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We propose a new mechanism to generate a lepton asymmetry based on the vacuum CP-violating phase 
transition (CPPT). This approach differs from classical thermal leptogenesis as a specific seesaw model, 
and its UV completion, need not be specified. The lepton asymmetry is generated via the dynamically 
realised coupling of the Weinberg operator during the phase transition. This mechanism provides a 
connection with low-energy neutrino observables.
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1. Introduction

The origin of the matter-antimatter asymmetry is one of the 
most important mysteries of our Universe. One popular mecha-
nism to explain this asymmetry is baryogenesis via leptogenesis. 
The classic examples of high-scale leptogenesis [1] introduce right-
handed neutrinos, N , which are Majorana in nature and therefore 
break lepton number. The decay of the right-handed neutrinos pro-
vides a departure from equilibrium and their couplings to leptonic 
doublets, �, violate CP. A lepton asymmetry, produced from the 
preferential decays of N , is subsequently converted to a baryon 
asymmetry by B − L conserving sphaleron processes [2]. In addi-
tion to fulfilling Sakharov’s criterion [3], this scenario of leptoge-
nesis provides a natural explanation of small neutrino masses via 
the seesaw mechanism.

The origin and energy scale of CP violation is still unknown 
and remains a widely studied theoretical issue. There is a rich 
programme of neutrino experiments such as LBNF/DUNE [4] and 
T2HK [5] that aim to measure leptonic CP violation. In conjunc-
tion, these experiments will investigate the correlations between 
leptonic observables. The interrelation between mixing angles and 
phases will play a crucial role in determining the fine structure of 
leptonic mixing. The observed pattern may be the result of an un-
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derlying flavour symmetry which could be continuous, U (1) [6], 
SU (3), S O (3) [7], or a non-Abelian, discrete symmetry such as A4, 
S4 [8], et al. In these models, SM-singlet scalars (flavons) ac-
quire vacuum expectation values that lead to the breaking of the 
flavour symmetry and results in the observed mixing structure and 
CP violation. The source of CP violation can arise spontaneously
or explicitly. Spontaneous CP violation refers to the scenario in 
which CP conservation is imposed on the Lagrangian but is spon-
taneously broken by the vacuum [9,10] whilst explicit CP violation 
results from complex Yukawa couplings. Unlike conventional high-
scale leptogenesis, where CP is explicitly violated above the seesaw 
scale, in this work we investigate the possibility CP violation occurs 
below such a scale.

In this paper, we propose a new mechanism for generating a 
lepton asymmetry based on a CP-violating phase transition (CPPT). 
This mechanism allows a connection between the baryon asymme-
try, neutrino oscillation experiments and leptonic flavour mixing. 
CPPT differs from conventional scenarios of high-scale leptogenesis 
in several key aspects: we apply an effective field theory approach, 
which does not constrain the study to a particular model of neu-
trino mass generation and consequently CP violation occurs below 
this energy scale. We simply assume that neutrino masses are gen-
erated by the Weinberg operator, the coefficients of which are dy-
namically realised during CPPT. The lepton asymmetry is produced 
via the interference of Weinberg operators at different times. To 
perform the calculation we utilise the closed-time-path (CTP) for-
malism [11,12]. We focus on the generation of initial asymmetry 
at the constant temperature, T , and defer a more complete calcu-
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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lation of the final lepton asymmetry, accounting for evolution, to 
future work [13].

2. The mechanism

As previously mentioned, throughout this work, we assume 
neutrinos acquire their masses via the dimension-5 Weinberg op-
erator

LW = λαβ

�
�αL HC�βL H + h.c. , (1)

where λαβ = λβα and C is the charge conjugation matrix. For the 
purpose of generating a lepton asymmetry, the full UV comple-
tion of this operator need not be specified. The coupling of the 
Weinberg operator, λαβ , can be associated to a SM-singlet scalar 
field (or a linear combination of scalar fields) whose vacuum ex-
pectation value (VEV) corresponds to physical leptonic masses and 
mixing. This dynamically generated coupling may be realised as 
λαβ = λ0

αβ +λ1
αβ 〈φ〉/vφ , where λ0

αβ are initial values of λαβ before 
the flavon φ undergoes a phase transition.

