
J
H
E
P
0
6
(
2
0
1
5
)
1
6
6

Published for SISSA by Springer

Received: April 19, 2015

Accepted: June 4, 2015

Published: June 24, 2015

Soft theorems from conformal field theory

Arthur E. Lipstein

II. Institute for Theoretical Physics, University of Hamburg,

Luruper Chaussee 149, 22761 Hamburg, Germany

E-mail: arthur.lipstein@gmail.com

Abstract: Strominger and collaborators recently proposed that soft theorems for gauge

and gravity amplitudes can be interpreted as Ward identities of a 2d CFT at null infinity. In

this paper, we will consider a specific realization of this CFT known as ambitwistor string

theory, which describes 4d Yang-Mills and gravity with any amount of supersymmetry.

Using 4d ambtwistor string theory, we derive soft theorems in the form of an infinite

series in the soft momentum which are valid to subleading order in gauge theory and sub-

subleading order in gravity. Furthermore, we describe how the algebra of soft limits can be

encoded in the braiding of soft vertex operators on the worldsheet and point out a simple

relation between soft gluon and soft graviton vertex operators which suggests an interesting

connection to color-kinematics duality. Finally, by considering ambitwistor string theory

on a genus one worldsheet, we compute the 1-loop correction to the subleading soft graviton

theorem due to infrared divergences.

Keywords: Scattering Amplitudes, Conformal Field Models in String Theory, Classical

Theories of Gravity

ArXiv ePrint: 1504.01364

Open Access, c© The Authors.

Article funded by SCOAP3.
doi:10.1007/JHEP06(2015)166

mailto:arthur.lipstein@gmail.com
http://arxiv.org/abs/1504.01364
http://dx.doi.org/10.1007/JHEP06(2015)166


J
H
E
P
0
6
(
2
0
1
5
)
1
6
6

Contents

1 Introduction 1

2 Review of 4d ambitwistor strings 3

3 Tree-level soft theorems 5

3.1 Yang-Mills 5

3.2 Gravity 7

3.3 Comparison to BCFW 8

4 Symmetries and braiding 9

4.1 Gravity vs Yang-Mills 9

4.2 Soft limit algebra 10

5 Loop corrections 13

5.1 Ambitwsitor strings in general dimensions 13

5.2 One-loop scattering equations 15

5.3 IR divergences 15

6 Conclusion 18

A 4d scattering equations 19

B Examples of soft limit algebra 21

B.1 Gravity 21

B.2 QED 23

1 Introduction

In 1965, Weinberg showed that tree-level scattering amplitudes behave in a universal way

when the energy of an external photon or graviton goes to zero and the amplitudes are

expanded to leading order in the soft momentum [1]. This is known as Weinberg’s soft

theorem for photons and gravitons. Since then, the soft theorems have been generalized to

subleading order for gluons [2–4] and sub-subleading order for gravitons [5, 6]. Moreover,

loop corrections to the soft theorems were studied in [7–10], and double soft limits have

been studied in [11–15].

In a recent series of papers, Strominger and collaborators argued that the soft theorems

can be interpreted as Ward identites for certain asymptotic symmetries. In particular,

they argued that the leading and subleading soft graviton theorems are associated with

spontaneously broken BMS symmetries [16–18], which preserve the conformal structure of
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null infinity in four dimensional asymptotically flat spacetimes [19–21], and the soft photon

theorems are associated with spontaneouly gauge symmetry at null infinity [22–24]. More

recently, it has been suggested that the soft gluon theorems can be interpreted as Ward

identities associated with a Kac-Moody algebra of a CFT at null infinity [25, 26].

In this paper, we will study the soft theorems from the perspective of a 2d CFT which

describes 4d Yang-Mills and gravity with any amount of supersymmetry, known as 4d

ambitwistor string theory [27]. Ambitwistor string theories in general dimensions were

developed by Mason and Skinner in [28]. The key features of these models are that their

spectra only contain field theory degrees of freedom and their correlation functions produce

scattering amplitudes in the form discovered by Cachazo, He, and Yuan (CHY) [29–32],

notably they are expressed as worldsheet integrals which localize onto solutions of the

scattering equations. The soft theorems were proven in any dimension using the CHY

formulae in [30, 33–35], as well as using ambitwistor string theory in [36]. They were also

proven for N = 8 supergravity [37] and more recently N = 4 super-Yang-Mills [38] using

models which are closely related to the 4d ambitwistor string.

As demonstrated in [36], the soft theorems for gauge theory and gravity can be derived

using ambitwistor string theory by expanding a soft vertex operator in powers of the

soft momentum. In particular, each term in the expansion corresponds to a charge on

the worldsheet which gives rise to soft theorems when inserted into correlation functions.

Hence, the soft theorems can be interpreted as Ward identities of ambitwistor string theory.

In this paper, we show that if one evaluates the Ward identities in the approximation that

the scattering equations for the hard vertex operators decouple from those of the soft

vertex operator, one obtains soft theorems in the form of an infinite series in the soft

momentum which are valid to subleading order in Yang-Mills theory and sub-subleading

order in gravity. This derivation demonstrates the universality of the soft theorems and

clarifies the approximations used in [36]. In principle, it should be possible to compute

higher order terms in the soft limit by taking into account the backreaction of the soft

vertex operator on the hard ones via the scattering equations. Note however, that higher

order terms vanish in the holomorphic soft limit, which corresponds to expressing the soft

momentum in bispinor form and taking one spinor to zero while holding the other one

fixed [6]. Furthermore, we find an interesting relation between the charges which generate

soft gluon and soft graviton theorems. In particular, the latter can be obtained from the

former by replacing a Kac-Moody current with a Lorentz generator, which is reminiscent

of color-kinematics duality [39, 40].

We also show that algebra of soft limits of scattering amplitudes can be elegantly en-

coded in the braiding of soft vertex operators on the worldsheet of the ambitwistor string.

From this point of view, an ambiguity which arises in the definition of double soft limits

recently discussed in [26] is related to terms which arise from braiding one soft vertex oper-

ator around another one before it becomes soft, and our prescription will be to discard such

terms. Using this prescription, we find that the commutator of leading order soft graviton

limits vanishes, which is what one expects since the underlying symmetry corresponds to

supertranslations, which are abelian. Including higher order terms in the soft limit leads to

nonzero commutators, which indicates that the symmetry algebra underlying higher order

soft theorems is nonabelian.
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Finally, we compute the 1-loop correction to the subleading soft graviton theorem

by considering the ambitwistor string on a genus one worldsheet. At leading order, the

soft graviton theorem is not renormalized, but at subleading order it receives corrections

from 1-loop IR divergences [1, 7]. One-loop amplitudes in ambitwistor string theory were

first studied in [41], where they were shown to have support on the genus one scattering

equations. Demonstrating that ambitwistor string theory computes field theoretic loop

amplitudes is a difficult task, although this was verified in the IR limit of the 4-point 1-

loop integrand in [42]. In this paper, we show that in the IR limit, the ambitwistor string

loop integrand is a rational function for any number of external legs and can be integrated

using dimensional regularization to obtain the 1-loop correction to the subleading soft

graviton theorem coming from IR divergences. This provides further evidence that the

loop amplitudes of ambitwistor string theory correspond to field theory amplitudes.

This paper is organized as follows. In section 2, we review 4d ambitwistor string

theory. In section 3, we derive the tree-level soft theorems for Yang-Mills and gravity and

compare our expressions to the results of BCFW recursion, from which we deduce that our

formulae are valid to subleading order for Yang-Mills and sub-subleading order for gravity.

In section 4, we describe a simple relation between soft gluon and soft graviton vertex

operators which is reminscent of color-kinematics duality and explain how the algebra of

soft limits can be encoded in the braiding of soft vertex operators on the worldsheet. In

section 5, we review ambitwistor string theory in general dimensions both at genus zero and

genus one, and compute the 1-loop IR divergent correction to the subleading soft graviton

theorem. In appendix A, we describe some basic properties of the 4d scattering equations.

