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ε-pseudoclassical model for quantum resonances in a cold dilute atomic gas periodically driven
by finite-duration standing-wave laser pulses
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Atom interferometers are a useful tool for precision measurements of fundamental physical phenomena,
ranging from the local gravitational-field strength to the atomic fine-structure constant. In such experiments, it is
desirable to implement a high-momentum-transfer “beam splitter,” which may be achieved by inducing quantum
resonance in a finite-temperature laser-driven atomic gas. We use Monte Carlo simulations to investigate these
quantum resonances in the regime where the gas receives laser pulses of finite duration and derive an ε-classical
model for the dynamics of the gas atoms which is capable of reproducing quantum resonant behavior for both
zero-temperature and finite-temperature noninteracting gases. We show that this model agrees well with the
fully quantum treatment of the system over a time scale set by the choice of experimental parameters. We also
show that this model is capable of correctly treating the time-reversal mechanism necessary for implementing an
interferometer with this physical configuration and that it explains an unexpected universality in the dynamics.
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I. INTRODUCTION

Microkelvin-temperature cold-atom gases are a useful
medium for atom-optical experiments, including atom interfer-
ometry [1]. For light-pulse atom interferometry experiments
it is desirable to implement a high-momentum-transfer “beam
splitter” [2–4], which can be realized by subjecting an atomic
gas to a periodically pulsed optical standing wave. By tuning
the period of the pulse sequence to a specific value known as
the Talbot time, the phenomenon of quantum resonance can
be exploited to coherently split the atomic population of the
gas in momentum space using minimal laser power.

A dilute atomic gas receiving pulses of a “short” duration
is well approximated by the atom-optical δ-kicked rotor
Hamiltonian [5]. The atom-optical δ-kicked rotor has long
been the subject of study in the field of quantum chaos [6,7],
aided by the relative simplicity of both the classical and
the quantum δ-kicked rotor. This includes the existence of
some analytical results, as well as the ease with which the
quantum δ-kicked rotor lends itself to Fourier methods [8,9].
Though laser pulses of a truly infinitesimal duration are
clearly unachievable experimentally, this model successfully
describes experiments where the distance traveled by the
atomic center of mass during each pulse is negligible relative
to the spatial period of the standing wave [10–29] (the so called
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Raman-Nath regime [30]). However, experiments indicate that
finite pulse-duration effects [31,32] can increase the sensitivity
of atom interferometry experiments [33]. This consideration,
coupled with the fact that the infinitesimal pulse approach gives
erroneous predictions over larger time scales [34], motivates
their incorporation into the kicked particle Hamiltonian.
Though finite-duration-pulse atom interferometers have been
investigated numerically for a single kicked particle [30], an
investigation for a thermal gas of kicked particles is absent
from the literature.

A possible reason for this absence is that simulating driven
systems with finite-duration pulses is notably more numeri-
cally complex than simulating systems with δ kicks [30], and
this problem scales substantially with the number of particles.
Given that knowledge of how the momentum distribution
changes over time is necessary for designing and operating
light-pulse atom interferometry experiments, we are motivated
to introduce a computationally simpler model, which can give
accurate results for a typical experimental setup.

In this paper we introduce an ε-pseudoclassical model
for the quantum kicked particle conceptually similar to that
introduced by Fishman, Guarneri, and Rebbuzzini to describe
quantum accelerator modes [35,36]. This model is attractive
due to its mathematical simplicity and the minimal computa-
tional complexity of the numerics. We explore the predictions
of this model using a Monte Carlo approach and compare the
results to a fully quantum treatment. We find that the model
captures the essential features of quantum resonant dynamics
in finite-temperature driven gases. This is a model where the
entire dynamics is described by ensembles of artificial classical
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particles, which we find works remarkably well in modeling
what is entirely a wave-interference phenomenon. We present
an unexpected universality in the dynamics and find that the
domain of validity of the model covers physically interesting
parameters of direct experimental relevance.

The paper is organized as follows: in Sec. II we give an
overview experimental considerations and describe the model
system Hamiltonian and the time evolution it generates; in
Sec. III we derive how to treat the existence of a finite-
duration pulse (assuming that we are in the equivalent of
a quantum-resonant regime for the δ-kicked rotor) using an
ε-pseudoclassical model; in Sec. IV we describe the Monte
Carlo methodologies we use to determine our numerical
results; in Sec. V we compare and contrast numerical results
using both full quantum dynamics and the pseudoclassical
model; and in Sec. VI we present our conclusions.

II. SYSTEM OVERVIEW

A. Experimental considerations

As a typical system, one can consider a cloud of 105

cesium-133 atoms. This can be relatively straightforwardly
confined and cooled in a magneto-optical trap, followed by
an optical molasses, to a temperature of ∼5 μK. In this
regime the resulting cold-atom gas is sufficiently dilute that
atom-atom interactions can typically be neglected. Even lower
temperatures can be achieved by Raman sideband cooling [39]
or by cooling to quantum degeneracy [22,29]. (Inter-atomic
interactions can be significant in a Bose-Einstein condensate,
however, in principle, these can be substantially tuned away
by exploiting an appropriate magnetic Feshbach resonance
[40–44] or letting the cloud expand.)

