one is longitudinal (and thus in Class
L). We conclude that this does not lead to any transport not captured by either Hy
or in one of the other Classes we have already accounted for.

e Symmetric case (Qf")‘(“” ) = ¢loN )): in the symmetric case, consider the divergence
of the free energy current (14.19):

Vo N, = (Vo€0) Ta(,0) + €T,V (5,,) . (14.21)

W.l.o.g. we can assume that €°**¥ does not contain any undifferentiated O G (if
it did, we would be back in the case parameterized by (14.17)). A-priori the second
term in (14.21) does then not contain any undifferentiated ¢, ¢,,. Hence the only
way that this situation can be compatible with adiabaticity, is that a cancellation
between the two terms happens such that their sum is proportional to d, g,

Let us see under what conditions it could happen that the second term is canceled
by the first. Note that V(,V ,\)(5?3 guv) is a genuine 3'4 order descendant object which
is not a product of lower order tensors. Since the first term in (14.21) contains a
27d order descendant factor, a cancellation between terms can only happen if ¢7
itself contains a factor of V. (0,9as). If the two terms were to cancel, we would hence
require that

¢ () — @(GM)[(W)\(aﬁ)]VH(%gaﬁ) (14.22)

such that

Vo (N, = (VUQ_:(U)\H)[(MV)HCYB)}) Va(8y 9u0) Vi (8, Gag) - (14.23)
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This divergence could now in principle be proportional to 6., g,-. But again this does
not provide anything new, for we recognize the free energy current in this case as a
special Class B term (with non-trivial Y-operators acting as derivative operators such
that the free energy current is non-zero). The easiest way to see this is by recognizing
that the divergence (14.23) is of the form of a Class B divergence (5.13) with

(Tng))\ =2V, n(AH)[(MV)I(aﬂ)] = — v, e@m)(u)l(aB)] (14.24)

From the symmetry structure of n it is clear that we are dealing with a Class B term
as constructed in section 9.1.

These considerations show that an ansatz of the form (14.19) does not lead to any consti-
tutive relations that are not captured by the ones we already have.

Similarly, one can proceed and consider ansdtze where (g”)ﬁv contains higher deriva-
tives of 0, g,,, but analogous arguments as the one presented above would show that this
is only consistent with adiabaticity if (Q")ﬁv is secretly a combination of Class Hy, B
and Komar terms as we parameterized them in section 14.1. Together with our earlier
comments, this completes our proof that the parametrization (11.15), (11.16) exhausts all
possible non-hydrostatic, adiabatic transverse free energy currents.

14.3 Example I: charged parity-even fluids

To exemplify our general story we turn to an example that has been discussed in some
detail in [37], viz., a charged parity-even fluid. Neutral fluids are clearly a subset obtained
by setting the chemical potential and charge density to zero. We will describe first outline
the classification in general and then indicate in section 14.4 how to specialize to Weyl
invariant case (which has the advantage of being able to be tested holographically).

We begin by counting the total number of transport coefficients: there is one frame
invariant scalar (for definiteness, let us take it to be in P part of the energy momentum
tensor), one frame invariant transverse vector (for definiteness, let us take it to be in the
charge current) and one frame invariant transverse traceless tensor occurring as a part of the
energy momentum tensor. The final result of this counting is summarized in tables 1 and 2.

The first order constitutive relations are a-priori parameterized by one scalar ©, three
transverse vectors {at, E¥ v#} and one transverse traceless tensor o*”. The constitu-
tive relations

™ =euu” +pP¥" —2not” — (6 PH
Jt=qut +o,, o'+ xgEY — xrTa" (14.25)

Ji =su' + a1 d' + as O ut + az o’ + oy BV
satisfy the second law of thermodynamics provided the following relations hold:

e The coefficient of sign-indefinite terms in A vanish. These are the Hp constraints
and at this order they can be shown to imply:

e+p=Ts+qu, de =Tds+ pdq. (14.26)

- 116 —



274 order charged hydrostatic response
Scalars Vectors Tensors
w? wta,, WwESHY>
WapBY wt B, WwsEBY>
B? BME, Bo<EBY>,
an B¢ BH*q,, a<HREV>
E2 E<npv>
a2 a<tqv>
R R<uv>
Raguo‘uﬁ P!'Dyw?? Fg“” = uauﬁR<“a”>g
D,E" | PI'DyB"A D<rEY>
9S+6V +9T=24=17THp +7Hs+0Hy +0A

Table 1. The 24 hydrostatic response terms for parity-even charged fluids at 2" order in derivative
expansion. Among them, Hr = 17 combinations are forbidden by hydrostatic principle whereas
the remaining Hg = 7 combinations are generated by using the first 7 scalars in the Lagrangian.

If these conditions which are familiar from thermodynamics (as the Euler relation

and first law) are not satisfied then there is an obstruction to the existence of a

hydrostatic partition function.

e In addition one finds that (see [37] or earlier works such as [68] for a derivation)

a1:a2:a3:a4:0,

xe=xg =0 (14.27)

e The coefficient of sign-definite terms contributing to A must be correct. Evaluating

the relevant terms we obtain (5.2) as expected and learn that viscosities and con-

ductivities are positive definite. In section 5.2 we have already given the result that

these terms can be obtained from the Class D parametrization (14.3) by choosing

Ty, =Yo, =Id and T4, = T, = 0 along with the Class D, tensor structures

el = T ¢ P PP L oType<rpr>h g =Tg

P8 (14.28)

Ohm

Having dispensed with the leading order, let us move to the second order constitutive

relations. There are in total 51 parity-even 2-derivative terms that can appear in the

charged fluid constitutive relations [3, 37] among which 9 scalars, 6 transverse vectors and

9 transverse traceless tensors (i.e., a total of 24 terms as in table 1) enter the hydrostatic

description. The existence of hydrostatics imposes a series of constraints on these 24 terms.

The most straightforward way to derive these constraints is to write down the most general

hydrostatic partition function using the first 7 hydrostatic scalars multiplied by arbitrary

functions of T, . Note that we have discarded the last 2 hydrostatic scalars which can be

removed by an integration by parts in the partition function. Hence, we conclude Hg = 7.
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27d order charged non-hydrostatic transport
Scalars Vectors Tensors
0?2 oO<hgv>
o2 (Cloiad
v,a Oa*
[ OFE#
02 OpvH
ov,, p<Hp¥>
o a, p<Ha¥>
o E, p<HEV>
wp,, oO<PV>,
B*v,, oc*<F B>,
(u¥Dy)O | Pl (u®Dy)EY (u*Dgy)ot
D, ot P* D,O D<#Fp¥>
Pl'Dyov?
7S+ 11V + 9T =27 =5Hg+2Hy +11B+ 9D

Table 2. The 27 non-hydrostatic transport terms for parity-even charged fluid at 2°¢ order in
derivative expansion. Among these, Hg = 5 combinations are generated by inserting the first 5
non-hydrostatic scalars into the Lagrangian. Two combinations are generated by inserting terms
proportional to the non-hydrostatic vectors {o#v,,©v*} in the free energy current, thus Hy = 2.
Among the rest, there are 11 combinations in Class B and 9 combinations in Class D. Explicit
expressions for these 20 combinations are given in table 7.

For this system, there are no hydrostatically conserved vectors (Hy = 0) and no possible
anomalies (A = 0).

By varying this partition function, we then get the most general hydrostatic energy
momentum tensor consistent with hydrostatic principle. This procedure then fixes the 24
response coefficients in terms of 7 functions that appear in the partition function. Eliminat-
ing these 7 functions, we get 24 —7 = 17 relations thus giving the number of hydrostatically
forbidden combinations as Hp = 17.

We now turn to the non-hydrostatic transport parameters listed in table 2. There are
7 scalars, 11 transverse vectors and 9 transverse traceless tensors which add up to 27 non-
hydrostatic transport coefficients. Of these, 5 combinations can be obtained from including
the first 5 non-hydrostatic scalars into a Lagrangian (the last 2 scalars can be discarded
via integration by parts). These 5 combinations give Hg = 5.

The remainder of the analysis involves figuring out which of the residual 27 — 5 = 22
terms can be obtained in the three non-Lagrangian classes {Hy, B, D}. These are classified
by the set of admissible tensor structures which were described in the preceding. We
have already shown in section 11.2 that Hy = 2 by explicit construction; this involved
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@B grlu)e ¢lefly and plugging

considering all zeroth order tensor structures {@7\}(“
them into (14.14). Independent data was obtained from the two combinations

R — T Cy (T, ) PP<HPY>® 4 T Cy(T, p) P PP

(14.29)
= g'OZQClO'ana—i-QCQ@Up.

Let us now turn to Classes B and D. All independent Class B and D constitutive
relations are shown in table 7. The 1149 combinations presented there can be constructed
by classifying all possible first order transverse tensor structures {N*e8 xrve SofY in
the constitutive relations (14.6) and (14.4), respectively. All inequivalent Class B terms
can be obtained (up to numerical factors) by plugging the following 11 tensor structures
into (14.6):%

N#eb e T{gh PP whpP*P | Br* PPy
e ¢ T{Puuna , PHY B , PHY g , tJ<,u]3V>oc , E<upu>a , a<upl/>a} , (1430)
S e T{w*? , B},

The 9 Class D terms listed in table 7 can be obtained by plugging the following tensor
structures into (14.4):

Nl e T{ghv pef  ghapB @ prpef)
X1V g T{PHy™ | PHVE® | PHq®  gSHPYZe RRPYRe qiprre (14.31)
S =0.

These lists for Classes B and D are exhaustive in the sense that any other tensor structure
leads to Class B and D constitutive relations with frame invariant data being the same as of
those already obtained (or linear combinations thereof).%6 Note that we are not guaranteed
that the parametrization (14.4) is exhaustive — we only verify this a-posteriori by observing
that we have found a total of 51 inequivalent terms in all the classes of transport which
matches the total number of inequivalent tensor structures that are possible for the second
order charged fluids.

We can generalize the above discussion to parity-odd transport using the results of [86].
There are 2 additional parity-odd pseudo-vectors at first order in d = 4 (the magnetic field
vector B* and the vorticity vector /# = et*’? u, V,u,). 27 parity-odd terms at second
order (27 =65 +9V +12T). Out of these second order terms 12 =45+ 2V + 67T are
hydrostatic and can be obtained from an equilibrium partition function parameterized by
two scalars: hence Hg = 2 and Hp = 10 (which includes A). Additionally one can see
from their table 2 that Hg = 2. This leaves us with 13 further terms (7V + 6T') which
should belong to the other classes. We leave it as an exercise for the reader to complete
the classification for this case.

85Note that each of the tensor structures appears with an arbitrary function of T,p multiplying it.
The transport coefficients themselves are determined by suitable (differential) linear combinations of these
functions.

86For instance, an obvious structure one might want to add to Class D parameterization is S** = 5%,
However, this gives constitutive relations which are a linear combination of the Class B terms and the Class

D terms originating from X*”¢ = PH"p®.
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27d order Weyl invariant neutral fluids: hydrostatic response

Scalars Vectors Tensors
w? wa<uwu>a
WR C<“O‘V>5uau,3
Py @K"w”)‘

2T =2 ZZOI{F‘+*2I{SA%OIIVA+()A

Table 3. The 2 hydrostatic response terms for Weyl invariant parity-even neutral fluid at 2" order
in derivative expansion. We have listed the scalars and vectors though they do not contribute to
frame-invariant transport data. Both the relevant symmetric tensors can be obtained by using the
2 scalars in the Lagrangian, see section 8.1 for details.

27d order Weyl invariant neutral fluids: non-hydrostatic transport

Scalars Vectors Tensors
02 Ja<u0u>a
Ua<uwu>a
Pﬂ@‘;\va”)‘ (u*DY)ot

3'=3=1Hg+0Hy +1B+1D

Table 4. The 3 non-hydrostatic transport terms for Weyl invariant parity-even neutral fluid at 24
order in derivative expansion. We have listed the scalars and vectors though they do not contribute
to frame-invariant transport data. Among the symmetric tensors, Hg = 1 combination is generated
by inserting o2 into the Lagrangian. We have Hy = 0 since 0%<Hw"”>, is in Class B and 0®<Fo">,
is in Class D.

14.4 Example II: Weyl invariant fluid dynamics

While the second order charged fluid allows us to illustrate the complete set of constitutive
relations within the eightfold way, it is useful to record some examples which can be tested
at least theoretically using the fluid/gravity correspondence [41, 52]. We therefore give a
summary of how various terms for Weyl invariant fluids (both neutral and charged) fit into
our classification scheme. In section 14.5 we will provide explicit evidence of the eightfold
classification in holography.

Let us now consider the case of second order fluid dynamics with Weyl invariance. The
case of uncharged fluids is summarized in tables 3 and 4.

There is a total of 5 Weyl invariant second order symmetric tensors that can enter the
most general symmetry allowed constitutive relations, c.f. (8.20). Our Lagrangian analysis
in section 8.1.3 showed explicitly that the 2 combinations w*<Fw"”>, and C<HF¥ >5uau5
are in the hydrostatic Class Hg and a third term (u®DY)o*” is Class Hg. These 3 terms
can be obtained from a Lagrangian constructed out of the 3 Weyl invariant scalars. 2
more tensor structures in table 4, c®<Hw">, and c“<Hg”~,, are non-Lagrangian terms
in Class B and Class D, respectively. Both these combinations are surprisingly absent in
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27d order Weyl invariant charged fluids: hydrostatic response
Scalars Vectors Tensors

w2 WOSHV>
Wap B wt E, WwEEBY=,

B2 BWE, Bo<upv>_

2 E<upv>

"R C’“O"’BUQUB
DYE! | P)DYB" DY, By

P#@K"ww‘
4V +61T'=10=5Hr +5Hs+0Hy +0A

Table 5. The 10 hydrostatic response terms for Weyl invariant, parity-even, charged fluid at 274
order in derivative expansion. We have also enumerated the scalars despite the fact that they do
not appear in the constitutive relations of a Weyl invariant fluid. Among the constitutive relations
generated by the vectors and symmetric tensors, Hrp = 5 combinations are forbidden by hydrostatic
principle whereas the remaining Hg = 5 combinations are generated by using the first 5 scalars in
the Lagrangian.

fluids dual to Einstein gravity — we only generate the particular linear combination of the
3 non-hydrostatic terms that is in Hg, cf., section 8.1 for a discussion.

We now turn to the case of second order charged fluids with Weyl invariance. All
symmetry allowed tensor structures are summarized in tables 5 and 6.

The hydrostatic case is easy to intuit. We have 10 hydrostatic vectors and symmetric
tensors which generate constitutive relations. Hg = 5 of these terms can be obtained from a
Lagrangian that contains the 5 hydrostatic Weyl invariant scalars. The remaining Hp = 5
are forbidden by the second law constraint. Beyond hydrostatics, there are another 13
vectors and tensors, Hg = 3 of which can be generated by Lagrangians. The remaining
10 non-Lagrangian terms split into {Hy,B,D} = {1,6,3}. Explicit expressions for the 10
combinations are given in table 7. Their corresponding constitutive relations as listed in
table 7 are precisely those that are obtained in the general constructions (14.29), (14.30)
and (14.31), but restricting to Weyl invariant tensor structures. Practically, this means
deleting all those constitutive relations that were obtained in the non-Lagrangian classes
before, which contain non-Weyl invariant objects such as © and a*.

14.5 Adiabatic fluids in holography and kinetic theory

Given the relations obtained for adiabatic Weyl invariant fluids in Class L up to second
order in gradients, we have now some structural understanding of the class of hydrodynamic
systems we are dealing with. We can for instance ask if there are physical theories which
are aware of the adiabatic eightfold classification. The answer turns out to be a resounding
confirmation of using adiabaticity to classify hydrodynamic transport. We will explain this
statement, by examining to distinct hydrodynamic systems that are physically motivated
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224 order Weyl invariant charged fluids: non-hydrostatic transport
Scalars Vectors Tensors
o2 oOShGh>
v, B
02
o*v,, p<Hp¥>
o E, p<HEY>
whp,, oO<HYY>
B*y, oc¥<FBY>,
Pl (u*DY)EY (u*DY )
D)V ok Py DY o DY ,0,
6V +77=13=3Hg+1Hy +6B+3D

Table 6. The 13 non-hydrostatic transport terms for Weyl invariant, parity-even charged fluid at
27 order in derivative expansion. Among these, Hg = 3 combinations are generated by inserting
the first 3 non-hydrostatic scalars into the Lagrangian. One combination is generated by inserting

a term proportional to the non-hydrostatic vector ¢#*v, in the free energy current, thus Hy = 1.
Explicit expressions for the 6 combinations in Class B and 3 combinations in Class D can be found
in table 7.

and for which we have data to compare transport coefficients. First, we look at holographic
fluids arising in the fluid /gravity correspondence [41, 52] which arise from strongly coupled
gauge theory plasmas. Subsequently we examine the fluids arising from weakly coupled
quantum field theories which have been understood using kinetic theory. We will focus
exclusively on second order transport since first order transport is entirely in Class D,,.

14.5.1 Holographic fluids and adiabaticity

We begin by examining the transport properties of holographic fluids using the AdS/CFT
correspondence. As is well known the class of fluids dual to two derivative Einstein-Hilbert
gravity saturate the KSS bound [87] for shear viscosity /s = 2&— at first order. Since
not” is a Class D, term, we have no information to gain from an adiabatic analysis. It
is nevertheless interesting to note that entropy production encoded in A = 2no,, o#” is
minimized (assuming the KSS bound n/s > ).

At second order in the gradient expansion we have more to say, since there are definitely
adiabatic parts to transport as we have discovered above. Let us start by understanding the
relations (8.26) in the eightfold way. The transport coefficient (A; — k) is dissipative (Class
D,); indeed, this term contributes to entropy production as V,J§ ~ (A1 — k) UCWO'VﬁUag
which is sub-dominant to the leading order no"”0,, entropy production. A-priori this
ought not to be visible in an effective action (either Class L or Ly). On the other hand,
(A2 + 27 — 2k) is a Class B term, for which we ought to be writing a Class Ly effective
action. The three remaining terms in (8.22) encode the adiabatic part of the second or-
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der transport and are in one-to-one correspondence with the three free functions in the
Lagrangian (8.25) parameterizing the Class L Landau-Ginzburg free energy. Correspond-
ingly they are unconstrained by any hydrodynamic analysis. This is the general expectation
from our classification scheme. Let us now turn to seeing what has been computed in the
literature so far.

Firstly, we find a relation between the transport coefficients A\; and k:

AM—r=0. (14.32)

This constraint follows directly in all dimensions for any large central charge quantum field
theory whose holographic dual is given by Einstein-Hilbert gravity. This can be ascertained
from the analysis of [65], see their eq. (4.6). It also holds in the case of charged fluids in
d = 4 (we believe it probably holds in all dimensions) as can be verified from egs. (4.14)
and (5.2) of [88]. Its validity in more general theories has not been checked as far as
we are aware; it would be interesting to examine this relation in more general theories
of gravity. As demonstrated in [46] it is a necessary consequence of non-dissipation; one
can show that the on-shell entropy current is conserved iff kK = A1 as we expect from
the adiabaticity perspective. The relation we note is not visible in hydrostatics since o,
vanishes in equilibrium and one therefore is unable to fix the value of Aq; x on the other
hand is part of thermodynamic response, cf., [3]. On the other hand we have seen that
our Class L Landau-Ginzburg free energy lands us precisely on this subspace of allowed
constitutive relations, cf., (8.26).

Curiously, we also find a second relation which fixes Ao despite it being a Class B term.
In Class L we find this captured by the second relation (8.26). In fact, using (14.32) we
can express this after eliminating x as a relation between 7, A1, Ao when it is even more
fascinating and easily recognized in holography:

1
T = )\1 — 5 )\2 . (14.33)

This is precisely the universal relation between second order transport shown to hold in a
very broad class of theories by [89]. They derived the relation in two derivative theories
of gravity coupled to arbitrary matter fields (scalars and gauge fields).®” This relation
also holds naturally in the non-dissipative effective action approach, but is not demanded
per se from entropy conservation [46]; the latter analysis leaves Ay unconstrained. From
our modern perspective of adiabaticity, this makes sense as the term is part of Class B
transport. It is rather surprising that not only the Class L theories fix the value of Ay but
they also do so in a manner consistent with holography!®®

Going beyond the two derivative gravity theories, we can ask if the relations (8.26)

or (14.33) hold once we include higher order corrections to the gravitational Lagrangian.

8The relation given in eq. (9) of [89] uses different conventions and also has a small typo. The authors
define the shear tensor with an extra factor of 2 relative to our definition. Furthermore, the sign in the
definition of wy, should be flipped; this affects the sign of A2. We thank Michael Haack and Amos Yarom
for double checking these results carefully and for discussions on implications and generalizations of this
statement.

88The relation holds without imposing Weyl invariance in Class L as can be seen explicitly in appendix F.
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This would correspond to the finite coupling corrections to the strong coupling limit of
the holographic plasma. So far it has been checked that (14.33) holds perturbatively in
Gauss-Bonnet theories to leading order in the higher-derivative coupling [70], though not
to next to leading order [71, 72]. Curiously enough, higher derivative corrections that arise
in string theory (from Type IIB flux compactification on S%) uphold this relation to one
additional order [72] (to O(A~3/2) in the strong coupling perturbation expansion for the
N =4 SYM plasma). However, the original relations as stated in (8.26) are satisfied only
to leading order in the higher derivative correction to gravity. From the adiabatic fluid
perspective, (8.26) is a bit more fundamental since x — A1 provides a measure for entropy
production.

Viewing these relations as fixing a Class D and Class B term respectively is itself an
interesting statement, independent of the precise values. While any physical fluid would
of course have specific values of transport coefficients, one generically expects that the
second order Weyl transport is a point in the five-dimensional space of parameters. Having
extra constraints fixing two parameters in terms of the others is an interesting statement
which deserves to be understood better. Moreover, the value chosen for A; is such that
no entropy is produced. This is rather remarkable hinting that holographic fluids are even
more perfect than hitherto believed to be.

Finally, for completeness let us record the values of {k, kw, kr} that are suggested by
holography. Translating the results of [65] we have®

Coft [ 4T -2
kp=——al (22
R’ d—2<d> ’
d—2

k, = —5 kg, (14.34)

b= S ()T g e (221
c=54 \ g armonic | - ,

where Harmonic(z) = 7, + F/((s)) is the Harmonic number function (7, is Euler’s constant).

Thus, the fluid-gravity result for second order neutral fluid transport can be determined
explicitly from a Lagrangian density

47T\ ¢ ArT\T2[ w 1 1 2
LY = ce <7;> — Ceff <7;> {(d—RZ) + 3 w? + ¥ Harmonic <d — 1> 02] (14.35)

where we have included also the zero derivative pressure term.

It is really amazing that the simple effective action (14.35) captures all the non-trivial
results about the thermodynamics of a strongly coupled plasma along with the non-linear
part of transport. Only the value of the first order Class D term, shear viscosity, is unde-
termined and indeed modulo this contribution (which is of course important), holographic
plasmas are effectively adiabatic. Coupled with the low value of shear viscosity [87], it
follows that flows of these plasmas tend to minimize the amount of dissipation. The nearly

89We use cesr to denote the effective central charge of the field theory; ceg = 1§7“:‘é§N. For N =4 SYM in
d = 4 with gauge group SU(N) this is 8% N2,
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perfect fluid picture, persists even more strongly perhaps at second order in gradients. We
argue in section 18 that this suggests a minimum entropy production conjecture, which
would be fascinating to understand in greater detail than explored herein.

It is an interesting challenge in fluid-gravity correspondence to give a gravity prescrip-
tion to directly derive this expression. We advocate this as a sharp test for the proposals
on how to think about AdS/CFT effective actions in the presence of horizons (see, for
example [90]).

14.5.2 Kinetic theory and adiabatic fluids

We will now turn to examine the existing results in weakly coupled field theories in the
light of our eightfold classification. Computations in weak coupling are surprisingly more
difficult than the AdS/CFT computations in the previous subsection.

The transport coefficients in the hydrostatic Classes Hg and Hy are computable via
straightforward Euclidean methods without any subtle issues regarding analytic contin-
uation. At weak coupling, the leading contributions to these coefficients are generically
given by free-theory results which can be then systematically corrected via perturbative
expansion. These coeflicients are also more amenable to numerical methods in lattice. The
most common example is the computation of pressure as a function of temperature and
chemical potential in various weakly coupled field theories.

The above state is to be contrasted with the non-hydrostatic classes which require real-
time (Schwinger-Keldysh) techniques for their computation. Further, the leading contribu-
tions to these non-hydrostatic coefficients behave generically as inverse powers of coupling
(and inverse powers of the logarithm of couplings) and often require careful resummations
to deal with infrared issues. A common simplification in this context is to pass to an ef-
fective kinetic description. A paradigmatic example in this regard is the computation of
viscosities and conductivities for weakly coupled theories [91, 92].

