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1 Introduction

In this paper we continue the study of correlation functions in maximally supersymmetric
N = 4 Yang-Mills theory (N = 4 SYM). More precisely, we shall focus on the correla-
tion functions of local gauge-invariant operators which are members of the stress-tensor
supermultiplet

G, = (T)T(2) ... T(n)). (1.1)

The stress-tensor supermultiplet plays a special role in N/ = 4 SYM since it comprises all
conserved currents including the stress-energy tensor as well as the Lagrangian of theory.
These operators appear as coefficients in the expansion of the supercurrent 7 in powers of
the Grassmann variables.

In virtue of N' = 4 superconformal symmetry, the two- and three-point correlation
functions (1.1) are protected from quantum corrections and their expressions coincide with
those in the free theory. Starting from four points, the correlation functions (1.1) are not
protected and depend on the coupling constant. The conjectured integrability of planar



N = 4 SYM theory opens the possibility of finding the exact form of this dependence,
in the planar limit at least. The four-point correlation function G4 has been the subject
of much attention over the years. N = 4 superconformal symmetry fixes G4 up to a
single function of the conformal cross-ratios. At present, G4 is known in planar N = 4
SYM theory at weak coupling up to seven loops in terms of scalar conformal integrals [1, 2]
whereas the integrated expressions have been worked out up to three loops [3-7]. At strong
coupling, G4 has been computed within the AdS/CFT correspondence in the supergravity
approximation [8, 9].

Computing the correlation functions (1.1) beyond four points proves to be an extremely
nontrivial task. The conventional approach based on Feynman diagrams in configuration
space is not suitable for G,. Indeed, the contributions of the individual diagrams to
G, are, in general, gauge dependent and as a consequence, they do not respect conformal
symmetry. The symmetry is only restored in the sum of all diagrams as a result of nontrivial
cancellations of gauge dependent terms. Another difficulty comes from the fact that the
general expression for G, satisfying the NV = 4 superconformal Ward identities is given by
a linear combination of nontrivial n-point superconformal invariants accompanied by some
functions of conformal cross-ratios. The number of invariants as well as their complexity
grow rapidly with n.

This calls for developing a more efficient method for computing the correlation func-
tion (1.1), free of the difficulties mentioned above. The first step in this direction has been
undertaken in [10]. As was shown there, G, can be computed in the chiral sector (for all
anti-chiral Grassmann variables set to zero) after reformulating NV = 4 SYM in twistor
space. This method yields the chiral part of the correlation function G,, in the Born ap-
proximation as a sum of Feynman diagrams on twistor space that involve only propagators
and no integration vertices. The contribution of each individual diagram has a compact
and concise form but it depends of the gauge fixing parameter (reference twistor). Most
importantly, it is N' = 4 superconformally covariant modulo a compensating transforma-
tion of the reference twistor. The dependence on the latter disappears in the sum of all
diagrams yielding the N' = 4 symmetry of G,,.!

The question remains however whether there exists a representation for the correla-
tion function G, that has manifest N' = 4 superconformal symmetry and is free of any
auxiliary variables such as the reference twistor. In this paper, we argue that such a repre-
sentation exists and demonstrate this by presenting an explicit construction of the six-point
correlation function G in the chiral sector at Born level.

The paper is organised as follows. In section 2 we present an ansatz for the correlation
function (1.1) that obeys all available symmetry constraints. This ansatz involves just a
few arbitrary constants. In section 3 we construct the explicit expression for the six-point
correlation function in the Born approximation. The remaining freedom in the ansatz is
fixed by requiring the known asymptotic behavior in the light-like limit. In section 4, we
demonstrate that the same approach can be applied to finding a representation for the six-

IThe situation here is similar to that of the scattering amplitudes in planar N = 4 SYM computed via
twistor space [11].



point NMHYV amplitude without unphysical spurious poles. Section 5 contains concluding
remarks. The appendix presents a technique for extracting various components of the
correlation function (1.1) and includes some checks against the available data [10, 12, 13].

2 Symmetries of the correlation functions

Let us recall the properties of the stress-tensor supermultiplet. Its lowest component is the
half-BPS scalar operator Oaq (z,y) = tr [®/®/] Y'Y/ built from six real scalars ®' (with
I=1,...,6). Here Y/ is a six-dimensional complex null vector that can be parametrised
as YT = (1,y%,y?) in terms of four complex variables y? (with a,a’ = 1,2) and y? =
det ||ly%]]. The operator Og¢/(x,y) is annihilated by half of the Poincaré supercharges, so
that the stress-tensor multiplet satisfies a half-BPS shortening condition. Equivalently, the
supercurrent 7 depends on half of the Grassmann variables,

paa _ eaAuza = §oa 4 eaa’ ygl ’
it = Oy = 0+ 0 21)
where the harmonic variables u{* and @#,, (with the composite SU(4) index A = (a,d’))
parametrise the coset SU(4)/(SU(2) x SU(2) x U(1)) (or rather its complexification). The
signs + in the indices +a and —a’ refer to the U(1) charge of the harmonics. In what follows
we shall set all ﬁg‘, = 0 and consider only the chiral sector of the correlation function (1.1).
In the chiral sector the supercurrent 7 = 7 (z,y, p) depends on the four Grassmann
variables p®® (with a,a = 1,2) as well as on the bosonic coordinates z%* and y?%. The
advantage of introducing y-variables is that the R-symmetry acts on them in the same
way as the (complexified) conformal group acts on the z’s. The supercurrent T (z,y, p)
transforms covariantly under the A/ = 4 superconformal algebra and has conformal weight
2 and R-symmetry weight (—2).

