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ABSTRACT. In this article we study the small Rossby number asymptotics for
the three-dimensional primitive equations of the oceans and of the atmosphere.
The fast oscillations present in the exact solution are eliminated using an av-
eraging method, the so-called renormalisation group method.

1. Introduction. The geophysical fluids are influenced by rotational and stratification effects.
The study of the limit of the equations describing these flows, as the rotation and the stratification
are very important, is a problem of major interest from the theoretical and computational points
of view.

In this article we study the small Rossby number asymptotics for the three-dimensional prim-
itive equations of the ocean and the atmosphere. When a small parameter, related to the Rossby
number, goes to zero, the solution undergoes fast oscillations which we would like to eliminate by
an averaging method. In order to average the exact solution, we use the so-called renormalisation
group method, which was introduced by Schochet in [22, 23]. The form of the method that we use
here is due to Ziane [32]. The method was introduced in a physical context by Chen, Goldenfeld
and Oono [6] and used in a mathematical context, for rotation fluids and geophysical flows by
Chemin [7], Embid-Majda [9], Genier [12] and many others. Many more articles on the subject
of the renormalisation group method are available in the physics and mathematical literatures;
we mention here the works of Gallagher [10, 11], of Babin, Mahalov, Nicolaenko [3]-[5], of Moise,
Temam, Ziane [16]. In the context of ODEs Temam and Wirosoetisno applied the method to
higher orders [24].
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This article is organized as follows: in Section 2 we introduce the three-dimensional primitive
equations and recall some important results on the global-in-time existence of weak and very
strong solutions. In Section 3 we recall the idea of the renormalisation group method, given in an
abstract context. In Section 4 we apply the renormalised group method to the primitive equations,
we construct an approximate solution and we study the error between the exact solution and the
approximate solution. The Appendix contains a technical result regarding the way we can bound
some small denominators, result necessary for the error estimates.

2. The three-dimensional primitive equations. In this section we introduce the three dimen-
sional primitive equations written in a non-dimensional form and we recall the available results on
the global in time existence and regularity of the solutions. The equations are considered on the

domain L
M =[0,L1] x [0, L2] x [7?373]
The primitive equations read:
1 1
O ou ou w1 10p o
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where (u,v,w) is the three-dimensional velocity, p is the pressure, p is the density and e is the
Rossby number. Here v, and v, are the non-dimensional eddy viscosities, N is the Burgers number
and (Su, Sv,Sp) is a forcing term.

The variable p is the perturbation of the density from a stably-stratified profile, the full density
of the fluid being given by

Pfull = po + P+ p, (2.2)
where p is the density stratification profile which is assumed to be linear since the Brunt-Véisala
frequency

ds
N2= 9 9 (2.3)
po dxs
is assumed to be constant. The total pressure is given by
Pfull = Po + P+ p, (2.4)

where po, p, p are respectively in hydrostatic equilibrium with pg, p and p. For simplicity, we
assume periodic boundary conditions for the perturbation variables.

The variables of the system are of two types: u, v, p are the diagnostic variables for which we
prescribe an initial condition while p and w are the prognostic variables that can, at each instant
of time, be determined in terms of the prognostic variables.

The vertical velocity w is determined in terms of U = (u,v,p) from the incompressibility
condition (2.1), and the periodicity and antisymmetry (below) conditions in x3,

@3
w=w(lU) = —/ (uzy + Vay) (@1, 22, 2, t)dz.
0
The pressure is determined from the hydrostatic relation (2.1)s, up to the surface pressure ps,
3
p(z1,72,73,t) = ps(z1,72,) — N/ p(@1, 22,2, t)dz.
0

Moreover, we assume the following symmetry properties on the variables:

u(z1, 2, —23) = u(x1, v2,23) v(z1, 22, —x3) = v(T1, 22, T3),
p(x1, 2 — x3) = p(r1, T2, 23), w(zy,z2, —x3) = —w(x1, T2, 23),
p(z1, 22, —x3) = —p(x1, T2, 23);

these assumptions are typical in numerical simulations of stratified turbulence (see e.g. [1]). In
order for these symmetries to persist, we need Sy, Sy to be even in x3 and S, to be odd in x3.
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We introduce the following function spaces:

L3/2
VvV = {(u,v,p) € H;BT(M)3;U,U even in x3, p odd in a:3,/

(uzy + Voo ) dzg = 0} s
—L3/2

. 2.5
H = the closure of V in L?(M)3, @5

Vi = the closure of V. N H2, (M)? in HQeT(M)3.

per

In (2.5) and elsewhere, we denote by H per(M), with m > 0 integer, the functions of H}Z, (M)
with zero average on M.

2.1. Variational formulation of the problem. The variational formulation is the following:
Given t, > 0 arbitrary, Uy = (ug,v0,p0) € H and S = (Su, Sv,Sp) € L?(0,t;H), find U :
(0,t«) — V such that

d ~ ~ ~ 1 - - ~

a(U7 U)r2 +a(U,U)+bUUU)+ —e(U,U) = (S,U);2, YU € Vg, (2.6)

€
and
U(0) = Up. (2.7)
In (2.6) we introduced the following forms:
a:V XV = R bilinear, continuous, coercive:

a(U, U) = VU(('U/,'EL)) + vy ((Uvij)) +VP((p7 ﬁ))v a‘(Uv U) > ClHUH2 VUvﬁ eV, (2'8)
where ((¢, 4;)) = (Vo, V‘JE)L%

b:V XV x Vy — R bilinear, continuous:

# #
b(U, U#,0) / (uaLﬁ L (U)aia) dM
a a o 81173
81)# v _ #
+/( TG ) 3”)"M (2.9)
op# op
+/ ( Lp+u—p+ (U)Lﬁ>d/\/i,
Ox2 0.
e:V x V — R bilinear, continuous:
e(U,U) = /(—va+ua) dM+N/(pw—wﬁ) dM. (2.10)
M
‘We also define the linear operators
AV 5V (AU, U)yr vy = a(U,0), vU,U €V, (2.11)
L:V—>V, (LU, U)yr v = e(U,0), vYU,U € V, (2.12)
and the bilinear operator
B:V xV =V, (BUU#),U)y v =bUU*T), YUU* eV, UEeVy, (2.13)

whereV’ denotes the dual space of V.
Problem (2.6) can be thus written as an abstract evolution equation:
dUu

W A+BOU) +u=5 iV
g PAUTBOU) mYe (2.14)

U(0) =

The existence of weak solutions for (2.6) was proved in [14], while the existence and uniqueness,
globally in time, of strong solutions was proved in [8] and [13]. The high order regularity of the
solution of (2.6) was proved in [18]. All these results are collected in the following theorem:

Theorem 2.1. Given Uy € H and S € L (R4, H), there exists at least one solution U of (2.6)
with initial condition (2.7) such that

Ue L*®Ry,H)N L3(0,t«, V) for all t. > 0. (2.15)
IfUp € V and S € L® (R4, H), there exists a unique solution of (2.6)—(2.7) such that
U e LRy, H) N L2(0,t., Va) for all t. > 0. (2.16)
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Moreover, given m € IN,m > 2, if Uy € (H;’;T(M))?’ NV and S € L°°(]R+,(H;,2T(M))3 NV), the
solution satisfies

