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Equilibrium partition function for nonrelativistic fluids
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We construct an equilibrium partition function for a nonrelativistic fluid and use it to constrain the
dynamics of the system. The construction is based on light cone reduction, which is known to reduce the
Poincaré symmetry to Galilean in one lower dimension. We modify the constitutive relations of a
relativistic fluid, and find that its symmetry broken phase—*“null fluid” is equivalent to the nonrelativistic
fluid. In particular, their symmetries, thermodynamics, constitutive relations, and equilibrium partition
function match exactly to all orders in derivative expansion.
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I. INTRODUCTION

The constitutive relations of a relativistic fluid at local
thermal equilibrium can be obtained from an equilibrium
partition function up to some undetermined “transport
coefficients” [1,2]. These coefficients can be determined
either from experiments or through a microscopic calcu-
lation. Recently, nonrelativistic geometry and fluid are
getting active attention [3-9]. If we think of nonrelativistic
fluid as a limit of an underlying relativistic theory, we
would expect its constitutive relations also to follow from
an equilibrium partition function. The goal of this paper is
to develop a formal and consistent way to compute partition
function for a nonrelativistic fluid starting from a relativ-
istic theory.

We start with a flat background ds?> = —2dx~dx*+

¢_ (dx")?, which has (d + 2)-dim Poincaré invariance.
It is known that (d + 1)-dim Galilean algebra sits inside
Poincaré—all transformations that commute with P_ = 0_
(cf., [10]). Hence a theory on this background which
respects x~ independent isometries x¥ — xM + &M (xF X),
xM = {x7,xT,x'}, enjoys Galilean invariance. Com-
pactifying the x~ direction, we can realize this Galilean
invariance as nonrelativistic invariance in (d + 1)-dim [11].
This procedure to get nonrelativistic theories is known as
light cone reduction (LCR).

Turning on x~ independent fluctuations around the flat
background,

dsz = GMNddexN = gl-jdxidxj
=27 ?(dx" 4 a;dx)(dx~ — B dxT = Bidx'), (1)
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nonrelativistic theories can be described by a generating
functional Z[B,,B;,®,a;,g;;| written as a functional of
background sources. Mapping Ward identities of this
partition function to those of a Galilean theory, allows
us to read out the Galilean currents and densities,
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where W = 1In Z, and p, j}, €, j. and ¢ are mass density,
mass current, energy density, energy current, and stress
tensor, respectively, of the nonrelativistic theory.

In an earlier work [12], following [13], we performed
LCR of arelativistic fluid to obtain constitutive relations of
a nonrelativistic fluid (at leading order in derivatives).
While the reduced conservation equations agreed with their
expected nonrelativistic form (in parity even sector), we
observed that the nonrelativistic fluid gained by reduction
is not the most generic one. In particular, thermodynamics
that the reduced fluid follows is in some sense more
restrictive than the most generic nonrelativistic fluid
(chemical potential corresponding to particle number is
not independent). We also found that the parity-odd sector
of reduced fluid survives only for a special case of
incompressible fluids. It strongly hints that to get the most
generic nonrelativistic fluid via light cone reduction, we
need to start with a modified relativistic system.

We start with a relativistic “fluid” on a curved back-
ground which admits a null isometry [10,14-16]. Unlike
the “usual” relativistic fluids, now isometry is also a
background field and hence must be considered while
writing the respective constitutive relations. We break the
relativistic symmetry to Galilean by only considering
diffeomorphisms which do not alter the isometry, and term

© 2015 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.92.081701
http://dx.doi.org/10.1103/PhysRevD.92.081701
http://dx.doi.org/10.1103/PhysRevD.92.081701
http://dx.doi.org/10.1103/PhysRevD.92.081701

NABAMITA BANERIJEE, SUVANKAR DUTTA, AND AKASH JAIN

the symmetry-broken relativistic fluid as “null fluid.” This
simple consideration happens to resolve all the issues we
enlisted before. In fact it does much more than that; even
before LCR, (d + 2)-dim null fluid is essentially equivalent
to a (d + 1)-dim nonrelativistic fluid, as they have same
symmetries. As we shall show, their constitutive relations,
conservation equations, thermodynamics etc. match exactly
to all orders in derivative expansion. In this paper we aim to
use this equivalence to write an equilibrium partition
function for Galilean fluids, and use Eq. (2) to constrain
the dynamics of the system.