In appendix B, we demonstrate how the soft limit algebra can be encoded in the braiding

of soft vertex operators using explicit examples and compute the subleading contribution

to the commutator of two soft graviton limits and two soft photon limits (note that the

leading contribution vanishes in both cases).

2 Review of 4d ambitwistor strings

4d ambitwistor string theories were studied in [27, 43]. They are closely related to the

twistor string theories of Witten [44], Berkovits [45], and Skinner [46]. The crucial new

features of 4d ambitwistor strings are that the worldsheet fields have conformal weight(
1
2 , 0
)
, and vertex operators are defined for both positive and negative helicity particles.

Ultimately, this makes 4d ambitwistor strings a lot more flexible than ordinary twistor

strings, in that they can describe 4d Yang-Mills theory and gravity with any amount

of supersymmetry, and the resulting amplitudes are much simpler, depending on very few

moduli. Whereas super-Yang-Mills theory is described by a non-supersymmetric worldsheet

theory, supergravity is described by a worldsheet theory with N = 2 supersymmetry. Let

us briefly review this construction.

The non-supersymmetric worldsheet theory has fields

ZA =

 λα
µα̇

χa

 , WA =

 µ̃α

λ̃α̇
χ̃a


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where α, α̇ are spinor indices which are raised and lowered using the two-index Levi-Civita

symbol, and the number of fermions χ, χ̃ depends on the amount of target space super-

symmetry. We use the following notation to denote spinor inner products: 〈rs〉 = rαsβε
αβ

and [rs] = rα̇sβ̇εα̇β̇ . The Lagrangian is

L = WA∂̄Z
A + uWAZ

A (2.1)

where u is a GL(1) gauge field. The fields have the following OPE’s:

λα(σ)µ̃β(σ′) ∼ δβα
σ − σ′

, µα̇(σ)λ̃β̇(σ′) ∼
δα̇
β̇

σ − σ′
. (2.2)

The spectrum of this model contains both (super)Yang-Mills theory and conformal (su-

per)gravity. The integrated vertex operator for a positive helicity gluon with supermomen-

tum
(
λiλ̃i, λiη̃i

)
is

VYM =

∫
dt

t
δ2 (tλ− λi) eit([µλ̃i]+[χη̃i])j, (2.3)

where j obeys a U(N) Kac-Moody algebra

jA(σ)jB(σ′) =
kδAB

2 (σ − σ′)2
+
ifABCj

C

σ − σ′
. (2.4)

The integrated vertex operator for a negative helicity gluon is the complex conjugate

of (2.3).

The N = 2 worldsheet theory has the following additional world-sheet fields:

ρA =

 ρα
ρα̇

ωa

 , ρ̃A =

 ρ̃α

ρ̃α̇
ω̃a


which are the superpartners of (Z,W ). The Lagrangian is

L = WA∂̄Z
A + ρ̃A∂̄ρ

A + uBKB (2.5)

where

KB =
{
WAZ

A, ρ̃Aρ
A, ραρα, ρ̃

α̇ρ̃α̇, ρ
AWA, Z

Aρ̃A, λ
αρα, λ̃

α̇ρ̃α̇

}
.

The superpartner fields have the following OPE’s:

ρα(σ′)ρ̃β(σ) ∼ δβα
σ − σ′

, ρα̇(σ′)ρ̃β̇(σ) ∼
δα̇
β̇

σ − σ′
. (2.6)

The integrated vertex operator for a positive helicity graviton with supermomentum(
λiλ̃i, λiη̃i

)
is

VGR =

∫
dt

t2
δ2 (tλ− λi)

([
λ̃λ̃i

]
+ it

[
ρ̃λ̃i

] [
ρλ̃i

])
eit([µλ̃i]+[χη̃i]). (2.7)

– 4 –



J
H
E
P
0
6
(
2
0
1
5
)
1
6
6

The integrated vertex operator for a negative helicity graviton is the complex conjugate

of (2.7).

An Nk−2MHV amplitude is computed from a correlator with k negative helicity vertex

operators and n− k positive helicity vertex operators:〈
Ṽ1 . . . ṼkVk+1 . . .Vn

〉
.

For more details about gauge-fixing and BRST invariance, see [27]. To simplify the discus-

sion, we will focus on pure Yang-Mills and Einstein gravity for the remainder of the paper.

It is straightforward to generalize our results to the supersymmetric case.

Combining the arguments of the exponentials in the vertex operators with the action

and integrating out the worldsheet fields µ, µ̃ implies that

λ(σ) =

k∑
i=1

tiλi
σ − σi

, λ̃(σ) =

n∑
i=k+1

tiλ̃i
σ − σi

. (2.8)

Plugging these solutions back into the delta functions of the vertex operators then gives

Πk
i=1δ

2
(
tiλ̃ (σi)− λ̃i

)
Πn
j=k+1δ

2 (tjλ (σj)− λj) . (2.9)

These delta functions localize the worldsheet integrals onto solutions of the 4d scattering

equations refined by helicity:[
λ̃iλ̃ (σi)

]
= 0, i = 1, . . . , k, 〈λjλ (σj)〉 = 0, j = k + 1, . . . , n.

Note that these equations describe the scattering amplitudes of both Yang-Mills theory

and gravity. We describe various properties of these equations in appendix A.

3 Tree-level soft theorems

In this section, we will use ambitwistor string theory to derive soft gluon and graviton

theorems in the form of an infinite series in the soft momentum. We then compare our

formulae to the results of BCFW recursion and deduce that they are valid up to subleading

order in Yang-Mills theory and sub-subleading order in gravity (note that higher order

terms vanish in the holomorphic soft limit). This approach is closely related to the one

developed in [36], and demonstrates the universality of the soft theorems while clarifying

the approximations used in deriving them using ambitwistor string theory.

3.1 Yang-Mills

As explained in [36], from the point of view of ambitwistor string theory, a soft limit

corresponds to taking a vertex operator soft in a correlation function. First note that the

delta function which appears in a positive helicity vertex operator can be written as

δ2 (tλ(σ)− λs) = δ

(
t− 〈sξ〉
〈λ(σ)ξ〉

)
δ (〈sλ(σ)〉)

– 5 –
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Figure 1. If particle i goes soft in a color-ordered Yang-Mills amplitude, the soft theorem follows

from integrating its vertex operator around the vertex operators for particles i − 1 and i + 1, as

depicted above for a genus zero worldsheet.

where λsλ̃s is the soft momentum, ξ is a reference spinor, and s is short for λs. Noting

that ∂̄j = 0 and

δ (〈sλ(σ)〉) =
1

2πi
∂̄

1

〈sλ(σ)〉
,

Stokes theorem implies that∫
d2σVYM (σ) =

1

2πi

∮
〈λξ〉
〈λs〉 〈sξ〉

exp

(
〈sξ〉 [sµ]

〈λξ〉

)
j,

where the worldsheet coordinates being integrated over are σα = t−1 (1, σ). For an (n+ 1)-

point Nk−2MHV amplitude, the contour is localized around the k−1 solutions of 〈sλ (σ)〉 =

0, and the positions of the hard vertex operators are determined by the scattering equations

for an n-point Nk−2MHV amplitude as the momentum of the soft particle goes to zero,

which is the approximation we use. One then wraps this contour around the location of the

hard vertex operators. If we took a negative helicity particle to be soft, the contour would

be initially located around the n − k − 1 solutions of
[
sλ̃ (σ)

]
= 0, and the positions of

the hard vertex operators would be determined by the scattering equations for an n-point

Nk−3MHV amplitude as the momentum of the soft particle goes to zero. For more details,

see appendix A.

