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We compute the cross section and differential distributions for the production of a Z boson in association
with a hadronic jet to next-to-next-to-leading order (NNLO) in perturbative QCD, including the leptonic
decay of the Z boson. We present numerical results for the transverse momentum and rapidity distributions
of both the Z boson and the associated jet at the LHC. We find that the NNLO corrections increase the NLO
predictions by approximately 1% and significantly reduce the scale variation uncertainty.
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The Drell-Yan production of lepton pairs is a benchmark
process at hadron colliders like the Large Hadron Collider
(LHC). The production of Z bosons (or off-shell photons)
with subsequent leptonic decays has both a clean and readily
identifiable signature and a large event rate. It is a key process
for precisionmeasurements of electroweak (EW) parameters
and also allows us to probe various aspects of the strong
interaction, including parton distribution functions (PDFs),
the strong coupling constant αs, and the behavior of
processes involving multiple scales. It is, moreover, a key
ingredient in calibrating several parts of the detector (includ-
ing the jet energy scale) and can potentially be used to
measure the luminosity of the collider. At the LHC, the Z
boson is almost always produced together with additional
QCD radiation, thereby providing a perfect testing ground
for our theoretical understanding of both strong and electro-
weak physics in a hadronic environment. Together, the
combination of precise experimental data and reliable
theoretical predictions enables a variety of precision mea-
surements at the LHC [1,2].
The importance of the neutral-current Drell-Yan process

is also reflected in the effort to make the theoretical
predictions as precise as possible. For inclusive Z produc-
tion, theoretical predictions at percent-level accuracy are
available. To attain this level of precision, a variety of
higher-order corrections in QCD and the EW theory had
to be considered. The cross section for Z production is
known at next-to-next-to-leading order (NNLO) accuracy
(i.e., at two loops) with respect to QCD corrections [3].
Corrections beyond this order have been studied in the soft-
virtual approximation [4]. The NNLO QCD corrections
have been combined with a resummation of next-to-next-
to-leading logarithmic effects [5], which is necessary to
predict the transverse momentum distribution of the Z
boson at small pT and matched with parton showers [6]. In
the electroweak theory, the next-to-leading order correc-
tions [7,8] and the mixed QCD-EW corrections [9] also

contribute to the precise description of this process. Drell-
Yan production in association with hadronic jets has also
been intensively studied. The NLO QCD corrections for
Z þ 1 jet [10], Z þ 2 jets [11], Z þ 3 jets [12], and Z þ
4 jets [13] are known, while the NLO EW corrections for
Z þ 1 jet [14] and Z þ 2 jets [15] have also been derived.
In this Letter, we report on the calculation of the NNLO

contributions to the neutral-current Drell-Yan process in
which the dilepton pair is produced in association with a
hard, visible hadronic jet:

pp → Z=γ� þ jet → lþl− þ jetþ X:

Our results are obtained in the form of a parton-level event
generator that provides the corrections in a fully differential
form, including the Z=γ� boson decay to two charged
leptons. The final state of the hard-scattering process is
completely reconstructible, and the application of an
invariant mass cut on the lepton pair can ensure that the
process is dominated by resonant Z bosons.
The NNLO corrections to Z bosonþ jet production in

hadronic collisions receive contributions from three types
of parton-level processes: (a) the two-loop corrections to Z
boson-plus-three-parton processes [16], (b) the one-loop
corrections to Z boson-plus-four-parton processes [11,17],
and (c) the tree-level Z boson-plus-five-parton processes
[11,18]. Figure 1 shows representative Feynman diagrams
for each of the partonic multiplicities. The ultraviolet

FIG. 1. Representative Feynman diagrams for (a) two-loop Z
boson-plus-three-parton amplitudes, (b) one-loop Z boson-plus-
four-parton amplitudes, and (c) tree-level Z boson-plus-five-
parton amplitudes.
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renormalized matrix elements for these processes are inte-
grated over the final state phase space appropriate to
Z bosonþ jet final states. All three types of contributions
are infrared divergent, and only their sum is finite. While
infrared divergences from the virtual corrections are explicit
in the one-loop and two-loop matrix elements, divergences
from unresolved real radiation become explicit only after
phase space integration. The divergences are regulated using
dimensional regularization, and a variety of methods have
been used for their extraction from the real radiation
contributions. All these methods are based on the isolation
of the divergent configurations, which are then integrated
over the phase space and added to the virtual corrections to
yield a finite result: Sector decomposition [19], sector-
improved residue subtraction [20], antenna subtraction
[21], qT subtraction [22], and N-jettiness subtraction [23]
have all been applied successfully in the calculation of
NNLO corrections for a range of LHC processes.
In this calculation, we employ the antenna subtraction