U € LRy, (2, (M)?) N L2(0, t, (HIEH(M))?) for all t. > 0. (2.17)
3. The renormalisation group method. The averaging method we will use in what follows is
known as the renormalisation group method. This allows us to study the asymptotic solutions of
an equation which can be written in the following general form:

dau 1

— 4+ —-LU = F(U),

dt + € S (3.1)
U(O) = Up,

where € is a small parameter, L is a diagonalizable, antisymmetric linear operator and F is a
non-linear operator. The fact that L is antisymmetric explains why the solutions display large
oscillations when ¢ is small. This problem has two natural time scales: the slow time ¢ and the
fast time s = t/e. Problem (3.1), written in the fast time variable, becomes

dv
L LV =eF(V),
ds * (V) (3.2)
V(0) = U,
where we denoted V (s) = U(es). We start by writing a naive perturbation expansion for V,
V=vV0gevl £ 2V2 4 .. (3.3)
We substitute (3.3) into (3.2) and we finally derive
dvo
+ LV =o, (3.4)
ds
dvt
+ LVt = F(V9), (3.5)
ds
dv?
—+ LV? =V, FVOV (3.6)
s

and so on.
From (3.4) we find V9(s) = e~ *Uj. Using the variation of constants formula to (3.5), we
obtain

Vis) = e_LS/ L FemL7Ug)dr.
0

We decompose

el Fle FUy) = Fr(Uo) + Fu(m, Vo), (3.7)
where the term F, which is independent of time is called resonant and the remaining, time-
dependent term F,, is called non-resonant. We define

Fop(, U0)=/ Fu(#, Uo)dr,
0

and we can write

Vis) = e_LS{s]-'T(Uo) + eFnp(s,Uo) }. (3.8)
We thus find our leading-order approximate solution,
VE(s) = VO +eV! = e Uy + esF (Uo) + eFnp(s,Uo) }. (3.9)

In (3.9) we remove the term es by searching for a function U having Uy + esF,(Up) as first order
Taylor expansion. This justifies to introduce the first order renormalised group equation

au -
% T, (3.10)
U(0) = Uo,

and to consider the first-order approximate solution
Ul(s) :eiLS{U(s)—ka}'np(s,U(s))}. (3.11)

The main issue now is to solve equation (3.10) and to compare the approximate solution (3.11)
to the exact solution of (3.2) and to prove that the error is of order ¢ in an interval of time s of
order O(1/e). For more details on this method, see e.g. [15],[17], [24], [19].
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4. Averaging the three-dimensional primitive equations. As announced before, in this
section we are interested in applying the renormalization group method described in Section 3
to the three-dimensional primitive equations. The first step is to deduce the renormalised group
system (3.10) that corresponds to the primitive equations and to study the well-posedness of this
system. Thus, we first introduce the fast time s = t/¢ in system (2.1). Since all the functions we
are working with are (space) periodic, they admit Fourier series expansions. Thus, we write

fla,t) =" fu(t)e,
k

where = (21,22, 23) and k = (k1, k2, k3) € Zaq, where
Z = (27Z)* /M = {(27l1 /L1, 27la/ Lo, 2nls/ Ls) |(11, l2, 13) € Z*}; (4.1)

any wavevector k is henceforth understood to live in Z .
Thus the primitive equations written in the fast time variable s = ¢/e and in Fourier modes,
read
u;c +e Z i(llujul + lg’l)jul + l3wjul) —vg +ikipr = —El/v|k:‘2u]C + ESuyk,
JHi=k
vfc + e Z i(liujvp + lavjop + l3wjvy) + ug + tkapy = —suv\k|2vk +eSu k)
jHi=k
tkspr, = —Npg,
kiuy + kovg + kswyg = 0,

(4.2)

pr+e Y illiugpy + lavipr + lswspl) — Nwg = —evp|kl|® pi + €S k-
jH=k
For k3 # 0 we obtain the k-component of the diagnostic variables p and w in terms of the prognostic
variables,

N
Pk = —%Pky
kiuy + kavy, (43)
wp = ————— .
k3
Putting (4.3) into (4.2), we obtain
k
U;c +e Z ’i(llu]' + lg’l}j + lgwj)ul — U — Nkflpk = 7€I/U|k|2uk + Esu’k,
jHi=k 3
. k
v, +e Z i(liug + lov + l3wj)v; — up — Nkipk = —ayv\kz\2uk + &Sy ks (4.4)
=k 3
/ ) k1 k2 2
prte Z i(liuj + lov + l3w;)pp + Nk—uk + Nk—vk = —evp|k[pr + €S, k-
Jtl=k 3 3
The k-components of the operators A, L and B are thus
Ay = diag(vo k[2, v k12, vplkI?), (4.5)
0 -1 —Nki1/ks
Ly = 1 0 —Nko/ks , (4.6)
Nki/ks Nka/ks 0
> il — 5]1-13)u3'ul + > il — Jflg)uj-ul
A=k =k
_ Z i(ll — 61-13)u~vl =+ Z i(lg — 52-l3)’l)"vl
By = STk J J STk J J s (4.7)
> il = 6jl3)ujp + 3 il — 6F13)vip
jHi=k jHI=k
_ i i
where 8¢ — Jz/.]37.1 jz # 0,
7 0, if j3 =0,
fori=1,2.
For k3 = 0, we know that kjuy + kavg = 0, which corresponds to
Lg/2
/ (uzy + Vay) dza = 0. (4.8)
—Lg/2
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We also know that p, = 0. We introduce the following notations: v = (u,v), vt = (—v,u),
Sv = (Su, Sv) and for all k € Zxq we write k = (k1, k2) and denote k Al = kika — kaly.
From (4.8) we find the k-component of the pressure,
|E|?p), = —¢ Z (L1 — 5}l3)ujl;: vy —¢ Z (la — 6]2[3)11]-1; v+ ik Avy — €iSy 1 - k. (4.9)
Jjt+l=k Jjt+l=k
Writing Py (v;) = v; —k (k - v;)/|k|? and introducing the pressure py, given by (4.8) into (4.2)1,
(4.2)2, we find

N
vite > il — oM uPa(vi) +e Y illa — 0213)v; Pe(vi) + Vi + k=
=k itj=k |K| (4.10)

= —evp|k|*vi + ePy(Sy 1),

‘We note that the unknowns wuy,v; are not independent due to the constraint kjug + kovi = 0.
We also remark here that vi- + & (k A vy)/|k|> = 0. In this notation, the operators read

A = diag(lly|];|2,l/1,|];)|270)7 (411)
Ly =03, (4.12)
. 1 . ; 2 .
By, = ( Zj+l:kl(ll - 63‘ l3)u]Pk(Vl) ;‘Zi+j:k Z(lQ - 5jl3)’UJPk(Vl) ) . (4.13)

In order to deduce the renormalized group system, we need to compute, as in (3.7), X7 F(e=L7Uy)
mode by mode to find the resonant 7, and the non-resonant part F, of F. We recall that in our
case F(U) =S — AU — B(U,U), so we need to compute

LS, eETA(ETUL), T B(e LUy and e ETU). (4.14)

We need the eigenvalues and the eigenvectors of L to compute the terms in (4.14).
LY

For ks # 0, the eigenvalues of Ly are w = 0 and iw,f, where wki ==+ A and |k|n
5 3
(N2k? + N2k3 + k2)"/2. If |k| # 0, the corresponding eigenvectors are
. 1 Nko N 1 —koks £ ik1|k| N
B = —‘k‘ —Nk1 and X~ = 7\/§|1~€Hk| klkﬁ + ikalk|n . (4.15)
N ks N ]\f|k;|2
If |k| = 0, we have z'wki = +sgn(k3)i and the corresponding eigenvectors are
0 1
x0=1[ o and X = — | +isgn(ks) |. (4.16)
sgn k3 V2 0
For k3 = 0, we introduce the following vectors in order to have unified notations for all cases:
1 ko 1 +iky
X)=—=| ki | and Xf = —= [ Lik2 |. (4.17)
Ikl \ ¢ V2[k| ||
(Xt
Introducing the matrix Qi = (XI:)t for all k, we obtain that
(xR)!

