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COUPLING FUNCTIONS FOR DOMINO TILINGS OF AZTEC
DIAMONDS

SUNIL CHHITA AND BENJAMIN YOUNG

ABSTRACT. The inverse Kasteleyn matrix of a bipartite graph holds much information
about the perfect matchings of the system such as local statistics which can be used to
compute local and global asymptotics. In this paper, we consider three different weight-
ings of domino tilings of the Aztec diamond and show using recurrence relations, we can
compute the inverse Kasteleyn matrix. These weights are the one-periodic weighting where
the horizontal edges have one weight and the vertical edges have another weight, the ¢*°'
weighting which corresponds to multiplying the product of tile weights by ¢ if we add a
‘box’ to the height function and the two-periodic weighting which exhibits a flat region with
defects in the center.
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1. INTRODUCTION

1.1. Terminology. Domino tilings of bounded lattice regions have been extensively re-
searched during the last twenty years. These tilings are the same as perfect matchings of a
bounded portion G of the dual square lattice, in the following way: a matched edge corre-
sponds to a domino; the fact that the dominos do not overlap means that no two matched
edges share a vertex, and the fact that the dominos cover the entire region means that each
vertex in the region is covered by a matched edge. In the statistical mechanics literature,
one speaks of dimer covers rather than perfect matchings, and dimers rather than matched
edges.

The most well-studied example of such a model is domino tilings of the Aztec diamond
which was introduced in [11]. Here, one tiles the region {(z,v) : |z| + |y| < n + 1} with
2 by 1 rectangles where n is the size of the Aztec diamond. There are other examples of
the theory, but they involve replacing the graph G with a different one, such as the regular
square-octagon lattice (giving the so-called diabolo tilings) or the hexagonal mesh (giving
lozenge tilings).

By giving each edge a multiplicative weight, we can consider random dimer coverings: the
probability of each covering is proportional to the product of the edge weights of the dimer
covering. The corresponding discrete probability space is called the dimer model. If the
graph G is bipartite (as it shall be for the rest of this paper) then each dimer covering can
be encoded by a three dimensional discrete surface, where the third coordinate is derived
from the specific dimer covering and is called the height function [30]. For random tilings,
[9, 21] showed that with probability tending to one, the height function of a randomly tiled
large bounded region tends to a deterministic limit shape. This shape is not smooth over
the entire region: typically, there are macroscopic regions wherein the tiling is “frozen” (i.e.
exhibits deterministic correlations), called facets; as such the measure is often said to be in a
solid state here [22]. Outside of the facets, the correlations between pairs of dimers are only
mesoscopic, tending to zero as the dimers move farther apart. If the decay is polynomial,
the measure is said to be liquid; if it is exponential it is said to be gaseous [22]. Not all
tilings possess a gaseous region; however, all but the most degenerate have liquid regions.
The limiting height function is smooth in these regions. Figure || shows two random tilings
of relatively large Aztec diamonds.

1.2. Local asymptotics for nice regions. For particular bounded regions, one approach
to study these models uses an interlaced particle system which can be derived from the
underlying tiling [I5, [3]. Using the Lindstrom-Gessel-Viennot theorem [16] 29] combined
with the Eynard-Mehta theorem (e.g. see [4]), it is often possible to find the correlation kernel
for a determinantal process and compute finer statistics for the model[I5] B]. Using these
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statistics, one can study the fluctuations between the interface of the solid and liquid regions
when the system size gets large. Amazingly, these fluctuations have the same distributions
arising from the study of eigenvalues of random matrices (see for example [15, 17, [13]).
Furthermore, one can even change the boundary conditions of the underlying tiling problem
to find more degenerate kernels which also appear in the random matrix literature, for
example, see [I].

For bipartite graphs, the Kasteleyn matriz is a signed weighted adjacency matrix indexed
by the white and black vertices of the graph [I8]. The inverse of the Kasteleyn matrix, known
as the inverse Kasteleyn matriz, for bipartite graphs provides much information about the
model — by [19] the edges form a determinantal process with the kernel given by the inverse
Kasteleyn matrix. Hence, by knowing the inverse Kasteleyn matrix for a bipartite graph
one can compute all finite, local and global asymptotics of the edges in the dimer model.
For lozenge tilings, the interlaced particle system kernel can be used to compute the inverse
Kasteleyn matrix as the particle system kernel and the inverse Kasteleyn matrix are in
bijection [26]. However, for domino tilings on the Aztec diamond, the most natural kernel
from the interlaced particle system contains different information to the inverse Kasteleyn
matrix. Although, one can derive the particle system correlation kernel from the inverse
Kasteleyn matrix, the particle system correlation kernel gives a better description of the
interface between the unfrozen and frozen regions, see [7]. By knowing both the interlaced
particle system and the inverse Kasteleyn matrix, we believe that one understands the full
asymptotic picture of the system.

1.3. Purpose. The aim of this paper to highlight an elementary procedure which allows
one to compute the correlation kernel of the determinantal process associated to the edges
of tilings of Aztec diamonds. For pedagogical reasons, we do this first for the most well-
understood instance of the dimer model (thereby recovering the work of [14]), followed by
two, substantially more complicated new settings: the so-called ¢"°! weighting (Section
and the two-periodic weighting (Section @ which includes as a special case the uniform
measure on diabolo tilings on a fortress graph [27]. The two-periodic weighting has a 2 by 2
fundamental domain which is defined in [22].

For the ¢"°! weighting, large random tilings of the Aztec diamond possess a limit shape
when ¢ — 17 as the system size tends to infinity. The existence of a limit shape is due to
the results from [21]. However, when ¢ — 1~ and the a — oo, the results from [21] will no
longer apply but simulations seem to suggest that there may be a limit shape and possibly
interesting local and global asymptotic behavior. Figure 2| shows relatively large tilings with
q"°! weighting.

Large random tilings of the two-periodic weighting of the Aztec diamond feature all three
phases where the limit shape is described by an ‘octic’ curve. An explicit formula for this
curve, at the special case corresponding to the uniform measure of tiling diabolos on the
fortress, is given in [27] and is derived in [21I] using general machinery. Figure |3| shows
a relatively large random tiling of a two-periodic weighting of the Aztec diamond. By
having an expression for the inverse Kasteleyn matrix for the two-periodic weighted Aztec
diamond, it may be possible to study this model on all the phase interfaces. Computing the
interlaced particle system kernel for the two-periodic weighting of the Aztec diamond using
the Lindstrom-Gessel-Viennot theorem [16], 29] combined with the Eynard-Mehta theorem
(e.g. see []) seems somewhat complicated — one can either proceed by inverting either a
block LGV matrix or a block Toeplitz matrix.
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1.4. Explicit inversion of Kasteleyn matrices. We turn now to a discussion of our
methods. It is possible to derive the inverse Kasteleyn matrix for domino tilings of the
Aztec diamond with weight 1 for horizontal tiles and weight a for vertical tiles (one-periodic
weighting). We also show that it is possible to extend part of the method to the g-analog
of domino tilings of the Aztec diamond (¢*°' weighting). The height function of a domino
tiling can be viewed as the surface of a pile of Levitov blocks [23), [24]; one can modify the
edge weights so that the weight of each tiling is proportional to g#{Levitov blocks} which jg gvol
weighting. Finally, we show that it is possible to compute the inverse Kasteleyn matrix with
a two-periodic weighting of the Aztec diamond and do so for an Aztec diamond of size 4m
for m € N.

It is often quite difficult to invert a matrix whose entries have parameters; indeed, the
typical methods in the literature involve first orthoganalizing, so that the matrix to be
inverted is diagonal [5]. However, in the particular case of the Aztec diamond, one can make
some progress by computing a multivariate generating function for the entries of K~'. This
is possible essentially using graphical transformations similar to those used in [I1] which is
the same procedure used in the generalized domino shuffle [27] to compute the weights in
the transitional steps of the shuffling algorithm.

We use three relations among the entries of K~!. The first two are the matrix identities
K- K ! =1, K~!'. K = T; the third is a recurrence relation in n, the order of the Aztec
diamond, generated from the generalized domino shuffling algorithm which determines only
those elements of K~! which correspond to two dimers on the boundary of the region. We
solve this recurrence by computing the ordinary power-series generating function for its
coefficients, which we call the boundary generating function.

Having done this, the entries of K1 are slightly overdetermined. As such, we treat the
equations K - K~ =1, K~'. K =1 as linear recurrence relations, for which the boundary
generating function serves as a boundary condition.

1.5. Details. The heuristic in the preceding sections drastically oversimplifies the intricacy
of the combinatorics involved in these calculations, which consume the bulk of this paper.
We also found that the computation of the boundary generating function of the two-periodic
weighting was intractable without the use of computer algebra. Here is a description of
the calculation in somewhat greater detail. The recurrences K.K ' = K~1. K = I allow
us to write each entry of the inverse Kasteleyn matrix as a linear combination of entries of
K~1(w,b) where b and w are black and white vertices on the boundary. To find K ~!(w,b)
where b and w are black and white vertices on the boundary, we first find Z(w,b)/Z where
Z is the partition function (the sum of the weights of all tilings) and Z(w,b) is the partition
function of the tiling with the vertices b and w removed from the Aztec diamond.

As removing two vertices w and b from the boundary does not change the so-called Kaste-
leyn orientation, we are able to recover K ~!(w,b) from Z(w,b)/Z. The boundary recurrence
relation gives a relation for Z(w,b)/Z as a linear combination of Z(wy,b1)/Z for a smaller
Aztec diamond where w, wy and b, by are white and black vertices on the boundaries of
their corresponding Aztec diamonds. To solve this recurrence, we use a generating function
approach and hence find K~!(w,b) for b and w are black and white vertices on the boundary.

For the one-periodic and ¢"°' weighting, we can use the three sets of recurrence relations
mentioned above to find formulas for their inverse Kasteleyn matrices. For the one-periodic
weighting, we derive the formula as a generating function. For the ¢"°! weighting, we guessed
a double contour integral based on our methods and verify that this guess is correct. Indeed,
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F1cURE 1. Random Simulations of the Aztec diamond of size 100 with one-
periodic weight for a = 1 (left) and a = 1/2 (right)(see Section [4] for a
description of edge weights).
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sending ¢ — 1, we find a double contour integral formula of the inverse Kasteleyn matrix in
the one-periodic case, see [7] for a comparison.

For the two-periodic weighting of the Aztec diamond, we must use a further two recurrence
relations; K*-K-K~! = K*.Tand K~ 1. K-K* = I- K* due to the complexity of the model; of
course, these are completely equivalent and in principle carry no new information; however,
they are simpler in a certain sense as they involve the discrete Laplacian. Additionally,
the boundary recurrence relation for the two-periodic weighting of the Aztec diamond has
order 4 with the size of the Aztec diamond and is dependent on the parity of the white
and black vertices on the boundary. This leads to a matrix equation for the recurrence
relations describing the boundary generating function. We only find the solution of the
matrix recurrence relation when the size of the Aztec diamond is equal to 4m, though in
principle the main obstacles to handling the other sizes of the Aztec diamonds are the
difficulty and length of the computations. This leads to a formula for the inverse Kasteleyn
matrix when the size of the Aztec diamond is equal to 4m.

1.6. Remarks about Asymptotics. As remarked above, this paper might provide a gate-
way to computing fine asymptotics of the ¢*°' and two-periodic weightings of the Aztec
diamond. That is, one will hopefully be able to compute global correlations and local corre-
lations at the phase boundaries using the formulas found in this paper.

From simulations, the ¢*°' weighting seems to exhibit interesting limiting behavior when
q — 17 and also when ¢ — 1~ and a — oo as n — oo simultaneously. We believe that a
possible parametrization would be to set a = ¢“/2 and ¢ = e~ /™ where n tends to infinity.
Although it is possible to derive to the limit shape using [21], we think our formula could
be used to find the height fluctuations in the unfrozen region when ¢ > 0. When ¢ = 0, the
model is equivalent to the one-periodic weighting of the Aztec diamond and so the height
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FIGURE 2. Random simulations of the Aztec diamond of size 200 with ¢"°!
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FIGURE 3. Random simulations of the Aztec diamond of size 200 with two-

=1/2 and b =1 with

see Section @ The first picture has a
8 colors. The second picture is the same tiling as the first but contains four

colors to highlight the three phases for black and white printing.

(

periodic weights

R

\\\ T
vx«\“m “

s

SeR3

ARS8

G ERRRNNN

S50

<

N\




8 SUNIL CHHITA AND BENJAMIN YOUNG

fluctuations are governed by the so-called Gaussian Free field (details of this process can
be found in [28]) as shown in [7]. When ¢ tends to infinity, we suspect that the unfrozen
region is a flat square given by alternating (diagonal) columns of east and west dominos.
That is, for a rescaled Aztec diamond with corners given by (0,0), (0,1), (1,0) and (1,1), the
unfrozen region is given by (1/2,0),(0,1/2),(1/2,1) and (1,1/2). From initial computations,
the asymptotic analysis to find these height fluctuations is encouraging and is current work
in progress.

It may also be possible to derive the ¢** correlation (particle) kernel using established
techniques (e.g. [15,3]). This works quite cleanly, since the process in question is Schur [25],
although, we have not tried this computation.

For the two-periodic weighting, the process does not appear to be Schur. As mentioned
above, under the right choice of parameters the model exhibits a third phase which has been
named gaseous in which the height function correlations decay exponentially [22]. Other
models that might possess similar phenomenon are the three periodic lozenge tiling in a
large hexagon and the six vertex model with domain wall boundary conditions away from
the so-called free fermion line [10]. Indeed, the six vertex model on the free fermion line with
domain wall boundary conditions can be recovered from the one periodic Aztec diamond
[12].

The main motivation behind this paper was to find the correlation kernel of the two-
periodic weighting of the Aztec diamond, so that one can find the local correlations of
dominos at the gaseous-liquid boundary. As mentioned above, this boundary represents the
transition from the correlations of dominos having power law decay to the correlations of
dominos having exponential decay. For tiling models, the solid-liquid boundary (with no
cusps) has been well studied (see [26] for the most general results); the interlaced particle
system associated with the tiling has fluctuations of size n'/? and the distributions of particles
are normally given by the so-called Airy process, a natural distribution originally formulated
in Random matrix theory [2]. As far as we are aware, the gaseous-liquid boundary of a tiling
model has not been previously studied in any such probabilistic model.

The formula for the inverse Kasteleyn matrix for two-periodic weightings of the Aztec
diamond, is given as a four variable generating function and it is not immediate how to
analyze asymptotically. However, Kurt Johansson, using our formula, has been able to
derive a double contour integral formula. From this double contour integral formula, it
should be possible to use a saddle point analysis. Indeed, early computations using this
approach show that the limiting octic curve can be recovered which agrees with limiting
curve computed using the techniques from [2I]. We believe that this approach will lead to
finding the correlations of the dominos at the gaseous-liquid. This is current work in progress
which will hopefully appear elsewhere [6].

vol

1.7. Overview of the Paper. The paper is organized as follows: Section [2| we give some
of the prerequisites and notation for understanding the proofs of the rest of the paper. In
Section [3] we compute the generating function of the inverse Kasteleyn matrix for a uniformly
weighted one-periodic Aztec diamond which provides a blueprint computation. We extend
this result to biased tilings in Section [4] as well as formulate a general boundary recurrence
relation which makes computations simpler in the following sections. In Section | we give
a contour integral formula for the inverse Kasteleyn matrix for ¢"°! weighting of an Aztec
diamond. Finally in Section [6| we derive the generating function for two-periodic weightings
of the Aztec diamond for size 4m.



COUPLING FUNCTIONS FOR DOMINO TILINGS OF AZTEC DIAMONDS 9

FIGURE 4. The Kasteleyn coordinates for an Aztec diamond of order 3.

(0,5)
(0,3)

(0,1)

(1,0) (3,0) (5,0)

Acknowledgements. We would very much like to thank James Propp for the original
question of computing K~! for diabolo tilings which prompted this research and the very
useful discussions which followed, Kurt Johansson for valuable discussions and improvements
to this paper. We would also like to thank Alexei Borodin, Cédric Boutillier, Maurice Duits,
Harald Helfgott, Richard Kenyon, Anthony Metcalfe and Andrei Okounkov for some useful
insights of tiling models. We would particularly like to thank MSRI Berkeley, where this
work was initiated, and the Knut and Alice Wallenberg foundation grant KAW2010.0063,
which partially supported the authors’ work during its completion.

2. NOTATION AND BACKGROUND INFORMATION

Let W = {(x1,22) : 21 mod 2 = 1,29 mod 2 =0,1 <27 <2n—1,0 < 23 < 2n} and
let B = {(z1,22) : 1 mod 2 = 0,220 mod 2 = 1,0 < 21 < 2n,1 < 23 < 2n — 1}. The
set WU B denotes the vertex set of the dual graph of the Aztec diamond (rotated by —m/4
and translated), where W denotes the set of white vertices and B denotes the set of black
vertices. We call the above coordinate system (of the dual graph) of the Aztec Diamond,
the Kasteleyn coordinates - see Figure [4] for an example. To avoid any confusion, we only
consider dimer coverings of the dual graph of the Aztec diamond and so we refer to the
Aztec diamond as the graph which has vertices given by W UB. We also set e; = (1,1) and
€9 = (—1, 1).

For a planar bipartite finite graph G = (V, E), the Kasteleyn orientation is a choice of
edge weights so that the product of edge weights around each face is odd. In this paper,
G is the graph formed from (the dual graph of) the Aztec diamond. We consider the edge
weights given by positive numbers for edges parallel to e; and positive numbers multiplied
by i = v/—1 for edges parallel to es. As G is a bipartite graph, we consider the Kasteleyn
matriz, whose rows are indexed by black vertices and columns indexed by white vertices,
with entries given by

K(b,w) = wt(e)i’~! for e = (b,w) and b —w=e;,j € {1,2}
10 otherwise

where wt(e) is edge weight of edge e. As G is a bipartite finite graph, |det K| is equal to
the number of weighted dimer covers of G. This was first proved by Kasteleyn [I§] but in a
more general setting. The explicit formula for the inverse Kasteleyn matrix and correlation
kernel of the dominos is given as follows: suppose that e; = (b1, w1),..., ey = (b, wy,) then
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FIGURE 5. The Urban renewal step which maps the large square on the left
the smaller square on the right and multiplies the partition function by ac+bd.
The diagonal edges have weight 1

the probability of seeing a perfect matching with the edges ey, ..., e, is given by [19)]
(2.1) det (K (b;, w;) K~ (w;, b))

m
ig=1"
That is, the edges form a determinantal point process with the correlation kernel given
by L(ei,e;) = K (b, w;) K (w;,b;) [19]. In the case of the two-periodic weighting of the
Aztec diamond, this point process is a block determinantal point process. With an explicit
formula for the inverse Kasteleyn matrix, equation means that we can compute the
joint probabilities of any subset of edges appearing in the matching. For instance, we can
compute edge placement probabilities when m = 1.

We now summarize the graph theory techniques used in this paper.

Two dimer models are said to be gauge equivalent if their partition function differs by
a constant multiple. The dimer model obtained from multiplying all the edge weights sur-
rounding one specific vertex by the same constant is called a gauge transformation. As a
slight abuse of terminology, “multiplying the vertex v by a” means applying a gauge trans-
formation where the weights of all the edges incident to v are multiplied by a. Note that to
keep the partition function the same under this operation, we divide the partition function
of the new graph by a. That is, gauge transformed dimer models are gauge equivalent.

Other than gauge transformations, we make use of three other graph transformations. All
three of these alter the graph itself, but leave the partition function invariant up to a gauge
transformation.

(1) Suppose we have a large square with edge weights a, b, ¢ and d where the labelling
is clockwise, contained in some graph H. Suppose we deform this large square to a
smaller square with edge weights A, B,C' and D (same labelling convention as the
large square) and also include an edge, with edge weight 1, between each vertex of
the smaller square and its corresponding original vertex — see Figure We call
this new graph H*. We set A = ¢/(ac+ bd), B = d/(ac+ bd),C = a/(ac + bd) and
D = b/(ac+ bd) so that the local configurations and the weights of the matchings of
H are preserved under the transformation to H*. For example, a dimer covering the
edge with weight a and no dimer covering the edge with weight ¢ in H corresponds
to dimers covering the edge with weight C' and the two diagonal edges incident to the
edge with weight A in H*. This graphical transformation is called urban renewal [27]
and we have that

ZH = (ac + bd)ZH*
where Z and Zp« are the partition functions of H and H* respectively.

(2) If a vertex, v, is incident to two edges, each having weight 1, we can contract the two
incident edges and vertices of v, to v. The new edge set of v is the union of the edge
set of the two contracted vertices omitting the two edges previously incident to v,
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all with the same edge weight before the contraction. This procedure is called edge
contraction and has no effect on the partition function of the dimer covering.

(3) If a vertex v is incident to one edge e = (v,v'), i.e. it is a pendant vertex, then v, v’
and all edges incident to v’ can be removed, since e is forced to be present in every
perfect matching. This procedure is called removal of pendant edges. The partition
function of the new graph formed by this procedure is equal to the original partition
function divided by the weight of e.