The atomic cloud can then be released under gravity,
while two counter-propagating laser beams of wavelength λL

(choosing λL = 852 nm corresponds to the wavelength of
the cesium D2 transition) form a laser standing wave in the
horizontal direction (see Fig. 1), which can be periodically
pulsed [11–29,31,32]. By carefully tuning the phase-shifter
element in Fig. 1, the laser beams will form a “walking
wave,” appearing as a standing wave in a frame comoving

Phase shifter

Mirror

Laser

Atomic gas

Laser standing wave

x

TOF detection beam

FIG. 1. Schematic of a possible experimental setup [37]. The
time-of-flight (TOF) beam measures the atomic momentum distribu-
tion. If it is vertically oriented, the effect of the gravitational field
can be transformed away [38] by use of the phase shifter element, for
example, an electro-optic modulator [37].

with the local gravitational acceleration [37,38]. Neglecting
interactions allows for a theoretical description using a single-
particle Hamiltonian, which we describe in Sec. II B.

After receiving a set number of laser pulses, a time-of-flight
measurement can be performed to determine the momentum
distribution of the gas (and thence its momentum variance).
These experimental observables are typically what one would
measure in light-pulse atom interferometry experiments (see
Sec. II D), and we explain how they may be predicted
numerically in Sec. IV.

B. System Hamiltonian

During a laser pulse, the appropriate single-particle Hamil-
tonian describes a two-level atom (ground state |g〉 and excited
state |e〉) of mass M coupled to a laser standing wave of
angular frequency ωL, wave number kL ≡ 2π/λL, and phase φ

[45,46],

Ĥ2L = �ω0

2
(|e〉〈e| − |g〉〈g|) + p̂2

2M

+ ��

2
cos(kLx̂)[e−i(ωLt−φ)|e〉〈g| + H.c.], (1)

where � is the on-resonance Rabi frequency, t is the time, and
H.c. stands for Hermitian conjugate. Here, x̂ and p̂ represent
the atomic position and momentum along the axis of the laser
standing wave [47]. Transforming to an appropriate rotating
frame and adiabatically eliminating the excited state (assuming
that the laser field is far detuned and that all population begins
in the ground state also justifies our neglect of spontaneous
emission) results in the Hamiltonian [45]

Ĥ ′′
2L = p̂2

2M
− ��2

8	
cos(2kLx̂), (2)

where we have defined [48] 	 ≡ ω0 − ωL. We describe
the standing wave as being periodically switched on and
off through the dimensionless time-dependent function f (t),
giving

Ĥ = p̂2

2M
− �φd cos(Kx̂)

f (t)

tp
, (3)

where we have introduced K ≡ 2kL and φd ≡ �2tp/8	. The
function f (t) = ∑∞

n=−∞ Fsq(t − nT ,tp), where

Fsq(t,tp) =
{

1 for 0 < t � tp,

0 for t � 0 or t > tp
(4)

describes a square pulse of duration tp. This is typically a
reasonable description of atom optical experiments [18]. As
tp → 0, then f (t)/tp → ∑∞

n=−∞ δ(t − nT ), and in this limit
Eq. (3) reduces to the familiar δ-kicked particle Hamiltonian
described in [45].

C. Time evolution

The time periodicity of the Hamiltonian allows us to define
a Floquet operator F̂ , such that |ψn+1〉 = F̂ |ψn〉, where |ψn〉
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denotes the state of the system immediately before the nth
kick,

F̂ = ÛFreeÛKick

= exp

(
−i

p̂2

2M

[T − tp]

�

)

× exp

(
−i

[
p̂2

2M
− �φd

tp
cos(Kx̂)

]
tp

�

)
, (5)

where ÛFree governs the “between-kick” free evolution, and
ÛKick governs the time evolution while the kick is applied.

It is convenient to partition the position and momentum
operators [50] such that

Kx̂ = 2πl̂ + θ̂ , (6a)

l̂|Kx = 2πl + θ〉 = l|Kx = 2πl + θ〉, (6b)

θ̂ |Kx = 2πl + θ〉 = θ |Kx = 2πl + θ〉, (6c)

where l ∈ Z and θ ∈ [0,2π ) is effectively an angle variable,
and

(�K)−1p̂ = k̂ + β̂, (7a)

k̂|(�K)−1p = k + β〉 = k|(�K)−1p = k + β〉, (7b)

β̂|(�K)−1p = k + β〉 = β|(�K)−1p = k + β〉, (7c)

with k ∈ Z and β ∈ [−1/2,1/2). We can speak of k as the
discrete part of the dimensionless momentum (�K)−1p and of
β as the continuous part or quasimomentum.

Fourier analysis of the Floquet operator F̂ reveals that
only momentum states separated by integer multiples of �K

are coupled [13], and so β must be a conserved quantity;
in other words, [β̂,Ĥ ] = 0 [11,50]. Within any specified
quasimomentum subspace we can therefore consider the time
evolution to be governed by

F̂ (β) = exp

(
−i

[�K(k̂ + β)]2

2M

[T − tp]

�

)

× exp

(
−i

{
[�K(k̂ + β)]2

2M
− �φd

tp
cos(θ̂ )

}
tp

�

)
. (8)

We now have a continuum of Floquet operators, one for
each β subspace, within which β can be considered simply
a number [35,36,50]. For the most general time evolutions
one should, in principle, take relative phases between these
subspaces into account, however, this can be neglected if we
do not consider coherent superpositions of states with different
values of β.

