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Abstract

We study the Abelian Higgs vortex solutions to the sinh-Gordon equation and the elliptic
Tzitzeica equation. Starting from these particular vortices, we construct solutions to the
Taubes equation with higher vortex number, on surfaces with conical singularities.

We then, analyse more general properties of vortices on such singular surfaces and pro-
pose a method to obtain vortices on conifolds from vortices on surfaces of revolution. We
apply our method to construct explicit vortex solutions on the Poincaré disk with a conical
singularity in the centre, to which we refer as the “hyperbolic cone”.

We uplift the Abelian sinh-Gordon and Tzitzeica vortex solutions to four dimensions
and construct cylindrically symmetric, self-dual Yang-Mills instantons on a non-self-dual
(nor anti-self-dual) 4-dimensional Kähler manifold with non-vanishing scalar curvature. The
instantons we construct in this way cannot be obtained via a twistorial approach.
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1 Introduction

The Abelian Higgs model is a gauge field theory on a 2 + 1-dimensional manifold, Σ×R, where
R parametrizes the time and Σ is a surface with Riemannian metric. This model describes
type I and type II superconductors [1] depending on the value of the coupling constant, whose
critical value separates both types of superconductivity. For example, the model in a non-
planar geometry is physically relevant in describing thin superconductors of curved shape. In
the critically coupled regime, the theory admits topological solitons called vortices, finite energy
solutions to the Bogomolny equations [2].

The Bogomolny equations are not integrable in general, and we do not have an analytic form
for the vortex profile function. Only in few lucky cases we can construct explicit solutions. In
particular [3, 4, 5], when Σ is a Riemann surface of constant Gauss curvature − 1

2 , the Bogomolny
equations reduce to the Liouville equation and analytic solutions can be found [6]. Similarly,
when the conformal factor on Σ is of a very particular type, with a conical singularity at the
origin, the Bogomolny equations reduce either to the sinh-Gordon or to the Tzitzeica equation
[7]. Solutions to these equations are not known in explicit forms, but since the radial reductions
of the sinh-Gordon and the Tzitzeica equations are both special cases of Painlevé III ODEs, we
can obtain an explicit asymptotic expansion for the solutions close to the vortex centre and far
away from it, without having to rely on numerical simulations [8, 9].

Even if the vortex equations are non linear, it is still possible to superpose multiple vortex
solutions [10]. This non-linear superposition rule allows us to obtain multi-vortex solutions on
top of the sinh-Gordon and Tzitzeica vortices by solving an auxiliary Taubes equation on a
different conically singular manifold. Singular Abelian vortex equations arise naturally as an
effective tool to study vortex solutions that are invariant under the action of a symmetry group
or when other type of constraints are present [11].

In [12], Popov proved that there is a one-to-one correspondence between vortices on Σ and
cylindrically symmetric instantons on Σ × S2. In particular, once we find an (anti-)vortex so-
lution, we can find a solution to the (anti-)self-dual Yang-Mills, (A-)SDYM, equations on this
4-dimensional manifold. This correspondence is a particular type of symmetry reduction of
SDYM or ASDYM [13, 14]. When the metric on Σ × S2 is Kähler and it has vanishing scalar
curvature, we can use the twistor transform to construct instanton solutions. In this case, the up-
lifting of the vortex solutions correspond to rank-2 holomorphic vector bundles over the complex
twistor space of Σ× S2.

We can apply this equivariant reduction to uplift the vortices arising from the sinh-Gordon and
Tzitzeica equations and obtain instanton solutions in four dimensions. An interesting aspect of
these instantons is that their backgrounds are Kähler manifolds of non-vanishing scalar curvature
(they are not “scalar-flat”) and thus the twistor transform cannot be used.

The paper is organised as follows. In Section 2 we introduce the Abelian Higgs model, the
Bogomolny equations and present the vortex solutions from the sinh-Gordon and the Tzitzeica
equations. Thanks to the work of Baptista [10], in Section 3 we superpose additional vortices,
in a non-linear way, on top of the sinh-Gordon and Tzitzeica solutions and construct multi-
vortex solutions on particular conically singular spaces. We generalise the results of the first two
sections to vortices on conifolds in Section 4 and, as an application of our analysis, we use the
explicit analytic expression for vortices on the Poincaré disk to construct vortex solution on a
conically singular hyperbolic space. Finally, in Section 6, we briefly review the correspondence
between vortices and instantons and use it to obtain cylindrically symmetric solutions of the
SDYM equation by uplifting the vortices constructed in the first part.

2



2 Abelian vortices

Let us consider a Riemann surface Σ with metric written in isothermal coordinates

ds2 = Ω(z, z̄)dzdz̄,

where z = x + iy is a local holomorphic coordinate. The function Ω : Σ → R+ is called the
conformal factor of the metric.

Let L be a Hermitian complex line bundle over Σ. For a certain trivialization, the Abelian
U(1) connection on L is given by A = Axdx + Aydy = Azdz + Az̄dz̄ and its curvature is the
magnetic field B = ∂xAy − ∂yAx = 2i(∂z̄Az − ∂zAz̄), where we defined ∂z = (∂x − i∂y)/2, ∂z̄ =
(∂x + i∂y)/2 and Az = (Ax − iAy)/2, Az̄ = (Ax + iAy)/2.

The potential of the critically coupled Ginzburg-Landau theory, with Bradlow parameter
τ = 1, is

V =
i

4

∫
Σ

dz ∧ dz̄
[
Ω−1B2 +DµφD

µφ+
Ω

4
(1− φ̄φ)2

]
,

where the Higgs field φ is a smooth global section of L and Dµ = ∂µ − iAµ is the covariant
derivative. The Bogomolny equations result from completing the square in the potential V .
They are

B =
Ω

2

(
1− φφ̄

)
(1)

Dz̄ φ = 0. (2)

Vortices are defined as finite energy solutions of (1)–(2).

We set φ = e
h
2 +iχ, where h is a real function defined on Σ and the phase χ is a real function

defined on each open patch depending on the gauge choice. We can calculate Az and Az̄ = Az
from (2) and substitute them in (1), yielding the Taubes equation

∆0h+ Ω
(
1− eh

)
= 0, (3)

where ∆0 = 4∂z∂z̄ is the flat Laplacian.
The Higgs field φ vanishes at N isolated points {Zi}, the vortex locations, and precisely at

these points h possesses logarithmic singularities. The centres Zi are not necessarily distinct, the
number of vortices, or the number of zeros of φ counted with multiplicity, is equal to the first
Chern number of the bundle

N =
i

4π

∫
Σ

dz ∧ dz̄ B . (4)

By integrating (1) over Σ, Bradlow [15] showed that on a surface of finite area, N is bounded by

AΣ =
i

2

∫
Σ

dz ∧ dz̄Ω > 4πN , (5)

where AΣ is the area of Σ. We can interpret (5) as saying that the effective area of a vortex is
4π.

Whenever |φ| = 0, h has a logarithmic singularity and this implies that (3) is only valid away
from the zeroes {zi} of |φ| and Taubes equation should be corrected with delta-function sources
as

∆0h+ Ω
(
1− eh

)
= 4π

N∑
i=1

δ2(z − zi). (6)
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For smooth and geodesically complete metrics, when all the vortices are located at the same
point, i.e. zi = z0 for all i, h can be expanded around z = z0 as

h(z, z) ∼2N log |z − z0|+ a(zi, z0) +
1

2
b(z0, z0)(z − z0) +

1

2
b(z0, z0)(z − z0)

+ c(z0, z0)(z − z0)2 + d(z0, z0)(z − z0)(z − z0) + c(z0, z0)(z − z0)2 + · · · . (7)

Apart from the leading logarithmic term, this expansion is a Taylor series in z−z0 and its conju-
gate. The Taubes equation (6) requires that d(z0, z0) = −Ω(z0, z0)/4, but the other coefficients
shown here are not determined purely locally, but only from the complete 1-vortex solution.