The above three procedures can be used to compute the partition function [I1], the edge
probabilities [§, 27] and the inverse Kasteleyn matrix for one-periodic, two-periodic and ¢!
Aztec diamonds. For general weightings of the Aztec diamond and also other stepped square
lattices, although it may be theoretically possible to find the inverse Kasteleyn matrix, we
were not able to solve the recurrence relations.

3. UNIFORM MEASURE CASE

In this section, we derive the inverse Kasteleyn matrix for uniform dimer coverings as it
provides a simplest example for our new method. The inverse Kasteleyn matrix for uniform
tilings of the Aztec diamond was originally computed in [I4].

The new results here are:

e the boundary generating function for the Aztec diamonds, defined below, and

e the observation that the generating function for the entries of K1, for all Aztec
diamonds together, is a rational function in four variables: two variables marking
the row of K~!, two marking the column of K ~'. There is also one parameter, n,
which is the order of the Aztec diamond.

In the next section, we will give vertical edges weight a > 0 and horizontal edges weight
one; this section covers the special case a = 1.
The Kasteleyn matrix for the uniform Aztec diamond is given by

1 ife—y=*e
(3.1) K(r,y)=¢ i ifx—y==e
0 otherwise

for x € B and y € W. Unless stated otherwise, we shall always assume that 2 = (z1,22) and

y = (y1,92)-
Let f,(t) = (1 —t")/(1 —t) denote the sum of the geometric series 1 +¢+---+¢"~! and

let
Fo(w,b) = —1/2f, ((1 —1—61)51 —i—wl)) .

Further, for w = (w1, ws) and b = (by, ba) set

(32) FoP(w,b) = Fu(w?, b3)wibs,

(3.3) FOL(a,b) = Fy(—1/w?, —b2)w? 1621,
<34) F&’()(W, b) = Fn(_w%, —l/bg)’wlU}%nbgn_l:'L7
and

(3.5) FL(a,b) = Fo(1/w2, 162w tydrpnp2n—?,
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Let
Gn(w7 b) = Z beyK_l(x7 y)

reW,yeB

where w¥ = witwj? and b¥ = b{'b%? denote the generating function of the inverse Kasteleyn
matrix of the one-periodic domino tilings of the Aztec diamond with Kasteleyn orientation
given by multiplying all vertical edges (the vector es is vertical) by i.

The following theorem gives the entries of K~! as the coefficients of a generating function.

Theorem 3.1.
w1w3ba fry1 (WTHT) fr(w3h3)
C(wy,we)
(1+ $03)F0° + 07 (bows fu(B30d) + (1 4+ 03) P2
C(wy,w2)C (b1, b2)
20303 wwi £ (bw?) + (1 + 103) Fp + b33 + b3) F'!
2 C(U]l,wg)C(bl,bg)

Gp(w,b) =

+ (1 +iwy)

+ (i +wdw

where C(r1,19) = 1+ 12r2 + i(r? +12) and Fy? = F}7 (w,b) fori,j € {0,1}.

Our proof (like the proofs of the harder theorems in subsequent sections) breaks down
into three steps:

e Computing the boundary generating function (ignoring the Kasteleyn orientation),
e Moving the white vertices and black vertices to the boundaries,
e Computing the sign of the boundary generating function for each boundary.

3.1. Boundary Generating function. Our method involves first finding a generating
function which will eventually be used to compute K ~!(w,b), where w and b correspond
to vertices on the boundary of the Aztec diamond. This generating function is called the
boundary generating function. This will be a generating function in three variables, which
encode (respectively) the position of a white boundary vertex, a black boundary vertex, and
the size of the Aztec diamond.

Consider an Aztec diamond with all edge weights equal to 1. Let Z,, denote the number
of dimer coverings of an Aztec diamond of size n. From [I1], we have that Z, = 27("+1)/2,

We will also consider an Aztec diamond of size n with the vertices (2¢+1,0) and (0,25 +1)
removed for fixed 0 < 7,5 <n — 1. We shall call this graph A, (i,j). Let Z(i, j,r,n) denote
the number of dimer coverings of A, (i, 7), with edge weights all equal to r and the constraint
that Z(i,j,r,n) =0 if ¢ or j (or both) are not in {0,1,...,n — 1}.

It is important to notice that the Kasteleyn orientation on the original Aztec diamond,
restricted to A, (i, j), remains a Kasteleyn orientation, so the corresponding entry of K1
for the Aztec diamond can be computed from the partition function on this graph and a
relevant sign; that is, we can write

Z(Z7 j7 17 n)

|K~1((2i +1,0), (0,25 +1))| = —

We will compute the sign of K~1((2i + 1,0), (0,25 + 1)) in Lemma [3.6}
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Lemma 3.2.

Z(i,j,1,n) 1 Z(i—k,j—1,1,n—
(3.6) —F =3 Z 7

1 1
Ly S La)=(0,0)n>1
k,€{0,1}
(i—k,j—1)#(-1,-1)

Proof. 1t was shown in [I1] that one can compute a recurrence for the partition function of
an Aztec diamond using the graph transformations given in Section [2| In particular, they
showed that Z,, = 2"Z,_1. We first review this computation because showing the recurrence
for Z(i,j,1,n)/Z, is an extension of this computation.

Consider an Aztec diamond graph of size n with Kasteleyn coordinates. To the faces with
centers given by the coordinates (2i + 1,25 4+ 1) for all 0 < 4,7 < n — 1 we apply the urban
renewal transformation — see Figure [6] for an example but ignore the dashed edges. Having
applied urban renewal n? times, we see that Z, is equal to the partition function of the new
graph multiplied by 27° For this new graph all diagonal edges have weight 1/2 while the
remaining edges have weight 1; there are pendant vertices at (2i+1,0),(2i+1,2n), (0,2j+1)
and (2n,2j5 4+ 1) for all 0 < 4,j < n — 1 which are all removed with their pendant edges (all
edges have weight 1) with no effect to the partition function; and there are vertices that are
incident to two edges (both weight 1) at coordinates (2i + 1,2j) for all 0 < i < mn — 1 and
1<j<n-1land (2i,2j+1)foralll1 <i<n-—1and 0<j<n-—1. The edges incident
to these vertices are contracted with no effect to the partition function. The effect of the
above three graph transformations on an Aztec diamond of size n with edge weights 1 gives
an Aztec diamond of size n — 1 with edges weights 1/2 and which means

Ly = 2n2 anl

where Z,_1 denotes an Aztec diamond of size n — 1 with all edge weights equal to 1/2. By
multiplying every white vertex by 2, we are applying a gauge transform so that all edges of
the Aztec diamond have edge weight 1. As there are n(n — 1) white vertices of an Aztec
diamond of size n—1, the effect of the gauge transformation is to divide the partition function
by 27(n=1) We conclude that Z, = 2"Z,_;. We now compute a recurrence for Z(i,7,1,n).

Notice that Z(i,j,1,n) is in fact equal to the number of matchings of an Aztec diamond
with two extra vertices vy and v; added with an edge (edge weight 1) between vy and
(2 + 1,0) and an edge (edge weight 1) between v; and (0,25 + 1). We shall call vy and
v1 auziliary vertices and their incident edges will be called auxiliary edges. To this graph,
we will apply the same sequence of graph transformations, keeping track of the auxiliary
edges. The remainder of this proof is a careful accounting of the effects of these graph
transformations on the partition function.

Explicitly, the computation is as follows. We first apply urban renewal on the faces with
centers (2k + 1,20 + 1) for all 0 < k,I < n — 1, i.e. we apply urban renewal n? times, see
Figure [6] for an example. From applying the urban renewal, every diagonal edge has weight
1/2 and the remaining edges have weight 1. Similar to the computation of the partition
function recurrence, we apply edge contractions to all the edges incident to vertices located
at (2k+1,2])for0 <k <n—1land1<I!<n-—1andlocated at (2k,2[4+1) for 1 <k <n-—1
and 0 <[ <n—1. Some care has to be applied removing the pendant edges; we remove the
pendant edges incident to the following pendant vertices:

e (2k+1,0) for 0 <k <n—1 but k # 1,
e (0,2l+1)for0<I<mn—1butl+#j,
e (2k+1,2n) for 0 <k <n—1and
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FIGURE 6. For the partition function computation, ignore the dashed edges.
Otherwise, the dashed edges on the left are the two extra edges added as
described in the proof of Lemma for an Aztec diamond of size 4. The
figure on the right is obtained from the figure on the left by applying urban

renewal 16 times.
PPN

o (2n,214+1)for0<!<n-—1.

As the auxiliary edges are also pendant, we remove these edges too (or, equivalently, we
contract them).

The resulting shape is a modified Aztec diamond of size n — 1: because our initial graph
contained auxiliary edges, we have an additional vertex (call it vy) and its incident edges
on the bottom boundary and an additional vertex (call it v3) and its incident edges on the
left-hand boundary of the Aztec diamond of size n — 1. Note that the edges incident to v
(and similarly to v3) have weight 1/2. We shall describe the incident edges to vy and similar
descriptions hold for v3 which are based on our initial choice of vy and vy. If (vg, (2¢ + 1,0))
was our initial choice of the auxiliary edge on the bottom boundary for 1 <i < n — 2, then
the edges incident to vy are (vg, (2i —1,0)) and (v2, (2i+1,0)) — see Figure[7] for an example.
If (vo, (2n — 1,0)) was our initial choice of the auxiliary edge on the bottom boundary, then
the edge incident to vg is (ve, (2n — 3,0)). If (vo, (1,0)) was our initial choice of the auxiliary
edge on the bottom boundary, in order to determine the edges incident v, we must also
keep track of the initial choice of edges incident to vi. If we initially chose the auxiliary
edges (vo, (1,0)) and (v, (0,25 + 1)) for j # 0, then the edge incident to v is (ve, (1,0)). If
we initially chose the auxiliary edges (v, (1,0)) and (vy, (0,1)) then the edges incident to v
(and v3) are (vg,v3) and (vg, (1,0)) (and (vs, (0,1))).

For (i,7) # (0,0), in a dimer covering the edge vy is matched to a vertex (2k + 1,0)
where 0 < kK < n —2 with £k =7 or K = ¢ — 1 which has the same effect of removing the
vertex (2k + 1,0) from an Aztec diamond of size n — 1. A similar statement is true for vs.
We conclude that for (i,7) # (0,0), the dimer covering consists of edges (vg, (2k + 1,0)),
(v3, (0,20 + 1)) and an Aztec diamond of size n — 1 with vertices (2k + 1,0) and (0,2 + 1)
removed (i.e. a covering of A,_i(k,l)) for 0 < k < n—2with k =ior k =i—1 and
0<Il<n—-2with!l=jorl=j—1. For (i,j) = (0,0), we either match (ve, (1,0)),
(v3,(0,1)) and an Aztec diamond of size n — 1 with vertices (1,0) and (0,1) removed (i.e.
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FIGURE 7. The result of edge contraction from Figure [6l The four dashed
edges represent the result of the edge contraction on the two dashed edges in

Figure [6]

matching A,_1(0,0)) or we match (vz,v3) in which case the remaining graph is an Aztec
diamond of size n — 1 with edge weights 1/2. The above formulation means that we have
built a recurrence of Z(i,j,1,n) in terms of Z(k,1,1/2,n — 1), namely

(3'7) Z(ivjv L, n) = Z iZ(k‘, l 1/2’ n— 1)2n2]10§k§n—2]10§l§n—2 + %H(i,j):(oﬂo)Zn*12n2
ke{i—1,}
je{i-1.5}
where the factor 1/4 is explained by the fact that the edges incident to ve and w3 have
edge weight 1/2, Zn_1 is an Aztec diamond of size n — 1 with edge weights equal to 1/2
and the factor 27° is explained by the urban renewal steps. By a change of summation
index and setting Z(n — 1,s,1/2,n — 1) = Z(r,n —1,1/2,n — 1) = Z(-1,s,1/2,n — 1) =
Z(r,—1,1/2,n—1) =0 for all 0 < r, s < n — 2, the above equation can be rewritten as

Z(i,§,1,n) = > %Z@—kJ—JJ/zn—1p“-%;%@:@mzmiw?
k,le{0,1}
(i—k,j—0)#(-1,-1)

We apply the gauge transformation to write Z,_, = 2_”2+”Zn_1 which we described
above in the partition function recurrence computation. To rewrite Z(i — k,j —,1/2,n) in
terms of Z(i — k,j —1,1,n) for k,l € {0,1} and (i — k,j — 1) # (—1,—1), we apply a gauge
transformation which multiplies all the edge weights incident to the white vertices by 2. As
there are n(n — 1) — 1 white vertices in Z(i — k,j—1,1/2,n—1) for (i — k,j—1) # (—1,-1),
we have to divide Z(i — k,j —1,1,n — 1) by 2(»=1D=1 These operations give

Z(i,j,1,n) = > Z(i—k,j—1,1,n—1)2""" + 1 jy—0,0)Zn-12"""
k,le{0,1}
(i=k,j—D#(-1,-1)
Dividing the above equation by Z, and noting that Z, = 2"Z,_; from the partition
function recurrence computation gives the lemma.

0



16 SUNIL CHHITA AND BENJAMIN YOUNG

Definition 3.3. The boundary generating function is

oonlnl

Zy(w,b,1,2) = ZZZ Z]’l’n w'b 2",

n=0 :=0 j=0

We now compute the boundary generating function.

Lemma 3.4.
z

(1-=2)2—-2(14+b)(1+w))

Proof. We multiply (3.6)) by w'/z" and sum over 0 <i<n-—1,0< j<n—1landn>0
which gives

Z@(w7 ba 17 Z) =

z

1 1
Za(wa bv 17 Z) = 7(1 + b)(l + w)ZZE)(wa b’ 17 Z) +35
2 21—z
Rearranging the above equation gives the result.
O

3.2. Moving the white vertices and black vertices to the boundary. In this section,
we derive recurrences for K ! from each of the matrix equations K-K ! =Tand K- K~ = 1.
Using these relations, we find that it is possible to write Gy, (w,b) as a function of K ~!(w,b)
where w and b are white and black vertices (respectively) on the boundary of the Aztec
diamond. By this, we mean that w is either (24 1,0) or (2i+1,2n) for 0 <i<n—1and b
is either (0,25 + 1) or (2n,25 + 1) for 0 < j < n — 1. We define some additional generating
functions: let

Ghlwrbib) = > K (w0 pu
(z1,0)eW
y=(y1,y2)€B

Grlwibiby) = Y- K7 (o, 2n).p)uf b by,

(z1,2n)eEW
y=(y1,y2)E€B
and
(3.8)  H(u,b) = > KN ((a1, 2n4), (2n4, y2))wS w3 b2 Y

1<z1<2n—1,21 mod 2=1
1<y2<2n—1,y2 mod 2=1

where i,j € {0,1}. From the above definition and for each i,j € {0,1}, H;’ is a bound-
ary generating function (with Kasteleyn orientation) where ¢ and j determin which two
boundaries the removed vertices lie on.

We now write G, (w,b) in terms of the boundary generating functions with the Kasteleyn
orientation.



COUPLING FUNCTIONS FOR DOMINO TILINGS OF AZTEC DIAMONDS 17

Lemma 3.5.
wlw%b2fn+1<w%b%)fn(w%bg)
C’(wl, ’UJQ)
(1+ib3)Hp° + b2 (bgwlfn(bfw%) +(i+ bg)H2’1>
C’(wl, w2)0(b1, bg)
el bRb3™ wywi £ (bw?) + (1 + 3b3) Ho® + b3 (3 + b3) Hy'!
1 2 C(wl,wg)C(bl,bg)

Gp(w,b) =

+ (1 + iwl)

where C(r1,72) = 1+ 7r3r2 + i(r? +r3) and HYy = H,i{j(w,b).

Proof. From equation , we know that K is a sparse matrix: each row has at most four
nonzero entries, one entry for each neighbor of the vertex indexing the row. As such, we
expand the matrix product K - K~! in terms of the unknown matrix entries of K~! and
compare them to the entries of I, this gives

Z K(x,v)K_l(v,y) = 6x=y

v~ VEW

where x,y € B and v ~ x,v € W means that v is a white vertex in the Aztec diamond which
is nearest neighbored to = (i.e. v is a vertex of the form = + e;, x + ea provided that these
vertices are inside the Aztec diamond).

In the above equation, we evaluate the entries of K using equation and so we obtain
a five term relation
(3.9)
K1 (-73+61a y)5x1<2n+iK_1($+627 y)511>0+iK_1($*627 y)5x1<2n+K_1($*617 y)5x1>0 = 6z:y

where z,y € B, v = (x1,22), y = (y1,¥y2) and

{ 1 ifx; >0
51‘1>0:

0 otherwise

For the left-hand side of the above equation, the delta functions account for the vertices on
the boundary. For example, the black vertex (0,2k + 1) has two neighboring white vertices
(1,2k) and (1,2k + 2).

Similarly, we expand the matrix product K ~!- K entry wise and compare with the identity
matrix. We obtain another five term relation which is given by
(3.10)
K~! (37, y+61)5y2<2n+iK71($7 y+62)6y2<2n+K71 (37, y_@1)5y2>0+iK71 (xv y_62)5y2>0 = 555:3/7

where z,y € W. We view equations and as recurrence relations with the initial
conditions coming from evaluating K ! at the boundary vertices. We remark that is
a relation for the white vertices of K~! which keeps the black vertex of K~! fixed. On the
other hand is a relation for the black vertices of K1 keeping the white vertex of K !
fixed.

We proceed to use the above recurrence relations to find the generating function for K 1.
We first multiply by w'bY = wilwy?b{'by* for x = (x1,22),y = (y1,¥2) € B and sum
both quantities over B. Each term on the left-hand side of can be written using G,,(w,b)
and either GO (w1, b1,b2) or GP(wq,by,be) by taking a sum change of variables so that we
sum over x € W (as opposed to x € B). We list these computations for each term on the
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left-hand side of (3.9)) and then give the outcome of (3.9)) under these computations: the first
term gives

1 _
Z K~ 37 +e1,y )5331<2nwxby = W1ty Z K 1(x7y)w:r:by
z,yEB TEW,x27#0,yEB
Gn(w,b) =Y 1<zi<on K71((21,0), y)wiv?
(3.11) _ (21,0)€W,y€B

w1W2
_ Gn(WJ b) - G%(wh b17 bz)
wi1w9 ’

the second term gives

(3.12)
Z K~ $ + €2,y )(511>0w bY = 1ﬂ Z K_l(xay)wxby
z,y€B w2 TEW,x27#0,yEB
. W1
= lwig Gn(W,b) - Z K~ ((1'1,0), ) :flby

1<z1<2n
(z1,0)€EW,y€B

_;wn A0
= 1w2 (Gn(w,b) — Gy (w1, b1,b2)) ,

the third term gives

(3.13)
Z K (z — e2,y)d0z, <onw' ¥ = 102 Z Kz, y)u"p?
z,y€B w1 TEW,z2#2n,yCB

=i— [Guwb)—ws" Y K ((x1,2n),y)wivY
1<x1<2n
(z1,2n)eW,yeB

=i— (Gp(w,b) — w3 "Gl (w1, b1, b2))

the fourth term gives

(3.14)
Y KNz —e,y)0n 50w =wiwy Y Kz, y)w'b?
z,yE€B IGW,IQ;&QTL,ZJGB

= wiwy | Gp(w,b) — w3 Z K~ ((z1,2n), y)w]' ¥

1<x1<2n
(z1,2n)€EW,yEeB

= wywy (Gn(w,b) — w3 Gy (wy,b1,b2))
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and using (3.11)), (3.12)), (3.13) and (3.14)), (3.9) becomes

1 1
< + — WL i+ fl + w1w2) Gp(w,b) — ( + wli> Gg(wlvblabQ)

wiwW w2 w1 wi1w2 w2
(3.15) w
— <w1w2 + 21> G? (wl,bhbz w2 Zdw yW
w1 T€EB
yEB
We evaluate the right-hand side of the above equation by computing explicitly the sum,
namely

2n+2 2n
5 Ty T1  X271X11T2 11— (w1b1> w262(1 — (w2b2) )
o=yW b’ = witwy?b71bo? =
y 1 Wy 07 05 1~ w2b? 1 — w2h2
T€B 0<z1<2n,z1 mod 2=0 171 272
yEB 1<zs<2n—1,22 mod 2=1

We use the above equation, the definitions of f, and C(w;,w2) to rewrite (3.15)). After
multiplying both sides by wjwy and rearranging, (3.15)) becomes

C (w1, w2)Gn(w,b) = wiwibs fr1(wibT) frn(wib3) + (1 4+ wii)GY(wy, by, bs)

(3'16) + (’LU% + i)w%GZ(wl, bl, bQ)'w%n

We now find expressions for GO (w1, by,bs) and GZ(wq,by,be) in terms of Hy’(w,b) for
i,j € {0,1}. We first compute GO (w1, b1, bs) using the recurrence given in : we set
x = (x1,0) fixed and we mulitply by b¥ with y € W and we sum over all white vertices
y € W and the white vertices z = (21,0) € W. Each term on the left hand side of | -
can be written in terms of GO (w1, b1, by) and either Hp(w,b) or Hy''(w,b) by taking a sum
change of variables. We list these computations for the ﬁrst four terms of and then
give under this computation: the first term is

x 1 — x
5 K~ SU]_, y+€1)5y2<2nw11by = E K 1((331)0)7(ylva))wllbzl/lng
b1bo

(1,0)eW (z1,0)eW
yew y170,y€B
1
= — (G?L(wl,bl,bg) — Hg’o(w, b)) ,
b1bo
the second term is
b _
Z K «Tl, y + 62)6 2<2nw1 Y = lbi Z K 1((:1:170)7 (y17y2))wflbzl/lb32/2
(:ﬂ1,0)€W 2 (z1,0)€W
YyeW y17#2n,y€B
by
= 1@ (GQL(U}L bla b?) - Hgl(wvb)) )
the third term is
> KN (21,0),y — e1)dpmowid? =biby Y K M((21,0), (y1, y2))wi by b2
(z1,0)ew (z1,0)ew
YyEW y1#£2n,y€B

= byby (GO (w1, by, b2) — HY' (w,b))
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the fourth term is

b _ x
Z K~ xlu 7 2)5y2>0w1 by = :Lbi2 Z K 1((x170),(th))wllb?flng
(zl,O)GW ! (z1,0)ew
yEW y170,y€B
b
= iﬁ (G (w1, b1, b2) — HYO(w, b)) ,
and (3.10) becomes
1 by by 1 by
+ 214 byby + —i ) GO(wr, by, by) — + =i ) HYO(w,b)
317 biby | b by biby by
' wiby (1 = (wib1)*")

by
— =1+ bibe | HO (w,b) =
<b2 i+4+01 2> n (Wa ) 1— (wlbl)2

where the right-hand side of the above equation follows from
T w1b1(1 — wZ”bZ”)
Z 5(x1,0)=(y1,yz)w11bllﬂbg? = 1_ w2g2 :
191
(z1,0)€W,(y1,y2) €W

By multiplying (3.17)) by b1b2 and using the definition of f,, and C(b1, by), we obtain
(b1, b2)G (w1, b, bz) = wibs fo(wib])brby + (1 + b31) H, (w, b)

+ b2 (b3 4+ 1)H> (w, b).