In the Early Universe, the ensemble expectation value (EEV) 
of φ is dependent upon the finite temperature scalar potential. 
A phase transition occurs when the minima of this potential be-
comes metastable. As a consequence, the minimum changes to a 
non-zero and stable value, 〈φ〉. To simplify our discussion, we as-
sume the phase transition is first-order. Thus during the transition, 
bubbles of the leptonically CP-violating, broken phase begin to nu-
cleate and expand within the symmetric phase. At a fixed space 
point around the bubble wall, λαβ is time-dependent, λαβ(t1) �=
λαβ(t2). Subsequently, the lepton asymmetry is generated via the 
interference of the Weinberg operator at different times.

3. Closed-time-path formalism

Typically, observables in the thermal bath are derived from ex-
pectation values of operators that are not time-ordered. They can 
be calculated directly in the real time formalism, also known as the 
CTP formalism [11,12], which is derived from the first principles of 
Quantum Field Theory [14–16]. This method has successfully been 
applied to leptogenesis based on the decay of right-handed neutri-
nos (see, e.g. [17–19]). In this letter, we apply the CTP formalism 
to calculate the CPPT-induced lepton asymmetry. In comparison 
with classical Boltzmann transport equations, in which the colli-
sion terms are calculated in zero temperature, an advantage of this 
formalism is the proper inclusion of quantum memory effects [17]. 
As will be demonstrated, this effect plays a crucial role in our 
mechanism.

For the Higgs (H) in the CTP formalism, one defines the follow-
ing four Green functions:

�T ,T (x1, x2) = 〈T [H(x1)H∗(x2)]〉, 〈T [H(x1)H∗(x2)]〉 ,

�<,>(x1, x2) = 〈H∗(x2)H(x1)〉, 〈H(x1)H∗(x2)〉 , (2)

where T (T ) denotes time (anti-time) ordering. The Feynman, 
Dyson and Wightman propagators are represented by �T , �T

and �<,> , respectively. Analogously, the definition of Green func-
tions for lepton (�α ) with flavour index α is

S T ,T
αβ (x1, x2) = 〈T [�α(x1)�β(x2)]〉, 〈T [�α(x1)�β(x2)]〉 ,

S<,>
αβ (x1, x2) = −〈�β(x2)�α(x1)〉, 〈�α(x1)�β(x2)〉 . (3)

The additional minus sign in S< comes from the anti-commutation 
property of fermions. In Eqs. (2) and (3), electroweak gauge and 
fermion spinor indices have been suppressed.
The Wightman propagators S<,> can be used to define the lep-
ton asymmetry, e.g., the number density difference between lepton 
and anti-lepton nL ≡ ∑

α(n�α − n�α)

nL(x) = −1

2

∑
α

tr
{
γ 0[S<

αα(x, x) + S>
αα(x, x)

]}
. (4)

Moreover, they satisfy the Kadanoff–Baym (KB) equation. We fol-
low the convention of [20–22] and express the KB equation as

i/∂ S<,> − �H � S<,> − �<,> � S H = 1

2

[
�> � S< − �< � S>

]
,

(5)

where � denotes a convolution, � is the self energy of the lepton, 
and S H and �H are Hermitian parts of propagator and self energy 
given by S H = S T − 1

2 (S> + S<), �H = �T − 1
2 (�> + �<) respec-

tively. On the LHS of Eq. (5), �H S<,> represents the self-energy 
contribution and �<,> S H describes the broadening of the on-shell 
dispersion relation. On the RHS, 1

2 (�> S< − �< S>) is the collision 
term which includes the CP-violating source [20]. As we focus on 
the generation of an initial asymmetry, we consider only the colli-
sion term.