Ly, = Q; 'Lk Qy, with Ly, = diag(iw;,iw, ,0) and Qx = (X, , X5, XP)
We introduce the new unknown V = (v, v~ ,v%) given by V = QU:
v =X U, v =X, Us, vp=Xp U (4.18)

‘We remark that v2|k|N = Nkoup — Nkivg + kzpy, is the quasigeostrophic potential vorticity.
Equation (2.14), written in terms of the new variable V', becomes

1= ~ ~ ~
Cil—‘t/+—LV+AV+B(V,V):S, (4.19)
£
with § = QS, A = QAQ~! and B(-,-) = QB(Q~'-,Q~1.). Equation (4.19) is now equivalent to
av o - .
S

with F(V) = S — AV — B(V, V).
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We now compute, mode by mode, the resonant and the non-resonant parts of F and write the
renormalised group system in terms of the new variable.

We compute eL"']-'( _L"V) for ks = 0. Since eL™ 5 and eLTA(e_LTVO) are fully resonant, the
only term we need to compute is eL"B( -Lry, e‘LTV) The k-mode of equation (4.20) reduces
to an equation for vk.

. 1
() +i Z ?(lluj + lavj)(kou; — kivg) + 4 Z (klu] + kavj)
o, T PR
Jz=l3=0 Jaz#0 (4.21)

(kawy — k1vp) = vy |k|20) + SY,

with U = (u,0,p) = Q~1V and SO = X0 - 5.
‘When we compute Bk (e’L"'V, e’L"'V)7 the term corresponding to

. 1
7 Z T(h’l.l,j -+ lgvj)(kgul - klvl)
irir Kl
j3=l3=0

is fully resonant. The only term that could have a nonresonant part is

i (k:1u] + kavj)(kaup — k1vy). (4.22)

j+i= kl |
7370

Thus, we replace U by Q~1el™V in (4.22) and we notice that the only possible resonant terms
come from the interactions w;-r +w;” =0and w; +w; =0 since o.zj+ +w;” = 0 would imply that
73 and l3 have the same sign, which contradicts the fact that j3 + I3 = 0.

The coefficient corresponding to wl+ +w;' = 0 with j3 + 3 = 0 is denoted by B'H'O and similar

notations are used for all the coefficients. With these notations, the resonant part of (4.22) is

iy BEOel i YT B vy 4+ Y B, (4.23)
JHi=Fk JHi=Fk JHi=k
w;r+w;r:0 Wi +w; =0
where
tro_ L G AD —ik-)liln —ls(l-k) +i(k ADlln
YRR v2jll31n V2|l v ’
By =B, (4.24)
?]QkozNT(k/'\j)(%'[).
k| 1il~llN

Proposition 4.1. The coefficients Bl'fljo and Bl_'k_o have the following symmetry properties:

BiF+ B =0, B0+ B0 =0 Vijk,€Zp with j+1=k. (4.25)
Proof. Relation (4.25) follows from direct computations. O

Proposition 4.1 implies that the renormalised group equation will not contain terms in v+
and v~. Writing (4.21) with U replaced by Q='V = Q= 1(vt,v~,v%)t, we find the following
renormalised group equation for the case k3 = 0,

W0Y +i Z (IAHA-k) o ;) N2 Z (I35 )U?U?

I+j=k |‘7||lHk| I+j=k |j|N|l|N|k| (4.26)
l3=373=0 7370
— vy |k[20) = SY.
Collecting the nonlinear terms in (4.26), we find the following relation for the case k3 = 0,
(A
N? Z i) )vlov? — vy k|20 = SY. (4.27)

I4+j=k |J|N|l|N‘k‘
J3#0
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We also need to do the same kind of computations for the case k3 # 0. In order to simplify the
writings, we denote

—
im
—1
Q. = i2,k

€3k

We need to compute the resonant parts of the terms ef‘TA(e_ETV) and eiTB(e_LTV, e LTV).
For the linear term we compute

eLh™ Ay (e LR V) = vy |K)2Ts

k‘% _k,l kzei(wk_ —w;: )T k2 ]{33 eiwz;T (428)
+ (Vp + Vv) —k1k26i<w§7w;>7— k% —klkzeiw;T
Nk|koe™r ™ —Nlk|kie™r ™ k3

which implies that the resonant part is

Ay g = ding (vph3 + vo (kF + K3), vph? + v (k3 + k3), vphf + v (k3 + k) )

, (4.29)
= diag(v;",ulz,vg)|k| )
with v+ — vpk3 + vy (k2 + k2) P vpk? + vy (k3 + k2) L0 vpk2 + vy (K2 + k%)
BE ’ BE ’ Bk
Remark 4.1. From formula (4.29) we easily notice that the operator A, is still coercive.
We also need to compute (eLTB(e_iTV, e_LTV))k for k3 # 0. We write
By, = B} + B2,
with
Bi= > il —djla)u;Uy, Bi= Y i(la —03l3)v;Uy,
=k =k
and we compute the resonant part for each term Bi with i =1, 2.
We find
LT Bl (e~ LTy, e~ LTy (4.30)
_“—“);— ,Uji“ 6717'wl+v+
Lyr N5 N4 - -1 !
= ek Z il — 6]_ l3) € 15" e ITYS T Ql eI
0 ! v
J
N 0 e—sz?' ,Ul+
I c . - . —
+elkm Z i(ly — 5]113) 151 O QM| e—irtw v
J3=0 U? U?
7iTwJ+U;- 0
I c .. 2 - _
+ 6LkT Z Zl1 5 1,7 ° e*”‘“’j v Ql 1 0 N
I3=0 20 v?
J
(4.31)

where 37 is a notation for the cyclic sum >, ar~1d S°™ indicates the cyclic sums for which

73 # 0,13 # 0, ks # 0. After similar computations for Bi, the resonant part of the nonlinear term
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is a three-dimensional vector having the following components:

B — " 4+ x ot " +—+ +y= ot
Bi= > BRITXExgobol 4 DT0 0 BILTXGE X

Jlk Yj
++w:‘r:w:‘r w;.r#»wf:wzj
+0+ x+ " + . x ot
+ Z X XD o+ Y Bt X X ey,
- —wt
wj —wk wj +wl =wy
" ——+xt . xty o 0+ 5o+ . 5 0,=,0
+ 3" By txE Xferor + 30" BRYTX) - XPu o
- -+
w; +u.). _w:; L“’j =wy
0++ + . x—,0,+ 0—+ v+ . y+,0,—
+Z BOIT X X o0+ ST BOEXE Xy,
“’L “’k L:“’k
+ 3 BOLEXE X0 + 30 BT X X
j3=0 Jjz=0
w?’:w:’ wl_:w;:
+0+ +,0 —04y— . 0, —,0
+ 3 B X XD+ 3 B X XPus e,
13=0 13=0
wi=wl w=w
J k J k
B o — n -5 +,t " t—x— . xtyto—
Bro= > BiITX. - X7Tofo 4+ Y BLTX Xl
W++""J'r:""l; w;r{—w;:w,:
- 0,—,0 n - — =t
+ Z BIp" Xy - X{vyol+ > BuiTXg X[ vy
=
wJ k w]. +wl =wy,
" ———x— . Xty —0—y— . x0,—.0
+ 3" B X Xty + Y BT X XPus o
wf«kw;:w; w;:w;
0+— - xta,0,—
+ Z By Xy - X o 4+ Z B Xy - Xy,
"‘)L —wk w;:w;
¢ Ot — yr— =0, — ¢ ——x— . x 1,0
+ > B Xi - Xy vju + > Bglk: Xy - X gy
j3:0ul+:wk_ J3=0w; =w,’
+0— y— 0, —.0 € —0— y— 0, —.0
+ 3B X XD+ S0 BT X XPu e,
Ls=0 l3=0w} =w;;
UJJ :wk

and

- n -
Bra= " BIOXD- X ufof + 30 BLOXD Xl

Jlk

w?’+w?’:0 m.+w =0

n ——0y0 +oT o
+ > BRIOXD-X[viob 4+ Z B O XY X g,

wf+w+:0 w]. +wl =0
000 - 0 0,0,0 € 1000
+ Z BIRXP - XPodvp + > BYP XY - XPod)
Jj3=0

000 5
+ Z lek Xl'u vl
13=0

(4.32)

(4.33)

(4.34)
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Proposition 4.2. The coefficients B;ll;zss with s1 = +, —, 0, satisfy the following properties:

. IN ~ = ~ = ~ I3
Bt = = {jg(j ALY =i - Dy +i|j|2|jlw—}
Ik 1P (>
J V2514w Js
- iN ~ = - = - I3
Bt = {js(j A +iG - Dljl - z’|j|2|j|N—}
Ik AT - )
J V2[jll5]§ J3
iN? . .
B;,’;,rj: — N7,
7]~ (4.35)
+++ _ gt—+ _ g0+ _ g++0 _ g+-0 _ p++— _ g+—— _ g+0—
lek _lek _lek _lek _lek _lek _lek _lek ’
Bttt _p—++_p——+ _p-0+ _pg-+0 _ p——0 _ p—+—
lek - lek - lek - lek - lek - lek - lek
I —0—
=B =B >
04++4+ _ p0—+ _ p000 _ pO0+— _ p0——
lek - lek - lek - lek - lek

These coefficients also have the following properties:

+-0y0 v+ —+0x0  y— _

Bl OXP - X[P+ BLOX) X =0, (4.36)
+40 30  y— +4+0 30  y— _

BOXP - X+ BEOXY X =0, (4.37)

By, °XP - XP+ B OX) - X =0 (4.38)

Interchanging ! and j in (4.32)—(4.34) and using properties (4.36)—(4.38), the renormalised
group system finally reads

dv;" n c
k 2+ s1sot y+ _ y—s2, 51,852 5104+ x4+ | 0,51,0
— Py + > B XF= X2l Y BT X XDt
w;1+w;2:wk+_ w]s.lszr
Ss1,52=+,— s1=+,—
¢ 0s1+ —s1_0 s
b BT X = S
it
s1=+,—
dvlz n 7|/€|2 -4 Z” BSLS27 x— . X 752,851,852 4 ZC Bs107X7_X0 51,0
dt Vi Uk jlk k 1YY jlk k 1YY
s1 s2_ = s1_, -
w;t W T =wy “i =Yk
s1,82=+,—
€ p0sy— y— —51,0,51 _ q—
+ Z Bk X - Xy Uit =5,
wizup
s1=+,—
dv9 InG
k 017.12,,0 | ;72 J 0,0 0
i HVRlIkPul N > vl = S (4.39)

4.1. Study of the renormalised system. In what follows we consider the case where three-
wave resonances are not possible, i.e. wjj.[ + wli #* w,f for j +1 = k. In the Appendix we see that
this scenario cannot happen when the Burgers number NN lies outside a certain quasi-resonant set.

In this case the renormalised equation is

dv;" c c
k +12.12,,+ s10+ v+ 0,51,0 0s1+ v+ —s1,0,,51 _ g+
R LI D BLTX - xPuied + > BT X X 0ut = S
wiizut wiimat
s1=4,— s1=+,—
dv,. ¢ c
k — 2 — s10— v — 0,51,0 0s1— v — —s1.0,.81 _ o—
“a Tk k[0 + Z By Xi - Xyvitop + Z BT Xy - X it = 5, (4.40)
wj.lzw; wlslzw;
s1=+,— s1=+,—
dv? c [/\7
k 0(1.12,0 o a2 J 0,0 0
—= 4 vplk|v, + N ———|l|§yviv] = S).
dt 2 VIS ’

In system (4.40) we notice that the last equation decouples completely from the first two equations
so we can start by studying the well-posedness of this equation. We also notice that the first two
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equations on (vt,v ™) are bilinear and can be written as

% (Zf) + AL (Zf) + B+ () (Zf) = <§f) : (4.41)

with Ay, By (v0), S, S~ given mode-by-mode by equations (4.40)1—(4.40)a.
As announced earlier, we start by studying equation (4.40)3 for 1)2. Introducing the quasi-

geostrophic potential vorticity qr = |k|Nv2 as new unknown, equation (4.40)3 becomes

dqy, e lAg
g + V)(¢)|k|2‘1k + lz W(Il%‘ = S)(c)|k|N- (4.42)
N

This equation is known as the three-dimensional quasi-geostrophic equation and it was studied by
Babin, Mahalov and Nicolaenko in [2]. We thus have:

Theorem 4.1. [BMN99] Let m > 0 be fized, arbitrary. Let SO be a forcing term belonging to
H™=Y(M). Then a solution q(t) of the quasi-geostrophic equations belonging to H™~1(M) exzists
for all t > 0 and is unique. More precisely

g€ L= (R, Hie (M) (4.43)

and taking v > 0 arbitrary and fized, we have

t+r
/ lg(t") 3 msrdt’ < K, ¥t > tm(q(0)), (4.44)
t

where by Ky we denote a constant depending on v° but independent of the initial condition and
tm(q(0)) is a time depending on the H™-norm of the initial data g(0).

Knowing these results on the regularity of v, we can obtain the existence and uniqueness
of a solution (vF,v™) in L (R, (H™(M))?), for all m > 0, provided the initial condition
(vT(0),v~(0)) and the forcing term (ST, S7) are in H™(M)2. Gathering the informations on v°
with the results on (v, v™), we are actually able to prove the following result:

Theorem 4.2. Let us consider m € N, Vp = (v, vy ,v]) € Hgér(./\/t)3 and S = (St,57,59) ¢
Hg;’gr(M)?’. Then there exists a unique solution V of system (4.40) such that
V= (vtv,0") € L®(Ry (HJ(M))?) and V(0) = Vo. (4.45)

Moreover, if r > 0 is a fized arbitrary constant, then
t+r
/ V) dt! < by V> b (Ve), (4.46)
t
where by, is a constant independent of the initial data.

