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HARMONIC FUNCTIONS ON RANK ONE
ASYMPTOTICALLY HARMONIC MANIFOLDS

GERHARD KNIEPER AND NORBERT PEYERIMHOFF

ABSTRACT. Asymptotically harmonic manifolds are simply connected
complete Riemannian manifolds without conjugate points such that all
horospheres have the same constant mean curvature h. In this article we
present results for harmonic functions on rank one asymptotically har-
monic manifolds X with mild curvature boundedness conditions. Our
main results are (a) the explicit calculation of the Radon-Nykodym de-
rivative of the visibility measures, (b) an explicit integral representation
for the solution of the Dirichlet problem at infinity in terms of these
visibility measures, and (c) a result on horospherical means of bounded
eigenfunctions implying that these eigenfunctions do not admit non-
trivial continuous extensions to the geometric compactification X.
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1. INTRODUCTION

Manifolds with asymptotically harmonic metrics were first introduced by
Ledrappier ([Led, Thm. 1]) in the special case of negative curvature in con-
nection with rigidity of measures related to the Dirichlet problem (harmonic
measure) and the dynamics of the geodesic flow (Bowen-Margulis measure).
One of the equivalent characterisations of asymptotically harmonic metrics
there was that all horospheres have constant mean curvature h > 0. We
express this geometric property in terms of Jacobi tensors (see Definion
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L1 below). Let (X,g) be a complete Riemannian manifold without con-
jugate points and let m : SX — X be the canonical footpoint projection
from the unit tangent bundle. For v € SX let ¢, : R — X be the unique
geodesic given by ¢, (0) = v. Let S,, and U,, be the orthogonal Jacobi
tensors along ¢,, defined by S, ,(0) = U,,(0) = id and S,,(r) = 0 and
Uy r(—7r) = 0. Note that we have U, ,(t) = S_, (—t). The stable and un-
stable Jacobi tensors .S, and U, are then defined as the Jacobi tensors along
¢, with initial conditions S,(0) = U,(0) = id and S;(0) = lim, . S, .(0)
and U;(0) = lim, o Uy, ,.(0). They are related by U,(t) = S_,(—t). For
simplicity of notation, we introduce U(v) = U] (0) and S(v) = S,(0). (For
more detailed information on Jacobi tensors see, e.g., [Knl].)

Definition 1.1. An asymptotically harmonic manifold (X, g) is a complete,
simply connected Riemannian manifold without conjugate points such that
for all v € SX we have tr U(v) = h for a constant h > 0.

The manifolds considered in this article are rank one asymptotically har-
monic manifolds. The notion of rank has been introduced by Ballmann, Brin
and Eberlein in [BBE] for nonpositively curved manifolds as the dimension
of the parallel Jacobi fields along geodesics. Since we do not assume non-
positive curvature, the notion of rank has to be understood in the following
generalized sense given in [Kn2, Def. 3.1]:

Definition 1.2. Let (X,g) be a complete simply connected Riemannian
manifold without conjugate points. For v € SX let D(v) = U(v) — S(v)
and we define
rank(v) = dim(ker D(v)) + 1
and
rank(X) = min{rank(v) | v € SX}.

In [KnPe2], we proved equivalence of the following four properties for
asymptotically harmonic manifolds X under the mild curvature boundedness
condition

(1.1) |R| <Ry and ||[VR| <R

for some constants R, R, > 0: (a) X has rank one, (b) X has Anosov
geodesic flow, (¢) X is Gromov hyperbolic, and (d) X has purely exponen-
tial volume growth with growth rate h,,; = h. These equivalences were
first proved for noncompact harmonic manifolds in [Kn2] and for asymp-
totically harmonic manifolds admitting compact quotients in [Zil]. Besides
negatively curved symmetric spaces, Damek-Ricci spaces provide examples
of rank one harmonic and therefore also asymptotically harmonic manifolds,
since they all have purely exponential volume growth. As a consequence, all
Damek-Ricci spaces are Gromov hyperbolic. (Note that all non-symmetric
Damek-Ricci spaces admit zero-curvature.) In this article, we use the above
equivalences to study harmonic functions on rank one asymptotically har-
monic manifolds (X, g) satisfying (ILI]). Let us discuss the results of this
paper in more detail.

In Sections 2 and 3, we introduce the geometric boundary X (co) via equiv-
alence classes of geodesic rays and the canonical maps ¢, : S, X — X (00),
©p(v) = ¢y(00). These maps have natural extensions ¢, to the geometric
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compactification X = X U X(oc0), and we show that these extensions are
homeomorphisms. The visibility measures {x,} on X (co) are then defined
as follows:

Definition 1.3. Let M;(X(c0)) denote the space of Borel probability mea-
sures on X (00). For everyp € X, let p, € M;1(X(00)) be defined by

/ F() dpp(€) = — / Fep@) dby(v) V€ C(X(c0)),
X (c0) Wn JS,X

where n = dim(X) and w, is the volume of the (n—1)-dimensional standard
unit sphere and df, is the volume element of S, X induced by the Riemannian
metric. p, is called the visibility measure of (X, g) at the point p.

Sections 4 and 5 are concerned with the explicit calculation of the Radon-
Nykodym derivative of the visibility measures. To state the result (Theorem
[L.4] below), we need Busemann functions. Let v € §,X and & = ¢,(00) €
X(00). Then the Busemann function (associated to v € S,X or to (¢,§) €
X X X(00)) is defined as

(1'2) bv(p) = bq,ﬁ(p) = tllglo d(Cv(t),p) —t.

Theorem 1.4. Let (X,g) be a rank one asymptotically harmonic manifold
satisfying (LI)). Let (pp)pex be the associated family of visibility measures.
Then these measures are pairwise absolutely continuous and we have

% — ¢~ hbge(p)
T

An analogous result on the Radon-Nykodym derivative for asymptotically
harmonic manifolds in the case of pinched negative curvature was given in
[CaSaml| Prop. 6.1].

Since our rank one asymptotically harmonic manifolds (X, ¢g) are Gromov
hyperbolic and have positive Cheeger constants (see [KnPe2, Prop. 5.3]), the
general theory of Ancona [Ancl [Anc2] implies that the geometric boundary
and the Martin boundary agree and that the Dirichlet problem at infinity can
be solved. In Section 6 we give an alternative direct proof of this latter fact
and give an explicit integral representation for the solution of the Dirichlet
problem at infinity in terms of the visibility measures:

Theorem 1.5. Let (X,g) be a rank one asymptotically harmonic manifold
satisfying ([LI)). Let f : X(c0) — R be a continuous function. Then there
exists a unique harmonic function Hy : X — R such that

(1.3) lim Hy(2) = f(€).
Moreover, Hy has the following integral presentation:
Hiw) = [ 1(dna(c)
X ()
where {1z }zex C M1 (X (00)) are the visibility probability measures.

A related result in the setting of harmonic manifolds can be found in
Zimmer [Zi2, Thm. 1]. Moreover, the solution of the Dirichlet problem
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at infinity for general nonpositively curved rank one manifolds admitting
compact quotients was shown by Ballmann [Ba].

In Section 8 we consider eigenfunctions Af + Af =0, A € R\{0} on rank
one asymptotically harmonic manifolds X satisfying (ILI)). We show that
if such an eigenfunction f € C*°(X,C) has a continuous extension to the
boundary X (c0), then the extension must be necessarily trivial, in contrast
to Theorem for harmonic functions. The proof is based on taking horo-
spherical means. Since horospheres H are noncompact, the averages have to
be taken via compact ezhaustions {K;} with smooth boundaries 0K;. We
first observe in Section 8 (see Theorem [B1]) that, for continuous functions
f:X = XUX(00) = R and horospheres H centered at £ € X (00) with
compact exhaustion {K;}, we have

- ij f(@)dx

1.4
( ) j—o0 VOlnfl(Kj)

= f(&).

