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Abstract We study a random walk on a complex of finitely many half-lines joined at
a common origin; jumps are heavy-tailed and of two types, either one-sided (towards
the origin) or two-sided (symmetric). Transmission between half-lines via the origin is
governed by an irreducible Markov transition matrix, with associated stationary distri-
bution px. If x is 1 for one-sided half-lines k and 1/2 for two-sided half-lines, and oy is
the tail exponent of the jumps on half-line k, we show that the recurrence classification
for the case where all o xx € (0, 1) is determined by the sign of Zk Wi cot(rmoay). In
the case of two half-lines, the model fits naturally on R and is a version of the oscillat-
ing random walk of Kemperman. In that case, the cotangent criterion for recurrence
becomes linear in o1 and a; our general setting exhibits the essential nonlinearity
in the cotangent criterion. For the general model, we also show existence and non-
existence of polynomial moments of return times. Our moments results are sharp (and
new) for several cases of the oscillating random walk; they are apparently even new
for the case of a homogeneous random walk on R with symmetric increments of tail
exponent o € (1,2).
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1 Introduction

We study Markov processes on a complex of half-lines Ry x S, where S is finite,
and all half-lines are connected at a common origin. On a given half-line, a particle
performs a random walk with a heavy-tailed increment distribution, until it would exit
the half-line, when it switches (in general, at random) to another half-line to complete
its jump.

To motivate the development of the general model, we first discuss informally some
examples; we give formal statements later.

The one-sided oscillating random walk takes place on two half-lines, which we
may map onto R. From the positive half-line, the increments are negative with density
proportional to y~!=%, and from the negative half-line, the increments are positive
with density proportional to y~!=#, where «, 8 € (0, 1). The walk is transient if and
only if « + B8 < 1; this is essentially a result of Kemperman [15].

The oscillating random walk has several variations and has been well studied over
the years (see, e.g. [17-19,21]). This previous work, as we describe in more detail
below, is restricted to the case of two half-lines. We generalize this model to an arbitrary
number of half-lines, labelled by a finite set S, by assigning a rule for travelling from
half-line to half-line.

First, we describe a deterministic rule. Let T be a positive integer. Define a routing
schedule of length T to be a sequence o = (i1, ..., i) of T elements of S, dictating
the sequence in which half-lines are visited, as follows. The walk starts from line iy,
and, on departure from line i1 jumps over the origin to i, and so on, until departing i it
returnstoij;onlinek € S, the walk jumps towards the origin with density proportional
to y~ 17 where o € (0, 1). One simple example takes a cyclic schedule in which &
is a permutation of the elements of S. In any case, a consequence of our results is that
now the walk is transient if and only if

Z Wi cot(may) > 0, (1.1)
keS

where wi is the number of times k appears in the sequence o. In particular, in the
cyclic case the transience criterion is ) ;. g cot(wa) > 0.

It is easy to see that, if S contains two elements, the cotangent criterion (1.1) is
equivalent to the previous one for the one-sided oscillating walk («¢; + a2 < 1). For
more than two half-lines, the criterion is nonlinear, and it was necessary to extend the
model to more than two lines in order to see the essence of the behaviour.

More generally, we may choose a random routing rule between lines: on departure
from half-line i € S, the walk jumps to half-line j € S with probability p(i, j). The
deterministic cyclic routing schedule is a special case in which p(i,i") = 1 for i’ the
successor to i in the cycle. In fact, this set-up generalizes the arbitrary deterministic
routing schedule described above, as follows. Given the schedule sequence o of length
T, we may convert this to a cyclic schedule on an extended state space consisting of
Wi copies of line k and then reading o as a permutation. So the deterministic routing
model is a special case of the model with Markov routing, which will be the focus of
the rest of the paper.
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Our result again will say that (1.1) is the criterion for transience, where jtx is now the
stationary distribution associated with the stochastic matrix p(i, j). Our general model
also permits two-sided increments for the walk from some of the lines, which contribute
terms involving cot(mray /2) to the cotangent criterion (1.1). These two-sided models
also generalize previously studied classical models (see, e.g. [15,17,23]). Again, it
is only in our general setting that the essential nature of the cotangent criterion (1.1)
becomes apparent.