If we look for a circular symmetric solution of the form h = h(r), with r = |z|, then (7) allows
us to expand h(r) around r = 0 as

h(r) ∼ 2N ln r + a− Ω(0)

4
r2 +O(r4). (8)

We underline that equation (8) is true only when the metric is smooth and geodesically
complete, in particular we require Ω(0) to be well-defined. In what follows we will give examples
of metrics with conical singularities at the origin r = 0; the vortex solutions to Taubes equation
with these singular conformal factors will have asymptotic series in the origin in fractional powers
of r, also known as Puiseux series.

We will be working mainly with surfaces of revolution, which admit z 7→ zeiϕ as a one
parameter group of isometries. We point out that since there is a unique solution to (6) once we
fix all the vortex positions zi and since (6) is invariant under isometries of the manifold, vortices
at the origin of a surface of revolution are necessarily rotationally invariant. This translates the
intuitive fact that, in a surface of revolution, there is no preferred radial direction.

Noticing that h vanishes at r →∞, equation (6) reduces to a Bessel equation whose solution
has the asymptotic behavior

h(r) ∼ Λ√
r
e−
√

Ωasr, (9)

where Ωas = limr→∞Ω and Λ is a constant, called the vortex strength.
Given the two asymptotic forms (8) –(9), Taubes equation uniquely determines the constants

a and Λ but, since generically an explicit solution is not known, they have to be computed
numerically in most situations. In the flat case, Ω = 1, it is possible [16] to relate the two
asymptotic expansions and effectively reduce the problem of solving Taubes equation to a system
of transcendental algebraic equations relating a and Λ. A particularly special case is when Σ is
a hyperbolic surface of constant Gauss curvature − 1

2 , for which we can obtain an exact solution
to the Taubes equation by reducing the problem to a Liouville equation [3, 4, 5]. Other two
integrable cases, focus of the present work, are when the Taubes equation reduces to the sinh-
Gordon or to the Tzitzeica equations [7]. When the conformal factor is chosen in a very peculiar
way, we can reduce the radially symmetric Taubes equation to particular cases of Painlevé III
ODEs, and even if an explicit solution is not known for all r, we can recover analytically the two
asymptotic forms (8)–(9) for h, and the connection formulas for a and Λ.

2.1 The Sinh-Gordon Vortex

In this Section, following [7], we describe how to reduce Taubes equation to the sinh-Gordon
equation and present the solution in the two asymptotic regimes (8–9).

Let us consider the vortex equations on the surface Σ = C whose metric, in isothermal
coordinates, has the conformal factor Ω = e−h/2 and reads

gΣ = e−h(z,z̄)/2dzdz̄.
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Note that the vortex field is included in the Riemannian data of the background.
In this case, (3) becomes the elliptic sinh-Gordon equation

∆0(h/2) = sinh(h/2). (10)

Looking for a solution with rotational symmetry, we assume that h depends only on the
radial component r = |z|. This implies that the vortex position, the point where the Higgs field
φ vanishes, must be the origin.

An N sinh-Gordon vortex would be a solution to (10) with a logarithmic singularity, close
to r ∼ 0, of the form h ∼ 2N log r, with N > 0 integer, and such that h → 0 for r → ∞. As in
(6) the logarithmic singularity in h corresponds to the zero of |φ| and it adds a delta function
singularity on the right hand side of (10).

It is possible [7] to map equation (10) to a particular type of Painlevé III ODE, with param-
eters (0, 0, 1,−1), the requirements that the vortex solution has a logarithmic singularity at the
origin and that h has to vanish for r →∞, together with the Painlevé property [9], fix uniquely
the asymptotic forms of the solution. There is a unique solution to (10) yielding a vortex solution
[7]. This sinh-Gordon vortex has N = 1 and for r ∼ 0 has the asymptotic form

hsG(r) ∼ 2 ln(r) + 4 lnβsG −
r

β2
sG

+O(r2), (11)

where βsG = 2−3/2 Γ(1/4)
Γ(3/4) ≈ 1.046, and all higher orders are fixed in terms of βsG. The asymptotic

solution for r →∞ is also uniquely determined

hsG(r) ∼ −ΛsGK0(r), (12)

where Kn denotes the modified Bessel functions of the second kind, which decay exponentially
with r precisely as (9), and the sinh-Gordon vortex strength is denoted by ΛsG = 8λ ∼ 1.80,

where λ =
√

2
2π .

We notice in the expansion of hsG close to the origin, a linear term in r, or equivalently |z|,
which should not be present according the expansion (8). The reason for this is the presence of a
pole in the conformal factor of the metric (13) at r ∼ 0, the metric is not geodesically complete
at the origin and the expansion (8) does not apply. The metric close to the origin takes the form

gΣ ∼
1

rβ2
sG

(dr2 + r2dθ2) . (13)

The change ρ =
√
r of the radial coordinate shows that, close to the origin, Σ possesses a flat

metric

gΣ ∼
4

βsG
(dρ2 +

1

4
ρ2dθ2) ,

which presents a conical singularity with deficit angle π.
The cone is graphically visible by performing an isometric immersion of the surface Σ into

R3

reiθ ∈ Σ 7→ (X(r, θ), Y (r, θ), Z(r, θ)) =
(√

r cos θ,
√
r sin θ,

√
3r
)
∈ R3

whose image satisfies the equation of a cone with aperture π/3

Z =
√

3(X2 + Y 2). (14)

Note that the linear term −r/β2
sG in (11), when expressed using the coordinate ρ =

√
r,

takes precisely the form −ρ2Ω(0)/4 dictated by our initial expansion (8). It is only by using the
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coordinate ρ, for which the metric is flat and Ω(0) well defined and non-vanishing, that we can
recover (8) from (11). This situation will arise whenever our background metric has a conical
singularity and we insist in inserting a vortex exactly at the tip of the cone: the right coordinates
to use are the ones for which the metric is flat, despite the angular variable not having periodicity
2π, in this way we will recover precisely the expansion (8), see Section 4 for more details.

Far from the origin, the metric is perfectly smooth and takes the form

gΣ ∼ e4λK0(|z|)dzdz̄ ,

which means that for large r the metric is actually flat since for r →∞, K0(r) ∼
√

π
2r e
−r.

2.2 The Tzitzeica Vortex

A similar analysis of the Taubes equation can be carried along for vortices coming from the
Tzitzeica equation and analytic asymptotic solutions can be obtained in a similar fashion [7].

Let us consider the vortex equations on the surface Σ = C whose metric has the conformal
factor Ω = e−2h/3. The metric in isothermal coordinates reads

gΣ = e−2h(z,z̄)/3dzdz̄.

Once again the Riemannian background metric is fixed by the vortex profile function on this
particular metric.