The expression (8.1]) is called the horospherical mean of f with respect to the
exhaustion {K;}. In Section 7, we prove that all horospheres in these spaces
have polynomial volume growth, which implies that they admit (compact)
isoperimetric ezhaustions {K;}, that is,

VOln_Q(aKj)
VOlnfl(Kj)
The main result of Section 8 is that, for all A\ € R\{0}, the horospherical

means (with respect to isoperimetric exhaustions) of bounded eigenfunctions
are zero.

(1.5) —0 asj — oo.

Theorem 1.6. Let (X,g) be a rank one asymptotically harmonic manifold
of dimension n satisfying (LI)) and h > 0 be the mean curvature of all horo-
spheres. Let X # 0 be a real number and f € C*°(X) be a bounded function
satisfying Af + Af = 0 and H C X be a horosphere with isoperimetric
exhaustion {K}. Then we have

ij f(x)dx

j—o0 VOlnfl(Kj)

(1.6)

This result leads to the following above mentioned fact, complementing
Theorem

Theorem 1.7. Let (X,g) be a rank one asymptotically harmonic manifold
satisfying (LI)). Let A € R\{0} and f € C*>°(X) be an eigenfunction Af +
Af =0. If f has a continuous extension F € C(X) then we have necessarily

Acknowledgement: The authors would like to thank Evangelia Samiou
for bringing the references [ItSall, ItSa2] to their attention.
2. UNIFORM DIVERGENCE OF GEODESICS

In this section, we prove that for every distance d > 0 and any angle a > 0
there exists a tg > 0, such that any two unit speed geodesics c1, co starting
at the same point and differing by an angle > « will diverge uniformly in
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the sense that d(cy(t),co(t)) > d for all t > ty. For the proof, we start with
the following lemma.

Lemma 2.1. Let (X,g) be a manifold without conjugate points and, for
v € SX, let Ay, be the orthogonal Jacobi tensor along ¢, satisying A,(0) =0
and Al (0) =id. Then we have

(1) Au(t) = Un(t) [(UsU) " (u)du,

o o

(ii) (U3(0) = 8;4(0) 7" = [(UzU) " (u)du.

o o

Proof. Since the endomorphism U, (u) is non-singular and Lagrangian for
all u € R, we conclude from [Kn2, Prop. 2.1] that

A(t) = Uy(8) </Ot(Uij)_1(u)du i+ 02>

with suitable constant tensors C] and Cy. Evaluating and differentiating
this identity at ¢ = 0 yields Cy = 0 and C; = id, finishing the proof of (i).
The statement (ii) can be found in [Kn2, Lemma 2.3]. O

Proposition 2.2. Let (X, g) be a rank one asymptotically harmonic mani-
fold satisfying (LI)). Then there exist constants a,p > 0 such that

1 4o () 2| > a2’z
forallve SX, zx evt CTX andt > 1.

Proof. We conclude from [KnPe2, Thm. 1.3] that there exists p > 0 such
that D(v) = U(v) — S(v) > p-id. Using [KnPe2, Prop. 2.5] and the fact
that S,(t) is non-singular for ¢ > 0, we conclude that there exists az > 0
such that [|S;*(t)y|| > éegtHyH for all y € (®tv)*, where ®! : SX — SX
denotes the geodesic flow. Using Spty, (w)yy = Sw(u + £)(Sy' (t)y)u (where
Y. is the parallel translation of y € (®'w)' along c,) with v = —t and
—v = ®lw yields

_ I »
1T @)yl = 1S-o(=t)yll = 1S ge, (B)yell > —e="[ly].
az

Lemma 2.7 yields

14 (£) (U, (0) = S, (0)yll = [Us(t)yll = a%egtHyH’

ie.,
1 1
az|[U3(0) = 5, (0)]] az (U5 O)[ + 1155, (O)1)

The proposition follows now from ||U/(0)|| < v/Rp and

155, (0)| = 145, () A7 ()] < v/ Rocoth(v/ Ro),
which can be found in [KnPe2, Lem. 2.2] O

[ Ay ()| = o5 |lal| = e%|z]].

Using this we derive the uniform divergence of geodesics described above.
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Corollary 2.3. Let ¢, : [0,00) = X and ¢ : [0,00) — X be two geodesics
with v,w € S, X. Then
d(cy(t), cw(t)) > a(t)Z(v,w)

where a : [0,00) — [0,00) is a function (not depending on p € X ) with

tlgglo a(t) = oco.

Proof. Let c¢: [0,1] — X be a geodesic connecting ¢, (t) with ¢,(t). Then ¢
is given by
c(s) = exp, r(s)v(s),
where v(s) € S,X and 7(s) > 0 for all 0 < s < 1, and v(0) = v, v(1) = w
and r(0) = r(1) = ¢t. Then
d(s0) = Dexp,(r(so)v(so))(r'(so)v(so) + 7(s0)v'(s0))
= 1(50)Cy(50) (1 (50)) + Au(s) (7(50)) v/ (50))-

Slncec ( (50)) L Ayse)(7(50))(v'(50)), we obtain
(s (r
|

OIIF = (7(50)% + | Au(ao) (r(0))0' (s0)
> || Ay(se) ((50))0 (s0)|*.

If there exists so € [0, 1] such that 7(sg) < £ then using the triangle inequal-
ity we have d(c,(t),cy(t)) >t > (t/m)£ (v w). If this is not the case, we
obtain for all ¢ > 0

I

1
d(cy(t), cw(t)) = length(c) = /llAv(s)(T(S))v'(S)lld«S
0

1
aegt/ [V (s)||ds
0

> aeits/(v,w).

v

The corollary follows now with the choice
t
a(t) = min {—,aegt} .
T

Remark. Note that the proof shows that the function a(t) describing the
divergence of geodesics has at least linear growth.

O

3. THE GEOMETRIC COMPACTIFICATION

Let (X,g) be a rank one asymptotically harmonic manifold satisfying
([I). The geometric boundary X (oco) is the set of equivalence classes of
asymptotic geodesic rays. Two geodesic rays c1,co : [0,00) — X are called
asymptotic, if there exists C' > 0 with d(cy(t),c2(t)) < C for all t > 0. The
equivalence class of a geodesic ray ¢ is denoted by ¢(o0).

Let p € X and consider the map ¢, : S, X — X (00) with ¢, (v) = ¢,(00).
Uniform divergence of geodesics implies that ¢, is injective. Our next aim
is to prove surjectivity of ¢,. For this, we first prove general results which
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will also be useful later on. The first result requires besides no conjugate
points only a lower bound on the sectional curvature of X.

Proposition 3.1. Let p,qo,po € X be three different points such that 1 <
r = d(p,po) = d(qo,po) and d(p,qo) < r — 1. Let B be the radial projection
(from po) of the geodesic connecting p and qo into Sy(po). Then there is a
function b: R — (0,00) such that

ds, (o (P2 0) < length(B) < (maxb<s>) (s q0).

|s|<r
where dg, () is the intrinsic distance of the sphere S.(po).

Proof. Let « : [0,d(p,qo0)] — X be the geodesic connecting p and qyo. We
first write v and 8 in polar coordinates, i.e.,

V(1) = expy, (d(t)o(t),  B(t) = expy, (ro(t))
~(t)) > 1 and v : [0,d(p, go)] = Sp,X. Then we have
V(t) = d'(t)cyy (d(t)) + Ay (d() (v (1))

and fB'(t) = Ay (r)(v'(t)) . Note that the lower bound on sectional cur-
vature yields the existence of a function b : R — [0,00) such that for all
v € SX and r > 1 we have [|S,,(t)]] < b(t) (see proof of Lemma 2.16 in
[Knl]). Using A,(r)A,(z) = Sy(z — 1) we therefore obtain

18O = 1A (V' O < [ Auqe) (1) Ay (D] - | Au () ()]
= HSv(t 1 (d(t) —r)l - HAv(t (@)’ (1)l
< (1) — )T A @O DI + [ (el (d0)]P
< (glng(s)) Y .
The last inequality above follows from r — d(p,qo) < d(t) = d(po,¥(t)) <
r +d(p,qo) and d(p.qo) < 7. O

For the next result, we need to introduce for every v € SX and r > 0
the function b, ,(p) = d(cy(r),p) — r and the Busemann function b,(p) =
lim, ;. by »(p). Since we also use a uniform bound on on the norm of Jacobi
tensor S, (t) for all ¢ > 0 and r > 1 as has been derived in [KnPe2, Cor.
2.6] we need the assumption on X made at the beginning of this section.