4. Lepton asymmetry

We follow the techniques developed for thermal leptogenesis as 
presented in [17] and calculate the lepton asymmetry to leading 
order in a time-independent flavour basis. In order to derive the 
lepton asymmetry, the Green functions for the Higgs and leptons 
are Fourier transformed

��q(t1, t2) =
∫

d3rei�q·�r�(x1, x2) ,

S�k(t1, t2) =
∫

d3rei�k·�r S(x1, x2) , (6)

where r ≡ x1 − x2, t1 ≡ x0
1 and t2 ≡ x0

2. Subsequently, the lepton 
asymmetry at a fixed space point in the bubble wall may be writ-
ten as nL(x) = ∫ d3k

(2π)3 L�k with

L�k ≡ f
��k − f

��k = −
t f∫

ti

dt1∂t1 tr[γ0 S<
�k (t1, t1) + γ0 S>

�k (t1, t1)]

= −
t f∫

ti

dt1

t f∫
ti

dt2tr
[
�>

�k (t1, t2)S<
�k (t2, t1)

− �<
�k (t1, t2)S>

�k (t2, t1)
]
, (7)

where ti (t f ) is the initial (final) time and ��k(t1, t2) is the self-
energy contribution. In this mechanism, the leading CP-violating 
contribution to ��k(t1, t2) is a 2-loop diagram as shown in Fig. 1. 
The memory effect is reflected in the ‘memory integral’ over t1

and t2, which involves the time-dependent couplings shown in 
Fig. 1. Using Eq. (1), the lepton asymmetry may be re-expressed 
as

L�kαβ
=

∑
γ δ

12

�2

t f∫
ti

dt1

t f∫
ti

dt2Im
{
λ∗
αγ (t1)λβδ(t2)

}

×
∫

′
Mαβγ δ(t1, t2,k,k′,q,q′) , (8)
q,q
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Fig. 1. The 2-loop lepton-number-violating contribution of the CP-violating and 
time-dependent Weinberg operator to the lepton self energy.

where 
∫

q,q′ = ∫ d3q
(2π)3

d3q′
(2π)3 and Mαβγ δ(t1, t2, k, k′, q, q′) is the finite 

temperature matrix element. Ignoring the differing flavours of lep-
ton propagators and setting ti → −∞, t f → +∞, we obtain the 
total lepton asymmetry L�k ≡ ∑

α L�kαα

L�k = 12

�2

+∞∫
−∞

dt1

+∞∫
−∞

dt2Im
{

tr
[
λ∗(t1)λ(t2)

] } ∫
q,q′

M , (9)

where the finite temperature matrix element, decomposed in 
terms of the lepton and Higgs propagators, is given by

M = Im
{
�<

�q (t1, t2)�
<
�q′ (t1, t2)tr

[
S<

�k (t1, t2)S<
�k′ (t1, t2)P L

]}
. (10)

A homogeneous system is a principle assumption in the deriva-
tion of Eq. (7) [17]. However, this is clearly not the case for CPPT 
as the bubble expansion provides a special direction perpendicu-
lar to the bubble wall which results in the transport of the lepton 
asymmetry along this particular direction. We anticipate the direc-
tional dependence of the asymmetry will be small and therefore 
ignore its impact at this stage. As the temperature at which CPPT 
occurs is significantly higher than the electroweak scale, both lep-
tons and the Higgs are almost in thermal equilibrium. Using this 
assumption, we prove in the Appendix the lepton asymmetry from 
spatial-dependent EEV profile vanishes. We shall apply this ap-
proximation throughout this work.