Computations of higher order transport coefficients are less common. Let us special-
ize to the case of (3 + 1)-dimensional parity-even, Weyl invariant neutral fluid transport
coefficients at second order in derivative expansion. The hydrostatic transport coefficients
in this case were computed by Moore and Sohrabi [93] whose result can be stated in our
notations as

2

T
—>\3 =3k = ZS (—4NS + 2NWF —+ 16NV) + O(g) , (14.36)

where Ng is the number of real scalars, Ny r is the number of Weyl fermions and Ny is
the number of massless vectors in the theory. Here, O(g) represents sub-leading corrections
due to interactions.”

The non-hydrostatic transport coefficients are more difficult to compute. For the (3 +
1)-dimensional parity-even, Weyl invariant neutral fluid, the leading order answers have
been computed using kinetic theory in [53] (see also [67]). These leading answers are

proportional to inverse powers of coupling (and inverse powers of the logarithm of couplings)

99We will refer the reader to [94-96] for a generalization of these results to parity odd transport coefficients.
There is an unresolved discrepancy in the value of A3 between the results of [93] and [96].
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as expected. Thus, in contrast to the hydrostatic coefficients in (14.36) which are known

up to zeroth order in coupling, the non-hydrostatic coefficients are known less precisely.

The results of [53] translated into our notation takes the form”!

2 2
T = Z X 5.9 to 5.0 (varies with coupling) : 6.10517 in ¢* theory,
€ETp
4 2
Al = Z X 5.2 to 4.1 (varies with coupling) : 6.13264 in ¢* theory, (14.39)
€ETp

k=20, Ao =27,

These results are valid for Debye screening lengths of the order of temperature (see [53]
for more detailed plots of these transport coefficients as functions of coupling and the
approximations involved).
We will draw the readers attention to a relation obtained by combining the last two
transport results in (14.39)
Ao —2(1 — k) =0. (14.40)

The relation Aa—27 = 0 is a universal prediction of kinetic theory which follows naturally
from the Boltzmann equation [53] and is consistent with earlier derivations [67]. The fact
that [67] could ascertain A2 without knowing the collision kernel in the Boltzmann equation
tells us that this is indeed a non-dissipative part of transport. Along with the fact that
k = 0 at this order in coupling leads to the relation we have quoted above. We have
however chosen to highlight the color of the sign, since it differs from the holographic
result in (8.26). Indeed had the sign been consistent with the holographic result, we would
have concluded that even in kinetic theory Ay would have had a value determined by a Class
L Landau-Ginzburg free energy. It might be useful to cross-check this result independently
(despite two independent confirmations above) to demonstrate that Ay is not obtainable
from an effective action in kinetic theory.”?

91 Unfortunately the literature is littered with a multitude of conventions for various hydrodynamic tensors
which affects the numerical values of transport coefficients. As far as we have been able to ascertain the
following is a useful dictionary to aid the translation between the references cited:

W = —W[41] = W[es5] = —W[g9] = —W[57] = W[e7] = W[53] »
1 1 1
0 = 0O[41] = Tl65] = 2 O[g9] = T[57] = 2 Ole7] = b) O[53] 5 (14.37)
1 1
C=Cls =Cls7 = —7 3 Clen) = —7 3 Clsa,

with the un-subscripted symbols corresponding to the ones used in this text and C' is the tensor structure

governing the curvature coupling of the fluid (given by Weyl tensor term C*#*7

Up Uy IN Our conventions).
We have also taken the liberty to correct the sign in the definition of [89] based on a private correspondence
with the authors (their eq. (7) should have an extra sign in front). In addition to further complicate signs,

we have A2 multiplying different contracting of o*” and w"” giving an additional sign to keep track of:

coefficient A : (0aHw™™)
(O_a<y. wu>a)[41] , (a_a<y. wu>a)[65] , (o_a<,u. wau>)[89] (1438)
(Ua<u wu>a)[67] , (O_a<u wu>a)[53] , (O_a<u wu>a)[57]

92We thank Andrei Starinets for useful discussions on this point.
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We see that this combination chosen by kinetic theory is exactly the combination that
we have identified as the Class B transport coefficient (and it is also one of the combinations
which are zero in the two derivative gravity). We can thus state this universal result from
kinetic theory as the statement that the Class B term is absent in the constitutive relation
derived from kinetic theory. We will take this as an evidence that our eightfold classification
gives a natural framework from which the kinetic theory results could be understood. It
would be an interesting exercise to try to see whether one could simplify these kinetic
theory computations using various techniques introduced in this paper.

14.6 Eightfold classification for various fluid systems

In the preceding subsections we have seen evidence for the eightfold classification of trans-
port in various physical systems and we have also outlined how to transcribe the eightfold
path in certain examples. We now give a comprehensive summary of the results in a tab-
ular form for future reference. Tables 7 and 8 provide a classification of the total number
of vector and tensor structures that give constitutive relations allowed by symmetry in
various fluid systems up to second order in the derivative expansion.

The terms listed for Classes Hg and Hg are scalars that can be used in a Lagrangian
to generate independent constitutive relations. Similarly, Classes Hy and Hy provide
partition function vectors, i.e., free energy currents. Classes B and D are non-Lagrangian,
so we give directly the expressions for stress tensors (and charge currents) that can be
generated using the rules given in section 9 and section 5, respectively. Similarly, Class
A terms are given directly as constitutive relations of stress tensor and charge current.
Further taking into account a number Hr of terms that are disallowed by the existence of
an equilibrium configuration (or equivalently by the second law of thermodynamics), the
terms listed in each row of the tables exhaust the number of independent transport data.”?

15 Class L;: eightfold Lagrangian

Our discussion thus far has focused on generating adiabatic constitutive relations and
demonstrating how these help us classify hydrodynamic transport at arbitrary orders in
the gradient expansion. This discussion is encapsulated in the statement of Theorem 1.
We have argued in that context for the completeness of our classification based on the
structure of the adiabaticity equation.

We would now like to justify the statement more directly and in the process explain
the basic rationale for considering adiabatic transport which has played a starring role. As
a result we now introduce a novel ingredient in our analysis, which involves constructing
a master Lagrangian. The adiabaticity equation is not derived from this master equation
as a Bianchi identity of the underlying diffeomorphism and gauge symmetries as in the
Class L discussion of section 6, but rather follows as the statement of invariance under a
new abelian gauge symmetry. The corresponding gauge field A7), and the associated gauge
group U (1)t will be motivated below and argued to ensure that the associated Gauss Law

93We refrain from listing Class C constitutive relations in the tables as they are dimension specific and
depend on the topology of the background M on which the fluid lives.
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translates directly into the statement of adiabaticity. The main upshot of this construction
is then to provide a constructive proof of Theorem 2.

The framework which we christen Class Ly (since it extends Class L to include the
non-Lagrangian solutions to adiabaticity equation) involves not only a new symmetry, but
also introduces some additional background fields. These are analogous to the Schwinger-
Keldysh counterparts of the metric and gauge field sources. The strategy we follow is to
guess at a set of fields and invariances that are suggestive from our adiabatic analysis of
part II. This allows us to postulate a master Lagrangian which generates precisely the
constitutive relations consistent with adiabaticity equation, deriving for us the eightfold
classification in the process. Furthermore, we will argue for the existence of an appropriate
variational principle which yields exactly the hydrodynamic equations of motion. While
satisfactory in terms of helping us complete our taxonomy, we don’t provide here a full-
fledged argument for why certain sources are doubled, nor do we give the actual relation
between this construction and that of the Schwinger-Keldysh analysis of section 13.94 We
will just note here that from our preliminary analysis, the Class L framework appears to
capture some of the basic features necessary in the analysis of non-equilibrium transport.
The lessons that we can glean from fleshing out this statement and the connections with
the Schwinger-Keldysh construction will be deferred to a separate future publication [55].

15.1 Introducing U (1)t invariance

We initially motivated the adiabaticity equation to capture the part of transport where
off-shell entropy production was compensated by a flow of energy-momentum and charge.
The latter currents are of course conserved as a consequence of diffeomorphism and gauge
invariance of the underlying microscopic theory. In Class L we noticed further that working
with a thermal density matrix parameterized by {B*, Ag} allowed us to extract a set of
Bianchi identities which together imply the adiabaticity equation as a natural corollary, cf.,
section 6. We have however seen that Class L. Lagrangians are not exhaustive in describing
the space of adiabatic transport coefficients.

On the one hand this is to be expected because a genuine treatment of non-equilibrium
field theory should require a Schwinger-Keldysh doubling of the degrees of freedom. From
this viewpoint it is rather surprising that Class L Lagrangians already capture many aspects
of adiabatic transport. On the other hand as we argued in section 13.4 there is something
missing in a simple-minded construction of Schwinger-Keldysh doubled Lagrangian effective
field theories. The problem is not so much in simply doubling the degrees of freedom
and writing down independent Lagrangians for the left and right degrees of freedom, but
rather in constraining the interactions between the two sets. The challenge is to keep the
doubled degrees of freedom under control after coupling the two copies via Feynman-Vernon
influence functionals. A-priori there would be two independent copies of diffeomorphism
and flavour gauge symmetries that act on the system independently on the left and right.
One might imagine breaking these down to the corresponding diagonal symmetries upon

94We will however note in the course of the discussion that the construction in Class Lt appears to
be consistent with the Schwinger-Keldysh doubling required for the anomalous hydrodynamic transport
discussed in section 13.
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introduction of the influence functionals. This however does not suffice to forbid terms
that allow for violation of the second law of thermodynamics.

The principle of adiabaticity introduced in section 2 allows us to focus on the marginal
case of zero entropy production. Based on this we would like to argue that we should un-
derstand first a basic principle that guarantees (2.12) as a statement of invariance. Since it
asserts effectively that the entropy current is conserved on-shell (up to anomalous contri-
butions), it is tempting to posit a gauge invariance whose associated current conservation
leads directly to the adiabaticity equation. This we claim that will suffice to impose suffi-
cient conditions on the Feynman-Vernon terms to ensure consistency with the second law
of thermodynamics. More precisely, it ensures that such terms are consistent with the
microscopic KMS condition.

Let us then record the ingredients we deem necessary to construct an effective La-
grangian for all the adiabatic constitutive relations. Firstly we have the low energy fluid
degrees of freedom {3, Ag} and the background sources {g,,,A,}. These can be viewed
as functionals of the maps from some reference configuration, whence we can directly deal
with the Goldstone bosons as described in section 13. We will in addition postulate the
existence of a second set of sources, which we call {g,., fl#}.

The abelian symmetry which we will henceforth refer to as U(1)T can be viewed as a
KMS-gauge symmetry.”® This symmetry acts as a thermal diffeomorphism or flavour gauge
transformation on the sources. As indicated above it corresponds to difference diffeomor-
phisms/gauge transformations which are aligned with the hydrodynamic fields {38", Ag}.
The KMS-gauge gauge field corresponding to the U(1)T symmetry will be denoted as A™),.
We have in addition an associated holonomy field Ag) and a U(1)T chemical potential
NG + BHAT),.

The diffeomorphism and flavour transformations on the fields in an obvious manner.
On the contrary U (1)t acts nonlinearly and mixes with flavour and diffeomorphism trans-
formations:

e On all fields, U(1)7 acts as a longitudinal diffecomorphism and flavour gauge trans-
formation along {8",Ag}.

e In addition, on {g,,, A,}, there is a further shift by {0, g, 0, A}

e The field A7), transforms as a connection for U(1)T and Ag) acts like a gauge trans-
formation parameter, viz., A(;) + B°AT, is invariant.

It is worth noting that from a Schwinger-Keldysh point of view, these transformation
rules are not the most natural ones. It would have been more natural to retain the abelian
part of the non-diagonal diffeomorphism and flavour gauge symmetries along B. We antic-
ipate that the difference is due to the fact that the natural basis of sources chosen here is

95The nomenclature is suggestive, but as we have explained in the text we will not justify this at present.
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not the canonical Schwinger-Keldysh choice. In fact it seems plausible to conjecture that
G = Gy »
AIP; =A,
G = Guv — G — Bu ATy = By AT,
A=A, — A, — (Ag+ B Ay) AT,

(15.1)

as the appropriate identifications for the right (R) and left (L) sources, respectively. We will
however not flesh this out in great detail, since it (a) appears much cleaner in the formalism
we introduce to write down U (1)t invariant Lagrangians and (b) the connections with the
Schwinger-Keldysh construction are being deferred to a separate publication [55] anyway.
For the present the reader may therefore take our prescription merely as a technical tool to
prove the completeness of our eightfold classification without worrying about the profound
physical consequences.

15.2 The fields and their transformation properties

Let us start by writing down the extended set of fields and transformation properties based
on the above discussion. We have the following fields which form the building blocks for
the master Lagrangian:

1. the sources {g,uyaA,u}a
2. the fluid fields {8*, Ag},

3. partners for the sources {g,., fl#} which are a symmetric tensor and a vector trans-
forming in the adjoint representation of the flavour symmetry,

4. an additional U(1)7 gauge field A", and its holonomy field A([?.

When necessary we will collectively refer to these fields as Wt. The symmetries that any
effective Lagrangian needs to preserve are diagonal diffeomorphisms/flavour gauge trans-
formations (acting equally on sources and their partners) and in addition the abelian U (1)t
thermal shift symmetry (which we claim enforces consistency of Feynman-Vernon terms).

Let us now record the transformation rules for the fields ¥+. We denote the transfor-
mation parameters of diffeomorphism, flavour, and U (1)t transformations by {£, A, AT}
respectively. In terms of these independent parameters, U(1)t has a twisted action on the
various fields. This is because fields transform non-linearly under it and part of the U(1)t
transformation involves diffeomorphisms and flavour gauge transformations. We will deal
with the non-trivial mixing between diffeomorphism and flavour transformations on the
one hand and U(1)1 on the other hand using the following trick: instead of using the orig-
inal transformation parameters, we will move to a new basis of transformation parameters
{ér A, A} which generate combinations of the original transformations which do not mix
with each other. The original transformation parameters are related to these via

gh=¢t — (AD + &7 AT, Br, g =€+ (AT 4 €7 A7) B (15.2a)
A=A— AV +&7AT,) Ag, A=A+ (AT +¢7AT,) Ag, (15.2b)
AD = RO 4 (A 4 £ AT B AT, AD = AT (A 4 g7 AT BV AT, (15.2¢)
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We have given the translation between the two sets of gauge transformation parameters
{er, A, AV} and {&#, A, AW} in both forward and reverse directions to facilitate translation

between them in the future. A useful relation in converting between these parameters is
AT + 50 A(T>(7 =AM 4 ga A(T)a )

The transformation rules: armed with this we are now in a position to write down

the explicit transformations of various fields which takes a simple form in terms of the

untwisted transformation parameters {£#, A, A™}:%

Oy Guv = Leguw = Dy + Doy,
Oy Ay = £eAu + [Ay, N+ 0uA = Dy (A+E"A)) + E'Fyp,
0, 8" = £eB! = E"D, B! — BV D&M,
o Ag+ Ay, B8 =15, A, — B Dy (A+E"A) + [Ag+ B A\, A+ €A,

(15.3)

In terms of the original transformation parameters {£#, A, AT}, these transformations
would mix diffeomorphism and flavour transformations with U(1)y. The advantage gained
from working with {£, A, AV} is an untwisting of U(1)T such that {g,., A,, 8", Ag} are
blind to it. The partner sources {gu, /Nlu} transform similarly, but in addition pick up an
inhomogeneous piece which contains a source Lie-dragged along B under the U(1)T action:

5x§uu = £§§,uzz + A™ 539#1}
=20 D)7 + & (Do — AV 65 9) + (A7 + €7 A7) 6, 9 (15.4)
0p Ay = £e A+ [A, A+ A7 6,4,

Finally, the transformation of the U(1)T connection and its holonomy are given by

5, AT, = £ AT, + 8,A7 = D, (AT + & AT,) + £ FT,,,

L - _, (15.5)
53CA(,;> 4 A(T)V 535/6 = gu 5(5 A(T)M _ Igu Du (A(T) +§ A<T)V) .

The first line is just the usual transformation rule for the gauge field of an abelian symmetry;
the second line is such that Ag) + BY A, is invariant. In fact, as we will see the present
formalism is a natural extension of the Class Hy formalism of section 11.1. To obtain
consistency between the two formalisms (see section 17.3), we are led to a natural choice
for fixing the above invariant combination. We will choose

NG +B7 AT, =1. (15.6)

Given that the transformations rules have thus far been “pulled out of a hat”, we
demonstrate that they are consistent in appendix I. In particular, we will will check that
they form an algebra such that the usual Wess-Zumino consistency conditions are satisfied.
This allows us to proceed with confidence about these transformations.

96We denote the derivative operator which covariantly transforms under diffeomorphisms, flavour gauge,
and U(1)t transformations by D,, in what follows. It is defined by appropriately extending (2.8) to incor-
porate U(1)r transformations as well.
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Difference source combinations: while this completes the basic transformation rules
from which all the subsequent expressions can be derived, it is convenient to consider a
linear combination of the sources {g,,,, 4, } and their partners {g,,,, A, } which is simplifies
the expressions somewhat.

To appreciate this let us define the shifted partner sources

[ _ _ ~
g“,” = G = G (15.7)
A=A, -4,

as well as the associated covariant derivative D’ and field strength F’ respectively.”” We

define them as

DL XY, e = VXY e+ [AL, XPY 6],
;/ _v/ A, pv/ A/ [ A/ A/ ’ ] (15'9)
py — Voutv T /.Ll/_‘_[,u,’ 1/]

The primed covariant derivative acts on tensors as in (2.9).
Then it a simple exercise to see that we can rewrite (15.4) as

8. = O G + (AT + € AT,) 8, g — {2 D, (g’y)p 5—p) I {”A<T>U5gguu} ,
0 Ay = 0 Ay + (N7 + & A,) 6,4, — { D), (R + €7 AL) + €7 By, + 87 AT, 6,4,
(15.10)

In fact, we can more conveniently merge (15.3) and (15.10) into a transformation rule for
the partner fields themselves. To wit,

O = D (9,5 8") + D)) (9, €°) + A 059 — (A7 +E7ATG) 690,

P _ - I 15.11
6, A, =D, (A+ &AL+ F,, + & AT 0,4, — (A7 + &7 AT,) 6,A,. (1511

Schwinger-Keldysh inspired combinations: above we have chosen to take the part-
ner sources {g,,,, Aj,} without any potential contamination from A,. However, attempts
to reconcile the construction here with the Schwinger-Keldysh picture developed for Class
A suggests that the combination that may be relevant is instead given as in (15.1). Tak-
ing this seriously let us consider the twisted partner sources (15.1) with suggestive names
inspired by Schwinger-Keldysh construction. We can then rewrite (15.4) as

8 = O G + (AT + € AT,) 8, g — {2 D}, (gﬁ)p gp) +E7AT, 45, gw,} ,

Op Ay =0, Ay + (A + & AT,) 5, A, — {Dh (A+E7AL) + €7 FL, + €7 AT, 6BAM} :
(15.12)

97Some useful identities for converting between covariant derivatives of two different metrics are the
following:

o o 1 o
D/{L(g:/o'v ) = Du(gl/lov )+ 5‘/ (Do'g[/_LV - Dug:/a - Dl/g;:,o')

v vV \ ! v 1 v
Dl(g,, ") =Y"9D, (ﬁgt’wT“ ) = 57" Dogy

where V7 and T"" are some general vector and a symmetric tensor respectively.

(15.8)
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and merge (15.3) and (15.12) into

5.0k = 2Dl (05, 8) + E AT, 5,08, — 2 £ (B AT,) — (A + EAT,) 6,45,
Oy Al =Dy (A+E7AY) +£7 Fy, + &7 AT, 6, A5 — L (Mg + B7 AF) AT),)
—[Ag + B7AZ A AT, — (AT + €7 AT,) 6, A7 (15.13)

In much of our discussion we will only use the difference sources {g;w, A;L} and only
briefly in the discussion involving anomalous hydrodynamics revert to the Schwinger-
Keldysh inspired {g,,,A};}. The translation between the two sets of languages being
straightforward (the basic formulae are all given above), it should be simple to translate
statements between the two if necessary.

15.3 Bianchi identities in Class L+

We can now use the various fields introduced in the previous subsection to construct La-
grangians L [¥7] invariant under diffeomorphism, flavour, and U(1)t transformations.
This invariance yields Bianchi identities which we will now show imply the adiabaticity
equation in the hydrodynamic limit (i.e., to linear order in the Schwinger-Keldysh differ-
ence fields). Let us parameterize the variation of Ly by

=0 (V=3 £1) = V(46"

1
= 5 T 0guy + L - 04, + Ty 6% + T~ (0Ag + Ay 65°) (15.14)
1 )
g TE 8Gu+ Tl - 64, + 7 6AT, +T ny (5Ag> + AT, 530) .

The subscript L is supposed to indicate that these constitutive relations can be obtained
from Class L as discussed in section 6. Similarly, the subscript L¢ suggests that these will
be all remaining adiabatic constitutive relations not obtainable from Class L.

The variation (15.14) defines the constitutive relations obtained from L. We can now
explicitly perform the diffeomorphism, flavour gauge, and U (1)t transformations using the
explicit variations given in section 15.2. We simply replace § in (15.14) by ¢, as defined
by (15.3)—(15.5) and perform some necessary integration by parts to isolate the coefficients
of the transformation parameters {&#, A, AM}. As this exercise is a straightforward gen-
eralization of the analysis in Class L. we simply quote the final answers for the Bianchi
identities (some useful intermediate steps are given in appendix I).

e The diffeomorphism Bianchi identity is
DM(TL+LC)NJO. - J[I‘j_;'_Lc * Fg-y - J—ll—/ N F(T)o-l/

1
= \/7_7953 (\/ —g T ho—) +Tn- 53140 +T1’1-|— . 5,BA(T)O-

1
D (T - 1D,

(15.15)

v

1__ . i A
A (51 by a0, ) A (Dt 0.
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e The flavour Bianchi identity is given by

\/1_7953 (V=9 Tn)+ (DMJ{@ —[A4,, Jﬁt]) : (15.16)

e Finally, the U(1)t Bianchi identity reads (after setting Ag) +B7 AT, =1):

M —
D# ‘]L+LC -

1 1 _ ~
DMN¢ = §TIfL<|IiLC 05 Guv + JIlerLC -0y Ay + B s 0y Guv + S - 05 Au + Jr 6’BA(T)u

+ (DMJ# - %TL”C” Oy G — JHe - 0, Ay — \/1_795,5 (V=g T nT)). (15.17)

We have skipped several steps in the derivation of (15.17), which unlike the diffeo-

morphism and flavour Bianchi identities does require isolating the U(1)T transformation

explicitly. The intermediate steps can be found in appendix I. The essential steps involve

reverting back to the original (twisted) transformation parameters {&#, A, AV}, Tt should

hopefully be clear that this can be achieved without modifying the diffeomorphism and
flavour Bianchi identities. After performing the required shift and defining

gr w y
NF = _?T =Jr +161/T15+LC +(Ag+B"Ay) - J#—&-LC
- {f)g,@0+n~(Aﬁ+B”Ay)+ nT}u“
— By ghg 9" T — (Mg + B AL) - I (15.18)

we arrive at (15.17).

In fact, we can further simplify the above expressions, by noting a particularly inter-
esting combination of the Bianchi identities that follows straightforwardly in the derivation
(see appendix I). One finds that the grand canonical adiabaticity equation for {7, Jf.}
holds identically, i.e.,

1, 1

D,J¥ = 3 TH 0y gy + Jle - 0, A, + ﬁég (V=9 T ny), (15.19)
|

= D, (J¥ — nput) = 3 TH 89 + JHe - 0, A, (15.20)

Using this equation we then eliminate the last line of (15.17) to obtain

1 v 1 v ~ 1
DuNv = 5T Oy + iy - Op A+ 5 T0 On G + Jie - 0 Ay + 1 6, AT, (15:21)

This is a useful expression in ascertaining U(1)T invariant Lagrangians. We have written
both this and the more cumbersome expression (15.17) since the latter is more useful when
we have anomalous terms, as it helps at various stages of the derivation to keep track of
the origins of various contributions.

15.4 The adiabatic Lagrangian L

Given the Bianchi identities for the various symmetries in Class Ly we can now examine
the implications for the adiabaticity equation. In particular, we shall prove that a given
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constitutive relation furnishes a solution to the adiabaticity equation (2.12) if and only if
it can be derived from a master Lagrangian £ that preserves diffeomorphism, flavour, and
U(1)T invariance.

Firstly, we should make contact with the adiabaticity equation. Unlike in Class L
where we gave a prescription for the entropy density, we have not yet done so for L [¥].
Intuitively, we want to identify the U(1)T invariance as being responsible for adiabaticity.
However, it is clear that J& should play some role in its definition since U(1)t symmetry
was introduced to ensure adiabaticity. In fact, the redefined counterpart N¥ is closely
related to the grand canonical free energy current.