For color-ordered Yang-Mills amplitudes, the soft theorems follow from integrating

the soft gluon vertex operator around the two adjacent hard vertex operators following a

“figure-eight” path, as depicted in figure 1. Let us describe this in more detail. Suppose

that the soft gluon has positive helicity and is adjacent to another positive helicity gluon

whose vertex operator is located at position σi. One then obtains the following residue

from integrating the soft gluon vertex operator around σi:∫
d2σVYM (σ)V (σi) =

1

2πi

∮
〈λ(σ)ξ〉
〈λ(σ)s〉 〈sξ〉

exp

(
〈sξ〉 [sµ(σ)]

〈λ(σ)ξ〉

)
j(σ)V (σi)

=
1

2πi

∮
1

σ − σi
〈iξ〉
〈is〉 〈sξ〉

exp

(
〈sξ〉
〈λξ〉

λ̃s ·
∂

∂λ̃i

)
V (σi)

=
〈iξ〉
〈is〉 〈sξ〉

exp

(
〈sξ〉
〈λξ〉

λ̃s ·
∂

∂λ̃i

)
V (σi) . (3.1)

– 6 –
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Figure 2. The soft graviton theorem follows from integrating a soft graviton vertex operator

around each of the hard vertex operators, as depicted above for a genus zero worldsheet.

In obtaining the second line, we kept the single trace term in OPE of currents in (2.4) and

noted that

lim
σ→σi

λ̃(σ)→ tiλ̃i
σ − σi

, lim
σ→σi

λ(σ)→ λi
ti
, lim
σ→σi

µ(σ)→ σ − σi
ti

∂

∂λ̃i
, (3.2)

which follow from (2.2), (2.8), and (2.9).

Hence, if particle n of an n-point color-ordered Yang-Mills amplitude has positive

helicity, we find that

lim
p+n→0

AYMn =

[
〈1ξ〉

〈1n〉 〈nξ〉
exp

(
〈nξ〉
〈1ξ〉

λ̃n ·
∂

∂λ̃1

)
−

〈n− 1ξ〉
〈n− 1n〉 〈nξ〉

exp

(
〈nξ〉
〈ξn− 1〉

λ̃n ·
∂

∂λ̃n−1

)]
AYMn−1. (3.3)

If the soft particle particle has negative helicity, complex conjugate the prefactor.

3.2 Gravity

Now we will derive the soft graviton theorems. Similar manipulations to those described

in the previous subsection imply that a positive helicity graviton vertex operator can be

expressed as

∫
d2σVGR(σ) =

1

2πi

∮
〈λξ〉
〈λs〉 〈sξ〉


[
λ̃s
]
〈λξ〉

〈sξ〉
+ i [ρ̃s] [ρs]

 exp

(
〈sξ〉 [sµ]

〈λξ〉

)
.

The soft graviton theorems then follow from integrating the soft graviton vertex operator

around the location of each hard vertex operator in a correlation function and adding up

the residues, as depicted in figure 2. The residue from integrating it around a hard vertex

operator at σi is given by∫
d2σVGR(σ)V (σi) =

[is] 〈iξ〉2

〈is〉 〈sξ〉2
exp

(
〈sξ〉
〈iξ〉

λ̃s ·
∂

∂λ̃i

)
V (σi)

where we used (2.6) and (3.2), and noted that terms involving derivatives with respect to

the worldsheet fermions do not contribute because they contain a double pole.
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Hence, if particle n of an n-point amplitude is a positive helicity graviton, we find

lim
p+n→0

AGRn =
n−1∑
i=1

[in] 〈iξ〉2

〈in〉 〈nξ〉2
exp

(
〈nξ〉
〈iξ〉

λ̃n ·
∂

∂λ̃i

)
AGRn−1 (3.4)

If the soft particle has negative helicity, complex conjugate the prefactor. Note that our

derivation of this result did not make use of the detailed structure of the hard vertex

operators and therefore reflects the universality of the soft graviton theorems.

3.3 Comparison to BCFW

It is interesting to compare (3.3) and (3.4) to the results of BCFW recursion [4, 6, 9]:

lim
p+n→0

AYMn =
〈n− 11〉

〈1n〉 〈nn− 1〉
exp

(
〈nn− 1〉
〈1n− 1〉

λ̃n ·
∂

∂λ̃1
+
〈1n〉
〈1n− 1〉

λ̃n ·
∂

∂λ̃n−1

)
AYMn−1 (3.5)

lim
p+n→0

AGRn =

n∑
i=1

[in] 〈in− 1〉2

〈in〉 〈nn−1〉2
exp

(
〈nn− 1〉
〈in−1〉

λ̃n ·
∂

∂λ̃i
+
〈ni〉
〈n−1i〉

λ̃n ·
∂

∂λ̃n−1

)
AGRn−1. (3.6)

Note that for non-MHV amplitudes, these formulae are only valid up to subleading order

in Yang-Mills and sub-subleading order in gravity. Let us first compare the the two soft

graviton formulae. Choosing ξ = λn in (3.4) brings it into a very similar form to (3.6). In

fact, the leading terms trivially agree, and one can show that the subleading and subsub-

leading terms also agree after using momentum conservation [6, 9]. Beyond subsubleading

order however, (3.4) and (3.6) do not generally agree.

Now let us look at the soft gluon formulae. Expanding (3.3) to leading order and using

the Schouten identity gives

〈1ξ〉
〈1n〉 〈nξ〉

− 〈n− 1ξ〉
〈n− 1n〉 〈nξ〉

=
〈n− 11〉

〈1n〉 〈nn− 1〉
,

which matches the leading order of (3.5). Similarly, expanding (3.3) to subleading order,

the dependence on ξ cancels out and one obtains

1

〈n1〉
λ̃n ·

∂

∂λ̃1
− 1

〈nn− 1〉
λ̃n ·

∂

∂λ̃n−1
,

which matches the subleading prefactor in (3.5). Beyond subleading order however, the

two soft gluon formulae do not generally agree. It was observed in [9] that the BCFW

formulae should hold to all orders for MHV amplitudes. Hence we do not expect (3.3)

and (3.4) to hold beyond subleading order for Yang-Mills amplitudes and sub-subleading

order for gravity amplitudes.

In deriving (3.3) and (3.4), we assumed that the locations of the hard vertex operators

did not depend on the location of the soft vertex operator, i.e. they are solutions to (n−1)-

point scattering equations rather than n-point scattering equations. It would be interesting

to compute corrections to these formulae by taking into account the “backreaction” of the

soft vertex operator on the the hard vertex operators via the scattering equations.

In summary, we have proved the following soft theorems:
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• For gravitational amplitudes,

lim
p+n→0

An =

n−1∑
i=1

(
S
(−1)
GR + S

(0)
GR + S

(1)
GR

)
An−1

S
(−1)
GR =

n−1∑
i=1

[in] 〈ξi〉2

〈in〉 〈ξn〉2
, S

(0)
GR=

n∑
i=1

[in] 〈ξi〉
〈in〉 〈ξn〉

λ̃n ·
∂

∂λ̃i
, S

(1)
GR=

1

2

∑ [in]

〈in〉
λ̃α̇nλ̃

β̇
n

∂2

∂λ̃α̇i ∂λ̃
β̇
i

.

(3.7)

• For color-ordered YM amplitudes

lim
p+n→0

An =

n−1∑
i=1

(
S
(−1)
YM + S

(0)
YM

)
An−1

S
(0)
YM =

〈n− 11〉
〈n− 1n〉 〈n1〉

, S
(0)
YM =

1

〈n1〉
λ̃n ·

∂

∂λ̃1
+

1

〈n− 1n〉
λ̃n ·

∂

∂λ̃n
. (3.8)

• For photons, there is no color ordering so the soft theorems can be obtained by

Taylor expanding the first term on the right hand side of (3.3) to subleading order

and summing over all of the hard legs:

lim
p+n→0

An =

n−1∑
i=1

(
S
(−1)
QED + S

(0)
QED

)
An−1

S
(−1)
QED =

n−1∑
i=1

〈iξ〉
〈in〉 〈nξ〉

, S
(0)
QED =

n−1∑
i=1

1

〈in〉
λ̃n ·

∂

∂λ̃i
. (3.9)

4 Symmetries and braiding

In this section, we explain how the soft theorems can be interpreted as Ward identities

of ambitwistor string theory, and point out a simple relation betwen the charges which

generate soft gluon theorems and those which generate soft graviton theorems. We then

we explain how the algebra of soft limits can be encoded in the braiding of soft vertex

operators on the worldsheet and how this reflects the underlying symmetry algebra of the

scattering amplitudes.