II. NULL BACKGROUNDS

We start with a (d + 2) dimensional spacetime M)
equipped with a metric G,y and a metric compatible affine
connection X un (with associated covariant derivative
@M). On this setup we define a null isometry V
(= LGy = 0) which satisfies V,,V¥ = 0. We call this
background “null background” [17]. On torsionless null
backgrounds, which we shall consider in this work, the
latter condition implies the former, and in addition:
Hun =20 Vy) = 0. This is a dynamic constraint on
the background, and can be violated by quantum fluctua-
tions off-shell.

A physical theory living on a null background, can be
characterized by (log of) a generating functional W,
whose response to infinitesimal variation of metric is
given by,

W = / {dxM}\/E%TMNaGMN. (3)

TMN is called the energy-momentum tensor. One can

check that V being null allows for an arbitrary redefi-
nition TMN — TMN L gyMyN for some scalar 6, which
leaves Eq. (3) invariant. Demanding this partition func-
tion to be invariant under V preserving diffeomorphisms,
we get the conservation law for energy-momentum,

VTN = 0. (4)

A background is said to be in equilibrium configuration if
it admits a timelike Killing vector KM. We right away
choose a basis xM = {x~,x*,x'}, such that V = d_ and
K = 0,. The most generic metric with this choice of
basis is given by Eq. (1). It is easy to verify that under
(d + 2)-diffeomorphisms restricted to our choice of basis,
®, B, transform as scalars, a;, B;(=B; —a;3,) trans-
form as Abelian vector gauge fields, and g;; transforms as
a metric in d-dim. Hence at equilibrium, the partition
function W¢?® will be a gauge invariant scalar made out
of these fundamental fields. Its variation can be worked
out trivially from Eq. (3),
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o1 1
SWeab — /{dxl}\/‘aﬁ— |:6(D(T+_ + T——B+)8_580

) 1 .. .
+ Tl+5(1i + Eleﬁgij + 190T__5w0 - T’_(SBI- .

(5)

In getting this we have identified inverse temperature of
the Euclidean field theory to be 1/@ — BR, where § is
the radius of the Euclidean time circle, and R is the
radius of the compactified null direction. Further we have
defined the redshifted equilibrium temperature 9, = 9e?®
and mass chemical potential 8,w@, = B, e®.

Wedb can be written order by order in derivatives of the
source fields. While the partition function is itself gauge
and diffeo invariant, it is not true for the integrand. In fact,
Chern-Simons terms can be added to it whose variation is
gauge invariant only up to some boundary terms. We shall
consider such terms when required. At ideal order, W¢4” is
given by a function of 9,, w,,

Wit = [y Psem). (6

where P, is the local thermodynamic pressure at equilib-
rium. Varying it and using Eq. (5), we will get,

Tl = Pogij, T__=R,, eq’(T+_ + T——Bo) =E,,

(7)

where considering 9,, @, as thermodynamic variables at
equilibrium, we have defined the first law of thermody-
namics and Gibbs-Duhem equation,

dE = 9dS + 9wdR,  E=S9+ 9Rw—P. (8)

Defining a null field V{{, = e*(K" + B, V") normal to V

MN _
(K)

GMN 4 2y V?Q) transverse to V, V(g), Eq. (7) can be
covariantly repackaged into,

(i.e., VMV gy = —1), and a projection operator P

M

TN = R, VM 7 e

)k T 2E,V

V¥ 4+ P,PRY. (9)