Corollary 3.2. Letp,q € X, r > 2d(p,q)+1, v € S, X andw = —grad b, ,(q) €
SqX. Then there exists a constant C' = C(r) > 0 such that

d(cy(t), co(t) < (1+2Ce2d(p,q) for all0 <t <r.

Proof. Let po = ¢,(1), qo = cw(d(po,q) —7) € Sr(po) and wy = ¢, (d(po,q) —
r). Then we have

d(p, qo) < d(p,q) +d(q,q0) < 2d(p,q) <r—1.

Let 8 : [0,1] — S,.(po) be the intrinsic geodesic in S,(pg) connecting p
and qo. Let dy,(z) = d(po,x) and N(z) = —graddp,(z) for x # py. Let
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Be : [0,1] — Sr_¢(po) defined by Bi(s) = cn(a(s))(t) for t € [0,7). Then
Bi(s) = Sn(a(s))r(t)(B'(s))¢, which implies, using [KnPe2l, Cor. 2.6],
1B () < 1S a(sp . DI - 18'()] < aze™ 218 ().
Consequently,
d(cy(t), cuy (1)) < length(Br) < aze™ 2'ds, () (p, q0) < Ce™2"d(p, qo)
with C' = ag maxy <, b(s), using Proposition B.Il This implies
d(cy(t), cu(t)) < d(co(t), cuy (1) + d(cwy (1), cuw(t))
< Ce 2'd(p,q0) + d(g, 90)
< (1+42Ce 2")d(p,q).
U

Now we prove surjectivity of ¢,: Let ¢ : [0,00) — X be a geodesic ray
with w = ¢(0) € S;X. Let v = — grad b, (p) € Sp,X. Then ¢, is asymptotic
to ¢, by Corollary with 7 = oo. Therefore ¢,(v) = c(o0) and ¢, is
surjective.

We define X = X U X(00) and introduce for every p € X the following
bijective map @, : Bi(p) — X, where Bi(p) C T,X is the closed ball of

radius 1:
oy (50 i ol = 1,
P exp,, (mz» if ||v]| < 1.

We define a topology on X such that the bijective map @, : Bi(p) — X is
a homeomorphism. Next we show that this topology on X does not depend
on the reference point p. For that we need to show that ¢, , = @;1 o Pp

Bi(p) — Bi(q) is a homeomorphism.
For the continuity of ¢, , note first that

B (1) — {—gradbv(Q) if [lv]] = 1,
p,q -

exp,t <expp <17hv”v)) if ||v]] < 1.

Let v, € Bi(p) such that v, — v € Bi(p). If ||[v| < 1, the continuity of

©p,q at v follows from the continuity of the exponential maps. If ||v|| = 1,
it suffices to consider two cases: in the first case we have 0 # ||v,|| < 1 for
all n and ||v,|| — 1, and in the second case we have ||v,|| =1 for all n. We

present the prove of the first case, the second case goes analogously: Note
that we have

¢ —1 e 1 )
X X _ =
Pa \ P \ T o, ™

(g, co, (F(val)) B
T T d(g e, (F(Tunl) S om0 =

where f(z) = ;%=. We need to show that w, — —gradb,(¢q). Choose a
convergent subsequence wy,; € S;X with limit w € S;X. Then there exists
a constant a > 0 such that for all sufficiently large n € N

d(cy, (t),cw, () <a forall 0 <t < f(||on]]) = 7n,
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by Corollary Note that r, — oo. This implies that
d(cy(t),cw(t)) <a forallt >0,

i.e., ¢, and ¢, are asymptotic geodesic rays. By Corollary B2 ¢, and
C_grad,(q) are also asymptotic. Therefore, by the injectivity of ¢,, we have
w = —grad,(¢). This finishes the proof that ¢, , is a homeomorphism.
This topology on X was first introduced for Hadamard manifolds by
Eberlein-O’Neill [EON] and is called cone topology. The points in X (co) C
X are called points at infinity. Note that a sequence z, € X converges in
the cone topology to a point at infinity if and only if for every p € X we have
d(zy,p) — oo and for every € > 0 there exists n(e) such that Z,(zp, zn) < €
for all n,m > n(e). We write “Z,(zp, p) — 0 as n,m — 0o” for the latter.

4. GROMOV HYPERBOLICITY
We start this section by introducing the Gromov product.

Definition 4.1. Let (X, d) be a metric space and xg € X a reference point.
The Gromov product (z|y)z, of x,y € X is defined as

(aly)eo = 5(d(a,0) + d(y, 20) — d(z,))

Note that the Gromov product (z|y),, is non-negative, by the triangle
inequality. A metric space (X, d) is called a geodesic space, if any two points
x,y € X can be connected by a geodesic, i.e., if there exists a curve oy :
[0,d(z,y)] — X connecting x and y, such that d(o4y(s), 04y (t)) = |t — s| for
all s,t € [0,d(x,y)].

Definition 4.2. A geodesic space (X,d) is called d-hyperbolic if every ge-
odesic triangle A is d-thin, i.e., every side of A is contained in the union

of the d-neighborhoods of the other two sides. If a geodesic space (X,d) is
d-hyperbolic for some § > 0, we call (X,d) a Gromov hyperbolic space.

Let us recall the following two general results for Gromov hyperbolic
spaces.

Proposition 4.3. (see [CDPlL Chapter 1, Prop. 3.6]) Let (X,d) be a o-
hyperbolic space. Then we have for all xg,x,y,z € X:

(2ly)ey > min (2]2)aq, (y12)ay} — 85.

Proposition 4.4. (see [CDP, Chapter 3, Lem. 2.7]) Let (X,d) be a 6-
hyperbolic space. Then we have for all xg,z,y € X:

(@|Y)ay < d(@0,0ay) < (2|y)ay + 320.

Now assume that X is a rank one asymptotically harmonic manifold sat-
isfying (1)) and, therefore, a Gromov hyperbolic space, by [KnPe2, Thm.
1.5]. We show now that two sequences {z,}, {yn} C X have the same lim-
iting behavior at infinity in the cone topology if and only if

nlgrolo(xnwn)p = 0.
We note that condition limy, y—so0(Zp|Zm)p = 00 is used for general Gromov
hyperbolic space as a definition for convergence to infinity (see [BS], Section

2.9)).
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Theorem 4.5. Let X be a rank one asymptotically harmonic manifold satis-
fying (LT). Letp € X and {xn},{yn} be two sequences in X. The following
are equivalent.

(a) We have d(xy,p),d(yn,p) = 00 and Ly(xy,yn) = 0 for n — oco.

(b) (zn|yn)p = 00 for n — oco.

Proof. (b) = (a): X is d-hyperbolic for some ¢ > 0. Let (xy|yn), — co. We
know from Proposition 4] that d(p,zy),d(p,yn) > (2n|yn)p, which shows

that d(p, x,), d(p, yn) — 00 as n — co. It remains to show that Z,(z,, yn) —
0. Let Ups,, Upy, be d-tubes around the geodesic arcs 0,,, and op,,,. Then
the geodesic 0,4, must contain a point p; € Upg,, NU,y,,. We conclude from
Proposition 4.4] that

d(plyp) > d(anyn,p) > (xn’yn)p

Let v1 and 72 be the shortest curves connecting p; with o, and oy, at the
points &, and y/,, see Figure Il Then d(p1, Z),d(p1,y,) < d, which implies
d(&n,yh) < 26 and

pr n

<

FIGURE 1. Ilustration of the proof of (b) = (a) in Theorem

We assume, without loss of generality, that d(Z,,p) > d(y.,,p). Let g, €
Opy, be such that d(p,y,) = d(p, Z,). This implies that

Since

Ay, p) < d(fn,p) = d(&n,p) < d(Yy,p) + d(&n, yy,) < d(yy, p) + 29,
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and since y,,, J, lie on the same geodesic arc oy, , we have d(y;,, Jn) < 20.
This implies that

Using Corollary 23] we conclude that
46 > length(og,y,) = a(d(Zn, p))Zp(Tn, yn)-

Since d(&y,p) — oo, we also have a(d(Z,,p)) — oo, which implies that
Zp(Zn, yn) — 0.