4.1 Gravity vs Yang-Mills

Taylor expanding the soft gluon and soft graviton vertex operators in (2.3) and (2.7) in

powers of the soft momentum gives:∫
d2σVYM (σ) =

∞∑
l=−1

1

(l + 1)!
q
(l)
YM∫

d2σVGR(σ) =

∞∑
l=−1

1

(l + 1)!
q
(l)
GR +

∞∑
l=0

1

l!
q
(l)
ρρ̃

– 9 –
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where

q
(l)
YM =

1

2πi

∮
1

〈sλ〉

(
〈ξs〉
〈ξλ〉

)l
[µs]l+1 j (4.1)

q
(l)
GR =

1

2πi

∮
1

〈sλ〉

(
〈ξs〉
〈ξλ〉

)l−1 [
λ̃s
]

[µs]l+1 (4.2)

q
(l)
ρρ̃ =

1

2πi

∮
1

〈sλ〉

(
〈ξs〉
〈ξλ〉

)l−1
[µs]l

[
ρ̃λ̃i

] [
ρλ̃i

]
. (4.3)

Each term in the Taylor expansion can be thought of as a charge on the worldsheet which

generates a soft theorem when inserted into a correlation function. Indeed, the results of

section 3 imply that
{
q
(−1)
YM , q

(0)
YM

}
generate the leading and subleading soft gluon theorems,

while
{
q
(−1)
GR , q

(0)
GR, q

(1)
GR

}
generate the leading, subleading, and sub-subeading soft graviton

theorems. Hence, the soft theorems can be interpreted as Ward identities of the 2d CFT

describing ambitwistor string theory. This was also discussed in [36].

Interestingly, the charges which generate soft gluon theorems are related in a simple

way to those which generate soft graviton theorems. In particular, q
(l)
YM can be mapped

into q
(l+1)
GR by replacing

j →
[
λ̃s
]

[µs] .

In terms of OPE’s this corresponds to replacing

ifABCj
C → λ̃α̇s λ̃

β̇
s m̃α̇β̇ , m̃α̇β̇ = λ̃(α̇

∂

∂λ̃β̇)
.

Furthermore, q
(l)
YM can be mapped into q

(l+1)
ρρ̃ by replacing

j → [ρ̃s] [ρs] .

Hence, we find that the charges which generate soft gluon theorems map into the charges

which generate soft graviton theorems after replacing the Kac-Moody current j with a

Lorentz generator. Note that this relates the leading and subleading soft gluon theorems

to the subleading and subsubleading soft graviton theorems, which is natural since the

leading soft graviton theorem does not receive loop corrections, but the subleading and

subsubleading soft graviton theorems receive one and two-loop corrections, respectively,

just like the leading and subleading soft gluon theorems. These results suggest a possi-

ble connection to color-kinematics duality [39, 40], which would be interesting to further

explore.

4.2 Soft limit algebra

In this section, we will show that the algebra of soft limits can be elegantly encoded in

the braiding of soft vertex operators. To start off, consider a tree-level n-point amplitude

where particles (n− 1, n) are positive helicity gravitons and consider taking particle n− 1
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soft followed by taking particle n soft. Using (3.7) and keeping the leading order terms in

the soft limits gives

n−2∑
i=1

[in] 〈ξni〉2

〈in〉 〈ξnn〉2

n−2∑
j=1

[jn− 1] 〈ξn−1j〉2

〈jn− 1〉 〈ξn−1n− 1〉2
+

[nn− 1] 〈ξn−1n〉2

〈nn− 1〉 〈ξn−1n− 1〉2

An−2. (4.4)

On the other hand, if we first take particle n soft and then take particle n − 1 soft we

obtain

n−2∑
j=1

[jn− 1] 〈ξn−1j〉2

〈jn− 1〉 〈ξn−1n− 1〉2

(
n−2∑
i=1

[in] 〈ξni〉2

〈in〉 〈ξnn〉2
+

[n− 1n] 〈ξnn− 1〉2

〈n− 1n〉 〈ξnn〉2

)
An−2. (4.5)

Subtracting (4.5) from (4.4) gives

[n− 1n]

〈n− 1n〉 〈ξn−1n− 1〉2 〈ξnn〉2
n−2∑
i=1

(
〈ξn−1n〉2 [in] 〈ξni〉2

〈in〉
− 〈ξnn− 1〉2 [in− 1] 〈ξn−1i〉2

〈in− 1〉

)
An−2. (4.6)

This result can be easily understood from the perspective of CFT by recalling that the soft

graviton theorems arise from integrating a soft graviton vertex operator around each of

the hard vertex operators. We then see that that the first term in the parenthesis in (4.4)

comes from braiding the vertex operator for particle n − 1 around the vertex operators

for particles 1, . . . , n− 2, and the second term in the parenthesis comes from braiding the

vertex operator for particle n− 1 around the vertex operator for particle n before particle

n becomes soft. The sum to the left of the parenthesis then corresponds to braiding the

vertex operator for particle n around the remaining n− 2 hard vertex operators. There is

a similar interpretation for (4.5) if one exchanges the roles of particles n and n− 1.

Hence, as depicted in figure 3, there are two types of contributions to the commutator

of soft limits: the “bulk” contributions where both soft vertex operators braid a hard

vertex operator, and the “boundary” contributions where one soft vertex operator braids

the other one before it becomes soft. In the example we are consdering, it is the second

type of contribution which gives rise to (4.6), and our prescription will be to discard

such boundary terms. This can be achieved simply by choosing the reference spinors

(ξn−1, ξn) = (λn, λn−1), after which the commutator of soft limits vanishes. In the present

example, the vanishing commutator can be understood as a consequence of Bose symmetry,

since we are taking the two soft gravitons to have the same helicity, however using a similar

calculation one finds that the commutator of soft limits also vanishes to leading order for

gravitons of opposite helicity. This is no longer the case at subleading order, however [14].

In appendix B, we show that the commutator of soft limits is nonzero at subleading order

for photons and gravitons of opposite helicity.

Using the prescription defined above, the algebra of soft limits can be encoded in the

braiding of soft vertex operators. This is essentially a consequence of the Jacobi identity:

[qn, [qn−1,Vi]]− [qn−1, [qn,Vi]] = [[qn, qn−1] ,Vi] , (4.7)
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Figure 3. The commutator of two soft graviton limits from the point of view of CFT. In the left

diagram, particle n − 1 goes soft before particle n, and in the right diagram, particle n goes soft

before particle n − 1. The bulk contributions correspond to points with two circles around them

and the boundary contributions correspond to points with one circle around them.

Figure 4. The commutator of two soft limits can be encoded by braiding one soft vertex operator

around another.

where (qn, qn−1) are charges which generate soft limits for particles (n, n − 1) and Vi is

a hard vertex operator. Indeed, recalling that time ordered commutators in a 2d CFT

are described by contour integrals, we see that the left-hand-side of (4.7) corresponds to

a bulk contribution to the commutator of the soft limits generated by qn and qn−1, and

the right-hand-side correponds to the soft limit generated by the charge which arises from

braiding qn and qn−1, as depicted in figure 4.