D. Quantum resonance, antiresonance, and time reversal

For the δ-kicked rotor, quantum resonance occurs when the
free evolution between kicks has no net effect on the state of
the system [5,6,8,11,51,52]. Referring to Eq. (8) when β = 0
and tp → 0, this corresponds formally to requiring ÛFree to
collapse to the identity operator. Recalling that k̂ has integer
eigenvalues, this is fulfilled when

T = TT ≡ 4πM

�K2
(9)

or any integer multiple thereof. The quantity TT is known as
the Talbot time [37,53], in analogy with the Talbot length
of optics [54]. Within the β = 0 subspace (which maps
exactly to the case of the quantum δ-kicked rotor, with its
intrinsically discrete angular momentum spectrum), adjusting
the period to an integer multiple of the Talbot time gives rise
to an exactly quadratic increase in 〈p̂2〉 over time, given by
〈p̂2〉n = �

2K2φ2
dn

2/2 [52,55], where n is the number of kicks.
Assuming that the initial momentum distribution is sym-

metric about a mean value of 0, such ballistic growth of
the system energy occurs via significant populations being
transferred into high-magnitude momentum states of opposite
value (leading, at low temperatures, to a distribution with large,
negative kurtosis [52]). This splitting of the atomic momentum
distribution can form the first component of a light-pulse
atom interferometer [30,56], acting as the atom-optical analog
of a beam splitter in classical optics. In an interferometric
experiment, a relative phase would be accumulated between
the “arms” of the resultant split cloud, due to coherent
evolution caused by a perturbation being measured. At a time
tR, the laser standing wave can be near instantaneously phase-
shifted in θ by an offset of π , which effectively reverses the
quantum resonant dynamics and causes the momentum-state
populations to recombine some time later. At this time the
relative phase, and hence the magnitude of the perturbation,
can be extracted.

For the case where the period T is set to a half-integer mul-
tiple of the Talbot time a phenomenon known as antiresonance
can also be observed, characterized by kick-to-kick motion
where there is no net increase in 〈p̂2〉 over time but, instead,
〈p̂2〉 alternates between two values [12,34,45,55].

III. TREATING FINITE-DURATION PULSES

A. Motivation for a pseudoclassical approach

In the Floquet operator for the quantum δ-kicked particle
the position and momentum operators are explicitly separated,
making numerical determination of the system time evolution
straightforward. Incorporating finite-duration pulses combines
x̂ and p̂ in the ÛKick operator of Eq. (5), substantially increasing
the numerical task. We are therefore motivated to introduce
a simpler treatment, based on ε-pseudoclassics, which is
intended to approximate the fully quantum treatment in an
appropriate regime; similar treatments can be found in [36],
[50], and [57–59]. The evolution of a quantum particle
or ensemble of quantum particles is modeled by a Monte
Carlo simulation of an ensemble of pseudoclassical particles
(described in Sec. IV), attractive due to both its computational
simplicity and its dynamical insight.

B. Derivation of the pseudoclassical model

We begin with the Floquet operator corresponding to
the kicked-particle Hamiltonian, restricted to a particular β

subspace [Eq. (8)], together with the constraint T = 
TT /2
(where 
 is an even integer: this corresponds to the condition
for quantum resonance for the δ-kicked particle). Introducing
the dimensionless pulse duration ε = �K2tp/M , we may
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rewrite Eq. (8) as

F̂ (β) = exp

(
i

[
k̂2

2
ε + k̂β(ε − 2π
)

])

× exp

(
−i

[
k̂2

2
ε + k̂βε − φd cos(θ̂)

])
. (10)

We now define a rescaled and shifted discrete momentum
Ĵ (β) = (k̂ + β)ε, leading to the commutator [θ̂ ,Ĵ (β)] = iε.
Introducing the rescaled kicking strength Ṽ = εφd , we can
now rewrite Eq. (10) as

F̂ (β) = exp

(
i

ε

[
Ĵ (β)2

2
− Ĵ (β)2π
β

])

× exp

(
− i

ε

[
Ĵ (β)2

2
− Ṽ cos(θ̂ )

])
. (11)

Note that ε appears where we would normally expect to see �;
for small values of ε, we therefore expect an effective classical
model to give reasonable results which well approximate the
quantum treatment [36,50,57–59].

