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We study the boundary conditions in topologically twisted Chern-Simons matter theories with the Lie
3-algebraic structure. We find that the supersymmetric boundary conditions and the gauge-invariant
boundary conditions can be unified as complexified gauge-invariant boundary conditions which lead to
supergroup Wess-Zumino-Witten (WZW) models. We propose that the low-energy effective field theories
on the two-dimensional intersection of multiple M2-branes on a holomorphic curve inside K3 with two
nonparallel M5-branes on the K3 are supergroup WZW models from the topologically twisted Bagger-
Lambert-Gustavson model and the Aharony-Bergman-Jafferis-Maldacena model.
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I. INTRODUCTION

One of the most important clues to understanding M
theory is the investigation of the two types of branes,
namely M2-branes and MS5-branes. It has been proposed
that the low-energy dynamics of multiple M2-branes
probing a flat space is described by three-dimensional
superconformal Chern-Simons matter theories known as
the Bagger-Lambert-Gustavson (BLG) model [1-5] and the
Aharony-Bergman-Jafferis-Maldacena (ABJM) model [6].
The world-volume theory of the M5-branes is believed to
be a six-dimensional A = (2,0) superconformal field
theory. It is much less understood due to the lack of a
classical Lagrangian description, although there have been
many interesting discoveries via its compactification. Also
the two-dimensional intersection of M2-branes with M5-
branes still remains elusive. This brane setup is believed to
be one of the most promising approaches to the description
of the M5-branes as it is realized when the strongly coupled
(2,0) theory is away from the conformal fixed point.

The aim of the present paper is to study the two-
dimensional intersection of multiple M2-branes on a
supersymmetric two-cycle. In particular, we consider a
holomorphic curve inside K3 with two nonparallel M5-
branes on the K3, which we will refer to as M5- and M5’-
branes. We investigate the low-energy effective description
by starting with the topologically twisted Chern-Simons
matter theories describing the M2-branes on the holomor-
phic curve and examining the boundary conditions. Given
the brane configuration of the M2-M5-M5' branes on the
K3, we determine the boundary conditions for the matter
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fields as supersymmetric boundary conditions while we
impose those on the gauge fields as gauge-invariant
boundary conditions. We find that these two different types
of boundary conditions can be combined into complexified
gauge-invariant boundary conditions. Together with the
twisted fermionic fields, i.e. the spin-zero fermions and the
spin-one fermions, we obtain conformal field theories on
the Riemann surface as the PSL(2|2) Wess-Zumino-Witten
(WZW) action from the twisted BLG model and the
GL(N|N) WZW action from the twisted U(N), x
U(N)_, ABIM model. We propose that such supergroup
WZW models are realized as the effective topological
theories on the intersection of the M2-M5-M5’ system on
K3, which we will call “topological M-strings.”

The paper is organized as follows. In Sec. II we present a
brane configuration in M theory on K3 and establish our
setup of the topological M-strings. We describe the world-
volume theory on the M2-branes wrapping a holomorphic
curve inside K3 by performing a partial topological twist on
the BLG-model [7]. In Sec. III we analyze the boundary
conditions of the topologically twisted BLG theory. The
matter fields satisfy the supersymmetric boundary condi-
tions imposed by the 5-brane while the gauge fields obey
the gauge-invariant boundary conditions so that we keep
the combined system of the M2-branes [8]. We find the
merging of the two boundary conditions as complexified
gauge-invariant boundary conditions. In Sec. IV we derive
the boundary action by taking into account the boundary
conditions. We argue that the complexified gauge-invariant
boundary conditions lead to the sum of the WZW models
for complexified gauge group. By putting together the
conformally invariant terms involving the twisted fermions,
which are known as symplectic fermions [9], i.e. fermionic
scalar fields and fermionic one-form fields, we find the
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supergroup WZW models. We propose that the supergroup
WZW models are the conformally invariant effective
theories of the topological M-strings. Finally in Sec. V
we close with some discussion.

II. TOPOLOGICAL M-STRINGS
We consider M theory on the background

K3 x R’. (2.1)
We take the K3 as a cotangent bundle 7*%, over a Riemann
surface X, where X, is a holomorphic curve of genus g # 1
in the x9, x! directions." We take the nontrivial normal
bundle Ny over the surface in the x”, x'° directions. Let us
consider multiple wrapped M2-branes on X, x I where I is
an interval in the x> direction with length L. At one end of
the interval we put a single 5-brane on K3 x R3,, which we
will call an M5-brane, and at the other end a 5-brane on
K3 x Rgé, which we will call an M5’-brane. The configu-
ration is summarized as

01 2 3 4 5 6 7 8 9 10
M5 o o o o o o
(2.2)
MS/ o o o o o o
M2 o o o

and it is depicted in Fig. 1.

Since the K3 decomposes the holonomy group SO(4) of
the flat four-manifold into SU(2), the spinor representation
follows the branching rule 4 -2 @ 1@ 1 and there
remains half of the supersymmetry, 16 supercharges in
the M-theory background (2.1). The presence of the M2-
branes, the M5-brane and the M5'-brane splits the SO(7)
Euclidean symmetry group into SO(2)34 x SO(2)s¢ %
SO(2),4 and breaks 1/8 of the background supersymmetry
as a consequence of three projections. Altogether, there are
two supercharges preserved on the world volume of the
branes.

As the 5-branes are infinite in the directions which are
not shared by the membranes, the 5-branes are much
heavier than the membranes. Thus the parameters of the
5-branes would be fixed and the low-energy effective
theory of the branes would essentially describe the
stretched M2-branes. The M2-branes represent minimum
energy states in a specific topological sector as
Bogomol’nyi-Prasad-Sommerfeld (BPS) states. We con-
sider the field theory of the membranes in which the
distance L goes to zero and thus it is a two-dimensional

"To make the discussion precise, we focus on the case with
g # 1 since genus one may require a different treatment for the
twisting as the surface is flat and the supercharges have no charge
under the associated flux F. However, the resulting topologically
twisted theory would be defined on the surface of genus one.
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FIG. 1. M2-branes stretched between an M5-brane and an M5'-
brane along the x> direction.

sigma model on the intersection. The target space of this
sigma model would be the moduli space of solutions to the
BPS constraints which encompass the supersymmetric
boundary conditions. In what follows we will consider
such effective theories on the M2-branes. Recently there
have been intriguing approaches for the study of M2-branes
stretched between M5-branes, the so-called M-strings [10].
In our brane setup (2.2) the M2-branes cannot fluctuate in
the flat directions, i.e. in x3,x%,...,x%, so the effective
theories on the wrapped M2-branes may only capture the
topological sector of the M-strings, which we call the
topological M-strings. We will seek the topological sigma
model on the intersection as the effective theory of the
topological M-strings.

The low-energy effective theory of curved branes wrap-
ping supersymmetric cycles can be obtained by a topo-
logical twisting of an effective theory of flat branes
propagating in a flat space [11]. We shall firstly discuss
the case of two M2-branes. The low-energy effective theory
of two coincident membranes propagating in a flat space
R3 is expected to be realized as the BLG model [1-5]. The
BLG model is a three-dimensional A" = 8 superconformal
Chern-Simons matter theory whose action is

SBLG = Smatier T STCS> (2.3)

where
S =[|d ID”X’“D X! i VerHp W
matter — X _E u a+§ u<xa
+ i ‘i’hF”X{-X(JJ\I/ufade
1
_ EfabcdfefngéX{,XfXéX;-Xg] (2.4)
is the matter action and

1
Stes = ) et (f adeA/mbauA/ch

2
+ g fcdagfefgbAyabAuchlef> (25)
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is the twisted Chern-Simons action in terms of the structure
constants %, of the Lie 3-algebra. Only the A, algebra
with fabe, =2eabed ke 7, a,b,...,.=1,...,4 admits a
finite dimensional nontrivial representation of the Lie 3-
algebra with a positive definite metric. The field content is
eight real scalar fields X!, I =1,...,8 describing the
position of the M2-branes in the flat eight-dimensional
space, fermionic fields W, defined as the SO(1,10)
Majorana spinor obeying the projection I'g,¥ = —-U
and gauge fields A, 4 = 0, 1, 2 where the gauge indices
a,b, ... run from 1 to 4. The theory has a three-dimensional
Lorentz group SO(1,2) as the rotational symmetry group
on the world volume of the membranes and the R-
symmetry group SO(8), as the isometry of the transverse
space of the membranes. The fields X!, ¥, and Ayuab
transform under the SO(1,2) x SO(8); as (1,8,), (2,8,)
and (3,1), respectively. The action (2.3) is invariant under
the supersymmetry transformations

oX! = jer'w,, (2.6)

1
8V, =D, X'T"T"e — gxgxgxgj foed THKe,  (2.7)
SA," = iel, [IXLW, fedb . (2.8)

where we have defined A,” = f% A,.,. The supersym-
metry parameter ¢ is the SO(1,10) Majorana spinor
satisfying the projection 'y, =¢ and transforms as (2, 8,).