The time-dependent flavon EEV, 〈φ〉, plays an important role 
in CPPT. Without loss of generality, one may assume 〈φ〉 = vφ f (t)
where f (t) varies continuously from 0 to 1. The coupling coeffi-
cient, λ, takes the form

λ(t) = λ0 + λ1 f (t) . (11)

The lepton asymmetry should not be sensitive to the precise func-
tional form of f (x). The simplest example of f (t) is a step func-
tion, f (t) = ϑ(v wt − z), where v w is the velocity of the bubble 
wall and z a certain point along the direction of bubble expansion. 
Another example is a tanh function f (t) = 1

2

[
1 + tanh

(
v w t−z

Lw

)]
where Lw the width of the wall. The latter case is analogous to 
the Higgs EEV profile studied in the electroweak strong first-order 
phase transition, which has been numerically checked [23–27]. In 
the limit Lw → 0, the second example reduces to the first. Both 
cases yield the same result, shown in Eq. (12), as expected. In 
addition to a first-order phase transition, it is possible a sudden 
change in the VEV of the scalar field, φ, may be generated by dy-
namics other than a thermal first-order phase transition such as 
a quench in the context of cold electroweak baryogenesis [28,29]. 
Then Im

{
tr [λ∗(t1)λ(t2)]

}
may be rewritten as

Im
{

tr
[
λ∗(t1)λ(t2)

] } = Im
{

tr
[
λ0λ∗]}

[ f (t1) − f (t2)] . (12)

After an exchange of integration variables from t1 (t2) to t̃ =
(t1 + t2)/2 (y = t1 − t2) and using
+∞∫
−∞

dt̃[ f (t̃ + y/2) − f (t̃ − y/2)] = y, (13)

we integrate t̃ to find

+∞∫
−∞

dt̃ Im
{

tr
[
λ∗(t1)λ(t2)

] } = Im
{

tr
[
λ0λ∗]}

y . (14)

Hence the lepton asymmetry becomes

L�k = − 12

v4
H

Im{tr[m0
νm∗

ν ]}
+∞∫

−∞
dyy

∫
q,q′

M , (15)

where we have reparametrised the effective neutrino mass matri-
ces as m0

ν ≡ λ0 v2
H/� and mν ≡ (λ0 + λ1)v2

H/�. As v w and Lw

have dropped out of Eq. (15), the bubble wall properties do not af-
fect the final result of the lepton asymmetry. This is based on the 
assumptions of single-scalar phase transition and fast bubble ex-
pansion. Eq. (12) is not valid for an arbitrary λ(t) shape. Instead, if 
the interference time scale is much smaller than the wall expan-
sion scale, we can perturb y and obtain

Im
{

tr
[
λ∗(t1)λ(t2)

] } ≈ Im
{

tr
[
λ∗(t̃)∂t̃λ(t̃)

] }
y . (16)

On the other hand, the temperature evolution should be consid-
ered if the bubble expands not fast enough compared with the 
Hubble expansion. These cases will be discussed in detail in our 
future work [13]. In the remainder of this work, we shall still con-
tinue to work in these assumptions.

To evaluate Eq. (15), firstly we calculate M using the lepton and 
Higgs propagators. As the scale of the CPPT is significantly higher 
than that of the electroweak scale, we will assume that leptons 
and Higgs are in thermal equilibrium. In the massless limit, the 
lepton and Higgs propagators are written as

�<
�q (t1, t2) = cq

2q shq
e−γH |y| ,

S<
�k (t1, t2) = γ 0ck + i �γ · k̂ sk

2 chk
e−γ�|y| , (17)

where k = |�k|, q = |�q|, ck = cos(ky−), sk = sin(ky−), chk =
cosh(kβ/2), shk = sinh(kβ/2), y− = y − iβ/2, k̂ = �k/k and γH , 
γ� are the thermal damping rates of the Higgs and the lep-
tonic doublets respectively [17]. Substituting Eq. (17) into Eq. (10), 
M becomes

M = Im
{

cqcq′ [ckck′ + k̂ · k̂′sksk′ ]}
8qq′shqshq′chkchk′

e−2γ |y| , (18)

where γ = γ� + γH . In order to simplify Eq. (15), we will first per-
form the integration of the y variable and then the momentum 
integration. The y integration may be performed by exploiting that 
M is an odd function of y