2.1 Properties of the correlation functions

Let us examine the restrictions imposed by N = 4 superconformal symmetry on the cor-
relation function (1.1). It depends on the Grassmann variables p¢* (with i =1,...,n). In
virtue of R-symmetry, it should be invariant under the center Z, of SU(4), pf* — e2mk/ 4pga
with integer k. As a consequence, the (chiral) expansion of GG, runs in powers of p’s multi-
ple of four. The lowest component of G,, is p-independent, whereas the highest component
contains the product of all Grassmann variables, pi...p4 (with pf =[] wa p3®). An ad-
ditional condition on the p-dependence comes from the invariance of GG, under the chiral

supersymmetry @ and antichiral conformal supersymmetry S,
pioza s Iaiaa _ pioca + (anA + $iad§_£) uiza ] (22)

We can use the sixteen parameters of these transformations, e*4 and ff, to gauge away the
same number of Grassmann p-variables. Then, the dependence on these variables can be
restored by performing a finite superconformal transformation (2.2). In this way, choosing
the gauge p

aa —
n

Ta=pt, = pnt = pi* =0 we find that the top component of G, takes the



form pi...p% ,. For generic values of p; the chiral part of the correlation function takes
the following general form for n > 4

Gn = Gn;() + Gn;l +---+ Gn;n—4 ) (23)

where G, is a homogenous polynomial in py, ..., p, of degree 4p invariant under (2.2).
The remaining components vanish due to N/ = 4 superconformal symmetry, G,,, = 0 for
n—3<p<n.

Let us summarise the known properties of the components G-

The expansion (2.3) is similar to that of the on-shell scattering superamplitudes in
N = 4 SYM. This is the reason why, by analogy with the scattering amplitude, we shall
refer to G, as the N°PMHV component of the correlation function. By construction, the
MHYV component G,.o coincides with the correlation function of the lowest component of
the stress-tensor multiplet,

Gno = (O20(x1,y1) - .. O20/ (T, Yn)) - (2.4)

The NPMHV component G, depends on n points in the chiral analytic superspace with
coordinates (x;,y;, p;). The Bose symmetry of the correlation function (1.1) implies that
it is invariant under the exchange of any pair of points. In addition, Gy, should have the
correct conformal and R-symmetry transformation properties and be invariant under the
half the NV = 4 superconformal transformations (2.2)

QarGrp = 54Gppy=0. (2.5)

The general solution to these relations is given by a linear combination of (nilpotent)
Grassmann invariants of degree 4p with arbitrary coefficients. We can employ the above
mentioned gauge to count the total number of such invariants denoted by N, ,. Namely,
for pi®s = pp%y = poy = py® = 0, it is equal to the dimension of the linear space spanned
by the homogenous polynomials of degree 4p depending on the Grassmann variables pf®
with ¢ = 1,...,n—4. In particular, for the bottom and top components of (2.3), there is a
single invariant, 1 and p}...p% ,, respectively, leading to Npo = Npn—a = 1. At the same
time, it is easy to see that N, ), >1for 1 <p<n-—>5.

At weak coupling in V' = 4 SYM, G,,,, admits an expansion in powers of the coupling
constant

Gy =Y _g" G (2.6)
>0

with 0 < p < n — 4. The expansion starts at order O(g?") and the lowest term Gﬁfﬁ)

defines the Born approximation. The expansion coeflicients Ggﬁ,

relations [1, 2, 6]

satisfy the recurrence

—
Glfy = [ dtonrdiona G (2.7)



which follows from the Lagrangian insertion method [14, 15]. Here the integral over the
Grassmann variables on the right-hand side projects the supercurrent at point (n + 1)
onto its top component which is the (on-shell chiral) Lagrangian of N’ = 4 SYM theory,
Ly=a(x) = [d*pT(x,y,p).

Applying (2.7) we can obtain the O(g?‘) correction to the n-point N°MHV correlation
function by integrating the O(g?*~2) correction to the (n + 1)-point NP*'MHV correlation

function. Relation (2.7) can be iterated allowing us to obtain GSL% at any loop level £ as
(0)

nip+e°
the Born-level correlation functions define the all-loop integrands for G,. For example,

a multiple superspace integral of the Born-level correlation function G In this way,
in the special case of p = n — 4, the relation (2.7), combined with the uniqueness of the
top nilpotent invariant N, ,—4 = 1, has been used in [1, 2, 6] to compute the four-point
correlation function G4 up to seven loops.

In planar N’ = 4 SYM, the correlation functions G,, are related to the on-shell scat-
tering amplitudes A,, through the conjectured duality relation [16-21]

.G, Ao \°
lim =0 = (AMHV> ; (2.8)
n;0 n

where AMHV is the tree-level MHV amplitude and Gfg()) is the connected part of (2.4) in the
Born approximation. Here the limiting procedure on the left-hand side amounts to putting
the operators at the vertices of a light-like n-gon, %21'+1 = 0 (with x;;41 = x; — z;41 and
Titn = x;) and imposing a condition on Grassmann variables, (6; — 0¢+1)0‘A(:1;,~7i+1)ad =0.
The exact identification between the coordinates of G,, in the analytic superspace and the
supermomenta of A, can be found in [19-21]. The duality (2.8) can be used to learn
about amplitudes from the knowledge of correlation functions [1, 2]. In particular, the
predictions for the four-dimensional part of the amplitude integrands elaborated from (2.8)
using available results for the correlation functions exactly agree with the results of the
recursive all-loops procedure of [22].

2.2 Chiral N' = 4 superconformal invariants

As was explained in the previous subsection, the general expression for the correlation
function G, is given by a linear combination of chiral N” = 4 superconformal invariants
1, accompanied by p-independent coefficient functions fy,,,

Gnyp = Z Loip,i(%, Y5 ) fripi(2,y) (2.9)

where Z,,,,; are functions of the n points in analytic superspace invariant under (2.2) and
satisfying (2.5). Here the non-negative integer 0 < p < n —4 defines the Grassmann degree
of the invariant and the index i = 1,..., Ny, labels the different solutions to (2.5).

Taking into account that the generators Q and S form an abelian algebra, {Qaa, S, 5 } =
0, we can write down the general solution to (2.5) as

In;p = QSSBJR,ZJ+4($7 Y, P) ’ (210)



where the right-hand side involves the product of all generators, Q% = H% 4 Qaa and
similarly for S®. Since the generators @ and S are nilpotent, (Qa4)? = 0 and (54)% = 0,
the ansatz (2.10) satisfies (2.5) for an arbitrary function 7, ,14(x,y, p). Using a Grassmann
integral representation for Q®S® we can rewrite (2.10) as

In;p = /d86 ngee.QJréSjn,p-Hl(x? Y, p)
= /dlﬁE jn;p+4(x7y7ﬁ) ’ (211)

where p; = e“@TE5 p; is given by (2.2) and Z = (¢, £) denotes the 16 odd parameters. By def-

inition, Z,., is a homogenous polynomial in p of degree 4p. Then, it follows from (2.11) that

Tnip+4(,y, p) should have the same property but its degree of homogeneity equals 4(p+4).
Let us examine (2.11) for different Grassmann degrees 0 < p <n — 4.