Rather than Ry x &, one could work on Z4 x S instead, with mass functions
replacing probability densities; the results would be unchanged.

The paper is organized as follows. In Sect. 2, we formally define our model and
describe our main results, which as well as a recurrence classification include results
on existence of moments of return times in the recurrent cases. In Sect. 3, we explain
how our general model relates to the special case of the oscillating random walk when
S has two elements, and state our results for that model; in this context, the recur-
rence classification results are already known, but the existence-of-moments results
are new even here, and are in several important cases sharp. The present work was also
motivated by some problems concerning many-dimensional, partially homogeneous
random walks similar to models studied in [5,6,13]: we describe this connection in
Sect. 4. The main proofs are presented in Sects. 5, 6, and 7, the latter dealing with the
critical boundary case which is more delicate and requires additional work. We collect
various technical results in the Appendix.

2 Model and Results

Consider (X,,, &,; n € Z,), a discrete-time, time-homogeneous Markov process with
state space R4 x S, where S is a finite non-empty set. The state space is equipped
with the appropriate Borel sets, namely sets of the form B x A where B € B(R) is
a Borel setin R4, and A C S. The process will be described by:

— an irreducible stochastic matrix labelled by S, P = (p(i, j); i, j € S); and
— a collection (w;; i € S) of probability density functions, so w; : R — Ry is a
Borel function with [ w;(y)dy = 1.

We view R4 x S as a complex of half-lines Ry x {k}, or branches, connected at a
central origin O := {0} x &; at time n, the coordinate &, describes which branch the
process is on, and X, describes the distance along that branch at which the process
sits. We will call X,, a random walk on this complex of branches.

To simplify notation, throughout we write P, ;[ -] for P[- | (Xo, &) = (x,i)],
the conditional probability starting from (x,i) € Ry x S; similarly, we use E, ;
for the corresponding expectation. The transition kernel of the process is given for
(x,i) e Ry x &, for all Borel sets B C Ryand all j € S, by

P[(Xn+]5 §n+]) € B X {.]} | (thsn) = (-xv l)]
=Pyi [(X1,81) € B x {j}]

=p(i,j)f wi(—z — x)dz + 1{i =j}/ w; (z — x)dz. 2.1
B B
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The dynamics of the process represented by (2.1) can be described algorithmically
as follows. Given (X, &,) = (x,i) € Ry x S, generate (independently) a spatial
increment ¢4+ from the distribution given by w; and a random index n,+; € S
according to the distribution p(i, -). Then,

—ifx +@up1 =0, set (X410, &np1) = (X + @yy1,i); 01
—ifx + Ynt1 < 0,set (X401, Enr1) = (Ix + @npil, Mug1)-

In words, the walk takes a wg,-distributed step. If this step would bring the walk
beyond the origin, it passes through the origin and switches onto branch 7,1 (or, if
nn+1 happens to be equal to &,, it reflects back along the same branch).

The finite irreducible stochastic matrix P is associated with a (unique) positive
invariant probability distribution (ug; k € S) satisfying

> wip(j.k) = =0, forallk €S. (2.2)
jeS

For future reference, we state the following.

(AO) Let P = (p(i, j); i, j € S) be an irreducible stochastic matrix, and let (ux; k €
S) denote the corresponding invariant distribution.

Our interest here is when the w; are heavy-tailed. We allow two classes of dis-
tribution for the w;: one-sided or symmetric. It is convenient, then, to partition S as
S = 8" U S™M where S°" and SY™ are disjoint sets, representing those branches
on which the walk takes, respectively, one-sided and symmetric jumps. The wy are
then described by a collection of positive parameters (o; k € S).