In this case, (3) becomes the elliptic Tzitzeica equation

∆0u+
1

3

(
e−2u − eu

)
= 0 , (15)

where h = 3u.
A story similar to the one presented in the previous Section can be repeated for the Tzitzeica

vortex [7]. We can map (15) to a Painlevé III ODE, this time with parameters (1, 0, 0,−1).
The requirements that close to the origin, h has a 2N log r singularity, with N integer, and then
vanishes asymptotically for r → ∞, together with the Painlevé property [8], fix uniquely the
solution. As in the sinh-Gordon case, there is a unique Tizteica vortex, which also has vortex
number N = 1, and, for r ∼ 0, takes the asymptotic form

hTT (r) = 3u(r) ∼ 2 ln(r) + βTT −
9 e−2βTT /3

4
r2/3 +O(r4/3), (16)

where all the higher order terms are fixed in terms of βTT , which can be read off from equation
(19) of [8]:

βTT = 3 log

[
− 3ν+1

121/3

Γ( 1
2 + 1

6ν)Γ(ν3 )

Γ( 1
2 −

1
6ν)Γ(−ν3 )

]
,

where ν = 3
(
1− p

π

)
and p has to be set to 8π/9, so βTT ≈ 0.864.

Similarly, for r � 1

hTT (r) ∼ 6
√

3

π

(
cos p+

1

2

)
K0(r) = −ΛTT K0(r) , (17)

by substituting p = 8π/9 we obtain that the Tzitzeica vortex strength is ΛTT ≈ 1.45.
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As noticed before for the sinh-Gordon vortex, also in this case the expansion for hTT close to
the origin is not of the form (8). Instead, it has a power series in r2/3. The reason is once again
a conical singularity for the metric at r ∼ 0. The metric close to the origin takes the form

gΣ0
∼ e−2βTT /3

r4/3
(dr2 + r2dθ2) . (18)

With the change of variables ρ = r1/3, we see that Σ possesses a flat metric close to the origin

gΣ ∼ 9 e−2βTT /3(dρ2 +
1

9
ρ2dθ2) ,

with a conical singularity with deficit angle 4π/3. The cone is embeddable into R3 as

reiθ ∈ Σ 7→ (X(r, θ), Y (r, θ), Z(r, θ)) =
(
r1/3 cos θ, r1/3 sin θ,

√
8 r1/3

)
∈ R3

whose image satisfies the equation of a cone with aperture 2 cot−1
√

8 ,

Z =
√

8(X2 + Y 2). (19)

Also in the Tzitzeica case, if we use the right coordinate ρ = r1/3, for which the metric is

flat and Ω(0) well defined, we can rewrite the term − 9 e−2βTT /3

4 r2/3 in (16) as −ρ2Ω(0)/4 and
recover the expansion (8).

As for the sinh-Gordon vortex, in the Tzitzeica case as well, we have a smooth and flat metric
far from the origin

gΣ ∼ e−ΛTT K0(r)(dr2 + r2dθ2) .

3 Superposition of vortices

In this Section we briefly review a non-linear rule [10] for superposing vortices in order to cre-
ate higher vortex number solutions on (Σ, g) by solving instead a lower vortex number Taubes
equation on a modified background (Σ̃, g̃).

Let us suppose that h satisfies the Taubes equation (6) on (Σ, g), with vortex number N and
vortex centres {Zi}, and that h̃ satisfies a second Taubes equation

∆0h̃+ Ω̃
(

1− eh̃
)

= 4π

M∑
j=1

δ2
(
z − Z̃j

)
,

where Ω̃(z, z̄) = eh(z,z̄)Ω(z, z̄) is the conformal factor of a degenerate metric, vanishing at {Zi}.
We call Σ̃ the surface with metric g̃ = Ω̃ dzdz̄.

Now, it is straightforward to verify the identity

∆0

(
h̃+ h

)
+ Ω

(
1− eh̃+h

)
= 4π

N∑
i=1

δ2 (z − Zi) + 4π

M∑
j=1

δ2
(
z − Z̃j

)
,

which shows that h+ h̃ satisfies the Taubes equation on (Σ, g), with vortex number N +M and
vortex locations at {Zi} ∪ {Z̃j}.

So, as a non-linear rule for superposing vortices, instead of looking for aN+M vortex on (Σ, g)
we can look for a M vortex solution h̃ on (Σ̃, g̃), with conformal factor Ω̃ = eh Ω. The combination
h + h̃ is now the vortex solution on (Σ, g) we were looking for. Note that generically, even if
(Σ, g) is smooth and geodesically complete, (Σ̃, g̃) will not be so: the logarithmic singularities of
h will induce conical singularities in g̃.
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Figure 1: The conformal factor Ω = e−hsG/2 for the sinh-Gordon vortex, upper plot, and the
rescaled one Ω̃ = ehsG Ω = ehsG/2, lower plot.

3.1 Multi-vortices from the sinh-Gordon and Tzitzeica vortices

Let us apply now the superposition rule to obtain multi-vortex solutions on top of the sinh-
Gordon vortex hsG, which is defined on the surface Σ = C with metric g = e−hsG(z,z̄)/2dzdz̄.

Firstly, we Weyl rescale the metric g by |φ|2 = ehsG to find the metric g̃ = ehsGg on the
surface Σ̃. In the limits r → 0 and r →∞, respectively, it is given by

g̃ ∼ β2
sGr

(
dr2 + r2dθ2

)
=

4β2
sG

9

(
dρ̃2 +

9

4
ρ̃2dθ2

)
(r → 0) (20)

g̃ ∼ e−4λK0(r)
(
dr2 + r2dθ2

)
(r →∞) (21)

where ρ̃ = r3/2.

The two conformal factors, Ω and Ω̃, are shown in Figure 1. Note that Ω diverges in the origin
as r−1 while Ω̃ goes to zero as r, both factors tend to 1 for large r . In a neighbourhood of the
origin, Σ̃ looks like a cone in Minkowskian R2+1, as explicitly shown by the isometry

reiθ ∈ Σ̃ 7→ (X̃(r, θ), Ỹ (r, θ), Z̃(r, θ)) =

(
r3/2 cos θ, r3/2 sin θ,

√
5

3
r3/2

)
∈ R2+1.

It is indeed an isometry as dX̃2 + dỸ 2 − dZ̃2 = r
(
dr2 + r2dθ2

)
.

In order to find a multi-vortex solutions with N + 1 vortices located at the origin of Σ, we
could try to solve the Taubes equation (3) with conformal factor Ω = e−hsG/2, with h given by
(11) and (12), however, as we have seen in Section 2.1, Ω is actually diverging for r → 0. To
by-pass the complications of an ill-defined conformal factor we can use the superposition rule
just explained. Instead of looking for an N + 1 vortex solution on (Σ, g) we study an N vortex
problem on Σ̃ whose metric has the conformal factor Ω̃ = ehsGΩ = ehsG/2 which is well-defined
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at the origin, Ω̃(0) = 0. The problem of finding N + 1 vortices at the origin in (Σ, g) reduces to

∆0hsG = 2 sinh

(
hsG

2

)
+ 4πδ2(z) , (22)

∆0h̃+ ehsG/2
(

1− eh̃
)

= 4πNδ2(z) , (23)

where hsG satisfies (11) and (12), while h̃ has the asymptotic expansions

h̃(r) ∼ 2N ln r + ã− β2
sG

9
r3 +O(r4) (r → 0) (24)

h̃(r) ∼ Λ̃K0(r) (r →∞) , (25)

where all the higher orders are uniquely determined in terms of ã (or equivalently Λ̃) and βsG.
Note that both ã and Λ̃ are constants in r but depend actually on the vortex number N . Through
a numerical analysis of the system (22–23), see the Appendix for more details, we obtained these
constants ã and Λ̃ for various vortex numbers N . Note, by the way, that since the area of Σ is
infinite, the vortex number N is not limited by the Bradlow inequality (5). For the N = 1 case,
our numerical analysis gave ã = −1.43, Λ̃ = −4.69.