In fact we can make this a bit more precise by viewing the Bianchi identities inspired
by our discussion about the Schwinger-Keldysh construction in section 13. Consider using
the reference configuration in the Schwinger-Keldysh construction to pull-back the L fields
onto the R-manifold. Then we have all the background sources living on the right manifold.
Furthermore, working with the common hydrodynamic fields, we can attempt to derive a
set of Bianchi-identities under the right diffeomorphism and flavour symmetries. This leads
to an analog of (13.8), with the sole difference being that all the fields are on the R-manifold
and we are working with the physical degrees of freedom. This set of identities in fact can
be shown to be closely related to eqs. (15.15)—(15.16). To see this, note that the defining
variation (15.14) can be rewritten as

1
7= (V=9 £r) = Vu($6},)"
| — | —
=3 e O — B Le 0y + Jippe - 0Au — Jie - 04, (15.22)

+Th, 8% + T (6Ag+ Ay 68%) + JZ 6AT, + T 1y (5/\(;) + AT, 5[30) .

Apart from the last two terms (which are tied to the presence of the U (1)t symmetry prin-
ciple), this expression has the same structure as the Schwinger-Keldysh variation (13.4)
(after pulling it to the R-manifold). Aided by this observation, we tentatively forward the
following hypothesis: in the absence of anomalies the Schwinger-Keldysh sources can be
identified with {g},, A%} — {guw,Au} and {g.,, AL} — {g],, A),} respectively.” Ac-
cordingly, (15.22) suggests that the currents map as {T%",JK} — {T0% ., JiY o} and
{Th, Ji'y — {1, Jt.}. The constrained (Schwinger-Keldysh) variational principle (13.5),
would then inspire us to put forward a constrained variational principle in Class L which
takes the following form: under diffeomorphisms and flavour gauge transformations only
{B", Mg, g),, A, } transform while the R-sources {g,,, A,} are held fixed. Modulo a sen-
sible extension to the new fields {A™),, Ag)} and to U(1)7 transformations, this is indeed
what we will find in section 16.2.

This close analogy to the Schwinger-Keldysh doubled formalism then suggests that in
the hydrodynamic limit, where we want to consider only the fully retarded correlators,
we should be working to leading order in the difference fields which are now {gu., flu} for

98In the present context we view this identification as heuristic. Studying anomalies as in section 17.3
shows that the identification of Schwinger-Keldysh fields should actually be twisted to involve the field A,
as in (15.1).
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reasons explained in section 13 (see also [30]). For the present analysis it implies that once
we are done with the various variations we should set g,, — 0 and flu — 0. In addition,
as far as the new U(1)T symmetry is concerned, the hydrodynamic limit corresponds to
setting A", = 0 and Ag) =1.

Once we set all the auxiliary fields {gu,, A, A7} to zero and Ag’ =1, the U(1)t
Bianchi identity (15.17) takes the form:

1
DHN¢ — §TI{L—ZLC

539/“/ + J#—FLC \Ijg * (S,BAH
T (15.23)
where U2 ={g, =A4,=A", =0, A(,;) =1, & ¥ = arbitrary}.

z g
\IIT

Thus {NF, T} o, Ji' o} w2 is a constitutive relation that solves adiabaticity equation.
This shows that the constitutive relations derived from any diffeomorphism, flavour,
and U (1) invariant Lagrangian £ are always guaranteed to be solutions of the adiabaticity
equation. We will now argue that the converse is also true: every adiabatic constitutive
relation can be obtained by this method.
Consider an arbitrary set of covariant constitutive relations {N¥ = —GH /T, T+ JI}
such that they solve the grand canonical adiabaticity equation (2.21), i.e., they identi-

cally satisfy
1
D,NV = iTW OpGuv +J" -0, A, . (15.24)

This implies that the combination N#A™),, + %T‘“’guy + JH- flu is invariant under flavour,
diffeomorphism and U(1)t transformations up to boundary terms. Hence, the following
master Lagrangian provides an allowed effective description:

1 ~
Lr = NUAT, 4 ST Gy + I - Ay (15.25)

It is now easy to see that our procedure for generating adiabatic constitutive relation
from L[] exactly reproduces the original constitutive relations we started with, i.e.,

{NT, T e, Jgie}

g2 = {NUT, (15.26)

Thus, we have shown any adiabatic constitutive relation can be obtained from some
L+ [¥r1]. This establishes £+ to be the generating function for all adiabatic constitutive
relations and completes the proof of Theorem 2. In section 17 we will give a more detailed
discussion of this fact and indeed show explicitly how the eightfold way is implemented in
Class L. Before doing so let us however show how hydrodynamic equations of motion and
entropy current conservation are obtained in Class L.

16 Hydrodynamic Ward identities and the second law in Class L;

Having constructed the basic formalism for the construction of U (1)t invariant Lagrangians
in Class Ly, we now turn to demonstrating that the implied equations of motion are the
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usual conservation equations of hydrodynamics. We do this by giving a constrained vari-
ational principle that is completely analogous to the procedure in Class L, c.f., section 7.
The new features are, of course, that Class Ly captures all of adiabatic transport and the
presence of the additional U(1)T symmetry whose associated Ward identity will turn out
to be entropy current conservation.

16.1 The Class L; variational principle

Having derived a master Lagrangian L that determines precisely those constitutive rela-
tions that satisfy adiabaticity equation, it remains to show that currents involved satisfy the
correct hydrodynamical equations of motion. Our next goal is thus to define a constrained
variational principle for £ [¥t] which leads to the desired on-shell Ward identities.

Before we get into the technicalities, it should be clear that any variational principle
must reduce to the Class L variational principle (7.2) when the auxiliary fields are absent.
This means that the constrained variational principle described there must be extended in
an U(1) invariant manner to the auxiliary fields {g,,, A4,, AT, Ag)}.

Consider a constrained variation © of the following form: it acts on the single copy
fields exactly as in Class L, i.e.,

5: ©B*=4,8", BAg =0, Az, B9 =04, =0, (16.1)
and it acts on the copy sources and U (1) fields in a similar way:

O: Ogu = —5xg;w — 6g:“, = 6xg;w
BA, = —6XA;L = BAL = 5XA:L, (16.2)
8AM, =6, AT, $Ag) = 5xAg> )

The choices for the variations of the auxiliary fields made in (16.2) involves treating them
like the physical hydrodynamic fields. In other words the constrained variation © consists
of varying the fields {8", Ag, g,,,,, 4},, AT, A(;} along a Lie-orbit while keeping the sources
{9, A} fixed. As alluded to in section 15.4, these transformation rules are very canonical
if we consider our Class L Lagrangian as a natural extension of the Schwinger-Keldysh
formalism developed section 13.1.

Given this constrained variational principle, we can plug the explicit variations
into (15.14), integrate by parts where necessary and end up with the basic statement:%’

1
Ney
_ (A+evA)- {

) (\/—g £T) — Boundary terms (16.3)
L
V')

1
+ é"{_gég (V=9Tbo)+Tn-0,A;+Tur-6,A +J7-FT,,

99The quickest derivation of this expression involves starting from (1.23) which gives the unconstrained

by (V= T o) + (Dt - a1 |

variation and setting the currents which arise from the variation of the physical sources, viz., T} . and
Jt L to zero. The latter currents arise from the variations of the physical sources which are forbidden

in (16.2).
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1
+ Dy (9o TI) = 5 T DG — Jie - F

op L nv ov

1, i i
— Ag.T) (2 Ilfc 539#1/ + JIlfc : 5'BAH) - AO’ ’ (D/ﬂ]llfc - [AM7 J{i])}

1 3 _
+ (AT 4 §UA(T)U){—D“(J5)#‘ 5 T By G+ I 5y Ay TES, AT,

oL
NS

In deriving this expression we have to bear in mind the fact that the physical sources do

L p—
+ <D#J4‘ - ETL“C 8y Guv — Jte - 0, AL 6, (V=9 T nT)> } (16.4)

not vary. As a result the contribution to the current N¥ from T} . and JI, . is missing.
We have chosen to indicate this by defining the entropy current in Class L+ directly via

(Js)r =Nv = B, T{{ e — (Mg + 8" Ay) - e - (16.5)

Thus extremizing L for an arbitrary constrained variation (16.2) parameterized by
{£7,A}) yields the equations:

0=~ 63 (\/jg T h") +Tn'5BAU +Tny- 6’BA(T)U + J1Z-/ : F(T)au

-

v 1 v
+ Dl/ (g(/j-uTL{LC ) _iTIfAC Do’.g:u/_ [ljc 'Fol'l/

L . . (16.6)
- A(T>€f <2 TIfLC 5739#1/ + ch ' 5‘BA#> —Ag- (Du‘]ﬁtc - [Al“ Jﬁtc])

0~ \/1_7953 (V=g Tn)+ (D#J{fc —[4,, Jﬁﬁ]) .

Comparing this against the Bianchi identities (15.15) and (15.16), we get the hydrodynamic
equations we expect, viz., the usual hydrodynamic equations of motion

Dy(Tugre)s = JY e - Fou

(16.7)
DyJ e ~0.

Since we have an additional symmetry U(1)T we should also examine the coefficient
of (AM 4 &7 AT,) to see what further constraints are imposed on dynamics. We find now

1 e - ~
D, (Js)f ~ 5 TH 6y G + Tt - 0, Ay + JES,AT),
16.8)
1 (
V=9

Comparing with the U (1)t Bianchi identity (15.17) we can simplify the expression above

e
+ (nm T g — T3, A, 5, (V=g T nT)> |

to read: )
D, [NF — (Jg)¥] ~ 3 THY e 0y Guv + Jrgre - 0, Ay (16.9)

This is an additional dynamical equation of motion that should be satisfied by systems
described by L. A-priori we seem to have too much, for in (16.7) we have all the equations
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of motion we actually want. When we however examine the hydrodynamic limit by setting
the auxiliary fields to zero, 1 = \Ilg, as described around (15.23), we can further eliminate
terms from (16.9) to arrive at

D, (Js)f ~0, (16.10)

which is simply the statement of on-shell entropy conservation in Class L. As promised the
U(1)7 transformations ensure adiabaticity off-shell, which in turn implies that the entropy
current is conserved on-shell.

16.2 Reference fields for Class L+

Let us now try to introduce new fields to convert this into an unconstrained variational
problem. To do this, we will pass to a description whereby we factorise the dynamical
fields into a rigid reference configuration and a pullback diffeomorphism and flavour trans-
formation. The hydrodynamic equations will then be generated by the variations of the
pull back fields keeping the reference fields fixed. Note that here we will refrain from giving
a prescription for the precise form of U(1)t action on the reference manifold. While it is
clear that such a formalism must exist (in fact it is not very hard to write the analogue
of (7.20) including the U(1)T action), its detailed workings may depend on other issues
which we defer to future work [55]. For the moment we just illustrate that the reference
manifold variational principle of section 7.2 can be extended to the new field content, thus
obtaining the hydrodynamic equations of motion.

We begin by imagining a copy of hydrodynamic fields {8, Ag} living in a reference
manifold M. In addition, we will posit a metric, a gauge field and a copy of {A,, Ag)}, viz.,
{gl,, A, A‘T),A(ﬂ; '} on M. The actual fields are obtained by introducing a diffeomorphism
field ¢%(x) and a gauge transformation field c¢(x) from physical spacetime M to M and then
using them to pull-back ¥t = {$%, Ag, Qap; Aa, Uy, AL, A, A% '}, Now consider constrained
variations as defined by (16.1), (16.2). Their diffeomorphism and flavour parts (disregarding
the U(1)T action for now) are implemented on the reference manifold as follows:

8@ab = _5cp@ab7 aSZAa = _54,0Aa ’
oB* =0, 8gl, =0, A =0 (16.11)
BAg =0, BA/ =0, BAG =0,

where d,, denotes Lie drag on M along {el,d¢%, —(dc)c™1}. Let us see how the variational
principle works on M:

1
-9
1 ab 1 ab o/ a a /
= iTL‘f‘LC 89&1) — iTLc 8gab + JL+LC . BAQ — JLC . 8Aa

5(vV-gL)

ﬁ

+ The8F + Tn- (8Ag + Ac8B°) + J6AD + Ty (8Ag> +AD 8@6)

1
= — T, (Dadepy + Dybpa) — J¢ e - []Da (—c‘ldc + Ay (590(’) + 590”]Fba] :

2
(16.12)
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As usual, we perform an integration by parts and obtain

1
S (Vg L) + V(-
a (V=8 L) + ¥l ) (16.13)

= Gpa [DyT e = Ppre - Fo| 4+ (—c7'0c+ Bydg) - Do T

Demanding invariance under any such variation, we can read off the reference manifold
version of the conservation equations (16.7) from (16.13).

17 Eightfold adiabatic transport in Class Ly

We have now all the ingredients in Class L+ to demonstrate how all classes of adiabatic
transport can be realized by a Lagrangian description. For this purpose, we will distinguish
constitutive relations that are Lagrangian (£ = Hg U Hg), non-Lagrangian (£ =BUCU
Hy), and anomaly induced (A U Hy). The most general adiabatic constitutive relations

thus split into'°

G =GZ+(G%)ce +(G7)any »
TH — Tg” + (T ) ge + (T") A Hy (17.1)
JH = JE + (JM)EC + (JM)AHV ’

where G7 = —T'N?. Comparing with (14.15), we see that Classes D and Hp have been
discarded from the most general currents that would be allowed just by classifying off-shell
inequivalent tensor structures. Since such terms are either dissipative or forbidden by the
second law, we don’t expect to see them in Class Ly (which we claim captures precisely
the second law-allowed adiabatic transport).

The fact that Class D and Class Hr cannot be realized in Class Ly is easy to see: these
constitutive relations explicitly break the U(1)t invariance by virtue of not satisfying the
adiabaticity equation. This is only to be expected, of course, for the Class L, formalism
to achieve the desired goal of providing a description precisely of adiabatic transport.

In turn, we will now show how all the adiabatic constitutive relations which are allowed
by second law can be obtained from a Class Ly effective action.

17.1 L; for Class L constitutive relations

We start our discussion of the eightfold way in Class Lt by reproducing Class L constitutive
relations. As we will demonstrate momentarily, Class Lt provides a natural extension of
Class L, for it contains Class L as a rather trivial special case.

By definition Class L currents {G7, Tg voJ Z } are precisely those which can be obtained
from a scalar Lagrangian L{¥] = L[g,, Ay, B, Ag]. In this case there is thus no need to
build a master Lagrangian that involves the enhanced field content of Class Ly as in (15.25);

instead we can simply take
L:[¥1] = L[P]. (17.2)

100For the purposes of giving simple expression, we have chosen here to group the adiabatic classes some-
what differently; in particular, we choose to group Class Hy with Class A as this is quite natural in the
U(1)r invariant formalism.
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This simplified prescription for Class L terms has the advantage that it is obvious how
[ v/=9 L+ reduces in hydrostatics to the equilibrium partition function. Indeed, precisely
the same argument as for Class L (see section 6.3) proves that this consistency condition
is met. Equivalently one can consider starting with £ and gauge fix the auxiliary fields
{Guws Ay AT} differently from ¥ in (15.23). For instance given that the Noether current
is roughly determined by the Class L Lagrangian, N* = B L — (§360,4)7 + V,K"[B],
suggests that one might choose the following set of {A™), = T2 8, Ag = 0, g, = 0, Au =
0} to recover the Lagrangian density £.101

The constitutive relations obtained from the Class L+ variational principle can be read
off from (15.14) and (15.18):

T#V:TZLV’ Jﬁ‘:J/Z’ g7 =Gz,

v (17.3)
™ =0, JL=0, Jl=0.

From this it is clear that also the dynamics implied by the variational principle in sec-
tion 16 reproduces everything we developed in Class L. Hence the choice (17.2) identically
reproduces Class L with the nice additional feature that the adiabaticity equation (and
entropy conservation as an equation of motion) is manifestly satisfied a-priori because the
Lagrangian is trivially U (1)t invariant.

17.2 L. for non-Lagrangian constitutive relations (Classes B, C and Hy)

Having reproduced Class L in Class L in a rather trivial way, let us now turn to constitu-
tive relations which were not captured by naive Lagrangians of Class L. To wit, consider
adiabatic constitutive relations {(G7)ze, (T")ze, (J*) e} which subsume terms of Classes
B, C and Hy as constructed in (9.2), (10.1) and (11.15). While a Class L Lagrangian giv-
ing such terms does not exist, we can use our new machinery to construct the associated
effective master Lagrangian as in (15.25):

GH) e 1 - %

] =~ R A )Gt (P (17.4)

Via (15.14) this defines some constitutive relations {GZ, T}/ ., JI, .} which mix the full
field content {B8*, Ag, gy, Ay, Guvs Ay, A7} The dynamical equations implied by the vari-
ational principle of section section 16.1 are precisely the hydrodynamic conservation equa-
tions and the conservation of the entropy current

gr

(Js)r = =7 = B Tiie = (Mg + 8" Ay) - Jipe - (17.5)

As demonstrated in section 15.4, after setting the auxiliary fields to zero, these currents
reduce to the desired ones:

o 224 [ad
{gT ’ TL+L07 JL+LC}

pe =G ges (T") e, (J¥)e} (17.6)

101This statement should account for the contribution from the pre-symplectic current which is not always
transverse. One might however be able to field redefine this contribution away, though we have not checked
this statement in detail.
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and their Ward identities are still the standard hydrodynamic equations of motion together
with conservation of the entropy current

gu L v v

(Ushilys = — T B, (%) — (Ag 87 4) - () = U)ee. (T)
17.3 L; for anomalies (Classes A and Hy)

The construction of the master Lagrangian L, heavily relies on a doubling of the field
content and demanding invariance under U(1)t. We already gave indications that this
can be linked back to the Schwinger-Keldysh doubling that we employed previously in sec-
tion 13.3 to describe anomalies. We would thus like to show that the master Lagrangian
L+ is capable of describing anomalies in an analogous (but not quite identical) fashion. In
this section we will discuss Class A terms, but it is clear from section 11.1 that this imme-
diately incorporates Class Hy/, as well. The reason for this is that, once terms associated
to some anomaly polynomial P[F, R] are dealt with, the presence of A, and Ag) allows
us to perform the Class Hy generalization of P[F, R] directly by using the replacement
rule (11.14). The fact that we are free to set Ag) + B*AT), =1 in the Class L; formalism
ensures consistency with the Class Hy discussion of section 11.1.

Consider a particular constitutive relation {(G¥)a = —T(N#)a, (T )a, (J*)a} that
satisfies the adiabaticity equation with covariant anomalies
1
D, (NH) = i(T“”)AngW + (J*)a -6, A, + Ng (17.8)

with N]%I = ﬂgTﬁ" + (Ag+BYA,) - JIL{. Then, the combination
1 5 -
Le[®r] = (N)a AT+ S (T)a G + (J")a - Ay (17.9)
is no more U (1)1 invariant. In fact, we get
b [ Vg L= [ VEg KONG = = [ V=g [K0BTH + K00+ 7L) T
(17.10)

In order to account for this anomaly, we extend our natural construction of master
Lagrangians L to the bulk theory, using Hall currents as the bulk constitutive relations. We
claim that the following Class Ly action gives the correct anomalous boundary constitutive
relations and adiabaticity equation as a result of bulk inflow:

1 ~
Sy = / V=g Lx +][ (Ng Ao+ ST G + T Am> , (17.11)
M M

where N} = su™ + (B:T}° + (Ag + B"A,)JY}) is the non-canonical part of bulk entropy
current. It is easy to see that the combination (17.11) is U(1)t invariant:

5.5 = — / V=g KONE + ][ N Dy AT 4 KT (TS, g + T8, A
M M
—— [ VR ANG - f D[R (su” 4 BITR + (At 7A,) - T
M M

- ][ AT Dy (su™) + B™ (D (Th)j — I - Frn) + (Ag + B A4p) - D I
M

=0, (17.12)
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where in the last step we evaluated the integral over the total derivative to cancel the
boundary anomaly (using u™ = 0). Furthermore, we used a bulk adiabaticity equation
to kill the second bulk integral (equivalently we could have computed the bulk Bianchi
identities explicitly to see that such a bulk adiabaticity equation is satisfied).

While the Lagrangian (17.11) is very natural and simple from the Class Ly point of
view, it is less clear how this can be made consistent with the Class A Lagrangian that
we gave before in (13.15). In order to get a step closer towards the Class A Schwinger-
Keldysh Lagrangian, let us rotate to another basis of sources: it turns out that, while
{9, Ap, Gy, fl#} are convenient to construct the master Lagrangian, anomalies are eas-
ier to describe in a Schwinger-Keldysh inspired basis {g},, A}, g}, A;} as we defined it
in (15.1). The twisted difference sources {(¢™ — g")w, (A® — A"),} then have a nice U(1)T
transformation:

Oy (QR - QL);W = 0xmp Guv 0o (AR — AL)M = 0xMp AM , (17.13)

where 05mq denotes Lie drag along {ATBH, AW Az}

We can account for the anomaly by viewing it as originating from inflow due to a
bulk Chern-Simons theory. To this end, we need to switch from a description of covariant
currents to one in terms of consistent currents, c.f., appendix A. The Bardeen-Zumino
currents by which the two descriptions differ will be seen as part of the bulk inflow. To
wit, the consistent Lagrangian is related to L as follows:

L3 = (Ly)a — (L1)Bz
1 b -
= ((N“)A - N%Z)A(T)u + 5((TW)A - ng)) Juv + ((JM)A - ng) Ay
1 14
= ((J§)a — J557) AT, + 5((TW)A —T57) (6" — g

+ ((J*)a — Jhy) - (A" — A",

(17.14)

where Jé{ gz = —BYT,* as in appendix A. In order to show that the philosophy of sec-
tion 13.3 is being upheld by the present construction, we want to demonstrate that the
Bardeen-Zumino currents can be interpreted as an anomaly inflow due to the difference of
two Chern-Simons terms. The bulk contribution of these Chern-Simons terms should give
rise to the Hall currents. Indeed, we observe that the Bardeen-Zumino and Hall part of
the action (17.11) can be written as

/M V=9 (Lr)Bz + ]{W <N§ Ay, + % W G + i - Am>
= /M V=g <J§L,BZ AT+ % 5z (9" = 9w + Ipg - (A% — AL)#)
+ ]fv[ <J§fH AT, + %Tﬁ”(gl‘ — g% + T (AT — AL)m> (17.15)
= ]fv[ (Ics[AmFR] - ICS[ALarL])

+/M\/jg (JQBZ A(T)#) +]£/[ (Jg,LH A(T)m) +O((®T)2),

— 145 —



where we used in the last step that the non-entropic currents in the second and third line
are the linear terms in when we expand a difference of Chern-Simons terms. Since our
answers are insensitive to terms that are quadratic in difference sources, we can perform
the last step. Terms that are discarded since they are quadratic in difference fields are
denoted as O((¥)?).

As it stands (17.15) demonstrates consistency with the methods used in section 13.3
(Schwinger-Keldysh for Class A). What we see in the final expression of (17.15) is precisely
the difference of Chern-Simons terms that could be converted into an appropriate trans-
gression form. Since we are already in the doubled construction, the hatted Chern-Simons
terms which would have been present appear to have cancelled out against the influence
functional. However, we are forced in our U(1)y-invariant formalism to introduce some
new pieces of data — the terms in the last line of (17.15) involving the Bardeen-Zumino
current are not present in the Schwinger-Keldysh formalism. These terms determine the
entropy current both in bulk and physical manifold uniquely in terms of the anomaly poly-
nomial. Of course, these terms depend on the presence of A, and could therefore not
be seen in our previous naive Schwinger-Keldysh treatment of Class A. Note also that in
the Schwinger-Keldysh construction with the influence functionals one is unable to deter-
mine the precise form of the entropy current owing to our failure to derive the adiabaticity
equation. As a result what we can compare naturally in the two formalisms is the consti-
tutive relations and these agree as they must for consistency. We leave it as an open and
interesting problem to finish delineating the connections between the two formalisms, at
the very least to check how U (1)t invariance helps restore adiabaticity explicitly. For now
we simply take comfort in the fact that we have a Class Ly effective action that gives us a
consistent adiabatic solution for the anomalous constitutive relations.

17.4 Field redefinitions

An important consistency requirement on our eightfold classification is, of course, that it is
(on-shell) invariant under field redefinitions. While we commented at various occasions on

the most general allowed field redefinitions, the unified framework of Class Ly simplifies the

102

discussion considerably. Consider the most general field redefinitions that preserve the

property of {3*, Ag} being in equilibrium aligned with the symmetry generators { K*, A }:

B B — 5, VF =Bt + L8,

Ag s Ag — 5, Ay = Ag+ LyAg + [Ag, Av] — 870, Ay,

G = G + L5900 — N 04 Gy

Al A+ Lp A+ (A Ay — A 6, A, (17.16)
A(T)N — A(T)N 4 £‘_/ A(T)u + 3#A<‘T/) ’

NG = NG+ £5A — B70,A7)

v = Guw » Ay— Ay

102For example, an isolated proof for the field redefinition-invariance of Class B would be notoriously
complicated.
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for some general diffeomorphism, flavour and U(1)T parameters {V“,AV,A@} and their
twisted counterparts {V*, /_\V,N‘T,)}. An argument completely analogous to the one pre-
sented for Class L (see section 7.6) shows that under these transformations the Lagrangian
L+ only changes by terms proportional to the equations of motion (16.6), (16.8). This can
easily be seen from the fact that the above field redefinitions take the form of a constrained
variation (16.1), (16.2).