III. NULL FLUID

Having constructed null backgrounds, we proceed to
define hydrodynamics on this setup. This is the essence of
our work; we claim that this “modified fluid” is just a
different representation of the nonrelativistic fluid, with
exact (yet trivial) mapping between the two facilitated by
light cone reduction. Note that conservation laws (4) are
(d + 2) equations, so any system with (d + 2) independent
variables would be exactly solvable on this background. We
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choose to describe our system by a fluid, with a null
velocity field «™ normalized as uu,, =0, uMV,, = —1
and two thermodynamic variables, temperature 9, and mass
chemical potential w. The most generic constitutive rela-
tions (after using the TM" redefinition freedom) are given
in terms of fluid variables and background quantities as,

TN = RuMuN +26uMVN) + PPUN + 2RM i)
+ 2EMYN) 4 TMN (10)

where R, £, P are some arbitrary functions of J, w. The
tensors RM, EM, TMN (traceless) contain derivative cor-
rections and are transverse to ™ and V™ through projec-
tion operator: P(Z"’u])v = GMN 4 2y M yN),

From Eq. (9) we can deduce that at equilibrium (ideal
order), R, &, P and u™ boil down to the thermodynamic
functions R, E, P and equilibrium null vector V?’II(). Outside

equilibrium however, none of the fluid variables are
uniquely defined, and are subjected to arbitrary redefini-
tions. These are two scalars and a vector worth of freedom,
which we fix by working in the “mass frame,” i.e., we
identify &£ R with E, R dumping all the dissipation into P,
and set RM =0,

TMN = RuMyN + 2EuMyN) + PPM)N +2EMyN) | TMN

(u
(11)
Here ITMV is not traceless. To leading derivative order [one
derivative in parity-even sector and (n — 1) derivative in

parity-odd sector for d = 2n — 1], constitutive relations in
the mass frame are given as:

[N — —peMN — PINGE,

EM = P%?’[K@Nﬁ + A0y@] + oM, (12)
where oMV = ZPE%RP?Q)S@R ug is symmetric traceless,

© = VyuM and M = [V A u A (du) =DM,

A. Equilibrium partition function

Similar to relativistic fluids in [1,2], equilibrium partition
function gives equality type constraints among various
transport coefficients appearing in the null fluid constitutive
relations. Away from ideal order we can construct the
partition function W¢?” order by order in derivatives of the
background fields. It is easy to see that at leading derivative
order, there are no scalars at equilibrium and the partition
function is trivially zero up to some Chern-Simons terms:

weab — weab _ / (nCy8a + C,B) A (dAB)N=1)_ (13)

RAPID COMMUNICATIONS

PHYSICAL REVIEW D 92, 081701(R) (2015)

The term coupling to C; goes as B A da A (dB)*"=2) up to
a total derivative term, which vanishes on-shell as
H;j =0 = da = 0. But since partition functions are to
be written off-shell, we must include this term. On the other
hand, in constitutive relations Eq. (12), only terms coupling
to A4 and @ survive at equilibrium. Comparing these to the
constitutive relations generated by partition function varia-
tion defined in Eq. (5), one can easily get the constraints:

E+ P —9dwR

Fluid variables 9, @ do not get corrections at leading order,
while velocity gets a parity-odd correction:

_ d,n
M _ gm _ Yo
u? = Vix)

Cox[(dB)N=D]M, (15)

4

B. Entropy current

The second law of thermodynamics demands that there

must exist an entropy current JY, whose divergence is

positive semidefinite \Y wJM > 0. The most generic form of

entropy current is given as, J¥ = J Q{ can) T T™, where T¥

are arbitrary derivative corrections (not necessarily pro-
jected), and,

1 1
J?{m) = 5PuM - ﬁTMNuN +wT"NVy,  (16)