In order to study the two wrapped M2-branes on a
holomorphic Riemann surface X,, we consider a partial
topological twisting of the BLG model. Such a topological
twisting replaces the Euclidean symmetry group SO(2) of
the two-dimensional space by a different subgroup SO(2)/;
of the SO(2); x SO(8)g so that there exist scalar super-
charges as discussed in [7]. There are plenty of twists by
taking a homomorphism §: SO(2) — SO(8)g. The partial
topological twisting for the M2-branes wrapped on a
holomorphic curve inside K3 can be uniquely determined
by decomposing the SO(8); = SO(2)g x SO(6)x and
defining SO(2)j = diag(SO(2)g x SO(2)g). After the
twist the bosonic matter fields transform under SO(2)} x
SO(6)g as

601, 1, (2.9)

and one obtains the resultant bosonic scalar fields 6, which
we denote by ¢/, where now I =1,...,6 and a bosonic
one-form 1, and 1_, which we denote by ®, and ®:. The
representation of the fermionic fields is

4,04, ®4 4, (2.10)

where 4, 4, are the fermionic scalar fields which we will
denote by y, A while 4,, 4_, are the fermionic one-form
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fields which we will denote by W, \i'z. The supersymmetry
parameter e transforms as
404, 04,4 (2.11)

under SO(2)%; x SO(6) and thus one can find eight scalar
supercharges associated with the supersymmetric parame-
ters &, é in the representation 4, @ 4. Note that topological
twisting modifies the original theory so that the new
symmetry group SO(2)}; is defined by the diagonal sub-
group of SO(2); and SO(2) g =S0(2)g,, as diag(SO(2) px
SO(2)y0). In other words, the new generator of SO(2))
has been created by the generator of SO(2), and that of
SO(2)g,9- So we could only say that the resulting twisted
theory contains the modified SO(2)%, symmetry group.

From the M-theory point of view, a compactification on
K3 retains seven flat directions and six of them are
transverse to the membranes’ world volume X, x I. Thus
we see that the above topological twisting exactly realizes
the required bosonic field content in the effective theory of
the M2-branes wrapped on X, inside K3. The six bosonic
scalars ¢! describe the displacement of the M2-branes in
the six flat directions while the bosonic one-form field ®,,
on the Riemann surface describes the motion of the M2-
branes inside K3, i.e. the nontrivial normal bundle Ny over
%,. The existence of eight covariantly constant spinors in
(2.11) reflects the fact that K3 breaks half of the
supersymmetry.

III. BOUNDARY CONDITIONS

A. Supersymmetric boundary conditions

To extend the study of the compact M2-branes wrapped
around a holomorphic curve inside K3 to the M2-M5-M5’
system (2.2), we will analyze the boundary conditions
which should be imposed by the M5-brane and the M5'-
brane at the ends of the M2-branes in the x? direction. Let
us start our investigation by considering maximally super-
symmetric boundary conditions, i.e. half-BPS boundary
conditions of the BLG model which include the case where
the M2-branes end on an M5-brane.”

The supersymmetry is preserved on the boundary when
the normal component of the supercurrent vanishes on the
boundary [12—15]. The supersymmetric transformations
(2.6)—(2.8) lead to a supercurrent

1
Jt = =D, X', — gxgxgxf fabedrlVKrg .
(3.1)

Let the M2-branes with world volume (x°, x!, x?) end on a

single M5-brane with world volume (x°, x!, x*, x*, x?, x10)

*See [12] for more general discussions.
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at, say, x> =0. According to the existence of the
M5-brane the SO(8)y splits into SO(4)34919 X SO(4)5675-
Correspondingly we will decompose the eight scalar fields
into two parts: X' ={X? X* X? X0}, yi ={X5 X6 X7 x8}.
Then the supersymmetric boundary conditions can be
written as

0=&J?|pay
=D X/(e0W) + D, Y (e[ D)
+ DX (eT'W) + D, Yi (€T )

o (X', X/, X¥|(eT/ T2 W) o (YL YT, YK (eTVA T2 W)

5 XX Y AT W) = S (XY Y @0 g,

(3.2)

To find the solutions to the half-BPS boundary con-
ditions which correspond to the M2-MS5 system, we should
take into account several constraints from the brane
configuration. We observe that all the parameters of the

M5-brane are fixed so that the scalar fields Y7 should obey

the Dirichlet boundary conditions D,,Y? = 0. Since we do
not expect the M5-brane to impose both Neumann and

Dirichlet boundary conditions on the scalar fields Yi,

D,Y i = 0 should not also be constrained at the boundary.
Therefore, in order to satisfy the boundary condition (3.2)
we also need to choose appropriate boundary conditions for
the fermionic fields.

Noting that the unbroken supersymmetry parameter €
must satisfy the projections ['g349;0€ = € due to the M5-
brane and I'j,¢ = € due to the M2-branes, one finds

Lore = Ine = Tag910€ = Dserse. (3.3)
There remain eight supercharges on the two-dimensional
boundary. In two dimensions supersymmetry has a
definite chirality. Equation (3.3) shows that the chiralities
of the supersymmetry parameter under the SO(1, 1),,, the
SO(4)349,0 and the SO(4)s¢7g are the same. It is easily
checked that I'y; is Hermitian, traceless and squares to the
identity on the eight-dimensional subspace of spinors
satisfying Eq. (3.3). Thus N = (4,4) supersymmetry is
preserved on the two-dimensional boundary of the M2-
branes ending on the MS5-brane.

As in the projection conditions (3.3), we can employ the
boundary condition ansatz for the fermions I'g 349100 = ¥
so that the space-time symmetry of the brane configuration
is maintained. Combining the boundary conditions (3.2)
with the fermionic boundary conditions satisfying the
restrictions from the M2-MS5 configuration we get the
half-BPS boundary conditions at the M5-brane
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A B .
D, X' + ge”kl X7, X*, X[y = 0, (3.4)
DaYi|bdy =0, (35)
where €'/ is an antisymmetric tensor with €3491© = 1.? The

first boundary condition (3.4) is the Basu-Harvey equa-
tion [16] which would describe the displacement of the
M2-branes in the four-dimensional space inside the
MS5-brane. The second boundary condition (3.5) fixes
the boundary values of the position of the M2-branes
in the remaining four-dimensional space which is normal to
the M5-brane.

One can easily obtain the boundary conditions from
an additional 5-brane. Consider the 5-brane with world

3, x%,x7, x¥), which we will denote by M5-

volume (x°, x!, x
brane. By exchanging a role of X' and Y, we obtain the
boundary conditions

3 1 Anr g A 2 4
DoY 4 YL Y Y|y =0, (3.6)

Adding the boundary conditions (3.6) and (3.7) from the

MS5-brane to the boundary conditions (3.4) and (3.5) from
the M5-brane does not break further supersymmetry. So the

effective theories of the intersecting M2-M5-M5 system in
a flat space would be two-dimensional N' = (4, 4) super-
conformal field theories. Although the knowledge of such

field theories is still limited, the M2-M5-M5 solutions
whose near-horizon geometries take the form AdS; x §3 x
S* have been constructed in the gravity dual perspective
[17-19].