Since the eightfold Lagrangian L£; encompasses all seven classes of adiabatic transport
and disallows Class Hp, we see that the field redefinitions (17.16) preserve this structure.
This provides a very general argument for our eightfold classification being on-shell field

redefinition-invariant.
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Part IV
Future prospects

18 Discussion

We have described a framework for non-linear hydrodynamics that gives a complete clas-
sification of hydrodynamic transport, arguing in the process for an eightfold way of hydro-
dynamic dissipation. The key idea was to exploit the natural decomposition of transport
in two primary categories: adiabatic and dissipative. While the notion of adiabaticity we
introduce reduces on-shell to a more intuitive notion of non-dissipative (i.e., entropy con-
serving) dynamics, it more generally involves playing off entropy production against energy
momentum and charge transport (off-shell). One of the remarkable outcomes of our anal-
ysis was demonstrating that much of transport beyond leading order is in fact adiabatic.

We have established that adiabatic transport is cleanly organized into seven distinct
classes of constitutive relations. Some of these are easily understood such as the hydro-
static scalar Class Hg and anomaly induced Class A, which have been explored extensively
in recent literature, whilst certain others are perhaps a bit more exotic and unfamiliar.
Curiously, all but one of these classes (Class Hy) have been encountered in earlier in-
vestigations, though neither the structural aspects nor their import has been completely
appreciated hitherto. Our aim in the sections above has been to clearly bring out these
aspects for every one of these adiabatic classes.

Having figured out how to tackle adiabatic transport, we further argued that dissipative
hydrodynamics is under much better control than one might have a-priori anticipated.
The primary result in this context has already been derived in [36, 37]. The adiabatic
analysis allows for an alternative perspective which complements and bolsters the central
point: dissipative transport is constrained by the second law of thermodynamics to obey
sign-definiteness constraints only at the leading order in the gradient expansion.

From the point of view of the hydrodynamic effective field theory, the combination of
adiabaticity and the fact that dissipative parts of higher order transport are unconstrained,
restores a sense of democracy to hydrodynamics. Specifically, the standard current algebra
description of hydrodynamic constitutive relations could have been a simple exercise in
representation theory, were it not for the constraint imposed by the second law. As has
been argued in the text and in the aforementioned references, the constraints at arbitrary
orders in the gradient expansion are completely captured by demanding the existence of
hydrostatic equilibrium. This class of forbidden constitutive relations, Class Hp, is easily
ascertained by writing down all symmetry allowed tensor structures for the basic currents
(which survive the hydrostatic limit) and eliminating ones that do not arise from an effec-
tive action (the hydrostatic partition function). Thus, modulo the Class Hp constitutive
relations, one finds the task of a hydrodynamicist is rather simple for every other constitu-
tive relation is physically admissible and satisfies the second law (beyond leading order).
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While the major part of our construction of adiabatic constitutive relations was carried
out straightforwardly using conventional techniques familiar in hydrodynamic analyses, we
have also uncovered some new structures in our quest for constructing an effective action
for hydrodynamics. We have argued for a new symmetry principle, an Abelian gauge
symmetry U(1)t arising as a consequence of the eightfold way. We have primarily used
this symmetry to write down a generating functional for the adiabatic classes. Let us
therefore take stock of the physical implications of this construction. The discussion below
is meant to be heuristic and we hope to provide concrete evidence for it in the future [55].

One naively might imagine that a hydrodynamic effective action in the absence of
dissipation should be rather simple, following the usual rules of effective field theory. This
is indeed the case for the Class L constitutive relations where we have a straightforward
construction of a Landau-Ginzburg functional (Lagrangian) in terms of the effective infra-
red degrees of freedom (the thermal vector and twist). However, as we have explicitly
seen this is inadequate to capture all of adiabatic transport. Not only are the transverse
vector based Classes Hy and Hy outside the remit of such a Lagrangian density, but we
have furthermore evidence that Berry-like (Class B) terms are unaccounted for. Moreover,
an analysis of anomalous constitutive relations in Class A both herein and in our earlier
work [30] has revealed the impossibility of satisfying both the Ward identities and the
second law simultaneously, unless one is willing to enlarge the set of degrees of freedom.

This perspective is natural when one considers the passage to a complete theory of
hydrodynamics including dissipation, or more generally views hydrodynamics as govern-
ing infra-red fluctuations of a density matrix. One naturally then anticipates invoking a
real-time non-equilibrium formalism such as the Schwinger-Keldysh construction [79, 80],
thereby motivating the exploration of implications of doubling the degrees of freedom in-
herent in this formalism. This doubling in the fluid dynamical context is often called
Martin-Siggia-Rose or Janssen-deDominicis-Politi formalism (see [97]).

In the context of anomalies we have shown that this intuition can indeed be made to
work, in part since the structure of allowed terms is tightly constrained by the underlying
symmetry (flavour gauge and diffeomorphism). However, once we double the degrees of
freedom and consider a pure, entangled state in the doubled theory as the starting point
of our discussion, we are led naturally to inquire after the most general set of interac-
tions allowed in the effective field theory. The key issue concerns the constraints on the
Feynman-Vernon influence functionals [50] describing the interactions between the two sets
of degrees of freedom. Obtaining the correct anomalous Ward identities without modifying
the single copy constitutive relation forces upon us a particular set of anomaly induced
influence functionals.

If we were to allow arbitrary influence functionals however, then it is easy to generate
Class Hp constitutive relations at will, thus explicitly violating the second law. This is
equivalent to stating that, given the usual symmetries, the emergence of entropy, dissipation
and second law at long distances is not ‘natural’ in the ’t Hooft-Wilson sense. Thus
one needs an additional principle to forbid arbitrary influence functionals and solve this
naturalness problem of second law. Our claim is that in the hydrodynamic effective field
theory the U(1)T symmetry by ensuring adiabaticity guarantees that the second law is
upheld.
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Let us then sketch a scenario how this U (1)t symmetry works in ensuring the second
law in the hydrodynamic limit. We first recall that the hydrodynamic gradient expansion
requires that the fluctuations about the underlying Gibbs density matrix are sufficiently
long wavelength. Operationally this almost always implies that we are in the high tem-
perature regime. In this limit Schwinger-Keldysh construction for the equilibrium density
matrix is such that the common or average fields are macroscopic, but the difference fields
are retained only to linear order (this is required to ensure that we extract the correct re-
tarded correlators) [81]. Pictorially we can then imagine that while the two sets of degrees
of freedom W and Wy live on different background spacetimes (or parts of the Schwinger-
Keldysh contour), the effective spacing between them is vanishingly small in the Euclidean
time direction. Alternately, the difference fields encode the fluctuations or noise in the
system and they are Avagadro-suppressed in a fluid.

We would like to view the fluid phase as the Higgs phase for U (1)t with the difference
fields acting as the Higgs fields which transform non-linearly under U(1)t . This ensures
that both the U(1)t gauge field and the difference fields are invisible at long distances.
A crucial result in this paper is to show that, ignoring effects of U(1)T ghost fields, one
can posit a nonlinear transformations for difference fields (see eq. (15.4)) that ensures the
removal of Class Hr and reproduces the seven adiabatic classes. It would be enormously
satisfying to show that this success somehow extends to dissipative class when appropriate
ghost fields are added and their effects are taken into account. Indeed we have noted in
our Class D description that the intertwiners N and S are required to be positive definite
(symmetric) quadratic forms in some tensor representation. It is worthwhile noting that
these intertwiners typically take on the role of the kinetic terms of certain ghosts which
naturally occur in the Martin-Siggia-Rose dissipative effective action [83]. Such a structure
makes it natural to demand positivity for these quadratic forms which along with removal
of Class Hr would then ensure second law. It would be interesting whether these set of
statements can be made precise in order to provide a Wilsonian explanation for second law
of thermodynamics.

We see that the well-behavedness of the hydrodynamic effective field theory appears
from this perspective to be tied to the underlying presence of the U(1)T symmetry. In
some sense, this Abelian symmetry is the macroscopic manifestation of the Kubo-Martin-
Schwinger (KMS) condition which encodes the near-thermal correlations between two
copies of Schwinger-Keldysh construction. Of course, it would be fascinating to develop
these heuristic ideas and derive the consequences of the U(1l)T symmetry not only in
the hydrodynamic limit but more generally in non-equilibrium QFT. Based on this in-
tuitive picture it is tempting to christen the symmetry as KMS-gauge invariance, but we
presently refrain from doing so, hoping to provide more concrete evidence in its favour in
the near future.

Having described some of the conceptual implications of our construction of the eight-
fold Lagrangian, we now turn to other aspects of our analysis. One useful perspective
provided by the hydrodynamic effective actions in Classes L. and L+ relates to the entropy
current. It is usually said that the notion of the entropy current is mysterious from a
microscopic perspective. However, from our effective action viewpoint, the entropy current
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(or equivalently the free-energy current) is quite canonically derived as a Noether charge.
This is a simple consequence of diffeomorphism invariance. It is well appreciated that in
a dynamical theory of gravity where diffeomorphisms are gauged, there is a notion of en-
tropy for spacetimes with horizons. This horizon entropy itself is constructed as a Noether
charge [73]. More generally one may ascribe a gravitational entropy to any diffeomorphism
invariant dynamics. This point was appreciated by the authors of [73] and was ampli-
fied in the context of ideal fluids by [98]. This then begs a related question: “Can we
use the hydrodynamic entropy current to provide a Noether current for black holes out
of equilibrium?” The answer to this question is clearly in the affirmative based on the
direct isomorphism between the hydrodynamic entropy current and black hole entropy in
the fluid/gravity context [64]. This then provides a possible avenue for ascertaining the

non-equilibrium gravitational entropy current in time-dependent situations.'??

We noted in section 1 that often in addition to the second law of thermodynamics, one
requires hydrodynamic transport to satisfy the Onsager relations [38, 39]. This requirement
is based for the most part on the empirical observation that most physical fluids satisfy
these relations. One can phrase the Onsager relations in our language as follows: “In sys-
tems with time-reversal symmetry there are no anti-symmetric contributions to transport.”
Paraphrasing this statement into our adiabatic classification, we learn that the Onsager
relations forbid the presence of Class B terms in hydrodynamic transport. However, one
must pay attention to the underlying assumptions about the dynamics; for example, the
derivations in [38, 39] rely on either assuming that physical systems produce currents out
of equilibrium only to extremize dissipation or (equivalently by the fluctuation-dissipation
theorem) assume a Gaussian spectrum of fluctuations.

We are for the most part agnostic about these relations, though our framework is broad
enough to allow exploration of such transport. For example, the relations we have found
constraining Class B terms when deriving adiabatic constitutive relations from a Class L
scalar Lagrangian density, such as the vanishing of Hall viscosity or the relation (14.33)
in neutral fluids, can be viewed as higher-order versions of the Onsager relations. In-
deed one might argue that demanding that all non-dissipative transport outside equilib-
rium be derivable from a Landau-Ginzburg free energy functional as in Class L (without
Schwinger-Keldysh doubling) provides an alternate route to ensuring the Onsager relations
are satisfied, even in time-reversal violating systems.

Perhaps more curiously, there appears to be an interesting constraint on Class B terms
in holographic fluids. Firstly all known examples of such transport obey a membrane
paradigm like formula. By this we mean that the precise value of the Class B transport
coefficient is given in terms of some geometric quantity evaluated on the horizon of an
asymptotically AdS black hole. For instance, eq. (32) of [99] expresses Hall viscosity as
such, while eq. (6.24) of [68] provides an analogous expression for Hall conductivity. For
parity-even fluids, the derivation of the universal Haack-Yarom relation between second
order transport coefficients (14.33) also expresses the appropriate combination this way, cf.,
eq. (47) of [89]. In all these case the relevant membrane-paradigm quantity then vanishes

103We would like to thank Sayantani Bhattacharyya and Shiraz Minwalla for extensive discussions on
this issue.
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at the horizon in the two-derivative theory because of some general feature of horizon
geometry, forcing thence the vanishing of a Class B term. This seems rather generic in
two derivative theories of gravity; inclusion of higher derivative interactions appears to
allow non-vanishing Class B terms. For example, vis a vis the Haack-Yarom relation, one
finds that it is upheld to linear order in Gauss-Bonnet corrections to gravity [70], but not
beyond [71, 72]. Recent analysis by [72] in the physically more interesting situation of
string theory induced derivative corrections to Type IIB supergravity appear to uphold
this to one higher order. It would be interesting to analyze what feature of black hole
horizons and gravitational dynamics plays a role in determining these aspects of transport.

Holographic fluids via the fluid/gravity correspondence [41, 52] provide an ideal en-
vironment to test various statements about fluid dynamics in general by allowing one to
be able to compute explicit constitutive relations. We find it reassuring to see evidence
for the eightfold way in the examples studied hitherto. We outline in section 19 a set
of questions that should give us even better insight into how holography implements the
classification. What is perhaps curious however, is certain specificity in these fluids. While
there is no a-priori reason that every aspect of transport allowed by the second law should
find a holographic manifestation, it is nevertheless amazing to find further evidence for the
near-idealness of these systems. It has been known for a very long time, starting from the
seminal work of [40], that holographic fluids tend to want to minimize the shear viscosity
and saturate the famous bound % > ﬁ [87].194 The low value of shear viscosity implies
that these fluids minimize their entropy production for arbitrary flows. Fascinatingly, this
statement also appears to be upheld at the next order in gradients.

For Weyl invariant holographic fluids we find that the subleading contribution (third
order) to entropy production is forced to vanish if the Class D transport coefficient A\; — &
vanishes. This relation appears to hold in all two-derivative theories of gravity explored
so far (but is violated upon inclusion of higher derivative interactions [72]). This then
suggests that holographic fluids obtained in the long-wavelength limit of strongly interact-
ing quantum dynamics, obey a principle of minimum dissipation. One might suspect that
all such transport be derivable from a (Class L) Landau-Ginzburg free energy functional,
which in turn should be obtainable from the bulk gravitational dynamics. The simplest
test would be to derive (14.35) directly from the Einstein-Hilbert dynamics for gravity in
asymptotically AdS spacetimes. It would be fascinating to develop this line of thought, for
it should provide us with a geometric underpinning for deriving effective actions for generic
non-equilibrium quantum dynamics. More generally the interplay of gravity with the ex-
tended framework of U(1)T KMS-gauge invariant effective field theories could potentially
provide important insights into formulating Wilsonian low energy dynamics for QFTs in
mixed states.

19 Homework problems

We have at various stages of our discussion exemplified adiabatic fluids and the efficacy of
the eightfold way using simple examples of hydrodynamic systems. While the structural

104%We refer the reader to [100, 101] for critical discussions of this bound and survey of attempts to violate
it in various systems.
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aspects of our discussion are completely clear in the abstract, it is remarkable and reas-
suring that physical fluid systems are aware of the eightfold classification. We gave some
arguments in favour of this using the analysis of holographic fluids (particularly the neutral
Weyl invariant fluid) as well as in kinetic theory in section 14.5.

Ideally, of course, we would have liked to give many more examples and furthermore
argue that the classification scheme can be used as an efficient organizational principle vis
a vis actual computations. While we do believe this to be true, making further progress
requires data in other hydrodynamic systems, which we do have at hand at present. This
provides us with an opportunity to outline a set of problems, which we think are solvable,
some of which perhaps more straightforwardly than others. We therefore leave our readers
who have made it this far with a few problems that we feel are worth exploring.

One natural venue for exploration is simply to obtain explicit results for constitutive
relations using the fluid/gravity correspondence for holographic fluids. Weyl invariant
neutral fluids are already covered in our analysis. An obvious next step would be to examine
Weyl invariant charged fluid dynamics by explicitly studying the Einstein-Maxwell (for
parity-even) or Einstein-Maxwell-Chern-Simons (for anomalous parity-odd) examples. We
note that [5, 6, 28, 88] have studied specific aspects of transport in this particular set-up up
to second order in gradients, but the full set of constitutive relations require turning on all
possible background sources has yet to be done. Another direction to consider is neutral
fluids without Weyl invariance, but since the simplest set-ups realizable holographically
secretly enjoy higher dimensional conformal invariance [102] (see also [103, 104]) it is easy
to intuit that these analyses won’t provide more detailed insight (see however [105] for
explicit conformal symmetry breaking by sources). One could perhaps also make use of
higher derivative gravitational theories, though in that case care must be exercised to
ensure that one is dealing with a unitary QFT dual. With this preamble let us state a few
questions for each of our classes and some specific issues that can be understood.

e (Class Hp: the hydrostatic analysis for charged fluids implies 17 hydrostatic forbidden
constitutive relations at second order in gradients [3]. Find explicit expressions for
these constraints and further specialize to the case with Weyl invariance. Use the
set-up described above to demonstrate that fluid /gravity automatically incorporates
the hydrostatic constraints. Furthermore, demonstrate that holographic fluids always
respect the Hy constraints at any order in the gradient expansion.

e Class L: write down the Hg U Hg terms describing a fluid dual to Einstein-Maxwell
system using the aforementioned holographic analysis, i.e., the analog of (8.25). More
generally give a bulk prescription to compute the effective action for this system from
the gravitational dynamics (perhaps building on the ideas in [90]).

e (Class Hy : in the holographic context demonstrate how Hy terms arise from the
extension of the Noether procedure of [73] by [106] to account for the presence of
Chern-Simons interactions, i.e., extend the leading order argument in [75, 107] to
arbitrary derivative order.
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e Class Hy : this is the most interesting class of adiabatic constitutive relations. Thus
far we have no data on such terms in any realistic hydrodynamic context. Do these
terms arise in fluid-gravity correspondence at all? Or are they constrained to vanish
as with certain Class B terms we have described in the text? Does there exist a simple
membrane paradigmesque formula for them in terms of data on the horizon [108]?

e (lass B: formulate a general membrane paradigm formula to compute all these terms
in terms of horizon data, extending the results of [99]. Is there a role for an attractor
like mechanism (for non-extremal black holes) which requires that these coefficients
are in certain sense robust?

e (Class C: explore the presence of exactly conserved topological currents in
fluid/gravity. For example show how the Lovelock terms in the gravitational de-
scription of even-dimensional AdS spacetimes map to Euler currents in the boundary
fluid entropy current using [64].

e (Class D: derive a membrane paradigm formula for general Class D transport coef-
ficients. Is there a role for the tensor valued differential operators Y to show up in
the bulk? Do holographic fluids always attempt to minimize the entropy production
for a given fluid flow. Give evidence or disprove the minimum entropy production
conjecture for two derivative theories of gravity. What is the corresponding statement
in higher derivative theories of gravitational dynamics?

e Class A: derive the Feynman-Vernon terms for Class A described in [30] and section 12
from the fluid/gravity correspondence.

o Fightfold way: derive the eightfold way of transport from a general Schwinger-
Keldysh analysis [55]. Extend this eightfold classification to systems with sponta-
neously broken symmetries and other Goldstone modes such as superfluids (cf., [109]
for a comprehensive treatment of superfluid dynamics and [110-112] for discussions
about holographic superfluids). Is there a relation between the eightfold way and
Hohenberg-Halperin classification [113] of dynamic critical phenomena?
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Part V
Interconnections & generalizations

A Adiabaticity equation for consistent currents

We have elected to work with covariant currents and covariant anomalies in the bulk of
the paper. But, for some applications, it is useful to work with consistent currents and
consistent anomalies instead. In this appendix we describe various statements about how
adiabaticity equation changes if one works with consistent currents. Some salient results
(such as those necessary for hydrostatics) have already been quoted in the main text; the
derivation of these results will be found herein.

A.1 Bardeen-Zumino currents

To begin with, we need to pass to one of the consistent anomalies from the covariant
anomalies we have been working with earlier. To do this, we choose a Chern-Simons
form Icg such that dIgg = P where P is the anomaly polynomial of the system under
consideration. The consistent anomalies are then given by
Ml=—=2, T)/V*1= :
J a orH,

It is also useful to work with Bardeen-Zumino current and energy momentum tensor

(A.1)

{J,. 157} which are local functions of sources {A,, g, } given by

* 8ICS oV *x 8ICS
Tz =g 2 e = 2y (A2)
v 1 vo vipo o\v '
T = 5Vo [(ZBZ)M[ | 4+ (Spg)" o) — (2p,)00m] .

We will not need the detailed forms above for our analysis, though given any quantum
system we can determine the anomaly polynomial and thence the currents if necessary.
All we need for the moment is the following fact: the Bardeen-Zumino current and energy
momentum tensor obey conservation type equations with a right hand side that has the
difference between the covariant anomaly and the consistent anomaly, viz.,

D MJgZ = JIJ} -7,
g

\/jgc‘?y (V-9 Ta") .

We now want to derive an adiabaticity type equation for Bardeen-Zumino currents

(A.3)

V,Th, — (Jpg), F* = T + ART +

using these identities. To this end, consider the combination

Bu <v”Tg2 — (JBz)y F*" — T#) + (Ag+B74;) - (Dujgz - Jﬁ)
~ L0 (T <A (A4)
= Vo (B'T7) = (0.8") T — Mg~ T
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If we define the Bardeen-Zumino entropy current as
sz =—B"T° (A.5)

we can then write the adiabaticity equation satisfied by Bardeen-Zumino currents as
VoJS 5z + By (vyTg”Z — (Jpg) FM — T*;) R

+ (A +B740) - (Dully, = Ih) = ~(08) T — g+ T A0

The consistent currents are defined as the difference of the covariant currents and the
Bardeen-Zumino currents, viz.,

JM

= JHr _ JH muy — rppy Ry I
S,cons — JS JS,BZ’ T T ,TBZ7 J

cons cons

=Jr—-Jg, . (A.7)

By subtracting (A.6) from (2.12), we obtain the adiabaticity equation written in terms of
consistent currents and consistent anomalies:

vﬂjg,cons + ﬁu (VVTéf)l;ls - (JCOHS)V ’ FW) (A 8)
+(Ag+B*A)) - D,J" = (0,8 T +Ag- T

This then is the analog of (2.12) in terms of the consistent currents. This expression is
useful when we directly want to work with effective actions (without introducing Chern-
Simons terms).

A.2 The consistent Gibbs current

If we wish to work directly with the Gibbs current as in section 2.4, then one can introduce
the Bardeen-Zumino free energy current given (A.5) via:

Gy = =T [Ty + BTy + (Mg + B7Ag) - T, A9
= wT" = [, Ty +p- Ty

This Bardeen-Zumino free energy current satisfies the grand canonical counterpart of (A.6)

637\ 9
V“(T) T

1 . ,
= 515705 9w + Jhz+ 0u Ay — (08T, = Ag-T . (A.10)

Subtracting this equation from (2.21), we get

ggons 1 v v
_VU <T> - §Tclf)ns 539#” + Jgons : 673A# + (al/ﬁu)n + AB ’ \77 (A'll)

where we have defined the consistent free energy current
ggons = ga - g%Z . (A12)

Equation (A.11) plays a useful role in constructing the equilibrium partition function for

o

anomalous hydrodynamics. The current G7 .

/T is conserved in the hydrostatic limit (un-
like G7/T itself) and hence can be integrated over the base space to give a generating

function of hydrostatic correlation functions.
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A.3 Noether construction for free-energy current

In this subsection, we will show that the free-energy currents for Class A can be obtained
by a Noether type construction. To do this, we begin by considering the variation of the
transgression form introduced in [12], see section 12
u ~ A A
Vp =N (P[F,R] - P[F,R]).