+∞∫
−∞

dyyM = 2

∞∫
0

dyyM

= −
∑

η2,η3,η4=±1

Kη2η3η4γ sin (βK/2) [1 − η2k̂ · k̂′]
16qq′

(
K 2

η2η3η4
+ 4γ 2

)2
shqshq′chkchk′

, (19)

where Kη2η3η4 = k + η2k′ + η3q + η4q′ .
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The evaluation of the momentum integration will closely follow 
that of [17]. We abstain from re-deriving the details of this calcu-
lation and instead refer the reader to the reference. However we 
will present the simplified form of the momentum integration

∫
q,q′

= 1

(2π)4

∞∫
0

dp

∞∫
0

k′dk′
|k+p|∫

|k−p|
qdq

∣∣k′+p
∣∣∫

|k′−p|
q′dq′ , (20)

where p = k − q = k′ − q′ , q2 = k2 + p2 − 2pk cos θ and q′2 = k′2 +
p2 − 2pk′ cos θ have been applied. Using Eq. (19) together with 
Eq. (20), the final result is written as

L�k =
3 Im

{
tr

[
m0

νm∗
ν

]}
T 2

(2π)4 v4
H

F
(
x1, xγ

)
. (21)

F
(
x1, xγ

)
is a loop factor given by

F
(
x1, xγ

) = 1

x1

+∞∫
0

dx

+∞∫
0

x2dx2

|x1+x|∫
|x1−x|

dx3

|x2+x|∫
|x2−x|

dx4

×
∑

η2,η3,η4=±1

[
1 −

(
x2

1 + x2 − x2
3

) (
x2

2 + x2 − x2
4

)
4η2x1x2x2

]

× Xη2η3η4 xγ sinh Xη2η3η4(
X2

η2η3η4
+ x2

γ

)2
cosh x1 cosh x2 sinh x3 sinh x4

,

(22)

where x1 = kβ/2, x2 = k′β/2, x3 = qβ/2, x4 = q′β/2, x = pβ/2, 
xγ = (γ� + γH )β and Xη2η3η4 = x1 + η2x2 + η3x3 + η4x4. The loop 
factor is dependent upon the lepton energy and the thermal width 
normalised by the temperature, i.e., x1 and xγ . Unlike conventional 
scenarios of leptogenesis, this mechanism has the feature that once 
the lepton asymmetry is produced, it will not be washed out. This 
is because the lepton anti-lepton rate proceeds via the Weinberg 
operator which may be approximated as

�W  3

4π3

λ2

�2
T 3  3

4π3

m2
ν

v4
H

T 3 . (23)

We shall find the rate of the Weinberg operator mediated washout 
will be significantly less than the Hubble expansion rate at the 
temperature of the phase transition. Thus, the washout processes 
via the Weinberg operator are not active. The lepton asymmetry 
is partially converted into the baryon asymmetry via electroweak 
sphaleron processes which are active above the electroweak scale. 
However, nB−L ≡ −nL(T = TCPPT) is conserved, where TCPPT is the 
CPPT temperature. The final baryon symmetry is roughly given by 
nB ≈ 1

3 nB−L . The baryon-to-photon ratio ηB is defined as

ηB ≡ nB

nγ
≈ − Im{tr[m0

νm∗
ν ]}T 2

8π4ζ(3)v4
H

F (xγ ) , (24)

where F (xγ ) = ∫ +∞
0 x1dx1 F (x1, xγ ), nγ = 2ζ(3)T 3/π2 and ζ(3) =

1.202. In order to produce a positive baryon asymmetry,
Im{tr[m0

νm∗
ν ]} should take a minus sign. Importantly, the lepton 

asymmetry is independent of the choice of flavour basis.
Fig. 2. The loop factor F (x1, xγ ) as a function of the lepton energy k and the thermal 
width γ , where x1 = kβ/2 and xγ = γ β .