Let us instead consider the flat M5’-brane located along
(x%, x", %%, x6, x°, x'%) having four common directions with
the M5-brane. The isometry of the transverse space of the
M2-branes reduces to SO(2)s, X SO(2)s5 X SO(2)74 X
SO(2)g,y- We thus decompose the eight scalar fields as
X = (X°,X9), vl = (X7,x%), Z' = (X3,X*) and Z' =
(X3,X®). The preserved supersymmetry parameters e
should satisfy F012€ = €, F0134910€ = ¢ and F0156910€ =€,
from which one can read their chiralities under the
SO(1,1)9; X SO(2)34 X SO(2)56 X SO(2)74 X SO(2)g;y as
(+,+,+,—--), (+,——-+.+), (- +,+,+,+) and
served on the two-dimensional intersection of the
M2-M5-M5’ system.

Adopting the fermionic  boundary conditions
F0134910\1} = \I/ on the M5—brane and F0156910\II = \I] on

3There is also a third condition imposed, (X7, Yi,y "] =0, but
we could simply set ¥ = 0 on the M5-brane, noting the Dirichlet
boundary conditions (3.5).
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the M5'-brane, in the limit where the M5-M5' separation is
small, we find the common set of boundary conditions on
the bosonic fields

D, X' + %ei-ﬂd (X7, Z%, Z!] + %eif?[xf 2k 71 =0, (3.8)
DY =0, (3.9)

D,Z' =0, D,Z! + %e"f“ [z, Xk, X' =0, (3.10)
D2l =0, D,Z! +%e?~7kl[2?,xk,xl] =0. (3.11)

The first equation (3.8) is the Basu-Harvey-like equation
for X' with two of the elements in the three-bracket

replaced by Z' or 7. The second equation (3.9) is the
Dirichlet boundary condition on Y*. The last two equations

are curious since the Z* and Z' are required to be fixed at the
boundary by one of the 5-branes while they should also
keep the Lie 3-algebraic structure due to the nonvanishing
three-bracket. Although the direct analysis of the N =
(2,2) superconformal field theories is still difficult, their
supersymmetric ground states, the chiral rings, the BPS
spectra and the sphere partition functions have been
investigated by taking the mass deformation in [20].

Now we will proceed to the boundary conditions in the
topologically twisted BLG theory describing the curved
M2-branes. Let us decompose the SO(1,10) gamma
matrices as

HF=prel"®o, u=0,1,2,
M2=5L,M"®s, I=1,...6,
M= ekey i=12,

(3.12)

where y#, u = 0, 1, 2 are 2 x 2 matrices; y° = 6, y' = 03
and y? = ic,, while [ are the SO(6) gamma matrices
satisfying the relations

(P11} = 267,

7 — —jf126 <”4 0 >
0 -l

The SO(1,10)
decomposed as

(" =17, (3.13)

(3.14)

charge conjugation matrix C is

C=e®CQe, (3.15)

where the SO(2) charge conjugation matrix ¢ and the
SO(6) charge conjugation matrix C obey the relations

PHYSICAL REVIEW D 94, 065016 (2016)

el = —e, eyte™! = —(y")7, (3.16)
CT— & CPe = (), erIe = ()T
(3.17)
We will write the twisted bosonic fields as
Pl = X2, (3.18)
B, = (X0 —iX'%), &, := 1 (X +ix'9),  (3.19)
Z \/E ’ Z \/i )
A= (A Ay, A= (A +iAy). (320)
= —iA,), si= — iA,). .
z \/§ 1 2 Z \/i 1 2

To treat the twisted fermionic fields we expand them as

i N
\EWA(YJre_l)aﬂ"‘l‘I’zA(Vze b ﬂ‘\ﬁ/@t(?’f )@

- i\IjzA (yze—l)aﬁ7

oy =
(3.21)

where we have introduced the 2 x 2 matrices y., y* and y*
defined by

1

(I, +05), Y- = NG (l,—02), (3.22)

1
I ‘=7§

1 , 1 /i
7t ==—(71+172)=—(

1
it _l_>, (3.23)

N

= (( D)

and the indices a, A and f label the SO(2), spinor, the
SO(6), spinor and the SO(2), spinor, respectively. The
supersymmetry parameter can be expanded in a similar
fashion:

ISl

1 _ l}/Z)

p iz —1\q ; 2.~
GZ/ :755/4(?@5 D% + iezq (7)™
i

V2

Ea(y—e )P —ie (e ). (3.25)

Note that only ¢ and & play the role of supersymmetry
parameters on X, as they behave as covariantly constant
spinors.

Using the expressions defined above, we find the
supersymmetric boundary conditions in the twisted BLG
theory:
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0=Eg? _2:72|bdy

PHYSICAL REVIEW D 94, 065016 (2016)

=-¢ [qus’f“’ - é (¢, pFI0E — [@:, 2, ¢’}f’] v

— EiD/ ")V, — E2iD.® ] - & [mz 0, @Z]f”} ¥,

+ Z{quﬁ'f’ — I (00, d»’]f’]i

where 2 (:7 2) is the Becchi-Rouet-Stora-Tyutin (BRST)
current associated with the supersymmetry parameter & (;”)
transforming as a scalar on X, (see Fig. 2).

Although there would be various solutions to Eq. (3.26),
we are interested in the solutions which correspond to the
M2-M5-M5' system (2.2). We can apply the general lesson
we have learned in the flat case to find them. At the
boundary of the M5-brane the bosonic one-form field ¢,
should obey a particular boundary condition. However, the
bosonic scalar fields ¢/ should have two different types of
boundary conditions due to the tangent and normal direc-
tions of the attached MS5-brane. These are expected to be
the Basu-Harvey—like boundary condition describing a
nontrivial geometry inside the MS5-brane and the
Dirichlet boundary condition, respectively. Let d)i, i=1,
2 be the scalar fields ¢! and > which represent the position
of the M2-branes within the M5-brane and let p?, p =
1,...,4 be ¢3, qb6 which correspond to the transverse
directions of the M5-brane. To obtain the Dirichlet con-
dition on p? we must require the fermionic boundary
conditions

@

FIG.2. The BRST current 72 in the effective theory of the M2-
branes wrapping X . The current is associated with the BRST
charges defined on X, We require that it vanishes at the
boundary.

+ f[iDqulf“I}\ilz =+ E[ZiDﬂ)z]y/ + Z[—Dz(ﬁz — % (9. ¢’ (bz]f”] U,

: (3.26)

Ef‘ﬁ+4l//|bdy =0, Ef‘iﬁq;‘”bdy =0. (327)
On the other hand, the Basu-Harvey—type condition on qﬁ?
can be acquired by choosing the fermionic boundary
conditions

éfﬂ”z‘I’dey — 0, Zfﬂz\i,z

bay = 0. (3.28)
The set of equations (3.27) and (3.28) states that the
fermion bilinear forms cannot play the role of generators
of translations in the corresponding directions.

Employing the fermionic boundary conditions (3.27)
and (3.28), we can read off from the generic supersym-
metric condition (3.26) the boundary conditions at the
intersection of the M2-branes and the M5-brane in the
brane configuration (2.2):

Dz‘lﬁ - [‘I)zv P, ¢?]|bdy =0, (3-29)
Dzﬂi’|bdy =0, szi)|bdy =0, (3.30)
DZ¢’Z|bdy =0, Dz(p2|bdy =0, (3-31)
_ 1 . . ana\ ~
f(Dz‘I’z +5[p?. P, q’z}rpq) v =0,
2 bdy
= | .
E( Dy ®s + = [pP, p4, D171 |, =0. (3.32)
2 ' bdy

Equation (3.29) is the Basu-Harvey—like equation on the

scalars gz’)f and the set of equations (3.30) is the Dirichlet
boundary condition on the scalars p?. Note that the set of
equations (3.31) is not the Dirichlet boundary condition,
but the holomorphic and antiholomorphic boundary con-
ditions on the one-form fields ®, and ®. which are
complex-valued functions on the Riemann surface X,.
Consequently ®,dz is a holomorphic differential one-form
while ®.d7 is an antiholomorphic differential one-form on
%,. The field @, satisfying Eq. (3.31) describes a choice of
the holomorphic curve X, in K3.
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Likewise we can find the boundary conditions at the
M5/-brane by exchanging the pair of directions (x?,x*)
with (x°,x%). Putting the M5'-brane in the M2-M5 con-
figuration breaks down the space-time symmetry group
SO(4)3456 t0 SO(2)s4 X SO(2)s¢ while it maintains the
preserved supersymmetry, as we will see momentarily. Let
cp?, i = 1, 2 be the bosonic scalars which correspond to the
position of the M2-brane in the (x3,x*), d1=1,2be
those in the (x°,x°) and ¢, p =1, 2 be those in the
(x7,x8). The first two, ¢' and ¢/, should obey the Basu-
Harvey—type condition as they probe in one of the 5-branes
while the third ¢” must be subject to the Dirichlet
condition. Now consider the limit in which the distance
L goes to zero, the intersection of the M2-M5-M5' branes
(2.2). The boundary conditions can be determined by
combining the two types of conditions required from
MS5-brane and M5'-brane as
Dy’ - [@,. @, (pi”bdy =0, Dz¢i|bdy =0,
DZ(pi|bdy =0, (3-33)