Using the identities
5(2w) = %d(Tdu) FTouA S, utwA (..
5B = D(5A + pdu) — %d(mu) FTouNS,A+un(.) (A.13)
d(Br)", = D(6T", + TD,B"0u) — D,B"d(Téu) + Tou A 6,TH, +u A (...)
we can write the variation of Vp in the following form:

V;
Ve s T, A
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o AN G 0 9(Br)
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avp )

D( oVp > oP

8(BR)MV 8ﬁ“,,
A lQu _ovp lgwgﬁgw _ovp

To(2w) T 8B T "0(Bp)r, 2 O(BRr)*y

IVp oP oP
u _9YP ) _ ar S(OM
+ A - D<8B > + 4T ,,/\D<a( R)“u) 5( u)GA o(82 ,,u)aAHV

OVp oV OVp
THON ——— . A.14
+d{5u/\a(2 JHOANGE + /\a(BR)MV} (A.14)

Following the authors of [12], we also introduce a transgression form

u ..
Wes = 25" (Ics[F,R] — Ics|F, R]),
which is related to Vp via the relation Vp + dWeg = Ics[F, R| — ICS[F,I%]. Similar
manipulations for variation of Wyg yields

. W, oW,
SWes = Tou A {—zﬁwcs — Ag 855 d,8" arucs

aWCS 8WCS
A
aw) TAN g

OWes 1 OWes
5. THON ——= 4 —g"96, gy D [ ————
T A BBy, 29 %Y <a<BR>uu>

OWes D OWes i 8ICS[Aa f]
0A OB oF

+ou N

+

[
T
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1
—QH,
+ T

OWes OWes dIcs|A, T
OTH,, d(BRr)", R~

10Wes p OWes 1 OWes 1 - OWes
a|LOWes i OVes Lo, OWes L g, OWCS
To2w) T OB T O(Br)*, 2 O(BRr)*y,
OWes OWes OWcs
A D T, AD| —=—
roa %+ 2 (%) e (i)
~ ()T 5 qu VTeslA T
ORHM,
OWes OWes OWes
A T, N —— Al
+d{(5u/\8(2w) +0A N 5B +90 /\a(BR)“,,} (A.15)

We can then use dVp+ddWeg = 0Ics[F, R|—0Ics [F, R] to get the following identities:

wJp = ovp _ _{GWcs D <8Wcs>}+ s 5Ics[fi,f]

OB DA 0B OF OF
oP 0P
DxJp= - — —=
P TOF T oF
oVp OWes OWes OIcs . OIcs[A,T]
Sp) =2 = 2 = 2 — 22
(* P) a 6(BR)'LLV { oare, <8(BR>'“V>} ORH, OR*,
P oP
DxXp), =2 -2 Al
(D*Xp)"y oRn,  ZoRn (A.16)
Further, we get an identity of the form
*2’ﬂ+1 pry ﬁ . aj l ,LL a’P
=7 oF T 7" oR,
. OVp oVp oVp
= — 18, WAN —— + 6, TH, N Al
i3Vp [5Bu/\ 9(2w) + 0, AN 5B + 0, A@(BR)“V (A.17)
glrove poove 1o, OVe 1 . oVp
To(w) T 9B T 'aBpr 27 27 aBpm, |-

This is the statement that the bulk free energy current is same as the bulk Noether current
corresponding to a bulk Lagrangian Vp up to Komar terms. Taking the normal component
and restricting it to the boundary leads to the statement that the covariant free energy
current in the boundary, defined via

LOVe _p OVp 1, OVp 1 OVp
N = __ LA — ,uyi —g"%é Vo arm \u
N = "T000) T T 9B T YaBrm T 29 %29 aB)m,

(A.18)

satisfies the adiabaticity equation with covariant anomaly.
The last identity we obtain takes the form

N _ _l OVp I [QVP B 3[@5] 1 o [ OVp dlcs

P,cons Ta(2w) * T 8B 8F T 8(BR)’LL1/ B aRNV
, oW, oW,
= —igWes — Ag &:S —0,B" 8IWCS
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aWCS 8WCS aWCS
' owwes A TH, A —CS
+0,u A 9(2w) +0,AN 9B + 0, A 2(Br)"
1 OWes 10Wes un OVp
~g"5. gye D [ ————— — — . Al
597 0s9 (8(BR)MV> [T 02w) T 0Wes (4.19)

This is the statement that the consistent free energy current in the boundary is same as
the boundary Noether current corresponding to a boundary Lagrangian density Wcg up
to Komar terms.

B Class ND: from adiabatic to non-dissipative fluids

As presaged at the end of section 7, there is a striking similarity between the Class L
Lagrangian solutions to the adiabaticity equation and the effective action formalism for non-
dissipative fluids which was developed earlier in [45] and explored in [46, 48].1%° Intuitively,
it is clear that the family of non-dissipative fluids where every on-shell solution to the
dynamical equations of motion is constrained to not produce entropy, should be a special
case of adiabatic fluids, which are engineered to uplift the statement of entropy conservation
off-shell in a suitable manner. The similarities are also striking in the explicit examples
discussed in section 8.

However, at a basic level there is a crucial distinction between the framework of non-
dissipative fluids and the story we have developed thus far for adiabatic fluids. To wit,
the physical fields in the adiabatic fluid formalism are the fluid velocity and the intensive
(local) thermodynamic parameters characterizing the fluctuating Gibbs density matrix. On
the other hand the non-dissipative fluids use entropy density as a primary variable instead
of the temperature. One can nevertheless pass between the two constructions by realizing
that temperature and entropy being conjugate variables one can exchange the two by the
simple expedient of a Legendre transform.

Aided by this observation, we now consider the Legendre transform of £ [¥] trading
the temperature T for its conjugate variable s. Part of our basic motivation is of course to
make contact with the existing literature on effective actions for hydrodynamics. We will
argue upon carrying out this Legendre transform and thence passing to a suitable gauge,
we recover the effective action formalism.

In effect we will establish that the family of non-dissipative fluids which we call Class
ND are encapsulated within Class L family of adiabatic fluids as presaged in section 1. This
map will in particular make transparent the physical origin of the symmetries employed in
the effective action formalism.

B.1 Legendre transformation to an entropic description

Let us begin by shifting from a description in terms of {37, Ag} to a description in terms of
a (d—1) form and a d-form which we denote as {Sq,..ay 1 (AS)a;...ay } respectively. They

105 There are also results in the non-dissipative effective action framework for anomalous transport [20, 30]
which we will defer till section 12. As a result the discussion in this section will be restricted to non-
anomalous, non-dissipative fluids.
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are defined via their Hodge duals:

1
°S7 = glotd-1 § o, =TspB% =su’

(d—1)!

€ 1 (0% « «
As = - e (As)ay.ag =T s Mg =5 (i —u” Aa).

(B.1)

These forms {Sq, .oy, (AS)ay..a,} Will play a role analogous to {37, Ag} in the Legendre
transformed description. To avoid unnecessary clutter, we have adopted above a concise
notation for the contraction with € tensor which we will use from now on. For any p-form
Vaias..ap,, we define

€V I102-0d-p — ;' 60102...Ud,palag...ocpvala2map (B2)

Let us first attempt to make contact with the variational principle for Lagrangian

theories (6.3) by re-expressing them in term of our new variables. To do so we begin with
the following identities obtained by varying (B.1):

0'_15 U_ BU _
T68 = 0S S\/jgcs(\/ gTs),
1 Ag
T SAg = - VAg — 0 (v/—qg Ts) . B.
p=5 - o= (V=9 Ts) (B.3)

From these expressions one can easily check that
1
v—g
n
— hl QO 4 . <EAS+AO' ESU>.
S s

Th,88° +Tn- (5Ag + Ay 5 (V=g Ts)

(B.4)

In deriving the above we have used the identity s +b, 87 +n-(Ag+ A, 37) = 0 from (6.6).
We can then rewrite (6.3) as

1 1
——6( V=g (L—=Ts) ) ==T"8gu, + J" - 6A, + V,(§O,4)"
v i (B.5)
_'_bi ESU+E~ <€AS+AU ESU>
S S
The rewritten variational equation can be interpreted as follows. We think of £L —T's
as a functional of the variables {g., Ay, Sa1..ay_1> ASal...ad} which we can collectively call

W with the subscript denoting passing to the entropic description. To wit, we simply write

[vEacsiws = [ v @ -s)

(B.6)
{B,Ag}—{S,As}

Then (B.5) is the defining variational formula for us and gives us the functionals
{bo,n} in this Legendre transformed description. Since entropy density s has taken a

- 161 —



primary role, it follows that the temperature 7' is then a derived quantity which can then
be computed from

1

1
) —g(/ﬁ'“-i-ugho)
(B.7)

There is no loss of information in the translation between the two descriptions as long

1)
T——&S/\/jgﬁg[ms}—— <ha ESU"‘“'(&AS"‘AUESJ))_

as we restrict to non-anomalous fluids. More specifically, much of our analysis in previous
sections can be repeated in this Legendre transformed variables. For instance, the Bianchi
identities (6.12) can be translated into our new language as

g
V=Y
Jeg <\/jg in) .

V,TH = J, - FM

1 1
555 (\/ —qg Shl,> +g”y gn‘ 5SSA,/ + VM(TS)

1 9

D,J°
V=3

where dcg denotes Lie derivative along {¢S?, *Ag}. Moreover, the Noether current can be
shown in this description to be given by

SNH[X] = &TH + (A + EAy) - J-
by

S

(B.9)
+

(61587 — 787 ¢) + 2 (€(PAs + 87 Ay) — 78 (A + £14y))
providing the translation of (6.9). As before, (B.8) then imply adiabaticity equation as
a corollary.

It is also easy to see that the hydrodynamic equations can be obtained by extremizing
[ V=g Ls[¥s] with respect to arbitrary Lie drags of the forms {S,, v, ,,(A8)u. 1y}
However, written in this form, it is not evident that these equations obey the hydrostatic
principle. In general, this Legendre transformed description obscures the physics of the
hydrostatic state which is better dealt with using £ instead. This makes intuitive physical
sense, since the hydrostatic configurations when thought about in terms of the Euclidean
background geometry give the temperature a geometric interpretation in terms of the size

of the thermal circle, but do not accord a similar preferred status to the entropy density.

B.2 Gauge fixing and the non-dissipative effective action

Now, we would like to pass to a description in terms of a set of physical dynamical
fields {¢®,c} such that extremizing [ /=g Lg[¥gs] with respect to them gives the cor-
rect hydrodynamic equations. Without further ado, based on our preceding analysis
of section 7.2 let us introduce a reference manifold M endowed with reference forms
{Sai..ay_, 0], (Ag)a;...a,[¢]} living on it. We then pull-back these reference forms to real

106The development of the adiabatic fluid formalism was in fact precipitated by attempting to recover the
hydrostatic partition function from Class ND.
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spacetime using maps {¢%,c}.'°” We have

d—1

a;

Sl/1...Vd_1 = Sal...ad_l H 8l/z¢ !
=1

4 (B.10)
(AS)II1...1/d =C (AS)al...ad C_l Havi¢ai +d (8[1/1(:) C_l Sug...ud}
=1
or equivalently more compactly as just
ESG' — eg (BSCL
(B.11)

“Ag =c St 4 e °8 (9pc) !

where we have defined also an e-symbol (denoted e) associated with the push forward
metric g:

d
@dl0d = gV1--Vd Hayi¢“i (B12)
i=1

To compute the equations of motion, etc., we obtain first by varying this expression,

087 = e OB+ DVespST
=7 B8 — des(el 6¢?) 4+ ST Va(e) ¢
“As = c (DAs) <P 4 e D8(Dpc)
+8es [(0c)c™! — €7 (Drc) 7] + “Ag Vi(e) 3¢7)

(B.13)

The derivation follow a very similar pattern as (7.7). Substituting the above expression
into (B.5), we finally get

1
6 (V=9 Ls[¥s]) = ST G + T -0 A, = VB

-

1 1
e [bo+n-(Brc e+ A)] S0 +cInc- - DAy

1 n _ o c.a _
- =0 (\/jg g)-{(5c)<: L 67 56 (9yc c 1+Ag)}
T g b6 [ s <\/—TJ ”) +‘;-5ssAa+va<Ts>]

(B.14)

with the boundary term

BF = (68%)“ —Tselop* +utn- (<5c)c*1 —ut el 6 [ba +n-(9,c cl+ Ag)] (B.15)

197Since we are working with the Legendre transformed system the diffeomorphism and gauge transforma-
tion fields {¢*, c} are related in a complicated manner to the fields {¢, c} we introduced earlier in section 7.3.
We prefer to therefore use a different notation (at least stylistically) to emphasize the distinction. As we
will see soon the fields introduced in this section are the ones that naturally arise in the non-dissipative
fluid effective actions studied in [30, 46, 48].
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This then is the analogue of (7.8) in the Legendre transformed description. Thus,
extremizing [ /=g Ls [¥gs] with respect to {¢%, c} variations gives the correct energy-
momentum and charge conservation equations i.e., (B.8) as required. Furthermore as
discussed before we can equivalently work with the variational principle in terms of push
forward metric and gauge fields {gq.p, Aq}-

B.3 Static gauge: symmetries of non-dissipative effective actions

As a final piece of our discussion we now turn to the symmetries in the Legendre trans-
formed variables. We move to the static gauge by using the redundancies in the reference
configuration, to facilitate the analysis.

The redundancies to start with, are same as before — we have the diffeomorphisms
and gauge transformations on M. Let us explicitly gauge fix these by picking a particular
frame for the tensor fields {$, Ag}. A convenient choice happens to be

$123..(d-1) = 1, 0N oIy =0, (As)o123..(a-1) =0 - (B.16)

where as before I}, € {1,2,...,(d —1)}. Let us now enumerate the residual gauge redun-
dancies which are left unfixed by the conditions above:

J J I ahJ _
@7 — b7 (P1), mm(aw>._1
Jg

¢° = g(¢7,¢°), 36 £0 (B.17)

c—cf(oh)

Thus, the spatial ¢-diffeomorphisms get reduced to the subset of volume preserving diffeo-
morphisms whereas the analogue of thermal shift gets enhanced to a ¢"-dependent shift.
In fact, ¢° completely drops out of all hydrodynamic fields altogether in this gauge.'%®
The chemical shift remains unchanged. The first and the third expressions which trans-
form {¢?,c} have been described in [30, 48] as §(ivﬂTM ».c» the extended volume preserving
diffeomorphism symmetry.

Much of the structure we had in static gauge before Legendre transform survives with
small modifications. Since the hydrodynamic fields u” and p are unaffected by Legendre
transform, they retain their definitions given in (7.31) with the simple replacement {¢, ¢} —
{¢,c}. We have (d — 1) spatial fields ¢! such that u79,¢! = 0 and a flavour field c. Using
these we define in analogy with the discussion of section 7.5 a distance measure on the
spatial geometry of the reference manifold in terms of the matrix p’’/ = ¢"0,¢'0,¢’.
Its inverse then defines a spatial metric p,, as in section 7.5. We can then derive the

108The reader might worry at this point that our gauge fixing has lost us an equation of motion. This is
indeed true and in this sense static gauge is a bit like temporal gauge in electromagnetism where Gauss
constraint is lost after gauge fixing. But as we will see in a moment, unlike electromagnetism, adiabaticity
equation comes to our rescue and restores the equation that is lost.
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expressions for the hydrodynamic fields as

oL
v
1 B d—1
W= oy T e T e (B.15)
i=1

p=u’ [(sc)c™! + As]

where, as before, 55[?) B is the spatial volume form associated with p,, and p denotes
the determinant of p, ;.

As advertised, the field ¢° completely drops out of all hydrodynamic fields altogether
in this gauge. Since there is no §¢ in the variation, thermal shift invariance dictates that
all the ef 6¢® factors in (B.14) reduce to P7d¢’. In turn, this means that the absence of
#° leads to loss of the energy-momentum conservation in the longitudinal direction (along
u*). This however is not as problematic as it seems because of a particular feature of this
description: the entropy conservation in this description is automatic. We have

VeJg = L o, (V=g su’) = 1y (\/jg u”> =0 (B.19)

V=Y V=9 "\ VP

This equation then via adiabaticity equation leads to the energy-momentum conservation
along u*. This then is an additional equation which compensates for the loss of ¢° equation.
Effectively we have used the conservation of entropy of the non-dissipative fluids as a
dynamical equation of motion.

With these manipulations we have made explicit that the adiabatic fluid formalism
along with an appropriate Legendre transform reduces to the standard effective action
formalism for hydrodynamics used in [30, 45, 46] and other references mentioned earlier.
In particular, it emphasizes the importance of the symmetries of the latter formalism. The
Sdiff o s Symmetry as indicated in [30] is an important part of the framework arising
as it does by gauge fixing a covariant formalism involving the background sources and
the hydrodynamic fields {S,Ag}. While we could have perfectly well started with these
variables and eschewed the introduction of the {3, Ag} description used in the preceding
sections. However, this formalism for reasons outlined in the preamble to this section suffers
when we attempt to describe hydrostatics. Likewise the fact that the entropy current is held
rigid in the non-dissipative fluids of Class ND is a substantial obstacle to describing in full
generality a Lagrangian solution to adiabatic anomalous hydrodynamics, cf., section 12.2.

C Topological currents in odd spacetime dimensions

On general grounds, one would expect every conserved topological charge on codimension-
one spatial slices to be associated with an identically conserved entropy current. In this
appendix we provide a general Euler current (with associated charge being the Euler char-
acteristic) and a flavour-charged topological Chern current.
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C.1 Generalized Euler current

Let D denote the covariant exterior derivative acting on tensor-valued forms and wu,
be the fluid velocity vector. Then, u*u, = —1 implies that Du, is a transverse vec-
tor valued 1-form. Further, we will also need the following transverse anti-symmetric
tensor-valued 2-form

PSPPRag = Ry + Ruau®uy + uuu®Ray = Ry + (D?uy)u, — uyD?uy (C.1)

where R*, is the curvature 2-form.
Say our fluid is living in d = 3 spacetime dimensions. Then, we have the following
identity [60] due to the transversality properties mentioned above:

D [e‘“’)‘uu (Duy A Duy — R,)
=0

This implies that we can define an identically conserved current (which we will term the
Euler current'®) via

*J

c ghvA uy (Duy A Duy — R,)y)

1
Euler 5 Euler
1

1
Jguler ZCEulcr 80'0‘6 EMVA u‘u‘ (vauVVB’U,)\ B 2RI/)\o/j>

which satisfies V, J&! = 0. Note that this is a parity-even current appearing in second
order in derivative expansion.

Let us now generalize this construction to arbitrary odd spacetime dimensions.!?
Again we let D denote the covariant exterior derivative acting on tensor-valued forms. It is
uniquely defined by zero-torsion condition D(dz*) = 0 and metric compatibility condition
Dg, = 0. Let u, be the fluid velocity vector. Then, u#u, = —1 implies that Du,, is a
transverse vector valued 1-form.

For what follows, it is useful to define a new covariant exterior derivative "D using

the connection 1-form
e =14, + (Dut)u, — utDu, (C.3)

This connection has a torsion ®D(dz#) = (Du*)u —ulDu but it is still metric compatible
(*’)'Dgw, = 0. In addition, it is also velocity compatible ®Du# = 0, though it is not unique
in being velocity compatible. We can work out the curvature 2-form for this connection as

®Rr, = R, — Du* A Du, + D*uu, — u"Du, (C.4)

199Gometimes this current is called as the Wen-Zee current, following [59] who realized that 3d Hall
currents are often shifted by such a term. The coefficient of this term is hence sometimes called the ‘shift’.

"9During the course of preparation of this paper [61] also constructed the generalization of the Euler
current to arbitrary odd dimensions. Our presentation in terms of vector valued one-forms is complementary
and equivalent to their explicit construction.
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This satisfies ®D ((P)R“,,) = 0 and further ® R*, is completely transverse. It then follows
that the following form is (" D-closed (and is hence D-closed):

* —

1

_ RV1V2Vv3V4...Van—1V2n (P p p
Buler = 1 CButer U & ®IR,,.,! )RV3V4 . )RVQn—lVQn (C.5)

Here c,, is some arbitrary numerical constant and we are working in spacetime dimensions
d =2n + 1. To see how this generalizes the d = 3 Euler current, we rewrite the above as

1

*) = c

_ HVIV2...V2n—1V2n
Euler 2n uru' €

Euler

X (Ryyvy — Duy, A Duy,) ... (RZ,QWIV% — Duy,, | A @ul%)

1
g = _ TQ102...02n—102n UV1V2...V2n_1V2p
Euler 27l CEuler u)u' € (CG)
1
X §RV1V20£10£2 - Va1u1/1 vaguljg

1
X.o.. (2Ry2n_11/2no¢2n_1a2n - V(in—luVZn—lv@QanZn

This is then a parity-even, identically conserved current with (d — 1) derivatives that
generalizes the d = 3 construction of [60] to an arbitrary odd d (see also [61]).

One of the reasons for our interest in the Euler current J7 s that it provides a
simple homogeneous solution to the adiabaticity equation. One can simply take the entropy
current term to be J7 and set all other contributions to zero. Thus, given any solution
to the adiabaticity equation, we have the freedom to shift the entropy current in odd
dimensions by the Euler current (with an arbitrary constant).

C.2 Chern current

Another identically conserved current for flavour-charged fluids in d = 2n 4+ 1 dimensions
is easily constructed:

1

g — O Q2 " Q2n—102n .
Chern on cChern Fa1a2 Fa2n710¢2n .

(C.7)

Despite being an exact form (it is the gradient of the Chern-Simon form) as we argue in
the main text, it does contribute to the topological degeneracy of states.

It would be interesting to examine if there are other conserved currents that like the
Euler current constructed above, include contributions from the background gauge field.
We have not been able to find any, but haven’t quite proved a no-go theorem either.

D Adiabatic hydrodynamics with Weyl invariance

The hydrodynamics of a CFT has an additional Weyl symmetry over and above the
Poincaré and the flavour symmetries. This can be dealt with by treating Weyl symmetry
like any other flavouravor symmetry except for a few additional complications that stem
from the fact that Weyl symmetry is a spacetime symmetry. In this appendix we give a
self-contained construction of the Weyl invariant structures building on earlier work in [56].
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D.1 Weyl transformation

Let us begin by adding in a Weyl transformation parameter A,, to flavour and diffeomor-
phism X = {&#, A}. We will denote by 0 the combined flavour, Weyl and diffeomorphisms
generated by X" = {&#, A, Ay, }. Thus, we can write

5;"/1” =0, A,
5;}'9”” = 5xg,uu + 2AW g/u/ (Dl)
5;VF”>\M = 0, 12 + 0x0uAw + 8,00 — 9apug”7 0o Ay -
A Weyl covariant tensor Q) of weight w is a tensor whose Weyl variation is given by
Oy Q= 06,Qu —w Ay Q)
= [QU Al —w Ay QU+ E70aQ0 T — (9a8M)Qp T + - - (D.2)
+ (8RR + -

The flavour gauge field A, has a Weyl weight w = 0 whereas metric g,,, has a Weyl weight

w = —2. The hydrodynamic fields {3/, Ag} are invariant under Weyl transformation.'!

It follows that the velocity u*, the temperature T and the flavour chemical potential y all
have w = 1.

D.2 Weyl connection

To mimic our construction for flavour symmetries, we extend the sources by adding in a
Weyl connection (or a gauge field) W, which transforms as

Wy = 6, Wy + 0y (D.3)
We can then construct Weyl-invariant Christoffel symbols
(VT)Hun = TR 4 gaWH = SEWx — AW, (D.4)
such that
V(T aa = 0, (VT ra - (D.5)
In turn, this can be used to define a Weyl-covariant derivative [56]

Y QU =Dy Qb+ w WhQE
+ [graWH — HEWo — W] QS + .. (D.6)
— [ W = 0SW, — WL QT — ...

1111 hydrodynamics, as elsewhere, a useful thumb rule to determine the Weyl weights is

Weyl weight = mass dimension + No. of upper indices — No. of lower indices .
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where in analogy with flavour covariant derivative, we have added a w W, term. Further,
the additional terms in the definition occur due to the fact that Weyl symmetry in a
spacetime symmetry under which Christoffel symbols transform inhomogenously. It is
easily checked that these terms serve to correct the Christoffel symbols in Dy into Weyl
invariant Christoffel symbols. An often useful spacial case is the action on covariant and
contravariant vectors

DY VI =Dy V7 + (w—1) WAV + WV, —S(W.V)

D.7
DY V, = Dy Vy + (w+ 1) WiVs + W, Vi — gro(W.V) (B-7)

and
DY J° =Dy J? + (w—d) WyJ?

D.8
DY TH = D, T* + (w—d —2) W, T + WF T 5 + W, (T — T"*) (D)

The above Weyl-covariant derivative is metric compatible (DY g,, = 0) and is tor-
sionless when acting on Weyl-invariant scalar fields. The familiar variational formula for
Christoffel symbols

1
oLt )\ = 59#(1 (Vu5g,\a + Vadgua — vaégu)\) (D.Q)
has a Weyl-covariant counterpart

1
5IW1/>\ + ] [gy)\g”a] Wa - ig,ua (DZ‘/(SQ/\a + DKV(SQV& - D;V(Sgl/)\) (DlO)

This in particular implies that the combination 6T%, + & [g,Ag"%] Wy, is Weyl-invariant!!?

which would prove useful later on.

The curvatures associated with the Weyl-covariant derivative can be defined by the
usual procedure of evaluating the commutator between two covariant derivatives on more
general fields. For a covariant vector field V), of weight w, we get

[DZV, @ZV]V)\ = [FIW’ V)\] 4+ w (WF)W, V\ — (WR)OC)\W,VQ with
Fo=V,A -V, A, + AL A)]
VE)u = 0 W, — W,
VR)*zw = 9V T) 5 — 00 (T) a8 (T) a0 — (V1) %5 (VT) A

(D.11)

As is evident from their definitions, all these field strengths are Weyl-invariant. A more

convenient expression for the Weyl covariant Riemann tensor is given by the formula'!?