In summary, after discarding boundary terms, the commutator of soft limits can be

encoded in the braiding of soft vertex operators as follows:[
lim
pn→0

, lim
pn−1→0

]
An|bulk =

∫
Πn−2
i=1 d2σi 〈[qn, qn−1]V1 . . .Vn−2〉 . (4.8)

Note that this equation is schematic in that we are not specifying the helicity of the vertex

operators or implementing gauge-fixing of the worldsheet theory in order to make the

presentation as simple as possible, but it is straightforward to incorporate these details.

In appendix B, we compute the subleading contribution to the commutator of two soft

graviton limits and two soft photon limits and verify that it agrees with (4.8).

The algebra of soft limits reflects the underlying symmetry algebra of the amplitudes.

Indeed, we have shown that the commutator of two soft graviton limits vanishes at leading

order, which is expected since at leading order these limits are generated by the charges

q
(−1)
GR in (4.2), which are abelian generators corresponding to supertranslations. On the

other hand, commutators of subleading soft graviton limits no longer vanish in general
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since the the corresponding charges q
(0)
GR are nonabelian. Identifying the world-sheet fields

λα with homogeneous coordinates of the 2-sphere at null infinity, we see that the charges

q
(0)
GR depend on both λ and λ̃ and therefore do not correspond to conformal transformations

of the 2-sphere. Hence, the subleading soft graviton theorem appears to be associated with

diffeomorphisms which are more general than extended BMS transformations [47]. Note

that these diffeomorphisms satisfy

∂

∂λ
· δλ+

∂

∂λ̃
· δλ̄ = 0. (4.9)

In particular, using the OPE’s in (2.2), we see that the transformations induced by q
(0)
GR are

δ
(0)
GRλ

α =

[
ξλ̃
]
〈sλ〉[

sλ̃
]

[ξs]
λαs , δ

(0)
GRλ̃

α̇ =
〈ξλ〉

[
sλ̃
]

〈sλ〉 〈ξs〉
λ̃α̇s

Hence, ∂
∂λ · δ

(0)
GRλ = ∂

∂λ̃
· δ(0)GRλ̃ = 0. Moreover, it is not difficult to see that the infinite set

of diffeomorphisms generated commuting by these transformations satisfy (4.9) as well.

5 Loop corrections

In this section, we consider ambitwistor string theory on a genus one worldsheet. For this

purpose, it is convenient to work with the ambitwistor string theory developed by Mason

and Skinner, whose target space can be defined in general dimensions [28]. First we review

this model at tree-level, and then we describe the definition of genus one amplitudes in

terms of the one-loop scattering equations developed in [41]. Finally, we use this formal-

ism to compute the 1-loop correction to the subleading soft graviton theorem due to IR

divergences.

5.1 Ambitwsitor strings in general dimensions

In this subsection we will review the ambitwistor string theory developed by Mason and

Skinner, which can be used to describe gravity in any dimension. When D = 10, this

model becomes critical and its spectrum corresponds to type II supergravity (the existence

of ambitwistor strings in general dimensions was also considered in [43]). The model has

N = 2 worldsheet supersymmetry and the Lagrangian is

L = p · ∂̄q +
2∑
r=1

Ψr · ∂̄Ψr + eT + ẽp2 +
2∑
r=1

χrp ·Ψr

where pµ and qµ are bosons with conformal weights (1, 0) and (0, 0), respectively, µ =

0, . . . , D − 1 is a Lorentz index, Ψµ
r are fermions with conformal weight

(
1
2 , 0
)
, (e, ẽ) are

bosons with conformal weight (−1, 1), and χµr are fermions with conformal weight
(
−1

2 , 1
)
.

For a graviton with momentum kµ and polarization εµν = εµεν , the integrated vertex

operator is given by

VGR = δ (k · p) eik·qΠ2
r=1 (ε · p+ iε ·Ψrk ·Ψr) .
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This is very similar to the definition of a graviton vertex operator in the RNS string except

for the delta function which ultimately gives rise to the scattering equations. A tree-level

n-point graviton amplitude is computed from the correlation function

An =

∫
Πn
i=1 d2σi

Vol SL(2,C)
〈V1 . . .Vn〉 ,

where the SL(2,C) symmetry can be used to fix the location of three vertex operators.

Combining the exponentials with the action and integrating out the worldsheet field qµ gives

pµ(σ) =

n∑
i=1

kµi
σ − σi

. (5.1)

Plugging this back into the delta functions implies the scattering equations∑
j 6=i

ki · kj
σi − σj

= 0, i = 1, . . . , n.

The soft graviton theorems in general dimensions can be derived by Taylor expanding

a soft graviton vertex operator in the soft momentum [36]. The procedure is very similar

to the one we described for the 4d ambitwistor string in section 3. Noting that

δ (s · p) =
1

2πi
∂̄

(
1

s · p

)
and applying Stokes theorem, we obtain∫

d2σVGR(σ) =
1

2πi

∮
eis·q

s · p
Π2
r=1 (ε · s+ iε ·Ψrs ·Ψr) ,

where s is the momentum of the soft graviton. For an n-point amplitude, the contour

encircles the n− 3 solutions of s · p (σ) = 0, and the positions of the hard vertex operators

are determined by the scattering equations of an (n−1)-point amplitude as the momentum

of the soft particle goes to zero, which is the approximation we use. We then wrap this

contour around the locations of the hard vertex operators, as before. For more details

about counting solutions, see [29].

Expanding the soft graviton vertex operator in the soft momentum gives an infi-

nite series ∫
d2σVGR(σ) =

∞∑
l=−1

1

(l + 1)!
q
(l)
GR,

where the leading term is

q
(−1)
GR =

1

2πi

∮
(ε · p)2

s · p
.

Inserting this charge into correlation functions generates Weinberg’s soft graviton theorem.

In particular, consider inserting this charge into an n-point correlator. The soft theorem

arises from integrating the charge around each hard vertex operator and adding up the

residues. The contribution from the ith hard vertex operator is given by

q
(−1)
GR V (σi) =

1

2πi

∮
(ε · p(σ))2

s · p(σ)
V (σi) =

(ε · ki)2

s · ki
V (σi) (5.2)

where we noted that limσ→σi p
µ(σ) =

kµi
σ−σi .
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5.2 One-loop scattering equations

In this section, we will review the proposal for computing 1-loop amplitudes using am-

bitwistor string theory, as described in [41, 42]. When computing correlation functions on

the torus, the conformal isometries can be used to fix the location of one vertex operator.

Suppose we fix the location of the vertex operator for particle 1. In this case, the scattering

equations for an n-point amplitude are given by

ki · p(σi) = 0, i = 2, 3, . . . , n, (5.3)

p2(σ0) = 0, (5.4)

where kµi is the momentum of the ith particle, σi is the location of the ith vertex operator,

σ0 is a point on the worldsheet which is in general distinct from the locations of the vertex

operators, and pµ(σ) is the generalization of (5.1) to a toroidal worldsheet:

pµ(σ) = kµ +

n∑
i=1

kµi S (σ − σi, τ) , S(σ, τ) =
∂θ1(σ, τ)

θ1(σ, τ)
+

4π=σ
=τ

,

where kµ corresponds to the loop momentum over which we integrate, and τ is the modular

parameter of the torus. Whereas (5.3) determines the locations of the n − 1 integrated

vertex operators, (5.4) determines τ . More explicitly, the 1-loop scattering equations can

be expressed as

k · ki +
∑
j 6=i

ki · kjS (σij , τ) = 0, i = 2, 3, . . . , n, (5.5)

k2 +
∑
i 6=j

ki · kjf (σ0, σi, σj , τ) = 0, (5.6)

where σij = σi − σj and

f (σ0, σi, σj , τ) = S (σ0i, τ)S (σ0j , τ)− S (σij , τ)S (σ0i, τ)− S (σji, τ)S (σ0j , τ) . (5.7)

One-loop amplitudes are then given by:

A1−loop
n =

∫
dDk

(2π)D−1
dτ

∫
Πn
i=2 d2σiδ

(
p2(σ0)

)
〈V1 . . .Vn〉 . (5.8)

5.3 IR divergences

The IR divergent part of the genus one amplitude corresponds to the contribution from

=τ → ∞, or equivalently q = eiπτ → 0 [48]. This corresponds to a non-separating de-

generation of the toroidal worldsheet, which gives rise to a spherical world sheet with two

additional punctures, as shown in figure 5. We will denote the location of these punctures

by σa and σb. Using the conformal symmetry of the 2-sphere, we can fix the locations of

two more vertex operators, which we will take to correspond to particles 2 and 3 (note that

the location of the vertex operator corresponding to particle 1 has already been fixed).