The dynamics governed by Eq. (11) are equivalent to those
generated by the following dimensionless Hamiltonians,

Ĥ1 = Ĵ (β)2

2
− Ṽ cos(θ̂), (12a)

Ĥ2 = − Ĵ (β)2

2
+ Ĵ (β)2π
β, (12b)

where Ĥ1 is associated with the kick and Ĥ2 with the free
evolution, and each Hamiltonian governs the time evolution
for 1 dimensionless time unit (rescaled time given by t/tp).
Replacing the quantum Hamiltonian Ĥ1 with its classical
counterpart H1, we determine Hamilton’s equations of motion,

θ̇(β) = ∂H1

∂J (β)
= J (β), (13a)

J̇ (β) = − ∂H1

∂θ (β)
= −Ṽ sin[θ (β)], (13b)

which we recognize as the equations of motion of a simple
pendulum, the phase-space orbits of which are, in principle,
exactly solvable in terms of Jacobi elliptic functions (although
they can be more convenient to solve numerically). Referring
to a phase-space point immediately before the nth kick as
(θn(β),Jn(β)), we say that evolving these values under Eq. (13)
for 1 dimensionless time unit yields (θn+(β),Jn+ (β)). Feeding
these values into the classical equations of motion generated
by H2 yields the very simple classical map

θn+1(β) = θn+ (β) − Jn+ (β) + 2π
β, (14a)

Jn+1(β) = Jn+ (β), (14b)

where (θn+1(β),Jn+1(β)) is the phase-space point evolved to
just before the (n + 1)th kick.

Finally, relating the dimensionless momentum J (β) back
to the momentum p yields

p = �K(k + β) = �K

ε
J (β). (15)

To calculate the time evolution of expectation values using
this treatment, we evolve an appropriate initial ensemble of
classical particles and then compute their normalized statistics,
as described below.

IV. MONTE CARLO SIMULATIONS

A. Quantum model

In our finite-temperature simulations, we follow the ap-
proach of Saunders et al. [45] and work within the momentum
basis. The initial states are momentum eigenstates, with
randomly distributed values sampled from the Maxwell-
Boltzmann distribution,

Dk(β) = 1

w
√

2π
exp

(−[k + β]2

2w2

)
, (16)

where the temperature Tw = �
2K2w2/MkB [45].

Time-evolving an initial momentum eigenstate
|(�K)−1p = k + β〉 using the Floquet operator F̂ (β) of
Eq. (10) results in a transfer of the initial population among
other momentum eigenstates, such that the time-evolved
state can be written |ψ(t)〉j = ∑

k ckj (t) |(�K)−1p = k + β〉,
where |ψ(t)〉j is the time-evolved state corresponding
to the j th of Nq initial momentum eigenstates.
The second-order momentum moment is given by
〈p̂2〉(t) = N−1

q

∑
j 〈p̂2〉j (t) = N−1

q

∑
j 〈ψ(t)|j p̂2|ψ(t)〉j . The

momentum distribution can be read off from the absolute
square of the coefficients ckj (t) for the case of a single initial
momentum state and tells us the probability of the system’s
being in a given k subspace (some given value of k but any
value of β). For an ensemble of Nq states, the total probability
Pk(t) of finding an atom with a certain discrete momentum k

is given by the normalized sum of the absolute squares of the
ckj (t) coefficients, Pk = N−1

q

∑
j |ckj (t)|2.

It is desirable for our momentum distribution plots to be log-
normalized so that fine features may be resolved. In practice,
momentum states with higher k values receive a negligible
amount of the population compared to states near k = 0, so
when displaying our momentum distributions we impose a
cutoff value C, such that the condition Pk � C is true for all
Pk and t and the problem of taking the logarithm of a near-zero
population is avoided.

B. ε-pseudoclassical model

In the case of the ε-pseudoclassical model, momentum
distribution dynamics are obtained by evolving a statistical
ensemble of Nc classical particles according to Eq. (13) and
Eq. (14) (note that Nc need not, in general, be equal to Nq).
Though the trajectory of each particle does not in itself have
a clear physical meaning, the evolution of an ensemble of
sufficiently large size can be used to produce a facsimile of the
quantum momentum-state population distribution of the gas.
We place the momentum data into bins of width 	p = �K ,
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normalize the resultant population distribution, and from this
extract the mean squared momentum.

It is possible to produce an approximate momentum distri-
bution also for the case of a zero-temperature gas, by setting
J (β) = 0 and choosing a random ensemble of initial θ values;
the ensemble approximates a single momentum eigenstate
with a given β. For the case of a finite-temperature gas,
J (β) values are randomly drawn from a Maxwell-Boltzmann
distribution, and θ values from a uniform distribution.

V. RESULTS

A. Dynamics of the pseudoclassical map

To gain insight into the system dynamics, it is useful to
construct (θ,J ) Poincaré sections, which in this case are
stroboscopic maps defined by Eq. (13) and Eq. (14), evolved
for some number of kicks N . We remark that we have opted
to solve the equations of motion generated by H1 numerically
rather than using the exact Jacobi elliptic functions for ease of
implementation; this still requires vastly less computational
power to solve the time evolution of the system than the
Fourier methods generally used in a fully quantum treatment.
Inspection of Eq. (13) and Eq. (14) reveals that there are
exactly two free parameters: the driving strength Ṽ and the
quasimomentum β. We therefore construct a selection of
Poincaré sections varying these, choosing Ṽ = 0.251 when we
vary β (Fig. 2; this value is motivated by typical experimental
values [13,14,37,53,55,60–65]), and β = 0 when we vary Ṽ