Dyg!' - (@, (I)E7gl]|bdy =0, ngl|bdy =0, DZ€Z|bdy =0,

(3.34)

DzQi"bdy =0, DZQﬁ|bdy =0, (3.35)

Do0. 4300 Bly =0, Doy =0, (330
Dy + ! 0", 0% ®:]lpay = O, D ®|p =0. (3.37)

2

We see that the two bosonic scalars go? and ¢! are also
subject to the Dirichlet conditions in Eqs. (3.33) and (3.34)
which are required by the other 5-brane. These conditions
imply that they must be at fixed values so that they are the
solutions to the Basu-Harvey—type equations. Namely, the

scalars @' and ¢’ obeying the boundary conditions (3.33)
and (3.34) have neither nontrivial solutions nor divergent
behavior as they are fixed at one end or at the other end.

As we already explained, the conditions D-®, = 0 and
D, ®. =0 in Egs. (3.36) and (3.37) are the holomorphic
and antiholomorphic conditions rather than the Dirichlet
boundary conditions. So they cannot completely fix the
complex-valued ®, and P, which may still satisfy the
Basu-Harvey-like conditions in Egs. (3.36) and (3.37).
Also note that the solutions to the Basu-Harvey-like
equations of the complex-valued one-forms do not have
divergent behavior as opposed to those of scalars with
Nahm-like poles. Thus we expect that the bosonic degrees
of freedom on the intersection of M2- and M5-branes inside
the K3 can be effectively described by means of the bosonic
one-form @, by taking an appropriate limit.
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Since the MS5-brane and the M5’ -brane break the
isometry of the flat directions as

SO(6)345675 = SO(2)34 X SO(4)s675

= 850(2)34 X SO(2)5 x SO(2)75  (3.38)
via two projections, the 16 components of the fermionic
fields in Eq. (2.10) reduce to a pair of complex fermionic
scalar fields in holomorphic and antiholomorphic sectors,
which we will call @ and 6, and a pair of complex fermionic
one-form fields in holomorphic and antiholomorphic sec-
tors, which we will call p, and p-.

Here we want to pay special attention to the Basu-
Harvey—-type supersymmetric boundary conditions in
(3.33), (3.34), (3.36) and (3.37) because they provide for
us a hint about the effective theory as a topological sigma
model. Given the Basu-Harvey—type equations as the
boundary conditions, the three-bracket structure can sur-
vive at the boundary and the Hermitian 3-algebra can be
constructed by a pair (80(4),V) where V is a faithful
orthogonal representation of the Lie algebra 30(4)
equipped with a three-bracket. Quite interestingly, it was
shown in [21] that the Hermitian 3-algebra is generically
embedded into a complex matrix Lie superalgebra 8¢ with
an even subalgebra g¢, the complexification of the corre-
sponding Lie algebra g, and an odd subspace V @ V*. In
fact it has been pointed out more directly in [22] that the
Basu-Harvey—type equations are sufficient conditions to
realize the Lie superalgebra. In general the Jacobi identity
of a Lie superalgebra consists of four components corre-
sponding to the relationship between three elements
of the Lie superalgebra; even-even-even, even-even-odd,
even-odd-odd and odd-odd-odd. Among them the only
nontrivial piece is the odd-odd-odd Jacobi identity and the
Basu-Harvey—type equation guarantees the odd-odd-odd
Jacobi identity. Hence the appearance of the Basu-Harvey
equations in the supersymmetric boundary conditions
indicates that the target space of the effective sigma
model is a Lie superalgebra. As we will explicitly see
later, it is the Lie superalgebra p3I(2]2) with even sub-
algebra 8[(2,C) @ 31(2,C).

B. Gauge-invariant boundary conditions

So far we have determined the supersymmetric boundary
conditions for the matter fields of the twisted BLG model
that would describe the M2-M5-M5' system (2.2).
However, we have not yet determined the boundary
conditions for the gauge fields from supersymmetry
because the supercurrent does not contain the field strength
which demands the Neumann or the Dirichlet-type boun-
dary conditions for gauge fields. While there are many
choices of boundary conditions for gauge fields, we are
especially interested in those which keep a full gauge
symmetry. Boundary conditions for the gauge field in
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ABJM theory have previously been studied in [8,12,23]
and in [8] a boundary action was introduced which
preserved the full gauge symmetry. However, here we will
come up with an amazing result as a combination with the
supersymmetric boundary conditions (3.33)—(3.37) on the
twisted matter fields.

Since the twisted Chern-Simons term (2.5) whose
variation produces a boundary term is not gauge invariant,
we want to fix the boundary conditions for the gauge fields
so that the gauge invariance of the bulk theory can be
completely preserved.4 First, let us consider the pure
Chern-Simons action. The variation of the Chern-Simons
action

2i
—A”A,,A,1> (3.39)

k
SCS = EA/Id%dMTr (AMG,JAA + 3

yields
k 3 A
5SCS = — d” xet Tr(éAﬂle)
4 M

k
4+ —

el d*xe™PTr(6A,Ap).

(3.40)

The second term does not automatically vanish on the
boundary, but boundary conditions which set one of the
components of the gauge field to zero at the boundary can
be chosen to make the Chern-Simons action invariant under
the gauge transformation. The effect of such boundary
conditions is that the Chern-Simons action can be
rearranged to show that the chosen component becomes
a (bulk) Lagrange multiplier, enforcing the constraint that
the field strength in the orthogonal directions vanishes [24].
For a Lorentzian two-dimensional boundary one can
choose the timelike Ag|,q, = 0, spacelike Aj|yq, = 0, or
lightlike A, :== Ay £ A, |bdy = 0 boundary conditions. The
choice of boundary conditions determines the form of the
boundary kinetic term. For example, the lightlike boundary
condition A_ [,4, = 0 leads to the constraint F,_ = 0 [8].
The Euclidean two-dimensional boundary that we are now
considering can be realized by performing the Wick
rotation. The lightlike boundary conditions become a
holomorphic boundary condition

=0 (3.41)

and an antiholomorphic boundary condition

A-

z

1
= —(Ag +iAy)
bdy \/§ 0 !

=0,
bdy

(3.42)

“The boundary conditions which preserve only the diagonal
part of the gauge symmetry group were studied in [12].
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which, respectively, yield the conditions
Fy: =0 (3.43)
and

Fy, =0. (3.44)

Now let us first assume for simplicity that this flatness
condition can be solved as the pure gauge A, = g~'0,g,
A, =g'0.9 (or A; = g7'0-g) where g is a map from
OM =X at x*> = 0 to the gauge group G, and the map is
arbitrarily smoothly extended to x> > 0. Substituting into
the action we find

k
Scs = _/ d*xTr((g7'0,9)0, (97" 0:9)
(9719:9)0.(g710,9))
_x / dxTr[-(g7'0,9)(g7'0.9) (g

—(97'9:9)(97'0.9) (97" D19)
+ (97'029)(g710.0_g) = (97'0-9)(g

~10.9)

_181829)]'
(3.45)

Now integrate by parts with respect to 7 in the first and x? in
the second. Then the integration by parts with respect to x>
produces the standard kinetic term on the boundary while
the first does not produce a boundary term. All other terms
from the last line cancel between the two terms so that we
are left with the WZW model

k
Swzw = ——/ d*xTr(g7'0,9)*
8 b
ik
“12r /., dxe"* Tr(g'0,9-97'0,9- 971 0,9).
(3.46)

Back to the case of the BLG model with a boundary, let
us define A, :Aﬁi)a and A = A(_?a~ where A(I) and