(3.18)

To find an expression for GJ(wi, b1, ba), we mirror the computation used for finding an
expression for G (wy, by, by). From doing this computation, we obtain

C(bl, bg)GZ(wl, b1, bz)W% = wQ"bQ”wlblblbgfn( ) (1 + b%i)H}L’O(w, b)
+ b2 (b3 + 1) H M (w, b).

We now substitute the expressions for GO (wy, b1, b2) and G2 (wy, by, be)w3" from ([3.18)
and (3.19) into (3.16]), which gives the formula given in the lemma.

(3.19)

0

3.3. Computing the sign of the boundary generating function for each boundary.
The determinant of a Kasteleyn matrix computes the partition function only up to an overall
sign. It is important to compute this sign whenever two such determinants appear in the
same formula (as they do throughout our work). To do this, it suffices to compute the
contribution of any one perfect matching to det K.

In this subsection, we complete the proof of Theorem by computing the sign of the
boundary generating function for each boundary. We prove the following lemma

Lemma 3.6. Fori,j € {0,1}, we have
Hy;? (w,b) = Fp/ (w,b)

where HE (w,b) is deﬁned m 1.’ and Foo(w b), Byt (w,b), F(w,b) and Fy'(w,b) are
given in equations (3.2] , 3.4) and (3.5)) respectively.

Proof. We first remark that HY (w,b) denotes a boundary generating functions of an Aztec
diamond of size n with the Kasteleyn orientation for each i,j € {0,1}. In Lemma we
computed the boundary generating function Zy(w, b, 1, z) where the parameter z marked the
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size of the Aztec diamond. To find the boundary generating function of an Aztec diamond
of size n, we extract out the n'" coefficient of z in Zy(w,b, 1, z). This is given by

11— ((1+b>§1+w)>"

(3.20) B} L (W)

Recall that we have |K~1((2i + 1,0),(0,2j + 1))| = Z(i,4,1,n)/Z, for 0 < 4,5 < n — 1.
This follows from the fact that the Kasteleyn orientation remains the same if we remove two
vertices on the same face and so each signed count of perfect matchings on the graph with
the two removed vertices has the same sign. We first compute the sign of K~1((1,0), (0,1)).
Consider the Aztec diamond with only vertical dimers (parallel to ez). This has weight
i) After removing the edge ((1,0),(1,0)), the product of edge weights is given by
i7(+1-1 " This means that K=1((1,0),(0,1)) has sign —i. We proceed in computing
K=1((2i +1,0), (0,25 + 1)) from K~1((2i + 1,0), (0,25 — 1)) by induction: we add a ver-
tex at (—1,25) with edges ((—1,2j5),(0,2j — 1)) and ((—1,25),(0,2j + 1)) with the edges
given the Kasteleyn orientation (i.e. edges parallel to es have weight i). It follows that
for K=1((2i + 1,0), (0,2 — 1)) we have the edge ((—1,25), (0,25 — 1)) matched. To obtain
K=1((1,0), (0,25 + 1)) we rotate the edges around the face (0,2;) which contributes a factor
of (—=1)i~! where the (—1) is from applying the rotation and i~! is from having one less
vertical edge. Therefore, we have that the sign of K~1((2i 4 1,0), (0,25 +1)) is given by the
sign of K=1((2i +1,0), (0,25 — 1)) multiplied by i. By reflection we can apply the same ar-
gument for computing the sign of K~1((2i+1,0), (0,25 +1)) from K~1((2i—1,0), (0,25 +1))
but we now add a vertex at (2i,—1) instead. It follows from the above argument that the
sign of K~1((2i 4+ 1,0), (0,25 + 1)) is equal to —i*™/T1. We can substitute this sign back
into (3.20)) noting that the coefficient of w'b’ in ([3.20)) corresponds to removing the vertices
(2¢41,0) and (0,25 +1). Under this operation, is exactly F,(w,b). We conclude that
F,(w,b) is the boundary generating function of the uniform Aztec diamond of size n with
the Kasteleyn orientation, that is

Fo(w,b)= Y K '((2i+1,0),(0,2j + 1)w't/
0<i<n—1
0<j<n-1
We compare the above equation with Hg’o(w, b) and we find
Hy®(w,b) = Fy(wi, 03)wibs,

because the coefficient of w't/ in F, (w,b) is K~((2i+1,0), (0,2j+1)). From (4.2)), the right-
hand side of the above equation is equal to Fg’o(w,b) and so we have shown Hg’o(w,b) =
F,?’O(w, b). We now have to consider the boundary generating functions on the different
boundaries to compute the remaining terms Hy' (w,b), Hy*(w,b) and Hy' (w,b).

To find Hy''(w,b), we first consider the boundary generating function (with Kasteleyn
orientation) where the horizontal edges have weight i and vertical edges have weight 1. By
the symmetry of the Aztec diamond, we use the boundary generating function (with no
orientation) for a uniform weighted Aztec diamond of size n given in and compute
the sign from the orientation using the argument given above for attaching a sign to the
boundary generating function. For this particular orientation, we find that the coefficient
of w'b in is given by 1%**3. This means that the boundary generating function
(with Kasteleyn orientation) with horizontal edges given weight i and vertical edges with
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weight 1 is given by iF,(—w, —b). The coefficient of w'b’/ in iF,(—w, —b) is exactly equal
to K~1((2n — 1 —2i,0), (2n,2j + 1)) and so we have

iF,(-w,—b) = > K '((2i+1,0),(2n,2j + 1)) V.
0<i<n—1
0<j<n-1
We compare the above equation with Hg’l(w, b) and we find
HS’I(Wa b) = Fn(_l/w%a _bg)w%nilb%nbﬁ-,

and from ([4.3)), the right-hand side of the above equation is equal to Fg’l(w, b). We conclude
that Hy' (w,b) = F (w,b).

To find H}L’O(w,b), we first consider the boundary generating function (with Kasteleyn
orientation) where the horizontal edges have weight i and vertical edges have weight 1
which we computed in the previous paragraph and is given by iF,,(—w, —b). The coefficient
of w'b in iF,(—w, —b) is exactly equal to K~1((2i + 1,2n), (0,2n — 25 — 1)) and so we have

LF(—w,—b) = Y K204 1,20), (0,2 + D)w't"
0<i<n—1
0<j<n—1
We compare the above equation with H,ll’o(w, b) and we find
H,O () = Fy(—wf, —1/B)wrudb3 s,

From , the right-hand side of the above equation is equal to F%’O(w,b). We conclude
that Hy" (w,b) = Fp°(w,b).

To find H,ll’l(w, b), we use the above argument for computing the sign when the horizontal
edges have weight 1 and the vertical edges have weight i. By following the computation
given for Hg’o(w,b), the sign of K~1((2n —2i —1,2n), (2n,2n —2j — 1)) is given by —i**/+1,
By the symmetry of the Aztec diamond, it follows that K ~'((2i+1,2n), (2n,2j+1)) is equal
to the coefficient of w”~1~%"~1=J in F,,(w,b) which means that

Fu(w,b) = % K'(2i+1,2n), (20,2) + 1)w" " 75",

0<i<n—1
0<j<n—1

We compare the above equation with H,"' (w,b) and we find

Hy'(w,b) = Fo(1/wi, 1/65)wi™™ w3 by 65"~

From (4.5)), the right-hand side of the above equation is equal to Fﬁ’l(w,b). We conclude
that Hy' (w,b) = Fp''(w,b).
O

The computation for the sign of K—1((2i+1,0), (0,25 +1)) (and other boundary values of
the inverse Kasteleyn matrix) is independent of the edge weights and only depends on which
Kasteleyn orientation we choose. As all of the Aztec diamonds considered in this paper have
the same Kasteleyn orientation, from the proof of Lemma we find

sgn(K1((2i +1,0), (0,25 + 1)) = sgn(K *((2n — 2i — 1,2n), (2n,2n — 2j — 1)) = —i" T+
sgn(K~1((2n — 2i — 1,0), (2n,25 + 1)) = sgn(K ~1((2i 4+ 1,2n), (0,2n — 2j — 1)) = 133
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We now prove Theorem [3.1]

Proof of Theorem[3.1. In Lemma we found the expressions for Hi (w,b) for all 4,5 €
{0,1}. We substitute these expressions for Hy’(w,b) into the formula given in Lemma

which gives the generating function for K 1.
O

4. BIASED ONE-PERIODIC CASE

The inverse Kasteleyn matrix for biased, one-periodic tilings was first computed in [7].
The formula was guessed based on the one-to-two lifting from the interlaced particle system
[15]. We are now able to do this in a much more systematic way, following the framework
laid out in Section As before, we compute the inverse Kasteleyn matrix by computing
a multivariate generating function for its entries. The formula strictly generalizes that of
Theorem [3.1} adding one new parameter: a, the bias.

The Kasteleyn matrix for the one-periodic Aztec diamond is given by

1 ifx—y=-=e
(4.1) Ko(z,y)=4¢ ai ifx—y==e
0  otherwise

for z € B and y € W. Unless stated otherwise, we shall always assume that x = (x1,x2) and

y=(y1,92)
Let f,(t) = (1 —t")/(1 —t) denote the sum of the geometric series 1 +¢+---+#""1. Let

(14 bai)(1l+ wai)
1+a? > '

Fo(w,b,a) = —i/(1+ a2)afn (

Further, for w = (w;,w2) and b = (b1, b2) set

(4.2) FO9%w,b,a) = F,(w?, b3, a)w by,

(43) FO3 (b, ) = Fy(—1/uw?, —, a2 121 fa,

(4.4) FM®w,b,a) = Fy(—w?, —1/b3,a " Hwwdba"i/a

and

(4.5) EYl(w,b,a) = Fo(1/w?, 1/b3, a)w?™ Lw3"pimba" L.
Let

Gu(w,b) = Y WK, (z,9)

TEW,yEB

where w” = witwj? and b¥ = bY'b3> denote the generating function of the inverse Kasteleyn
matrix of the one-periodic weighting of the Aztec diamond with Kasteleyn orientation given
by multiplying all vertical edges (the vector ey is vertical) by 1i.
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Theorem 4.1.
Gn(w,b) _ wlw%b2fn+1(w%b%)fn(w%b%)
C’(wl,wg)
(1+ 1abd)F30 + b2 (walfn(bfw%) + (ia + b%)F,?’1>
+ (1 + iaw)

C(wl, UJQ)C(bl, bg)
| (ot Wl bRb3™  wywin £ (bw?) + (1 + iabd) Fo® + b3 (ia + b3) Fu”!
1 2 C(wl,wg)C(bl,bg)

where C(r1, o) = 14 123 + ia(r? +13) and Fy = Fy’(w,b,a) fori,j € {0,1}.

The proof of Theorem is given in the next but one subsection. In the next subsection,
we introduce a general boundary recurrence relation which is a generalization of the methods
used in Lemma [3.2] This general boundary recurrence is used in the proof of Theorem
and the subsequent proofs of the other weightings.

4.1. General boundary recurrence. In this subsection, we introduce a general boundary
recurrence relation. Essentially, this is built by a generalization of part of the proof of
Lemma by using an Aztec diamond graph with arbitrary edge weights. Although the
notation for this subsection is self-contained, we will refer to it later in the paper.

Let woo(k,1),wo1(k,1),w10(k,l) and wy1(k,1) be the edge weights of the four edges sur-
rounding the face whose center has coordinates (2k + 1,2l + 1) for 0 < k,l < n — 1 for an
Aztec diamond of size n. That is, the weights of the edges ((2k,2] + 1), (2k + 1,20 + 2)),
((2k+ 1,20+ 2),(2k+ 2,20 +1)),((2k,20 + 1), (2k + 1,20)) and ((2k + 1,20), (2k + 2,20 + 1))
are given by woo(k,),wo,1(k,1),w1,0(k,l) and wy 1(k,[) respectively for 0 < k,Il <n —1. We
denote the urban renewal factor of the face whose center has coordinates (2k + 1,20 + 1) by
A(k,l) for 0 < k,l <n — 1. Explicitly, we have

A(k, l) = w(),()(k‘, l)wl,l(k, l) + w071(k, l)wlyo(k‘, l)

for 0 < k,l <n—1. Let Z, be the number of weighted dimer covers of the Aztec diamond
of size n (with the above weighting) and let Z, (7, j) denote the weighted number of dimer
coverings of the Aztec diamond of size n (with the above weighting) with the vertices (2i+1,0)
and (0,25 + 1) removed from the graph, for fixed 0 < i,j <n — 1.

To the above Aztec diamond, we apply urban renewal to the faces with centers (2k +
1,20+ 1) for all 0 < k,I <n — 1 (i.e. apply urban renewal n? times), removal of all pendant
edges and edge contraction of each edge which is incident to a vertex incident to exactly two
edges which gives an Aztec diamond of size n — 1. This deformation is detailed in the proof
of Lemma [3.2] — see computing the partition function recurrence. For this new graph, the
edge weights around the face whose center has coordinates (2k+1,2/4+1) for 0 < k,l <n—2
are given by woo(k,l+1)/A(k,1+1), wo1(k+1,1+1)/A(k+1,14+1), wio(k,1)/A(k,l) and
wi1(k+1,1)/A(k + 1,1). That is, the weights of the edges ((2k,20 + 1), (2k + 1,2l + 2)),
((2k + 1,20+ 2), (2k + 2,21 + 1)),((2k, 20 + 1), (2k + 1,20)) and ((2k + 1,21), (2k + 2,20 + 1))
are given by woo(k,l+1)/A(k,1+1), wo1(k+1,1+1)/A(k+1,14+1), wio(k,1)/A(k,l) and
wi1(k+1,1)/A(k + 1,1) respectively for 0 < k,I < n — 2. This will be shown in the proof
of the lemma given below. For this graph, let Z,_; denote the number of weighted dimer
covers and let Z,_1(i,j) denote the number (weighted) of dimer covers when removing the
vertices (2i + 1,0) and (0,25 + 1) from this graph for fixed 0 <i,7 <n — 2.
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Lemma 4.2. For Z,,Z,,2,(i,j) and Z,(i,7) be given above. We have

n—1
(4'6) Zn = ~nfl H A(kJ)

k,1=0
and for fired 0 <1i,j <n—1,
(4.7)

. wp1(0,0)
Z,(i,5) = 21 Zn_ 1HArs

n—1 ‘

Wo,i— k(,0) W 4]—j 1(0,7) =
A ’ an y I n— I e
+ nls—‘_[() (7”7 8) ke{izl ; ( ) A(()?]) 1(k l) o<k<n—2llo<i<n—2

le{i—1.5}
In the above lemma, we chose to remove vertices from the left and bottom boundaries of
the Aztec diamond. Analogous results can be obtained for the other boundary pairings.

Proof. We first show that the edges weight of Z,_; are obtained from applying the urban
renewals removal of pendant edges and edge contraction as detailed in Lemma [3.2] and then
show . Finally, we show ({4.7]).

For the Aztec diamond of size n which corresponds to Z,,, the edges around the face whose
center has coordinates (2k + 1,20 + 1) have weight

{wo,o(k, 1), wo1(k, 1), w10k, 1), w11(k,1)}

where we use the same labeling procedure as above. The urban renewal factor from this face
is exactly equal to A(k,l) and when we apply urban renewal to this face, the edge weights
around the small square (same labeling procedure as above) read

(48) {’le(kﬁ, l) ’wLo(k, l) ’LU071(I{2, l) w070(k:, l) }
Ak, D) 7 Ak T Ak T Ak S

When applying the removal of pendant edges and edge contractions, as given in Lemma
we obtain an Aztec diamond of order n — 1. Moreover, this Aztec diamond of order n — 1
is contained within the Aztec diamond of size n: the Aztec diamond of size n — 1 consists
of the vertices and edges around the faces (2r + 2,2s + 2) for 0 < r,;s < n — 2 of an Aztec
diamond with a weight change explained from applying urban renewal n? times (i.e. to the
faces with coordinates (2k + 1,20+ 1) for all 0 < k,l < n —1). To find these edge weights of
the Aztec diamond of size n — 1, it is enough to find the edge weights around the face with
center (2r + 2,2s + 2) for 0 < r,s < n — 2 for an Aztec diamond of size n where the edge
weights around the face with center (2k 4 1,2l + 1) are given by . We find that these
edge weights are given by

woo(r,s+1) woi(r+1,s+1) wio(r,s) wii(r+1,s)
A(r,s+1) 7 A(r+1,s+1) 7 A(r,s) * A(r+1,s)

Hence, we have that the edge weights around the face with center (2k + 1,20 + 1) for an

Aztec diamond of size n — 1 are given by

woyo(k‘,l+1) w071(k+1,l+1) U}Lo(/{,l) U}Ll(k+1,l)
Ak, 1+1) " A(k+1,1+1) " Ak~ A(k+1,0)

which are exactly the edge weights encoded by Z,_;.
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Equation follows exactly from the construction of Z, from Z, because the product
on the right-hand side of is exactly equal to the product of all the urban renewal factors.

For equation , we follow the steps given in the proof of Lemma which generate a
recurrence for Z,(i,j) in the case when all the edge weights are set to equal to 1. As in the
proof of Lemma we add an auxiliary edge incident to (2i + 1,0) and another auxiliary
edge incident to (0,25 + 1). As the shape of the graph remains the same after applying the
same steps given in Lemma (for the computation of Z,(i,7)), we only need to compute
the analog of for the above choice of edge weights, which is the effect on Z,(i,5)
after applying urban renewal (n? times), removal of pendant edges and edge contractions.
Therefore, we follow the computation to obtain in Lemma noting the following
differences due to the choice of edge weights:

n—1

e The product of the urban renewal factors is given by Hr, s=0

on?).

e For (i,7) # (0,0), the edge (ve, (2k+1,0)) for 0 < k < n—2 has weight w ¢(4,0)/A(7, 0)
if £ =i and weight wo 1(¢,0)/A(4,0) if & = ¢ — 1. Note that the vertex vy has the
same definition as given in Lemma [3.2

e For (i,7) # (0,0), the edge (v3, (0,20+1)) for 0 < I < n—2 has weight w; 1 (0, j)/A(0, 5)
if | = j and weight wo1(0, 7)/A(0, j) if | = j—1. The vertex v3 has the same definition
as given in Lemma [3.2]

e For (i,7) = (0,0), the edges (v, (1,0)) and (v3, (0, 1)) have weights wg ¢(0,0)/A(0,0)
and w1,1(0,0)/A(0,0) respectively. The edge (v2,v3) has weight wg1(0,0)/A(0,0)
and recall that when this edge is matched, the resulting graph is an Aztec diamond
of order n — 1 whose weighted number of matchings is equal to Zn_1.