(Fig. 3).
The Poincaré section in Fig. 2(a) [repeated in Fig. 3(a) for

ease of comparison between different β subspaces and values
of Ṽ ] corresponds to that of an exact quantum resonance in
the δ-kicked particle case (for which the dynamical behavior
varies from resonant to antiresonant, depending on the value of
β [38,45,52]). There are two stable fixed points visible, at (0,0)
and (−π,0) ≡ (π,0), each surrounded by concentric orbits

-8.0
-4.0
0.0
4.0
8.0

(a)

-0.8
-0.4
0.0
0.4
0.8

(b)

−π 0 π
θ

0.0

0.2

0.4

(c)

−π 0 π
θ

-6.0
-3.0
0.0
3.0
6.0

(d)

FIG. 2. Poincaré sections for (θ,J (β)) as evolved by Eq. (13) and
Eq. (14), corresponding to the (a) β = 0, (b) β = 0.05, (c) β = 0.2,
and (d) β = 0.25 subspaces, with 
 = 2 and Ṽ = 0.251. Each black
circle represents one of 100 initial phase-space points, and each color
represents the evolution of a single phase-space point over 1000 kicks.
The smaller black points in (c) and (d) link up the rotational or elliptic
orbits, respectively (which for β = 0.2 and β = 0.25, respectively,
takes substantially longer than 1000 kicks).

-8.0
-4.0
0.0
4.0
8.0

(a)

-8.0
-4.0
0.0
4.0
8.0

(b)

−π 0 π
θ

-8.0
-4.0
0.0
4.0
8.0

(c)

−π 0 π
θ

-8.0
-4.0
0.0
4.0
8.0

(d)

FIG. 3. Poincaré sections for (θ,J (β)) as evolved by Eq. (13) and
Eq. (14), corresponding to the β = 0 subspace for driving strengths
(a) Ṽ = 0.251, (b) Ṽ = 2.51, (c) Ṽ = 5.01, and (d) Ṽ = 7.51, with

 = 2. Each black circle represents one of 100 initial phase-space
points, and each color represents the evolution of a single phase-space
point over 1000 kicks.

characteristic of regular (nonchaotic) motion. Figure 2(d)
corresponds to the β = 0.25 subspace, which we expect to
behave as an antiresonance in the δ-kicked limit. Clearly
the system dynamics vary dramatically between different β

subspaces, and we must therefore consider them all when
modeling a thermal gas. We note that, although in our
derivation of the pseudoclassical model we have assumed 
 to
be a positive even integer and β to be a real number between
−1/2 and 1/2, these only appear within the pseudoclassical
model as 
β, which can, in principle, take any real value. It is
interesting to note that, as shown in Fig. 5(a), for 
 = 2 and
β = 0.25 we see that the ε-pseudoclassical model also models
quantum antiresonant behavior, primarily known in the context
of the δ-kicked particle when β = 0 and 
 = 1 [45].

In Fig. 3 we see that, as we increase the driving strength
Ṽ from Ṽ = 0.251, a region of pseudorandom trajectories
opens up in the outer parts of each system of elliptic orbits,
until the Poincaré section becomes predominantly chaotic for
Ṽ = 7.51. We remark that such high values of Ṽ , combined
with small values of ε, correspond to very high laser intensities,
making it unclear what the transition to chaos in the ε-
pseudoclassical model really represents in an atom-optical
context.

B. Zero-temperature gas

We now compute the evolution of 〈p̂2〉 over time for a range
of values of ε and constant φd (meaning that Ṽ ≡ εφd scales
linearly with ε), using both the pseudoclassical and the fully
quantum calculations, at zero temperature. This is actually
computationally straightforward in the quantum case, as one
need only evolve a single initial (zero momentum) eigenstate.

We display our results in Fig. 4(a). Two behaviors are
clearly visible.

(1) As ε increases, the approximate pseudoclassical sim-
ulations deviate from the quantum dynamics after a smaller
number of kicks. As this model relies on an expansion about
ε as a smallness parameter, this deviation can be thought
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FIG. 4. (a) Plot of 〈p̂2〉 in units of �
2K2 vs number of kicks for

a zero-temperature gas, with φd = 0.8π and 
 = 2. The scaled pulse
duration ε takes the values 10−2+2j/10, where j = {0,1,2, . . . ,9}.
Curves represent the results of the quantum dynamics [Eq. (5)], and
points those of the ε-pseudoclassical model [Eqs. (13) and (14)], with
lower values of ε giving rise to higher peak values of 〈p̂2〉. Hence,
the uppermost curve (black) corresponds to ε = 0.01 (j = 0) and the
lowermost curve (red) to ε = 0.631 (j = 9). (b) Rescaling of (a) by
ε2 on the 〈p̂2〉 axis and ε on the kick-number axis such that a universal
curve is revealed, where all data overlap over a suitably short time
scale.

of as a cumulative error in the pseudoclassical dynamics
that increases in magnitude each time the classical maps are
applied. Results like those in Fig. 4(a) allow us to characterize
time scales over which we can expect agreement between the
pseudoclassical and the quantum treatments for a given value
of ε.