2.2.1 Top invariant

We start with p = n — 4 corresponding to the top invariant Z,.,_4. According to (2.11),
Zyim—a is related to the function Jp.n(z,y, p). Since Jn.n(x,y, p) depends on n points and
has Grassmann degree 4n, it should necessarily involve the product of all p variables

Tnim = p1 ... ph. (2.12)

Obviously, this Grassmann structure can be multiplied by an arbitrary function of x and y.
In the expression for the correlation function (2.9) it can be absorbed into the coefficient
function fp.p—a(z,y)

Gt = Fulavy) [ A2 1.1, (2.13)

with p; given by (2.2) and f,, = fn.n—4. The fact that the expression on the right-hand side
contains a single term is in agreement with the uniqueness of the N' = 4 superconformal
invariant for p =n —4, N 4 = 1.

Let us verify the conformal and R-symmetry properties of (2.13). These transfor-
mations can be realised as combinations of translations and inversions of the z- and y-
coordinates. In particular, under inversion I[z;] = 2; ' and I[y;] = y; ' the correlation
function should acquire the weight [];(27)?(y?) ™2, which corresponds to conformal weight
2 and R-charge (—2) at each point. The corresponding transformations of the analytic
superspace coordinates are

Ipi) = pi* (7 Dalyi e Tluk™ = wik®(y; i - (2.14)
Applying inversion to (2.13), we find that the E-integral produces the weight [],(22y?) 2.
Then, in order to reproduce the correct transformation properties of the correlation func-

tion, the coefficient function has to satisfy

I[fa(z, )] = [[(=D)* falz,y) . (2.15)

7



It follows from this relation that f,(x,y) is y-independent since otherwise it would depend
on the cross-ratios yijgl / (yfky?l) yielding singularities of the correlation function for y% —
0. This contradicts the polynomial nature of the finite-dimensional representations of
SU(4). Then, the crossing symmetry of the correlation function implies that f,(x) is
invariant under permutations of the n points, z; < x;.

The coefficient function depends on the coupling constant. Substitution of (2.13)
into (2.7) yields a recurrence relations that allows us to obtain an integral representation
for fn(z) to any loop order in terms of Born level coefficient functions f,go) (x) for k >n

9(x) = /d4x5 odbes gy fé?gz(x). (2.16)

The Born level coefficient functions f,go) () are totally symmetric rational functions of
,?j — 0.2 As was
demonstrated in [1, 2, 6], these properties alone fix the coefficient functions f,(LO) (z) up to

xi,..., T, satisfying (2.15) and having only simple poles in the limit

an overall normalization constant, e.g. for n = 5,6 we have

0 _ 1
5 = 20
H1§i<j§5 Lij
2.2 .2
LioLgsd
éo) — 12231550 4 Sy permutations . (2.17)
481 ]1<icj<6 i)

The explicit expressions for 7(L0) (x) in planar N/ = 4 SYM up to n = 11 can be found
in [1, 2, 6].

2.2.2 Next-to-top invariants

Now we consider the correlation function (2.9) for p = n — 5. It involves next-to-top
invariants Z,.,—5 which are related through (2.11) to the homogenous polynomials J;,.n—1
of Grassmann degree 4(n — 1). Compared with the analogous polynomial of maximal
degree (2.12), we have to remove four factors of p

o o0 0 0

j; -5
nn apzaa ap]ﬁb 8p’k};c ap?d

jn;n—4 . (218)

Note that in the previous case the factor of p} in (2.12) carries R-symmetry weight (—2)
at each point. In order to preserve the R-symmetry properties of [J,.,—5 we need to
compensate each of the four p’s removed in (2.18) with a harmonic variable u; {*.

In this way, we arrive at

Gn;n—5 = Zl-ijkl;aﬁ'y(s X 3576(33) ’ (219)

5 . . . .
where f;g{’ = fnm—5 are coefficient functions and the invariants Zjki.a8vs = Znin—5 are

given by

1o} g 9 0
TijkizaB~s :eABCDu~?4u b ukéuld /d16E - - —(pt...ph). (2.20)
ijkl;a By iAU B D 8/)?‘“ aﬁfb 8PZC ap?d ( 1 n)

2The latter property follows from the operator product expansion of the supercurrents.



The sum in (2.19) runs over all subsets 4, j, k, [ of four points (not necessarily different) out
of the total n points. We verify using (2.14) that Z;jx;.086 has R-symmetry weight (—2) at
each point. As in the previous case, this leads to independence of the coefficient function
fg.g?& of the y-variables.

As follows from the definition (2.19), Z;jri.a+5 is invariant under the simultaneous

interchange of positions and spinor indices
Iijkl;a,ﬁ’yé = Ijikl;ﬁa'y& = ijil;'yaBzS etc. (221)

This relation implies further symmetries in the cases where the positions coincide. For
example, for ¢ = j we find that Z;;x1.a8ys is symmetric in the corresponding spinor indices
o and 3

Liikt;apys = Liiki;pans - (2.22)

Moreover, for i = j = k the invariant (2.20) vanishes due to the antisymmetry of the
u-dependent factor

Ziiit:apys = 0. (2.23)

This relation allows us to exclude the terms with three coincident position indices from
the sum in (2.19). In addition, taking into account the symmetry of the correlation func-
tion (2.19) under the exchange of any pair of points, (7, i, pi) = (To(i)s Yo(i)» Po(i)), and
making use of (2.21), we find that the coefficient function has to satisfy

fz‘jkl(ﬂfl ) = fUiO'jUkUl (Toy - To,) (2.24)

for any permutation o of the n indices.
The invariants (2.20) are not independent and satisfy nontrivial superconformal Ward
identities

ZX?MIijkl;aﬁ'y(S =0 (fOI' all j)kvlaMa 57’775) ; (225)
i=1

where the notation was introduced for

Xi(lM = (5?,%;’3\) ) (226)
with M = (), )\) being a composite index and a, A\, A = 1,2. To prove these identities we
rewrite (2.2) as p;** = p;** + Xi% =MA uzﬁa, so that

a”MA Z @ uihe am . (2.27)

Then, we use the definition (2.20) to get

16— ABCD, b . ¢ . d
ZXzMIZJklaﬂ’YCS_/d Z i ZA 9pee (6 Ujp Uk Uip

0 0
aABba“WcaA&l H ) _/d16 6._4( ) =0. (228)




To obtain the correlation function (2.19) we have to specify the coefficient functions
fgg?‘;(m) The main difference compared with the previous case is that these functions
carry Lorentz indices and, as a consequence, their conformal properties become more com-
plicated. Nevertheless, as we demonstrate in the next section for n = 6, the coefficient
functions in (2.19) are uniquely determined by the symmetry properties supplemented
with the additional conditions coming from the OPE.