A(r, s) (as opposed to

The above edges (v, (2k+1,0)) and (vs, (0,2l +1)) are a consequence of the auxiliary edges
— they are the resulting edges after applying urban renewal (n? times), removal of pendant
edges and edge contractions. After matching the edges (ve, (2k+1,0)) and (vs, (0,2141)), the
number of weighted matchings on the remaining graph is equal to ZNn,l(k, l). By following
the computation detailed in Lemma to find with the edge weights found above, we
obtain (4.7)).

g

4.2. Proof of Theorem The proof of Theorem follows the same steps as the one
for Theorem Generalizing the proof to arbitrary a requires no new ideas, but rather
increases the complexity and amount of bookkeeping required:

e we first find the boundary recurrence relation (without the Kasteleyn orientation)
which is the analog of Lemma [3.2] for biased tilings using Section

e From this boundary recurrence relation, we find the analog of Lemma which is
given in Lemma [4.4]

e We next find the analogs of Lemmas [3.5] and which are given in Lemma

and [4.6]
e Finally, we use the above lemmas to give the proof of Theorem

Let Z,(r,a) denote the partition function of an Aztec diamond of size n with weights r
and ra for horizontal and vertical edges respectively. Let Z(i, j,r,a,n) denote the number
of matchings of an Aztec diamond of size n with weights r and ra for horizontal and vertical
edges respectively with the vertices (2¢ + 1,0) and (0,25 + 1) removed from the graph.
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Lemma 4.3. Fori,j € {0,1,...,n— 1} we have

Z(1,7,1 Z(t—k,j—1,1 -1
(17]7 7(1,71): Z ak+l (Z ) J ,L,a,n ) a

4. T .
(4.9) Zn(1,a) Zn-1(1,a)(1 + a2) + 1+ g2 6)=(00),n21

k,le{0,1}
(i—k,1—k)#(—1,—1)

and Z(i,3,1,a,n — 1) = 0 unless both i and j are in {0,1,...,n —2}.

Proof. By using Lemma[4.2] (i.e. set woo(k,1) = wi1(k,1) =1 and wo1(k,1) = wio(k,l) = a
for all 0 < k,l <n —1) and in particular from (4.6|), we have

1
Zu(l,a) = (1+ )" Z,, <1+2>

and by applying a gauge transformation which multiplies all the white vertices by 1 + a? we
have

Zn(1,a) = (14 a*)"Z,1(1,0).
where Zy(1,a) = 1. For Z(i,j,1,a,n), from (4.7), we have that
yon2 qi—kH—j
. _ n
Z(i,4,1,a,n) = (1 +a”) Z Oty
ke{i—1,i}

1
Z (k?, [ Tra %"~ 1> To<r<n—2lo<i<n—2

a 2 1
1 QTLZ— -
Tyt ”1<1+a2’a>

and we apply gauge transformations to both terms which multiplies to the white vertices by
1 + a? giving

Z(i,4,L,a,m) = (1+a*)"" Y a2 (k11,00 — 1) Tocgan—alo<icn-

ke{i—1,}
le{i—1}
+ 1+a 2(1+a ) Z _1(1,a)
We divide the recurrence for Z(i,j,1,a,n) by the recurrence for Z,(1,a) and rearranging
the summation, we obtain the lemma. ]
Let
n—1n— 1 Z 1 a, n A
Zy(w, b, a, z) ZZZ ‘7’ — I 'y "
n>0 1=0 j=0

which denotes the boundary generating function without Kasteleyn orientation for the bot-
tom and left boundaries where w and b mark the white and black vertices respectively while
z marks the size of the Aztec diamond.

Lemma 4.4.
az

(1 —2)(1+4 a2 — 2z(1 + wa)(1 + ba))
Proof. As given in the proof of Lemma we multiply (£.9) by w's/2z" and sum of 0 <
1,7 <n—1and n >0 and we obtain

z2(1 4+ wa)(1 + ba) z a
traz Wb T

Zy(w,b,a,z) =

(4.10) Zy(w,b,a,z) =
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which is the boundary generating function at the bottom and left boundary of the biased

one-periodic weighting of the Aztec diamond. Solving (4.10) gives the lemma. g
Let
(4.11) Hi9 (4, b) > K (21, 2nd), (2n], yo) )w wdib?™ Y2

1<z1<2n—1,271 mod 2=1
1<y2<2n—1,y2 mod 2=1

Lemma 4.5.

Gn(W, b) _ wlw%b2fn+1(w%b%)fn(w%b%)

C(wy, w2)
(1+ aib3) Hy"" + b2 (bm fa(B3wd) + (ai + bg)HS’La)
C(wy,w2)C (b1, b2)
| (10 + w2y wrwd S (Bud) + (1 + 1b3) Hp™ + b3 (ai + 03) Hy'
C(wy,w2)C (b1, ba)
where C(r1,19) = 1+ 1212 + ai(r2 4+ r2) and H" = H""(w,b) defined in (£.11)).
Proof. We follow the proof of Lemma but replace K by K, defined in and replace

K1 by K, 1. This results in setting i to ia and HY to H,i,j,a in the proof of Lemma
O

+ (1 + iaw)

Lemma 4.6. Fori,j € {0,1}, we have

Hi9%(q,b) = F"I (w, b, o' ~20(1=-)=i1=1))
where Hy"(w,b) is defined in (£11) and Fr’(w,b,a), Byt (w,b,a™ 1), Fa(w,b,a™t) and
Fﬁ’l(w,b,a) are given in equations (4.2)), (4.3)),(4.4) and (4.5) respectively.

Proof. The computations for (i,7) = (0,0) and (¢,5) = (1,1) are analogs of Lemma
using the same Kasteleyn orientation but using the boundary generating function (without
Kasteleyn orientation) from Lemma instead.

For (i, j) = (1,0), we cannot use the boundary generating function computed in Lemma/4.4]
directly — we need to interchange the vertical and horizontal edge weights so that we can
use our previous computations (this interchange accounts for the top leftmost edge having
weight 1 while the bottom leftmost edge having weight a). Consider an Aztec diamond with
all horizontal edges having weight a and all vertical edges having weight 1. By the above
notation, its partition function is Z,(a,1/a) and the partition function when removing two
vertices (2i + 1,0) and (0,25 + 1) is given by Z(i, j,a,1/a,n). By multiplying all the white
vertices by 1/a, we recover an Aztec diamond with horizontal edges having weight 1 and
vertical edges having weight 1/a. Because there is one less white vertex in Z(i,j,a,1/a,n)
that Z,(a,1/a), this gauge transformation leads to

Z(ij.a,1/an)  1Z(i.j,1,a" \n)
Zn(a,1/a)  a  Zy(1,a71)
From the above equation, we compute the boundary generating function for Z (i, j,a, 1/a,n)/Z,(a,1/)
(i.e. set a to 1/a and multiply by 1/a in Lemma . From this boundary generating func-

tion, we follow the proof in Lemma for the Kasteleyn orientation and change of variables
and we recover (4.3). A similar computation holds for (i,7) = (0,1).

0
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We now give the proof of Theorem [4.1]

Proof of Theorem[{.1 In Lemma we found the expressions for Hj7(w,b) for all 4,j €
{0,1}. We substitute these expressions for Hy”"(w,b) into the formula given in Lemma

which gives the generating function for K '.
O

5. ¢*°' WEIGHTING

As mentioned in the introduction, it is possible to associate a discrete stepped surface
to a covering of the Aztec diamond. This function is called the height function. The most
concrete way of viewing the height function is as the surface of a certain stack of blocks,
called Levitov blocks [23] 24]. One can construct an edge weighting of the Aztec diamond in
several ways, so that the contribution from each covering is proportional to ¢ {Levitov Blocks}
- that is, adding a block to a covering multiplies the weight of the covering by q. Concretely,
this means that for each face, the product of the edges parallel to es divided by the product
of edges parallel to e is equal to ¢ or ¢~ ', depending on the parity of the face. Such a choice
of weightings is not unique, and we refer to any such choice as a ¢*°' weighting of the Aztec
diamond. For technical reasons, we make use of two such weightings here.

We call the weighting ¢ to be the choice of weights where all edges parallel to e; have
weight 1 and the edges parallel to es have edge weights organized in columns given by
aq®®, aq' 72", aq® 2, ..., aq " reading from left to right — see Figure [8 We let K., denote
the Kasteleyn matrix with ¢° weights and its entries are given by

1 y—x = =Fep
—2n+x1—1; —
. aq 1 y—x=¢€2
(51) Kcol(xa y) - aq2n—f€1i Y—T = —ey
0 otherwise

where = (z1,22) € Band y € W.
Theorem 5.1. The entries of the inverse of Ko are given by

Kfl(l, ):{ fl(x7y) Z.fl‘l<yl"i‘1
col 1 fi(z,y) + folw,y) o1 >y +1

for x = (x1,22) €W and y = (y1,y2) € B, where

i (mzrtzatyr—y2+2)/2 g (4+dn—a1+zr —y1—y2)(z1—22—y1+¥2)/4
fi(z,y) = (2r1)? /n / dz dw
Fl/a,q Ty
(5.2) - -
wY1/2 Hii/of (Z + aq—Qk—H-yQ—l) HZ;BCQ/ - (azq2k+:c2+3—y2 _ 1)
Z($1+1)/2(w — Z) ’(69220*1)/2(10 + ank*l) Hz;éy2+1)/2(awq2k+2 _ 1)
and
(21-11-3)/2/ . _onta,—4—2k\ TT(®2—v2—3)/2 . 9n—z,+4+2k
fa(w,y) = ==0 (g 5 .) b=t 1 / dw
Ti n

1/a,q

2-1 —2k—1+ys— —z2/2-1 _
a2 LI (w ot aq ) [T (qwg?hr i — 1)

1320 V7w + ag2) [GZg™ 2 (awg22 — 1)
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FIGURE 8. The two ¢"°! weightings used in this paper for Aztec diamond of
size 3. The figure on the left is ¢
the ¢1128,

col

weighting and the figure on the right is

n
1/aq
1/(ag*),. .., 1/(ag*™) which does not intersect with Ty.

where Iy is a contour surrounding the origin and T’ is a contour surrounding 1/(aq?),

When ¢ = 1, we recover the double contour integral form for K1 of a one-periodic
weighting of the Aztec diamond with edge weights 1 and a for the horizontal and vertical
edges. Unlike the formulas for the one-periodic case (Theorems and , we were unable
to find a generating function form for K C_O% However, we believe that Theorem is written
in the most suitable form for asymptotic computations — one can apply the saddle point
analysis to compute both local and global behavior of the model.

The rest of this section is organized as follows: similar to the proof of the one-periodic case,
we first derive the boundary generating function for a gauge equivalent weighting of the ¢!
weighting. From this boundary generating function, we show how we can obtain coeflicients
of the boundary generating function of the ¢°! weighting. Unlike the one-periodic and two-
periodic cases, we do not derive K;j directly from the expansion of the boundary generating
function. Instead, we guess a formula for KC_O% which is outlined in Section We then
prove that this guess is correct in Section

5.1. Boundary Generating functions on the top and right boundaries. We focus
on extracting the coefficients of the boundary generating function for ¢°! weights on the
top boundary (the white vertices (2k — 1,2n) for 0 < k < n — 1) and the right boundary
(the black vertices (2n,2k + 1) for 0 < k < n — 1). For the rest of this section, label
the white vertices on the top boundary 0 to n — 1 with the label ¢ representing the vertex
(2n — 2i — 1,2n). Similarly, label the black vertices on the right boundary 0 to n — 1 with
the label j representing the vertex (2n,2n — 1 — 2j).
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Although we can find a boundary recurrence relation for the ¢°! weighting, it seems
intractable (to us at least) to find an explicit solution. This inconvenience can be bypassed
by working on another (gauge equivalent) choice of ¢"°! weighting.

We let ¢128 be the ¢*°' weighting where all edges parallel to e; have weight 1 and all
edges parallel to es on the top and right boundary have weight a. Because the ¢4#8 weight-
ing is a ¢*°' weighting which has all horizontal edges equal to 1, this choice of boundary
weights uniquely determines the remaining edge weights — see Figure @ Let Kgiag denote

the Kasteleyn matrix for the ¢418 weighting. Its entries are given by

1 y—x = =Fep
. o —2min(n—x1/2,n—(x2+1)/2) o —
) iagq Yy— T =ey
(5.3) Kding(z,y) = iag2min(n—a1/2=1n—(@241)/2)+1 o 4 — e,
0 otherwise

where = (z1,22) € Band y € W.

Lemma 5.2. The gauge transformation from the ¢° weighting to the ¢V weighting is given
by multiplying the white vertices y = (y1,y2) by ¢(w2—y+1) /2)? if yo > y1 and ¢t/ 4f
y1 > yo and multiplying the black vertices x = (x1,x2) by q ~((w2—21+1)/2) if x1 < 29 and
q@r—22=1/2 i g > gy,

Proof. Consider the ¢°°' weighting with the gauge transformation described in the lemma.
Label this gauge transformation g so that g(v) represents the gauge transform which multi-
plies the vertex v by g(v).

From the above gauge transformation, for x = (z1,z2) € B, we compute a new Kasteleyn
matrix, labeled K which is given entry wise by Keoi(z,9)g(x)g(y) where y € W is a nearest
neighbor vertex to . We find that for x1 < x9, the entries of this new Kasteleyn matrix are

L4 Kcol(x,x —+ el) q —((wa—z1+1)/2)2 q((];Q_xl_l’_l)/Q)Q _ 1’
® f{col(ﬁﬂ,fﬁ —e1).q —((z2—21+1)/2)? ((1’2—901-1—1)/2)2 —1,
o Koo, + eg).q~((2mot1)/2)° ((12—3514‘3)/2)2 — ag®~ 1721 and
o Keol(w,@ — eg).q~ (2t 1)/2)7° q<<w27wrl>/2>2 g,
For x = (x1,x2) € B, we similarly compute Ko (,y)g(z)g(y) for z1 > 2 and we obtain
* Rcol(x T+ e).qlr22 /2 —(@—wat1)/2 —
4 Kcol(CU T — 61) q(xl 952"‘1)/2 —(z1—z2+1)/2) _ =1,
° Kcol(x x+e2) (z1— x2+l)/2 —(z1—z2—-1)/2 _ aqm 2n1 and
i Kcol(l' w—eg) (21— m2+1)/2 —(z1—22+43)/2 _ aq2n711 1
Using (5 , it follows that K is equal to Kgiag- 0

We now write out the partition function and boundary recurrence for the ¢"°! weighting of
the Aztec diamond. The latter recurrence will be written in terms of the vertices on the top
and right boundaries, whereas in Section we considered a recurrence with the bottom
and left boundaries. To fix this, we work with the faces with centers having coordinates
(2n — 2k —1,2n — 2] — 1) and interchange wp 1 and wj o for an Aztec diamond of size n for
the remainder of this section. That is, the edge weights around a face whose center has co-
ordinates (2n—2k—1,2n—2[—1) are given by wo o(k, 1), w1,0(k,!), wo,1(k,1) and wy 1 (k, 1) for
0 < k,l <n—1 where we have used the same labeling procedure as given in Section (i.e.
the weights correspond to the edges ((2n —2k —2,2n—21—1), (2n —2k —1,2n —21)), ((2n —
2k—1,2n—-2l),(2n—2k,2n—21—1)),((2n—2k—2,2n—2l—1),(2n—2k—1,2n—2[—2)) and
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((2n—2k—1,2n—21—2), (2n—2k,2n—20—1))). With this notation change, let Za"%(b, a, q)
denote the partition function of the Aztec diamond with weights

w()’o(k, l) = b, wl,O(k, l) _ aq*2min(k,l)’

5.4 ,
( ) wo1 (k, l) _ aq2m1n(/€,l)+1 and 1U171(k‘, l) -

for 0 < k,l<n-1,1ie. Zgiag(b, a,q) is the partition function of the ¢%1# weighting of an
Aztec diamond of size n. Let Z9*(b, a, q) be the partition function of an Aztec diamond of

size n — 1 whose faces have edge weights
wo,o(k,1) = b, i o(k, 1) = ag~2mnkD)

5.5 .

for 0 < k,1 < n — 2. We denote Z%22(i, j, a,q,n) to be the partition function of an Aztec
diamond of size n whose edge weights are given by with b = 1 and where ¢ and j
denote removing the vertices (2n — 2i — 1,2n) and (2n,2n — 2j — 1) respectively from the
graph. We denote Z928(i, j,b,a,q,n — 1) to be the partition function of an Aztec diamond
of size n — 1 whose edge weights are given by where ¢ and j denote removing the
vertices (2n — 2i — 3,2n — 2) and (2n — 2,2n — 2j — 3) respectively from the graph. We
set ZY28(4, 4 a,q,n) = Z9%8(i, j c,a,q,n) = 0 if either i or j (or both) are not contained in
{0,1,...,n—1}.

Lemma 5.3. We have that Z9%8(i, j, a, q,n)/Zgiag(l, a,q) satisfies the following recurrence

Zdiag(iaja a, g, Tl,) — qi+j+1 Z akJrl Zdiag(i - k?] - lv aq,q,n — 1) + aH(iJ):(O,O),nZl
di di 2
anag(L a,q) (k,1)e{0,1} (1+ a2q)an%(1, aq, q) 1+ a%q
(likzjfk)
#(_17_1)
Proof. We first compute the recurrence for Zgiag(l, a,q) and then compute the recurrence
for Z4(i, j, a, q,n).
For Z$%8(1,a,q) we compute the urban renewal factors and using the notation from
Section 1] we find

A(k, 1) = wo ok, w1 (k, 1) + wo (k, Dwio(k,1) = 1+ a’q

for all 0 < k,l < n — 1. Because of the change in notation from Section [£.1] the edge
weights under the deformation of the Aztec diamond of size n to an Aztec diamond of
size n — 1 as detailed in Section are equal to woo(k + 1,1)/A(k,1), wio(k,1)/A(k,1),
wo1(k+1,14+1)/A(k,1) and wy 1 (k, [4+1)/A(k, [) around the face whose center has coordinates
(2n — 2k — 3,2n — 2l — 3). Comparing with , we have

wrs(k+ (1 —7),l+8) =W, s(k, 1) A(K,1)
for r,s € {0,1} and so we use (4.6]) to obtain

(5 6) Zgiag(Lan) _ Zdiag 1 a q
. (1+ a2q)™* L\ 1+ a2¢’ 14 a2¢’
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As all the edge weights on the right-hand side are divided by 1 + a’q, we apply a gauge
transformation to ng‘ig (+) on the right-hand side of the above equation which multiplies the
white vertices by (1 + a?q). As this term encodes n(n — 1) white vertices, we find

di
anag<17 a, Q) o Zdiag 1
(1+a2q)n - n—l( 70/7Q)

Setting a — aq~! gives

751, a, ~ 3 B

(5.7) (1+(agq)3) y = Z0"%(1,aq7", q)
a—raq

To the right-hand side of the above equation, we apply a gauge transformation which mul-
tiplies the white vertices at (2n — 2i — 3,2n — 2) by ¢'* for all 0 < i < n — 2, the black
vertices at (2n — 2,2n — 25 — 3) by ¢’ for all 0 < j < n — 2 and the remaining black and
white vertices are multiplied by the appropriate factor so that all the horizontal edges have
weight 1 (that is, multiply each white vertex (z1,z2) by ¢®2=#1=1/2 and each black vertex
(z1,22) by ¢®1=%2=1/2). Due to the overall multiplication factor of this gauge transform is
q°, we find that

(5.8) 2% (1,007t q) = Z3%(1,a,q)
and after substituting (5.8)) into (5.7)) and setting a — aq on both sides in (5.7)), we find
(5.9) Z°%(1,a,q) = (14 a*q)"Z,, " (1, a4, ).

We now find the recurrence for Z42&(i, j, a, q,n) following similar transformations used
in computing the partition function recurrence. To make the computations simpler, we will
divide through by (1 + a?¢)"~! and set a — ag~! and so we will compute a relation for

z498 (i, j,a,q,n)
(1 +a2q)!

(5.10)

arraq—1!