(2) The peak value of 〈p̂2〉 is higher for smaller values of
ε. Recalling that ε is simply a rescaled pulse duration, as it
approaches 0 the system behaves increasingly as if it were
receiving δ kicks, for which 〈p̂2〉 would increase indefinitely
over time. It is again clear that the smaller the value of ε,
the longer the time scale over which the system behaves as
if it were δ kicked. At an ε-dependent point in time, 〈p̂2〉
deviates from the quadratic growth associated with perfect
quantum resonance, corresponding to violation of the Raman-
Nath regime. We can see that 〈p̂2〉 must eventually decrease
by inspection of the phase-space diagram in Fig. 2(a), as the
spread of trajectories is forced to eventually decrease simply
because they manifest as bounded quasiperiodic orbits.

Rescaling the axes in Fig. 4(a) according to the value
of ε reveals a universal curve, which exists independent

of this value, as displayed in Fig. 4(b). This universality
appears to be essentially exact in the pseudoclassical model
but ceases to apply for the quantum calculations once they
deviate significantly from the pseudoclassical predictions. The
observed oscillating decay encapsulates the dynamics visible
in Fig. 2(a) and appears indicative of the dephasing of an
ensemble of anharmonic oscillators. The time axis has been
scaled by ε in order to make clear that we keep φd at a
constant typical value as we scan the pulse duration. It should
be noted, however, that the most natural axis scaling is by
the parameter Ṽ = εφd , as this is the only free parameter
appearing explicitly in the ε-pseudoclassical model (for a
given value of 
β, which is 
β = 0 in the case we consider
here). In a sense this means that the true universal curve is
more general, being preserved for all possible commensurate
values of ε and φd in the range of Ṽ = εφd which we have
explored in Fig. 4. The phase-space structures produced by
Eq. (13) and Eq. (14) remain qualitatively the same over a wide
range of values of Ṽ , as shown, for example, in Fig. 3(a) and
Fig. 3(b). For the β = 0 case considered here, this means that
essentially the same closed orbits are navigated, but at a rate
which appears to be proportional to Ṽ . The equivalent values of
Ṽ used to generate the plots in Fig. 4 range from 0.251 [which
is exactly the value used in Fig. 3(a)] to 1.65 [significantly
less than the value of 2.51 used in Fig. 3(b)]. Identifying
the maximum attainable value in the universal curve (or
variants thereof, depending on which experimental parameters
are varied) is potentially valuable in determining the largest
attainable difference in momentum for the beam-splitting stage
of an interferometer [33]. An example of this kind of procedure
is found in [30], where a simple relationship to determine
the optimal pulse duration emerged. Our better understanding
of the scaling law, leading to universal curves such as that
displayed in Fig. 4(b), means that a variety of parameters can
be optimized according to quite general criteria.

Figure 5 shows comparisons of 〈p̂2〉 evolution as computed
by the quantum and ε-pseudoclassical models for initial
conditions corresponding to a single momentum eigenstate
with k = 0 and different values of β. The pseudoclassical
and quantum models agree well over the entire range of
β subspaces. Hence, for any reasonable initial momentum
distribution, we can expect the pseudoclassical model to
reproduce the correct quantum dynamics provided that ε is
small enough on the time scale to be considered. We have
chosen ε = 0.001 for Fig. 5(a), where the dynamics are
essentially coincident with those induced by perfect δ kicks
for the chosen parameters and kick numbers. In Fig. 5(b)
we have ε = 0.2; comparing with Fig. 5(a) it is clear that
the time evolution of 〈p̂2〉 is significantly affected by the
finite duration of the kicking pulses. Note, however, that
although ε = 0.2 would seem to be borderline in terms
of being a “small parameter,” the agreement between the
ε-pseudoclassical model and the full quantum dynamics still
appears to be excellent.

As β increases from 0 the evolution of 〈p̂2〉 over time
progresses from resonant to antiresonant behavior. This pro-
gression is twofold periodic in the space of quasimomenta:
Eq. (14) shows that for 
 = 2 the same pseudoclassical
dynamics are observed for β + 1/2 as for β (this symmetry
can also be deduced for expectation values derived from the
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FIG. 5. Plots of the time evolution of the log of 〈p̂2〉, in units of �
2K2 vs number of kicks, for different values of the quasimomentum

β = {0,0.05,0.1,0.15,0.2,0.25}, for an otherwise zero-temperature gas [initial momentum eigenstate with J (β) = 0]. Smooth curves represent
results of the quantum evolution [Eq. (5)], and points those of the effective classical model [Eqs. (13) and (14)]. In (a) ε = 0.001, and in (b)
ε = 0.2. Other parameters are φd = 0.8π and 
 = 2.

fully quantal Floquet operator [Eq. (11)] acting on momentum
eigenstates [45]). Furthermore, the Hamiltonian is an even
function of both p̂ and x̂, meaning that the same 〈p̂2〉 dynamics
are observed for −β as for β. Hence, the data plotted in Fig. 5
effectively span the full range of β dependencies when the
initial value of J (β) (or k) is equal to 0.