W2
(WR)/,[,V)\O' + g,ul/(WF))\U = R,uy)\a - 45&9”[)\55] <VQWB + WaWﬁ — 29045) . (D12)

N2 A quick proof for the Weyl invariance of this combination follows from noting that
ST un = 0T un + 3 [9029 ] Wa + gurg"dWa — 850Wy — S56W,

and using the statement that 0V, being the difference of two Weyl connections, is Weyl-invariant.
13Note that our Riemann tensor notion is slightly different from those defined in [56] which is responsible
for different signs appearing in our expression.
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These curvatures obey Bianchi identities of the form
R o + (VR r0n + (VR oun =0
DY (VR)* \s + DY (VR)* 4y, + DY (VR) ) = 0 (D.13)
D) (" Fao + DY (" Fov + D (W F)ua =0
and
"R)uro + "R)uure = =20V F)ro Y
" R)une = C"Rrour = CVFuwdro = CVF)rogur — 4V F)asdgu 005,

We can use the Weyl covariant Riemann tensor to define the Weyl covariant Ricci tensor,

(D.14)

Ricci scalar and Schouten tensor'* via
W2
C* Ry + (" Fp = By + (0= 20367 + 9,05 ) (VaWWa + Was = V3 g0

2
WR=R+ 2(d — l)gaﬁ (VO)/Vﬁ + WaWs — V;ga5>
1 w?

(WS)“V + H(WF)/JJI - S'u,y + V;LWI/ + W#Wy - Tg,u,l/ .

(D.15)
D.3 Covariant form of Weyl transformations

As in the flavour case, we can rewrite the flavour and diffeomorphism Weyl variations (D.3)
and (D.5) in terms of the Weyl-covariant derivative

(5;?;)/\7# = DZV (AW + faWa) + ga (WF>a;L (D.lﬁ)
0 ("T)un = DY(DYE) + €7 (M R) uon

where we have assumed ¢ to be a Weyl-invariant vector. The equation for and (D.2) for
a Weyl-covariant tensor becomes

QL = [QU A+ EY AL —w (Aw +EWa) QU + 69Dy QY

" " (D.17)
— (DEMQy + ... +(DJEMQLT + - ..
In particular, for the metric g,,, we have
6 g = D& + D&+ 2 (Aw + EWa) g (D.18)

We can then write

1
ST x40 [9uag" I Wa = 56" [ DY (6Y gxa) + DX (62 gva) — DX (07 gur)] - (D.19)

2
147he Schouten tensor in defined as
1 1
Suw == |Ruw— =R gu
u d—Q[ A —1) I
It is often used in defining the Weyl curvature part of Riemann curvature via Cuurxe = Ruvre +

60(
[w
for the special conformal transformations.

gy 162 Sap. Tts significance in Weyl-invariant theories arises from the fact that it acts like a connection
1 o] B
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D.4 Weyl covariance and conservation equations

In this subsection, we will study the conservation equations in a zero temperature field
theory with Weyl invariance. Consider the path integral of this field theory with the
background metric and Weyl connection turned on.!'®> We can write the variation of the
logarithm of this path integral (up to boundary terms) as

1 1
—i0lnZ = / dlz/—g [QtO‘B(Sgag + by W, + 5 (&) 6T g (D.20)

where we treat {gag, Wy, (*T')" 4o} as independent sources for later convenience. We will
call (Zyy)7", as the Weyl spin current. The tensors {t*?, jh} are related to the orbital
energy-momentum tensor and the orbital virial current in a way we will make precise below.

Let us now eliminate ("I')”,, variations in favor of variations of the basic sources
{9ap, Wy}. First, we use the identity

1 1
5 Ew) 80 D) o = S (Ew)™ 0 [0 i + 0(9purg”*)Wal
(D.21)

1 o\po oo ol
+ 5905 (T + 2 5700 oW,

to write (D.20) in an equivalent form

1 1
—i 67 = / ddm\ﬁ—g{fﬂ(sgaﬂ Ty W+ (S0 (0T + 5<guagm>wa]},

(D.22)
where we have defined the total virial current JJ;, as the sum
1 g ag g
Ty = G+ 5908 (S 4+ 20 - 509). (D-23)
Next we integrate by parts using (D.10) and discard the boundary terms to get
1
—idlnZ = /ddm\/—g{zTﬁ,ﬁdgag + Jhy (5W#} (D.24)

where the Weyl energy-momentum tensor Tf\,ﬂ can be defined by more familiar looking
expressions involving the orbital energy-momentum current and Weyl spin current as:

103 1 a|po oo o(&,
T =00 4 S0y (s + 2l - 5509). (D.25)

We are now ready to derive the conservation equations in the fields theory that follow
from Weyl and diffeomorphism symmetries. Assuming there are no Weyl or diffeomor-
phism anomalies, the path-integral is then invariant under the Weyl and diffeomorphism

15For simplicity, we will consider the case with no flavour symmetries — the expressions in this subsection
can be trivially generalized to account for flavour symmetries if present.
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symmetries of the theory. This gives
Lo
0= /ddx\/—g{QTW’B(éygag) + JL, (5;VWM)}
—— [ atey=g {0y T - () F)?) (D.26)
- /ddxv -9 (AW + gaWU){DE\}ng - gaBT\?\[}ﬁ}

where in the second step, we have integrated by parts and discarded the boundary terms.

thus, for a general Weyl-invariant field theory we obtain the conservation equations
DYT = (Jy)(VF)P
Bw w)g
w 18 i (D.27)
Dﬁ Jw = gapTw

with

1

| (D.28)
5 = %+ 3908 (TP + T - 3509)
The energy-momentum conservation equation is reasonably familiar with all the currents
now taking their Weyl invariant form. For the Weyl current conservation we see that the

stress tensor trace contributes a source term.

D.5 Velocity compatible Weyl connection

While the above discussion was quite general we now would like to specialize to hydrody-
namics, where there is a unique Weyl connection which satisfies the velocity compatibility
conditions [56]

wDNu, =0, DYu’ =0, (D.29)

which can equivalently be stated in terms of B* as
B’Dy B! =Dy BT . (D.30)
Imposing these velocity compatibility conditions gives

Vau® e ©
d—1 e =0T g1l

W = u®Vouy — (D.31)

We can then compute the variation of W, as follows: varying the velocity compatibility
conditions, we get

0= 8 (uDYuy) = Su" DYy + u” (DY Sy — undT o + Wity — 110 (g W)
= ou? DVuy, +u? DY du, — uyu® <6I‘>‘W +4 {gugga’\} Wa) — P/6W,

0 =0 (u,DYu”) = u,DYou’ 4+ uyu’ (5I’>‘)\J +9 {g,\oga)‘] Wa) — (d = Duyu” oW,
(D.32)
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We can use these equations solve for 6W,, to get

1
W, = ou’ DVuy, + u® DY du, — diuHDZ_V(Su”

X (D.33)
—ul (uA(Sﬁ + Hu,ﬁf) (5FA60 +4 [gﬁggak] Wa>

We can then use 0u” DYu, = T6B° D} u, and

u’ DY ouy, — diuMDg"(;u = <u)‘PW — d—lu“P‘i\> DY (T6B37)

1
B B0 _
+2<PE{U +P# «

d—1
(D.34)
to write
1
_ a, B B, a,pB
Wy = 5 <PH u” + P u® — Tty ) (u.D")0gap
1
_2° B - B A a
u (u,\% + 7o 1uu(5/\> (5F 8o+ 0 [gggg }Wa> (D.35)
1
+T58° DVuy, + <u’\PW - d_luupj> DY (T537)
A useful corollary of this result is
1
_ « B, « a
JoW, = — 5590‘6 <Pu u? + Pl u® — T u”8> (w.D)JL,
1
— e <J¢@m + = (u.JW)5§> (670 + 0 [ 109 W) (D.36)

1
+ Td,@x{ JE DYy, — DY [.Jyv (u"PM — d—1“’*P§>] } + DY)

D.6 Class L for Weyl covariant fluids
In this subsection, we will study the Class L for Weyl covariant fluids. In analogy with

our previous discussion for a zero temperature field theory, we can write the variation of
Lagrangian density (up to boundary terms) as

1 1
/ d%s\/—g [zto‘ﬁ(Sgag W, + 5 (Sw) ™ (5rﬁw 45 [guggo"\} Wa) + ThdeﬂA}
(D.37)
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We can then integrate by parts using (D.36) to get
1 1
§taﬂ(5ga5 + IOW + 5 (Zw) 7 (51“,” +6 [g,wga)‘] Wa) +THY6p*

1
= Tdﬁ/\{ by + JwDYu, — DY [J{,‘v <u" AT T 1uuP§>] }

1 0 63 o (6
+ 259a5{t A (PM u? —I—Pfu - Uy U uﬁ> (u.DW)J#V} (D.38)

d—1
1 o o 1 @

. [zwlu o (,wvm + d_l(u.JW)é’Q] (570 + 8 [ 9100 W)
DY

Another integration by parts gives us the fluid energy-momentum tensor Tf\‘,ﬁ

TSP = tof — (P;fuﬁ—i—Pfua—d_l

uy u” u’8> (u.D™)J,

(D.39)
4 Lpw (ana} 4 sy flao] _ Ea(aﬁ)) _
2 ag
with )
YoHy = Z%)\ —2u° <J#VU)\ + 11 (UJW)Csf\L)
along with the adiabatic heat current
1
br = by + Sy DY u, — DY [J#V <ua 5 — d_luﬂp;)] (D.40)

Thus, with these virial corrections the Class L for Weyl-covariant fluids reduces to the
Class L for the usual fluids with the above energy momentum tensor and adiabatic heat cur-
rent.
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Part VI
Computational details

E Useful variational formulae

In this appendix we collect various useful variational formulae and some derivations filling
in the gaps for various results used in the main text.

E.1 Mapping variations of hydrodynamic fields

If we denote the hydrodynamic projector by P,s = gag + uqug, we can derive from (2.1)
the following translation between variations of {3", Ag} and those of the more traditional
fields {u*, T, u}:

1
ou® =T P§ 66" + 3 u® uP uP d98p

1
Sug =T Py 0B + = (Pf uf + PP u? — ug uP up> d98p
2 (E.1)
0T = T? uy 68% + 3 T u®u? 39ap

1
op =T (puy 68° 4+ 5Ag + Ay 68%) +u’ 6 A, + iuuo‘uﬁ(Sga/g.

These equations follow from the basic definition of the hydrodynamic fields. Having the
explicit expressions at hand comes in handy while deriving various results in the text.

For reference, we also note the variation of the sources along a configuration B =
{B*,Ag} and evaluate them on-shell:

71 (0 + VlosT) “u)]

2
Oy G = 2V (uByy = T [UW + Pu

2
~ — [UW + P

2 q d
T — vy O uyu, — o n(#uy)] + 2"%order

d—1

| (E.2)
5, A, = Du(Ag + BYA) + B'F,y = u® Dy (%) U= O
1 dp 1 nd
~ —Td—q@uﬂ — ft’u + 2"% order.

E.2 Relating variations of hydrodynamic fields to reference parameterization

We now turn to the important task of relating the variations of the physical hydrodynamic
fields {8", Ag} to the parameterization in terms of the reference fields (rigid) and physical
fluctuating fields introduced in section 7.2. Our goal is to start with the definition (7.6)
and derive (7.7).
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Let us begin by varying B* starting from its definition in the first line of (7.6). An
explicit computation gives:

5 Ble] + et 7l

o b
= —el!370,0p" + e} 6¢p° 0 + ebo” (E.3)
Ll
Op®
To further simplify the expression, consider first the middle term in the above expression,
which we argue vanishes.

08" = B*[p] oel + €y "

_ s, (elo") + [53 e 4 el } 5" + el ae

b o b
dueh + el 7 = B"0,el — el 9,8" + ¢} Do
opP R’
_ nbv b va i vl H E.A4
= B’ey0vel; — Beg0vey — eqey Ol,goc&pc + e 0 (E.4)

=g (egOvell — ehdyel) =0

where in the last step we have used the fact that the Lie commutator between two coordi-
nate basis vectors is zero. Thus, we finally obtain

53" = eloB" — 5, (ehdg”) (E:5)

As advertised, the variation of ¢* enters only as a change along Lie orbit.
We now turn to variation of Ag:

AA
Shg =[6cc e Ag 4+ ¢ 6Ag ¢ 4 8% =L ¢ 4 687 (Dyc)c !

dp®
+ 870, (d¢c cil) + [0c ¢, B9 (0pc)c ]
_ -1 a % -1 o SRa -1 s, a -1
=coAgc  +0p%c 900 © + eJ 0B (0sc)c 0, (eq0¢") Osc c
¥

(E.6)
+ 870, (dc ¢) + [0c ¢, Ag]

A
= 0p" €56, (Orcc™t) +c gSDS M +edhg et +eZ5B%(Oyc)c
+ 4, [0c ¢t — 760" Dy 0_1]

We now focus on the first term which will end up vanishing after a suitable amount of
massaging:

N (&,c c_l) = —0,Ag + B“0a(05c c_l) + 058%(Dnc c_l) + [05c c_l, Agl|

= —0p(Ag — B*nc ¢ ) + [0pc ¢ Ag — BYDac ¢V

(E.7)
= —Op(chpc™) + [Opc ¢t eApe]
A
= —c O,A\p ¢l =—9,¢% ggof ¢t
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Using the above result we can write

A
€58, (Oscc™!) +c (;OE cl=0, (E.8)
so that in the end
6Ag = c 6Ag ¢ + 0B (Drc)ct + 8, [6c ¢ — €55 Dpe ¢ (E.9)

Equations (E.5) and (E.9) form the basic map between the variation of the physical fields
and those of the reference fields and they are quoted in the text as (7.7).

E.3 Variational rules for anomalous hydrodynamics

We collect in this appendix various useful formulae for checking the results in section 12.1
and section 12.3. For most of the fields we already know the variations in terms of the
hydrodynamic fields and the sources. The new objects whose variations we need in the
anomaly discussion are the shadow fields A and T'. These are however conveniently defined
for us in terms of the hydrodynamic fields so it is quite simple to see how to write down
their variations in terms of our preferred set of fields.

Consider first the flavour shadow connection defined in (12.2); from the basic varia-
tions (E.1) it follows immediately that

5Ax = p P{* u?) Sgup + P 6A,
+ 11 (Prg + uptia) T OB +uyT (6Ag + AadB°).

For the mixed anomaly discussion we also need the variation of the spin connection

(E.10)

shadow fields. In order to get the variation 5f‘pa)\, we first start with the spin chemical

potential defined in (12.21) and observe by explicit variation that

oT

T
1

=T u08% + 3 Vou'u"dgu, + T QL D,6BY +T BY Q0L 61", (E.11)

0o = = Vo + T QG D" + T 87 Q5 01" 1w + T (D) 695

1
3 T (6HDPB" — g"*V"Bs) 69 -
From this we immediately infer

i 1 v
ST0ox = | o P = J Tun (35V°B” = 97'V* Bo) | 89, + P 07"

(E.12)
+ Q°, (P)\a + U)\ua) T63% + U)\Tﬂg’é DH(;,BR ,

where we use the abbreviation P2 = 6£656% + Qb u”uy.

F Details of the neutral fluid computation at second order

In this appendix we work out the Class L theory describing neutral fluids at second order in
the gradient expansion. In section 8.1 we have described the basic set-up for this problem.
The task at hand is to take the 13 scalar terms given in (8.17) and work out their variations.
Once we do that we will be in a position to work out the stress tensor and read off the
physical quantities.
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F.1 Variational calculus for the second order scalars
Let us parameterize the general second order Lagrangian using the basis (8.17) as follows:
Lo =K,(T)o? + K (T)w? + Kq(T) a® + Ko(T)©? + Kp(T) R
+ K(T)V, T VT + K, (T) Ou'V, T + K,(T) a* V, T + K,(T) (u*V,T)?
+ fa(T) Roo + fo(T) u'V .0 + fo(T) VT + f4(T) w" w*V, V, T (F.1)

We have singled out the last four terms since by a suitable integration by parts they can
be eliminated in favour of the nine terms in the first two lines. More specifically we have

2
o) Boo = [0 9,7 + 1u0) (02 47+ 00,0+ 2 )]

+ Vi (fa(T) a") (F.2a)

Fo(T)u'V,0 = = [fo(T) O + f(T) O uM'V, T] + YV, (f(T)©u")  (F.2b)

Fo(T) VT = = [fUT) V*T VT + V,u (fo(T) VIT) . (F.2c)
fa(T)uku? V,V, T = — | f4(T) WPV, T)? + fo(T) O u' VT + f4(T)a* V,, T

+ V, (fa(T) ut u?V,T) . (F.2d)

where we dropped the integral signs to keep the expressions compact.

Furthermore, we have at our disposal the field redefinition freedom described in sec-
tion 7.6. Since we set the first order gradient terms to vanish £; = 0, the freedom we have
is field redefinition of the ideal fluid Lagrangian (8.2). We claim that by suitable choice of
dp® we can eliminate all the four terms in the second line of (F.1). Explicitly, under a field
redefinition we find as before

8Lo [B] + L2[B] = p'(T) <VH logT — v2©u, + aﬂ> el ot + Lo [B] + - . (F.3)

Now what we want to do is to eliminate all terms involving the gradients of temperature.
That this is possible is manifest from the equation above, since by choosing appropriate
values of el o we can set to zero the coefficient functions {K(T"), K, (T), K(T), Ky(T)}.
However, in doing so we will shift the coefficient functions involving at least one factor of
© or a*. It is then easy to see that the combinations

Ki=K,+T°K,-TK,, Ko=Ko-T*v K, ~Tv?K,+T*v'K,. (F.4)

are field redefinition invariant. So even if we failed to implement the field redefinitions any
transport coefficient not involving these particular combinations would point to an error
in the computation.

This means that we only have to compute the variation of the 5 terms in the first line
of (F.1). We can do so in a straightforward manner using the basic variational formulae
quoted in (E.1). However, in order to demonstrate the efficacy of our field redefintions
together with the potential cross-check it offers on the result, we actually vary all the 9
terms in the first two lines of (F.1).
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In what follows we will write the answer eschewing the integrals and factors of \/—g
though for completeness we will indicate the total derivative pieces we encounter in the
process of integrating by parts to facilitate reading off the pre-symplectic potential. In
addition to fit the expressions compactly we introduce a shorthand for terms on the lL.h.s.
viz., §(KxX) = \/%7 d(v/—g Kx X). For ease of visualization we have also indicated the
total derivative terms in a different color; these will be useful later in the computation of

the free energy current.

otv

0 (KUO'2) = (KUUQQ’“’ —|—TK;(72u“ V-4 Kyl o) —4 K, 1
— 4 K, u, (up V, aa(“> u”) — 44 v, <KU a“)o‘>
+2K, 0% ut u”) % 89w — (2 K,o% uu) L, +V, (2K, 0" u,)
+ (T K. o0%uy —2P,a V, (Ky o) +2 Ky a" a#a> T6B%, (F.5a)
1) (Kw w2) = <Kw w? g"v + (2 K, + TKL’U) Wiut v — 4 K, wh Wy
FAKWI ) g + 4V, (K u”)> % S g
—V, (2K, w"éu,) (F.5b)
+ (TKsz Ug + 2T Pyo V(K ) + 2T Ky w, a#> T53%,
5(Kaa2) = <Kaa2g‘“’ + K!'Ta*utu” +2K,a"a” +4Kaa2u*‘u”)iéguy
+ (2 Kya,u” uo‘> b, +V, (2K, a,utou”) (F.5¢)
+ (ZKa a, PYV,u -2V, (K,a,u’) P+ T K/ o ua> T §3%,
§ (Ko ®?%) = <K@ 0% g + (T Ko ©*°+2Tv2 K50* —2 Ko u® Vo 0) ut u> % S Gy
+ (2 Ke© 4, ua> STH +V, (2 Ke O 6u)
+ (TKg) 0%u, —2P'V, (6K9)> T53%, (F.5d)
§(KrR) = <KRRgW + Kl T Ru" v’ —2Kp R
+2VAVYKp — 29" V2K R) % 69w
+ V,I,{Q 8908 [9““5 VH — g“gv”} Kp— [9“ VH — g“gv”} (Kr 5.9(13)}

+ T K% Rug 68°, (F.5¢)
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§ (K; VoTVOT) = (Kt (VT)2 g™ — 2 K, VFT V'T
—T (K} (VT)* 4+ 2 K, V*T) u" u”) % 8G9 + YV, (2 K, VFT 8T)
- (K;(VT)2 + 2K, v2T> T? ua08% (F.5¢)
§ (K, 0u'V,T) = <Ku Ou VT g + [Ku Ou VT — T K, (0% +u*V,0)
—u*Vy, <Ku u? V5T> ]u“ u”) % o
+ (pg (K.OV,T -V, (KyuV,T))
— T K, (0% +u'V,0) ua> T 68" + Ky u’VgT u” 55 T4,
+ V, (K,©u" 6T + K, u*V,Téu"), (F.5g)
0 (Kypat'V,T) = (Kw a®V,T g" + [Kz a*V,T —T K, V,a*
—u*Vpg (Kwuﬁ VQT) }u“ u”> é 0w
+ (ng (Ko Vu’' V, T =V, (K, V,Tu)) =T K, Vo ua> T8
+ KV, Tu®u” 5T, +V, (K, u"V, T du” + K, a"6T),  (F.5h)
) (Ky (ut VHT)2) = (Ky (u*VT)? " + [(T K, +2K,) (u*VoT)?
—2TV, (Ky u® uf VgT) } ut u”) % 0w
+ (2 Ky u’ VT PEN,T = 2TV, (Kyu’VaT u) uq
+ TK, (u’BV'BT> ua) T 6B + YV, (2K, uVoTu" 6T) . (F.5)

In the course of the derivation, we have used for the variation of the curvature term
the standard identity

go"BéRa/g =V [V”égwj — gaﬂvudgag . (F.6)

The stress tensor can be read off from the above expressions as the coefficient of %(5gw,.
However, to do so we need to convert dI',, variations in some of the terms into OG v
variations. This can be done easily using the identity

X9, 1%, =V, [Xa[ﬁp} + xBlarl _ Xp(aﬁ)} 09ap

- Vﬂ{ [Xa[ﬂp] + XxPlerl _ Xﬂ(aﬂ)] 59(15} (F.7)
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Using this we compute the combined contribution from (F.5a)—(F.5g) separately to be
2 (K@ ©d,u" + Ky a,u” u® — Ky o™ u“> ory.,
= 2Vp< — KgOu’ g + K, (u” u’ af — 2 alty”) up)
w0 Pl V) 1
- K, <0 uf — 20y ) §5gu,,

+V, {Ka (fu”' u? o + 2 al@yP) u") 6ga3}

+ V” {I(@ O ut .(}Gﬁégaﬁ + K, (O—Gﬁ ul' — 2 Ull(ﬂ uﬁ)) dgaﬁ}
<K$ V. Tu®u” + K, u’VzT oy u”) orh
1
=V, <Kx (u“ WVPT — 2uP u* V”)T> — K,uP VT v’ g””) B 0w
A /3 /3 1 o~
4 vﬂ{ {—KI (u WPVAT — 2 @ V‘”T) + Ky u!V,T g“d} 59 g(,g} .
(F.8)

All in all we find the currents for the second order neutral fluid to be:

)
d—1

— 4 K; ug (up vV, UO‘(“) uw) — 44l v, (KU J“)a> + 2K, 0 ut v’

otv

Tl = K,0? g™ + TK, o?u' v’ —4K,0" 0 — 4K,
+2V, (KU (U‘“’up — QUP(“UV))) + K, w? g™ + (2Kw —l—TKZU) w2 ut u?
K, W) + 4K, w0t ) gy + 4V, (Kw wo‘(“) u) + Ky a? g
—|—I~((’1Ta2u“u” + 2K, a"a’ + 4 K, ut v’ +2V, (I?a (u“u” a? — 2alty?) u"))
+ Ko ©2 g 1 (Tf(é@%ﬂz@ KL0? —2f(@uava@) w
—2v, (f(@@upg“”) + KrRg" + K& T Rutu” — 2 K R
+2VAVYKR — 2¢g"V? K, (F.9)
while
by =T K, 0°u® —2P)V, (Ky0™) + 2K, a" 0,% + T K,w’ u® + 2T P}V, (K, W)
+2T Kyw™a, +2K,a, PPV, u' —2V, (f(aayu”) PR 4 T K! o u®
+ TR0 0™ — 2PV, (@f{e) +T K Ru®, (F.10)

where we have written the answer in the field redefinition invariant combination. The
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pre-symplectic potential for this system can be read off from the boundary terms as
({5(91,5)’{2) = (2K,0" —2K,w") du, +2 K, u" a,0u” + 2 Kg© dut
2 8gus |97 V" — 70| K [977 V" — 9990 (KR dgas)
+ QK VT + K, ©0u!' + Ky o' + 2 Ky uu’V ,T) 6T
+ u’V,T (K, 0u!") + K u'V,T du” (F.11)
+ K, (—uo‘ u? o 4 2 aloyP) u“) 09as
+ Ko ©u# gaﬁégalg + K, (ao‘ﬁ ut — 2 g uﬁ)> d9ap
+ [—Kx <uo‘ uPVAT — 2yt (@ V/B)T> + Ky uV ,T u g“ﬁ] % 09ap
where the first four lines are obtained from the explicit boundary terms in the varia-

tions (F.5a)—(F.5i) and the last three lines are obtained from the integration by parts on
the variation of the Christoffel symbols (F.8).