For the above equation, we use (4.7]) but as the formulas are rather long we shall treat each
term of the right-hand side of (4.7]) separately. Substituting the first term on the right-hand

side of (4.7) with the ¢3¢ weighting into ([5.10)), because wq 1(0,0)/A(0,0) = aq/(1 + a%q)
(5.11)

o~ 1 a 5di - di
1 2 \n? nZdlag — qzd%a8 1 _ qz%88
aq(l+a"q) 1\ T3 a2 ThaZg'd et aZ,*t(Laqg™",q) = aZ,”(1,a,q)

where the second line follows from the gauge transformation multiplying all n(n — 1) white
vertices by (1+a?q) as given computed in followed by setting a — ag~" while the third
line follows from . Substituting the second term on the right-hand side of with
the g% weighting, we find that because wo 1(r, s) = ag for all 0 < r < n — 1 provided s = 0
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and for all 0 < s <n — 1 provided r = 0, the second term of ({5.10) is equal to
(5.12)

2 Z (aq)" FH71 1 a
= (1 + a2q>n et WZ & k? l7 PP ) , 4, — 1 I[ng,lgn72
kel (1 + a?q) 14 a?q¢’ 14+ a?q
le{i—1.5}

= Z (aq) 771 2998 (k, 1,1, 0, ¢,n — 1)To<k i<n—2
ke{i—1,i}

= Z ai_k-'—j_l <Zdiag(k7 la 17 a,q,n — 1)H0§k’,l§n72

1

a—aq~
aHaq_1>

ke{i—1,i}

le{i—1.5}
_ Z qk+l+1aifk+jlediag(k’ la,q,n— 1)H0§k,l§n—2

ke{i—1,i}
where the first line to the second line follows from using apply a gauge transformation which
multiplies the n(n — 1) — 1 white vertices by (14 a?q). The third to fourth line in the above
block of equations is due to the gauge transformation used in ([5.8)) which is be seen by the
following: Z%42&(k.1,1,a,q,n — 1)]gsaq—1 has the same weights as ZSE‘%(I, aq ', q) with the
vertices (2n — 2k — 3,2n —2) and (2n — 2,2n — 2] — 3) removed from the Aztec diamond. We
apply the same gauge transformation given in (5.8) and the factor ¢***! compensates for
these two removed vertices. Using (5.12) and (5.11)), (5.10)) becomes

ZY%8 (4, j,a,q,n)
(14 a2q)n1

n—1
a—aq~! ke{i—1,i}
le{j—1,5}
We set a — aq on both sides of the above equation and divide by the partition function
recurrence given in (5.9). A change of summation index gives the result.
O

Following the steps outlined in Section [3] we now find the boundary generating function
(ignoring the Kasteleyn orientation) for the ¢¥# weighting of the Aztec diamond. Let
G?\}%g(w, b,a,q) denote the two variable boundary generating function for the ¢41& weighting
of an Aztec diamond of size n, that is

n—1n—1

G%%g(wv b,a,q) = Z Z
i—0 j—=0

Zdiag(ivjv a, dq, n)

diag wibj
Zn"*(1,a,9)

For this generating function, the variable w marks the white vertices and the variable b
marks the black vertices.
We also let

o0
Gyr(w,ba,q,2) =Y GyE(w,b,a,q)",
n=0

arraq—1

=4q Z qk+lai7k+jilZdiag(k7 l7 a, q, n_l)ﬂogk,l§n72+a di_ag(lv a, q)
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which denotes the three variable boundary generating function for the ¢4#¢ weighting of the
Aztec diamond. For this generating function, the variables w and b mark the white and
black vertices respectively, while the variable z marks the size of the Aztec diamond.

Lemma 5.4. The boundary generating function for the ¢12& weighting of an Aztec diamond
of size n is given by

-1 . ;
Gdiag(w b.a ) . nz: aqz—H v q<1 + q2k+1ab)(1 4 q2k+1aw)
NE\W,9,0:q) = T+ g¥Ha? L 1+ a2q2k+1

Proof. Multiplying the recurrence relation given in Lemma by w't/ 2" and summing over
n>0,0<i<n-—1and 0<j<n—1 we obtain

2q(1 4 abq)(1 + awq) =diag

aq z
1+ a2q GNE (wqa bqaa’Q7Q7 Z) +

1+a2ql—=z2

(513) é(]i\ifaEg<w7b7a7qaz) =

The above equation is a recurrence for the ¢48 boundary generating function. To solve this
—diag
recurrence, we let F'(w,b,a) = Gng(w,b,a,q, z),

2q(1 + abg)(1 + awgq)

b =
R(w7 7a) 1 + a2q )
and
__ 4 =
Sla) = 1+a2ql -2z
This means, we rewrite (5.13]) as
(5.14) F(w,b,0) = R(w, b,a)F(qu, b, qa) + S(a)

By applying the recurrence relation ((5.14)) iteratively we have
o) 00 i—1
F(w,b,a) = H R(wq",bq",aq")F(0,0,0) + Z S(aq") H R(wq', bq", aq")
i=0 i=0 k=0
The first term on the right-hand side of the above equation goes to zero by choosing zq < 1,
and so we obtain
e 00 i—1
__dia , S
Gyp(w,ba,q,2) = > S(aq’) [ | R(wd', bq', aq’).
i=0 k=0
To obtain the lemma, we extract the nt” coefficient of the above equation which is computed
using the fact that

i—1 i—1

H R(wq',bq', aq") = 2* H (1 + a2¢?++1)
k=0 k=0

and

A agtl &
1\ n
S(aq’) = 1+ a2q2itt > "
n=1
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Let Z°(a, q) denote the partition function of the Aztec diamond with ¢°°' and Z¢°'(i, 5, a, ¢, n)
denote the partition function of the Aztec diamond with ¢ weights with vertices (2n —2i —
1,2n) and (2n,2n — 1 — 2j) removed.

Lemma 5.5. ForOSi,j<n—1 n € N and a, q>0wehave

ZCOl(iajJ a,q,n _ / / l+l)2+j NE (w b a q) dw db
Z a,q) 27r1 o JTo wibI w b

Proof. The gauge transformation from the proof of Lemma [5.2] gives

i+1)2+j Zdiag(i j7a q, TL) _ ZC01<ivj7a7Q7n)
Zdlag(l a Q) Zrcbol(a’ q)

From Lemma the coefficient of w'd’ in G]\}%g(w, b, a,q) is equal to Z3?8 (i, j,a, q, n)/Zgiag(l, a,q)

and this is given by
/ / GVE(w,b,a,q) dw db
27‘(‘1 o JTo w'bI w b

5.2. Finding K C_O% . In this subsection, we explain how we guessed the formula for K(;} which
appears in Theorem The proof of Theorem appears in the following subsection. It
is a correct but somewhat unilluminating argument, since we essentially demonstrate that
the formula for K C_O% satisfies the equation K - K CO% I; the purpose of this section is to
describe the heuristics behind the guess that we made.

The first step is to rewrite the formula given in Lemma as a double contour integral

formula where the contours of integration are given by I'g and I'}! g’ We found that

ZCOl(i,j,a,q,n) 2+Z+_] 21 dwd
Zg a, q) (2mi)? /1“0 / » v

H —2k 1+2(n—j— 1)+Z
(w — z)z— an J— 1( 2k=1 4 ) k:O( 1 4 awq?k+2)

We guessed (5.15)) using the following;:

e we knew that such a formula holds in the case when ¢ = 1 by comparing the formulas
for the absolute value of the inverse Kasteleyn matrix on the boundary given in Sec-
tion [4] and [7] which writes the formula for the inverse Kasteleyn matrix as a double
contour integral formula. We compared the absolute values due to different Kaste-
leyn orientations. We also found a direct computation between these two formulas
however, we were unable to extend this computation when ¢ # 1.

e From Lemma we had an approximate structure of the formula: for example,
each g appears as ¢2**1 for some k.

e We guessed that the poles with respect to w split when g # 1 (because this occurs
for the lozenge tiling case— e.g. see Theorem 2.25 in [3]).

e We used small examples and the above steps to guess formula .

To prove (5.15) is correct, we setup a boundary recurrence relation for Z<°\(i, j, a, ¢, n)/Z (a, q)
similar to Lemma5.3|and showed that (5.15)) satisfied the boundary recurrence and its initial
condition.

q(

g

(5.15)
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We next found values of K_ ! by multiplying the sign from the Kasteleyn orientation to
equation and writing the formula in terms of the Kasteleyn coordinates. Due to the
q°°! Weighting having the same Kasteleyn orientation as the uniform case, the sign of the
boundary values of the inverse Kasteleyn matrix are the same. In the proof of Lemma [3.6]
we found that the sign of K ~1((x1,2n), (2n,v2)) is equal to —i'"/ T where i = (2n—1—x1)/2
and j = (2n — 1 —y2)/2. Multiplying by —i*/*! and setting i = (2n — 1 — 21)/2 and
j=(2n—1—y3)/2, we obtain

i(4n—x1 —y2+2)/2 (4+4n z1—y2)(z1+y2—4n)/4
Kcol ((l‘l, QTZ) (277,, y2)) = / / dZ dw
n To

(2mi)?
w" noo(z+ag ki ?)
z(:c1+1)/2(w —2) H,ﬁyiaw(w + ag?k—1) Hk_(()y1+1)/2(awq2k+2 _ 1)

We found KCOl (z,y) for all x € W and y € B by treating the entry-wise expansions of the

matrix equations K - KC_Ol =T and K CO% - K.q1 = T as recurrence relations whose initial
condition is given by K~ on the top and right boundaries which is given in the above
equation. Details on the reason why these two matrix equations give a recurrence relations

can be found in Section Bl

5.3. Proof of Theorem In this subsection we prove Theorem[5.1} As the computations
are particularly messy, we used computer algebra to help with the simplifications. We will
use the following notations: let (a;q), = H?:_Ol(l — aq') be the g-Pochhammer symbol. For
x = (z1,22) € Wand y = (y1,y2) € B, we set

g(w,z,2,y) = iw%(ylfyzfl)(_1)i(f:mfx2+y1+y2)zé(fw1+xzfl)
aqy272 .1 ) To—Yy2+3 .. 2
- -5 ) 2 |G z
X q_i(wl—:v2—y1+y2)(4n—$1+f62—y1—y2+4) < z ') 5 ( 1 1 )nf

(w—2z) (—q%,; q2) 1 (ypr1) (0€°W3 %) 2

w8

)

1
2

QQ(UJ, z, y) _ _(_1)%(7I1+$2—7y1—y2)i—l‘2+y2+lw%(—961+562+y1—y2—2)
ag¥2=2 1> T2—y2+3
- - ] z2 (@A w; z2
X qi(wl—mz—y1+y2)(—4n+m1—$2+y1+y2—4) ( w )5 ( 1 4 ) 2
_a. 2 2001 12
qw’q ) % y2+1) aq w;q )n—%?—i-%
and
§2(w,x7y) _ _(_1)i(7x1+1‘2—7y1—y2)i—$2+y2+1w%(—l‘1+x2+y1—y2—2)
__a .1 zo+3,,. o2
(516) 1 ( ?w’ q2> 172 (a’q w;q )nfﬂ%2

% q_Z(ml—zz—y1+y2)(4”—$1+r2—yl+92+4)
_ag7v27t 9 +2
( w9 ) Fet1) (g 2w; g?),, —Fts

Note that, by reversing the order of summation, we have

a 1 aqgY¥21
(5.17) <_2;2> - <_q;q2>
TW 9"/ (ya+1)/2 w (y2+1)/2
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We have chosen ¢; and go to be integrands of f; and f2 and g» to be the integrand of fo
under the change of variables w — wq¥2. This means that

1
(2771)2/” /F gl(wvzax)y)dZdw = fl(a:,y),
1/a,q 0

and

1 1

% gg(w,x,y)dw: 27_‘_71 92(w’x7y) dw:fg(a:,y)
szltfy?,q 1—‘711/6141

Note that we also have

(518) 92(w7xay) = — lim (w - Z)gl(w)szvy)

zZ—w

for x € Wand y € B.

Proof. Throughout the proof, we assign z = (x1,22) € B and y = (y1,y2) € B. To prove
Theorem [5.1] we have to verify the equation K, - L = I where we set

_ | filzy) <yl
L(l‘,y) - { fl(fl:’y) —|—f2(:1;‘,y) x>+ 1

where fi(z,y) and fa(x,y) are as given in Theorem and z = (z1,22) € Wand y =

(y1,92) € B.
We first expand out K.y - L entry-wise by using the definition of K, given in equa-
tion (5.1)). By comparing with the identity matrix, we want to verify the equation
(5.19)
(L(z+er,y)+aiqg” 7" L(z+ez, y)) 0 <ont+(L(z—e1,y)+aig”" " L(z—e2,y))02,50 = Oa—y

where z,y € B and the delta functions account for x is on the left or right boundaries of the
Aztec diamond. There are three cases to consider for , namely z; =0, 0 < 27 < 2n
and x1 = 2n.

For 0 < x1 < 2n, from we want to verify the equation

(5.20) L(z+e1,y)+ Lz —e1,y) + aiqxl*%*lL(:ﬂ +e2,y) + ati”*mlL(a: —€2,Y) = Oz—y

for x = (z1,29),y € B. We first consider the term g¢;(w, z,x,y) when substituted into the
left-hand side of the above equation. We find that after some simplification

(5.21)
gl(wvz7x + elvy) + gl(w,z,:c - elay) +aiq

x1—2n—1 2n—x1

gl(wv 2, & + 62,y) + Cqu

qZ

gl(w7 2, T — 627y)

w2y — 2) (—qiw; qz) Lyt (0@°W5¢%) w2 1

(-1) L(—z1—z24m +y2) 55 (~21+22-3) L (=221 (2n+a2—y2+2) +(z2+y1 —y2) (dntza—y1 —y2)+3 +4y1 —8y2 —4)
1
2

_ag272. 1 w2—yat+d,. o2 _ag27?. 1 T2—y2+2 . o2
( z q2) %(Iz-ﬁ-l) (aq %4 )n—%—% z q? %(wg—l) (aq 2y ) n—%—i—

1
2

X
z*qungl (qyg _ azqw2+2)71 q*yz (aqu + zq$2+1)71

=0

where the first equality follows from computer algebra simplification and the second equality
follows because we are able to factor the g-Pochhammer symbols in the third line, that is,



COUPLING FUNCTIONS FOR DOMINO TILINGS OF AZTEC DIAMONDS 39

the third line in the above equation is equal to

ag2”? 1 To—yotd . 2
() ey a2 i)y

1 aqfl z2+Y2 5 1 5
x (@7 (1T =————) 2 (¢ — ag’"™2) = ¢” (a¢” + ¢"72) (1 —ag” ™™ 72) | =0
It follows from ([5.21]) that

(5.22)  fi(z +e1,y) + filz —e1,y) +aig” " fi(x + e2,y) + aig® T fi(z — e2,y) =0

for x = (z1,22),y € Band 0 < 1 < 2n. Due to the method of computation, we note that
the above equation holds for any black vertices x,y, including vertices outside the Aztec
diamond.

To substitute the term g9 into the left-hand side of , we have to consider 1 = y;
and 1 > y1 + 2 for z,y € B separately due to the split definition of L For r1 2y + 2,

all four terms of go are present in the left-hand side of (5.20} - ) and using ) and (| -, it
follows that for z1 > y1 +2 and =,y € B

(5.23) fa(z + e1,y) + folw — e1,9) + aig™ "> fo(a + e2,y) + aig® " foz — ea,y) =0,
whereas, for z; = y;, we have that the left-hand side of (5.20)) reads

(5.24) Fa(z1 + 1,22 + 1), (y1,92)) + aig® ™ fo((z1 + L2z — 1), (y1,92))-

Using (5.16)), we write the integrand of the above equation using go. We find that this is
given by

(5.25)

(_1)i(yz—m)wé(wz—yr‘l)q%(y2(*4n+2$1*4)+$2(4n*2$1)+15*y§*4)

y2—1
(—aq 1q ) 1(gat1) (0@ T2W5 %) _va s

a 1 a 1
(a( ) ap-1 (aqx2+2 q2) on—wgt1 — wqT2T ( > m+1 (aqx2+4w;q2) nz21>> .
q? w’ q 2 q? w’ q 2

We simplify the second line of the above equation by expanding the g-Pochhammer symbols
and factorizing. This is given by

1
2

m‘,\,

xo+1 2 a 1 zo+d, . 2
—q¢T (14 a*q)w <_qw q) L(as1) (ag™*w;q )ni%ié.
Using the above simplification of ([5.25| , is equal to
1 (_1)i(ygfmz)w%(ngyng)qi(yg(—4n+2a}1—4)+x2(4n—2x1)+zg—y§—4)

— dw

2mi Jpn ag " “v2-t 210 2
(5'26) Fl/(aqy2)’q ( 4 ) %(y2+1) (aq?12+ w;q )n*y%+%

za+1 2 a 1 wo+4, . 2
X (q T (1+a%q) <q2w’ (]2) L(za—1) (ag™*w;q )nl‘;;>

We now compute the above integral for different values of zo and ys. First, notice that for
9 = Y2, (5.26)) simplifies to

1 —(1+a?
— dw (1 +4d%) =1
27i Jpn (ag==¥2 + w)(1 — ag®T¥2w)
1/(aq¥2),q
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To compute (5.26)) for other choices of z9 and y2, we write out the parts of the integrand
which contain w. This is given by

a .1
e T F) s (00

aqg”¥271 o 9 . 9
(_T’q 3 (y241) (ag>T2w;q%), v 1
x

) x2+4w; q2) ht2 1
= 2 2
w 2

2 2
3

r2—-9 n—2%2_3
_ Hk:20 w -+ aq—2k—2 Hk:02 214 aqz2+4+2kw

yo—1 n—Y2_1
Hk:20 w + aq72k72 Hk:02 21 + aqy2+2+2kw

where we have used to rearrange a g—Pochhammer symbol. For x5 < y9 which means
that o < yo — 2, there are no poles in above equation for w inside the contour F’f/(aq”)’q
and so is equal to zero. For xo > yo, the degree of the numerator of the above
equation in w is n — 1 while the degree of the denominator is n 4+ 1. Therefore, we move
the contour of integration of the integral in through infinity so that it now surrounds
{—aq™2, —aq™?, ..., —aq~¥271}. But from the above equation, the integrand of has
no poles at these points for xo > yo which means that is equal to zero. This means
we conclude

(5’27) fg((l'l + 1,29 + 1)7 (xlva)) + aiq2n7m1f2((x1 + 1,29 — 1)7 (xlva)) = 5x2:y2

for x = (z1,22),y = (y1,y2) € B. By our method of computation, the above relation holds
for 0 < z; < 2n. It follows from ((5.22)), (5.23)) and (5.27)) that we have verified (5.20)).
For 1 = 0 from (5.19) we want to verify

(5.28) L(z +e1,y) + aig® L(z — e, y) = 64—y

for x = (0,22),y € B. Due to the split definition of L, when we substitute the term fs into
the left-hand side of (5.28]), we are required to have y = (0,y2). Using (5.27)) with z; = 0,

we obtain
(5’29) f2((17 T2 + 1)7 (yh y2)) + aiq2nf2((17 To — 1)7 (y17 yQ)) = 5x:y-
When we substitute term f; into the left-hand side of (5.28)), notice that we have

J1((=1,w2), (y1,92)) =0

for we mod 2 = 0 because there is no residue at z = 0 in (5.2)) and as ([5.22)) holds for any
value of x1, we conclude that

(5.30) fillzy + Lo + 1), (21,92)) + aig® fi((z1 + 1,22 — 1), (z1,32)) = 0.

It follows from ([5.29)) and (5.30) that we have verified (5.28]).
For z1 = 2n, from (5.19) we want to verify

(5.31) L(x —e1,y) + aiqg 'L(x + ea,y) = 64—y

We first consider substituting in f; into the left-hand side above equation, which means we
consider

gl(wa 2T — elvy) + aiq_lgl(wv Z, T + e?vy)'
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for = (2n,x3). The above expression is equal to

g Y1zv2—l —wotvitys _ (p,_¥1,7)2_q L(—2n+aa—1) y2—2
w2 (-1) 4 q (n=5+1) z2 <_qi(m2—y2+2)2+1 (_aq . 1) eyt
2
a_ . 2 20000 2 z 2
(w—2) (—qw,q ) L (yot1) (0€°W3 ¢%) w2 1 q
Yy2—2 1

—otD 2 Lo —yo+t4)2 aq —yo+4 . 2

(ag™ 22 ¢%) nosytl = azqi(®2—v2t4) <—Z; 2) = (ag™ 2 ) nospd

where we used computer algebra to make the simplifications. In the above expression,
we select the terms that only involve z and factor them by collecting the appropriate g-
Pochhammer symbols which gives

(5.32)

T9—2n—1 _9
2 ag”? = 1 To—yot+d . 2

(wz)( z g2 ZQT_I(QQ z,q)%ﬂ

—l-z2+
% <_aqi(4+x2—y2)2 (1 + aq 2 y2> 5 q1+%(2+x2—y2)2 (1 N aq2+x2—yzz)>
z
w20 2ok B 4t 2k
_ _qi(8+x§f2xz(f2+y2)f4y2+y§) (1 + azq) ijo z + aq¥? Hk:02 1+ ag*t*2~¥2 z‘
2w — 2)

This means
(5.33)

1 _ .
271_7:.'- gl(w,z,x—el,y)+aiq 1gl(w,z,:v+62,y)dz = _QQ(wv'Zax_elyy)_alq 192(10,2,33—{—62,?/)

To

which is be seen by pushing the contour through infinity which picks up a residue at z = w
because from (with respect to z), the integrand in is a polynomial of degree
n — 1 divided by a polynomial of degree n + 1 for = (2n,x3), and using to evaluate
the integral. From , we compute the integral with respect to w over the contour I'} Jasq
to find for x = (2n, z3)

(5.34)  filz —e1,y) +aiq  fi(z +ea,y) = —fa(z —e1,y) —aiq ' fo(z + e2,y)
By the definition of L, for 2n = z1 > y1+2 (i.e. y1 < 2n—2) and z = (2n,x2),y = (y1,y2) € B
and using the above equation we obtain
L(z —e1,y) + aiq 'Lz + ea,y) = fi(z —e1,y) + fa(z — e1,y)
+aiq ' (fi(z + ez, y) + fo(z +e2,9) =0

For x1 = y1 = 2n, we have using , and

L(z —e1,y) + aiq 'Lz + ez, y) = fi(z — e1,y) + aiq L fi(z + e2,y)
= —foz —e1,y) — aiq ' fa(x + €2,y)
= fa(z +e2,y) +aifo(x —e2,y)
= Guy

for z = (2n,x9),y € B. Equations (5.35)) and (5.36) mean that we have verified (5.31)).
As we have verified ((5.20]) for 0 < z; < 2n, (5.28) for 1 = 0 and (5.31) for 1 = 2n, we
have verified (5.19)).