Afm) are self-dual and anti-self-dual parts of the gauge fields

and the Pauli matrices 6, are normalized as Tr(6,0;) = 25;;.
Then the twisted Chern-Simons term (2.5) in the BLG

model can be expressed as the SU(2), x SU(2)_; quiver
Chern-Simons term [25]
S —i/ d*xe"* | Tr( A,0,A +gAAA
CS — 4 " uYuri) 3 VRN ZaV
) A
- TI' (Aﬂa,,A,l + gAﬂADA/1>:| (347)

with k € Z. Let us choose the boundary conditions
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Az|bdy =0, Az|bdy =0, (3'48)

which require that

F,. =0, . =0. (3.49)

From the quiver Chern-Simons action (3.47) we then find
the boundary action

Ssu@),wzwlg] + Ssu)_ wzwld]

k
= dszr( 9 9a9)?
C8x
ik

12z
L[ @xre(o,97
+8ﬂ/2 TR 0,0)

ik NN
+EA/I dPxe*Tr(5710,9 -

dzxe””Tr( ~19,9-97'0,9- 97'0,9)

97'0,9-5710,9).
(3.50)

In terms of ¢ and § the action (3.47) now becomes a sum of
the two WZW actions. As discussed in [24], the measure is

[IDA][DA]S(F)8(F) = [[Dg][Dg] and there is no Jacobian
in the change of variables.

Now, in general the flat condition cannot necessarily
be solved by a single-valued function on a curve as
g: X, xR — SU(2). The conjugacy class of a nontrivial
holonomy of a flat connection around sources would
lead to additional boundary degrees of freedom as the
coadjoint action in the effective action [24,26].
However, even in the general case the WZW model
would be part of the description, along with a contri-
bution from the Chern-Simons action involving the
nontrivial flat connections. As the moduli space of flat
connections depends on the choice of X, it may be more
convenient to use an alternative method to describe the
Chern-Simons theory with a boundary. This involves
adding new boundary degrees of freedom, coupled to
the bulk Chern-Simons action, in such a way that gauge
symmetry is preserved [27]. This approach has been
used in the context of the ABJM model [8,23]. In this
approach it is clear that a WZW model will arise from
the bulk gauge field on any manifold with a boundary,
even though the full result including all ABJM matter
fields and supersymmetry is not known even in the
simplest case of M = R? x [0, L]. For our purposes the
appearance of the WZW model is the key point, and at
least in the case of pure Chern-Simons theory the
boundary conditions and boundary degrees of freedom
approaches are equivalent.

PHYSICAL REVIEW D 94, 065016 (2016)
IV. SUPERGROUP WZW MODELS
A. PSL(2]2) WZW model and twisted BLG model

1. Bosonic action

Now we wish to collect the bosonic boundary conditions
—the supersymmetric boundary conditions (3.33)—(3.37)
and the gauge-invariant boundary conditions (3.48) and
(3.49)—to explore the effective boundary theory on the two
membranes in the M2-M5-M5' system (2.2).

Let us introduce the complexified gauge fields

Azba = Azba + deba(I)Zc(pZ’ =+ debaq)ch27 (41)

b A c c
AZ a — AZba +f dbaq)zc(pd +f dbaq)zcgdv (42)

b ~ . . . *
A2 a = Azha + fcdhaq)Zc(Dzd + ftdhagac'Gd + debanQd

(4.3)
and the complexified field strength
]:ﬂvz 3#1/; - aﬂ’zlvz - A”l;jlyg + AD}Z'AMZ
(4.4)
as well as the complexified scalars, e.g., ¢ := \/L— (o' —ig?).
Then by definition we have
~ - 1 .
fZZ = FZZ - DZ(I)Z+§[Q’Q ,q)z],(p,
1 *
- DZ(I)Z + E [97 o, (I)ZL s
—[®2. Dy = [©, P, 9] | = [@2, Do — [@,. Dz ¢]. |
+[D;®;, @] + [@;, D: D, ]
+[Dz.¢.] + 0. D:g.]
+[Dz0.0". ] + [e. D=0, ]. (4.5)

Therefore both the supersymmetric boundary conditions
(3.33)—-(3.37) and the gauge-invariant boundary conditions
(3.48) and (3.49) can be unified as an equation:

Fr=0 (4.6)
in terms of the complexified field strength (4.4).

It is remarkable that such a complexification of the gauge
field and the simplification of the BPS equation are also
encountered in the case of wrapped D3-branes on a
holomorphic curve Zg in K3 (see, e.g., [11,28]). In that
case the effective theory can be described by the four-
dimensional twisted N" = 4 super Yang-Mills theory on 2.
A set of BPS equations on £, for g > 1 is known to be
Hitchin’s equations; F_: + i[®_, ®.] =0, D,®. =0 and
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D:®, =0. They can be summarized as the condition
F .z = 0, which is the flatness condition on the complexi-
fied gauge field A, :=A,—i®P,. Moreover, Eq. (4.6)
reflects the fact that the existence of high amounts of
supersymmetry in Chern-Simons matter theories is insepa-
rably bound up with gauge symmetry.

|

PHYSICAL REVIEW D 94, 065016 (2016)

In trying to find the effective action of the boundary
theory, we demand that it is classically scale invariant on
the two-dimensional boundary X, To seek such a
Lagrangian description, it is instructive to look at the
bosonic action of the fully topologically twisted BLG
model on a general compact three-manifold M [29]:

i : 2 . a re
Sbosonic TBLG — A d3x |:2 e/w/l (fathAﬂabguAicd + gfu] gf fgbAﬂabAvch/lef>:|

1 i 2
+ \/ETI' |:§ (Dﬂ®” _3—\/§€ﬂ /1[@[“ q)y, ¢/1])

+

N = =

F 000 )|

where
A ab = Apap — L€ szdab‘bZ‘I)ﬁ’ (4-8)
H H 2\/§ 22 d
(D,X), =0,X,— AL X,
i
= (D,X), +2—\/§em[q>”, o4 X], (4.9)

are the three-dimensional versions of complexified objects
while ®, and ¢’ are component fields of the bosonic
SO(3) one-form field and the five bosonic scalar fields,
respectively.

However, for the partially twisted BLG model on %,
together with boundaries, the complexification comes
about in a slightly different way from (4.8) and (4.9)
according to the breakdown of the rotational symmetry;
SO(3) — SO(2). This allows the complexified scalar fields
to enter the complexification as in (4.1)—(4.3). Note that the
x% component of the complexified gauge fields A, is now
|

1 _ 2.
Sbosonic TBLG — ‘/): , d3x |:2 eﬂyﬁ (fadeAﬂahauA/ch + 3deuﬂfefgbAﬂahAuchlef):|
X

of the complexified gauge fields (4.1)—(4.3). This imple-
ments the complexification of the twisted Chern-Simons
term (2.5). One can therefore view the supersymmetric
boundary conditions (3.33)—(3.37) and the gauge-invariant
boundary conditions (3.48) and (3.49) as the complexified
gauge-invariant boundary condition (4.6) in the twisted

(D,®, — D,®,) (DD — D)

1
+ 3 DM¢IDM¢I + E [¢17 ¢J9 ¢K} [¢1’ ¢J7 ¢K]

(4.7)

identified with a bosonic scalar field and contains addi-
tional contributions from complexified scalar fields in our
definition (4.3). Furthermore the partially twisted action
takes a different form in terms of the modified complexified
gauge fields (4.1)—(4.3). In the fully twisted action (4.7)
there are four types of classically scale-invariant terms on a
Riemann surface £, which can contribute to the effective
boundary action:

(1) the twisted Chern-Simons term of the complexified

gauge fields in the first line,

(ii) the quadratic term (D,®, — D,¢)?* with ¢ being the

bosonic scalar fields in the third line,

(iii) the kinetic terms (D,¢)? of the bosonic scalar fields

in the fourth line,

(iv) the potential terms of the form [®,, ¢, #]> in the

fifth line.

Now we point out that under the supersymmetric
boundary conditions (3.33)—(3.37) which are encoded by
the complexified gauge fields (4.1)—(4.3) as Eq. (4.6), all
the possible terms (i)—(iv) can be formally collected as the
twisted Chern-Simons term

(4.10)

|
Chern-Simons term (4.10). Following the previous logic,
we can now get the bosonic boundary action.