Proof. Taking into account the results on v°, it remains to prove the regularity results on (vt,v™).
By direct computations we can prove that

(2 (7). (7)) =0

which together with the coercivity of the operator A+ implies the results (4.45)-(4.46) for m = 0.
The results (4.45)—(4.46) for an arbitrary m € IN,m > 1 follow from a recursive argument.
Thus, we suppose that we have

(v,v7) € L®(Ry, (HI H(M))?),
tr (4.47)
L (0t 0 ) ogmdt < b1, V> s (00,

where by b,,—1 we denote a constant independent of the initial condition (vF,v~). We seek to
prove that

(v*,07) € L®(Ry., (Hpe(M))?),

t4r (4.48)
[0 0 O it < by > b )
t
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In order to derive a priori estimates for (vt,v™), we multiply (4.40); by |k\2mv]:', (4.40)2 by
|k|2mv,;, sum in k € Z a4 and add the resulting equations. We obtain
1d
2 dt
SIB @)W T,v7), (=)™ (W, v 7))+ 1((5T,87), (=A)" (T, 07))].
We need to estimate the terms from the right hand side of (4.49). The last term can be easily
estimated as

[((87,87), (=A)™ (T, 07)) [ < (ST, ST)|am |(vF,v7) |

_ 1 _
<c {|S+‘%Im + |S |§-I"’} + 5 mm(yv, Vp) {|v+|§.]m+1 + ‘U |§-]m+1} .

+ +2
{lv [Zrm + v~ |Hm} + min(y, vp) {|v Hrmt1 F 0 (4.49)

(4.50)

We also need to estimate the first term from the right hand side of (4.49).Since

|s]
{\J3HJHZI+|J||l\|J|N+|J| |J|N|j3|

| 51052

| < —==—
gtk fIIHN
N Ils\}

< 2|+
\/E{H ||I\

and \B;.)lsklsﬂ < N2|i], the most difficult terms to estimate will be the terms involving || |l3]/|j3]-
An important aspect here is the fact that these terms appear only in some particular cases, meaning
when wjl = wy? or w)! =w;?, for s1,s2 =+, — and j + [ = k. Taking for example the case when
sz.l = w;?, this implies that |j3|/|ks| = ||~ /|k|n = I71/1k| = o, with a > 0. Since j3 + I3 = k3,
it means that when jz = aks we get I3 = (1 — a)ks and when j3 = —aks we have l3 = (1 + a)ks.
Thus, we can estimate

‘l3| ~ 7 7 ~ ~ 7

E'j' < (X a)lk] = [k +[5] < 23] + [1])-
The same kind of estimate is available for the case wfl = wzz. We can thus bound the most
difficult terms from (B4 (v®)(vT,v7), (=A)™(vT,v7)) as

Z S°° B XE XD oo kP

Wil
wj wk

s1,82=+,—

< D2 > (1 + IDIEP™ w3 w210

k 51,52
c .
<ed D AT T R o [og2 |7 |
k 51,52
Sl s 52110 1,0
D i 1 e el L e N e el | o [ i O]
j+1+k=0 jHITk=0
51,82 51,82 (4.51)
<e > l= v 2| (=A) % 02 a0 o '
51,82
+e 30 (=) F 02| Lal(—A) 2 [0°1 | o
51,82
s 11/2 1/2
<o Y [0 gman [02 [ [0°2 [ g1 100
§1,82
1 1
D D Ul /A o N o PPt [ o
81,82
1 . _ _
<3 min(vy, vp) ([0 [Fmir + (07 [Fmar) + FO (0T Fm + [0 [Fm),
where f(t) = c(1+ [0°|%; + [002,,,41)-
Introducing (4.50) and (4.51) into (4.49), we find
d
+2 -2 i +2 =12
—lv 3 v + min(vy, v v m v m
dt{l [Z7m 407 [Fm } (s Vo ) 0T [5pmar + 107 [ pman (4.52)

<EO{ ™ [Frm + 107 [Fm } + e {IST[Hm + 157 Fm }-
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Applying the classical Gronwall lemma to (4.52), we obtain estimates in L°°(0,t,, H™) for all
t« > 0, with the bounds depending on the initial data. The bounds uniform in time are obtained
applying the uniform Gronwall lemma and using the fact that uniform bounds in time for v0 are
already proved. This proved (4.48) and thus Theorem 4.2. O

4.2. First-order error estimates. Having proved that the renormalized group system is well-
posed in all Sobolev spaces, we can now use the solution to construct the first order approximate
solution, as in (3.11),

Ul(s) = e 25T (s) + eFup(s,U(s))}, (4.53)
where U(s) is the solution of the renormalized equation,
ﬂ = eF(0),
ds
U(0) = Up.

‘We need to compare U to the exact solution V, which satisfies (3.2), meaning that we need to
evaluate the error W (s) = Ul(s) — V(s). The error satisfies

dw . .
—— + LW + AW + eB(W,W) +eB(U', W) + eB(W,U') = £2R.,
ds (4.54)
W (0) =0,
where
Re =— Ae L Fop(s,0) — Be LU, e 5L Frop(s,0)) — B(e L Frp(s, U), e 5L D) (4.55)

—eB(e L Fop(s,0), e 5L Frop(s,0)) — e 3LV 5 Fup(s,U) - Fr(U).

4.2.1. L? error estimates. In order to obtain the L2 error estimates we take the scalar product
in (L?(M))3 of (4.54) with W and using the anti-symmetry property of L and the coercivity
property of A, we find

1d

5 72 Wlia +ecrlW* < elb(W, W, W)| + elb(U", W, W)| + elo(W, U, W)

. (4.56)
+e%colRelv W],

where V' is the dual space of V.
In order to bound the trilinear terms in the rhs of (4.56), we use the following result (the proof
can be found in [20]):

Lemma 4.1. The form b is trilinear continuous from V x Vo x Vinto R and from V x Vx Vy
into R, and the following inequalities hold:

[6(U, U, 0)| < c2||U|| [U#|M2|UH ||V 2T vy, VYU, U# € V,U € Vs, (4.57)
(U, U#,0)| < e3||U]| HU#H1/2|U#|1V/f\Ull/2l\UH”27 YU,U € V,U# € V5. (4.58)
Furthermore,
b(U,U,U) =0 vU,U €V,
(4.59)

b(U,U#,U) = —b(U,U,U#*) YU, U,U* €V with U or U# € V.
From (4.59) we find b(W, W, W) = 0 and b(U', W, W) = 0. Inequality (4.58) implies
bW, T W) < esl[TH /2102 w2 w272, (4.60)
Thanks to Young’s inequality, (4.56) and (4.60) imply
LW, + et W < el Refip -+ el W2 T2 3. (461)
It remains to estimate R. in V'
|Relvr < cle™F Fup(s,0) g1 + |B(eFU, e Frp(s, U)) v
+|B(e™* Fup(s,0),e )y + e Vg Fap(s,U) - Fr(U) v (4.62)
+e|B(e L Fup(s,U), e 5L Frp(s, U))|vr-
From (4.58) we find that
BV, V)lvr < elVIg2 VI < elVg2|V]ge- (4.63)
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Using (4.63) and the fact that e~ conserves all Sobolev norms, inequality (4.62) implies
|Rely: < c|Fap(s, D)1 + Vg Fnp(s,U) - Fr(O)lvr + c|Ul g2 Fp(s, U)| g2