(5.35)

(5.36)

0
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6. Two-PERIODIC WEIGHTING

In this section, we compute the generating function of the inverse Kasteleyn matrix for the
two-periodic weighting of an Aztec diamond of size 4m. This is much akin to the parameter
a introduced in Section [4] except now there are two parameters, a and b, which decorate the
edges of the Aztec diamond in a checkerboard fashion described below. As remarked in the
introduction, one of the special cases of this model is equivalent to a different, uniform tiling
problem: namely, the so-called diabolo tilings of the fortress introduced in [27]. The dual
graph of the fortress is the square-octagon lattice with certain boundary conditions. This
model was the main motivation for this work.

Because of this periodicity, the problem becomes complicated in two ways: the recur-
rence relation increases in order, and the generating function becomes a vector of generating
functions. Finally, the relation which we solve in order to compute the boundary generat-
ing function involves a certain matrix multiplication which must be explicitly diagonalized
before the recurrence can be solved.

We begin, as before, by explicitly writing down the Kasteleyn matrix K to invert. In fact,
we will have two Kasteleyn matrices, K (for even-order diamonds) and K (for odd-order
diamonds); for brevity, we will only invert K, and that only for Aztec diamonds of order 4m.
But we will compute boundary generating functions for both K and K. These are generating
functions which give those entries of the inverses of K, K corresponding to two white and
black vertices on the boundary of the Aztec diamond. The boundary generating functions
appear in Lemma (6.1

The matrix K has rows indexed by black vertices and columns indexed by white vertices.
Due to the periodicity of the weights, we have two types of white and black vertices. We
denote for i € {0,1}

W; = {(x1,22) : (x1 +22) mod 4=2i+1,(x1,22) EW}
and
Bi:{(l‘l,.ﬁz) : (xl—l—xg) mod4:2i—|—1,(:1:1,:):2) EB}.

For an Aztec diamond of size n, we give weights a and b to the Aztec diamond in the
following way: if the size of the Aztec diamond is even, i.e. n = 2r, then the edge weights
around each face with center (2 + 1,25+ 1) for 0 <i,j < n — 1 are given weight a if (i + j)
mod 2 = 0 and weight b if (i+3j) mod 2 = 1. Conversely, if n = 2r—1, then the edge weights
are obtained from embedding the diamond in an Aztec diamond of order 2r. Figure [9] shows
this choice of edge weights.

Let K denote the Kasteleyn matrix for an Aztec diamond when n is even and K denote
the Aztec diamond when n is odd. We have

(a(1—1d) +bi ify=x+e,z€B,;
) (ai+b(1—19)i fy=ax+e,x€B;
(6.1) K(z,y) = ai +b(1 —1) ify=x—e;,z€B;
(a(l—i)+bi)i ify=x—e9,z€B;

and
ai 4+ b(1 — 1) ity=x+e,x€B;
~ ) (@i+b(1—1))i fy=x+e,x€B;
(6.2) K(z,y) = a(l —i) + bi ify=x—e,x €B;
(a(1—14)+bi)i ify=x—ey,x €B;
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F1GURE 9. The two-periodic weighting of the Aztec diamond with the pic-
ture on the left being an even ordered Aztec diamond and the picture on the
right being an odd ordered Aztec diamond. The edges surrounding each face
are given the same weight, denoted by the parameter in the center of each
face with the exception of the boundary of the odd ordered Aztec diamond,
where the edge weights are given by the adjacent parameter.

b

for x € Band y € W.

We now give the entries of K~! for white and black vertices on the bottom and left
boundaries respectively for K defined in and the size of the Aztec diamond is even. To
shorten the length of the formulas, we will write [i]s =¢ mod 2.

Lemma 6.1. For an Aztec diamond of size n, let n = 4m and let K denote the Kasteleyn
matriz given in (6.1). Let L(a,b,i,5) denote K~1((2i + 1,0), (0,25 + 1)) for the Kasteleyn
matriz with parameters a and b. We have

_ ittt
La,b,i,5) = 555
(a,b,i,7) (271)2 /Z|1 /le1

ml oL (a,b,w, 2)ak(a,b,w)al (a,b, z)

920ila+[j]2+1
E E - - dwdz
i/2]+1 2]+1
r=0 k,1e{0,1} w211 2172

where for 1 < i,5 < 4 we have gzj(a?b,w,z) = N, j(a,b,w, z) which is given in Appendix
and

(Bo(a, b,w))?" + (=1)*(B1(a, b,w))?"

aZ(a,b,w) = 4\/@@2+b2)(\/ﬁ\/(b4+a4)w+a262(1+w2))k
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for k € {0,1} with

(a2 + 1)y — (-1 BT+ aw + 20 (1 + w?) )
2ab(a? + b?)

Bi(a,b,w) =

Note that the expressions ag(a, b, w) and aq(a, b, w) are polynomials in w and the L(a, b, 1, j)
is a rational function in a and b.

It is clearly also possible to find the boundary entries of the inverse Kasteleyn matrix for
the size of the Aztec diamond equal to 4m — 1, 4m — 2 and 4m — 3, but we will not do so
here. The proof of the lemma is given in the next subsection. For the generating function
of K1, we need the following terms:

co(wr, wa) = 2(1 + a®) + a(wi + w;y*) (w3 + w;?),

2, —2 2 2 S R 2i
sio(wr, we) = —a (wy *wy” + wiw,?) — aiwi + aiw;” — 2a”,

2 2 —2, 2 2 -2 2(1—i
Sion (w1, we) = w3" ( a (w1w2 + witwy) + aiwi — aiw;? — 2a ( ”) .

for i € {0,1}. We set fp(z) = (1 —2™)/(1 — x) — the sum of a geometric series and we also
let for n = 2r and w = (wq,w2) and b = (b1, be),

d(w,b) = f.(wabd) fr (wibHbowy (a + wib? + w3b3(1 4 aw?b?))(wis + b3 — i(1 + w3b?))
+ (1 - iw%) wi tba(1 4 awsb3) + (w% — i) w2 b by (a + w%b%)) fr(w3b3)
dsides(w b)

) 414
— = f(wib
o (b1 ba) Jr(wiby)
where
dsidges(W,b) = So 0(11)17 wg) (a(b% — i)wibe + wlbz_l(l — ib%))
+ s1,0(w1, w2) ((b% D) wibdby + awibivy (1 — ib%))
(6-3) 2\, r2n—1 MA1r2 .
+ S0,2n wl, w2 (1 lb b + aw1b2 (bl 1))

+ s1,2n (w1, w2) (a(l — ibD)wibiba" !t 4+ wiviby T (b] — i)).

We denote the generating function of K~! for K defined in (6.1)) as

G(a,b,w,b) ZZK Ju”bY

z€W yeB
where w* = wlw3? and bY = b{'bY* for x = (z1,22) and y = (y1,y2).

Theorem 6.2. For an Aztec diamond of size n, the generating function of K~! for K
defined in (6.1) with b =1, n =4m for m € N, w = (w1, w2) and b = (b1, b2) is given by

Gla,1,w,b) = A=)
co(wi, wo)
(6.4—)’_ Z Z Z ik wl, w2 S, 1(52, bl) (($1, k:), (l, yZ))winbgz

1,j€{0,1} k,1€{0,2n} (z1,k)€EW; (I,y2)€EB; (wl’ w2) (b17 b2)
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where
—1 yp—1
K‘1<(x1,0),(o,y2>>=L(a,1,“‘2 2 >

K (@1,0), (2nw) = 20 e (L = PR R
(6:5) 1 +1

K~Y((x1,2n), (0,y2)) = i2n~1Hoi—we, (1,(1, 9”12 n— 3/22 ) and

1 1
K_l(($172n)7(2n,yz)> =1L <a717n - xl; , N — yQ;_ ) .

and L(a,b,i,j) is given in Lemma[6.1]

For the proof of this theorem, we are not able to follow the approach exactly as given in
Theorem because the relations K.K~! =1 and K 'K = I, while technically sufficient,
are not of a suitably nice form to allow any progress. Instead, we need to use two further
recurrences K* . K.K~' = K*I and K~ '.K.K* = I.K* where K* denotes complex conju-
gate transpose. These identities have an interpretation in terms of the discrete Laplacian
interpretation, see [20] — though this interpretation is only heuristically relevant here.

6.1. Boundary Generating Function. In this section, we find the boundary recurrence
relation and solve the recurrence. We rely on the computations given in Section 4.1l Because
we have a difference recurrence for each type of black and white vertex, we obtam a matrix
equation explaining the boundary recurrence. This matrix equation is also periodic. Due
to the nature of the computations, we had to rely heavily on computer algebra in this
subsection.

Let Zp(a,b,n) denote the partition function of an Aztec diamond of size 2n, whose Kaste-
leyn matrix is given by . Let Z p(a,b,n) denote the partition function of an Aztec di-
amond of size 2n — 1, whose Kasteleyn matrix is given by . Let Zy(i,j,a,b,n) count
the number of weighted dimer coverings of an Aztec diamond of size 2n with the vertices
(41 + 2k 4+ 1,0) and (0,45 + 21 4+ 1) removed, whose Kasteleyn matrix is given by but
omitting the removed vertices from the matrix. Let Zkl(z} J,a,b,n) count the number of
weighted dimer coverings of an Aztec diamond of size 2n — 1 with the vertices (4i 4+ 2k +1,0)
and (0,47 + 20 + 1), whose Kasteleyn matrix is given by but omitting the removed
vertices from the matrix. Note that we have the constraint that Zy; (i, j,a,b,n) = 0 if either
2i+k or 2j +1 (or both) are not in {0,1,...,2n—1} and Zy(i, j,a,b,n) = 0 if either 2i + k
or 2j + 1 (or both) are not in {0,1,...,2n — 2}.

We introduce the following generating functions: denote

oo n—1n—1

Gk’l(aa bv x, Y,z Z Z Z Zké; 27 C; Z n) xzyjzn

n=0 ¢=0 j=0

and

co n—1n—1

~ Zkle,abn)l-
Grla,bz,y,z) =) Y Y =20 Zr(a.bn) y 2"

n=0 1=0 j=0
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for k,1 € {0,1}. Let

G(a/’ b? ;E’ y’ Z) =

and similarly, let G denote the corresponding vector for Gl

Lemma 6.3. The boundary generating functions G and G satisfy the following recurrences

z

~ 1 1
(6.6) G(a,b,x,y,2) = A(a,b,z,y).G <2a7 %,x,y, z) + B(a)

1—=2

=, z

(6.7) G(e,d,z,y, z) = 2C(c,d, x,y).G(e,d, x,y, z) + D(c,d) 1
—z

Yy oz Ty
4%2 4%2 4a?2  4aZ

Afa,b,z,y) = | b g b dgb ) B(a) =
4itb 4%1) 4&11) iz

462 4b2 47 4p?

B
o o of-

d?> cdy cdr clry ol
1 d> cd cdv Ao 0
2+d2 | & cdy cd Ay and - D(c,d) = 0
d> cd cd 2 0

Cle,d,x,y) =

Proof. To prove the lemma, we will use Lemma[4.2]and the notation of Section [f.1]to compute
recurrences for Zp(a,b,n), Zp(c,d,n), Zg(i,j,a,b,n) and Zg(i,j,c,d,n) for s,t € {0,1}.
We first compute the recurrence starting with Zp(a, b, n) followed by the recurrence starting
from Zg (i, j,a,b,n) for s,t € {0,1} which will lead to obtaining (6.6). We will then compute
the recurrence starting from Zp(c,d,n) and finally compute the recurrence starting from
Zs(i, j, ¢,d,n) for s,t € {0,1} which will lead to obtaining (6.7).

We write the edge weights of the Aztec diamond encoded by Zp(a,b,n) using the notation
from Section[£.1] We find that the edge weights around the face whose center has coordinates
(2k + 1,20 + 1) are given by

N _Joa if(k+]) mod2=0
(6.8) wz,y(k’l){ b if(k+1) mod2=1

for i,j € {0,1} and for all 0 < k,l < 2n — 1 where w; ;(k,1) is described in Section For

the faces with coordinates (2k + 1,2l + 1) with 0 < k,1 < 2n — 1, the urban renewal factors
A(k,1), are given by 2a? if k 4+ mod 2 = 0 and 2b? otherwise for 0 < k,l < 2n — 1 and so

2n—1

[T Ak 1) = (4ab)*”.

k,l=0
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The edge weights under the deformation of an Aztec diamond of size 2n to an Aztec diamond
of size 2n — 1 as detailed in Section 4.1| are equal to

woyo(k‘,l—i-l) w071(k+1,l+1) wo,o(k?,l) wl’l(k:+1,l)
(6.9) { Alk,l+1) 7 Alk+1,1+1) 7 A(kl) 7 A(k+1,1) }
' [ {1/(2a),1/(2b),1/(2a),1/(2b)} ifk+1 mod2=0

- { {1/(2b),1/(2a),1/(2b),1/(2a)} if k+1 mod2=1

for all 0 < k,I < 2n — 2. These edge weights are the same edge weights as encoded by
Zp(1/(2a),1/(2b),n). From (4.6) in Lemma:m we conclude

2 5 1 1

(6.10) Zp(a,b,n) = (4ab)™™ Zp (2&’ 2b,n>

We now write the relation starting from Zg (i, 7,a,b,n) for s,¢t € {0,1} using and the
edge weights given in . Recall that Zg(i, j,a,b,n) corresponds to the partition function
of the Aztec diamond with weights given by with the vertices (4i 4+ 2s + 1,0) and
(0,47 + 2t + 1) removed. Using the notation from Section we write 29, (20 + 5,25 +t) =
Zst(i,7,a,b,n). We now list the contributions for 2271—1(‘7 -). Under the deformation of an
Aztec diamond of size 2n to an Aztec diamond of size 2n — 1 as detailed in Section |4.1
the edge weights are given by (6.9). This means that Zon_1 = Zp(1/(2a),1/(2b),n) and
Zon_1(-,-) can written in terms of Zy(-,-,1/(2a),1/(2b),n) where k,I € {0,1} while the
removed vertices need to be determined. By comparing all the different combinations of
Z~2n_1(-, -) given in , we find that for k,1 € {0,1}

5 = 1 1
(6.11) Zon-12i+s—k,2j+t—1)=Zy (7, —k(1—s),j—1(1—1), 2 2b,n>
a
From (6.8)) we also have
wor(2i + 5,0) 1 wp1(0,2) + 1) 1
6.12 : = d ’ =
(6.12) A2i+5,0)  2ai—=bs M TA@0,27+6)  2a-t0t

for p,r € {0,1}. We rewrite part of the sum in (4.7) under a change of summation, that is,
we write (i.e. setting i — 2i + s, j +— 25 + s and n — 2n in the last line of (4.7]) and ignore
the product of the urban renewal factors)

PO AR L LA LL AR Y SR
n— s <k,1<2n—

k€{2i+8—1,2i+s} A(Q’L + S? O) A(O, 2] + t)
le{2j+t—1,25+t}
— Z Wo k(1—s)+s(1—k) (28 + 8, 0) w1 _q(1—t)4¢(1-1)),1(0, 25 + 1)
k1€{0,1} A(2i + 5,0)A(0,25 +¢)
(i—k(1—s),j—1(1-1))
75(71771)

a

~ 1 1
X Zki (l —k(1—=s5),7—=1(1-1), 2a’ 2b’n>
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where we have used (6.11). Using the above equation and (6.12), for s,t € {0,1} we
write (4.7]) as

» _ (dab)> (. . 11
Zst(i, j,a,b,n) = Z WZM i—k(1—s),5—1(1 t)?%7%7n
k,le{0,1}
(iikvjflbé(*lv*l)

4ab)2* . 11
: 23 Zp <2a2bn> L(i.j,5,6)=(0,00,0)

We divide both sides of the above equation by Zp(a,b,n) and use (6.10) which gives

_l’_

Zst(i, j,a,b,n) Zy (i—k(1—5),7—11—t), %, %.1)  T5js=0000)
At 5 EEN

a
ZP(aa bv TL) k1e{0,1} 4(12_8_tbs+tZP (i, 25> ’Tl) 2a

For the recurrence equation given in the equation above, we multiply by z’y’/z" and sum
over the relevant quantities which gives
k(1—s), [(1—t)
~ x Yy z
Gst(av bamvyaz) = Z le(a7b7x7yaz) 4a2_s_tbs+t + 2@(1 _ Z)]I(S,t)Z(O,O)
k,e{0,1}

for s,t € {0,1} which is exactly equal to the row 2s +t + 1 of for s,t € {0,1}.

We write the edge weights of the Aztec diamond encoded by Zp(a,b,n) using the notation
from Section[£.I] We find that the edge weights around the face whose center has coordinates
(2k + 1,20 + 1) are given by

¢ if(i+j) mod2=1and (k+1) mod2=0

N _J d if(i+j) mod2=0and (k+!) mod2=0

(6.13) wij(k, 1) = d if (i+j) mod2=1and (k+1) mod2=1
¢ if(i+j) mod2=0and (k+1) mod2=1

for i, j € {0,1} and for all 0 < k,! < 2n — 2 where w; ;(k,1) is described in Section For
the faces with coordinates (2k + 1,21 + 1) with 0 < k,1 < 2n — 2, the urban renewal factors
A(k,1), are given by ¢? + d? for all 0 < k,I < 2n — 2 and so
2n—2 )
I1 Ak, D) = (2 +a*) =1
k=0
The edge weights under the deformation of an Aztec diamond of size 2n — 1 to an Aztec
diamond of size 2n — 2 as detailed in Section are equal to
’11}070(/6,1 + 1) wo,l(k =+ 1, [+ 1) w070(]€, l) le(k + 1, l)
Ak, l+1) 7 Ak+1,1+1) 7 Ak, 1) 7 A(k+1,1)
A/ +d?),c/(E+d%),c/(2+d*),c/(*+d*)} ifk+1 mod2=0
T {d/ (P +d?),d)(+d?),d/(? +d?),d/ (> +d*)} ifk+1 mod2=1
for all 0 < k,l < 2n — 3. These edge weights are the same edge weights as encoded by
Zp(c/(c? +d?),d/(c* + d*),n — 1). From (4.6) in Lemma [4.2] we conclude

> 2 2\ (2n—1)2 c d
ZP(C7d7n)_(C +d)( )ZP <C2+d2702+d27n_1>

= (A +d)*" 1 Zp(c,d,n—1)

(6.14)

(6.15)
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where the last line follows by applying a gauge transformation which multiplies all the white
vertices by ¢ + d>.

We now write the relation starting from Z(i, j, a, b, n) for s,t € {0,1} using and the
edge weights given in . Recall that Z(i, j, a,b,n) corresponds to the partition function
of the Aztec diamond with weights given by with the vertices (47 + 2s + 1,0) and
(0,45 +2t+1) removed. Using the notation from Section [£.1] we write Zo,_1(2i+s,2j+1) =
Zg(i,§,a,b,n). We now list the contributions for Zo,_s(-,-). Under the deformation of an
Aztec diamond of size 2n—1 to an Aztec diamond of size 2n—2 as detailed in Section [£.1], the
edge weights are given by (6.14)). This means that Zon—o = Zp(c/(E+d?),d/(E+d?),n—1)
and Zo,_o(-,-) can written in terms of Zy(-,-,¢/(¢? + d?),d/(c* + d?),n — 1) where k,I €
{0,1} while the removed vertices need to be determined. By comparing all the different
combinations of Za,_s(-,-) given in (7)), we find that for k,1 € {0,1}

5 . . , . c d
(6.16) Zop—2(2i+s—k,2j+t—1) = Zy <z—k(1 —5),7—1(1—1), T are" 1)

From (6.13]), we write out the edge weights that are found in the right-hand side of (4.7]).
These are given by

wo r<22 + s, 0) C(l—r)s+r(1—s) dl—((l—r)s—l—'r(l—s))

(6.17) A(2i+5,0) 2rd and
. wp 1(0, 2] + t) Cl—((l—t)p+(1—p)t)d(l_p)t+(1_t)p)
A0,25 +1) Ry

for p,r € {0,1}. We rewrite part of the sum in (4.7) under a change of summation, that is,
we write (i.e. setting ¢ — 2i + s, j — 25 + s and n — 2n — 1 in the last line of (4.7) and
ignoring the product of the urban renewal factors)

Z wo 2i+s—k (20 + 8,0) wit254+4-1,1(0,2) + 1) Z5 2(k, DIo<k.1<2n—3
n— ) SRS Zn—

ke{2i+s—1,2i+s} A(2i+5,0) A(0,25 + t)
le{2j+t—1,25+t}
- > Wo,k(1—s)+s(1-k) (20 + 8, 0)wi—a-1)+101-1),1(0,2] + )
6.18) = _ .
(619 k,l€{0,1} A(2i+5,0)A0,25 +t)
(i—k(1=s),j=1(1—t))
#(=1,-1)

) ) c d
< Zu (z—ku—sm—1<1—t>,62+d2,02+d2,n—1)

where we use have used (6.16)). In the above equation we have

(6 19) wO,k(l—s)+s(1,k)(2i + s,O) B ckdl—k
. A(2i + s,0) T 242

which is be seen by evaluating the cases for s = 0 and s = 1 separately and using (6.17]). We
also find

(6.20) wi—ga-n+a-a(0,2j +1) !
‘ A(0,25 + 1) T 2xd?
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Using (6.18)), (6.19)) and (6.20]) for s,¢ € {0,1} the recurrence in (4.7) is equal to

= ... c n—1)2 c d
Zitis jre,dm) = (e + d*) @ Zp (Cz T2 ere"T 1> L(i.j,5.6)=(0,0,00)
d2 k=l ket e . . c d

i Z e (c 2 4 @)1y <z—k‘(1—s),] _l(l_t)’c2+d2’02+d2’n_1>

k le{o 1}

(i—k,j—1)

#(71771)
=c(c® +d*)*" 7 Zp(c,d,n — 1)L j 5.5)=(0,0,00)
+ > PR (2 L 2227 (i — k(1 —s),j — (1 —t),¢,dyn — 1)

k,le{0,1}

(i—k,j—1)#(-1,-1)
where the last line follows by applying a gauge transformation which multiplies all the white
vertices in each expression by ¢?4d?. We divide the above equation by the partition function

recurrence given in ((6.15)) which gives

Zst(iajac>d7n) _ Z dQ_k_lck_H Zkl(i—k'(l—S),j—l(l—t),C,d,n—l)
Zp(a,b,n) i 2+ d2 Zp(ce,d,n — 1)
(iikfjfl)7é(71771)

C
t 2 g Hids)=(0000)

For the recurrence equation given in the equation above, we multiply by z’y/z" and sum
over the relevant quantities. This gives

ot Rkl ph(1=8) (1)
2 +d?