Once again the expansion (24) is not of the form (8), because the metric, due to the conical
singularity at the origin, is not geodesically complete, even if this time the conformal factor is not
diverging. From (20), we discover that if we use the coordinate ρ̃ = r3/2, the metric g̃ becomes
flat and with a non-vanishing conformal factor Ω̃(0) = 4β2

sG/9. The term −r3β2
sG/9 in (24) is

precisely −ρ̃2Ω̃(0)/4 as expected from (8).
The story can be repeated verbatim for the Tzitzeica vortex hTT , defined on the surface

Σ = C with metric g = e−2hTT (z,z̄)/3dzdz̄. Rescaling the metric g by |φ|2 = ehTT we find the
new conformal factor Ω̃ = ehTT Ω = ehTT /3 of a new surface Σ̃. In the limits r → 0 and r →∞,
respectively, this metric is given by

g̃ ∼ eβTT /3r2/3
(
dr2 + r2dθ2

)
=

9eβTT /3

16

(
dρ̃2 +

16

9
ρ̃2dθ2

)
(r → 0) (26)

g̃ ∼ e−ΛTT K0(r)
(
dr2 + r2dθ2

)
(r →∞) (27)

where ρ̃ = r4/3.

The two conformal factors, Ω and Ω̃, are shown in Figure 2, note that Ω diverges in the origin
as r−4/3 while Ω̃ goes to zero as r2/3, both factors tend to 1 for large r . In a neighbourhood of
the origin, Σ̃ looks like a cone in Minkowskian R2+1, as explicitly shown by the isometry

reiθ ∈ Σ̃ 7→ (X̃(r, θ), Ỹ (r, θ), Z̃(r, θ)) =

(
r4/3 cos θ, r4/3 sin θ,

√
7

4
r4/3

)
∈ R2+1.

It is an isometry since dX̃2 + dỸ 2 − dZ̃2 = r2/3
(
dr2 + r2dθ2

)
.

As we did before, instead of studying the problem of finding N + 1 vortices, located at the
origin in (Σ, g), we first solve for the Tzitzeica vortex and then we look for an N vortex solution
on (Σ̃, g̃):

∆0hTT + e−2hTT /3
(
1− ehTT

)
= 4πδ2(z), (28)

∆0h̃+ ehTT /3
(

1− eh̃
)

= 4πNδ2(z) , (29)
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Figure 2: The conformal factor Ω = e−2hTT /3 for the Tzitzeica vortex, upper plot, and the
rescaled one Ω̃ = ehTT Ω = ehTT /3 , lower plot.

where hTT satisfies (16) and (17), while h̃ has the asymptotic expansions

h̃(r) ∼ 2N ln r + ã− 9 eβTT /3

64
r8/3 +O(r10/3) (r → 0) (30)

h̃(r) ∼ Λ̃K0(r) (r →∞) , (31)

where, once again, all the higher orders are uniquely determined in terms of ã (or equivalently
Λ̃) and βTT . For the N = 1 case, our numerical analysis gave ã = −1.28, Λ̃ = −4.18.

Even in this case, if we take (30) and rewrite it using the flattening coordinate ρ̃ = r4/3, for
which the metric (26) has a non-vanishing conformal factor in the origin Ω̃(0) = 9eβTT /3/16, we
recover precisely the term −ρ̃2Ω(0)/4 as expected from the expansion (8).

4 Vortices on conically singular spaces

In this Section we derive the asymptotic expansion for the vortex profile function h, close to the
vortex centre, when the background surface (Σ, g) is a cone. For simplicity we will assume that
the metric g takes the form

g = r2α
(
dr2 + r2dθ2

)
= |z|2αdz dz̄ , (32)

with 1 +α > 0 and for all r ∈ R+, not just close to r ∼ 0 as before. With the change of variables
ρ = r1+α the metric becomes flat

g =
1

(1 + α)2

(
dρ2 + ρ2(1 + α)2dθ2

)
= dZ dZ̄ , (33)

where Z = z1+α, but the new angle variable Θ = (1+α) θ is now periodic with period 2π (1+α),
denoting precisely a conical singularity with deficit angle 2πα, embeddable as a cone in R3 for
−1 < α < 0 or a cone in R2+1 for α > 0. For example in the sinh-Gordon case (13) α = −1/2
while in the multi sinh-Gordon case (20) α = 1/2, similarly for the Tzitzeica vortex (18) α = −2/3
and in the multi Tzitzeica vortex (26) α = 1/3.
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Figure 3: A vortex in the cone C/Z8, embedded in C, and all its images under the orbifolding
group Z8.

For generic α, the change of variables Z = z1+α maps the complex plane into an infinitely
many sheeted Riemann surface. Let us assume for simplicity (and to make contact with the
vortex solutions described above) that 1 +α = −1/n with n ∈ N, i.e. for the sinh-Gordon vortex
n = 2 while for the Tzitzeica vortex n = 3. In this case the change of variables that flattens the
metric is simply given by z = Zn where Z is a complex coordinate on the orbifold C/Zn, i.e.
Z ∈ C and Z ∼ e2πi/nZ is an equivalence relation. Note that the origin Z = 0 has a non-trivial
isotropy group under the orbifolding group Zn, this is precisely the reason why vortex solutions
located at this special singular point have different properties from standard vortices on smooth
manifolds [11] and need to be treated separately.

We can easily unfold the orbifold by considering n copies of the original manifold C/Zn,
modulo the identification Z ∼ e2πi/nZ; in Figure 3 we show this unfolding for the orbifold
C/Z8. For the multi sinh-Gordon and multi Tzitzeica case the change of variables that flattens
the metric at the origin is given by z = Z2/3 and z = Z3/4 respectively. When the change of
variables takes the form z = Zn/m, with general n,m ∈ N∗ the unfolding of the cone can still be
performed on a multi-sheeted Riemann surface with finitely many sheets, although a pictorial
description of the unfolding of the cone in this case would get rather messy.

As we can see from Figure 3, to find a vortex solutions when the centre is located in the
interior of the cone, away from the singularity, we can simply embed the cone in flat C and
then look for a solution with centres located at the finitely many images under the orbifolding
group action Zn of the original vortex location. In this way, the solution on C has manifest Zn
symmetry and yield a solution on C/Zn. It is clear now that, when the vortex centre coincide
with the tip of the cone, the situation becomes more subtle because all the images under the
orbifolding group Zn degenerate to a single point with non-trivial isotropy group.

Let us write the second Bogomolny equation in Z = z1/n coordinates, which can be obtained
from the pull-back of (2):

∂Z̄φ− iAZ̄φ = 0, (34)

where AZ̄ = nz̄1−1/nAz̄ is the anti-holomorphic component of the connection 1-form in Z coor-

11



dinate. It is clear from the definitions that the gauge and Higgs fields satisfy strict periodicity

AZ̄(Ze
2πi
n ) = AZ̄(Z)e

2πi
n and φ(Ze

2πi
n ) = φ(Z). (35)

At first glance one could say that the condition (35) is too restrictive for a gauge field theory
and that periodicity should be respected up to a gauge transformation. However, (35) is a
consequence of the fact that we are seeking vortices on the cone and not on its n-covering. This
is what it means to start from the equation (2) and not directly from (34). Strict periodicity is
necessary to obtain integer vortex numbers, as we show below. On the orbifold C/Zn we can
impose that (35) hold only up to a constant gauge transformation, in this way one can construct
solutions with fractional vortex numbers stuck at the conical singularity [17].