5. Discussion

The lepton asymmetry, as shown in Eq. (7), is dependent upon 
three components: the loop factor F (x1, xγ ) derived from the cor-
rection to the lepton propagator; the effective neutrino mass ma-
trices m0

ν , mν and the temperature, T , at which CPPT occurs. We 
shall address each of these contributions in turn.

Thermal widths play important role in the mechanism. It cor-
responds to the decoherence of the Weinberg operators at large 
time difference. In Fig. 2, we allow xγ to vary and display the nu-
merical results of the loop factor F (x1, xγ ) as a function of x1. As 
expected, a smaller thermal width results in a larger lepton asym-
metry since the interference with larger time difference |y| is less 
suppressed. The main contribution to the Standard Model value, 
xγ ≈ 0.1, mainly comes from electroweak gauge couplings [30]. 
High scale new physics may enlarge xγ . For x1 ∼ 1, we observe 
the loop factor provides a factor O(10) enhancement to the lepton 
asymmetry.

We have introduced the effective neutrino mass matrices m0
ν

and mν . The structure of m0
ν is dependent on the coupling of the 

flavons to the Weinberg operator. The form of this coupling is de-
termined by the details of particular flavour models and will be 
studied elsewhere. After CPPT, the coefficients of the Weinberg op-
erator are fixed and mν is identified to the measurable low-energy 
neutrino mass matrix (ignoring RG running effects). This mass ma-
trix is diagonalised by the PMNS matrix, i.e., U T

PMNSmνU∗
PMNS =

diag{m1, m2, m3}, which allows for a connection between lepton 
asymmetry and low-energy leptonic observables. As discussed in 
Section 4, the washout is proportional to the light neutrino mass 
matrix. For the temperatures, T ∼ 1011 GeV, the washout rate is 
much less than the Hubble expansion rate and therefore these 
processes are not effective during the phase transition. However, 
the temperature of the phase transition may be higher or lower 
than 1011 GeV, depending on the value of m0

ν . The washout rate 
provides an upper bound for the phase transition as these rates 
freeze out around T B ∼ 1013 GeV. Therefore, if the CP-violating 
phase transition occurred above T B the generated lepton asymme-
try would be completely washed out.

Finally, we discuss the associated energy scale of CPPT. In order 
to estimate the temperature at which CPPT occurs, we will assume 
Im{tr[m0

νm∗
ν ]} is the same order as m2

ν ∼ (0.1 eV)2. Numerically, we 
have checked that F (xγ ) provides an O(102) factor enhancement 
for xγ ∼ 0.1. Thus, the temperature for successful CPPT is

TCPPT ∼ √
ηB

v2
H . (25)
mν
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Using the observed ratio of baryon to photon, ηB = (6.19 ± 0.15) ×
10−10 [31], we conclude TCPPT ∼ 1011 GeV. This is a rough estimate 
and a more detailed calculation, involving the evolution of the ini-
tial asymmetry and inclusion of effects such as differing thermal 
width of charged leptons, may lower this scale. This mechanism is 
contingent upon the UV-completion scale � being higher than the 
temperature of phase transition T . If � � T , new lepton-number-
violating particles, e.g., right-handed neutrinos in type-I seesaw, 
may be involved in the thermal bath during the phase transition, 
and the phase transition may influence the leptogenesis via the 
decays of these particles [32].