(74

(@ T B = ) =00

ést(a,@ﬂ?,yaz): Z le(a,b,m,y,z)
k,l{0,1}

which is exactly equal to row 2s 4+t + 1 of (6.7) for s,¢ € {0,1}.

+

Let
M(a7 b7 z, y) = A(CL, b7 z, y)C ((20’)717 (2b)717 T, y) A ((2(1)717 (Qb)ilv T, y) .C(CL, b7 z, y)
and define the vectors
Bi(a,b,z,y) = A(a,b,z,y).D ((2@)_1, (2b)_1) + B(a)
and
B2(aa ba x, y) = A(a7 b7 Z, y)C ((2&)_1, (2b)_17 €L, y) 'Bl ((QG)_lv (Qb)_lv €T, y) .
Lemma 6.4. For n = 4m, the n'* coefficient of z of the generating function G(a,b,x,y, z)
s given by
m—1
Y TAT '.(B; +By)
i=0
where (A, T') is the eigensystem of M(a,b,x,y). Explicitly, the eigenvalues of M(a, b, x,y)

are given by
)‘2i+j+l(a7 ba xz, y) = 52'(@’ b, x)Qﬁj(aa b, y)2
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and the eigenvectors are given by

(0?—a®)e—(-1)'vay/(a+bet+a?t (1+27) ) (6P —a?)y—(=1)7 Viy/ (6T (147))
@202 (T4 2) (L)
((B?=a?)e—(=1)'Vay/(al $b)rta?t(11a?)
V2i4j+1 = ab(1+x)
(12 —a?)y—(~1)7 i/ (@t 1)y +a?HP (L1?)
ab(1+y)
1

Although the above lemma does give the boundary generating function for a two-periodic
Aztec diamond, the expression is complicated. We believe that the expression given in
Lemma is more feasible for potential asymptotic computations.

Proof. From Lemma we have a generating function equation for G and G. We write
G(a,b,2,y,2) = zA(a,b,2,y).C ((2a) ', (20) "}, 2,9) .G ((20) 1, (20) ', 2,9, 2)
+ (A(a,b,z,y).D ((Qa)_l, (2b)_1) + B(a))

1-2
Apply the above equation to itself, we write

22
Baz(a, b, z,y)
—Z

Ga.b..y.2) = 2*M(a,b.2.4)G(a,b,2,9.2) + 7~ Ba(a.b.z.y) +
—Z
2

= ZF(M(a,b,z,y))". <1B1<a b,x,y) + 1Z B2<a7b,x7y)>
— -z
k=0

by using the expansion of a geometric series of matrices. The above equation can be solved
but it does not appear to give a tractable answer. As we are interested in the n'” coefficient,
we use the above expansion and the expansion of (1 —2)~! to find the coefficient of 2. This
is given by

,_n

a b z,y ) .(Bl(a,b,x,y)—l—Bz(a,b,:L’,y)).
k=0

The eigenvalues and eigenvectors of M can be verified by M.v = Av where A is the eigenvalue
for the eigenvector v. O

We now prove Lemma [6.1}

Proof of Lemma[6.1 From Lemma we write the n'” coefficient of G(a, b, z,vy,2) as

3

4
(6.21) > XA

% 7=1

I\
=)

where {\;}%_, are the eigenvalues of M(a, b, z,y) and X; are four column vectors which are
the coefficients of a; in the following expression

Fdlag (ab az, ag, CL4) 'F_l‘ (B]_(CL, b7 xz, y) + B2(aa ba z, y)) :
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where diag(ay, ag, as, as) denotes a diagonal matrix with four entries aq, . .., as. We rewrite (6.21))
as
) 1 1 1 1 A
m— .
v 1 -1 1 -1 )\12
o IR R s B B DY
k=0 1 -1 -1 1 A,
where
1 1 1 1
1 -1 1 -1
Y=[Xi X2 Xg Xa].| | | _, _,
1 -1 -1 1
A computation shows that for
1

VIV (0 + at)y + a?b?(1 + y?)
Voy/ (b2 + a)x + a2b2(1 + 22)
VI /(b + at)x + a?b?(1 + 22) 5/ (b + at)y + a?b?(1 + y?)

D; = 16ab(a® +b*)%diag

that

N(a,b,z,y) = Y.Dy
where N(a, b, z,y) is the matrix defined in (A.1)) and

aa(a b, x)ao(a b,y) 11 1 1 )\’i
a@(a b, x)al(a by) | _ D, ! 1 -1 1 -1 Ab
a’l(a b, m)aé(a by | 11 -1 -1 | Aj
ai(a,b,x)at (a,b,y) 1 -1 -1 1 Ay

where «; is defined in the statement of Lemma for j € {0,1}. This means that the
coefficient of z" in the expression G(a, b, z,y, z) is equal to
ap(a, b, z)ag(a, b, y)
ap(a, b, z)ay(a,b,y)
N80 ai(a,b,)ah(a,b.y)
aj(a, b, z)aq(a, b, y)

We extract the relevant coefficient of the above equation to find |L(a,b,,j)| which means
we now only need to compute the sign of L(a,b,1,j). Because the Kasteleyn orientation is
the same as the Kasteleyn orientation as the Aztec diamond with uniform weights, the same
computation from the proof of Lemma [3.6) holds. We conclude that the sign of L(a, b, i, j) is
given by —i*ti+1,

d

6.2. Generating Function of K ~'. For notational purposes in the proof, we write G =
G(a,1,w,b) and let

(6.22) Clwn= S K 'wywe =3 K (), y)bwiv]
r=(x1,02),T1=1,T2=] Y€EB
YEB
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where w” = witwy?, b¥ = b{'05?, for i € {1,2n — 1} or j € {0,2n}. As an abuse of notation,
for j € {0,2n}, we will also write

(6.23) Clocmy= 2. Gleuy= > > K '4)yp’wiw]

1<i<2n—1, 1<i<2n—1, y€B
i mod 2=1 i mod 2=1

and for ¢ € {1,2n — 1}

(624) G|x_ (i,x2) — Z G|x— (i,5) — Z ZKﬁl((%])?y)bywiw%
0<5<2n, 0<j<2n, y€B
j mod 2=0 j mod 2=0
We will also denote
Gloz(uy,j) = Z K~ (z,y)w"bY
zEW; 0<a1<2n—1,15=§
TEW;,yEB

for j € {0,2n} and i € {0, 1}.

The proof of Theorem has similar structure to the proof of Theorem albeit it is
slightly more involved: we have to use the additional recurrences derived from K*-K-K~! =
K* - Tand K~'- K- -K*=1-K*, where K* denotes the complex transpose of K.

Proof of Theorem [6.2. Recall that K* is the conjugate transpose of K which means that the
rows of K* are indexed by white vertices, the columns are indexed by black vertices and
the entries corresponding to vertical edges have sign —i. We remind the reader that K is
a sparse matrix: each row has at most four nonzero, one for each neighbor of the vertex
indexing the row.

Applying K* to both sides of the equation K - K~! = I, we obtain K*- K - K~ = K* 1.
To obtain the left-hand side of this equation, we have that K* - K is an operator on white
vertices with

(6.25) (K* - K)f(x) = E E K*(w,b)K (b, z) f(w)
w~b b~x
wEW bEB

where f : W — W, b ~ z,b € B means that b is a nearest neighbored black vertex to z and
w ~ b, w € Wmeans that w is a nearest neighbored white vertex to b. In the above sum, if the
coefficient of f(w) for w € W and @ # x, is given by K*(w,b1)K (b1, x) + K*(w, ba) K (be, x)
for by # by with by,be € B, then this coefficient is zero. This follows from the fact that K*
is the conjugate transpose of K, that K has the Kasteleyn orientation and the choice of
weighting. Because K and K* are sparse matrices, it is possible to expand the double sum
in to obtain an expression for K* - K f(x), taking care to include the boundary of the
Aztec diamond. To do so, we first list the possible choices for w in for the different
possibilities of x = (x1,x2) € W, where the first item in the following list corresponds to
x = (x1,x2) in the interior while the remaining items correspond to z = (z1,z2) close to or
on the boundary.

o If3 <z <2n—3and 2 < x9 < 2n — 2, the possible choices for w are x, x £+ 2e; and
T x 262.

e If z1 =1 and 2 < zo < 2n — 2, the possible choices for w are z, x + 2e; and = — 2es.

e If x1 =1 and xo = 0, the possible choices for w are =, = + 2e; and = + e; — eo.

e If x1 = 1 and xo = 2n, the possible choices for w are x, x — 2es and x + e; — es.
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e Ifx; =2n—1 and 2 < z9 < 2n — 2, the possible choices for w are z, z — 2e; and
T + 2es.

o If x1 = 2n — 1 and x9 = 0, the possible choices for w are x, x + 2e9 and © — e1 + es.

e If £1 = 2n — 1 and xo = 2n, the possible choices for w are x, x — 2e; and  — e + es.

e If 3 <21 <2n—3 and xo = 0, the possible choices for w are x, r + 2e1,x + 2es,
T+e —eyand z — e + es.

e If 3 <z <2n— 3 and x9 = 2n, the possible choices for w are x, x — 2e1,x — 2es,
T+e —egand T — e + eo.

For the last two items of the above list, notice that x + eo — e; and x + e; — e2 changes the
parity of the white vertex, that is z+ea —e1,x+e2—e; € Wi_; for x € W; for ¢ € {0,1}. From
the above list, we will evaluate the coefficient of f(w) given in for each possibility of
w. For example, if we set w = x + 2e1, from the above list we have 1 # 2n — 1 or x4 # 2n
and so the coefficient of f(w + 2e7) is equal to

K*($ + 2617 T+ el)lir(m +eq, m)5x1<2n—15502<2n = a(sx1<2n—1(sx2<2n

because K (z+e1,7) = a' =" and K*(x+2e1,x+e1) = a’ for z € W; and i € {0,1}. Continuing
for the rest of the choices of w in the above list, we find that the expansion of the double
sum in is given by
(K*K) f(r) =a(f(z + 2€1)0uy<200z; <2n—1 + f(T + 2€2)00y<2n0s1 >1
+ f(% — 2€1)02,500z,>1 + f(2 — 2€2)02,>000, <2n—1)
(6.26) +2 (14 a® — 83y=0(6zewy + a*0pewy) — Szp=n(aSzeny + duew,)) f()
+ aidg,—0 (—f(z +e2 —e1)dz,>1 + f(x +e1 — e2)0p <2m—1)
+ aidg,=on (f(z + €2 — €1)0z,>1 — f(x + €1 — €2)dz, <on—1)
Using we find that an entry of the matrix equation K*- K - K~! = K* .1 is given by
(6.27)
a(K ™! (x4 2e1, Y)0ay<2nbzy <2n—1 + K~ (2 + 2€2,Y) 00y <2002, 51
+ K@ — 2e1,9)62y5000,51 + K~ (2 — 2€2,9)62,5000, <2n—1)
+2 (1 +a® - L a25:cew1) - 6$2:2n(a25a:€w0 + 5a:ew1)) K_l(fUa Y)
+ aidp,—0 (—K Nz +e2 —e1,y)0p 51 + K (x + €1 — €, Y)0z,<2n-1)
+ aidpymon (KM@ + €2 — €1,9)0z51 — KNz + €1 — €2,Y) 0y <2n-1) = K*(651.—y(2))

for x = (z1,22) € W and y € B and where we denote

K*Gopmy@) = 3 K*(2,8)05y

T~x,TEB

where T ~ x means that Z is a nearest neighbored black vertex to x. A consequence of
is that it ‘moves’ the white vertices, that is, there is no change in the black vertices in the
above equation.

We multiply both sides of equation by w'bY = wilw;?b{'b5*> and sum over all
the white and black vertices of the Aztec diamond. We then rewrite each term of
using G(a, 1,w,b), an expression with white vertices on the top or bottom boundary and an
expression with 1 = 1 or 1 = 2n — 1. These terms can both be written using ,
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and (6.24). We give an example of this computation for the first term in (6.27))

Z WYKL (x + 2e1,Y)0zy <200z, <2n—1

TEW
y€EB
x -1
<Zwew,y€B - Zm:lﬂ»‘z#o =D 22=0 ) WbV K~ (2, y)
TEW,yEB TEW,yeB
wiws

. G— G’r:(l,mz) + G|m:(1,0) G’m— (1,0
- 2,2

wywy

The computations for the remaining terms in (6.27)) are given in Appendix Using the
above equation and the computations in Appendix we collect terms and we find that

(6.28)
(2(1 + a®) + a(w? + w; ) (w3 +wy*))G
1+ ws w?(1 4+ w3)
—a G‘x (1,22) <2) —a G‘z:(Qn—l,zg) <122

Wy

1+w; wi 1+ w; 1 9.
+aG|x:(1,0) <w%w% w*%—wl g +aGl,_ (1,2n) wiw? —w%w%+w1 1

wi (1 + ws3) _ wi(l +wy)  wl .
ta G‘x:(anl,O) <1w%2 — wiws + wfl) ta G’z— 2n—1,2n) (12 - wil —wii

+ Gloear0) (—a(wiwy? + wiwy?) — awii + aw)*i — 2)
TEWQ

+ Gla=(21,0) (—a(wf2w52 + wiwy?) — awii + aw;?i — 2a2)

TEW]
+ G|z:($1’2n) ( (w%wQ + w; 2w§) + aw%l — awai — 2a2)
TEW
+ G’CIEZ(CCLZII) ( (w%“b + wy 2“’%) + awfl —aw;y %i— 2 ZK* z+- y r))w'pY
TEW; TEW
yEB

We remark that the coefficient of G in the above equation is exactly cg(wi,wz). We also

remark that the coefficients of G|,_,, o) ey, and G| zew, i the above equation are

z=(x1,2n),
given by szo(wl,wg) and w2_ Sion (w1, we) respectively for i € {0,1}, where the latter we
divide by w3" because there is already a factor of w3" in G| o=(21,2n), 2N,

The terms Gl,_( .,y and G|,_,_;,,) involve white vertices away from the top and
bottom boundary. For both terms, we use the recurrence relation obtained K - K—! =1
to write these expressions in terms of the boundary vertices. For G| o=(1,z5)» We extract the
entry (z+ez,y) of K~1- K and compare the entry (z+ez,y) of I where z € W with z = (1, x2)
and y € B. This gives

_ 1 o
K 1(x+62+617y) = F(SLIZ—FQZZI_J‘K 1(.%',y)
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for x = (1,z2) € W; for i € {0,1}. We multiply the above equation by w;w3?b¥ and sum over
all the black vertices and the white vertices x = (1,z3). This gives
(6 29)

1
2
G|:c— 1,22) wz G|x— 1,0) Z Z al 7 0ztes—yW “pY -1 G|:c— 1,0 T3 G|x— (1,2n) *

i€{0,1} x1=1
ToF£2Nn,LEW;
yEB

Rearranging ((6.29)), we find that
(6.30)

o, . 1
Glo=(1,00) (w2 THi) = 2 Z 75““’2 y' b +wy? Gl 1,00 t 1 Glozion) -

1€{0,1} x1=1
T2 F#2n,TEW;
y€EB

Similar to the computation of G|, _ (1,22) given above, to compute G| we use

z=(2n—1,z2)
the recurrence relation

_ . 1 _
K 1($+€2+61,y)1:g(5x+61:y—K 1(ac,y)

for x = (2n — 1,x2) € W; for ¢ € {0,1}, which is derived from the entry (z + e1,y) of the
matrix equation K - K~! =1 with x = (2n — 1,22). We now repeat the steps that we used
in computing G|,_ (1,z5) for the computation of G | e (2n—1,05)- Lhis gives

(6.31)

1 9.
Gloz2n—1,29) (wy *i+1) Z Z E(SI"!‘el:ywxby—i_wQ i Glycon-1,0F Cloc@n—1.2n)
1€{0,1} x1=2n—1
ToF£2n,LEW;
yeB

From (6.30)) and (6.31)), we now have expressions for G|,—(; 4,) and G|,—(2p—1,4,) Which can
then be substituted into (6.28]). After doing this, we find that the coefficient of a G| 2=(1,0)
in (6.28) is given by

2 2 4

1+wj w3 2, wy(1+w;)
el wl Ty T e T
1ws 1 (wy * + 1)wiws

Similarly, we also find that the coefficients of a G|, _(; 9,y @ Gl,—2p—1,0) and @ G|,_ 0,1 o)
are also zero. This means we reduce - to

(6.32)

Cﬁ(wla wQ)G + Z 81'70(’[1)1, w2) G|x:(x1,0) + w2—2n Z 3i,2n(w17 w2) G’m:(ml,Qn) = dy (Wv b)
i€{0,1} TEW; i€{0,1} R

where we have defined

a(l + wh 1
dy (Wv b) = 3 2 Z Z F(sx—l-ez:ywxby

wiws (w2 16{0 1} z1=1
To#2n,rEW;
(6.33) yer
' a(l 4+ w3)w? 1 .
st 1D DI DI LSS D) SO
w (wQ i+ i€{0,1} z1=2n—1 TEW
ToA2n,TEW; yEB

yEB
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We evaluate d,,(w,b) in Appendix and we find that

dsides(“’: b) 414
———= fr(wib
and we refer the reader there for the details of the computation.