+ ec|Fnp(s, U)@Iz.
We need to bound \]—'np(s,_U)\Hz and [V g Fnp(s, U)-Fr(U)|y. We start estimating Fnp (s, U). We
recall that Fp, (s,U) = AU+ By (U,U)+ Sy, with Ay, By, respectively given by the time-dependent

terms in (4.28) and (4.30).
In order to estimate

(4.64)

fnp(s,U):/ Fnlr,U)dr,
0

. . + + . + + +
zrw%}eﬂ'(w]‘ +w;) 'LT(W]' Fwitwy ). The

we need to bound the integrals in time of the terms e and e
integral
P
eZka _1
Ii(k) = - F
wy,
. . . 2 .
is easily estimated as |I1(k)| < W < 2. The integral
w
k
112(.0) \em%ﬂ@il .
201 = L ES ’ =& +
i(w; +w) i + wp |

is estimated as |I2(4,1)| < 2 when wji and wli have the same sign and as follows

. 2 |jIn/lgs| + ltIn /|l 2 (liln NN .
|IQ(WSWH/\ /sl 2 (Ll I g
(51233 —jiE] ~ N7\l el
< eGP,

when w;-t and wlj: have opposite signs. The integral

. ei‘r(wjj,:-&-wli-ﬁ-w%) 1
13(.]7 la k) =

'L(u.z]i +wli + w}f) ’
is estimated using Theorem 5.1 proved in the Appendix.

Using the estimates for I1(k), I2(j,1) and I3(j,1,k), we are now able to bound Fpp(s,U) in
H2. Since App(s,U) contains only terms of type I1(k), we find

|Anp (s, D) | gm < e|U|gmy2, VYm €N (4.65)
In bounding Bnp(s, U), the most difficult terms to estimate are those of the type

n .
7= Y Y UBEEELGLE)XE - X oot
keZM Hm™
2 1/2

C(N, L3, . o (4.66)

< O, Ls,7) Z Z (&l + 121+ 13D 3T T T | kP
K kEZpq \jt+i=k

C(N, L3,y

< SO L) ),

where f = ZkeZM |Us||k|BetF =, g = ZkeZM |U| |k|°e?** and p and «y are as in Theorem 5.1.
Since H™ (M) is a multiplicative algebra for m > 2, we find

c _ _
T < ;|U|m+8|U|m+5, (4.67)

and if m = 0, 1, then
iA

IN

c _ _
;|U|m+9|U|m+6~ (4.68)

We also remark that
|Snp|m < IS|m, Ym.

This allows us to conclude that

I]:np(s, U)|m S C(Nv 122 ‘S‘mv |U‘m+8)7 V’I’I’L 2 27 (469)



AVERAGING THE THREE-DIMENSIONAL PRIMITIVE EQUATIONS 15

and thus we obtained the estimate for the particular case m = 2.
It remains to bound |V 5 Fnp(s,U) - F-(U)|y-. Since

Fnp(8,0) = Anp(5,0) + Bup(s,U) + Snp,

we find ~ ~ ~ ~ _
ViFnp(s,U) - Fr(U) = App(s, Fr(U)) + Bnp(s, U, Fr(U)) (4.70)
+B’VLP(87]:T(U)7U)' .
Thus, for the first term in (4.70) we have
[Anp (s, Fr(O)) v < c|Fi(O)] - (4.71)
For the second term in (4.70) we apply an argument similar to the one used in (4.66)
Th = [Bnp(s, U»]:?"(U)”V’ SC|Bnp(SvUv]:r(U))‘L2
C(N), 5. C(N), - (4.72)
< “%75),, < ) A,
where f = Pkezp |Uk| |k|3e?*® and § = Sokeza | Fr i (O)] |K|Beth=.
Relation (4.72) leads us to
C(N) - —
72 < 101100 720 . (4.73)
We only need to find bounds for |F(U)|gm, ¥m > 1, in order to conclude. Since
Fr(U) = Ar(U) + Br(U) + Sr,
we find
A U Hm™m S U m+2,
A (U)] Ul gm+ (4.74)
|S7‘|Hm < |S|Hm7
while for the nonlinear operator B, we find, using similar arguments as in (4.51)
2 1/2
1B (@) < | (32 il +unio o | (k2 (4.75)
k€Zr \J+l=k ’
S C‘hth‘H'm,
with hq = 37, |k||Uk|e?*® and ho = 3, |Uglett=.
For m = 0,1, we have
|Br(U)|gm < clhi]gm+1|he] gmtt
" TR (4.76)
< Ul gm+1|Ul gm+2,
while for m > 2 we find
| By (0) | gm < c|U|gm |U| gm—+1- (4.77)
Returning to T», we find
Tz < ¢(N, 1, |U10, |S]9). (4.78)

Similar estimates can be deduced for the term By (s, F(U), U). Returning to (4.64) and recalling
the fact that the renormalized group system is globally well-posed in all Sobolev spaces, provided
the initial data is regular enough, we find that we can bound R, as

[Relv < e(N, 1, 1S]o, [Uol10)- (4.79)
Thus, (4.61) can be written as

d 2 2

25 W2 < i)Wz +01(5) (4.80)
where fi(s) = acHl~]1||2||l~Jl||§I2 and g1(s) = €2c|Re %,,. From (4.79) we know that g; is an

L (R)-function. Recalling formula (4.53) for U as well as relation (4.69), we also find that fi is
an L°°(RR)-function. Applying Gronwall lemma to (4.80), we conclude with the following result:
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Theorem 4.3. Let p, Ly, L2, L3 be arbitrary fixed positive constants and Uy € (H;QT(M)P

nv, S e (ngr(./\/l))3 NV. Then there exists a set O (L1, La, L3) having the Lebesque measure
mes @g(Ll,Lg,L3) < u such that for all Burgers numbers N ¢ @g(Ll,LQ,Lg), the difference
between the exact solution U of (2.6) and the approzimate solution U in (4.53) satisfies

[T (6) —U®)|2, < 2Kt w0,
where k' and k' are constants depending on N, Ly, Lo, L3, p, |Uo|gi0 and |S|ys.