There are several ways to further refine the calculation of the 
lepton asymmetry generated from CPPT. Firstly, we neglected the 
thermal masses of the Higgs and leptons. Proper inclusion of these 
masses would have the effect of mild suppression of the loop func-
tion. In addition, the thermal width we applied (xγ ∼ 0.1) is an ef-
fective description which estimates their effects. A more complete 
treatment would involve the explicit calculation of the imaginary 
part of the self-energy correction to the Higgs and lepton propa-
gators. In the above, we have only calculated the time component 
lepton asymmetry generated by the time-dependent coupling of 
the Weinberg operator. The coupling may also be space-dependent 
during the phase transition. We comment in the rest frame of the 
plasma, that the spatial component lepton asymmetry is negligibly 
small. This is due to our assumption of thermal equilibrium of the 
propagators, cf. Eq. (15). Therefore, the momentum distributions of 
the Higgs and leptons are spatially isotropic. Consequently, there 
is no preferred direction for the Higgs and lepton propagators, and 
therefore, combining these propagators with the space-dependent 
coupling, which specifies the z direction, cannot generate any lep-
ton asymmetry [33]. It is in principle possible that a deviation 
from the equilibrium may result in additional lepton asymmetry 
nonetheless this contribution can be safely ignored for tempera-
tures far above the electroweak scale as the deviation is very small 
and the generated lepton asymmetry would be negligible.

6. Conclusion

We have proposed a novel mechanism based on CPPT to gener-
ate the matter-antimatter asymmetry. It differs from conventional 
high-scale leptogenesis scenarios as we assume CP is broken below 
the scale of neutrino mass generation and apply an effective the-
ory approach which permits model independence. Moreover, this 
mechanism allows for a connection between leptonic flavour struc-
ture and the baryon asymmetry.

The essential requirements of this approach are a CP-violating 
phase transition and the Weinberg operator. We assume the com-
plex coefficients of this operator are dynamically realised. During 
the phase transition, the lepton asymmetry is generated from the 
interference of the Weinberg operator at different times. In order 
to generate the observed baryon asymmetry, the temperature scale 
of CPPT is approximately TCPPT ∼ 1011 GeV.
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Appendix A

We explicitly provide a proof below which demonstrates that 
the spatial contribution to the lepton asymmetry is negligible.

We start from the following formula of the lepton number 
asymmetry NL ≡ N� − N� in the CTP approach:

NL = −
∫

d4x1d4x2tr
[
�>(x1, x2)S<(x2, x1)

− �<(x1, x2)S>(x2, x1)
]
, (A.1)

which is derived from the Kadanoff–Baym equation. Including the 
diagram in Fig. 1 in our paper, we obtain

NL = − 12

�2

∫
d4 x̃d4rIm

{
tr[λ∗(x̃ + r

2
)λ(x̃ − r

2
)]}M , (A.2)

where x̃ = (x1 + x2)/2, r = x1 − x2 and

M = Im
{∫

d4k

(2π)4

d4k′

(2π)4

d4q

(2π)4

d4q′

(2π)4
ei(k+k′+q+q′)·r

×
[
�<

q �<
q′ tr[S<

k S<
k′ ] − �>

q �>
q′ tr[S>

k S>
k′ ]

]}
. (A.3)

The Wightman propagators �<,>
q and S<,>

k at tree level are given 
by

�<
q (x) = 2πδ(q2)

{
ϑ(q0) f H,�q(x) + ϑ(−q0)[1 + f H∗,−�q(x)]

}
,

�>
q (x) = 2πδ(q2)

{
ϑ(q0)[1 + f H,�q(x)] + ϑ(−q0) f H∗,−�q(x)

}
,

S<
k (x) = − 2πδ(k2)P L/kP R

{
+ ϑ(k0) f

�,�k(x)

− ϑ(−k0)[1 − f
�,−�k(x)]

}
,

S>
k (x) =−2πδ(k2)P L/kP R

{
− ϑ(k0)[1 − f

�,�k(x)]
+ ϑ(−k0) f

�,−�k(x)
}
, (A.4)

with f H,�q(x), f H∗,�q(x), f
�,�k(x) and f

�,�k(x) the distribution densities 
of H , H∗ , � and � respectively.