is the canonical entropy current. Its divergence can be
computed to be,

IV, T4

s(can) = —HMNVMMN - %(S‘Mng (17)
Plugging in the constitutive relations Eq. (12) and only
allowed derivative correction Y¥ = @,/ (other vectors
give pure derivative terms in divergence and hence must
vanish), one can find that the second law of thermody-
namics gives the same constraints Eq. (14) (in parity-even
sector) and in addition: #, { > 0 and x < 0. In the parity-
odd sector however, it sets C, = 0 and C; = C; (&) which
unexpectedly is weaker than the partition function con-
straints. This discrepancy can be accounted to the fact that
in this computation we have missed constraint(s) coupling
to H =dV, which is set to zero by a torsionlessness
requirement. This condition can however be violated oft-
shell and hence the coupled constraint(s) are visible to the
equilibrium partition function. In a companion paper [18],
we will show that on introducing just enough torsion to
allow for nonzero values of H, and setting it to zero after
the entropy current computation, we will recover the
missed constraints.
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IV. LIGHT CONE REDUCTION

To give null backgrounds a Galilean interpretation, we
need to get rid of the isometry direction V. To do so, we curl
up the V direction into an infinitesimal circle, reducing the
effective dimensions by one, where the nonrelativistic
theory can live. To make this more precise, we pick up
an arbitrary vector field 7'(# V) on M 4,2, and use it to
define a unique foliation of M ) = S}, X R} X M(Td>,
where,

My =M oMV = oMT), = 0} (18)
After this point one just has to choose a basis on this
foliation and read out the Galilean results, i.e., x¥ =
{x7,x",x'} suchthat V. =90_, T = 9,, and X = {x'} span
the spatial manifold M(Td). Note that this basis depends on
the choice of “Galilean frame” T', which we will refer to as
local rest of a frame T. One could also work in a frame
independent Newton-Cartan formalism, which we discuss
in a followup paper [18].

One can check that with this choice of basis, metric Gy
decomposes as Eq. (1), with all its components being
independent of x~. Using this decomposition, partition
function variation Eq. (3) can be reduced to,

oW = R [ axt(ax} et (et - B, )
1 .. .
=+ étot(sq) =+ Etljégij + (eq>ﬁ58+ + jL‘sBi)]v (19)

where R is the radius of compactified x~, and we have
identified,

ot = eq)(T—Jr +T__B.), =T
Jp==Ts  ji==e"(T +T"B,). (20)

p=T_,

Using these identifications, we can reduce the Ward
identities Eq. (4) to get,

1 )
76 + Vi C_(I) a— 0,
7 +(Vap) (e™%jp)
1 ) - o
7§8+(\/§€t0t) + Vi(e™®ji) = ) 19, g;j — e jha,
1 ) 1 .
%&(ﬁpi) + V(e = _Ee_q)aiﬂka+gjk,

—e?(pea; + jk];wji)’
(21)

where we have defined corrected densities due to time not
being “flat,” p=p—e *jia;, € =& —e *jla;, and
p' = ji, —e ®iia;. Identifying x™ with the Galilean time,
these equations can be realized as mass, energy, and
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momentum conservation laws, respectively, of a Galilean
theory. Mass is exactly conserved, while energy/momentum
are being sourced due to time-dependence of background
metric. Further, energy/momentum are also being sourced
due to pseudoenergy/force caused by acceleration a; =
—e®[dB],, and vorticity w"/ = [dB]" of the Galilean frame.

V. NONRELATIVISTIC FLUID

It is interesting to see how the dynamics of a non-
relativistic fluid emerges from the aforementioned reduc-
tion. The conservation equations (21) are in one-to-one
correspondence with the dynamical equations of a non-
relativistic fluid as given in [12], generalized to curved
space. This motivates us to interpret null fluid on M ,,,) as
a Galilean fluid on R} x M(Td), as seen by some reference
frame 7. We can right away use Eq. (10) as an ansatz for
TMN and perform the reduction as suggested by Eq. (20),

1, . . . . .
op = €+ 5[)1}’1},- + ¢pvis Jp =PV +¢p.

fi = Pgil + poiv’ + 200c)) 4 71,

o R R

Ji= (& + P)V + & + vy + Eg;v’vj, (22)
with identifications:

p=TR, é=¢,
7l = (P—P)g’ +TH.