While fractional vortices are necessarily fixed at the origin, integral vortices can move around
and they possess a moduli space of solutions. We stress that, even if the background manifold
has a conical singularity, the vortex moduli space is still a Kähler manifold with a well defined
metric [11]. The metric on the moduli space of these singular vortices is not known explicitly.
The gaussian curvature has generically a delta function singularity at the tip of the cone and this
prevents us from using, in a straightforward way, the expansion for the moduli space metric of
vortices moving on surfaces of small curvature, obtained in [18]. On the other hand, as we have
just shown, once we unfold the orbifold into n copies living in C, we obtain a smooth background
manifold, even at the origin, then it is conceivable that the moduli space metric could be studied,
maybe numerically, starting from n vortices moving on the smooth, unfolded cone.

A simple modification of a well-known result of Jaffe and Taubes [19] (c.f. Proposition 5.1 in
Chapter III) allows us to show that if AZ̄ and φ form a smooth solution to (34), then the Higgs
field can be written, close to a vortex position Zk, as

φ(Z) = (Z − Zk)Nkϕk(Z), (36)

where Nk ∈ N∗ and ϕk is C∞ and non-vanishing in a neighbourhood of Zk. Furthermore, when
Zk = 0, the smooth function ϕk is invariant under Z 7→ Ze

2πi
n hence, for a vortex at the origin,

periodicity of φ implies that Nk ∈ nN and the actual vortex number (i.e. the winding of the phase
χ of the Higgs field) turns out to be Nk

n once we go back to the original coordinates z = Zn. This
is not surprising, since, as we can easily see from Figure 3, every neighbourhood of the origin in
C is an n-covering of the region Z ∼ 0 in the orbifold C/Zn, and the same vortex is counted n
times. When we relax (35) and assume periodicity only up to a gauge transformation, the above
argument ceases to hold and it is possible to find fractionalized vortex solutions [17].

We can use (36) to expand h = ln |φ|2 around Zk, and we find that our original expansion
(7) still holds also on conically singular spaces once we use the right set of coordinates Z:

h(Z, Z̄) = 2Nk ln |Z − Zk|+ a(Zk, Z̄k) + b̄(Zk, Z̄k) (Z − Zk) + b(Zk, Z̄k)
(
Z̄ − Z̄k

)
+ · · · . (37)

Of course, we have assumed in equation real analyticity of ϕk(Z), as it should be possible to
prove by following similar steps of [19].

Since h should be invariant under Z 7→ Zei
2π
n and Zk 7→ Zke

i 2πn , we have a(Zke
i 2πjn ) = a(Zk)

and b(Zke
i 2πjn ) = b(Zk)ei

2πj
n for j = 0, ..., n− 1 , where we have omitted the Z̄k dependence. If

we consider the positions of the n vortices on the n-covering of the cone as in figure 3, namely,

{Zkei
2πj
n }j=0,...,n−1, we have

n−1∑
j=0

b(Zke
i 2πjn ) =

n−1∑
j=0

b(Zk)ei
2πj
n = 0,

12



which characterises vortices meeting at the origin as zk → 0 [20].
From the expansion (37), when we set Zk = 0 and the vortex sits at the origin of the orbifold,

we recover (8) where the correct radial variable to use is ρ = |Z| = r1/n and the actual vortex
number N = Nk/n ∈ N∗, generalising the particular expansions (11) and (16) found for the
sinh-Gordon and Tzitzeica vortices. Explicitly, by denoting ρ = |Z| = r1/n,

h(ρ) ∼ 2nN log ρ+ a− Ω(0)

4
ρ2 +O(ρ4) ,

where the conformal factor Ω(0) = 1
(1+α)2 = n2 can be read off from (33). Translating this

asymptotic form back to the original variable r = ρn, with r = |z|, we get that close to r ∼ 0
the vortex takes the form

h(r) ∼ 2N log r + a− n2

4
r2/n +O(r4/n) , (38)

matching exactly the leading asymptotic forms discussed previously for the sinh-Gordon vortex
(11), n = 2, and the Tzitzeica vortex (16), n = 3. Note that generically, |φ|2 is not a C∞ function
of r, as expected from the work of Baptista on singular vortices [11].

A similar discussion holds for the multi-vortex case. As described above, to obtain the
expansion (8), the variable to use is ρ = rm/n, the conformal factor (33) at the origin takes the
form Ω(0) = n2/m2 and the vortex profile function, written in the original coordinate r, can be
expanded as

h(r) ∼ 2N log r + a− n2

4m2
r2m/n +O(r4m/n) , (39)

matching precisely the leading terms in the multi sinh-Gordon case, m/n = 3/2 (24), and the
multi Tzitzeica case (30), m/n = 4/3.

It is worth mentioning that all the conformal factors used previously, i.e. in the (multi) sinh-
Gordon vortex and in the (multi) Tzitzeica vortex, are not exactly of the form (32) used in this
Section. The reason is simple, the conformal factor is of the form

Ω(r) = eαh(r) ∼ r2α
(
a+O(rβ)

)
,

where a is a non-vanishing constant and the exponent β > 0 depends on the particular problem
under consideration, for instance β = 1 in the (multi) sinh-Gordon case, while β = 2/3 in the
(multi) Tzitzeica case. The change of variables ρ = r1+α flattens only the leading order r2α

of the metric. For this reason the corrections to the vortex profile function (39) will not be
generically of order O(r4m/n) but rather O(rβ+2m/n), i.e. O(r4) in the multi sinh-Gordon case
(24) and O(r10/3) in the multi Tzitzeica case (30).

5 Vortices on the hyperbolic cone

In this section we first rederive the construction of explicit, radially symmetric vortex solutions
on the entire Poincaré disk. Then, we take the Zn orbifold of the Poincaré disk, so that the
origin becomes a conical singularity and the base manifold becomes a “hyperbolic cone”. On
this particular conically singular space we can obtain an explicit expression for the Higgs field
following the discussion of Section 4.
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5.1 Vortices on the Poincaré disk

It is convenient to define u such that the conformal factor of the metric is Ω = eu. If u satisfies
the Liouville’s equation

∆0u = eu, (40)

then the Gauss curvature of this surface is K = − 1
2∆0 log Ω = − e

−u

2 ∆0u = − 1
2 . In this case, the

Taubes equation (3) reduces to another Liouville’s equation

∆(u+ h) = eu+h. (41)

Therefore, vortices on surfaces of constant curvature K = − 1
2 can be obtained by solving two Li-

ouville’s equations and, using the integrability properties of Liouville’s equation, we can construct
explicit vortex solutions on the entire surface.

We begin with the study of solutions to (40).

5.1.1 Liouville’s equation

The Liouville’s equation ∆0ψ = eψ, where ψ is a real function on R2, has 3 types of solutions
[21]

ψ(1) = ln

[
2(v2

x + v2
y)

v2

]
(42)

ψ(2) = ln

[
2(v2

x + v2
y)

sinh2 v

]
(43)

ψ(3) = ln

[
2(v2

x + v2
y)

sin2 v

]
, (44)

where the function v satisfies Laplace’s equation ∆0v = 0.
Let us restrict to the radially symmetric case v = v(r) so that ∆0v = 1

r (v′r)′ = 0 implies

v(r) = C ln(r) +D, (45)

where C,D ∈ R are constants. Then the three types of solutions (42–44) become, respectively,

ψ(1) = ln

[
2C2

r2(C ln(r) +D)2

]
(46)

ψ(2) = ln

[
2C2

r2 sinh2(C ln(r) +D)

]
(47)

ψ(3) = ln

[
2C2

r2 sin2(C ln(r) +D)

]
. (48)

The initial conditions will uniquely fix the type of solution: ψ(1), ψ(2) or ψ(3). In fact, the
initial data set includes 3 disjoint subsets, each one of them corresponding to one solution among
(46–48). To see this, let us impose some general initial conditions to ψ. Let r0 > 0, v0, v1 ∈ R,
and suppose

ψ(r0) = v0

ψ′(r0) = v1. (49)

14



When substituted in (46–48), conditions (49) impose the following constraints, respectively:

2e−v0
(
v1

2
+

1

r0

)2

= 1

2e−v0
(
v1

2
+

1

r0

)2

= cosh2(C ln(r0) +D) > 1

2e−v0
(
v1

2
+

1

r0

)2

= cos2(C ln(r0) +D) < 1.