F.2 Transport coefficients for neutral fluids

The expression for the stress tensor as written in (F.9) is rather unilluminating (not to
mention formidable), so we need to massage it further to extract some physical informa-
tion and compare with results in the literature. It is traditional to present the result for
the energy momentum tensor in the Landau frame, where the corrections (dissipative or
otherwise) to the ideal fluid stress-tensor in the gradient expansion are orthogonal to the
fluid velocity field. One can then express the result up to second order [2]16

Tw = €euyuy, +p Py —2n0,, — (PO
+ {7’ Va0 + K1 Ry + K2 (FR) () + Ao © 0
M 0 Ty + A2 01, W) + A3 0" Wawy + A awaw} (F.12)
+ Pw[gluava@+§23+g3Roo 602+ & 0% + Ew? +§4a2] .

Most of the fluid dynamical tensors which we are using in the above are given in table 11
and the angle bracket notation indicates projection to the symmetric part transverse to

oo (Aap+ Asa  [ApePP
A<W>=PMPV5< 52 p —[ o :|ga5>. (F.13)

the velocity.

In addition we have a few combinations of the curvatures which are defined as
Fg’ = RFYB ygug, R = R g 5. Roo = R uy uy (F.14)

with R,g,s being the Riemann tensor of the background geometry.
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27d order neutral fluids: hydrostatic response

Scalars Vectors Tensors
w2 wuual/ woa<,uwl/>a
Cl2 a<,u,a1/>
R R<;W>
Ra/guauﬁ P! Dyw? FE“D = uauﬁR<“a”>g

45 +4T =8 =5Hr +3Hgs+0Hy +0A

Table 9. The 8 hydrostatic response terms for parity-even neutral fluid at 2" order in derivative
expansion. We have listed the vectors though they do not contribute to frame-invariant transport
data. Among the 8 terms, Hrp = 5 combinations are forbidden by hydrostatic principle whereas the
remaining Hg = 3 combinations are generated by using the first 3 scalars in the Lagrangian.

27 order neutral fluid: non-hydrostatic transport
Scalars Vectors Tensors
©? Oa# oO<HgV>
o2 (Cleiad
o, oO<HYY>,
(u*Dy)© | P*D,O (u*Dgy )™
P}'Dyo"?
38 +4T =7=2Hs+0Hy +2B+3D

Table 10. The 7 non-hydrostatic transport terms for parity-even neutral fluid at 2" order in
derivative expansion. We have listed the vectors though they do not contribute to frame-invariant

transport data. Among the 7 terms, Hg = 2 combinations are generated by inserting the first 2
non-hydrostatic scalars into the Lagrangian. We have Hy = 0 and there are 2 combinations in
Class B and 3 combinations in Class D, which are given in table 7.

The comparison with the expression for the stress tensor (F.12) is however tricky as

written for two reasons:

(a) The result (F.12) is given in a basis of independent tensors wherein derivatives of the
temperature have been eliminated in favour of those involving the velocity gradients.

(b) It is also presented in the Landau frame, while the stress tensor we compute will
naturally be in a frame where the entropy current is J! g = su*. The latter has been
called entropy frame in [46].

116Note that we have not isolated an explicit factor of T in front of the second order transport coefficients
as in [2]. Also some authors (cf., [67]) prefer to make explicit that some second order transport is inherited
from first order viscous terms, e.g., it is common to find 7 = 7 7,. We refrain from making such choices to
keep expressions manageable.
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Using the conservation of the ideal fluid (8.9) we can eliminate temperature gradients
and obtain the result for the stress tensor in terms of velocity gradients alone on-shell. Then
one can attempt to convert the answer to the Landau frame by an explicit field redefinition.
Fortunately, if we set the first order gradient terms to vanish, we can employ a shortcut
as discussed in [46, 48] which we used in section 8.1. We simply project our result for
TH” onto the invariant tensor and scalar parts using (8.14) and read off the coefficients of
the independent tensors used in (F.12). We implement this for each term and use (8.9) at
intermediate stages to simplify the computation. When the dust settles we find:

n=¢=0, (F.15a)
T=-2TKjp—2K, (F.15b)
k1 =—-2Kpg ke =—2TKpg, (F.15¢)
Ao = <2U2—di1>TK}%—2KG—|—2v§TKé (F.15d)
M=-2TKp, I=4K,, I=-2TKR+4K,, (F.15¢)

M=-2K,+2T (TKg)",

_ d—2 -
<1:_2U§Ka+27d_1TK§2—2K@,

d
G2 = (i)—i—v ) Kr— 02T K},

(3=—20 K, +2 <;l_i+v )TKR+2 < 1) Kp, (F.15f)

_ 2 =2 2\ (L 2 i
&=— d_vi+2vT(v T K}) + <d_1+vs) <d_1 US)TKR

- [(14—1} ) Ko — v TK@}

~ d—2
£y = =202 K, +2 (d_+11 ) TKp+ (1-v2) K, —v2T K,

~ d—2 d—5
gBZ_ZU‘gKa+2<d—+U>TKR+(d— +3U§>KW—U3TKZJ

~ ~ —2
€4 = Kji’ﬂ@) Ka—HJETK;} -2 (fH—sz) T (TKR) . (F.15g)

These are the physically interesting results for the transport coefficients written in
terms of the field redefinition invariant combinations of the coefficient functions K, (T),
Ko (T), Ku(T), Ko(T) and Kr(T). There are several interesting relations that these
hydrodynamic data obey: for one because 15 a-priori independent data are expressed in
terms of 5 functions, we expect to see 10 relations between them (which can be obtained
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by eliminating the K;). More explicitly, we obtain the first 5 relations by substituting

1
KR = —§ K1

1
Ko =7 [ds = T#] (F.16)

~ 1
Ka = —5 [)\4 =+ T(T:‘ﬂ)”]

into the expressions for {kg, (2, (3,&3,&4}. These 5 relations are the ones that appear in the
hydrostatic partition function analysis [3]. In addition, if we substitute

1
Ko = [T k) — 7]
N 1 d—9 (F.17)
Ko = -5 G+ a1 T K} — U? (/\4 + T(T/-il)”)

into the expressions for {Ag, A1, A2, &1, &2} we get 5 additional relations which cannot be
obtained from hydrostatic analysis. Among these 5 relations into the 2 relations for {\g —
&2, A2} which remove the two Class B transport coefficients whereas the 3 relations for
{0 + &2, A1, &1} remove the three Class D transport coefficients. Further, we can clearly
see that the two relations we highlighted for the Weyl invariant fluid in (8.26) continue to
hold even for the general neutral fluid:

1
T:)\1—§A2, )\1214,2. (FlS)

These relations serve to project out one Class B transport coefficient and one Class D
transport coefficient respectively.

F.3 Entropy current for the neutral fluid

The entropy current can be easily computed by variation of the Lagrangian with respect
to the temperature. The quickest way is to use the identity (6.6) in terms of the adiabatic
heat and charge currents. Using the result obtained in (F.10) for the adiabatic heat current
it is trivial to compute the second order corrections to the entropy current. We find a
simple expression:

Th ) = (K;, o2+ K w? + K, o + K, 0% + K}%R2> w (F.19)
which of course fits with the explicit T° dependence of L.

It is instructive to examine the Noether current in Class L for this system, which
encodes the non-canonical part of the entropy current (upto Komar terms). To achieve
this we need the pre-symplectic potential which has been computed in (F.11). One then
computes:

Nfy) [B] = [B"L — ($655)"] )

K
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(w2 u + 2w TS, u,,)
{u“ a® — 2a, T, u”) +T (ua u? at — 2 aloyP) u“) 539(1/5}

(@21#‘ —-20T6,u" —TOU! gaﬁéggaﬁ)

SERESE

K
+ L Ru* —26,90p [9“6 VH — 9“5V“} Kr + [g“ﬁ VH — g“ﬁva] (KR 6, 005)

Ky

N

(VoT VT ut — 2T VFT 5, T)

Sl

= (@ u*VoTut —TOu'S, T — Tu* VT §,ut

1
—5 TuV,Tu" gaﬂ(SBgaﬁ)

i

<a VI u'—Ta" 6, T —Tu'V,T,u"

1
+T <2uo‘uBV“T — ut e VB)T> 5Bga5>

(VoI u* — 2T u' u’V,T6,T) (F.20)

LK
T

Using the on-shell expressions:

5Bu":—@vfﬁ“, 5Buuz@v§,ﬁu, 5. T ~ —0O 2

B s
2 S)
03908 = T <0a5 + Pup -1 @’U Ugy U5) (F.21)

we can simplify the above to

K K K,
Niy [B] = —TUJZU“jLTwau“—i—?a (a®u" — 2020 a") —

K
+ TR Rut — 28, g [gaﬁ = gﬂﬁva} Kpt [gaﬂ VH— g% (KR 6, gas)

Ko O uH

+ T K (a®u” + ©*viut — 2002 o) + K, ©% 02 ut

+ K, (—a®u" +20v2a") - T K, 0% v} ut

K, , K, , Ko [ o 2 Ke o
=-70 u“+Tw u“—i-?(a ut =200 a") — — 0% u
—|—ﬁ Ru*+2VH*(©(1 —|—v2))—2V o+ POt © —0viurut
T s “ d—1 s
o (T KR)'

T k) (@2 v2ut — 0 at <fl—2 +w ) + ot aa> (F.22)

It is useful to note that the free energy current is field redefinition invariant as can be ex-
plicitly seen from the fact that the terms combine into the combinations suggested in (F.4).
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G The hydrostatic entropy current

In section 4 and section 6 we constructed an entropy current starting from a basic varia-
tional principle, which we used, for example, in deriving (F.22). As we have mentioned in
the course of our discussions, a very impressive analysis of the entropy current arising from
hydrostatics was described in [36, 37]. We revisit that argument in our language providing
a simple translation to the considerations of these papers to the current discussion.

G.1 The entropy analysis of Bhattacharyya

Consider a system in hydrostatic equilibrium as described in section 4, for which we can
write down an equilibrium partition function. To understand the structure of the entropy
current, we will need to depart from hydrostatics, which we shall do in the gradient ex-
pansion, by introducing time dependence as described in [36, 37]. A useful proxy for the
time dependence is the operator d,,, since in equilibrium 0, |Hydrostatics= 04 annihilates the
background sources. Thus introducing linear time dependence is tantamount to working
at linear order in variations captured by d,,.
With this understanding, let us state the various results obtained in [36] in order:

e The second law of thermodynamics implies that every equilibrium configurations is
associated with a partition function.

e The leading O(d,,) terms in the entropy current are determined by this partition
function.

e Demanding on-shell conservation of this entropy current to linear order in 4, is same
as demanding that energy-momentum and charge currents be derived by varying the
associated partition function with respect to background sources. This gives all the
equality type constraints.

e The divergence of entropy current at quadratic order in ¢, expansion leads to in-
equality type constraints.

e Terms in the entropy current at higher order in the §,, expansion can then be arranged
as to give a non-negative definite quadratic form for the total entropy production A.
They do not produce any new constraints.

The crucial step here is, of course, the construction of an entropy current from the hydro-
static partition function. Paraphrasing our discussion in section 4.2, we can describe this
construction as follows:

1. We begin with the thermodynamic formula for entropy

0
Total entropy = aT/E [BU’C’]Hydrostatic dd_lSU . (Gl)
E

which can then be rewritten up to boundary terms as

Total entropy = /

[—m TN — (Ag + B Ay) - J° + B"L] a1,
Yp

Hydrostatic
(G.2)
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2. Next we compute the time derivative of this entropy. Whenever the hydrostatic equal-
ity type constraints are satisfied, the time derivative of the first two terms in (G.2)
gives a boundary term which is just the total free energy current. In particular, we
can read off the spatial component of the free energy current from this boundary term.

3. In turn, this gives an expression for the hydrostatic contribution to the entropy

current ( J g ) Hydrostatic+

Instead of working in the microcanonial ensemble, we can directly move to canonical en-
semble in the first step, and focus on free energy current instead of entropy current. With
this change in ensemble, the above set of arguments is then equivalent to the algorithm we
described in section 4.2.

G.2 Comparison with the charged fluid analysis of Bhattacharyya

Armed with this understanding we can compare the analysis of [37] for parity-even charged
fluids with the arguments presented in section 14.3.

1. One begins by counting the total number of transport coefficients in frame invariant
language. This gives 16 Scalars 4+ 17 Vectors + 18 Tensors = 51 a-priori different
transport coefficients.

2. Class A: remove Class A using the particular combination from anomaly-induced
transport theory. In this example, there is nothing to remove, which gives A = 0.

3. Classes {Hg,Hy,Hp} (or the 3-fold fate of non-anomaly induced hydrostatic trans-
port coefficients): focus on the remaining terms that survive hydrostatics; these
amount to 9 Scalars+ 6 vectors + 9 Tensors = 24 a-priori hydrostatic transport coef-
ficients. Thus, we are leaving out 7 Scalars 4+ 11 vectors 4+ 9 Tensors = 27 transport
coefficients that do not survive hydrostatic limit. By looking at the partition func-
tion we see that, of these 24, 7 come from Hg terms. This gives Hg = 7,Hy = 0 as
obtained in [37]. Thus we have Hp =24 — (74 0) = 17.

The first half of [37] (and appendix A therein) is devoted to showing that one can
complete these to 7 solutions of adiabaticity equation. This involves constructing
the entropy current etc...By this point, we understand how to do this very well
covariantly, so we can just skip ahead and construct a covariant entropy current as
outlined in the main text. Henceforth, we have to only worry about the 27 non-
hydrostatic terms.

4. Class B: next we examine %T "oy guy + JH - 0, A, for these non-hydrostatic terms.
This is contained in egs. (5.6) and (5.7) and appendix B of [37]. Before we proceed, let
us note that the last two terms of (5.7)[37]
zero — the tensor term summation should stop with 77. With this small amendment

with Ty and Ty respectively are identically

we have
2 Scalars + 3 Vectors + 2 Tensors = 7 terms in eq. (5.6) [37]

5 Scalars + 0 vectors + 4 tensors = 9 terms in eq. (5.7) [37]
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Comparing this against the total count of 7 Scalars + 11 Vectors + 9 Tensors for
non-hydrostatic terms, we conclude that 0 Scalars + 8 Vectors 4+ 3 Tensors = 11
terms go away at this step. This gives us 11 terms in Class B in agreement with our
counting. We remove these and thence focus on the 16 terms that are left.

5. Class Hg: at this point, [37] argues that 5 out of the 16 terms that survived this far,
can be absorbed as total derivatives into the entropy current. We know independently
that this is the correct counting based on Hg = 5, following from the procedure
described below equation (14.7). At this point we are left with 11 terms.

6. Class D: all of the 11 terms are now dissipative. Moreover, their contribution to A
can be explicitly assembled schematically into the combinations

TA=2n(0+08.01)>+((0+0202)% + 05, (0 +02 03) +0(0")  (G.3)

for some operators O;, which can be obtained from the explicit construction in [37]
if necessary. We see that this works directly by using the differential operators at
our disposal.

This completes then a cross-check of our results with the analysis of [37].

H Bianchi identities for anomalous hydrodynamics

In this appendix we derive Bianchi identities and on-shell constraints for anomalous hy-
drodynamics. This fills in the details and complements the discussion in section 12.

H.1 Bianchi identities from anomalous part of effective action

Our goal here is to evaluate eq. (12.22) which we reproduce for convenience:
oVp [A,I‘, A, f] =0A N F2 1]y — 5A A _*2n+1jH
1 a *9 +1 b ]‘ "a *9 1 < b
+§5I‘b/\ " EHa—iéI‘b/\ "IYH (Hl)
1
+ d{dA A-xJp+ 561“",3 A*ZpP o + du /\*q,,,} ,

In order to further evaluate this expression, we need variations of various objects. We
begin by first using the relations derived in appendix E.3. In particular substituting (E.10)
and (E.12) into (12.22) we find that the variation of the transgression form takes the

following form:

B) Vp[A,T; A T

Mg

R 1 R
— ][ [ <u 34+ QrsquSQ Pim ™)
M 2

1 .
1 TugXg?, (67'D"B" — g”mD",Bs)] OGmn
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~ 1 ~
— ][ (u . J?{ + 2QTSEH‘IST) (Pym + ugum) T 68™
M
. 1 .
— ]fw T up, [Jg - (0Ag + AnoB") + 3 QF g™, Dséﬁr}

1
+ /M V=9 [J% Ao+ 550 0T g + 0w Sgas + (05)o Taﬂ”} (H.2)

where we have introduced a new projector g‘:;\ = 0f 85 6% + QF% u”uy to keep the expres-
sion compact.

The variational formula needs to be massaged further to bring it into an amenable form
from which we can read off the bulk and boundary currents. For one the variation of the
Christoffel symbols need to be converted to metric variations. For another the bulk term
involving Ds63" should be integrated by parts and will thus contribute some boundary
terms. Both of these features arise from the gravitational contribution. Indeed setting the
spin connection terms to zero we see that (H.2) reduces to (12.14).

Firstly, the variation of the Christoffel symbols can be converted into a variation of
the metric by observing the identity

1 1 o o ap)] 1
/ /_g 5E,Pomp 5I‘PUQ = / ‘/_g §Dp |:Z’P[ﬁp] + Zf}[ ol _ Z;:(' /8):| 55901,87 (Hg)
M M

We use this expression on the boundary M to simplify the term in the last line of (H.2).
In the intermediate step we have discarded a total derivative term using the fact that
OM = 0. For the bulk term however we have to do a bit more work since now the
boundary contributions from total derivative terms cannot be ignored. These can however
be accounted for by recalling that our coordinatization of the bulk spacetime My was
such that the normal direction to M was denoted as L. Putting this together we find from
the bulk term involving the Christoffel symbol variation

1
FETSE———
M

_7@{2&“{2 + simk] sk }zagmn

1 o] 1
_Z Dk: [(mgmmgk]r gpgmmgk]r _ gggnkgn)r) Jal ) Pl} 259mn}

1 1
/ V=0 5 (FUS  anE ) 50005

1 min n|m; mn m-q|n. n<g|m; Sp(mn 1
:]fv[ ipp[(zH[ P s - i) - (prst 4+ Pt - S| g
1ad(unl
_/d\/_g 521%[(# )i(sglﬂja (H4)

alp + ZBJ_a

where extrinsic boundary terms of the form ¥'; have been set to zero and in the

second step we used the following identities to 1mplement some simplifications:

nm T n k] om 1 n sk n n ok m
Pob gt g = oL oy +,(5[ o) — o 6i)) wru, = ol P s
;Bprrsnk:gn qul _ 5(m(5n)5lk 4= (51(77716 n) _ 5( 5n)) uF ug = 5(m5n)5k
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Finally, performing an integration by parts also in the third line of eq. (H.2), we obtain
the final simplified variational formula of interest

) Vp[A,T; A, T
Maq1
m 1 mn ( ) m a
- ]{V[ <J(d+1) H0Am + §5gmn Toy t T b 0B™ + Tn,.,) - (Mg + Aad )> (H.6)

1
+ /M v—g <(Ja)A < 0A, + §5ga5 (To"g)A +(¢p)o Tdﬁ")
where the bulk currents now take the form

1 : NN P
Tl = 5 Tup Xu™ (67 D7B" — g™ D" Bs) — (u i+ G HP%) (By'u™ + Pyu™)

d+1)

n % D, [(zg[”p} sl Ei}"’m’) N ( prsonl | prn salmrl zﬁ}mm])

g =T = P
A 1 A 1 S
;ZJFD = - (M ' ‘]I;—[ + §QTS EHpsr> (Ppm + Up Um) + ﬁDs (TUT ngn 2Hrpq>
Mgss) = —Um I (H.7)

and boundary currents turn out to be

1 1.
(Ta'B)A — qguﬂ + qpua + 5 Dp (E’C’;{BP} + Egap] _ Eg)@‘ﬁ)) _ §EJ}}(QB) ,

(H.8)

(JA =Jp.
We have written this expression, allowing a-priori for a contribution to the stress tensor
involving the shadow Hall current %Z#a’g ). In the main text, (12.28), the stress tensor is

quoted without this term. This is due to the fact that EA]IJ}(O"B ) always holds for our
choice of spin chemical potential. To prove this, observe that the connection I'*, is metric
compatible due to our spin chemical potential being anti-symmetric:

A~

Vo = _UU(Q;W + Qyu) =0. (H.9)

From metric compatibility it follows immediately that the associated curvature tensor
RV, is anti-symmetric. From the definition (12.23) one can see that (£p)#, inherits this
antisymmetry. In what follows we will therefore often set

SHe) — . (H.10)

Equation (H.6) is our master equation for the Lagrangian variation. Our main interest
is not in a generic variation, but rather in the variations engendered by diffeomorphisms
and gauge transformations of the fields on Mgy, which is what is needed to derive the
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Bianchi identities. Using the general formula (6.8) for the bulk integral, we find for the

particular case where § =, is a gauge transformation and diffeomorphism: 7

5, Vp|A,TA,T]

Ma1

Lol oo () s (i)

g
e O An by [V g0 T h%“’]}
n m 1
_ ]{W (A+E"Ay) - {Dm ( J(d+1)> B \/ﬁ% [ —gd+1 T n(dH)}} (H.11)
1 o o a
+/ V=9 &a <2D7 <2# s v]) _ (M'Jﬁ +59 uEHl“u> " >
M
+/ V=g (A+E%A,) - (Jﬁ —jﬁ)
M

+g™Tn

+ / V=g ((JQ)A-@A@HT&B)A ;5xga5+(qp)aT5xﬁa)
M

In writing the above expression we have done some integration by parts mostly to remove
the derivatives of the diffeomorphism field £™.

We can now directly read off the Bianchi identities for the bulk theory: these are simply
given by the first two lines of (H.11). They satisfy the expected form of the equations (6.12)
as derived earlier from general considerations. Indeed in so far as the bulk theory is
concerned, we have a gapped topological system which obeys bulk diffeomorphism and
gauge invariance and so we should have a-priori expected to see this work out as stated.
Note that upon setting the spin currents to zero we recover the flavour Bianachi identities
as indicated in section 12.1.

Once the bulk Bianchi identities are satisfied for arbitrary bulk X we see that the
variation of the anomalous Lagrangian is purely a boundary term. This has both the
physics of the hydrodynamic system of interest as well as the anomaly inflow term that
enable us to write down the expressions for the covariant currents. We have one final
manipulation to do to bring this into a canonical form. Expressing the variations d,. g.g and
0, Aq in terms of the gauge transformation fields X and performing yet another integration
by parts we finally convert (H.11) into

5 Vp[A,T; AT

Mgt

1 « &L 3 1 [ «
:/ N (21)7 (Z = ) - <M.Jﬁ, +59 Mz;ﬁm) u
M . (H.12)
o o« 9
— Dg(T ﬁ)A + (J’B)A -F% + ﬁdg [v _9T<q1:)o—]>

- /M V=g (A+E%A,) - (—Da(JO‘)A +J5 — jﬁ)

"7 As in all of our discussion of anomalies, the fields X = {£™, A} are taken to live on Mg ;.
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We are now in a position to read off the boundary Bianchi identities which are obeyed
by our anomalous fluid. We find that these take the form (picking out coefficients of the
arbitrary £, and (A + £“A4,) from the above expression)

BT = - P L, [T

1 A 1, e
+ 5Dy (z - ) - (u S+ 29@2;#%) u,

(H.13)

and
Do(J%A =J5 — 5. (H.14)

The terms on the r.h.s. of the expressions of (H.13) and (H.14) with the one | component
of the Hall currents are due to bulk inflow.

H.2 On-shell constraints from the full Lagrangian

For reference, we quote both the bulk and the boundary on-shell constraints that are
obtained in section 12.4 by extremizing the full effective Lagrangian Leg [¥] = dLy.o [¥] +
Vp [A,I‘,A,f‘] with respect to the pullback fields. For the bulk theory, this yields the
following on-shell constraints:

mn gmn
9T Mgy OpAn + \/?d—&-lé% [V =941 ™| =0,
1
\/ﬁ% { —gar1 T ”<d+1)] ~0. (H.15)

The boundary on-shell constraints, on the other hand, are given by

gt

_9593 (\/jg T[(by)n-a+ (q'p)l/]) +g" Tnpy- 0,4, >0,

1
ﬁég (V=9 Tnp,) ~0. (H.16)
Combining these on-shell constraints with the anomalous Bianchi identities we obtain
the equations of motion. In the bulk, we find from (H.11),

Dn(Tm”):an.(g—P;jQI), Dm(Jm ):o. (H.17)

(d+1) (d+1)

Similarly, in the boundary theory, we obtain
1 .
D (T2 + (1)) = (L + (J7)a) - B + 5Dy (37— $307)
. 1 .
- <M . J}.‘[ + 2QVMEHL“V> u® s
Do(JS 4 (JO)A) ~ 5 — I . (H.18)

We note that we could have arrived at these results on a slightly easier path. As
discussed in general in section 7.4, equations of motion are easier to obtain on the reference
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manifold where the relevant part of the constrained variation is already built in. Concretely,
we could have started from (H.6) written on the reference manifold M by replacing all
currents by boldface currents and changing indices from Greek to Latin. Then directly
performing the variation (7.20) would give

-0 V'P [APv [riIN; AP? [AFAF;N]
Mgy

1 1
= M MN a "
B ]f\/[d-u <J(d+1> (0R iggMN T(d+1)> +/]M V-9 ((J A - OA, + §5Qab (T )A>
= — MN M N _ pN P
_]fvld“(SSOM[ IDN(T(d+1)+F ~ (J]H P JH))}
- ][ (=e e+ Aude™) - Duy < JEZ+1)>
Mat1
1 ac -~ | [ac ~ 1 . . "
o [ 8o )
M
+ /M V—g (—0_150+ Ab5¢c) . (;[]ﬁ _ jﬁ)
+/ \/jg |:5§0a (_Db(TGb)A + (Jb)A . IFCLb> _ (_07166_’_ Ab 5900) Da(Ja)A] )
M
(H.19)

From this we can immediately read off the anomalous part of the equations of motion (H.17)
and (H.18). While working on the reference manifold is thus manifestly easier, we still gain
computational insight from doing the full analysis from a point of view of physical M.