=R, g=F,

Dynamics of these densities/currents is governed by the
conservation laws equation (21). The entropy current
equation (23) on the other hand reduces to:

e+ P
9

) A . .
—wp+T,_, ji =5 +§g’€ - wg, + V.

(23)

§ =S at ideal order in equilibrium. The statement of
second law of thermodynamics then becomes 0 (,/gs)+
9:(y/ge™®ji) > 0, where s =3 —e ?jia;.

As an example we can consider leading order fluid on
flat background in three spatial dimensions (d = 3)
expressed in mass frame (g;', = 0), as given in [19],

Jh=Roi, &y :E+%Rv"v,~,
17 = Rv'v/ + Pyl — 290wl — Lgli ok,
+ k0" + A0'w + De*D vy,

. N T . N
ji=Sv' + 3 kD' + 20'w + (@ + 9@,)e*Dvy].  (24)
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Demanding the second law of thermodynamics to hold will
give same constraints as the null fluid; in particular 4 = 0.
As expected, parity-even sector contains a bulk viscosity, a
shear viscosity, and a thermal conductivity term. Parity-odd
sector however has a thermal Hall conductivity term
coupled to fluid vorticity. These constitutive relations
follow the conservation laws equation (21) restricted to
flat space. Here we explicitly chose to work in mass frame,
any other choice of frame in the null fluid will follow
trivially to the nonrelativistic fluid due to trivial mapping of
currents.

A. Equilibrium partition function

From the perspective of a nonrelativistic fluid, equilib-
rium is defined by a preferred reference frame K with
respect to which the system does not evolve in time. The
variation of the equilibrium partition function in local rest
of reference frame K is essentially same as the null fluid
equation (5) written in terms of Galilean quantities, and
hence,

sWed S ewer L W
= , i, =9,——, t] =29 ,
Po 5w, Jop 0 5B; 1 0 591’/
. SWeab . y SWeab
€ = 3 59 Joe — wolgo.]f)p = _19%61)?-
0 i
(25)

These will reduce to the expected relations Eq. (2) in flat
space 9, = 1, g;; = 6;j, @, = B; = a; = 0. In equilibrium,
null-fluid and Galilean fluid have the same field content
and symmetries, so we expect the equilibrium partition
function to also be the same, i.e., Eqs. (6) and (13). To ideal
order it will identify p,, €, with the thermodynamic
functions R, E, and hence will give physical interpretation
to the thermodynamics of null fluids equation (8) in terms
of nonrelativistic physics. At leading derivative order it will
give the constraints equation (14).
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We would like to note here that [6] also constructed an
equilibrium partition function and entropy current for an
uncharged Galilean fluid up to leading order in derivatives,
but purely from a Galilean perspective, without invoking
null reduction or a relativistic system. As expected, we find
our constitutive relations and equilibrium partition function
to be in exact agreement with [6].

VI. DISCUSSION

One of the most striking features of our construction is
that the relativistic null fluid is equivalent to a Galilean
fluid, and is related just by a choice of basis V = d_. This
gives us a new and rather simplified way to look at Galilean
fluids altogether, since we have all the machinery of
relativistic hydrodynamics at our disposal. In the current
work we have used it to construct an equilibrium partition
function and an entropy current for torsionless Galilean
fluids at leading order in derivatives, and to find constraints
on various transport coefficients appearing in the fluid
constitutive relations. The procedure can also be extended
to include an (anomalous) U(1) current which we consider
in a companion paper [18]. In another paper [20] we use
this idea of null backgrounds to study (non-Abelian) gauge
and gravitational anomalies in (torsional) Galilean theories,
and in particular their effect on hydrodynamics. Literature
on nonrelativistic hydrodynamics is vast and is increasing
every day, thus it is not possible to give an exhaustive list of
references. We plan to include a more complete list of
references in a follow-up work.
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