(a) = (b): Assume Zp(zp,yn) — 0 and d(zy,p), d(yn,p) — oo for n — oo.
For all R > 0, there exists ng(R) > 0, such that for all n > ng(R):

(4.1) d(p,xpn),d(p,yn) > R and  d(cpz, (R), cpy, (R)) <1,

since Zp(zpn,yn) — 0 for n — oco. Note that the constant ng(R) does not
depend on p, but only on the values d(p, zy),d(p, yn) and Z,(zn,yn), since
X has a uniform lower curvature bound.

We show now the following: The geodesic arc 04,,, has empty intersection
with the open ball BR_%(p) for all n > no(R).

If 04,4, N Br(p) = 0, there is nothing to prove. If o,,y, N Br(p) # 0,
there exists a first t{g > 0 and a last ¢; > 0 such that
@ = Oz,y, (t0); @2 = Oa,y, (t1) € SrR(P),

where Sgr(p) denotes the sphere of radius R > 0 around p (see Figure [2]).
Then we have

d(q1,q2) = U(0z,y,) — d(Tn, q1) — d(Yn, q2)-

FIGURE 2. Illustration of the proof of (a) = (b) in Theorem
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Using (4£1]), we have

Oznyn) d(Tn, Opy, (R)) + d(0pa,, (R), 0py, (R)) + d(0py, (R), yn)
d(@n, Opa, (R)) + d(Yn, opy, (R)) + 1,
which implies that
d(q1,92) < (d(n; Opa, (R)) — d(2n,q1))
+ (d(Yn, opy, (R)) — d(yn, q2)) + 1.
Since d(p,xn) = R+ d(ops, (R),zn) < d(q1,2,) + R (by the triangle in-

equality), we obtain d(zy,, q1) — d(zn, O'p_mn (R)) > 0, and similarly d(yn, q2) —
d(Yn, Opy, (R)) > 0. This, together with ([@2) shows d(qi,q2) < 1. But

then the geodesic segment of 0,,,,, between ¢; and g2 cannot enter the ball
B R-3 (p)-

<
<

(4.2)

Therefore, we have for all n > ny(R),

1
R - ) < d(p, Janyn) < ($n|yn)p + 320,
using Proposition [£.4l This shows that

(@n|yn)p — 00 as n — oo.

O

5. VISIBILITY MEASURES AND THEIR RADON-NYKODYM DERIVATIVE

Let (X, g) be a rank one asymptotically harmonic manifold of dimension
n. The boundary X(co) C X is homeomorphic to the sphere S"~! and
equipped with the relative topology of the cone topology. Moreover, we
have a family of visibility measures {p, € M;(X(00))}pex, which were
introduced in Definition [[3l We will see that any two visibility measures
tps g € M1(X (00)) are absolutely continuous, by calculating their Radon-
Nykodym derivative via a limiting process. Similar calculations were carried
out in [CaSaml Section 6.1] for asymptotically harmonic manifolds with
pinched negative curvature.

Lemma 5.1. For all p,q € X there exists t(p,q) > 0 such that for all t >
t(p,q) and allv € S;X the geodesic ray ¢, : [0,00) — X intersects S¢(p) in a
unique point Fy(v) (see Figurel3). In particular, the map F; : S X — Si(p)
1s bijective.

Proof. Let a(t) be as in Corollary 2.3l Choose tg such that for all ¢ > ¢y we
have 2d(p, q) < a(t). Define

t(pa Q) = max{d(p, q) + 1’t0}'

In particular, ¢ lies in the ball of radius ¢ around p, for all ¢ > ¢(p, q), and
hence for all v € S,X the geodesic ray ¢, : [0,00) — X intersects S¢(p). Let
t > t(p,q), and assume that ¢’ = ¢, (1) is an intersection point of ¢, ([0, c0))
and S;(p) such that ¢ (¢1) is either pointing into B;(p) or is tangent to S¢(p),
i.e.,

£(c,(t1), ¢, (1) = 7/2,
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Fi(v)

p
F1GURE 3. Illustration of the map F} : S, X — Si(p)

where w € S, X is the unique vector such that ¢, (t) = ¢’. Using the triangle
inequality we obtain

t—d(p,q) <t1 <t+d(p,q)
Using Corollary 23] we obtain for all s > 0
d(cy(ty — 8),cp(t —s)) > a(s)m/2.
In particular for s = ¢ this yields
a(t)m/2 < d(cy(ty —t),p) < d(co(ty —1),q) +d(q,p) < 2d(p, q) < a(?),

which is a contradiction. Hence, a second intersection point between the
geodesic ray ¢,([0,00)) and S;(p) cannot occur. O

Proposition 5.2. Let (X,g) be a complete, simply connected noncompact
manifold without conjugate points and p,q € X. Consider the map F; :
SqX — Si(p), where Fy(v) is the first intersection point of the geodesic ray
¢y 1 [0,00) = X with S¢(p). If q is contained in the ball of radius t about p,
this map is well defined. Then the Jacobian of F; is given by
det Ay (d(g, Fi(v)))
(Np(F(v)), Ng(Fy(v)))
where N, (y) = (grad d,)(y) and d,(y) =d

(
Note that (5.I]) agrees with [CaSam), (6.3)]. For convenience of the readers,
we provide our own proof of this formula.

(5.1) Jac Fy(v) =

z,y).

Proof. Choose a curve v : (—¢,€) = S;X with 4(0) =v € S;X. Then
Fi(y(s)) = expy(d(q, Fy(7(s))) - ¥(s)),
and, using the chain rule and the product rule,
DF,(v)(v/(0)) =
Dexp,(d(q, Fy(v)) - v)((Nq(Fi(v)), DFy(v)y'(0))v + d(q, Fy (v)) - '(0)).
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Note that 7/(0) L v. We have
Dexp, to)(tw) = Y(B)(w) = ()

where Y is the Jacobi tensor along ¢, with Y(0) = 0 and Y’(0) = id, and
therefore J is a Jacobi field along ¢ satisfying J(0) = 0 and J'(0) = w.

Note that Y and A, are related by A, = Y‘( " In particular, we have
CL
D exp,(tv)(tv) = tc,,(t). This yields

DF(v)(v'(0))
= (Ng(Fi(v)), DFi(v)7(0)) ¢, (d(q, Fi(v))) + Av(d(g, Fi(v)))(v'(0)).
Consequently,
(5:2) DE()(Y(0) =
(No(Fi(0)), DE, ()7 (0)) Ng(Fy(0) + Au(d(q, Fo(1))) (' (0)).
Next, we introduce the map

Ly : Np(x)™ = Ny(x)*,

Le(w) = w— (w, No(2)) Ny ()-
Then (5.2) can be rewritten as
(5:3) Lpw) © DFy(v) = Ay(d(g, Fy (v)))-

To finish the proof of the above Proposition, we need the following lemma.
Lemma 5.3. Jac L, = [(Ny(x), Ny(x))|.
Proof. Consider
Np(x)L N Nq(x)L ={weT, X | (w,Ny(z)) =0 and (w, Ny(x)) =0}.
Then N, (z)*NN,(z)* has co-dimension one in N,(z)* and L, is the identity
on Ny(z)t N Ny(z)*. Let
wy = Ny(@) = (Ng(), Np(2)) Np(2) € Np(2) "

The vector wy is orthogonal to N,(z)* N Ny(z)* since for all w € N,(z)*+ N

N, (x)+ we have (w, Ny(z)) =0 and (w, N,(z)) = 0, and therefore

(w, wo) = (w, Ng(x)) — (Nyg(), Np()){w, Np(z)) = 0.
=0 =0
Moreover, L wy is also orthogonal to Np(z)+ N Ny (x)*:
Lywy = wo — (wo, Ng(2))Ng(z)
= (Np(@), No(2)) ((Np(x), Ng(2))Nqg(x) — Np()),

and consequently (w, Lywg) = 0 for all w satisfying (w, N, (x)) = (w, Ny(x)) =
0. This shows that