H.3 Bianchi identities of anomalous Schwinger-Keldysh action

We will now give some details of the derivation of anomalous Schwinger-Keldysh currents
as outlined in section 13.3. Since we double also the sources, we want to avoid compli-
cations that arise from an analysis on two different manifolds and work instead on the
unambiguously defined reference manifold as described in section 13. For simplicity we can
work in the hydrodynamic limit from the beginning, i.e., we only keep track of terms linear
in difference fields. Let us start by computing the variation of the influence functional
adapting the results form [30]. We have

0Sp = / {54[%] A2 T[] — SA[U] A2 T [
Mgy
+ 6f‘[\ﬂ;R]MN /\ *an+tl SHI:\I]JR:INI\/I - 6f‘[l[le]]wN /\ *antl EH[IUJL]NM}
+ / {Boundary terms [Ug, 0] = O ((bn — ¥1)?) } . (H.20)
M
Isolating the variations of difference fields makes the linearization in difference fields

manifest and we can for ease of notation immediately take the hydrodynamic limit of all
the remaining quantities involved. Using the variation rules (E.10), (E.12) and integration
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by parts, the variation of the influence functional S, ,., (H.20), with respect to the difference
fields takes the form!'®

08

IF

1 _
= f, (@ o @ o)
hydro d+1

where hydro denotes the limit where all the expressions that are not variations of difference
fields are evaluated at ¢%(x) = ¢%(x) = ¢p*(z) and cg(z) = c(z) = c¢(x) and we find the
following bulk currents generated by the influence functional:

1 . ,
(Tégivl))m =2 ([LJ D + B N"s XHPST> Png u™)
1 D pM »A:Q[NP] pN »A:Q[MP} >iP(MN)
T5Pr ( @ ty ~tlgtpg 2y )
1 A
_ 5 TUQ [HQST (5£~/IIDTH3N _ gTNIIDN@S)

(JM )IF = pMJY (H.22)

(d+1)

We now consider the variation of the left and right anomalous terms in Si.t. These
are completely analogous to our earlier discussion in section 12.3 except that we have two
sets of contributions to keep track of. Sticking to the hydrodynamic limit, we find that one
copy each of the R and L anomalous variation (H.6) combine in the hydrodynamic limit

to give!l?

’ (/]Md+1 VP [IHIR] N VP WJL]) hydro

= N 9 a 1 = a "
—]fM (T 8gun + T, 0B) +/M V=% ((T )a 5080 + (3 )A-Ma) .
d+1
(H.23)

The currents showing up in the above equation are the ones we have already recorded
in (H.7) and (12.28) (just on the reference manifold). As expected, to linear order in the
variations as required for the hydrodynamic limit the contributions simply combine to give
the common current times the difference of the R and L sources.

We can now put everything together to find the bulk and boundary Bianchi identities
and the dynamical equations of motion. Firstly, combining eqs. (H.21) and (H.23), we

118We adhere to our conventions stated earlier: boundary reference manifold indices are from the earlier
part of the lowercase Latin alphabet, while the bulk reference manifold is denoted as IM441 and indexed by
letters from the second half of the uppercase Latin alphabet.

"9The currents written in (H.23) strictly speaking live on the reference manifold. However, we have
refrained from introducing further notation to distinguish them from their physical counterparts; they are
distinguish by their indices which indicate their origins. They are of course pushed-forward along the
diffeomorphism and gauge transformation fields like any other tensor field defined on M.
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obtain for the variation of the entire anomaly part of the action

=9 (SIF + / (VP[WR] - VP[®L])>
hydro Maq1 hydro

1 1 _
- ][ [ Dy (T 4 2P 5T g + T MM]
Mgy1 2 2

/ 1 albc ac c(a a 1 _ a n
+ /lM _@ { |:2 1Dc (X'F[vb ]+>>:'I;L }_X'F(' b)>+2q,(Plllb):| §5gab+J7> . 5Aa}.

(H.24)

55&1’101’1’1

From this one can readily compute the equations of motion (see section 13.3).

I Class L; details

This appendix collects some intermediate steps of the computations relevant for the Class
L+ discussions of section 15. In section 1.1 we check that our diffeomorphism, flavour
gauge, and U (1)t transformations form an algebra. section 1.2 fills in some intermediate
steps involved in the derivation of the U (1)t Bianchi identity.

I.1 Consistency of U(1)T transformations

We would like to check that the diffeomorphism, flavour gauge and U (1)t transformations
given in (15.3), (15.4) and (15.5) form a Lie algebra. In particular, we would like to ensure
that the Wess-Zumino consistency conditions are satisfied. This in particular requires
that the commutator of two transformations parameterized by X; = {ff ,A1, AT} and
Xo = {&5, Ao, Ay}, is itself given by a diffeomorphism, flavour and U(1)t transformation
with parameters X3 = {&', A3, AT3}. Note that we work directly with in the untwisted
formalism; the conclusions will of course be unchanged should we switch to the twisted
transformation variables parameterizing individual elements of the Class L symmetries.

We will proceed systematically analyzing the commutator of two successive trans-
formations. A-priori the transformation of the basic hydrodynamic fields ¥ will fix the
dependence of {€}, A3} on X1 and X. However, since the U(1)t transformation mixes
with diffeomorphisms, it also follows that the parameter A3 is already constrained. Con-
sistency of our transformations requires that the partner sources and A transform by the
now determined values of Xs. Ensuring that this is upheld will form the main check of the
analysis below.

Let us start with the transformation for the background metric g,,. From (15.3)
we find

[59@’6952]9;11/ = ["55_17 £§2]g;w = £§39,uu (I.1)
with
Eg = [51752]0
"gg = [517 52]0. + ()‘g) £§1 180 - )\(il') £§2 /60) + xIBO. (12)

A(;') _ ££1 A(2T) _ ££2 )\(i") + A(lT)£BA(2T) _ X2T> £5X1T> —x,
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where we define
XD = ATy 4+ € AT, = AV + €7 AT, (1.3)

to keep the expressions compact. Further, x is an arbitrary scalar parameterizing a family
of relations that are all consistent with Eg =&5 + /\<3T ) 3°. The value of x will have to be
determined later on to ensure consistency of the formalism.

The parameter &3 encodes the effective diffeomorphism in the untwisted variables.
Once we have ascertained this it is clear that the 8 transformation in (15.3) is consistent
with (I.2) since B* itself is Lie transported along X.

Let us then turn to the flavour gauge transformations, taking the commutator of the
gauge transformations we have using (1.2)

[0y, 0, ) Ap = £5, (£8,Ap + [Ap, M) + 0uha) + [£5, A + [y, Ao] + 9l , Ar] (14)
—£g, (£g,Au+ [Au, M)+ 0uh1) — [£g Ay + [Au, M) +9uA1, Ag]
= Lg A+ £§1D#A2 - "E&D#Al + [Ay, [A2, Aq]]
+ [£g,Au + Oulha, Ai] — [£g Ay + Oul1, Ag]
= L&A+ Dyuls (1.6)

where we defined Az = A3 + /\?Ag with

Ra= Lo 8 — LRy — [Ay Ay, 17)
Az = X)) (£¢,Ag + [Ag, M1]) = XD (£6,A8 + [Ag, A2))
+ ££1A2 — .ngAl — [Al,AQ] — )\(IT))\(;) [AB,Aﬂ] + J:‘Aﬂ, (1.9)

Having ensured that the flavour gauge field transformation works, it is clear that the
transformation of Ag will also follow along similar lines.

We can now fix the free parameter x by demanding consistency of the U(1)t gauge
field transformation. To wit, A™), transforms like an abelian gauge field, so it works in a
way similar to the flavour field A,:

(02, , O, ] AT = ££3A(T)# +Lg 02 — £528uA(T)1
= £, AT, + 8,A7;3 (1.10)

with transformation parameters
ATy = £6, ATy — £z, A7y,

L11
AT = Xy £ Mg = N £, N5 + £, N7z — £, D1 = (B7AT,), Y

such that consistently AT3 = AT5 — XJ(8”AT,). From demanding the relation (1.3) to
hold, we can fix the parameter z. Indeed, using the definitions (I.2) and (I.11), the relation
Ay = A3 + €9 A7), only holds if

z=EEFM,,. (I.12)
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Let us now consider the sources {g,., flu}. For the partner metric source g,, we find:

[59C1 ) 6362]guu = £§_1 (‘fgzguu + A<T)2 5rgguu) + /_\(T>1 5362 (5gguy)
— f& (£51§W, + Ay 539#1/) — Ay O, (5,Bgm,) (I.13)
= £53§uu + A(T)i% 639#1/

where we used

O, (539MV) = 5(5x18) v + 5'5 (53619;w) = £[§1,,6}9w/ + .f,@(,fglguy) = £§1 (539uu) (I.14)

and similarly for dx,(0,9u, ). Note that the successive application of transformations
in (I.13) introduces an inhomogeneous term (the last terms in the first and second line)
which must be evaluated on the new configuration of fields and sources.

The commutator of two transformations of fl“ works in a similar fashion:

0y, 0, A = L, (LA +0uha + [y, o] + A25, 4, )
+ [fnglu + 0uhs + [Ay, Ro) + A5 5, A, ]\1} + AT, 5y, (5, A,)
— 4, (félflu + Oy + [Ay, M) + ATy 5BA“) (I.15)
- ["651“1# + 01 + [Ap, M)+ AT 6, A, ]\2}
= £e, Ay + Dyl + A58, 4,

— Ay b6y, (0, A,)

using dx, (6, Ay) = £, (6, Ap) + [05 Ay, Ar] and similarly for 0y, (0, A4,).

To summarize, the above computations show that the Class L; transformation
rules (15.3), (15.4) and (15.5) form a Lie algebra where the commutator of two transforma-
tions X1 = {&}, A1, AT} and Xy = {€}, Ay, AT3} is another diffeomorphism/gauge/U (1)
transformation with parameters

5;37 = [51752]0, /_\3 = ££‘1/_X2 — ££‘2I_\1 - [/_\1,/_\2] ) /_\(T)g = ££_1]\(T)2 — ,féfz/_\(T)l.
(1.16)

1.2 Deriving Class L; Bianchi identities

We now outline some of the computations relevant to obtain Bianchi identities eqs. (15.15)—
(15.19) from the master Lagrangian L [¥1]. The steps are straightforward, but rendered
somewhat complex by the sheer number of fields in ¥t. We start with the computation
of a full diffeomorphism, flavour, and U(1)7 transformation on L; using the untwisted
transformation parameters introduced in section 15.2:

0x (V=9 Lr) = Val#xO,0)"

-

| —
= 5Tﬁ‘ O Guv + -0, AL +Thy 6,87 +Tn- (0, Ag+ Ay 6,.87)

U o .
5 T O G+ T S A+ JT O AT, + T e (6:A + ATy 6,87)
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= fo{_Du(TH—LC)g + J£/+LC Foy + J$ Fmal/

" \/ngha)+Tn'5BAU+TnT.5BA(T)U+ D, (gt/T}LTIfLCV)

=i (
- T Dl — S By A (3T, + I 6,,) |
1
ﬁ
+ R+ &) DIt A 2]

- @ a) (Dt - s, (VT T )}

1
Na
+ Dy <5_V TiYe + (A +E7Ay) - Tl e + (AT 4 VAT, ) JY

, _ 1.
— (A" + §”A(T>U){D#J# — 5Tl Sy g — Tl - 85 Ay 5y (V=g T nT)}

— ﬁ“{T by & +Tr- (A+€“A,) + Tny (A7 + é”A%)}
LT — (R4 AL ) | (1.17)

In deriving this we have used the transformation rules given in egs. (15.3), (15.4) and (15.5)
and integrated terms by parts where necessary. Furthermore, we used ,A", = B8“F(7,,,.
From this one can read off the diffeomorphism and flavour Bianchi identities:

e The diffeomorphism identity (15.15) can be read off as the coefficient of £7. This is
clear since switching off A™ implies that £ — £ and indeed the coefficient of the
latter is the desired term. The answer then if the set of terms in the curly braces of the
first three lines and in addition, the contribution from the fifth line. This is because
we have an isolated £7 A, term, which is not the flavour invariant combination and

should be accounted for in the diffeomorphism transformations.'?"

e The flavour Bianchi identity (15.16) is given by the coefficient of (A + £”A,). This
gets contributions from the fourth and fifth lines respectively.

We can read off another interesting identity from the coefficient of (A™ + £7AM,)
in (I.17):

» 1
DuJ# =T O G + Jfe - Oy Ap + fg% (\/jg T “T) (L18)

N

This is just the grand canonical adiabaticity equation for {T%, J.}, where the free energy
current is identified with J¥ —T ny 8#. One might at this point think that we are done with
deriving the three Bianchi identities following from the diffeomorphism, flavour, and U (1)t

1
2

transformations. However, owing to the twisted character of the U(1)7T symmetry, (I.18)

120This term and contributions involving Juv O g, as we have written owe their origin to the tensorial
properties of {gu., A,} which matters when we perform diffeomorphisms.
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is not the actual U(1)T Bianchi identity, but rather a combination of it with the other
Bianchi identities. To extract the actual U(1)T Bianchi identity, we need to shift back to
the original transformation parameters {#, A, A™}. We now turn to this exercise.

As mentioned in the discussion above, upon shifting to the original transformation
parameters {£#, A, AV} the diffeomorphism and flavour Bianchi identities do not change.
However, to get the actual U(1)T Bianchi identity, we have to do this shift and then read
off the coefficient of (A +£7A™,). To do this, it is convenient to define the U (1)t Noether
current as in (15.18).

We can then use this expression to simplify (I.17). Let us temporarily group together
the terms in the r.h.s. of this expression into the total derivative and non-derivative terms

1
V=9
We can now use (15.18) to simplify the two contributions separately. Firstly we have A
straightforward substitution leads to a simplification of T# [5“, A, A&?} to

5y (V=9 L) = Vu(#xOL )" = O [gﬂ, A, A‘g)} +D, (zﬂ [g‘u, A, A‘Q]) (1.19)

THEH N AG) =& T e + (AN +EVAY) - T e + (A7 4 €7AT, ) N
= BT 0o € T (A €A |~ 6 gl o T~ (A €74)
(1.20)

Further, we can simplify the non-total derivative pieces combined into O by using the
easily verified identity

0[8.A A7 = — D (N + (A + B7AT, — 1)(Jf — Tnep))

1 | ~
+ 5 5+L0539#V+JI{L+LC'5BAM+§ Iflc(ng“V—i—J#C-(;BAM

+ J¥6, AT, + (Ag) + B7AT,) <D”J¢‘ — %T{fféﬁgw —Jt 6, A, (1.21)
- d, (VT nT)>,
upon defining the Noether current
Nf = —gjf =T+ BT e+ (Mg +B7A) - Ty e — {ha B +n-(Ag+BYA)+ nT} ut
=By Gy " T — (Mg + B A,) e (122)

Plugging this into the full variation (15.17) we find
1

\/jg(sx (\/jg ET) - v#(é‘x@-;s)u

= fg{_Du(TLﬁ-Lﬂ)g + J£/+LC Fou + J}’ F(T)UV
1 v
+ 753 (V —g T ba) +Tn- 53140' +TnT : 53A(T)a + Dl/ (gtlyuTIiLC )

V=9
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1 1

B §T15LCV DUQ;LV —Jie F(;,, - AT, (2 TTfLCV(SBgMV + Jllfﬁ ’ 53’4“)}
1

Ve

+(A+EA)- [DHJI{‘C - [4,, Jﬁ‘c]]

—(A+¢"A)- {DHJ;QLC ———=0, (V=g T n)}

+ (A7 + AT =D, (N4 (A7 + B7AT, = ) = T

1 e - -
7Trftc 539MV + Jlljc ’ 5’5“4# + J#(szA(T)M

L
+ §T5+L0539MV + Jllf—f—LC ’ 5(3 AM + 2

1
V=g
+ D, <3ﬂ (&, A A7) = BH Tap (A7 + §VA<T>V)> (1.23)

1
+ (A + B7AT,) <D#Jé‘— S Tie O G = Jie - 0 Ay

o (V=3 T ) )|

The U(1)T Bianchi identity can now be read off as the coefficient of (A™ + £7A™,) in the
three lines preceding the total derivative term. We have chosen to leave the latter in terms
of the intermediate quantities defined earlier, to avoid unnecessary repetition. After setting
(AT + ¢7AT,;) =1, the U(1)7 Bianchi identity takes the form (15.17).

J Notation and conventions

Symbol ‘ Definition ‘ Symbol ‘ Definition
Basic hydrodynamical variables ¥ on physical spacetime M
guv | Background metric A, | Background gauge field
B* | Thermal vector = %u“ Ag | Thermal twist = & — BV A,
Hydrostatic variables XK
K* | Hydrostatic thermal vector ‘ Ax ‘ Hydrostatic thermal twist
Hydrodynamic tensors at first order in gradients

" | Shear tensor = PrepvP (V(aum - % Pag) © | Expansion = V,u#

wh | Vorticity tensor = PHe P8 Vialg| a’ | Acceleration = v’V ut

v# | Potential gradient = E# — TP*' V,, (%) E# | Electric field = FHy,,

B* | Magnetic field = P‘“"P"BFag

Currents Cy[¥]

TH | Energy-momentum tensor J# | Charge current
J& | Fluid entropy current G" | Gibbs free energy current (2.18)
Further physical currents
hs | Adiabatic heat current (6.3) n | Adiabatic charge density (6.3)
(§60,4)* | Presymplectic potential (6.3) K | Komar charge (6.21)

N# | Noether current (6.9)

Table 11. Basic fields, sources and hydrodynamic quantities on physical spacetime manifold M.
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Symbol | Definition Symbol | Definition
Basic hydrodynamical variables ¥ on reference spacetime IM
0ap | Background metric (7.12) A, | Background gauge field (7.12)
(* | Thermal vector = % u® Ag | Thermal twist = fr — *A,
Derived hydrodynamical variables on reference spacetime M
T | Temperature K | Chemical potential
u® | Velocity

Transition functions from M to M

¢* | Diffeomorphism field (7.6)

C

Gauge transformation (7.6)

Currents (7.19)

Tab

Energy-momentum tensor

¢ | Fluid entropy current

n | Adiabatic charge density

Ja
h,

Charge current

Adiabatic heat current

Table 12. Basic sources, fields and currents on reference manifold M.

Symbol ‘ Definition

‘ Symbol ‘ Definition

Variational symbols and derivatives

0 | Unconstrained variation 0, | Generic diffeo/gauge transf. (6.7)
d,, | Diffeo/gauge trf. w.r.t. B = {8", Ag} (2.22) 0y | Diffeo/gauge trf. on M w.r.t. B = {*, A}
8y | Lie drag on M along {dp®, —c~1dc} (7.18) © | Constrained variation along Lie orbits (7.2)
D, | Gauge covariant derivative (2.8) £L¢ | Lie derivative along §*
DY | Weyl covariant derivative (D.6) 0% | 6+ Weyl transformation (D.1)
Indices
o, B,,v,... | Physical manifold M a,b,c,... | Reference manifold M
m,n,p,... | Physical bulk manifold Mg m,n,p,... | Reference bulk manifold Mgy

Table 13. Variational symbols, derivatives, index conventions.
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Symbol | Definition ‘ Symbol ‘ Definition
Shadow connections
f/‘yp Shadow spin connection = I'*,, + Q¥ u, At | Shadow gauge field = A* + put
QF, | Spin potential = %T(Dyﬁ“ — DHB,)
Anomaly induced currents
Y%, | Bulk Hall spin current (12.23) J% | Bulk Hall charge current (12.23)
T‘;IJ‘ Covariant Lorentz anomaly = %D,,E#W] J i[ Covariant flavour anomaly
J | Anomalous flavour current (12.25) Yp | Anomalous spin current (12.25)
q% | Mixed anomalous current (12.25) (J&)a | Anomalous entropy current (12.30)
(T*#)5 | Anomalous boundary stress tensor (12.28) (J*)a | Anomalous boundary current (12.28)
EHAS Anomalous bulk stress tensor (H.6) I Anomalous bulk current (H.6)
W | Anomalous bulk heat current (H.6) M., | Anomalous bulk charge density (H.6)
Basic fields as differential forms
u | Velocity 1-form = u, dz* 14, X® | Velocity contraction = u#X, ,(f,,)dx”
a | Acceleration 1-form = a, da* 2w | Vorticity 2-form =du+u A a
A | Gauge field 1-form = A, dz* r#, | Connection 1-form = I'*,, dz”
A | Shadow gauge field = A+ pu f‘/‘,, Shadow connection = I'*,, + Q*, u
F' | Field strength =dA+ AN A R*, | Curvature = dI'*, + T#, AT?,
E | Electric field = —i F (ERr)", | Electric curvature = —i R*,
B | Magnetic field = F —u A FE (Br)", | Magnetic curvature = R*, — u A (Egp)H,
AT | U(1)T gauge field 1-form F™ | U(1)7 field strength 2-form = dA™
Abbreviations
Q5 | Antisymmetrizer = §(5 63 — ¢"* gup) ot | Projector = 6§ 6% 6% + Qb u¥uy
fy | Bulk integral = 'vadJrl V=9d+1 R, | Shortcuts for right and left SK copies

Table 14. Class A and Schwinger-Keldysh (SK) quantities on physical spacetime M.

Symbol ‘ Definition

‘ Symbol ‘ Definition

Shadow connections

. | Shadow spin connection = [ %, + 0% u. A° | Shadow gauge field = A% 4+ pu?
% | Spin potential = %’]I‘(]Dbﬂ}“ —D4y)
Anomaly induced currents
Y™V | Bulk Hall spin current J3 | Bulk Hall charge current
J% | Anomalous flavour current (13.17) Yp | Anomalous spin current (13.17)
@ | Mixed anomalous current current (13.17) (J%)a | Anomalous entropy current
(T®)a | Anomalous boundary stress tensor (J*)a | Anomalous boundary current
é”d'li’l) Anomalous bulk stress tensor . ﬁﬂ) Anomalous bulk current
Tﬁé’,dm Hydrodynamic SK stress tensor (13.12) Jiyaro | Hydrodynamic SK charge current (13.12)
(Tﬁfm)w Cross contour stress tensor (H.21) (.Hf‘jﬂ))m Cross contour charge current (H.21)
Abbreviations
s | Ratio of measures = v/—g./v/—0r srr | Ratio of measures = \/=gr,./v—8
¥ | Difference fields = ¥y — ¥y, ¥ | Common fields = %(\UIR +¥.)
fJMdH Bulk integral = fl\ld+1 V=0d+1

Table 15. Class A and Schwinger-Keldysh (SK) quantities on reference manifold M.
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Symbol | Definition ‘ Symbol ‘ Definition
Basic fields

Juv | Partner metric Au Partner gauge field

g:w Shifted partner metric = g, — G AL Shifted partner gauge field = A, — flﬂ
gy | SK difference = g"w — B AT, — B, AT, A}, | SK difference = A; — (Ag+ B*Ay)AT,
AT, | U(1)r KMS gauge field A | U(1)7 holonomy field

¥r | = {ﬁuv Aﬁvguw Aluguw A/tv A(T)/u A%)}

Currents

TH" | Stress tensor associated to gy, J¥ | Charge current associated to A,

T!Y | Stress tensor associated to g JE | Charge current associated to A,

J¥ | U(1)t KMS current ny | Adiabatic U (1)t charge density

N7 | Class Ly Noether current (15.18) 7 | Class Ly free energy current = —T' NJ

(Js)¥ | Class Ly entropy current (16.5)

Table 16. Class L; quantities.

Symbol ‘ Definition ‘ Symbol ‘ Definition
Hydrodynamical fields for Legendre transform to entropic description
Saiay_, | (d—1)-form entropy current dual to T' s 8" €% | Dual of Sq,...a,, on M (B.10)
(AS)ar...ay | d-form gauge parameter dual to T's Ag ®Ag | Dual of (As)ay..a, on M (B.10)

Table 17. Class ND fields.
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