Note that the two inequalities must be strict otherwise ψ(r0) is not well-defined. This means

that, given the initial data (49), depending on the quantity 2e−v0
(
v1
2 + 1

r0

)2

− 1 being zero,

positive or negative, we will respectively select the solution (46), (47) or (48).

5.1.2 Vortex solutions on the conifold from the Liouville’s equation

If u(r) takes one of the forms (46)–(48), we can choose coordinates to set C = 1 and D = 0,
and the surface Σ with conformal factor Ω = eu is, respectively, the once-punctured disk, the
hyperbolic unit disk and a hyperbolic annulus. The only surface over which we can perform a
Zn orbifold and consider a vortex located at the origin is the hyperbolic unit disk, since it is the
only surface containing this point. Vortices on hyperbolic surfaces constructed from holomorphic
maps have been studied in [5]1.

We then choose the solution (47), u(r) = ln
[

8
(1−r2)2

]
, yielding the metric of the hyperbolic

disk ds2 = 8
(1−r2)2 (dr2 + r2dθ2). Vortices on this surface should satisfy the boundary conditions

h(r) ∼ 2N ln r + const. + O(r2) for r → 0, where N is the vortex number, and h(r) → 0 for
r → 1. The only solution obtained through our method and consistent with the above boundary

condition is given by h(r) = ln
[

2A2

r2 sinh2(A ln r+B)

]
− u(r), with A = N + 1 and B = 0. Hence

h = 2 ln

[
(N + 1)rN (1− r2)

1− r2(N+1)

]
,

corresponds to a multi-vortex solution located at the origin of the Poincaré disk, with any vortex
number N > 0.

Applying the results of Section 4, we deduce that

h = 2 ln

[
(N + 1)rN/n(1− r2/n)

1− r2(N+1)/n

]
is a solution to the Taubes equation on the Poincaré disk with a conical singularity at the origin
and metric

ds2 =
8r2/n−2

n2(1− r2/n)2

(
dr2 + r2dθ2

)
=

8

(1− ρ2)2

(
dρ2 +

ρ2

n2
dθ2

)
,

where ρ = r1/n. One can check by direct calculation, that this function h(r) is indeed an exact
solution to Taubes equation on the hyperbolic cone with the above form for the metric.

For the Higgs field to be uniquely valued on the orbifold, we need N ∈ nN and the solution
gives N

n vortices at the origin. If N is not an integer multiple of n or if n is non-integer, the
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Figure 4: Unfolding of the Z5 hyperbolic cone in the Poincaré disk (left) and in the upper-half
plane (right). The images of the vortex centre under the Z5 orbifolding group are represented as
red dots.

solution gives a non-integer vortex number solution at the expense that the Higgs field is defined
on the universal cover of the orbifold, i.e., it is periodic up to a gauge transformation.

We can easily map this solution from the Poincaré disk D = {w ∈ C | |w| ≤ 1} to the
upper-half plane H = {z ∈ C | Im z ≥ 0} by means of the Möbius transformation

w =
z − i
z + i

,

which maps the origin of the Poincaré disk w = 0 to the point z = i in the upper-half plane.
The orbifold group action Zn in the Poincaré disk geometry takes the form w ∼ e2πi/nw, while
in the upper-half plane it becomes z ∼ (az + b)/(cz + d) where Zn is realized as a subgroup of
the natural SL(2,R) action on H, generated by the elements

Ak =

(
a b
c d

)
= −

(
cos(πk/n) sin(πk/n)
− sin(πk/n) cos(πk/n)

)
.

As depicted in Figure 4, we can unfold the hyperbolic cone in the Poincaré disk or equivalently
in the upper-half plane. To find a vortex solution with centre in the interior of the cone we can
simply take the explicit solution in the Poincaré disk or upper-half plane with centres located at
the images, under the action of the orbifolding group, of the original vortex location. Since the
origin w = 0 of the Poincaré disk, or similarly the point z = i in the upper-half plane, is a fixed
point of the orbifolding group, when we insert a vortex exactly at the conical singularity all the
images collapse to the vortex centre and we have to rely on the analysis carried out before.

6 Vortices and Yang-Mills instantons

Historically, the first multi-instanton solutions were found by Witten [3], who sought SO(3)-
equivariant solutions to the self-dual Yang-Mills equations (SDYM) on R4. SO(3)-equivariance
means invariance up to gauge transformations of the connection 1-form under 3-dimensional
rotations acting with 2-dimensional orbits, we will precise this notion below. As we will describe
in this Section, there is a close relation between cylindrically symmetric instantons and Abelian

1Our two Liouville’s equations (40–41) correspond to equations (3.2) and (3.5) of this reference.
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vortices. This “equivariance” was called “cylindrical symmetry” by Witten and since then it has
been generalized in many different ways to give rise to a large variety of Abelian and non-Abelian
vortices in two and higher dimensions [12, 22, 23].

We shall denote the 2-sphere of radius R by S2 ∼ CP1 and write its metric g2 in complex
and spherical coordinates

g2 =
4R4

(R2 + yȳ)2
dydȳ = R2(dθ2 + sin2 θdϕ2),

where

y = R tan

(
θ

2

)
e−iϕ, ȳ = R tan

(
θ

2

)
eiϕ, 0 ≤ θ < π, 0 ≤ ϕ < 2π.

Let E → M be a rank-2 complex vector bundle over M = Σ × S2, where Σ is a Riemann
surface, and A be an SO(3)-equivariant su(2)-valued connection on E . It means that, under the
action of SO(3), A is invariant up to a gauge transformation: for any R ∈ SO(3), there exists a
matrix valued function gR ∈ SU(2) such that

RjiAj(Rx) = gR(x)Ai(x)gR(x)−1 − ∂igR(x)gR(x)−1. (50)

The left hand side are the components of the pullback 1-form R∗A. The group SO(3) acts
trivially on Σ and through its left action on S2 (for R ∈ SO(3), x ∈ S2 7→ Rx).

Cylindrical symmetry imposes the following explicit form to the connection [12, 24, 25]

A =

(
1
2A⊗ 1 + 1⊗ b 1

2φ⊗ β̄
− 1

2 φ̄⊗ β − 1
2A⊗ 1− 1⊗ b

)
, (51)

where A = −i(Azdz+Az̄dz̄) is an (Abelian) U(1) connection on a Hermitian complex line (rank-
1) bundle L1 over Σ, φ is a section of this bundle, b is the monopole connection over a complex
line bundle L2 over S2 given by

b =
1

2(R2 + yȳ)
(ȳdy − ydȳ) ,

and finally

β =

√
2R2

R2 + yȳ
dy and β̄ =

√
2R2

R2 + yȳ
dȳ

are differential forms on S2.
The connection 1-form in (51) is a matrix whose entries are 1-forms. The tensor products

in this expression can be regarded as the usual multiplication between scalar functions and
differential forms.