It is straightforward to extend the above analysis to the correlation functions (2.9) with
p < n—>5. To obtain the invariants Z,,,,, we can use (2.11) and define J,.p;+4 recursively in
p along the same lines as (2.18). However, it is a nontrivial task to find a basis of linearly
independent invariants and, then, to determine the corresponding coefficient functions f,.p,.

In the next section we show how this procedure can be carried out for n = 6.

3 The six-point correlation function

According to (2.3), the six-point correlation function contains three components. The
lowest, MHV component Gg,o coincides with the correlation function of half-BPS scalar
operators (2.4) and it is given in the Born approximation by the product of free scalar
propagators symmetrised with respect to the permutation of the n points. The connected
part of G, takes the following form

0 _ Ui Y6
Gé.()) = =32 ... 28 + S5 permutations (3.1)
v

12 e
where yfj = %(yij)g/(yij)g,eabe“'b' and y;; = y; — y;. The highest, N2MHV component
G2 has Grassmann degree 8 and is given by (2.13) for n = 6 with fs(z) in the Born
approximation defined in (2.17).
Let us consider the remaining NMHV component Gg.;. Applying (2.19) and taking
into account (2.23) we find in the Born approximation

0 5 5 5
G@ni = I5566;08+6 FEBW (&) + Tasee.0pv6 [oen (2) + Taaseaps fans () + Sg perm.,  (3.2)

)

with the Z-invariants given by (2.20). We recall that the coefficient functions fss66, fa566
and f3456 depend only on z’s and have conformal transformation properties to be specified
%j, in the limit x?j — 0.
To make this property manifest, we use the following representation for the coefficient

below. Furthermore, they are allowed to have only simple poles, 1/x

functions

afyd
aBvs Piixl (2)
ol (@) = = , (3.3)

= 2
H1§i< §<6 Lij
with p;jri(x) being polynomials in .
In summary, we have that

5 5 5
ao _ Ts566:065 Dsgy () + Luse6:0846 Diogs () + Taassass Pass (T)
6;1 —

+ S perm.  (3.4)
H1§i<j§6 x?j



Let us now analyse the most general form of the polynomials p?]@é(@ Note that due to
the sum over Sg permutations as well as the symmetries (2.21) of the Z-invariants, there are
many equivalent expressions for the p’s. It is enough for us to consider just one element
of the equivalence class and, in particular, we do not insist that the p’s have the same
symmetry properties as the Z’s.

We show below that the procedure outlined in the previous section leaves only ten
independent numerical coefficients in the expression on the right-hand side of (3.4). More-
over, the number of independent coefficients reduces to four after we take into account the
supersymmetry Ward identities (2.25).

3.1 Coefficient functions

We recall that the correlation function Gg,; has conformal weight 2 at each point. Since
the denominator 1/ Hxlz] has weight 5 at each point, the three terms in the numerator
of (3.4) should have weight (—3) at points 1,...,6.

As follows from the definition (2.20), the invariant Zss66 has conformal weight (—2)
at points 1,2,3,4 and tensor weight (—1) at points 5 and 6. Therefore p?&? must have
weight (—1) at points 1,2,3,4 and tensor weight (—2) at points 5,6. Furthermore, as
follows from (2.22), Z847° is symmetric under the interchange of the Lorentz indices af
and separately of vd. Analysing the possible polynomials satisfying these conditions, we
arrive at

afyo

P56 (L) = a1 (x51816)*Y (w528 26)

w35ads + as(w51316)" (w5ada6) P22l (3.5)

with a1 and as being arbitrary. These are the only two independent conformal polynomials
with nonvanishing contribution to (3.4). Indeed, one can show that all other possibilities
either reduce to (3.5) or vanish after summing over point permutations on the right-hand
side of (3.4).3

Similar arguments for the second term in the numerator of (3.4) leave the following

five possibilities for piane (x)

) ~ ~ ~ ~
Pises () = bi(24556)*" (w53236) a2 + bo(a3Tae) (252026) P adals
+ b3 (243736) Y7 (250726 ) 0 w5 02 + ba(Ta5is6) ™ (w53836) 23673,
+ b5(%45%56)a'y(x54i‘46)6533%6$%3 . (36)

This is acted upon by an S3 x So symmetry, where the S3 permutes points 1,2, 3, and the
So factor exchanges 4,5 whilst simultaneously interchanging the indices «, .

3By construction, Tsse6 is invariant under an Sy ({1,2,3,4}) x S2({5, 6}) part of the entire Sg symmetry.
The orbit of Sg/(S4x S2) contains all the 15 point permutations of Zss66 while the isotropy group transforms
Psse6. For example one could imagine replacing 21 and 2 in (3.5) with different points. But they cannot
be replaced by x5 or z¢ since this will vanish and replacing by x3 or x4 is equivalent by the S4 permutation
symmetry between points 1,2,3,4. We could also imagine having longer chains of z’s e.g. (z51Z12023%36)"”.
But the permutation symmetry means that points 1,2 appear symmetrised (these points cannot appear
anywhere else in p due to the conformal weight) and, due to the identity xs1Z12723 + T52Z21213 = 71’%226537
this reduces to previous cases.
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Finally for the third term in the numerator of (3.4) we have just three possibilities

§
for p5izg («)

) ~ ~ ~ ~
p?f% () = c1(x36865) " (Ta5256) 0 22,35 + co(32825) Y (w41816) P 26225

+ ca(wseien) ! (azas)  aT5w3, . (3.7)
One might consider the following additional terms
0
)ﬂ 9535%2167

B5.2 .2
L4235 5

(x32%25)"7 (41216

(236Z65) "7 (T42T26)

B6

(x36%65)"7 (T45T56) 90%2»@4 ; (3.8)

but they do not contribute to (3.4). For the first two terms this is due to the antisymmetry
of (x3;25)*" under the exchange of points 3 and 5, (23;%;5)* = —(x5;%;3)7*, whereas for
the last term it requires a bit more work to see this analytically.