Equation (5.6) also simplifies in this limit. Noting that

∂θ1(σ, τ)

θ1(σ, τ)
= cotσ + 4

∞∑
n=1

q2n

1− q2n
sin(2nσ),
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Figure 5. A non-separating degeneration of a toroidal worldsheet gives rise to a spherical world-

sheet with two additional punctures.

one finds that the function f in (5.7) reduces to −1 as q → 0. In this limit, the delta

function in (5.8) therefore reduces to

lim
q→0

δ
(
p2(σ0)

)
= δ

k2 −∑
i 6=j

ki · kj

 = δ
(
k2
)
,

where the sum runs over {i, j} ∈ 1, . . . , n, and we used momentum conservation to get the

second equality. Hence, in this limit the loop momentum kµ becomes on-shell, so we take

the punctures at σa,b to correspond to graviton vertex operators with external data (ε, k)

and (ε∗,−k), respectively.

The IR divergent part of the 1-loop amplitude corresponds to the soft limit kµ → 0.

In this limit, we can expand the soft graviton vertex operators located at σa,b in powers of

the soft momentum to obtain

A1−loop
n |div =

∫
dDk

(2π)D−1
δ
(
k2
)∑
±

Πn
i=4 d2σi

〈
q(−1)a q

(−1)
b V1 . . .Vn

〉
tree

(5.9)

where
∑
± is the sum over soft graviton polarizations and

q(−1)a =
1

2πi

∮
(ε · p)2

k · p
, q

(−1)
b =

1

2πi

∮
(ε∗ · p)2

−k · p
.

Hence, the IR divergent part of the loop integrand arises from taking a double soft limit of

a tree-level amplitude. Using (5.2) and the prescription for computing double soft limits

described in section 4, we obtain〈
q(−1)a q

(−1)
b V1 . . .Vn

〉
tree

=
1

2

∑
i,j

∑
±

(ε · ki)2

k · ki
(ε∗ · kj)2

−k · kj
〈V1 . . .Vn〉tree ,

where the sum is over all pairs of vertex operators which are encircled by q
(−1)
a,b , and the

factor of 1
2 comes from Bose symmetry. Hence, we find that

A1−loop
n

∣∣∣
div

=

1

2

∫
dDk

(2π)D−1
δ
(
k2
)∑
i,j

∑
±

(ε · ki)2

k · ki
(ε∗ · kj)2

−k · kj

Atree
n (5.10)
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This equation has a simple physical interpretation. It corresponds to the IR divergence

which comes from a virtual graviton becoming on-shell. Weinberg showed that this diver-

gence exponentiates and is cancelled by the real IR divergence coming from external soft

gravitons [1]. From the point of view of ambitwistor string theory, the on-shell condition

arises from the genus one scattering equations as =τ →∞, and the sum over pairs of soft

factors comes from braiding the pair of soft graviton vertex operators corresponding to the

endpoints of the thin tube in figure 5 around the other vertex operators.

Let us now evaluate the integral in equation (5.10). Noting that∑
±
εµενε

∗
ρε
∗
σ →

1

2
(ηµρηνσ + ηµσηνρ − ηµνηρσ)

and using the identity δ
(
k2
)

= − 1
π limε→0=

(
1

k2+iε

)
, (5.10) reduces to

A1−loop
n

∣∣∣
div

= lim
ε→0
=

∫ dDk

(2π)D

∑
i 6=j

(ki · kj)2

k · kik · kj (k2 + iε)

Atree
n ,

where we noted that the external momenta are null. As we mentioned above, this integral

is IR divergent in four dimensions and needs to be regulated. Taking D = 4+2ε with ε > 0

gives

A1−loop
n

∣∣∣
div

= σ̃nAtree
n , (5.11)

where

σ̃n = − 1

16π2ε

n∑
i 6=j

sij ln

(
−µ

2

sij

)
,

sij = (pi + pj)
2, and µ is an arbitrary energy scale [49]. Note that double poles in ε which

originate from collinear IR diveregences cancel out by momentum conservation.

Using (5.11), it is not difficult to compute the IR divergent part of the 1-loop correction

to the subleading soft graviton theorem, as shown in [7]. In particular, taking particle n

to be soft and expanding (5.11) to subleading order in the soft momentum gives

σ̃n → σ̃n−1 + σ̃′n, Atree
n →

(
S(−1) + S(0)

)
Atree
n−1,

where

σ̃′n = − 1

16π2ε

n−1∑
i=1

sin ln

(
−µ

2

sin

)
and (S(−1), S(0)) are given by

S(−1) =
n−1∑
i=1

(ε · ki)2

kn · ki
, S(0) =

n−1∑
i=1

ε · kikn,µενJµνi
kn · ki

,

where Jµνi = k
[µ
i

∂
∂ki,ν]

+ ε
[µ
i

∂
∂εi,ν]

. Hence, when particle n becomes soft, expanding (5.11) to

subleading order in the soft momentum gives

A1−loop
n

∣∣∣
div
→ σ̃n−1

(
S(−1) + S(0)

)
Atree
n−1 + σ̃′nS

(−1)Atree
n−1.
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This equation can alternatively be written as follows:

A1−loop
n

∣∣∣
div
→
(
S(−1) + S(0)

)
A1−loop
n−1

∣∣∣
div

+ S(0)1−loop
∣∣∣
div
Atree
n−1,

where

S(0)1−loop
∣∣∣
div

= σ̃′nS
(−1) −

(
S(0)σ̃n−1

)
.

From this result, we see that the leading soft graviton theorem is not renormalized and

the subleading soft graviton theorem is renormalized at 1-loop, which is consistent with

dimensional analysis.

6 Conclusion

In this paper, we used ambitwistor string theory to obtain formulae for the soft limits

of scattering amplitudes of pure Yang-Mills theory and Einstein gravity in the form of

an infinite series in the soft momentum. These formulae were derived by taking a vertex

operator in a correlator to be soft, and evaluating the correlator in the limit that the

scattering equations for the hard vertex operators are independent of the location of the

soft vertex operator, which is valid up to subleading order in Yang-Mills theory and sub-

subleading order in gravity. It would be interesting to compute higher order soft terms by

taking into account the backreaction of the soft vertex operator on the hard vertex operators

via the scattering equations, and to see if the results are constrained by symmetries such

as conformal, Lorentz, and gauge invariance [50–53].

Each term in the Taylor expansion of a soft vertex operator can be thought of as a

charge on the worldsheet which gives rise to Ward identities when insterted into correlation

functions. Hence, the soft theorems can be interpreted as Ward identities for ambitwistor

string theory, at least up to subleading order in Yang-Mills theory and subsubleading order

in gravity. We have demonstrated that the algebra of soft limits can be encoded in the

braiding of soft vertex operators if one discards boundary terms which arise from braiding

one soft vertex operator around another one before it becomes soft. In this way, we find that

the algebra associated with the leading order soft graviton theorem is abelian, furnishing

a representation of supertranslations. On the other hand, the algebra associated with

higher order soft graviton theorems is nonabelian and appears to be more general than the

extended BMS algebra. There is also a similar story for Yang-Mills theory. In particular,

the Kac-Moody symmetry of Yang-Mills amplitudes recently discussed in [25, 26] is encoded

by the Kac-Moody current j which appears in the definition of the gluon vertex operators

of ambitwistor string theory. Moreover, we find that the worldsheet charges which generate

soft gluon theorems can be mapped into those which generate soft graviton theorems by

replacing j with a Lorentz generator, suggesting a possible connection to color-kinematics

duality which would be be interesting to study further.