C. Finite-temperature Monte Carlo

We now perform comparative quantum and pseudoclassical
Monte Carlo simulations for experimentally achievable time
scales. The initial finite-temperature ensembles are chosen
by random sampling from a Maxwell-Boltzmann distribution
(combined with a uniform distribution for θ in the case
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FIG. 6. Comparison of the dynamics of the momentum distributions computed by the fully quantum model [Eq. (5)] vs the pseudoclassical
model [Eqs. (13) and (14)] for zero-temperature (w = 0) and finite-temperature (w = 2.5) gases, with φd = 0.8π and 
 = 2, for differing
values of the scaled pulse duration ε. (a–f) Momentum distributions for a zero-temperature gas (w = 0) as computed by the quantum (a, c, e)
and pseudoclassical (b, d, f) models. (h–m) Momentum distributions computed by the quantum (h, j, l) and effective classical (i, k, m) models,
for w = 2.5. In each row, the distribution dynamics are computed for a different value of ε: for row 1 (a, b, h, i) ε = 0.02, for row 2 (c, d, j, k)
ε = 0.11, and for row 3 (e, f, l, m) ε = 0.2. To accommodate the logarithmic color scale, we have chosen a cutoff value of C = 10−11. The
corresponding time evolution of 〈p̂2〉 (in units of �

2K2) for (g) w = 0 and (n) w = 2.5; solid lines represent results of quantum calculations,
and symbols results of the effective classical model (squares correspond to ε = 0.2, triangles to ε = 0.11, and circles to ε = 0.02). Monte
Carlo calculations were carried out with Nc = 105 particles, or Nq = 105 state vectors, as appropriate.
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of the pseudoclassical dynamics), as described in Sec. IV.
In Figs. 6(a)–6(f) and Figs. 6(h)–6(m), we compare the
momentum distributions computed for three values of ε, using
both the pseudoclassical and the quantum treatments, over
a small number of kicks, at zero temperature (w = 0) and
for cesium atoms at Tw � 5 μK (w = 2.5). In Fig. 6(g) and
Fig. 6(n) we show the associated values of 〈p̂2〉 computed
for each case to check that our comparison takes place within
the regime of validity of the ε-pseudoclassical model. For
the zero-temperature (w = 0) case, the population splitting in
momentum space characteristic of a quantum resonance can
be seen in both models over the full 30 kicks for ε = 0.02.
For larger values of ε we observe a slowing in the momentum
spreading, followed by a clear plateau in the case of ε = 0.2,
which is also visible in the corresponding plot of 〈p̂2〉.

For each value of ε the overall shape of the momentum
distribution computed by the ε-pseudoclassical model matches
that of the fully quantum calculation well. A degree of internal
structure is present in the zero-temperature (w = 0) quantum
distributions that is not present in their ε-pseudoclassical
counterparts. Similarly, in both the w = 0 and the w = 2.5
quantum distributions, there is further structure visible, where
the most extreme populated states in momentum space meet
the near-zero-population background, which is not present

in the pseudoclassical calculation. We can clearly see from
Fig. 6(g) and Fig. 6(n) that the evolution of 〈p̂2〉 is nonetheless
reproduced perfectly over a short time scale. For the w = 2.5
case, we see a clearly defined feature centered around p = 0
representing a large concentration of the population. This
is typical of finite-temperature quantum-resonant dynamics
in atom-optical systems [10,34,45] and can be understood
from Fig. 5; essentially a broad initial momentum distribution
means that both resonant (β = 0) and bounded antiresonant
(β = 0.25) dynamics take place simultaneously, as well as the
whole range of intermediate behavior, leading to an overall
averaging of the spreading in momentum space.

With atom interferometry in mind, we have repeated these
simulations with the addition of a time-reversal event occurring
at nR = 15 kicks (as described in Sec. II D), and our results
are displayed in Fig. 7. In Fig. 7(a) and Fig. 7(b) (ε = 0.02
and w = 0) we clearly have a near-perfect time-reversal
process, with the majority of the population returning to the
zero-momentum state when n = 2nR . Increasing ε to 0.11,
we can see in Fig. 7(c) and Fig. 7(d) that the asymmetry
about n = 2nR has increased very slightly, and for ε = 0.2
we can see in Fig. 7(e) and Fig. 7(f) that the asymmetry has
become even larger (similar effects were observed in [30]).
For w = 2.5, however [Figs. 7(h)–7(n)], each distribution
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FIG. 7. Comparison of the dynamics of the momentum distributions computed by the fully quantum model [Eq. (5)] vs the pseudoclassical
model [Eqs. (13) and (14)] for zero-temperature (w = 0) and finite-temperature (w = 2.5) gases, with φd = 0.8π and 
 = 2, for differing
values of the scaled pulse duration ε. In each case a time-reversal event (phase-shifitng the standing wave by π ) occurs at the 15th of 30 kicks
(marked by the dashed lines). Momentum distributions for a zero-temperature gas (w = 0) as computed by (a, c, e) the quantum model and (b,
d, f) the pseudoclassical model. Momentum distributions computed by (h, j, l) the quantum model and (i, k, m) the effective classical model,
for w = 2.5. In each row, the distribution dynamics are computed for a different value of ε: for row 1 (a, b, h, i) ε = 0.02, for row 2 (c, d, j, k)
ε = 0.11, and for row 3(e, f, l, m) ε = 0.2. To accommodate the logarithmic color scale, we have chosen a cutoff value of C = 10−11. The
corresponding time evolution of 〈p̂2〉 [in units of �

2K2] for (g) w = 0 and (n) w = 2.5; solid lines represent results of quantum calculations,
and symbols results of the effective classical model (squares correspond to ε = 0.2, triangles to ε = 0.11, and circles to ε = 0.02). Monte
Carlo calculations were carried out with Nc = 105 particles, or Nq = 105 state vectors, as appropriate.
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FIG. 8. Plots of the time evolution of 〈p̂2〉/w2 (in units of �
2K2)

vs the number of kicks, with ε = 0.2, φd = 0.8π , and 
 = 2. Each
set of points corresponds to an individual value of w = 10−1+2j/5,
where j = {0,1,2, . . . ,5}, as computed by the pseudoclassical model
[Eqs. (13) and (14)].

begins to refocus but subsequently increases in breadth (this
is the same behavior as expected for a δ-kicked atomic gas).
Note that as the value of ε increases the final distributions
become narrower, which is an effect of using finite-duration
pulses.

In each case the ε-pseudoclassical predictions give good
agreement with the shapes of the momentum distributions
yielded by a fully quantum treatment, with the missing edge
detail around each quantum distribution manifest only at
around the Pk = 10−7 level. Crucially, it is clear that the lack
of internal structure in the ε-pseudoclassical distributions is
not a problem for calculating 〈p̂2〉 under time reversal or at
a finite temperature. An interferometric measurement would
look at deviations from a perfect time reversal, potentially
motivating a study of the fidelity of a time-reversed kicked gas
with finite-duration pulses, for example, using an approach
similar to that derived for the δ-kicked rotor in [66].

Having carried out a detailed comparison of the quantum
and ε-pseudoclassical models over relatively short time scales
and at finite temperatures, we can reasonably assume that
whatever value we select for w, the pseudoclassical model
will produce accurate results, provided an appropriate value
of ε is chosen. To better understand the variation of 〈p̂2〉 with
temperature over longer time scales, we have carried out sim-
ulations for six values of w, using only the ε-pseudoclassical
model (results displayed in Fig. 8). We choose ε = 0.2 for
each simulation, as this is a relatively large value for which
we have already shown excellent agreement of 〈p̂2〉 with the
fully quantum treatment over a range of 100 kicks (see Fig. 5).
Plotting 〈p̂2〉/w2 versus the number of kicks n, the n = 0
value for each curve is the same, but from n = 1 they separate
markedly: the lower the value of w, the greater the relative
increase, due to the increased dominance of quantum-resonant
behavior centered at β = 0. The dynamics of a single classical
particle are generically simpler to compute than the evolution
of a Schrödinger wave function, meaning that significant
computational time can be saved in the physically relevant

case where it is necessary to propagate many individual wave
functions to describe a thermal mixture.

VI. CONCLUSIONS

We have derived an ε-pseudoclassical model for quantum
resonances in a finite-temperature dilute atomic gas driven
by finite-duration off-resonant laser pulses and compared
it to its fully quantum counterpart. The dynamics of the
ε-pseudoclassical model have been investigated and certain
phase-space features associated with quantum resonant be-
havior have been identified. Further, it has been shown that
increasing the parameter ε shortens the time scale over which
the quantum and ε-pseudoclassical calculations agree at zero
temperature, as well as the amount of time before a quantum
resonance begins to plateau due to violation of the Raman-Nath
regime. The accuracy of the ε-pseudoclassical model has been
shown to be unaffected by the initial state’s quasimomentum
and is, therefore, suitable for treating a finite-temperature gas.
Monte Carlo simulations were explicitly performed to this end
and compared both the expectation value 〈p̂2〉 and the momen-
tum distributions computed by each model, and it was found
that the ε-pseudoclassical model reproduces the former essen-
tially exactly, even at finite temperatures, and the general shape
of the latter up to small details. We have also shown explicitly
that the ε-pseudoclassical model correctly treats the time-
reversal mechanism necessary for light-pulse atom interferom-
etry. Finally, ε-pseudoclassical Monte Carlo simulations were
performed to determine the behavior of 〈p̂2〉 at different values
of w for a large number of kicks. We expect this approach to be
useful in quantifying the suitability of particular experimental
parameter regimes for light-pulse atom interferometry.

The data presented in this paper are available. See
Ref. [67].
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APPENDIX: NUMERICAL METHODS

For every simulation using the ε-pseudoclassical model,
Eq. (13) was integrated numerically using Adams’ method,
as implemented in the Python module scipy.integrate.odeint,
which is based on the routine lsoda, from the FORTRAN
library odepack. The integration time step in the interval
between kicks was adaptively variable. Convergence was
checked automatically and is also clearly indicated by the
smooth nature of the phase-space trajectories observed in the
nonchaotic regime. The map given by Eq. (14) was applied
using simple matrix multiplication. For the quantum calcula-
tions, we employed a second-order split-step Fourier method,
which we implemented in Python using the numpy.fft.fft and
numpy.fft.fftshift routines. A total of 1000 split steps was used
for each kicking pulse.
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