JacL, = HwaOH.
[wol]
Since
| Lawol|* = (Np(), No(2))*(1 = (Np(x), Ny())?)
and

lwoll* = 1 = (Np(@), Ny(2))?,
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we obtain

2 o\ 1/2
m%—(mm%@W—WMva

= [(Np(x), Ny(2))],
which yields the lemma. O
Finally, (5.3) implies that

Jae Fyw) = 30 Au(d(@. F(w) _ det Ay(d(g, Fi(v))
Jac L, (v) (N (Fy(v)), Ng(Fi(v)))”

finishing the proof of the proposition. U

Fi(v)

Si(p)

]i Bt('l))
p

FIGURE 4. Illustration of the map B; : S, X — S, X

Corollary 5.4. Let (X,g) be a complete, simply connected noncompact
manifold without conjugate points and p,q € X. Let By : 5, X — SpX,v —
%exp;l oF;(v) (see Figure[]). Then we have

_ det Ay(d(g, Fy(v))) L
JaCBt(U) = det Au(t) ' <Np(Ft(U)),Nq(Ft(U))>’

where uw = By(v).
Proof. Let u € SpX. Then Dexp,(tu) : ut —= T (tu)St(p) is given by

D exp,(tu)(w) = 1 A, (t)(w), and therefore with u :exgpt(v),
Jac By(v) = m - Jac Fy(v)
_ det A (0, BW) 1
det Ay (t) (Np(Fy(v)), Nq(Fi(v)))
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From now on, (X, g) denotes a rank one asymptotically harmonic manifold
satisfying (1) with n = dim(X). Let f € C(X(c0)). We know from Lemma
BT that By : S;X — SpX is a bijection, for ¢ > 0 large enough. Then we
have with f1 = f o p:

1
[ r©dm© = [ hw) )
X (00) Wn JS,X
1
= — (f1 0 By)(v)(Jac By)(v) dbg(v).
Wn JS, X
We will show that
(1) limy o0 By = ()~ 0 g,
(ii) There exist constants top > 0 and C' > 0 such that
|Jac Bi(v)| < C Yv e SX, t>t.
(iii) We have, for all v € S, X,
1 — *hbv(p)
tlgglo Jac By(v) = e ,

where b, is the Busemann function introduced in (L.2]). Having these facts,
we conclude with Lebesgue’s dominated convergence that

/ &) dup(€) = lim - / (f1 0 By)(v) (Jac By)(v) by (v)
X (00) S,

t—00 Wy,

X
- L / (f 0 ) (W)e™® dg(v)
Wn JS, X

- / F(€)eMbec®) (¢,
X (00)

with by ¢ = b, with £ = ¢,(00) and v € S, X. This proves Theorem [[4] from
the Introduction:

Theorem 1.4. Let (X,g) be a rank one asymptotically harmonic manifold
satisfying (LI)). Let (pp)pex be the associated family of visibility measures.
Then these measures are pairwise absolutely continuous and we have

dpp —hb
LR (g) = e Mbae®),
dpiq

It remains to prove properties (i), (ii) and (iii) listed above.

Proof of (i): Let t, — oo and s, > 0, w,, = By, (v) € S, X such that
Yn = exp,(snv) = exp,(t,wy). We obviously have s, — oo and y, — ¢4(v).
Let wy,; be a convergent subsequence of w, = B, (v) with limit w € S, X.
Then we have y,,; — ¢,(w) and

©q(v) = pp(w).
This shows that limy,_,eo Bt, (v) = (¢p) ! 0 ,(v). O

For the proof of (ii), we need the following lemma:

Lemma 5.5. For every € > 0, there exists to > 0 such that we have for all
vE S X
(N(Fu(w)), Ny(Fu(0))) 1] < € V1> o,
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Proof. This is an easy consequence of Corollary 2.3l O

Proof of (ii): We start with the formula (see [Kn2, p. 676])

B det U, (t) B eht
~ det(U}(0) — S7,(0)  det(U5(0) — S7,4(0)”

det A, (t)

Then
det A, (d(q, Fy(v))  ¢"@F ) det(U,, (0) — S, 4(0))
det Ay, (t)  det(UL(0) — S (0))eft

v,d(q,F(v))
where u; = By(v) € S, X.

Let € > 0 be chosen. Since det(U,(0) — S, ;(0)) converges monotonically
to a universal constant A > 0 (see [KnPe2l Theorem 1.3] and use the fact
that X is rank one), we conclude with Dini that the convergence is uniformly
on compact sets. Therefore, there exists ¢y > 0 such that A < det(U,,(0) —
Si1(0)) < A+eforall w e S,X US,X and t > 1. Using Lemma 5.5 and
increasing to > 0, if necesary, we can also assume that

(N,(Fy(v)), Ny(Fy(v))) > %

for all t > ty. Since d(q, F(v)) < t+d(p,q), we conclude from Corollary (.4
for all t > tp and all v € S,.X,

A
| Jac B(v)| < Q%ehd(p’q). O

Proof of (iii): This is a immediate consequence of Lemma and the
following Lemma:

Lemma 5.6. Using the notation above we have that
i detAu(d@. 1(0) ()

t—00 det Ay, (t) ’

where uy = By(v).
Proof. We recall that
det Av(d(q, Ft(?}))) o eh(d(q,Ft(v))ft) det(Uui (0) - :Lt,t(o))

det Ay, (t) N det(U;(0) = 57, 4.0y (0)

and
det(U; (0) — S, +(0))

det(U/(0) — Sq’)’d(%Ft(v))(O))

A
— =1.
~ 2
Now the lemma follows from
lim d(q. () ~t = lim d(g. Fi(v)) — d(p, Fy(v)
= Jim d(gco(5)) — d(pco(s))
= lim s —d(p.c(s) = ~b,(p).
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REMARK Theorem [[L4] has an analogue for simply connected, noncom-
pact harmonic manifolds (X, g) without the rank one condition and replacing
the geometric boundary X (oco) by the Busemann boundary (see [KnPell,
Theorem 12.6]). There, we have det A,(t) = f(¢) for all v € SX, where
f(t) is the volume density function, and f(t) is an exponential polynomial.
Moreover, the uniform divergence of geodesics (Corollary [Z3]) holds there
without the rank one condition. These results are not known for general
asymptotically harmonic manifolds.

6. SOLUTION OF THE DIRICHLET PROBLEM AT INFINITY

Since rank one asymptotically harmonic manifolds (X, g) satisfying (L)
are Gromov hyperbolic with positive Cheeger constant (see [KnPe2]), gen-
eral results of Ancona yield that the Martin boundary and the geometric
boundary coincide ([Anc2, Théoréme 6.2]) and that the Dirichlet problem
at infinity has a solution ([Anc2, Théoréme 6.7]). In this section we give an
alternative direct proof that the Dirichlet problem at infinity has a solution
for these manifolds by providing a concrete integral formula of the solu-
tion using the visibility measures. Moreover, this shows that the visibility
measures coincide with the harmonic measures on X (00).

A crucial step for our result of this section is to show that lim, ¢ 1, = J¢,
where 0¢ is the d-distribution at . This abstract condition will follow from
the next proposition. To state it, we introduce for vg € S, X and 6 > 0 the
cone

Cv0,8) = {en(t) | ¢ € [0,00], £(uo,v) < ).
Note that the set of all truncated cones C(vg,d) N Br(p)¢ together with
all open balls B,.(q) define a basis of the cone topology of the geometric

compactification X.

Proposition 6.1. Let (X,g) be a rank one asymptotically harmonic man-
ifold satisfying (LI). Let p € X and § > 0. Then there exists a constant
C1 = C1(d) > 0 such that for all v € SpX

by(q) > d(p,q) — C1  for all ¢ € X\C(v,0).