Finally, we computed the 1-loop IR divergent correction to the subleading soft gravi-

ton theorem by considering ambitwistor string theory on a genus one worldsheet, providing

further evidence that the loop amplitudes of ambitwistor string theory correspond to field

theory loop amplitudes. It would be interesting to demonstrate this beyond the IR limit,
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which is challenging because the 1-loop scattering equations and loop integrand of am-

bitwistor string theory generically contain elliptic functions. In ordinary string theory,

modular invariance of one-loop amplitudes arises from summing over an infinite tower of

states, and integrating over the real part of the modular parameter of the worldsheet imple-

ments level-matching, both of which should be absent in ambitwistor string theory. Hence,

it would be desirable to extend the ambitwistor string framework to loop-level in such a

way that makes these properties manifest.

It is remarkable that the soft theorems of pure Yang-Mills theory and Einstein gravity

arise as Ward identities of a 2d CFT at null infinity. This suggests the possibility that

these theories exhibit some form of integrability even though they do not possess Yangian

symmetry. Given that ambitwistor string theory provides a concrete realization of the 2d

CFT at null infinity, it should be a powerful tool for exploring this direction.
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A 4d scattering equations

In this appendix, we will describe some basic properties of the tree-level 4d scattering

equations. These equations are implicit in Witten’s parity invariant formulation of twistor

string theory [54]. For an n-point amplitude where the first k particles have negative

helicity and the last n− k particles have positive helicity, the scattering equations read

k∑
i=1

ti 〈pi〉
σp − σi

= 0, p ∈ {k + 1, . . . , n} ,
n∑

p=k+1

tp [ip]

σi − σp
= 0, i ∈ {1, . . . , k} . (A.1)

Note that these equations imply the following conditions on the t variables:

k∑
i=1

ti 〈pi〉 = 0,

n∑
p=k+1

tp [ip] = 0. (A.2)

To see this, perform a contour integral of the scattering equations with the contour placed

at infinity and add up all the residues. First we will prove that the scattering equations are

invariant under an SL(2,C) transformation of the worldsheet coordinates, which reflects

the conformal symmetry of the underlying worldsheet theory:

σ → Aσ +B

Cσ +D
, AD −BC = 1.

Noting that under an SL(2,C) transformation

σi − σj →
σi − σj

(Cσi +D) (Cσj +D)
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we see that

k∑
i=1

ti 〈pi〉
σp − σi

→ (Cσp +D)

k∑
i=1

ti 〈pi〉 (Cσi +D)

σp − σi
= (Cσp +D)2

k∑
i=1

ti 〈pi〉
σp − σi

,

which shows that the first set of equations in (A.1) are invariant. To obtain the equality

above, we noted that

k∑
i=1

ti 〈pi〉σi
σp − σi

= −
k∑
i=1

ti 〈pi〉+ σp

k∑
i=1

ti 〈pi〉
σp − σi

and used (A.2). Using a similar calculation, one finds that the second set of equations

in (A.1) are also invariant under SL(2,C) transformations. Using SL(2,C) symmetry, one

can fix the position of three punctures. Hence, the scattering equations are trivial for three-

point amplitudes. For a four-particle MHV amplitude, they reduce to a linear eqution for

σ4 after fixing {σ1, σ2, σ3} = {0, 1,∞}. Hence, there is only one solution for n = 4.

We will now show that for an n-point Nk−2MHV amplitude, there are A(n− 3, k − 2)

solutions, where A(i, j) are the Eulerian numbers which are defined recursively as follows:

A(i, j) = (i− j)A(i− 1, j − 1) + (j + 1)A(i− 1, j),

where A(i, j) = 0 if j < 0 or j > i, and A(1, 0) = 1. We will prove this by induction.

Using SL(2,C) symmetry of the scattering equations, we have already shown that when

n = 4 and k = 2, the number of solutions is A(1, 0) = 1. Now assume that the formula

for the number of solutions is true for all (n − 1)-point amplitudes and consider an n-

point Nk−2MHV amplitude where the first k particles have negative helicity and the last

n−k particles have positive helicity, for which the scattering equations are given by (A.1).

Rescaling the momenta of particles k and n according to (pk, pn) → (ε̃pk, εpn) and taking

the limit (ε̃, ε)→ (0, 1), the scattering equations reduce to

k−1∑
i=1

ti 〈pi〉
σp − σi

= 0, p ∈ {k + 1, . . . , n} ,
n∑

p=k+1

tj [ip]

σi − σp
= 0, i ∈ {1, . . . , k} .

From these equations, we see that all of the σi 6=k are determined by scattering equations

for an (n − 1)-point Nk−3MHV amplitude, and for each solution, the equation for σk has

n− k − 1 solutions. Now consider the limit (ε̃, ε)→ (1, 0):

k∑
i=1

ti 〈pi〉
σp − σi

= 0, p ∈ {k + 1, . . . , n} ,
n−1∑
p=k+1

tj [ip]

σi − σp
= 0, i ∈ {1, . . . , k}

In this case, all of the σi 6=n are determined by scattering equations for an (n − 1)-point

Nk−2MHV amplitude, and for each solution, the equation for σn has k− 1 solutions. Since

the number of solutions will not change as (ε, ε̃) are varied smoothly, we see that when

ε̃ = ε = 1 the number of solutions is (n− k − 1)A(n− 4, k − 3) + (k − 1)A(n− 4, k − 2) =

A(n − 3, k − 2), where we have applied the inductive hypothesis and used the recursive

definition of Eulerian numbers.
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B Examples of soft limit algebra

In section 4, we described how the algebra of soft limits can be encoded in the braiding of

soft vertex operators, if one discards terms which correspond to braiding one soft vertex

operator around another one before it becomes soft, which we refer to as boundary terms.

We refer to the remaining contributions as bulk terms. In this appendix, we will describe

some nontrivial examples. In particular, we will use this prescription to compute the

subleading contribution to the commutator of two soft graviton limits and two soft photon

limits, and match these results with (4.8) (note that the leading contribution vanishes in

both cases).

B.1 Gravity

Let us consider the commutator of two soft graviton limits, neglecting boundary terms.

Since the commutator of two leading order soft limits vanishes regardless of the helicity of

the soft gravitions, we will focus on terms which contain the leading order soft limit for

one particle and the subleading order soft limit for the other. In this case, the commutator

is nonzero if the two soft gravitons have opposite helicity.

To start off, consider a tree-level n-point amplitude where particles (n − 1, n) are

positive helicity gravitons and consider taking particle n−1 soft followed by taking particle

n soft:

n−2∑
i=1

[in] 〈ξni〉2

〈in〉 〈ξnn〉2
n−2∑
j=1

[jn− 1] 〈ξn−1j〉
〈jn− 1〉 〈ξn−1n− 1〉

λ̃n−1 ·
∂

∂λ̃j
An−2+

n−2∑
i=1

[in] 〈ξni〉
〈in〉 〈ξnn〉

λ̃n ·
∂

∂λ̃i

n−2∑
j=1

[jn− 1] 〈ξn−1j〉2

〈jn− 1〉 〈ξn−1n− 1〉2
An−2

 , (B.1)

where we used (3.7). Similarly, taking the soft limits in the reverse order gives

n−2∑
j=1

[jn− 1] 〈ξn−1j〉
〈jn− 1〉 〈ξn−1n− 1〉

λ̃n−1 ·
∂

∂λ̃j

(
n−2∑
i=1

[in] 〈ξni〉2

〈in〉 〈ξnn〉2
An−2

)
+

n−2∑
j=1

[jn− 1] 〈ξn−1j〉2

〈jn− 1〉 〈ξn−1n− 1〉2
n−2∑
i=1

[in] 〈ξni〉
〈in〉 〈ξnn〉

λ̃n ·
∂

∂λ̃i
An−2. (B.2)

Subtracting (B.2) from (B.1) then gives[
lim
p+n→0

, lim
p+n−1→0

]
An|bulk =

[nn− 1]

〈ξnn〉 〈ξn−1n− 1〉

n−2∑
i=1

(
[in− 1] 〈ξn−1i〉 〈ξni〉2

〈in〉 〈in− 1〉 〈ξnn〉
+

[in] 〈ξni〉 〈ξn−1i〉2

〈in〉 〈in− 1〉 〈ξn−1n− 1〉

)
An−2, (B.3)

where |bulk indicates that we are discarding boundary contributions to the commutator.