In summary then, simple symmetry considerations together with the understanding of
the pole structure have allowed us to reduce the freedom in the six-point NMHYV corre-
lation function Gé?% to just ten arbitrary coefficients, a1, as, b1, ba, b3, bg, b5, c1,c2,c3. The
expression for the correlation function is then obtained by plugging (3.5), (3.6) and (3.7)
into (3.4) leading to

ay) = ZazA +Zb B, +chck : (3.9)

Hl<z<]<6

where we introduced a notation for the Sg symmetric (super)conformal polynomials, e.g.

~ = \BS.2 2 .
A = (x51x16)a7(x52x26)6 235736 L5566;08v6 + S permutations ,

~ = \BS.2 2 .
Ay = (x51x16)a7(x52x26)6 234056 L5566;08v6 + S permutations ,

By = (x439536)C”(x525526)65x%6x2524566;aﬂ75 + S¢ permutations, (3.10)

and likewise for the remaining A, B and C.

3.2 Identities

The supersymmetry Ward identity (2.25) leads to nontrivial relations between the various
terms in (3.9). Multiplying both sides of (2.25) by the appropriate tensor structurres
and summing over the Sg permutations yields the following three independent identities
involving only A- and B-type terms

6
<Z Ii566;a5fy§(lﬁﬂﬂflﬁ)w(3652526)6%%49656) + S¢ perm. = By +2B3 + Ay =0
i—1

6
<Z Ii566;a6y5(961'15616)M(ﬂ?sﬁ%)ﬁ(sw%gﬂiﬁ) + S perm. = By + By + B3+ A1 =0
i1

6
<Z Ii566;a6’y§(l’iljlﬁ)a’y($52i‘26)66$§4x§6> + SG perm. = B5 + 2B4 + B1 =0. (3.11)
i=1
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For example, to obtain the first relation in (3.11), we multiply (2.25) by
Xf\/[d(516)0'[7(1‘525‘26)663334.%%6, (3.12)

with XMB = (—xo‘B ,5(15 ), and then sum over Sg permutations. Consider the six terms
separately in the sum over 7 in the first line in (3.11). For ¢ = 1 the expression vanishes
(due to the x1; = 0), for i = 2 we get

Tos66:0898(T21316) ™Y (T52F26) P 2h4ads

which on swapping the points 2 -5 — 4 — 2 and 1 < 3 gives

Ts466:0676 (T53536) "7 (245756) 23975 = Tuse6.aps(TasTs6)Y (253836)  wipals -

This term is equal to B; after summing all permutations. Continuing in this way, and
comparing with the A’s and B’s defined above we obtain the right-hand side of (3.11).

Identities of the form ), Zius56 which involve B and C' are a little less straighforward
to see. However we have obtained analytically and verified using a computer the following
identities

By—C1+C5=0,
By — B3 —Cy+C5=0,
By —2C3=0. (3.13)
Combining together (3.11) and (3.13), we conclude that there are six identities between A,

B and C, so that (3.9) contains, in fact, only 10 — 6 = 4 independent unfixed coefficients.
Choosing Ay, Ao, By and Bjs as a basis we finally obtain

0) (IllAl + CL/2A2 + b/232 + béBg
G61 - 9

)

(3.14)
H1§i<j§6 %Zj

with @, ab, by and b4 being arbitrary coefficients.

3.3 Light-like limit

To fix the coefficients in (3.14) we shall exploit the known asymptotic behavior of the
six-point NMHV correlation function G, in the limit where operators become light-like
separated [23]*

lim 22, T (1)7T(2) = v}, Z Po(z12, p12,912)O(2) (3.15)

a:%QAO 0

where the sum runs over twist-two operators O with the coefficient functions Pp» being poly-
nomial in 12, p12 and y12. Inserting (3.15) into G,,.;, we deduce that limxf27y%2_>0 (x%QGn;k) =

4We discard here the contribution of the identity operator since it corresponds to a disconnected piece
of the correlation function.
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0 which we can use as a further constraint on the correlation function. Imposing this con-
straint on the result with four unfixed coefficients (3.14)
lim (a'lAl + a'QAQ -+ bl2B2 -+ bng) =0, (316)
35,5720

which can be easily implemented on a computer,® gives a} = —2da}, b, = —8d), b = 0.
Thus we obtain the correlation function up to a single unfixed overall constant

Ay —2A, -8B
60 = 222 =8By

)

(3.17)
H1§i<j§6 x?j

Finally the overall constant can be fixed for example by using the amplitude/correlator
duality [19-21] which states that in the pentagon light-like limit

. 2 2 2 2 9 92 2 9 9 9 (1)
lim T19T5323, 0352 X Gt | 4 = YiaYasysalasys X 2My3 (), (3.18)
2222, 12, 12 22, —0 Pe

120%232%34:,%45°%51

where Mél)(a:) should match the known expression for the one-loop five-point MHV am-
plitude [22] in N' =4 SYM with the SU(N) gauge group. We indeed find a precise match
if we set the overall constant

b N
274807
We finally arrive at the following result for the six-point NMHV correlation function
0) NA2—2A1—8BQ
Gﬁ;l = —@ 2 ’
[li<icj<e i

with Ay, As and By given by (3.10). In distinction with the results on the same class of

(3.19)

(3.20)

correlation functions obtained in [10] using the twistor space approach, the new expression
(3.20) is free from auxiliary gauge fixing parameters (like a reference twistor), does not
have spurious singularities and is manifestly ' = 4 superconformally invariant. Relation
(3.20) is the main result of this paper.

Thus we demonstrated in this section that the six-point correlation function of the
stress-tensor supermultiplet is fixed by its symmetry properties combined with the known
structure of the OPE. Finally we compared the explicit expressions for various components
of (3.20) with those computed using both standard Feynman diagrams as well as twistor
space methods. All components agree perfectly with those found in [10, 12, 13].