method [21], in which the real radiation subtraction terms
are constructed from antenna functions. These antenna
functions capture all the unresolved radiation emitted
between a pair of hard radiator partons. For hadron-collider
observables, either hard radiator can be in the initial or final
state, and all unintegrated and integrated antenna functions
were derived in Refs. [24–27]. The cross section corre-
sponding to an initial partonic state ij is given by

dσij;NNLO ¼
Z
dΦ3

ðdσRRij;NNLO − dσSij;NNLOÞ

þ
Z
dΦ2

ðdσRVij;NNLO − dσTij;NNLOÞ

þ
Z
dΦ1

ðdσVVij;NNLO − dσUij;NNLOÞ; ð1Þ

where each set of parentheses is finite and well behaved in
the infrared singular regions. The construction of the
subtraction terms dσS;T;Uij;NNLO follows closely the procedure
established for jet production [28] and Higgsþ jet pro-
duction [29]. Powerful checks of our formalism are that
(a) the poles in the dimensional regularization parameter ϵ
cancel analytically and (b) the subtraction terms accurately
reproduce the singularity structure of the real radiation
matrix elements.
Using the antenna subtraction method, we have derived

the corresponding subtraction terms for all partonic initial
states and all color contributions for Z boson-plus-jet
production through to NNLO and implemented them in
a parton-level event generator. A more detailed description
of the program and of numerical performance and opti-
mization issues can be found in Ref. [30]. With this
program, we can compute any infrared safe observable
related to Z þ jet final states to NNLO accuracy. The Z
boson decay to two charged leptons is included, such that

realistic event selection cuts on the leptonic final state can
be applied. Renormalization and factorization scales can be
chosen (dynamically) on an event-by-event basis.
For our numerical computations, we use the NNPDF2.3

parton distribution functions [31] with the corresponding
value of αsðMZÞ¼0.118 at NNLO and MZ¼91.1876GeV.
Note that we systematically use the same set of PDFs and the
same value of αsðMZÞ for the LO, NLO, and NNLO pre-
dictions. The factorization and renormalization scales
are chosen to be μ≡ μF ¼ μR ¼ MZ, with a theoretical
uncertainty estimated by varying the scale choice by a factor
in the range ½1=2; 2�.
We require that the leptons have pseudorapidity jηlj < 5

and that the dilepton invariant mass is close to the Z boson
mass 80 GeV < mll < 100 GeV. Jets are reconstructed
using the anti-kT algorithm [32] with R ¼ 0.5 and are
required to have pjet

T > 30 GeV and jyjetj < 3. With these
cuts, we find that the total cross section at different
perturbative orders is given by

σLO ¼ 103.6þ7.7
−7.5 pb;

σNLO ¼ 144.4þ9.0
−7.2 pb;

σNNLO ¼ 145.8þ0.0
−1.2 pb; ð2Þ

so that the inclusive NNLO corrections amount to a 1%
increase on the NLO cross section.
More information on the impact of the NNLO QCD

corrections can be gained from differential distributions in
the kinematical variables of the Z boson and the jet. In the
kinematical distributions and ratio plots, the error band
describes the scale variation envelope as described above,
where the denominator in the ratio plots is evaluated at a
fixed central scale, such that the band reflects only the
variation of the numerator. Figure 2(a) shows the inclusive
leading jet transverse energy distribution in 10 GeV bins.
Because of the inclusiveness of the observable, events with
two or three jets with pjet

T > 30 GeV and jyjetj < 3 are also
included. The relative corrections are further exposed in
Fig. 2(b), where we show the ratio K ¼ dσðNÞNLOðμÞ=
dσðNÞLOðμ ¼ MZÞ. The band shows the effect of varying μ
in the range ½1=2; 2�MZ in the numerator while keeping
μ ¼ MZ in the denominator. For our set of cuts and input
parameters, we see that the NLO corrections increase the
cross section by between 30% and 70%. At low transverse
momentum, the NNLO corrections are a positive correction
of approximately 1%. The variation with the unphysical
scales is significantly reduced as we move from NLO
to NNLO.
The rapidity distribution of the leading jet is displayed

in Fig. 3. Note that the distribution is restricted by the
requirement that jyjetj < 3. We see that the NLO corrections
are typically 35%–40% and relatively flat. The NNLO
corrections increase the cross section by approximately 1%
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over the whole range of yjet with a significantly reduced
scale dependence.
The Z boson pT distribution in inclusive Z þ jet pro-

duction is shown in Fig. 4, where we observe an interesting
structure around pZ

T ∼ 30 GeV. This behavior arises from
the fact that the Z boson is recoiling against a complicated
hadronic final state that contains at least one jet with
pjet
T > 30 GeV. For this set of cuts, the leading order

process is constrained to have pZ
T > 30 GeV, while

higher-order real radiation corrections lift this limitation,
since extra partonic radiation can also balance the trans-
verse momentum of the leading jet. This Sudakov shoulder
phenomenon is also observed in Hþ jet production
[29,33]; it is well understood [34] and leads to large
higher-order corrections, which require logarithmic resum-
mation. Nevertheless, the NNLO corrections tend to
stabilize the NLO result and, in fact, simply represent a
NLO correction to the pZ