4.2.2. H™-error estimates, for m > 1. In order to estimate the H™-norm of the error, we take
the L2-scalar product of equation (4.56) by (—A)™W. We obtain

1d
ig\W\fn +ear Wiy = e*(Re, (=A)"W) 2 — eb(W, W, (—=A)"W)

B} . (4.81)
—eb(UY, W, (=A)™W) — eb(W, UL, (—A)™W).
The first term from the right hand side of (4.81) is estimated as
c
EI(Re, (~ )" W) 2| < | Relm1|Wlmi1 < e [Whsy +e®|Relfmy. (482)

We need to bound Re in the H™!-norm:
|Re|m—1 < |Fnp(s,0)|m+1 + |B(573L07573L-7:np(57 U)lm—1 (4.83)
+ |B(e 3L Frp(s,0), e L) i1 + €| Be L Frp(s, U), e L Frup(5,0)) |m—1
+ [ Anp (s, Fr(U)lm—1 + | Bnp(s, U, Fr(U))lm—1 + | Bp(s, Fr(U), U) lm—1-
Using (4.69), we find
[Frplmir < (N, i, [Slma1, [Uloym) < e(N, , [Slmt1, [Uolotm), Ym > 1, (4.84)
where ¢(N, 1, |S|m+1,|Uolo+m) is a constant depending on h, u, |S|m+1 and |Uglo4+m. Using
(4.65) we know
[Anp(s, Fr(U))lm—1 < |[Fr(U)lm+1,
and using (4.74)-(4.77), we find
| (D)lmt1 < Ul gmtz +elUlam |Ulgmr +[S|am
< ¢(|Uolm+2; |S]m)-
The last terms in (4.83) is bounded using (4.67) and (4.68). It only remains to bound |B(U, U)|gm

and we do this similarly to (4.66). The most difficult terms in B(U,U) are the terms containing
6; I3 and they are bounded as follows:

( > ( T |5;113HU]-I|UZ|)2|krl2'”)1/2 < ( > ( > ‘j‘””Uj”ﬁl')Q'k'zm)1/2 (4.85)

kEZpq Njt+i=k KEZpAq Njt+=k
<clfglum =T,
with f =3 ,cz, KUk and g = 32z, [FI|Tgle®.
For m > 2, H™ is a multiplicative algebra and we continue estimating 73 as
T3 < C|f|m|g‘m < |U|m+1‘0|m+1-
For m = 0 we find
T3 < c|flilgh < c|Ul2|Ul2,
and for m = 1 we have
T3 < c|fl2lgl2 < c|U[3|Uls.
‘We can thus conclude with the following estimate:
IB(U, D) |m < e|Ulms1|U|ms1  for m > 2,
" e (4.86)
< |U|m+2|U|m+2 for m=0,1.
Using (4.86) and (4.69), we find
|B(e™ " Fup(s,U), e U) -1 < cle™** Fup(s,U)lmle”*"Ulm
< | Fup(s, U)‘M‘Ulm
< o(N, 11,1S|m, |Uolm-t5)s for m > 3,
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and
|B(e™* Frp(s,0), e FU)lm—1 < cle™*  Frp(s, U)lm+1le”*FUlmt1
< | Fnp(s,0)|m+11U]m+1
< (N, p, |S)m+1, [Uologtm), for m=1,2.
The same arguments are obtained for |B(e=*"U, e~ F,, (s, U))|m—1. We can thus conclude that

|R5|m*1 SC(N»/‘a|S|ma|UO|m+8) for m > 3, (4 87)
< (N, s [SIm+15Uolm49)  for m =1,2. ’

In order to be able to estimate the last three terms in (4.81), we need to be able to bound terms
of the form b(U, U, (—A)™U#). We use the following lemma:
Lemma 4.2. Let U, U € VN (Hgéjl(/\/l))?’ Then the following inequality holds:

(U, T, ()" 0)| < UL UL NT 1210 m + U UL [0 T st

(4.88)
1 1 1 1
+ c|U 110 |Tlm1 + elUlm1 101 10101021017
Furthermore,
b(U, (—A)™20,(-A)"20) =0 YU eV, YUeVn(HH(M)®. (4.89)
Proof. Relation (4.89) is obvious. For (4.88), we estimate as follows:
2 .
(U, 0, (=) D) =i >0 37 = Foa)Un s Ou(~2)" T
j+l+k70n:1 J3
I]nl m
< >0 Z [in |+ |l3)\)|U||UzH/<f|2 |Ux|
jHl+k=0n=1
< (using (4.89) in order to subtract |[|™)
e . 5
<ec > (l+ T |)\Ujllellklm(\k\m—Il\m)\Ukl (4.90)
k=0 J3
&Y m m_ pypm
<e Yo (+ T |)\U||Uz||’€| (I3 + U™ = U™ Ukl
GH1+k=0 J3
< f + bl U 1T (3™ + 11 51) k™ T
<e Yo i+ T |)\ O™ + 1™ DIE™ Uk
JHFE=0 3
:Zl—’_ZQ'
For the first sum, we find
doo=c >0 0™+ D RO IOl
jH1+k=0
<e > LIMUEMUIT T +¢ D> 0™ R U T T
GH1+E=0 G+l+k=0 (4.91)

< C|U|m+%|(~f|2|ff|m +C|U|g|U|m+1|ff|m
1 1 ~ ~ 1 1 ~ ~
< UL U1 101210 + U1 U1 01| L1
The second sum is bounded as

_ |]||l3‘ m—1 m
d.,=¢ > | 111 ™ U5 O] | O |

j4izheo sl

te O 'ﬂ”f'||m|k|mwv||m||vk\
GHI+k=0

=343
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For Y% we find

Yo ¥ (X 'Jj'fl‘w] IS HE G2 (S K0

j+i+k=0 3370

<e 3 (Zw) O 11412 1/22|k|2m|U|

J+i+k=0 J3#0 J3#0

:c/ngdM’, (4.92)

with f = 35 (55,0 (I UEI2)V2e 2, g = S50 (55, K™ Uk[?)e %, & = (z1,22) € M.
‘We continue estimating the terms as follows

/
22 < elfln2unl9lta o < elUlm+1lglL2 ()9l )
< c|Ulm41|Ulm|Ulm 1.
Similarly, we obtain

. 1\ 1/2 a1 1/2 b=\ 12
Sice ¥ (Som) () (El:m o)
3

j+i+k=0 "J3#0 7370

R 1/2
(Z |k|2’”|Uk|2)

k3
~ 1 ~ 1 ~ 1 ~ 1
< AU m1 |01y 10152 1T 102 10122
O
Using (4.88), we find
B(W, W, (—A)"W)| < | W2\ WL IWI L + el WL WL Wi [W 1 (95)
F AW || W 2 gy + W2 W2 W2 W2
and
BT, W, (=) W)| < T 2|02 (W2l W + el OO W | [W g1 (4.94)
~ 1 1 1 1 :
+ e T ot W [ W i1+ el T g (W W1 (W2 (W2
For b(W, U, (—A)’”W), we proceed similarly,
- 151123] - A
bW, 0, (~a)"W)[<ec S (i + ; ‘>|w]-||U}Hk\mwwk|<|y|m+Wﬂ)
jHl+k=0
<c ST NAT™ A WO k™ W (4.95)
jH1+k=0

3/2

< AU WA IWEL L+ lT et W2 W R W2

We can now return to (4.81). We need to distinguish the cases m = 1, m = 2 from the case m > 2.
For m = 1 we have

3501

5 W1+ 25 WB < e R + cel W IW Y2 + ool 12 W13
el Bl Wh W+ 0 WL
< E|W|2 +ce®|Ra|? + cs| W W3
+ce| UM 5w
Thus, we obtain
%\W\% +e(er — W)W < %¢ (N, . |2, [Uol10) (4.97)

+ ec(N, i, S)2, [Uo10)| W13,
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where in (4.97) we used (4.53) and (4.69).
As long as [W(s)|1 < ;—1, applying the Gronwall lemma to (4.97) we find
c

(W (s)[F < *¢/ (N, 1, |Sl2, |Uolig)es >N w1 512:1Uo o), (4.98)

For every T' > 0 we can find an ep > 0 such that for all ¢ < ey we have [W(s)|1 < ¢1/2¢, which
implies that estimate (4.98) holds globally on the interval [0, T]. We proceed similarly for m = 2.
We can thus conclude with the following theorem on the error estimates in H' or H?.