4 Comparison with the six-point NMHV amplitude

We can use the duality relation (2.8) for n = 6 to obtain from (3.20) the tree-level expression
for the six-point NMHYV superamplitude

a0 ANMHV

lim § = 2756 = oRYMHV (4.1)
0

6;
G{

)

For example, see the attached Mathematica notebook where this limit is performed on the pg component.
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where the six-point light-like limit is specified in appendix A.3 and the notation is intro-
duced for the ratio of the tree-level superamplitudes REMHV. Here, the expression on the
left-hand side involves the correlation function Gé?()) defined in (3.1). In the light-like limit
it can be replaced by its leading asymptotic behavior given by the first term on the right-
hand side of (3.1). The factor of 2 on the right-hand side comes from expanding the square
in (2.8).
Notice that in the six-point light-like limit,

1,...,n| = {x%z,...,xiflm,xil — 0}, (4.2)
for n = 6, the cyclic Sg-symmetry of the correlation function is broken down to the six-
point dihedral symmetry (i.e. cyclicity, ¢ — ¢ + 1, and point reversal symmetry, i —
7 — i) which is a symmetry of the amplitude. The N = 4 superconformal symmetry
of the correlation function leads through the duality relation (4.1) to the dual N' = 4
superconformal symmetry of the scattering amplitudes [24]. As a consequence, the ratio
function RgIMHV can be written down in a manifestly invariant way as a sum over the dual
superconformal invariants

RYMHV Z Ryiit1jj41 - (4.3)

1<i<j<6

These invariants admit a simple representation if rewritten in the momentum supertwistor
space (zin, x;') [11, 24]

&% ({igkl)xm + cyclic)
(igkl) (FkIm) (klmi)(Imij)(mijk)’

Rijkim = (4.4)

where (ijkl) = MNEL

2iMZjN 2Kk 211, and the argument of the Grassmann delta-function is
invariant under cyclic shift of the five indices. R;j, vanishes if any two indices coincide.
The invariant R.jit1jj+1 in (4.3) depends on four points and the reference supertwistor
(zenr, X2 denoted by an asterisk. Replacing in (4.1) the correlation function and the ratio
function by their explicit expressions, eqs. (3.20) and (4.3), respectively, we verified the
duality relation (4.1).

Although the R-invariants make the dual superconformal invariance manifest, they
obscure the known analyticity properties of the scattering amplitudes. Namely, each in-
dividual term in (4.3) depends on the reference twistor and, in addition, has non-physical
spurious poles. The dependence on the reference twistor and the spurious poles disappear
in the sum (4.3), although this is far from obvious. In other words, there is a conflict
between the manifest dual superconformal symmetry of the invariants and their analytic
properties.

It is thus instructive to give up the full N/ = 4 dual superconformal symmetry and
seek another representation of the ratio function (4.3) that has no spurious poles but is
invariant under half of A = 4 dual superconformal symmetry, in a direct analogy to our
construction of the correlation function in the previous section.
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We first note that the chiral half of the N' = 4 dual superconformal symmetry acts
linearly on the odd components of the momentum supertwistors (z;, xf‘)

Xit = %=Xt 2 EMA (4.5)
with the same 16 odd parameters Z = (¢,£) of Q- and S-transformations as before. In
close analogy with (2.10) and (2.11)

and S-invariant

, we can rewrite (4.4) in a form that is manifestly Q-

. XEXTXGXT X
(17kl) (GkIm) (klmi)(lmij)(mijk)

Rijiim = QS

C JdSERRAL o
— {(igkl) (GkIm) (klmd) (Imij) (mijk) '

It is clear that this expression has a very special form. At six points we can define the
most general form of the invariant (compare with the invariants (2.20) for the correlation
function)

o d 9 0
Ii' :ABCD/d16H A4A4A4A4A4A4. 4.7
ki = € OxA 037 030 93P 7 (X1)*(X2)" (X3)" (X4)*(X5)* (X6) (4.7)

With this definition the six-point R-invariant (4.4) takes the following form

IPPPP
ki = 00} ki) (i) (imig) (mi ) )

with (4,7, k,l,m,p) being a permutation of the six points. Choosing the reference super-
twistor in (4.3) to be (z.ar, X2) = (2611, X&), we obtain from (4.3) [24]

RYMHV _ T n I3333
(2345) (3456) (4562) (5623) (6234) | (4561)(5612)(6124) (1245)(2456)

I5555
6123 (1234) (2346) (346 1) (4612) (4.9)

Notice that RGNMHV only contains invariants [;;;; with four repeated indices rather than the
general invariant I;;r;. The reason is that only in this case the special invariants R;jxim
are also invariant under the other half of dual superconformal symmetry, namely @ and
S. On the other hand, RYMMY should only have physical poles of the form 1/(i i+1j j+1)
whereas the three terms in (4.9) have non-physical poles, e.g. 1/(4562) and 1/(6234) which
cancel however in the sum (4.9).

Let us try to represent the six-point NMHYV ratio function in the form

RNMHV Z?,j,k,l:l CijkiLijki
(1234)(2345)(3456) (4561) (5612) (6123) (1245) (2356) (3461) ’

(4.10)

where we have explicitly written the product of all allowed physical poles in the denom-
inator, and put an arbitrary linear combination of all invariants in the numerator. The
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coefficients c¢;j,; must be polynomial functions of the bosonic twistor variables z1,..., 2,
only. Furthermore dual conformal invariance fixes these polynomials to be a product of
four twistor four-brackets (i1izizis) with fixed homogeneity in the z-variables. Namely, ¢;jx
should have homogeneity 2 at each point with an additional power at the points ¢, 7, k, [

cijkl(/\lzl, ceey >\626) = ()\1 e )\6)2>\i)\j)\k)\l cl-jkl(zl, ceey 2’6) . (411)

These properties preclude the possibility of having coefficients with three or more repeated
indices, cjiii = ciij = 0 since they would necessarily include twistor four-brackets with
coinciding indices and, hence, vanish by antisymmetry, (i1ioizis) = —(i2i1igis). For other
cases we have to list all possibilities. On top of this we impose dihedral symmetry of RgMHV.