Explicitly, the components of A = Azdz +Az̄dz̄ +Aydy +Aȳdȳ are

Az = −i1
2
Azσ3 , Az̄ = −i1

2
Az̄σ3 ,

Ay =
ȳ

2(R2 + yȳ)
σ3 −

R2

R2 + yȳ

φ̄√
2
σ− , Aȳ = − y

2(R2 + yȳ)
σ3 +

R2

R2 + yȳ

φ√
2
σ+ ,

(52)

where

σ3 =

(
1 0
0 −1

)
, σ+ =

(
0 1
0 0

)
, σ− =

(
0 0
1 0

)
.
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The curvature 2-form F of A is

F = dA+A ∧A =

 1
2F −

1
2

(
1
R2 − φφ̄

2

)
β ∧ β̄ 1

2 (dφ− iAφ) ∧ β̄

− 1
2 (dφ̄+ iAφ̄) ∧ β − 1

2F + 1
2

(
1
R2 − φφ̄

2

)
β ∧ β̄


with non-vanishing components

Fzz̄ =
1

2
Fzz̄σ3 , Fyȳ = − R4

(R2 + yȳ)2

(
1

R2
− φφ̄

2

)
σ3 ,

Fz̄ȳ =
1√
2

R2

R2 + yȳ
(∂z̄φ− iAz̄φ)σ+ , Fzȳ =

1√
2

R2

R2 + yȳ
(∂zφ− iAzφ)σ+ ,

Fzy = − 1√
2

R2

R2 + yȳ
(∂zφ̄+ iAzφ̄)σ− , Fz̄y = − 1√

2

R2

R2 + yȳ
(∂z̄φ̄+ iAz̄φ̄)σ− , (53)

where F = dA = Fzz̄ dz ∧ dz̄ = −i(∂zAz̄ − ∂z̄Az)dz ∧ dz̄.
The Hodge operator ∗ is defined by ∗Fµν =

√
|det g|
2 εσηµνg

σαgηβFαβ , where g is the metric
of the background. By applying the Hodge operator we verify that F is self-dual, i.e, ∗F = F ,
if and only if φ and A satisfies the vortex equations on Σ

2Fzz̄ =
Ω

2

(
2

R2
− φφ̄

)
Dz̄φ = 0,

which are equivalent to (1–2) when R =
√

2, since B = 2Fzz̄.
The conclusion is that the SDYM equations on M = Σ× S2 are reduced to vortex equations

on Σ once we impose an SO(3) symmetry on the field. Similarly the anti-self-dual Yang-Mills
equations ∗F = −F can be reduced to anti-vortex equations. Conversely, given a(n) (anti-)vortex
on Σ, it can be lifted to a cylindrically symmetric Yang-Mills (anti-)instanton on Σ× S2.

6.1 Instantons from the sinh-Gordon and Tzitzeica vortices

In this Section we derive a solution of the SDYM equations from the vortices described in Sections
2.1, 2.2 and 3.1. Not to overcrowd this Section with too many equations, we will give explicit
formulas only for the sinh-Gordon vortex, similar results can be derived in a straightforward
manner for the Tzitzeica case as well as for the multi-vortex case.

From our sinh-Gordon vortex solution hsG we can reconstruct the Higgs field φ = ehsG/2+iχ,
where χ is a real function defined on each open patch depending on the gauge choice, while
using the Bogomolny equation (2) we can obtain the gauge field from the Higgs field: Az̄ =
−i∂z̄ log φ = −i∂z̄hsG/2 + ∂z̄χ. Close to the origin we can simply use the asymptotic expansion
(11) and obtain

φ(z, z̄) ∼ β2
sG|z| eiχ(1 +O(|z|2)) , (54)

Az̄(z, z̄) ∼ −
i

2

z

zz̄

(
1 +

|z|
2β2

sG

+O(|z|2)

)
+ ∂z̄χ. (55)

We can use (52) to uplift this vortex solution to an instanton solution on Σ × S2, provided
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that R =
√

2, and the components of the connection for the instanton solution close to z ∼ 0 are

Az =

(
1

4

z̄

zz̄
− 1

8β2
sG

z̄

|z|
− i

2
∂zχ

)
σ3 , Az̄ =

(
−1

4

z̄

zz̄
+

1

8β2
sG

z̄

|z|
− i

2
∂z̄χ

)
σ3 ,

Ay =
ȳ

2(2 + yȳ)
σ3 −

√
2

2 + yȳ
|z|β2

sG e
−iχ σ− , Aȳ = − y

2(2 + yȳ)
σ3 +

√
2

2 + yȳ
|z|β2

sG e
iχ σ+ ,

where we omitted higher terms in |z|.
The components of the curvature two-form can be easily calculated and the only non-vanishing

components are

Fzz̄ =
1

8β2
sG|z|

σ3, Fyȳ = − 2

(2 + yȳ)2
σ3,

Fz̄y = −
√

2

2 + yȳ

(
β2
sG

|z|
z̄
− z

2

)
e−iχσ−, Fzȳ =

√
2

2 + yȳ

(
β2
sG

|z|
z
− z̄

2

)
eiχσ+, ,

where we neglected, once again, higher terms in |z|.
The corresponding expansion for the instanton connection A and field strength F as z →∞

can be calculated in the same way from the expansion as r →∞ for φ and A given by (12).
We want to check now that the uplifting of our sinh-Gordon vortex does indeed correspond

to a 1−instanton solution on Σ× S2. The instanton number N is defined as the integral

N = −
∫

Σ×S2

C2,

where

C2 =
1

8π2
(Tr(F ∧ F)− TrF ∧ TrF) = d

(
1

8π2
Tr(dA ∧A+

2

3
A ∧A ∧A)

)
is the second Chern form. The wedge product ∧ between matrices indicates the usual multipli-
cation of matrices but applying the wedge product between the entries.

It is easy to check that the Chern forms splits in the product of the first Chern class for the
vortex field strength and the first Chern class for the monopole connection, so that the instanton
number can be rewritten as

N = −
∫

Σ×S2

C2 =
i

2π

∫
Σ

F · i
2π

∫
S2

db . (56)

Since the sinh-Gordon vortex has vortex number one and the monopole has magnetic charge
one, it follows that the instanton number is also N = 1. This means that the SDYM solution on
Σ × S2 obtained from the uplifting on the sinh-Gordon vortex on Σ corresponds precisely to a
1−instanton located at the origin of Σ and spread along the S2.

Note that even if F is singular close to z ∼ 0, the instanton number is still finite and integer.
This follows from the Bogomolny equation (1): the sinh-Gordon (and Tzitzeica) vortex solution
has a diverging magnetic field close to the origin of Σ because of the diverging conformal factor
Ω, nonetheless this singularity is integrable and the vortex has a finite and quantised magnetic
flux.

Similar results can be derived from the Tzitzeica vortex, furthermore, higher instanton num-
ber solutions can be obtained by uplifting in a similar fashion our multi-vortex solutions of
Section 3.1.
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7 Conclusion

In this paper we first reviewed the construction of Abelian vortex solutions from the sinh-Gordon
equation and the elliptic Tzitzeica equation. These solutions are not known in explicit forms
over the entire background but only in the asymptotic regimes r → 0 and r →∞.

Using the non-linear superposition rule described by Baptista, we constructed multi-vortex
solutions on top of the sinh-Gordon and the Tzitzeica vortex and analysed their properties with
various numerical simulations. The vortices constructed with this procedure are all defined on
surfaces with conical singularities, and, for this reason, the usual expansion for the vortex profile
function (7) ceases to hold.

For this reason we analysed the problem of finding vortex solutions on conically singular
spaces and we showed that with a careful change of coordinates (from z to Z), for which the
metric becomes flat and the cone can be unfolded in the complex plane, the problem reduces
simply to the study of vortex solutions invariant under the action of an orbifold symmetry. In
particular we see from equation (37) that, close to the vortex location, the Higgs field |φ|2 is real
analytic in the new coordinates Z.