T distribution for Z þ jet events
in this region. At larger transverse momenta, the NNLO
corrections increase the prediction by approximately 1%.
Figure 5 shows the rapidity distribution of the Z boson.

The NLO and NNLO corrections are largest in the forward
or backward regions where the phase space is enlarged by
the possibility that the hadronic radiation partially balances,
leading to a smaller Z pT. In these regions, one of the
parton momentum fractions is reaching a maximal value. In
the central region, the NNLO corrections are very small
with a reduced scale dependence.
In the differential distributions, we observe that the

corrections are not always uniform, implying that a
rescaling of lower-order predictions is insufficient for
precision applications. The need for using the fully differ-
ential higher-order predictions can be understood, for
example, in the extraction of parton distributions functions
from Z þ jet production. At leading order, the momentum
fractions of the incoming partons are completely fixed by
the transverse momenta and rapidities of the final state
particles. At higher orders, the real radiation spoils the
leading order kinematics, such that

x1 ≥
1ffiffiffi
s

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðpZ
TÞ2 þm2

ll

q
expðyZÞ þ pjet

T expðyjetÞ
�
;

x2 ≥
1ffiffiffi
s

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðpZ
TÞ2 þm2

ll

q
expð−yZÞ þ pjet

T expð−yjetÞ
�
;

where the equality is restored only for the leading order
kinematics (pZ

T ¼ pjet
T ). The relevant x ranges probed by Z

boson-plus-jet production is thus determined by the trans-
verse momentum and rapidity distribution of the Z boson
and the jet. For our cuts, the smallest momentum fractions
probed are x ∼ 8 × 10−3, and smaller values of x can be
attained by enlarging the rapidity interval or by lowering
the transverse momentum cut.

(a)

(b)

FIG. 2. (a) Transverse momentum distribution of the leading jet
in inclusive Z þ 1 jet production in pp collisions with

ffiffiffi
s

p ¼
8 TeV at LO (blue), NLO (green), and NNLO (red). (b) Ratios of
different perturbative orders NLO to LO (turquoise) and NNLO
to NLO (mauve).

(a)

(b)

FIG. 3. (a) Rapidity distribution of the leading jet in
inclusive Z þ 1 jet production in pp collisions with

ffiffiffi
s

p ¼
8 TeV at LO (blue), NLO (green), and NNLO (red). (b) Ra-
tios of different perturbative orders NLO to LO (turquoise)
and NNLO to NLO (mauve).
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In this Letter, we have presented the complete NNLO
QCD calculation of Z boson production in association
with a jet in hadronic collisions including all partonic
subprocesses. This process is measured experimentally to
high precision [1,2] and is an important ingredient to a
variety of precision studies of standard model parameters
and derived quantities as well as a key element in the LHC
detector calibration. We have achieved this using the
antenna subtraction method that has been successfully
applied to other processes at the LHC. For all of the
observables considered here, we observed a very significant
reduction of the respective uncertainties in the theory
prediction due to variations of the factorization and
renormalization scales with a residual NNLO scale uncer-
tainty of around 1% on the normalization of the distribu-
tions. Our calculation will be a crucial tool for precision
studies of Z bosonþ jet production in the upcoming data
taking periods at the CERN LHC.

This research was supported in part by the Swiss
National Science Foundation (SNF) under Contracts
No. 200020-149517 and No. CRSII2-141847, in part by
the United Kingdom Science and Technology Facilities
Council under Grant ST/G000905/1 as well as by the
Research Executive Agency (REA) of the European Union
under the Grant Agreement No. PITN-GA-2012-316704
(“HiggsTools”) and the ERC Advanced Grant MC@NNLO
(340983).

Note added.—Recently, a second calculation (employing a
different subtraction scheme) of Z þ jet production at
NNLO precision has been presented [35]. In coordination
with the authors of Ref. [35], we performed an in-depth
comparison, by running our code with their settings (cuts,
parton distributions, and scale choice), finding full agree-
ment between both codes.
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