In addition, we have to take into account the superconformal Ward identities for the
invariant (4.7) (just as we did for the correlator (2.25) and (3.13)). In the present case
we have

6
Z zimLijer = 0. (4.12)
i=1

Going through the calculation, we obtain from (4.10) an expression for RYM1V that involves
14 arbitrary coefficients (this should be compared with the equivalent situation for the
correlation function (3.14) which depends on four parameters only). To fix these coefficients
we require that (4.10) should match (4.9). This yields the representation (4.10) for the
ratio function which has physical poles only, manifest (chiral) N' = dual superconformal
symmetry and the dihedral symmetry.

We can of course obtain many different representations of RYMHV | depending on the
choice of basis of independent invariants satisfying (4.12). As an additional condition, we
can look for a solution in which the coefficients c;;3; are given by the product of four twistor
brackets of the form (ii41j j+1), thus cancelling the same number of twistor brackets in
the denominator of (4.10). The resulting expression for RGNMHV is then given by a sum
of terms each containing the product of five physical poles. Even with this restriction
there are a number of different forms for the amplitude. The simplest form with these
properties is

I1366

R6NMHV 1
2 (1234)(1245) (1256) (2345) (3456)

+ dihedraljog456 (413)

where ‘dihedral’ denote 8 other terms with permuted indices needed to ensure the invariance
of R6NMHV under the cyclic shift of indices and six point reversal.

The last relation should be compared with a similar expression for n-point NMHV am-
plitude found in [25] using a different approach. Both expressions are cyclically symmetric
and are given by the sum of terms each involving five physical poles only. The difference

is however that (4.13) has manifest chiral A" = 4 superconformal symmetry.°

SWe thank Jaroslav Trnka for a discussion of these issues.
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5 Conclusions

In this paper, we have studied the chiral sector of the correlation functions of stress-tensor
supermultiplets in N/ = 4 SYM in the analytic superspace formulation [26-28]. As a
corrolary of the R-symmetry, the expansion of the correlation functions goes in powers
of the chiral Grassmann variables multiple of 4, like the scattering superamplitudes in
the theory. This similarity is explained by the relation between the two quantities in the
light-like limit [16-21].

We demonstrated that the n-point correlation function is given by a linear combination
of chiral N' = 4 superconformal invariants accompanied by coefficient functions depending
only on the bosonic coordinates. We presented an explicit construction of the chiral N' = 4
superconformal invariants and showed that the form of the coefficient functions is heavily
restricted by conformal symmetry, the internal R-symmetry, point permutation invariance
and the absence of higher and non-physical poles.

We discussed in detail the six-point NMHV correlation function in the Born approx-
imation. In this case, we encounter three different types of N' = 4 invariants and the
aforementioned symmetry requirements constrain the corresponding coefficient functions
up to a total of ten constant coefficients. In addition, the six-point invariants satisfy
nontrivial superconformal Ward identities leading to further redundancy. Solving these
identities we were able to eliminate six constants, leaving only four unfixed parameters.

To determine these parameters, we examined the asymptotic behavior of the correlation
function in the limit where any two operators become light-like separated. In this limit,
the dependence of the correlation function on the isotopic SU(4) coordinates should factor
out into a universal factor. We argued that the requirement for the general ansatz for the
six-point correlation function to have this factorization property fixes unambiguously all
the parameters in the Born approximation up to an overall normalization.

We verified that, in agreement with the conjectured correlation function/scattering
amplitude duality, the obtained result for the correlation function correctly reproduces
the known expressions for the five-point one-loop MHV and six-point tree-level NMHV
amplitudes. Finally, we have shown that the same approach can be applied to obtain a
representation for the scattering amplitudes that is free from any auxiliary parameters and
does not involve spurious poles.

There are several directions for further development of our approach. It would be
interesting to extend the above analysis to correlation functions at higher loops and more
points. Although the complexity steeply increases with the number of loops/points, we
expect that, similarly to what happens for the scattering amplitudes in planar A" = 4 SYM,
the final expressions for the correlation functions should exhibit remarkable simplicity. We
recall that we restricted our consideration to the chiral sector. To restore the dependence
of the correlation functions on the antichiral Grassmann variables, we have to revisit the
construction of n-point superconformal invariants. For n = 4 this problem has been solved
in [29, 30] whereas for n > 5 it still awaits solution.
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A The computational setup: extracting components

In this appendix we describe some technical details of the calculation of the six-point
NMHYV correlation function.

A.1 Expansion of superconformal invariants

To compute various components of the six-point NMHYV correlation function (3.20) we need
to expand the invariants (2.20) in powers of p’s. As we show below this amounts to taking
the determinant of a 16 x 16 matrix and can be easily implemented on a computer.

o

Introducing a compact notation for pf*** = p!i with the composite index Z; = (i, a;, a;)

we obtain form (2.20) for n = 6 points

ABCD +a +a +a +a
Iisiﬁiﬂs;ocsocﬁawzs = § PI, PI2PI3PIy € Uiy A luigB 2“1‘30 3Uz‘4D *
Th,22,23,14
6
) ) [
16— ~4
x/d E— .. = Hpm , (A1)
1 3
0 8pI m=1

with pf** = p&® + X zMA uija. Now consider the Grassmann integral in the second
line of the last equation. Since it does not depend on p’s, we may safely replace pf® —
X&EMA u;% after taking 8 derivatives with respect to p’s. The resulting Z-integral
reduces to the determinant of a certain matrix built from X’s and u’s.

It is convenient to introduce the auxiliary 24 x 16 matrix

ZIM = XiMauiZ (AQ)

so that X, =2MA uy = ZT ZM, with the composite indices Z = (i,«,a) and M =
(M, A) taking 6 x 2 x 2 and 4 x 4 values, respectively. Then we have

_0 9 [
/ le:aﬁzl T opTs [H(pm>4] = Blannnnns, (A-3)

m=1

where by [Z]7,7,7,7,7,747,7s We denote the maximal 16 x 16 minor obtained by taking
the determinant of the matrix obtained from the 24 x 16 matrix Z by removing the
rows 71,72, ...1g.
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Applying (A.1) and (A.3) we can expand the polynomials (3.10) in powers of the
Grassmann variables, e.g.