Choosing the reference spinors (ξn−1, ξn) = (λn, λn−1), we see that the commutator van-

ishes by momentum conservation.
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Next, let’s compute the commutator of soft limits in the case where the soft gravitons

have opposite helicity, which was considered in [14]. In particular, suppose that particle n

has positive helicity and particle n − 1 has negative helicity, and consider taking particle

n− 1 soft followed by taking particle n soft:

n−2∑
i=1

[in] 〈ξni〉2

〈in〉 〈ξnn〉2
n−2∑
j=1

〈jn− 1〉 [ξn−1j]
[jn− 1] [ξn−1n− 1]

λn−1 ·
∂

∂λj
An−2+

n−2∑
i=1

[in] 〈ξni〉
〈in〉 〈ξnn〉

λ̃n ·
∂

∂λ̃i

n−2∑
j=1

〈jn− 1〉 [ξn−1j]2

[jn− 1] [ξn−1n− 1]2
An−2

 . (B.4)

Taking the soft limits in the reverse order gives

n−2∑
j=1

〈jn− 1〉 [ξn−1j]
[jn− 1] [ξn−1n− 1]

λn−1 ·
∂

∂λj

(
n−2∑
i=1

[in] 〈ξni〉2

〈in〉 〈ξnn〉2
An−2

)
+

n−2∑
j=1

〈jn− 1〉 [ξn−1j]2

[jn− 1] [ξn−1n− 1]2

n−2∑
i=1

[in] 〈ξni〉
〈in〉 〈ξnn〉

λ̃n ·
∂

∂λ̃i
An−2. (B.5)

Subtracting (B.5) from (B.4), choosing the reference spinors (ξn−1, ξn) = (λn, λn−1), and

simplifying using the Schouten identity then gives[
lim
p+n→0

, lim
p−n−1→0

]
An|bulk =

1

〈n− 1n〉 [nn− 1]

n−2∑
i=1

[in]2 〈in− 1〉2

〈in〉2 [in− 1]2
[i| pn−1−pn |i〉An−2, (B.6)

which agrees with the result obtained in [14].

Now we will derive equations (B.3) and (B.6) from the point of view of CFT by braiding

two soft graviton vertex operators and inserting the resulting charge into an (n− 2)-point

correlation function of hard vertex operators. Since (B.3) describes the case where both soft

gravitons have positive helicity, it arises from braiding the following soft graviton charges

defined in (4.2): [
q(−1)n , q

(0)
n−1

]
+
[
q(0)n , q

(−1)
n−1

]
, (B.7)

where

q(−1)n =
1

2πi

∮ 〈ξnλ〉2 [λ̃n]
〈nλ〉 〈ξnn〉2

, q(0)n =
1

2πi

∮ 〈ξnλ〉 [λ̃n] [µn]

〈ξnn〉 〈nλ〉
.

Using the OPE’s in (2.2), one finds that (B.7) is given by

1

2πi

[nn− 1]

〈ξnn〉 〈ξn−1n− 1〉

∮ 
[
λ̃n− 1

]
〈ξn−1λ〉 〈ξnλ〉2

〈λn〉 〈λn− 1〉 〈ξnn〉
+

[
λ̃n
]
〈ξnλ〉 〈ξn−1λ〉2

〈λn〉 〈λn− 1〉 〈ξn−1n− 1〉

 .

Inserting this into an (n−2)-point correlator of hard vertex operators then gives (B.3) after

integrating it around each hard vertex operator and adding up the residues. Similarly, (B.6)

arises from braiding the following soft graviton charges[
q(−1)n , q̃

(0)
n−1

]
+
[
q(0)n , q̃

(−1)
n−1

]
, (B.8)
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where charges with a tilde are obtained by complex conjugating charges without a tilde.

Using the OPE’s in (2.2) and and choosing the reference spinors (ξn−1, ξn) = (λn, λn−1),

one finds that (B.8) is given by

1

2πi 〈n− 1n〉 [nn− 1]

∮ [
λ̃n
]2
〈λn− 1〉2

〈λn〉2
[
λ̃n− 1

]2 [λ̃∣∣∣ pn−1 − pn |λ〉 ,
which once again gives rise to (B.6) when inserted into an (n− 2)-point correlator of hard

vertex operators.

B.2 QED

The commutator of two soft photon limits can also be understood from the point of view

of CFT using figure 3. Looking at the soft photon theorems in (3.9), we immediately see

that after discarding boundary terms, soft limits involving photons with the same helicity

commute, so let us focus on the case where they have opposite helicity. In particular, let

particle n have positive helicity and particle n− 1 have negative helicity and consider the

commutator of their soft limits. It is not difficult to see that the leading contribution to

the commutator will vanish, so we will focus on terms which contain the leading order soft

limit for one particle and the subleading order soft limit for the other.

Taking particle n− 1 soft followed by particle n soft gives

n−2∑
i=1

〈iξn〉
〈in〉 〈nξn〉

n−2∑
j=1

1

[jn−1]
λn−1 ·

∂

∂λj
An−2+

n−2∑
i=1

1

〈in〉
λ̃n ·

∂

∂λ̃i

n−2∑
j=1

[jξn−1]

[jn−1][n−1ξn−1]
An−2

 ,

while taking the soft limits in the reverse order gives:

n−2∑
i=1

1

[jn−1]
λn−1 ·

∂

∂λj

(
n−2∑
i=1

〈iξn〉
in〉〈nξn〉

An−2

)
+

n−2∑
j=1

[jξn]

[jn−1][n−1ξn−1]

n−2∑
i=1

1

〈in〉
λ̃n ·

∂

∂λ̃i
An−2.

After some simplification, one finds that the subleading contribution to the commutator of

soft limits is[
lim
p+n→0

, lim
p−n−1→0

]
An|bulk =

n−2∑
i=1

(
〈n− 1i〉

〈in〉2 [in− 1]
− [ni]

〈in− 1〉2 [in]

)
An−2. (B.9)

Equation (B.9) can be derived from braiding soft photon charges in (4.1):[
q(−1)n , q̃

(0)
n−1

]
+
[
q(0)n , q̃

(−1)
n−1

]
,

where

q(−1)n =
1

2πi

∮
〈ξnλ〉

〈nλ〉 〈ξnn〉
j, q(0)n =

1

2πi

∮
[nµ]

〈nλ〉
j

q̃
(−1)
n−1 =

1

2πi

∮ [
ξn−1λ̃

]
[
n− 1λ̃

]
[ξn−1n− 1]

j, q̃
(0)
n−1 =

1

2πi

∮
〈n− 1µ̃〉[
n− 1λ̃

]j.
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Using the OPE’s in (2.2) and neglecting the contribution to the OPE from the current

algebra (since photons are abelian), we find that

[
q(−1)n , q̃

(0)
n−1

]
+
[
q(0)n , q̃

(−1)
n−1

]
=

1

2πi

∮  〈n− 1λ〉[
λ̃n− 1

]
〈nλ〉2

−

[
nλ̃
]

〈λn〉
[
n− 1λ̃

]2
 .

Plugging this charge into an (n − 2)-point correlator of hard vertex operators indeed

gives (B.9) after integrating it around each hard vertex operator and adding up the residues.
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