To find G/(a, 1,w, b) in the above equation ([6.32)), we need to find expressions for G|,— (4, 0) zew;
1-D

and G|y—(z, 2n),zew, for i € {0,1}. Thisis a very similar to the computation used to find ((6.32

dy(w,b) = d(w,b) +

and so we outline the main steps. First, we derive a relation in terms of entries of K~! from
an entry-wise expansion of the matrix equation K~!. K - K* = I . K*. This relation is
analogous to the relation given in but acts on the black vertices of K1, keeping the
white vertices of K~! fixed. To this new relation, we multiply both sides of the equation by
bY = b{'by* and sum over all y € B. We then apply the long simplification procedure that is
detailed above to find . We find that for a fixed = € W we have

cobi,b2) Y K7 a,yp? + D sjolba,b) Y KT, (0,2))b8

(6 34) yEB jE{O,l} y:(O,yg)EBj
+ Z SjVQn(bQ,bl) Z Kﬁl((]}, (2n, yg))ng = c;lb(w,b)
j€{0,1} y=(2n,y2)€B;

where

~ a(l+ b 1

db(l’,b) b2b2 b_ + 1 Z Z F&y—egzmby

eon, gl
(6.35) a(1 + b})b2 R J1
20 f OIED DI T AR Sy TN )
(1 1 je{0,1} y2=2n—1 yEB
y172n,y€EB;

where

K*(0y4-=2(y)) = Z K*(§,y)05=s
Yy, geW
where y ~ y means that ¢ is a nearest neighbored vertex to y. Note that can also be
obtained by symmetry using because the model is symmetric under the map w; — by
and wy — b;. We now choose z in ) to be either x = (21,0) € Wp, z = (371 0) € Wy,
x = (x1,2n) €Wg or x = (z1,2n) € Wy and for each case, we multiply (6.34) by w{'w3"* and
sum over (v1,2nk) € W; for 4,k € {0,1}. This gives an expression for G|,—(z, 2nk)zew; for
i,k € {0,1} because by applying the above operations to the first term in gives

ca(b1, b2) Z wfl wgnk Z Kﬁl((xh 2nk),y)v¥ = co(b1, b2) G‘z:(xl,an),xewi :
(z1,2nk)eEW; yEB
We substitute these expressions for G|,—(, onk)zew, for 4,k € {0,1} into (6.32)). We obtain
(6.36)
X 7k ) lv T
colw,w)G— > Y Y > sip(wi,wy 831(52,b1) (@), ( yz))wllng

i,j€{0,1} k,1€{0,2n} (z1,k)€W; (1,y2)EB; co (b1, b)

dy((x1,2nk),b)
+ Z Z 5i,2kn(w1>w2)Mwll = dy(w,D)

1,k€{0,1} z=(x1,2nk)ew ca(bl’ b2)
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A computation in Appendix [B:3] shows that

(6.37) > > sigen(wi, w2)dy((w1,2nk), D)Wt = diaes(w, b) f;, /2 (wib})
1,k€{0,1} z=(z1,2nk)€EW;

and hence ([6.36) is equal to (6.4]).
We have computed K ~!((x1,0), (0,%2)) in Lemma By symmetry, we have that

K1((21,0),(0,42)) = K_l((Qn —x1,2n), (2n,2n — y2))

which gives the last equation in (6.5). To compute |K~!((z1,2n),(0,2n — y2))|, we use
the expression from |K~!((x1,0),(0,y2))| provided we interchange between a and b. To
obtain the sign of K~!((z1,2n),(0,2n — y2)) as given in the third equation of (6.5)), we
use the same sign found in the proof of Lemma [3.6] for the vertices removed from the top
and left boundaries of the Aztec diamond because the Kasteleyn orientation are the same
and account for the fact that we assigned L(a,b,i,j,n) a sign (equal to —i**7+1). From
K=Y((x1,2n), (0,2n — y2)), we find K~1((2n — 21,0), (2n,y2)) by symmetry. O

APPENDIX A. THE MATRIX N

In this subsection, we give the matrix N. We have

N(a,b,w, 2)11 = 4b°(1 + wz) + a®*(7 + 3w + 32 + bwz) + 2a*b(2 + w + 2 + w2)
N(a,b,w,2)12 = —4b"2(1 + wz) — a®b°2(5 + 5w + 5z + bwz + 2wz?)
— a®b32(2 4 6w + 52 + bwz + 22 + w2?) — 2a8bz(w + 2 + wz)
N(a,b,w, 2)13 = —4b"w(1l + wz) — a*b°w(5 + 5w + 5z + 5wz + 2w?z2)
(A.1) — a'VPw(2 + 5w + w? + 62 + Swz + w?z) — 2a°bw(w + 2 + wz)
N(a,b,w, 2)13 = 4b°wz(1 + wz) + a*b"wz(3 + Tw + 7z + bwz + 2w?z + 2w2?)
+ a*bPwz(3 + 9w + 2w? + 92 + 10wz + w?z + 22% + w2? + w?2?)
+ aSb3wz(7 + 6w + w? + 62 + Twz + w?z + 22 + w2?)
+ 2a8bwz(2 + w + 2z + w2)

N(a,b,w,2)21 = 2ab*(1 + w + wz) + a®b?(5 + Tw + 2 + wz) + 4a°(1 + w)
N(a,b,w, 2)22 = —2ab®(2 + 2 + wz + wz?) — a®b* (7 + 3w + 7z + 3wz + 222 + 6w2?)
— a®b* (4 + 2w + Tz + Twz + 32 + 3wz?) — 4a” (1 + w)z
N(a,b,w,2)23 = —2abSw(1 +w + wz) — a*b*w(6 + Jw + w? + 22 + wz + w?z)
— a®b?w(9 + 9w + 2w? + 2 + wz) — 4a"w(l 4+ w)
N(a,b,w,2)94 = 2ab®w(2 + 2 + wz + wz?)
+ a®V0w(5 4 5w + 62 + 3wz + w?z + 322 + 6wz? + w?2?)
+ @b w(2 + 5w + w? + 5z + 10wz + w?z + 722 + bw2? + 2w?2?)
+ a"b*w (2w + Tz + Ywz + 2w’z + 32% + 3w2?) + 4a’w(1 + w)z
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N(a,b,w,2)31 = 2ab*(1 + z + wz) + a®b*(5 + w + Tz + wz) + 4a°(1 + 2)
N(a,b,w,2)32 = —2ab2(1 + z + wz) — a®v*2(6 + 2w + 92 + wz + 2% + w2?)
—a®b?2(9+w+ 92 +wz +22%) —4a"2(1 + 2)
N(a,b,w,z)33 = —2ab%(2 + w + wz + w?z) — a®b*(7 + Tw + 2w* + 3z + 3wz + 6w?z)
— a®b? (4 + Tw + 3w? + 22 + Twz + 3w?z) — 4a"w(1 + 2)
N(a,b,w,2)34 = 2ab%2(2 + w + wz + w?z)
+a®092(5 + 6w + 3w? + 52 + 3wz + 6w’z + w2 + w?2?)
+a®b2(2 4 5w + Tw? + 5z + 10wz + 5w’z + 22 + wz? + 20w?2?)
+ a2 (Tw + 3w? + 22 + Ywz + 3w’z + 2wz?) + 4a’wz(1 + 2)

N(a,b,w, 2)41 = a*0*(3 +w + 2z + wz) + 2a*b(5 + w + 2) + 8ap~!

N(a,b,w, 2)42 = —a*b>(2+ 2 + wz + 22 + w2?) — a’b3(5 + w + 52 + wz + 622 + 2wz?)
—2a%D(2 + 52 + wz + 32%) — 8a®b !z

N(a,b,w,2)s3 = —a*b*(2 + w + w? + wz + w?z) — a*b*(5 + 5w + 6w? + 2 + wz + 2w?z)
—2a5(2 + 5w + 3w? + wz) — 8a®vw

N(a,b,w,2)s4 = a*b" (4 + 2w + 22 + 3wz + w?z + w2? + w?2?)
+ ' (7 4 Tw + 2w? 4+ 72 4 6wz + 3w?z 4 22° + 3wz? + 5w?2?)
+ a3 (4 + Tw + 3w? 4 T2 4 Ywz + 6wz 4 32% + 6wz? + 5w?2?)
+ 2a%b(2w + 22 + 5wz + 3w’z + 3w2?) + 8a'’b w2

APPENDIX B. APPENDIX TO PROOF OF THEOREM

B.1. Generating function for the white vertices. The following computations are the
simplifications from multiplying by w*b? and summing over the white and black ver-
tices of the Aztec diamond. We computed the first term in the proof of the theorem. The
next three terms can computed similarly:

Z meyKil(l' + 262’ y)6x2<2n5x1 >1

TEW
YEB
T —1
<Zx€w,y€B — D e1=2n— 1,220 — 2 22=0 > WY K (2, y)
_ TEW,yEB TEW,yEB
- —2,9
wy Wy

_ G- G‘w:(anl,:pg) + G‘x:(2n71,0) - G‘x:(:rl,O)

-2 2
Wy wy
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E WbV K1 .%'—261, )5z2>0(5$1>1
TeEW
y€EB

<erw,y€B - Zm1:2n—1,x2#2n - Z zo=2n ) beyK—l(x, y)

TEW,yEB TEW,yEB

)
Wy Wy

G- G|:c:(2n—1,:(32) + G‘az:(?n—lﬂn) -

;)
Wy Wy

|x:(x1,2n)

and

Z beyKil (1' - 2627 y)5x2>06x1 <2n—1
TeW
yEB

<erw7y€B - 2501:1@2752” - Z z2=2n > beyK_l(xa y)

TEW,yEB TEW,yeB
w%w;2
G G|x— 1,z2) + G|x— 1,2n) G‘az (z1,2n)
2,,—2 :
WiWq

For i € {0,1}, we have

Z WbV K (SC, y)éxzzoéxewi = G‘z:(zl,O)
reW TEW;
yEB

and

Z WbV K (m, y)6x2=2néxewi = G‘x:(xl,Zn) .
TEW TEW;
yEB

For the computation involving the last four terms on the left-hand side of (6.27]), we have

~1 2 -1
E wbYK (x4 eg — €1,Y)0py—00z,>1 = W] E w'bYK ™ (z,y)
TEW z1#2n—1,22=0
yEB TEW,yEB

(G’z_ (21,0) G‘z:(%fl,o)) ’

Z beyK_l(l' +e; — e, 9)512=05x1<2n71 = wf2 Z WwbyK_l(l'a y)
TeEW x17#1,29=0
yEB TEW,yEB

=wy <G| (21,0) G|$:(170)) ’

T -1 2 T -1
E wWbYK ™ (x + e2 — €1,Y)0zy=2n 0z, >1 = WY g wYK (2, y)
rEW r1#£2n—1,20=2n
yEB TEW,yEB

= wi <G|x:(z1,2n) Glom(on- 12n)>
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and

Z beyK_l(x +e; — e, y)5x2:2n5551<2n—1 = w1_2 Z wxbyK_l(xa y)

TEW r1#1,29=2n
y€eB TEW,yEB

= w1_2 (G|x:(x1,2n G|x_ 1,2n )

B.2. Computation of d,(w,b). In this subsection, we evaluate d,,(w,b) which is defined
in (6.33)).

We first evaluate the sum in the first term of dy,(w,b). We first split up the sum, then we
sum over y € B and finally we sum over x € W in the following way:

1 1
DD D = L D DI STl D D

1€{0,1} T1=1 r1=1 r1=1
T2F#2n,xEW; T2#2n,LEW To#2n,rEW]
y€EB YyEB YyEB
1
_ § Zwy w$2b$2+1 + § wy w$2b$2+1
a
z=(1,x2)€EWp z=(1,22)EW;
To#£2n To#£2n
n/2—1 n/2—1
45 45
:*’wlbz g b]w2 —l—w1w2b3 g b23w2]
Jj=0

= fn/?(w2b2)w1b2( ' wib)
This means that the first term in d,,(w,b) reads

a(l + wj) 4,4 9
B.1 n/2(wWsbs)wib U wib
( ) w%w%(w;2+ l)f /2( 2 2) 1 2( 2 )

In the same way, as computed above, we evaluate the sum in the second term of d,,(w,Db)
which gives

1 1
Z Z gécﬂrm:ywxby = Z 5:I:+61=ywmby + Z a(strel:meby

i€{0,1} x1=2n-1 z1=2n—1 z1=2n—1

To#£2n,xEW; T9#£2n,rEW) To#2n,xEW]
YyEB y€EB y€EB
_ 2n—1 562 2n1ro+1 1 2n—1 IQ 2n1.ro+1
= E wy T wy by by + E Jwi Wy b1"b;
z=(2n—1,z2)EWy z=(2n—1,22)€W;
To#£2n To#£2n
n/2—1 n/2—1

_wln lenb2 Z 6421] 4J+ w?n 1b2n 2b3 Z b4] 4]
7=0

= fny2(w3b3)wi™ i by (1 + a”  wib3)
Using the above evaluation, the second term in d,,(w,b) reads
a(l + wi)w?
w3 (wy %1 + 1)

We have that adding and simplifying (B.1]) and (B.2)) gives the second term in d(w,Db).

(B.2) Fuy2 (b 20y (1 + a wdh)
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We now have to evaluate the last term in d,,(w,b) and it remains to show that this term
is equal to the first term of d(w,b). We first expand out the definition of K*(dz—,(x)) which
gives

K* by =y(2)) = Y K*(z,8)05=y
I~x,ZEB
_ 7 ) 1—1 . 1—1
= 5$2>0 (CL 5$—e1:y —1a 6x—62:y) + 5x2<2n (CL 5:L’+e1:y —1la 5z+62:y) .

where the delta functions 6,0 and d,<2, account for the boundary of the Aztec diamond.
We multiply both sides by w*bY and we obtain

(B.3)
WK Gy (2) =

TeEW
yEB

. b at ; ;. b
Z Z(’wlbl)I1 (wabg)*? (—alib;&;po + @%po +a T b1ba0 sy <on — allibi§m<2n> :
1€{0,1} T€W;

In (B.3), we have the following four sums which can be evaluated directly

> (wib)™ (wab2) ™ = wybywiby fr (w3b3) fr(wib) + wibiwibd f (wibh) f; (w3by)

xEWg,x2>0

= wibywb3 (wib + wib}) fr (wib) fr (w3b3)

D (wibn)™ (wab2)™ = wiby fr(w3b3) fr (wibi) + wibiw3b3 £ (wiby) fr (w3b3)

TEWg,x2<2n

= wiby (1 + wibjwib3) fr(wiby) fr(wsb))

D (wiby)™ (wabe) " = wibjwiby fr(w3by) fr (wib}) + wibwib fr(wib}) fr (w3by)
TEWL,x2>0

= wibywib3 (1 + wibfw3b3) fr(wiby) fr (w3b3)

3 (wib) ™ (wabe)™ = wibd fr(wibd) fr (wibd) + wibiwdbd f (wibl) £ (wib)
TEW,x2<2n

= wiby (wib} + w3b3) fr (wiby) fr (w3b3)

where r = n/2. We substitute the above four sums back into (B.3)) and after some simplifi-
cation, we obtain the first term of d(w,b).

B.3. Computation of . In this subsection, we show which is another compu-
tation. We first expand out the third term of dy(x,b) by expanding out the definition of K*.
This gives

(B.4)

K*(5y+-:x(y)) = 5y1>0 (*ial_jéz:yfeg + al_j5x2y+e1) + 6y1<2n (ajé‘x:yfel - iajfsx:ereg)
for y € Bj and j € {0,1} and the delta functions d,,0 and d,, <2, account for the boundary
of the Aztec diamond.

We now split up the left-hand side in (6.37) into four different cases (z1,0) € Wo, (21,0) €
Wy, (551,2%) € Wp and (x1,2n) € Wy.
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The first case we consider is
(B.5) Z 50.0(w1, w2)dp(x, D)W = 50 0(w1,ws) Z dy(, b)w??
x=(x1,0)EW z=(z1,0)EWg

and we shall show that this is equal to the first term of dgides(w, b) defined in (6.3)). We now
expand out the three sums of dy(z,w) which are given in (6.35). When we insert the first
term of dy(z,w) into (B.5)) because (z1,0) + ez € By for (z1,0) € Wo, we have the following

(B.6)

a(l + b 1 a(l+ b} 1
1 Z Z rl—j (5y_e2:$bwal — # Z E(Sy_@:zb?{l bgwfl

2 2 D202(b 21 1) 21272 | -
biby (by j€{0,1} y2=ly1#2n biby(by ™ + 1) ya=1,y1#2n
y( (ylo,)yeza]GB (x1,0)EWg
Z1, 0

=b%(1—1b) > wib{ by

(xl,O)EWo
= fupp(wibDwiby (1 — 1b3).

When we insert the second term of cib(a:, w) into (B.5) we obtain zero because 0y4e;—z = 0
for y = (y1,2n—1) and x = (x1,0) € Wo. When we insert the third term of d(x, w) into (B.5))
because (z1,0) 4 e; € Ba_; for (z1,0) € W; and ¢ € {1,2}, we find that

> K (Gyr—e@)bluit = =i > awib{ T+ Y awib b

(B?) (xlg}OE)BEWO (271,0)€W0 (Zl,O)GWo

= fr2(wib])(—iawiby + aw bibs)

where we use the expansion of K*(d,—3(y)) given in (B.4]) and use the fact that d;—yqe; =0
and 0p—yqe, = 0 for z = (21,0) € Wo. We sum up all the contributions of dy(z,w) when

inserted into (B.5]), i.e. summing and (B.7), which gives the first term in dgges(w,b)
defined in (6.3]).

The second case we consider is
(B.S) Z 5170(w1,w2)czb(x,b)wf1 = 8170(w1,w2) Z Jb(az,b)w“”l
z=(z1,0)EWy z=(z1,0)EWy

and we shall show that this is equ~al to the second term of dgges(w,b) defined in (6.3). We
now expand out the three sums of dy(x, w) which are given in (6.35). When we insert the first
term of dy(z,w) into (B.8), because (z1,0) + ex € By for (z1,0) € W1, we have the following

(B. 9)

+b1 1 N a(1 + bh) e
T o o el g 3 Sl

]E{O 1} y2=1,51#2n y2=1y17#2n
y=(y1,y2)€B (z1,0)€W
(z1,0)€Wr

=ab*(1—ib}) > wi'b] by

(11,0)€w1
= fupp(wibwibiy (1 — ib7).

When we insert the second term of dy(z, w) into (B.§) we obtain zero because d,4¢,—, = 0 for
y = (y1,2n — 1) and = = (z1,0) € Wo. When we insert the third term of dy(z,w) into (B.8)),
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because (z1,0) + e; € B;—1 for (x1,0) € Wy and i € {1,2}, we find that

Y. K @pr=a@)blol =—i 3 wf'b] bt Y with b

,0)ew ,0)ew ,0)ew
(B.10) (xlyE)B 1 (x1,0)€W; (z1,0)€u;

= fn/z(w%bil)( iwbiby + wibiby)

where we use the expansion of K*(d,—;(y)) given in (B.4]) and use the fact that d;—y e, =0
and dy—yte, = 0 for x = (21,0) € W;. We sum up all the contributions of dj(x,w) when

inserted into (B.§]), i.e. summing and (B.10]), which gives the second term in dgjqes(w, b)
defined in (6.3]).

The third case we consider is

(Bll) Z 8072n(w1,ZU2)d~b(:E,b)wfl = 50,2n(w1, w2) Z jb(xab)wxl
z=(z1,2n)€EWg x=(x1,2n)EWy

and we shall show that this is equal to the third term of dgiges(w,b) defined in (6.3) We

now expand out the three sums of dy(x,w) which are given in (6.35). When we insert the

first term of dy(x,w) into (B.11]), we find that it is equal to zero because §y_c,—, = 0 for

x = (x1,2n) € Wy for all y = (1,2) € B. When we insert the second term of dp(x,w)
into (B.5]), because (x1,2n) —e; € By for (x1,2n) € Wy, we obtain

(B 12)

a(l + b)b3 1 a(1 + b4)b2
b7 ( +1 Z D i ﬁ Yo Syre—abl by ul

1 1 ]E{O 1}y2 2n— 1,y1752n 1\91 1 Ya=2n—1 4120

y( (y21,3§2)w€B (z1,2n)€Wg
x1,2n)eWg
= ab%(b% — 1) Z wfl bfl—lbgnfl
($1,2H)EWO

= afu/p(wibt)wnby™ (0] - 1).

When we insert the third term of dy(x, w) into (B.5)), because (21,2n)—e; € By_; for (z1,2n) €
Wo and 7 € {1,2}, we find that

Y Kl =1 Yl Y i

(B 1531 QRBEWO (CC1,2’II)EWO (I1,2n)EWO
ye

= f/2(wib1)(—1wiby"bT + w163

where we use the expansion of K*(0,—3(y)) given in (B.4) and use the fact that ,—y_c, =0
and 0z—y—e, = 0 for x = (21,2n) € Wo. We sum up all the contributions of dy(z,w) when

inserted into (B.11)), i.e. summing (B.12]) and (B.13]), which gives the third term in dgges(w, b)
defined in (6.3]).

The final case we need to consider is
(B.14) Z 8172n(w1,w2)d~b(x,b)wfl = Slygn(wl,wg) Z Cib(x,b)wzl
z=(x1,2n)EW; z=(x1,2n)EW;

and we shall show that this is equa~l to the final term of dgqes(w,b) defined in (6.3). We
now expand out the three sums of dp(x,w) which are given in (6.35). When we insert the
first term of dy(z,w) into (B.14)), we find that it is equal to zero because dy_c,—; = 0 for
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x = (x1,2n) € W; for all y € B. When we insert the second term of dy(x,w) into (B.§),
because (z1,2n) — e € By for (x1,2n) € W1, we obtain

(B.15)
(1+b )b3 1 a(l+b})b2 1
B2(b %1+ 1 2 Z Z 559+€1=mbyw? = Wz_f)a Z Oyter =20y b5 wi?
17l §€{0,1} y2=2n—1,y1#2n 1\0p 1 Yo=2n—1.41#2n
y( (y21,z§2€)w€13 (x1,2n) €Wy
X1,4M 1
=57 —1) > wieyeen!
(z1,2n)EW;

= faj2(wibD)wibby" (b7 — 1).

When we insert the third term of czb(ac,w) into (B.14), because (z1,2n) —e; € B;_; for
(z1,2n) € Wy and 7 € {1,2}, we find that

S K@l = Y e Y i
(B.z]}@%%ewl (x1,2n)€W; (€1,2n) €W

= fn/2(w111b411)( a1w1b4b2” 1 +aw3b2b2n 1)

where we use the expansion of K*(d,—;(y)) given in (B.4]) and use the fact that d;—y—¢, =0
and 0z—y—e, = 0 for z = (21,2n) € W;. We sum up all the contributions of dy(z,w) when

inserted into (B.14)), i.e. summing (B.15]) and (B.16)), which gives the final term in dgjges(w, b)
defined in (6.3)).
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