Proof. Let p € X and § > 0 be given. Then there exists a constant Cy > 0
such that

(6.1) 0<2(cy(t)|q)p <C1 Vt>0 YveSX VgqgeX\C(v,9),

where (+|-), is the Gromov product introduced in Definition .1l If this were
false, then we could find sequences t,, > 0, v, € S,X and ¢, € X\C(vy,0)
such that
(o, (tn)lgn)p — o0
Let ¢, = cw, (1) with w, € S,X and r, = d(¢n,p). This would mean, by
Theorem [4.5] that d(p,gn) — oo and Zp(vy, wy) — 0, which is a contradic-
tion to ¢, € X\C(vp,0).
(61) means that
d(p,q) — (d(co(t),q) —t) <C1 Vit =0.
Taking the limit ¢ — oo, we obtain

d(p,q) = bo(q) = d(p, q) — lim (d(cy(t),q) = 1) < Ch,
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finishing the proof. O

REMARK The statement of the proposition includes the fact that any
horoball #H, centered at £ = ¢,(00) € X (00), ends up inside any given cone
C(v,6), when being translated to a horoball H along the stable direction
(see the illustration in Figure ). (Note that the horoballs centered at & can
be described by {¢ € X | by,(¢) < —C}, and that these horoballs become
smaller and shrink towards the limit point £, as C' € R increases to infinity.)

FIGURE 5. Geometric property necessary for the solution of
the Dirichlet problem at infinity

REMARK  Proposition does not hold if (X, g) is the Euclidean space.
In this case, every horoball is a halfspace, which lies never inside a given
cone.

Now we state our main result of this section, namely, the solution of the
Dirichlet problem at infinity for rank one asymptotically harmonic mani-
folds satisfying (L) via an explicit integral formula involving the visibility
measures (see Theorem from the Introduction).

Theorem 1.5. Let (X,g) be a rank one asymptotically harmonic manifold
satisfying (LI). Let f : X(co) — R be a continuous function. Then there
exists a unique harmonic function Hy : X — R such that

(6.2) lim Hy(x) = f(§).
T—E€
Moreover, Hy has the following integral presentation:
Hw) = [ 1dna(c)
)

X (o0

where {1z }zex C M1(X(00)) are the visibility probability measures.
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Proof. (a) We show first that f f(&)dpg(§) is a harmonic function. Let

p € X. Then

A, / F©)dpa(€) = Ay / F(€)e @) dp (€).
X (o0

X (00)

Let K C X be a compact set. Then z — f(&)e e is bounded for
all € K and all £ € X(o00), because of |b,¢(x)| < d(p,x). Moreover

A f(€)e Mre@) = 0 and by ¢(+) is smooth, because of A,b, ¢ = h. Therefore,
A, €)dps () = Age el g = 0.
| 1©dnate) = [ 1) Bae 0 dpy ) =0
X (00) X (o0) =0

(b) Now we prove

lim / F(E)dpa(€) = F(&0).

Let &y = ¢yy(00) with vy € S, X. Without loss of generality, we can assume
that f(£) = 0 (by subtracting a constant if necessary). Let € > 0 be given.
Then there exists § > 0, such that

| fcv(o0)) | <€ VwveS,X with Z,(vg,v) < 6.
We split the integral representing Hy(z) in the following way:

wa|H(2)| < Fleo(00)) e dfy (v) | +

/SpX \ {v | £(vo,v)<8}

/ flev(00)) e @) do,,(v)] .
{v | £(vo,v)<d}

Now, using Proposition [6.I] we obtain for all x € C(vg,d/2) and C; =
C1(6/2)

ol Hy (2)] < [1Flso / ehAPD=C1) g (1)
SpX \ {v | £(vo,v)<é}

e/ e bo(®) dfp(v) <
{v ] £(vo,v)<8}

| £lloc wn €O e~ hHPT) 4 e/ e (") db, (v) <
S,X

:foX dbz (v)=wn

i (€4 o €1t 02

Let x,, = ¢y, (rn) with v, € S,X and r, > 0 be a sequence converging to
& € X(o0). Then we have r, = d(p,z,) = oo and Z,(vg,v,) — 0. Since
€ > 0 was arbitrary, the above estimate shows that

H¢(x) =0 forz — &.

(c¢) Uniqueness of the solution follows from the maximum principle. O
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REMARK The above considerations show that rank one asymptotically
harmonic manifolds (X, g) with reference point xg € X satisfying (I.T]) admit
Poisson kernels of the form P(z,¢) = e~ "bro(®),

These Poisson kernels can be used to define a map ¢ : X > z —
P(z,8)dpg, (&) € P(X(00)), where P(X(00)) is the space of all probability
measures on X which are absolutely continuous to p,. P(X(c0)) car-
ries a natural Riemannian metric G, called the Fisher-Information metric
(see [Fr] or [ItSal] for more details). The following was proved in [ItSall,
Prop. 1] for homogeneous Hadamard manifolds of dimension n: if (X, g)
admits Poisson kernels of the form P(z,€) = e~ ®P#0£(®) with ¢ > 0, then
the Poisson kernel map ¢ : X — P(X(00)) satisfies ¢*G = %g, i.e., that ¢
is a homothety. Examples of such spaces are rank one symmetric spaces of
non-compact type and Damek-Ricci spaces. Conversely, the following was
shown in [ItSa2, Thm 1.3]: If (X, g) is an n-dimensional Hadamard mani-
fold admitting a Poisson kernel map ¢ : X — P(X(c0)), which is both a
homothety with constant %, ¢ > 0 and minimal, then (X, g) is necessarily
asymptotic harmonic with horospheres of mean curvature c. These results
provide an interesting characterization of asymptotic harmonic manifolds
via the Poisson kernel map.

7. POLYNOMIAL VOLUME GROWTH OF HOROSPHERES

Let (X,g) be a rank one asymptotically harmonic manifold satisfying
(CTI). Let W*(v) C SX be a strong stable manifold through v € SX. Its
projection H, = 7W#(v) C X is a horosphere orthogonal to v. Let p = 7 (v).
Consider a curve

B:10,1] = H,
with length(8) < r. Let v : [0,1] — W?*(v) be the lift of 5 in the strong

stable manifold and 3; = 7®%~y, where ®' is the geodesic flow on SX. We
conclude from [KnPe2, Corollary 2.6] that

length(5;) < agre™ 2!
for all ¢ > 0. Hence length(3;) <1 for all

t >ty := ML(QQT)‘
p
Since the curvature of X and the second fundamental form of horospheres
are bounded, the Gauss equation implies that the sectional curvatures of
horospheres are bounded, as well. Therefore, by the volume comparison
theorem, any ball of radius 1 in any horosphere has an intrinsic volume
bounded by some constant A > 0:

voly (B1(q)) < A V H horospheres V g € H.
This implies that
volyg, (Br(p)) < voly, (27 (Bi(m 0 2 (v))))

< ehto VOl?—[ Bl(ﬂ'o ‘1>t0(v))) < Aehto — A/T%,

@tO(v)(



22 GERHARD KNIEPER AND NORBERT PEYERIMHOFF

J

P(v) Hot(w) =W,

FI1GURE 6. Contraction of the geodesic flow on stable horospheres

2h
with A’ = Aay’ . This proves that all horospheres have polynomial volume
growth in (X, g). O

8. HOROSPHERICAL MEANS AND BOUNDED EIGENFUNCTIONS

In this section, we are mainly concerned with horospherical means of
bounded eigenfunctions on rank one asymptotically harmonic manifolds X
satisfying (ILT]). Before we consider the special class of eigenfunctions, we
first state a general result for all continuous functions on the geometric
compactification X. The underlying space is also more general than just
rank one asymptotically harmonic manifolds.