Theorem 4.4. Let p > 0, L1, L2, L3 be positive, fized constants and let m € {1,2}. If Uy €
(FI{,"JTQ(/\/())3 NV and S € (H;’éjg(/\/l))?’ NV, there exists a set ©4 (L1, L2, L3) having the
Lebesque measure mes © (L1, L2, L3) < p such that, for all Burgers numbers N ¢ ©% (L1, La, L3),
we have

For all T > 0 there exists ep > 0 such that for all e < ep, the error between the exact solution U
of (2.6) and the approzimate solution U given by (4.53) satisfies

[TX(t) — Ut)|m < 2ket™, vt e[0,T), (4.99)
where k and k' are constants depending on N, p, |S|m+1, |Uolm+9, L1, La and Ls.

For m > 2, we proceed similarly and after using Lemma 4.2 and relations (4.87), (4.95) we can
conclude to the following theorem:
Theorem 4.5. Let u > 0, L1, L2, L3 be positive, fized constants and let m € {3,4,---}. If
Uy € ((H;,"JQ(M))%V and S € (H;Z:fg(./\/l))?’ NV, there exists a set ©% (L1, L2, L3) having the
Lebesque measure mes @g(Ll, Lo, L3) < p such that, for all Burgers numbers N ¢ @g (L1, L2, L3),
we have:
For all T > 0 there exists ep > 0 such that for all e < ep, the error between the exact solution U
of (2.6) and the approzimate solution U given by (4.53) satisfies

|TL(t) — U(t)|m < 2ket™ | vt e 0,7, (4.100)

where k and k' are constants depending on N, p, |S|m, |Uo|lm+s, L1, L2 and Ls.

5. Appendix. As announced above, in this section we present an approach (adapting an idea of
Babin, Mahalov and Nicolenko [2]) that allows us to avoid the three-waves interactions. We want
to see in which conditions the scenario

wji +wli+wki =0, where j+1 =k,
never happens, and to estimate the term

s eis(w].i+wli+wki) 1

. + + + ) (51)
i(w; +w; +wy)

term that appears in Fp)p from (3.11).
We start by estimating (w]+ + wl+ + w;:)_l, assuming wj', wl'", wz' > 0, the other cases being
treated similarly. Then

1 (w;t+w?:+w,:f)(—w;t+wli+wf)(w;t—wli—i—w,:f)
|w;-r+wl+—w,j| (w;t+wli+w,:€t)(w;-t+wli—w,:f)(—w;t—&-wli—i-wg:)

(5.2)
+ + + + + + + + +

_ |(wj +w +wy )(fwj +wp +uwy, )(wj —w +wi)] 4,4
B POV SR

where A = N2 and P(\) = A2(22 + 2] + a2 — 2z 2 — 2m2y,) — 2052k3kE (25 4 @ + 1) — 35514k3.

\ J
Here we wrote z; = |j|2l§k§ and similarly for z; and x.
The discriminant of this quadratic polynomial is

A = 25313k {(z) — x0)° + (z — ;) + (21 — 25)} > 0. (5.3)

Thus, P(A) = 0 has no more than two solutions for each fixed (j,!) and this implies thta the
set of Burgers numbers N for which wi + wl+ — w]:' = 0 is at most countable. In what folows we
denote the solutions of P(A\) = 0 by A+(j,1).

To estimate I, we distinguish two cases:
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Case 1:  If | |<|w+‘ th ! <2 <9
ase 1: w —wi ,then ——M—— < —— <2,
2 |u.JJJr +w —wif \wjﬂ
|ew +
“j

Case 2: If |wl —wy >

resonant set ©5 (L1, L2, L3):
Given g > 0 and a sequence of positive numbers {£;;} with > §;; < 1, we define the

, the estimate is more delicate. We define the three-wave quasi-

IEL M
three-wave quasi-resonant set ©5 (L1, L2, L3) as
@g(L17L27L3) = U {N : 2|N - N*(jzl»LhLQ’LS)' < “gj,l}' (54)
GileZpg
where N*(j,1,L1,L2,L3) := \/A+(j,l). The set ©5(L1, L2, L3) is of Lebesque measure mes

@g(Ll, Lo, L3) < p, for all Ly, Lo, L3.
A small neighborhood of A+ (j,1) is defined by |P(\)| < §, with § > 0 small.
For ¢ small, we have

dA -1 .
6= | O] 1M®) - AL G0
P YRE (5:5)
=~ 2N*(j7l9L17L27L3)|N7N*(jal7L1:L27L3)|‘%(O)’ :

Using the quadratic formula, we obtain the derivative at § =0

1
‘ ) VA '2l2k2\/2{($k—Il)2+(xk_xj)2+(xl_xj)Q}.

Since |(w;)? (wl )2 |]3192l2 = N2(z, — 21), we obtain

Do) = N
2 21
OO k2 (@)~ @D+ (@)~ @)+ (@)1 - D)%)
W |
We are in the case |wl —wy | > — 5 , SO
+2 42 lw ﬂ
‘(wk) _(wl)|:|w — W Hwk +‘U | > —— |wk + w; |
Since |(w,j)2 - (wa)2| > |w]ﬂ > 1, we find
dX N2
)] g L
ds JalikiV2
For § << 1 we have P(\) = § and using (5. 5) we find
1 @ o Foh) (ol o oD e D,
~ = Jzlzks
| +wit —wif 5

@ ol o) () ol o) @] —wf H )l
2N*(j,1, L1, La, L3)|N — N*(j,1, L1, Lz, L3)| ds
LIN?(|k|x + |l + [5]n)?
sz (4,1, L1, L2, L3)|N — N*(4,1, L1, L2, L3)|
Since in this paper we are not interested in studying the limit cases N — 0 or N — oo, we can
continue to bound I’ as

(0)]jusks 5O

C(N, Ly) (k| + [ +13])°

< (5.7)
HEj1
We can now choose §;; as follows: for any v > 0 fixed, we take
Ea =172 YD TRty (5.8)
J €L
Introducing (5.8) in (5.7), we find that
(%] + lt] + 15D)*

I' <C(N, Ls,”) l1°t7, VN ¢ (L1, Lz, L3).

We can thus conclude with the following result:
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Theorem 5.1. Let p > 0 and v > 0, then for every domain M and every Burgers N such that
N ¢ 9§(L1,L2,L3) we have

and

(1]
2]
(3]
(4]
(5]

(17)

(18]
(19]

20]
21]
(22]

23]
24]

W +wif +wf £0Vj, 1k € Zpg with j+1+ k=0,

1 k [ i3 .
< max (w(N, Lg,w("*"*“')j“wl””). (5.9)
I

+ + +
|wj +w +wy
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