When the vortex is located away from the conical singularity, the solution close to the vortex
centre is smooth in the original coordinates z as well. On the contrary, when the vortex is
located precisely at the conical singularity, the asymptotic form of the profile function (38),
when expressed in the original coordinates, takes the form of a Puiseux series in |z|2/n, which
means that generically the Higgs field |φ|2 is only C0 as a function of r = |z|, as already expected
from Theorem 2.1 of [11]. However, we note from equation (11) that, for the sinh-Gordon vortex,
|φ|2 is C∞ as a function of the original coordinate r.

As an additional example of our analysis, we discuss the Taubes equation on the Poincaré
disk. On this surface, explicit vortex solutions can be obtained from the Liouville equation and
from them we can analytically construct vortex solutions on the hyperbolic cone. Once we map
the Poincaré disk to the upper half plane H, the orbifold group can be realized as a discrete
subgroup of the natural SL(2,R) acting on H. When uplifted to 4-dimensions, vortex solutions
on the upper-half plane H become instantons with cylindrical symmetry on R4 ∼ H × S2, it
would be interesting to understand what kind of instantons can be obtained by uplifting these
vortex solutions on H/Zn to 4-dimensions.

It would also be interesting to apply our approach to vortices on conifolds to the case of
compact surfaces, for example, a sphere with one or more conical singularities [26], to analyse
the effect of the orbifold action and the compact nature of the background on the global properties
of the vortex.

In the final part of our work, we described how to uplift our multi-vortex solutions, defined
on the conically singular surface Σ, to instanton solutions, with cylindrical symmetry, on the
background M = Σ × S2 with a product metric. The four dimensional manifold M is Kähler
with Kähler form

ω = iΩ dz ∧ dz̄ + i
16

(2 + yȳ)2
dy ∧ dȳ. (57)

Moreover, this metric has non-vanishing scalar curvature and therefore has no self-dual or anti-
self-dual Weyl tensor (c.f. Proposition 10.2.2 of [14]). In this case, the 6-dimensional twistor space
of M has a non-integrable almost complex structure [27, 28] and the Penrose-Ward transform
does not apply. These solutions go beyond the analysis of integrable (anti-)self-dual backgrounds,
in which case the vortex equations would arise as compatibility conditions of linear differential
equations on the twistor space.
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Appendix. Numerical Analysis

The asymptotic forms for the solution of the Taubes equation (6) can be fixed analytically only
in radial reductions of the sinh-Gordon, Ω = e−hsG/2, or the Tzitzeica case, Ω = e−2hTT /3, by
exploiting the Painlevé property of the two ODEs. Unfortunately for a generic metric no such
methods exist and if we want to compute multi-vortex solutions to (23) or (29), we have to rely
on a numerical calculation.

Furthermore, when we apply our superposition rule for vortices, we need to use the modified
conformal factors Ω̃ = ehsG/2 or Ω̃ = ehTT /3, but we do not have the explicit solutions to the
sinh-Gordon and Tzitzeica vortices for all values of r, so we will have to obtain numerically
the sinh-Gordon and Tzitzeica vortex solutions interpolating between the two known asymptotic
forms. This problem and all the subsequent studies for multi-vortex solutions have been solved
numerically in the following way, first instead of working for r ∈ R we cut away the r → ∞
and the singular point r ∼ 0 by working with r ∈ [ε, R] and checking that the solution does not
change as we send ε→ 0 and R→∞.

Secondly instead of working with the profile function h it is better to strip away the log−like
singularity by working with:

h(r) = u(r) + 2N log(r/R) ,

in this way the δ function on the right-hand side of Taubes equation disappears and u satisfies:

∇2u+ Ω

(
1− r2N

R2N
eu
)

= 0 .

From the asymptotics of h we can read those of u: u(ε) ∼ a+2 logR+O(εα), where α > 0 depends
on the particular metric at hand, while for r ∼ R the log term that we added vanishes (but not
its derivative) so h(R) = u(R) ∼ Λe−R (remember that all our metrics are asymptotically flat,
i.e. Ω→ 1 as r →∞). To obtain a solution for u we implemented both a shooting and a cooling
method and the two solutions coincide within numerical errors.

Let us first construct the sinh-Gordon and Tzitzeica vortices. We know from Sections 2.1-2.2
that the vortex number can only be N = 1 and we need to solve for

d2usG
dr2

+
1

r

dusG
dr

+
e−usG/2

r

(
1− r2

R2
eusG

)
= 0 , (A1)

d2uTT
dr2

+
1

r

duTT
dr

+
e−2uTT /3

r4/3

(
1− r2

R2
euTT

)
= 0 , (A2)

with boundary conditions

usG(ε) = 4 log βsG + 2 logR− ε

β2
sG

+O(ε2) , (A3)

usG(R) = ΛsGK0(R) +O(e−2R) , (A4)
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Figure 5: Plot of the magnet field B(r) times the radial coordinate r for the sinh-Gordon vortex,
finite at r = 0, and the Tzitzeica vortex, diverging at r = 0.

and similarly

uTT (ε) = βTT + 2 logR− 9e−2βTT /3ε2/3

4
+O(ε4/3) , (A5)

uTT (R) = ΛTTK0(R) +O(e−2R) . (A6)

We fixed ε = 10−4 and R = 30, so that the higher terms in the boundary conditions are
numerically negligible.

We can see in Figure 5 that the magnetic field B(r), for the two numerical solutions, is obviously
localized in a region close to the origin and decays exponentially to 0 for large r. We note that
in the Tzitzeica case, due to the diverging conformal factor present in the Bogomolny equation
(1), we have rB(r) ∼ r−1/3 close to r ∼ 0, however this singularity at the origin is integrable
and the magnetic flux is actually finite and quantized.

With the sinh-Gordon and Tzitzeica vortex solutions in our hands, we are now in the position
to study the multi-vortex problem. Let us focus for simplicity on the multi sinh-Gordon problem
(23), which translated to the ũ(r) = h̃(r)− 2N log(r/R) variable takes the form:

d2ũ

dr2
+

1

r

dũ

dr
+ ehsG/2

(
1− r2N

R2N
eũ
)

= 0 , (A7)

ũ(ε) = ã+O(ε3) ,

ũ′(ε) = O(ε2) .

To obtain the behaviour (24) of u close to r ∼ 0 we require that ũ(r) =
∑
n≥0 anr

n, and imposing
that (A7) is satisfied order by order, fixes all the coefficients an in terms of ã = a0. By choosing
ε = 10−4 we can set u′(ε) ∼ 0, so that we can perform a shooting method where the shooting
parameter ã is chosen in such a way that u(R) = h(R) ∼ Λ̃e−R → 0, where we set R = 30. We
checked the precision of our numerical simulations by evaluating the magnetic flux as a function
of the vortex number N and the shooting parameter ã.
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Figure 6: Values for ã, left plot, and the vortex strength Λ̃, right plot, as a function of the vortex
number N for the multi sinh-Gordon vortex.

In Figure (6) we summarize the results of our multi sinh-Gordon vortex numerical analysis by
plotting the values of ã and Λ̃ as a function of the vortex number N ∈ {1, ..., 20}: once the
vortex number is fixed the solution is uniquely determined by ã or equivalently by the vortex
strength Λ̃.

We repeated an identical numerical analysis for the multi Tzitzeica vortex and obtained
similar plots for ã, Λ̃ as functions of the vortex number N .
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