Theorem 8.1. Let (X, g) be a complete, simply connected Riemannian man-
ifold without conjugate points of dimension n. Assume that the geometric
compactification X = X U X(00) carries a topology such that the maps
@p : Bi(p) = X are homeomorphisms for all p € X (see Section[3 for de-
tails). Moreover, we assume that the following holds for every horosphere

HCX:
(a) We have vol,,—1(H) = co.
(b) For every ball B,(p) of radius r > 0 around p € X, we have
vol,—1(H N By(p)) < oo.
(c) The closure of H in the geometric compactification X satisfies
H=nU{¢},
where £ € X (00) is the center of H.

Then we have for every horosphere H C X centered at & E_X(oo), every
compact exhaustion {K;}, and every continuous function f: X — R:

fK]. f(x)dx

(8.1) Jlggom = f(§)
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Proof. Let ‘H be centered at £ € X (c0) and py € X. We show first indirectly
that for every open neighbourhood U C X of £ there exists R > 0 such that
(8.2) ‘H C Bgr(po) UU.

Assume that there exists x,, € H with x,, ¢ U and d(pg,z,) — oo. Then,
after choosing a subsequence if necessary, we have z, — £ € X(oc0) with
¢ # £. But this is ruled out by (c).

Let {K} be a compact exhaustion and € > 0 be given. Then there exists
an open neighbourhood U C X of ¢ such that

If(q) — f(&)] <e forallgel.
Let R > 0 such that [82) is satisfied. Let K;o = K; N B.(po) and
K1 = Kj\Kjo C U. Then (a) and (b) yield 1/v01(Kj)ij70f — 0 and
vol(Kj1)/ vol(K;) — 1, which imply

Ji, f(@)dz Ji, f(@)dz
— € <liminf ———= <limsup ———~ < .
f(f) €= le_léI.} VOlnfl(Kj) - 1;1;&0131) VOlnfl(Kj) B f(g) te
This shows (81]), since € > 0 was arbitrary. O

The following proposition states that Theorem [R.1] is applicable in our
setting of rank one asymptotically harmonic manifolds.

Proposition 8.2. Let (X, g) be a rank one asymptotically harmonic mani-
fold of dimension n satisfying (L1)). Then every horosphere H C X satisfies
properties (a), (b), and (c¢) in Theorem [8].

Before we present the proof of the proposition, we first introduce some
useful notation. Let H C X be a horosphere. Then there exists pg € H
and v € Sy, X such that H = b,1(0). Let H; = b, !(¢) and n; : X — X be
the flow associated to grad b,. Then H = Hoy, 0 : Ho — H; and, for every
A C Hp and A(t) = n(A) C Hy we have (see [PeSal, Prop. 3.1])

(8.3) vol,_1(A(t)) = e vol,_1(A).

Proof. (a) Assume there is a horosphere H C X with vol,,_;(H) < co. Using
the above notation associated to H, we see that the horoball

B =M= b, ((~00,0)

t<0
must also be of finite volume, since

0
vol,(B) = / M dtvol, 1 (H) = = vol,—1(H).
. h
But B contains the balls B,(c,(r)) C X with arbitrarily large radii r > 0,
whose volumes become arbitrarily large because of Proposition This is
a contradiction.

(b) Let H be a horosphere and B,(p) C X a ball. Let A = H N B,(p)
and assume that vol,,_1(A) = co. Let A1 = Jy<;<; A(t). Then we also have
vol, (A1) = oo, by 83). But Ay C B,11(p), and B, 1(p) has finite volume.
This is, again, a contradiction.

(c) Since H = b;1(0) is closed in X, we only need to show that # has no
other accumuluation points in X (co) other than {. We proceed indirectly.
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Assume there exist z, € H with d(p, z,) — oo and limx,, = ' € X(0c0) and
¢ # & Then we can find 6 > 0 such that £ = ¢,,(c0) for some w € Sp, X with
Z(w,v) > §. Using the remark after Proposition [6.Il we know that there
exists s < 0 such that H, = ns(H) C C(v,6). Let x,(s) = ns(zn) € Hs.
Since d(xy, z,(s)) = s, we still have z,,(s) = & and z,(s) € Hs C C(v,0)
and, therefore, Z(w,v) < §, which is a contradiction. O

Next we prove the main result of this section for bounded eigenfunctions
(see Theorem in the Introduction). The proof is similar to the proof of
Theorem 1 in [KP].

Theorem 1.6. Let (X,g) be a rank one asymptotically harmonic manifold
of dimension n satisfying (LI)) and h > 0 be the mean curvature of all horo-
spheres. Let X # 0 be a real number and f € C*°(X) be a bounded function
satisfying Af + A\f = 0 and H C X be a horosphere with isoperimetric
exhaustion {K;}. Then we have

ij f(z)dz

Jj—o0 Voln_l(Kj)

(8.4)

REMARK  Since horospheres have polynomial volume growth, the intrinsic
balls of suitably chosen increasing radii r; satisfy

vol,—2(0By(5))
voly—1(By(r;))
A suitable choice of sets K are regularized spheres, as explained in [KP),

p. 665]. But there might be many more increasing sets satisfying this
asymptotic isoperimetric property.

— 0.

Proof. We give an indirect proof. Assume that (8.4]) is not satisfied. Then
we can assume — by replacing {K;} by a subsequence, if needed — that there

exists ¢ # 0 such that
fi, Fla)da

Jj—00 Voln_l(Kj)
Let ny : Ho — H: be again the flow defined above after Proposition
Let K;(t) = n:(K;) C Hy. Recall that we have

vol,_1(K;(t)) = e vol,_1(K;).
Since X has a lower sectional curvature bound, there exists C' > 0 such that
vol, (9K (t)) < e“Mvol,_o(dK;).
This implies that, on every compact interval I C [0,00), we have
vol,—2(0K;(+))
volp—1(Kj;(+))

= C.

— 0, asj— oo.

‘oo,]
Define

: ij(t) f(z)dx

9300) = L1, 1 (&, 0)

Since [|gjlloo < ||f|loo, using diagonal arguments, we find a subsequence g;,

such that g;, (t) — g(t), for all rational ¢ € Q. Since |V f| is uniformly

VteR
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bounded by Yau’s gradient estimate [Yaul, Theorem 3], f is uniformly con-
tinuous and therefore, the sequence g;, is equicontinuous. This implies that
we have g, — g pointwise to a continuous limit and ¢g(0) = ¢ # 0.

Next we show that g satisfies

(8.5) g+ hg + g =0,

in the distributional sense. Let ¢ € C5°(R) be a test function. Then we
have

7 T Ji o f@)ds
/gxww%w—hwaw+ﬂmu=d/%%%ﬁgﬁggw%w—mﬂ@+a¢Mt

Let f : H x (—o00,00) = R be defined as f(x,t) := f(n:(z)). The tranfor-
mation formula yields:

6

/ dx—/font Jacnt /

K;(t) K; K;

Therefore, we have g;(t) = 1/vol,—1(K;) [ f(mz)dz, and

K;

O+ 102 = s [0+ ) + A
g] g] g] - VOln 1( ) dt2 mx dt mx nex)ax
KJ
= W / Apf(x +)\f( ) —Ayy, f(x)dx

K;(t)
- _VOIn 1 / A’Ht
KJ
1
- SoE / (gradyy, f(x), va)dz,

where v, denotes the outward unit vector of 0K (t) C H;. Since supp ) C R
is compact, we have

o0 oo

[ a0 ®) ~ )+ xoteNd = [ (6)0) + ha0) + Agy @) wte)de

—00 —00
[e o]

1
:/m /<gradH(t)f(@,%)d:m,b(t)dt

e OK;(t)
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Taking absolute value and using, again, Yau’s gradient estimate [Yau, The-
orem 3|, we obtain

o0

/ g5 ()W (1) — () + Map(t)) dt

[e.9]

vol,,_2(0K;(t
< [ ¥oln=2 (0K () 1 oo Floo [4loo dt — 0,

voln—1 (K;(t))
supp ¢
as j — 0o. By Lebesgue’s dominated convergence, and since ||g||oo, [|gj]|c0 <
| flloo, We conclude that

oo

[ 9@ - 10! 0) + xoteat =0,

—o0
i.e., the continuous function g satisfies (8.5) in the distributional sense.
Therefore, g is smooth and satisfies ¢ + hg’ + A\g = 0 in the classical sense.
This implies that g is of the general form

(8.6) g(t) = cre + cze(

if A # (h/2)? and
h h
g(t) = cre” 2" + cote™ 2!
if A\ = (h/2)%. Tt is straightforward to check for A # 0 that every choice of
(c1,¢2) # (0,0) leads to an unbounded function g(¢). But g must be bounded

because of [|g]cc < ||f|lcc- Therefore we conclude that (c1,c2) = (0,0) in
contradiction to g(0) = ¢ # 0, finishing the indirect proof. O

Examples of bounded eigenfunctions. (a) Let X be a rank one symmet-
ric space of non-compact type and M = X /T be a compact quotient. Then
every non-constant Apr-eigenfunction f € C°(M) gives rise to a bounded
lift f € C®(X) which is also a Ax-eigenfunction to the same eigenvalue.
Since ]7 18 non-constant and I'-periodic, it does not admit a continuous ex-
tension to the compacitification X.