The twisted Chern-Simons term (2.5) can be rewritten as
a sum of two Chern-Simons actions as in (3.47). With the
aid of the gauge-invariant boundary conditions (3.48) they
give rise to a sum of two WZW actions (3.50), although as

065016-10



TOPOLOGICAL M-STRINGS AND SUPERGROUP WESS- ...

previously discussed we cannot exclude additional con-
tributions from nontrivial flat connections. Thus the twisted
Chern-Simons term (4.10) of the complexified gauge fields
A, with the boundary condition (4.6) generates the
boundary action as a sum of two SL(2,C) WZW actions:

Shosonic = Ssz.2.0),wzwlg] + Ssc2.c)_ wzwldl]

k
=< / d*xTr(g7' 0ug)?
87 Js,

T

ik
- dExe*Tr(g7'0,9- 97'0,9 - g7'0,9)
127 M
k
b [ a0,
87 z,
ik
| Bre i Te(5710,5- 70,5 571 0,9).
127z M

(4.11)

2. Including fermionic terms

As discussed at the end of Sec. III A, on general grounds
we expect to have a supergroup structure. Obviously the
natural expectation is that including the fermionic fields
will enhance the SL(2)x SL(2) WZW model to a
PSL(2|2) WZW model. We will first review the form of
the PSL(2|2) WZW action [30-32] and then discuss how
this can arise from the twisted Chern-Simons theory with
our fermionic field content.

Let us begin by considering the SL(2]2) WZW model

k
Sse2), 18] = —g/z d*xStr(s7'0,s)?
9

ik e ) .
~Ton Md3x€” *Str(s™19,s - 57'0,5 - 5710;5)
(4.12)
for supermatrices
A B
= e SL(2|2 4.13
s= (5 p)esen @y

with A and D being bosonic matrix elements of SL(2,C)
and B and C being fermionic matrix elements. Here a
supertrace Str is defined as Str(s) = Tr(A) — Tr(D). The
supergroup element s € SL(2|2) admits the Gauss decom-
position [33]

=eo(y 1)(0 3o 1)

—explu 5

0
g9 ) (4.14)
g 090+ §

PHYSICAL REVIEW D 94, 065016 (2016)

with u € C and ¢, § € SL(2, C). The action (4.12) satisfies
the Polyakov-Wiegmann identity (34)°

S[s1s2] = S[s1] + S[s2] —l—%/szStr(sl‘lazslazszsgl).
(4.15)

Now, SL(2|2) has a normal U(1) subgroup consisting of
multiples of the identity. As discussed, e.g., in [32] the
SL(2|2)-invariant metric is degenerate. However, treating
the U(1) symmetry as a gauge symmetry and quotienting
by this U(1) results in a PSL(2|2) WZW model, with a
nondegenerate invariant metric. Since PSL(2[2) has
bosonic subgroup SL(2) x SL(2) this also gives the
minimal embedding of the bosonic SL(2) x SL(2)
WZW model into a supergroup WZW model.

Although PSL(2|2) has no representation of superma-
trices, one can descend to PSL(2|2) from SL(2|2) by
identifying supermatrices s € SL(2|2) which differ by a
scalar multiple. Using the Polyakov-Wiegmann identity
(4.15) we can show that

Ssi2p2),[€"s] = Ssrp €] + Ssep), 5]
+ % /):g d?x0-uStr(sd,s7")

= SSL(2|2)k [s]. (4.16)
This states that the action (4.12) is invariant after multi-
plying the supermatrices s € SL(2|2) with a scalar factor
exp(u). In other words, the PSL(2]2) WZW action is
equivalent to the SL(2]2) WZW action.

Applying the Polyakov-Wiegmann identity (4.15) to the
decomposition (4.14) one can rewrite the PSL(2[2) WZW
model (4.12) as

10 g 0
Sesi(22), [S] = SpsL22), 0 +SpsL22), 07
16
+SpsL22), 01
9_13293z9>

k
+— / szStr< _ -
2z Js, 9:0(0.9)g7" §7'0.090.0
(4.17)
The first and third terms vanish because contributions to

supertraces can arise only from nontrivial bosonic subma-
trices. Then the final result is

>Providing one replaces trace with a supertrace, the Polyakov-
Wiegmann identity for supergroups takes the same form as
that for ordinary groups according to the cyclic property of a
supertrace.
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Sps22), 8] = Sse.c)wzwld] + Sse.c)_ wzwld]

k _
- / d’xTr(§710.0¢0.0). (4.18)
2 z,

The first two terms are the sum of two SL(2,C) WZW
models which we have encountered in the bosonic boun-
dary action in (4.11). Notice that the opposite level comes
from the definition of the supertrace.

Let us now proceed to discuss how this supergroup
WZW model can arise from the fermionic degrees of
freedom we have. Recall that the supersymmetric boundary
conditions in the topologically twisted BLG model allow
for the spin-zero fermionic fields 6, 0 and spin-one
fermionic fields p,, p;. We identify 6, 6 with the fermionic
fields in the supergroup WZW model. There could be a
field redefinition in this relation, but this would just
correspond to a different parametrization of the supergroup
elements. However, we note that the supergroup action
does not include the fields p,, p:.

In constructing the boundary action with fermionic
terms, we again demand that the possible boundary terms
are scale invariant at the classical level. In two dimensions,
the spin-zero and spin-one fermionic fields have scaling
dimensions zero and one, respectively. Without the cou-
plings of the fermions to the bosons, one can write a
conformally invariant action [35]

1 _
5= / Px(p.0-0 + p-0.0). (4.19)

This is the fermionic ghost system with central charge
¢ = =2, the so-called symplectic fermions [9]. However,
we should consider other possible terms which stem from
the terms in the twisted BLG theory, i.e. the fermionic
kinetic term (U,I*D,¥) and the interaction term
(U, T [X', X/, W]). This means that the boundary terms
are quadratic in fermionic fields, with up to one derivative
acting on the fermions, and that they can also contain the
bosonic matrix fields g, § and their inverses g~', 5! of
SL(2,C). Taking into account the scale invariance, we
could have the following possible boundary terms includ-
ing the fermionic fields 6, 0, D, P and the bosonic fields g,
N
(i) terms involving two fermionic scalar fields and no
fermionic one-form field
0,057'0-0g, 0,030:0g7";  (4.20)
(i) terms involving a fermionic scalar field and a
fermionic one-form field

.5~ 9-0y, Pz90.0g~"; (4.21)
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(iii) terms involving no fermionic scalar field and two
fermionic one-form fields
P P9, pOPig. (4.22)
Now, the terms in (4.20) have two derivatives and do not
obviously arise from the fermionic terms in the BLG
theory. However, we note that the fermionic one-form
fields p,, p- have no kinetic terms and they therefore
should be treated as auxiliary fields. After integrating them
out we are expected to be left with the terms as in (4.20)
which only contain the fermionic scalar fields 6, . Thus the
fermionic boundary degrees of freedom can be encoded in
the interaction term

Sime = / d*xTr (k40,007 0:09 + K0.000-0g7"), (4.23)

9

where x4 and kp are constants.

Note that we did not directly derive the fermionic action
from the twisted BLG action. In fact, since g and g are
dimensionless, it is consistent with dimensional analysis
that there could be a variety of terms with (9,6)(9-6) in the
final fermionic boundary action. Likewise the precise form
of the coupling to g and g in (4.21) and (4.22) may seem
somewhat arbitrary. However, we would expect the require-
ment of conformal invariance (at the quantum level) to be
highly restrictive. As we have seen above, including the
above fermionic terms with x4 = —%, kg = 0 gives the
PSL(2|2) WZW model, so this is certainly consistent with
all our requirements for the action.

One plausible argument to constrain the allowed fer-
mionic terms is to note that the bosonic WZW action has
the obvious global symmetry

g — ugv!, g—agd .