By assuming the one scalar case in Eq. (11) and applying 
Eq. (12) of our paper, we first integrate over t̃ ≡ x̃0 and obtain 
Eq. (13), i.e.,

+∞∫
−∞

dt̃ Im
{

tr
[
λ∗(t̃ + y

2
)λ(t̃ − y

2
)
]} = Im

{
tr

[
λ0λ∗]}

y . (A.5)

Including the velocity of the bubble wall can be done by replacing 
t̃ ± y/2 with (x̃0 − x̃3/v w) ± (r0 − r3/v w)/2, where v w is the veloc-
ity of the bubble wall. Following the same procedure, we integrate 
over x̃ first, and obtain

∫
d4 x̃Im

{
tr[λ∗(x̃ + r

2
)λ(x̃ − r

2
)]} = Im{tr[λ0λ∗]}V

(
r0 − r3

v w

)
,

(A.6)

where V = ∫
d3�̃x is a chosen sufficiently large volume in the space. 

This leads us to the expression for the lepton number per unit 
volume NL/V = nL + n′ , where
L
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nL ≡
∫

d3k

(2π)3
L�k = − 12

�2
Im{tr[λ0λ∗]}

∫
d4r r0 M ,

n′
L ≡

∫
d3k

(2π)3
L′
�k = + 12

�2
Im{tr[λ0λ∗]}

∫
d4r

r3

v w
M , (A.7)

represent the time-dependent and space-dependent lepton asym-
metry, corresponding to integrations along r0 ≡ y and r3/v w , re-
spectively.

As the temperature is much higher than the EW scale, we as-
sume Wightman propagators of the Higgs and leptons are in ther-
mal equilibrium in the rest frame of the plasma,

f H,�q(x) = f H∗,�q(x) = f B,|q0| ≡
1

eβ|q0| − 1
,

f
�,�k(x) = f

�,�k(x) = f F ,|k0| ≡ 1

eβ|k0| + 1
. (A.8)

We apply the following parity transformation for M:

r → r P = (r0,−�r) , kn → kP
n = (k0

n,−�kn) , (A.9)

where kn represents each of k, k′q, q′ . Note that �<,>
q is invariant 

under the spatial parity transformation, �<,>
q = �

<,>

qP . Although 

S<
k is not invariant under k → kP = (k0, −�k), but tr[S<,>

kP S<,>

k′P ] =
tr[S<,>

k S<,>
k′ ]. From these properties, we directly prove that M

is invariant under the parity transformation in Eq. (A.9). In other 
words, M is an even function of �r .

We highlight that L�k in Eq. (A.7) is just as the same as that 
in our paper in Eq. (14). This is easily checked by performing the 
spatial integration d3�r in Eq. (A.7). The space-dependent integra-
tion n′

L is zero. This is because M is an even function of r3, and 
thus the space-dependent integration, 

∫
d4r r3M, vanishes.

The result in Eq. (A.7) is based on the single-flavon case the 
only interference term between λ0 and λ1 f (x) can be integrated 
along x̃ directly. In the multi-scalar case, λ = λ0 + ∑

i λ
i f i(x), the 

interference between λi f i(x1) and λ j f j(x2) cannot be integrated 
along x̃ directly as in Eq. (A.6). Instead, we can do the “thick wall” 
approximation, where the interference length is much smaller than 
the wall thickness. In the case, we perturb r and derive∫

d4rIm{tr[λ∗(x + r/2)λ(x − r/2)]}M

≈ Im{tr[λ∗(x)∂μλ(x)]}
∫

d4rrμM . (A.10)

It is useful to define the CP sources per unit volume per unit time 
S CP�

� (x) and S ′ CP�
� (x) as

S CP�
� (x) = − 12

�2
Im{tr[λ∗(x)∂0λ(x)]}

∫
d4rr0M ,

S ′ CP�
� (x) = − 12

�2
Im{tr[λ∗(x)∂3λ(x)]}

∫
d4rr3M . (A.11)
Again, the space-dependent integration S ′CP�
� (x) vanishes, and only 

the time-dependent integration remains. In summary, the spatial 
contributions to the asymmetry may be safely neglected, both in 
the thin-wall and thick wall scenarios, as we assume the Higgs 
and leptons are in thermal equilibrium which is a reasonable as-
sumption at T ∼ 1011 GeV.
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