(b) Let X P9 be a Damek-Ricci space with p,q defined as in [Rou]. Then
X9 4s an asymptotically harmonic manifold with h = p/2 4+ q and there
exist radial eigenfunctions ¢, € COO(X(p’q)) satisfying

B 2
Ay, + (,u2 + <5> ) 0, =0 andp,e) =1,

where € C and e € X9 denotes the neutral element in the Damek-Ricci
space considered as a solvable group. If 0 < ip < h/2, we have (see [Rou, p.
78])

u(r) ~ c(u)e AT as oo
with suitable constants c(pn) € R\{0}. This means that ¢, is a bounded

eigenfunction with trivial continuous extension to the compactification X (-4,
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Now we are in a position to prove our final result (see Theorem [[.7]in the
Introduction) which states that the above examples are the only two possible
cases with regards to continuous extensions of bounded eigenfunctions f:
either f cannot be extended to X or the extension is trivial.

Theorem 1.7. Let (X,g) be a rank one asymptotically harmonic manifold
satisfying (LI). Let A € R\{0} and f € C*(X) be an eigenfunction Af +
Af =0. If f has a continuous extension F € C(X) then we have necessarily
F’BX =0.

Proof. Assume that A\ # 0 and that an eigenfunction Af + Af = 0 has a
continuous extension F' on the compactification X. Then we know from
Theorem Rl that all horospherical means of f over horospheres centered at
€ € X(00) agree with F'(£). On the other hand, we conclude from Theorem
[LAl that all horospherical means with isoperimetric exhaustions have to van-
ish. Moreover, every horosphere in X has polynomial volume growth and,
therefore, admits isoperimetric exhaustions. This implies that F|lgx = 0. O

REFERENCES

[Ancl] A. Ancona. Positive harmonic functions and hyperbolicity, in J. Krél et al (eds.)
”Potential theory—surveys and problems (Prague, 1987)”, Lecture Notes in Math.
1344, 1-23, Springer-Verlag, Berlin, 1988.

[Anc2] A. Ancona. Théorie du potentiel sur les graphes et les variétés, in Ecole d’été
de Probabilités de Saint-Flour XVIII—1988, Lecture Notes in Math. 1427, 1-112,
Springer-Verlag, Berlin, 1990.

[BBE] W. Ballmann, M. Brin, P. Eberlein. Structure of manifolds of nonpositive curvature
I, Ann. of Math. 122 (1) (1985), 171-203.

[Ba] W. Ballmann. On the Dirichlet problem at infinity for manifolds of nonpositive cur-
vature, Forum Math. 1 (2) (1989), 201-213.

[BS] S. Buyalo, V. Schroeder. Elements of asymptotic geometry, European Mathematical
Society (EMS), Ziirich, 2007.

[CaSam] P. Castillon, A. Sambusetti. On asymptotically harmonic manifolds of nega-
tive curvature, Math. Z. DOI 10.1007/s00209-014-1293-7, 18 March 2014, see also
arXiv:1203.2482, 12 March 2012.

[CDP] M. Coornaert, T. Delzant, A. Papadopoulos. Géométrie et théorie des groupes,
Lecture Notes in Mathematics 1441, Springer-Verlag, Berlin, 1990.

[EON] P. Eberlein, B. O'Neill. Visibility manifolds, Pacific J. Math. 46 (1973), 45-109.

[Fr] Th. Friedrich. Die Fisher-Information und symplektische Strukturen, Math. Nachr.
153 (1991), 273-296.

[ItSal] M. Itoh, H. Satoh. Information geometry of Poisson kernels on Damek-Ricci
spaces, Tokyo J. Math. 33 (2010), 129-144.

[ItSa2] M. Itoh, H. Satoh. Fisher information geometry, Poisson kernel and asymptotical
harmonicity, Differential Geom. Appl. 29 (2011), suppl. 1, S107-S115.

[KP] L. Karp, N. Peyerimhoff. Horospherical means and uniform distribution of curves of
constant geodesic curvature, Math. Z. 231 (1999), 655-677.

[Knl] G. Knieper. Hyperbolic Dynamics and Riemannian Geometry, in Handbook of Dy-
namical Systems, Vol. 1A 2002, Elsevier Science B., eds. B. Hasselblatt and A. Katok,
(2002), 453-545.

[Kn2] G. Knieper. New results on noncompact harmonic manifolds, Comment. Math.
Helv. 87 (2012), 669-703, see also larXiv:0910.3872, 20 October 2009.

[KnPel] G. Knieper and N. Peyerimhoff. Noncompact harmonic manifolds, Oberwolfach
Preprint OWP 2013 - 08, see also arXiv:1302.3841, 15 February 2013.

[KnPe2] G. Knieper and N. Peyerimhoff. Geometric properties of rank one asymptotically
harmonic manifolds, to appear in J. Differential Geom., see also larXiv:1307.0629, 7
January 2014.


http://arxiv.org/abs/1203.2482
http://arxiv.org/abs/0910.3872
http://arxiv.org/abs/1302.3841
http://arxiv.org/abs/1307.0629

28 GERHARD KNIEPER AND NORBERT PEYERIMHOFF

[Led] F. Ledrappier. Harmonic measures and Bowen-Margulis measures, Israel J. Math.
71 (3) (1990), 275-287.

[PeSa] N. Peyerimhoff and E. Samiou. Integral geometric properties of non-compact har-
monic spaces, J. Geom. Anal. DOI 10.1007/s12220-013-9416-7, 12 April 2013, see also
arXiv:1210.3957, 15 October 2012.

[Rou] F. Rouviere. Espaces de Damek-Ricci, géometrie et analyse, Séminaires & Congres
7 (2003), 45-100.

[Yau] S. T. Yau. Harmonic functions on complete Riemannian manifolds, Comm. Pure
Appl. Math. 28 (1975), 201-228.

[Zi1] A. M. Zimmer. Compact asymptotically harmonic manifolds, J. Mod. Dynamics. 6
(3) (2012), 377-403, see also larXiv:1205.2271} 16 October 2012.

[Zi2] A. M. Zimmer. Boundaries of non-compact harmonic manifolds, Geom. Dedicata
168 (2014), 339-357, see also larXiv:1208.4802) 16 December 2012.

Facurry oF MATHEMATICS, RUHR UNIVERSITY BOCHUM, 44780 BOoCHUM, GERMANY
E-mail address: gerhard.knieper@rub.de

DEPARTMENT OF MATHEMATICAL SCIENCES, DURHAM UNIVERSITY, DURHAM DHI1
3LE, UK
E-mail address: norbert.peyerimhoff@dur.ac.uk


http://arxiv.org/abs/1210.3957
http://arxiv.org/abs/1205.2271
http://arxiv.org/abs/1208.4802

	1. Introduction
	2. Uniform divergence of geodesics
	3. The geometric compactification
	4. Gromov hyperbolicity
	5. Visibility measures and their Radon-Nykodym derivative
	6. Solution of the Dirichlet problem at infinity
	7. Polynomial volume growth of horospheres
	8. Horospherical means and bounded eigenfunctions
	References