Ay = Z PI, PI, PI3PI4 { (Z] (5aa)(56b)(57¢)(56d)T1 ToT3Ts EABCDUSZ U5lf3 U UG%

11,12,13,1y

X (x51%16)" (w50806) P 25235 + S6 permutations}, (A.4)

where the permutations act only on the particle numbers 1,2,3,4,5,6 (and do not act on
Zy,...,Iy). It is straightforward enough to implement this relation on Mathematica. For
illustration we attach a notebook to the arXiv submission of the article.

We can further simplify the calculation by making use of conformal symmetry. We
recall that the polynomials (3.10) have conformal weight (—3) at each point. Then, the
conformal symmetry allows us to fix four out of six space-time coordinates mf‘a For
example, we can put a:fl — 0, xo diagonal 2 x 2 matrix, x5 — lo, x4 — 0 while x5, z¢ are
left as arbitrary 2 x 2 matrices. Similar choices can be also made for the y; variables. In
this gauge, the calculation of the determinant in (A.3) is simplified significantly. It is then
straightforward to reconstruct the fully covariant answer.

A.2 The five-point light-like limit

We can fix the coefficients in (3.14) by examining the asymptotic behaviour of the six-point
correlator in the light-like limit (3.18).

In order to define the five-point light-like limit (4.2), it is convenient to make use of
the variables X7, introduced in (2.26). Then, it is easy to see that

2 MNKL vy« B ol 1
.I‘ZJ ~ Eaﬁﬁaﬂsﬁ XLMX’L,NX],KX],L . (A5)

This relation is invariant under ocal SL(2) transformations X/, — g5 (z;)X f - Using this
property, we can realise the five-point light-like limit by assigning the following values of
Xy for a=1,2

Xy = (zinvs zic1m) Xe v = (270, 26M) 5 (1<i<5) (A.6)

with 2o v = z5,0. Indeed, we find from (A.5) that for 1 <4,j <5

z%j ~ EMNKLZiMZileZjKijlL =(i,i—1,7,j—1), (A7)

leading to %2,@41 — 0 with 7% # 0, in agreement with (4.2).

We expect from (3.18) that the O(pg) component of the correlation function (3.14)
should factorise in the kinematics (A.6) into the product of y3,...y2, and an z-dependent
function. Since pé carries the required R-charge at point 6, its coefficient can only depend
on yi,...,ys. The latter dependence is constrained by the R-symmetry that acts on the y’s
very much the same as the conformal group on the z’s. Examining all possible polynomials
in y% that transform covariantly under R-symmetry with weight (—2) at points 1,...,5,
we find that

2 2 92 9 9 2122 2 2
Y12Y23Y34Y45Y51 » (912) Y34Y45Y53 (A'8)
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and their eleven and nine Sy permutations, respectively, are the only structures that can
occur. Following (3.18) we have to impose the absence of all but the first of these.

As mentioned above, we can simplify the calculation by choosing an appropriate gauge

for the xz- and y-variables. The conformal symmetry can be used to put z;y = d;n for
1 <i<4in (A.6) while zs5, z6, 27 remain general. For the y-variables we use R-symmetry
to choose
y 0
y1 = ooly, oy = (Oy)’ ys = o,  ys =0, (A.9)

while ys remains general; yg drops out because pé saturates the R-charge at point 6.
Going through the calculation, we obtain the following expression for a particular O(pé)
component of the correlation function (3.14) in the light-like limit (3.18)

lim 222222 2222, X G | _ yiayts (¥33)°yis
1.5 127 287340AsTSL ROt ™ 1 967) (2367) (3467) (4567) (5167)

x {8(a’1+2a’276’3) [(1345) (2345) (1267)+(1245) (1345) (2367)]
+2(—2a) —4ab+3b5)[(1235) (1245) (3467)+(1234)(2345) (156 7)]
+2(—8a +2by+3b%) (1345) ((5127) (2346) — (5126) (2347))
+2(60; —day—2b—b;)(1234) (1235)(4567) | +.. (A.10)
where (ijkl) = N MKinsz ~Nzer 2z, and ellipses denote terms with other y-structures.

According to (3.14), the coefficient in front of y2,v%s(y3;)%y3s should vanish. Putting the
right-hand side of (A.10) to zero yields

a) = —2ah, h = —8aj, 5 =0. (A.11)
We verified that this choice eliminates in fact all unwanted y-structures leading to

. 2.2 .2 .2 2
11m $12$23JE34$‘45:C51 X G671} 4 —
[1,...,5] Pe

2.2 92 92 2
— 960 a Yi2Y23Y34Y15Y51

(1234)(2345) (1567) + (1235)(1245) (3467) + (1345) ((5127)(2346) — (5126)(2347))

8 (1267)(2367) (3467) (4567) (5167)

(A.12)

Although this is not manifest, this relation is invariant under the cyclic shifts of points
1...5. We verified that (A.12) agrees with the known result for the four-dimensional
integrand of the one-loop five-point MHV amplitude [22] with the normalization constant
a’y given by the following expression for an SU(N) gauge group

- (A.13)
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A.3 The six-point light-like limit

As another test of (3.20) we can examine the asymptotic behavior of Gé?{ in the six-point

light-like limit, eq. (4.2) for n = 6. According to (2.8), we expect to recover in this limit
the known expression for the six-particle tree-level NMHV amplitude [11, 24].

The analysis goes along the same lines as in the five-point light-like limit. The analogue
of formula (A.6) is

v = (zim 5 zim1m) 1<:<6, 20 = 26- (A.14)

The six-point scattering amplitude AgMHV depends on momentum twistors z; py and their
supersymmetric counter-parts X?- The latter are related to the Grassmann variables H?A
entering (2.1) in the same fashion as (A.14)

A .

G?A = (Xz 7X;4—1>7 1SZ§67 X0 = X6, (A15)
or equivalently p¢@ = (xu; §% x4, u;{*). Going through the calculation we found that
~ 2.2 .2 2 2 2 0 2.2 2 92 2 92 NMHV

[111m6] T12T2334L45T56L61 ¥ Gé;i ~ Y12Y23Y34Y15Y56Y61 As ) (A.16)

in agreement with (2.8). The details can be found in a Mathematica notebook included
with the arXiv submission of this article.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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