If we assume the classical action has this symmetry when
we include the fermions, we must assign specific trans-
formation properties to the fermions or they could not
couple to the bosonic fields. As the bulk fermions were in
the bifundamental representation, we likewise expect the
boundary fermions to allow coupling of g to §. In order for
this to be possible we take the following transformation
rules:

<
]

0 — v, 00— a6u', (4.24)

1

p, = vp. v, pau'. (4.25)

IS

p: —

Similar transformation rules are possible with different
choices of u <> v or it <> » but these just differ by field
redefinitions, by multiplying the fermions on the left or
right by g ¢ or their inverses. With this particular
convention we see that only the first term in (4.22) is
allowed while both terms in (4.21) are possible. If these
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three terms are all present in the action,’ then integrating
out p, will produce exactly (4.23) with xz =0 and the
nonzero value of x, will just correspond to the normali-
zation of @ and 6. Even assuming the global symmetry, this
argument is not quite complete as there are possible terms
similar to those in (4.21) where the derivative acts on g or g.
Allowing all such terms will generate several additional
terms after integrating out p., e.g., g~'9g05~'0 6. However,
as far as we are aware, such possible fermionic couplings
do not give rise to a conformal field theory, so the
requirement of conformal invariance will not allow
such terms.

While we have not given a rigorous derivation, we believe
that this is the unique result arising from the topologically
twisted BLG model on £, by choosing the supersymmetric
and gauge-invariant boundary conditions. Indeed, from the
form of the bosonic part of the action, and the requirement of
a supergroup structure, this is essentially the only possibility
(other than adding additional fields which do not arise from
the bulk theory.) If we simply demand conformal invariance,
it is possible that other fermionic interactions are allowed.”
However, we are not aware of any such models with the
same bosonic action (and where the fermions are coupled to
the bosonic fields). We do note that there is the interesting
possibility discussed in [32] that there is a family of
PSL(N|N) WZW models which are conformal even when
the coefficients of the kinetic term and the WZW term are
independent. We have only discussed the case with the
standard relation between these coefficients as that is what
we expect to get from the Chern-Simons theory. However, it
would be interesting to understand what role, if any, such
deformations have in this context.

To summarize, we have obtained the PSL(2[2) WZW
model from the topologically twisted BLG model on %, by
choosing the supersymmetric and gauge-invariant boun-
dary conditions. In view of the form of the action (4.18), we
see that a heuristic construction of highly supersymmetric
conformally invariant gauge theories in three dimensions as
the quiver Chern-Simons matter theories with opposite
integer levels is intimately related to the structure of the
supergroup WZW actions underlying the supertrace. Due to
the wrong sign of the kinetic term, we do not expect this to
be a unitary theory or even to directly arise from one by an
analytic continuation. So one could not extract the dynami-
cal properties of the M2-branes. However, the theory we are
now considering is the effective field theory on the
Euclidean %, wrapped by the M2-branes. The resulting
theory, which is different from the original physical theory

®If any of these terms has zero coefficient, the fermionic part of
the action will vanish after integrating out p, and/or p-. So, we
would be left with only the bosonic SL(2) x SL(2) WZW model.
These would not respect the global symmetry present in the
classical action of the bosonic sector, but we cannot directly rule
out such a possibility.
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via topological twisting, could only capture the topological
properties or the BPS spectrum of the curved M2-branes
wrapping a holomorphic Riemann surface X, as a topo-
logical field theory. We expect that it can play a similar role
as other proposed effective theories arising from curved
world volumes of branes, e.g., two-dimensional topological
sigma models for wrapped D3-branes on Riemann surfaces
in K3 [11], SL(2,C) Chern-Simons theory for wrapped
MS5-branes on 3-manifolds in Calabi-Yau three-folds [36],
and Vafa-Witten theory for wrapped MS5-branes on 4-
manifolds in G, manifolds [37]. Indeed the supergroup
WZW model is known to be a topological sigma model
[32,33] and also has been used to compute the Alexander
polynomials A [38]. Remarkably it has been proven in [39]
that any A polynomials which occur as the Alexander
polynomials can occur as the Seiberg-Witten invariant of an
irreducible homotopy K3. We expect to be able to address
these relations with our physical setup. In particular, for the
effective theory of the topological M-strings in the brane
configuration (2.2), the level would be k = 1 since only it
can realize two flat M2-branes in a flat space. Therefore we
propose the PSL(2|2) WZW model with level k = 1 as the
effective action of the two topological M-strings.

B. GL(N|N) WZW model and twisted ABJM model

Let us generalize our discussion to the case of an
arbitrary number of coincident M2-branes in the brane
configuration (2.2). The ABJM model [6], which is a three-
dimensional N =6 superconformal U(N), x U(N)_,
Chern-Simons matter theory, has been proposed as the
low-energy world-volume effective theory of N M2-branes
probing C*/Z,. The theory involves four complex scalar
fields Y#, four Weyl spinor fields y, and two types of
gauge fields A, AM. The theory has SU(4)z R-symmetry
group as well as U(1), flavor symmetry group. Y4 and y,
are the matter fields transforming as the (N,N) bifunda-
mental representation of the U(N), x U(N)_, gauge group
with U(1)p charge +1, while ¥} and w' are those
transforming as the (N, N) antibifundamental representa-
tion with U(1), charge —1. The upper and lower indices
A B,...=1,2,3,4 correspond to the 4 and 4 of the
SU(4)r R symmetry and baryonic charges 1 and -1,
respectively, while A, are the U(N) Chern-Simons gauge

fields of level +k and Au are the U(N) Chern-Simons
gauge fields of level —k. The gauge fields transform as the
trivial representation of SU(4), x U(1).

If we try to get the low-energy effective theory of N
topological M-strings by carrying out the topological twist
on the ABJM model, it is necessary to consider the effect of
the U(1), charge. The global symmetry SU(4), x U(1)g
has 16 currents. However, when k& = 1, 2 the monopole
operators provide us with 12 symmetry generators so that
the global symmetry is enhanced to SO(8)p with 28
generators. Thus the N =6 supersymmetry of the
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ABJM model is expected to be enhanced to N' = 8 for
k=1 and k=2 by taking into account the baryon
symmetry U(1), [6,40,41]. As discussed in [42], a topo-
logical twisting procedure generically can be regarded as a
gauging of an internal symmetry group by adding to the
original action the coupling of the internal current to the
spin connection and one can also take such an internal
symmetry as a baryon symmetry.

Now we attempt to twist the ABJM model by first
decomposing the R symmetry as

SU4)g = SUB)g x U(1)g. (4.26)
Then we define a generator 8’ of the SO(2)} as
, 11

where 8 is a generator of the original rotational group
SO(2)g, Tk is a generator of U(1), and T is a generator of
U(1). The branching of the representation for the decom-
position SU(4)z = SU(3)g x U(1)g is

6*32@3_2,
453 @1,

153 @1, (4.28)

The twisting SO(2)gp x SU(4)g x U(1)g = SO(2)}; x
SU(3)x reduces the supersymmetry parameter @ as fol-
lows:

0 6, ®6_ >33, ®3,D3,. (429)
The appearance of the six covariantly constant spinors
indicates that the twisting procedure corresponds to the
M-theory background (2.1) since K3 breaks half of the
supersymmetry. After the twisting SO(2)p x SU(4), X
U(l)y = SO(2)) x SU(3)g, the fields transform as

YA: 40 —)30 @ 1_2,
YL:Z"O_)?’O@I%
pai 4, @4 5301, @3, @1,

l,//TA: 4+ D 4_ - 32 (45) 10 (<>} 30 (%3] 1_2. (430)

We see that the twisted ABJM model comprises scalar
fields 3, @ 3, with six components, bosonic one-forms
1, & 1_, giving two components, fermionic scalar fields
381,83, ® 1, with eight components and another
eight components from fermionic one-form fields 1, @
3,01, 3_2. In other words, the twisted ABJM theory
has exactly the same number of bosonic and fermionic field
components as (2.9) and (2.10) in the twisted BLG theory.
By imposing the appropriate supersymmetric boundary
conditions on these fields, we find holomorphic,
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antiholomorphic fermionic scalars 6, 8 as well as fermionic
one-form fields p., p;. Therefore we are led to regard the
above twisted theories as the source of the low-energy
effective description of N topological M-strings.

Since the twisting requires gauging both the U(1), and
U(1), symmetries, a straightforward decomposition of
gamma matrices and spinors cannot work. However, we
would like to make a few remarks on the effective theory.
First, the U(N) x U(N) Chern-Simons action should
produce a sum of the two WZW actions with the hol-
omorphic boundary conditions A_ |4, = 0, Az|bdy =0asin
(3.48) and (3.49) since the topological twisting does not
affect the gauge fields and the Chern-Simons action.
Second, the ABJM model is shown to be written in terms
of the 3-algebra [43], which enables us to define com-
plexified gauge fields as in (4.1)—(4.3). This would promote
the U(N)x U(N) gauge fields to the complexified
GL(N) x GL(N) gauge fields. Third, the ABJM model
has the BPS boundary conditions for the bosonic scalar
fields analogous to the Basu-Harvey equations which may
represent N M2-branes ending on the M5-brane [44]. It has
been also argued in [22] that these are sufficient conditions
for the presence of the Lie superalgebra gl(N|N) with even
subalgebra gl(N,C) @ gl(N,C). Finally, the symplectic
fermions which are necessary to obtain the free field
realization of the supergroup WZW models and the
associated affine Lie superalgebra wonderfully and auto-
matically appear in the field content (4.30) of the topo-
logically twisted ABJM theory. Given the remarks above,
the topologically twisted ABJM model on %, with the
supersymmetric and gauge-invariant boundary conditions
would provide the GL(N|N) WZW action®

k
ScLiviny, 8] = _g/z d*x(s7'0,s, s710%)

ik 3

_ ik { —1 -1 -1
in Md xe*(s710,s,[s7'0,s,5710;3]).
(4.31)

We note that while the supermatrix s € GL(N|N) may
have the Gauss decomposition [33]

(o )0 )6 )

with g, § € GL(N) being Grassmann-even matrix elements
and 0, 0 being Grassmann-odd matrix elements, the
Polyakov-Wiegmann relation may be generalized for the
bilinear form (-, -). If we consider the effective theories of
the N topological M-strings in the brane system (2.2), they

can be realized for the level k = 1 associated with a flat

(4.32)

*Instead of supertrace we have introduced the nondegenerate
bilinear form (-, -) for the nonsemisimple gL(N|N).
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background geometry. The GL(N|N) WZW models have
previously been proposed as an explicit realization of
topological conformal field theories [33]. From the free
field realization (4.31) upon the Gauss decomposition
(4.32) the theory has been argued to be represented as
the superposition of two decoupled parts with SL(N, C)
and U(1) symmetries, both of which constitute topological
conformal field theories.

More generally we can consider other twisted N' =6
Chern-Simons matter theories. To preserve N = 6 super-
symmetry the gauge groups of Chern-Simons matter
theories are not arbitrary and the other allowed options
are U(N)x U(M) and SO(2) x Sp(N) [45,46]. These
N = 6 superconformal Chern-Simons theories can be also
formulated in terms of the Lie 3-algebra by relaxing the
conditions on the triple product so that it is not real and
antisymmetric in all three indices [43]. Evidently it is
straightforward to extend our discussion to these N = 6
Chern-Simons matter theories by following the same
argument as the ABJM model although the M-theory
interpretation is much less transparent. Consequently we
would obtain the WZW models of the supergroups
GL(N|M) and OSp(2|N) from the N =6 U(N) x
U(M) and SO(2) x Sp(N) Chern-Simons matter theories
by performing partial topological twists on X, and impos-
ing the supersymmetric and gauge-invariant boundary
conditions. It would also be interesting to analyze cases
with N =5 or N' =4 supersymmetry where again the
gauge group must be the even part of a supergroup
[21,46-50].

V. DISCUSSION

The present work should be extended in a number of
directions. From the field theory point of view, we propose
the novel correspondence between the supergroup WZW
models and the topologically twisted Chern-Simons matter
theories. This would give a way to resolve the puzzle that
the well-known correspondence between WZW and Chern-
Simons theories for ordinary compact groups [24,27,51,52]
is not available for generic supergroups [53-56]. It is
known that the GL(N|N) WZW models are topological
field theories of cohomological type as they have ¢ = 0 and
their stress-energy tensors are BRST exact. An issue worthy
of investigation is the interpretation of these topological
theories in their own right. In [57] the multivariable
Alexander-Conway knot polynomial [58,59] of links in
S3 has been explicitly obtained from the S and 7 matrices of
the GL(1|]1) WZW model. Also the GL(N|N) WZW
models have been expected to produce the Alexander-
Conway polynomial [33,38]. It is rather interesting to note
that in [39] the homotopy K3 surfaces [60] have been
constructed from knots in three-manifolds, and the Seiberg-
Witten invariants of these manifolds have been shown to be
given by the Alexander polynomials of the knots. We
expect that our M-theory framework will prove useful to
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understand and generalize the problem in that the M2-
branes wrapped on a two-cycle in K3 are described by the
supergroup WZW models having a conjectural relation to
the Alexander knot polynomials. This is currently under
investigation.

Our proposed 3d-2d relation—i.e. the relation between
three-dimensional supersymmetric Chern-Simons matter
theories, realized on the world volume of M?2-branes,
and two-dimensional supergroup WZW models—has an
analogue in one higher dimension. In that case the relation
is between four-dimensional A =4 super Yang-Mills
theories, realized on the world volume of D3-branes,
and three-dimensional Chern-Simons theories. In particu-
lar, the rich structure of boundary conditions for V' =4
super Yang-Mills theories was explored in [13], describing
D3-branes ending on various types of 5-branes in type [IB
string theory. There are indications that the boundary
theories admit the Lie superalgebraic structure [47,61].
In fact, Mikhaylov and Witten [55] established that the
defect theories of the topologically twisted N' = 4 super
Yang-Mills theories can be described by supergroup Chern-
Simons theories. They can be embedded in type IIB string
theory having the D3-branes ending on both sides of an
NS5-brane. For example, the simplest case with supergroup
U(m|n) arises when m D3-branes end on one side, and n
D3-branes on the other side, of an NS5-brane.

In this article we have only described in detail very
specific M2-M5 configurations. There are several possible
generalizations and we hope to report on other cases in
future work. An obvious question is what happens when
M2-branes end from both sides of an M5-brane. In the
string theory case bifundamental matter arises from open
strings connecting the D3-branes on either side. It is not
obvious what the corresponding feature is in M theory, but
we expect it is possible to derive the low-energy theory
from the Chern-Simons theories and boundary conditions.
Other natural generalizations are to relax the boundary
conditions on the scalar fields by taking orientations of the
M5-branes other than the M5-M5' case we investigated or
by allowing a finite separation between the MS5-branes.
Such generalizations will have additional scalar degrees of
freedom and not result in purely topological theories.
However, our expectation is that the supergroup WZW
models will continue to describe the internal degrees of
freedom of the M2-brane boundary while additional fields
will describe the transverse degrees of freedom of the
M2-brane boundaries within the MS5-branes.

A related approach to describing theories with bounda-
ries is to add boundary degrees of freedom rather than
imposing (some) boundary conditions. In this context
Belyaev and van Nieuwenhuizen [62] studied the boundary
degrees of freedom required to preserve half the bulk
supersymmetry. This approach was applied to the ABIM
theory with a boundary in [23] resulting in a partial
description of the boundary theory which was sufficient
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to derive the boundary scalar potential for certain amounts
of preserved supersymmetry, while more general boundary
conditions were analyzed in [12]. In [8] the same systems
were analyzed with particular focus on the boundary
degrees of freedom required to preserve the Chern-
Simons gauge symmetry. Some aspects of supersymmetry
were considered, but the fully supersymmetric M-string
theory was not derived. In light of the various M2-M5
configurations described above we hope to develop the
boundary action approach to derive the full (half of original
bulk) supersymmetric and fully gauge-invariant boundary
action. Work on this is currently in progress and we hope to
report results in the near future. Applied to the special
configuration considered in this article, such an approach
would give an independent derivation of the emergence of
the supergroup.

Finally, we note that there is recent work [63] on coupled
Chern-Simons-WZW systems with less supersymmetry
arising from D3-DS5 configurations, and a theory of this
type has been proposed [64] which should flow at low
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energies to the ' = (4,2) or N = (4, 4) M-string theories.
In part the results in this article, and our anticipated
results for the more general cases, are naturally a higher
supersymmetric analogue, and for M-strings would be a
direct derivation of the low-energy theory. However, it is
not clear at this stage whether there is any way to directly
study such a theory by flowing from the theory proposed
in [64].
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