For a probability density function v : R — R, an exponent @ € (0, 00), and a
constant ¢ € (0, 00), we write v € D, . to mean that there exists ¢ : Ry — (0, 00)
with sup, ¢(y) < oo and limy_, « ¢(y) = ¢ for which

l—a

c(y)y~ ify >0

2.3
0 if y <0. 2.3)

v(y) =

If v € Dy, is such that (2.3) holds and c(y) satisfies the stronger condition c(y) =
c+ O(y_‘s) for some § > 0, then we write v € ’D;ﬁc.
Our assumption on the increment distributions w; is as follows.

(A1) Suppose that, for each k € S, we have an exponent o € (0, 00), a constant
¢k € (0,00), and a density function vy € Dy, ¢,. Then suppose that, for all
y € R, wy is given by

ve(—y) ifk € 8"

w = 2.4

k() Lu(lyl) ifk € S, 24

We say that X, is recurrent if liminf, ..o X, = 0, a.s., and transient if
lim, o0 X, = 00, a.s. An irreducibility argument shows that our Markov chain
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(X5, &) displays the usual recurrence/transience dichotomy and exactly one of these

two situations holds; however, our proofs establish this behaviour directly using semi-

martingale arguments, and so we may avoid discussion of irreducibility here.
Throughout we define, for k € S,

1+ keS| ifke sy
K= 2 T itk e some

Our first main result gives a recurrence classification for the process.

Theorem 1 Suppose that (A0) and (A1) hold.

(a) Suppose that maxics xxor > 1. Then, X,, is recurrent.
(b) Suppose that maxycs xxotx < 1.
1) IkaeS i cot(xrmay) < 0, then X, is recurrent.
(i) If Y res Mk cot(xxmag) > 0, then X, is transient.
(iii) Suppose in addition that the densities vy of (A1) belong to Z)jl'k’Ck for each k.
Then, X, is recurrent ikaeS Wi cot(yrmay) = 0.

In the recurrent cases, it is of interest to quantify recurrence via existence or non-
existence of passage-time moments. Fora > 0,lett, := min{n > 0 : X,, < a}, where
throughout the paper we adopt the usual convention that min ¢ := +00. The next result
shows that in all the recurrent cases, excluding the boundary case in Theorem 1(b)(iii),
the tails of t, are polynomial.

Theorem 2 Suppose that (AQ) and (A1) hold. In cases (a) and (b)(i) of Theorem 1,
there exist 0 < gy < q1 < 00 such that for allx > a and allk € S,

E; k [rg] < o0, forq <gqo and Eyy [rj] =00, forq > q.

Remark 1 Our general results have go < g1 so that Theorem 2 does not give sharp
estimates; these remain an open problem.

We do have sharp results in several particular cases for two half-lines, in which
case our model reduces to the oscillating random walk considered by Kemperman
[15] and others. We present these sharp moments results (Theorems 4 and 6) in the
next section, which discusses in detail the case of the oscillating random walk, and
also describes how our recurrence results relate to the known results for this classical
model.

3 Oscillating Random Walks and Related Examples
3.1 Two Half-Lines Become One Line
In the case of our general model in which S consists of two elements, S = {—1, +1},

say, it is natural and convenient to represent our random walk on the whole real line
R. Namely, if o (x, k) := kx forx € Ryand k = £1, we let Z,, = w(X,,, &,).
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The simplest case has no reflection at the origin, only transmission, i.e. p(i, j) =
1{i # j}, sothat u = (%, %). Then, for B C R a Borel set,

P[Zus1 € B| (Xu. &) = (x, )] =Px; [(X1.61) € B x{+1}]
+ Py [(X1,6) € B™x{=1}],
where Bt = BNRyand B~ = {—x : x € B, x < 0}. In particular, by (2.1), writing

wy for wg, forx € Ry,

P[Zut1 € B| (Xp, &) = (x, +1)] = /+ w4 (z — x)dz +/ w4 (—z —x)dz
B B-

=/ w4 (z — x)dz,
B

and, similarly, writing w_(y) for w_1(—y), for x € R,
P[Zus1 € B (Xn &) = (x, )] = / w_(z + 0)dz.
B
For x # 0, w is invertible with

1, JUxl,+1) ifx >0
o (x) = .
(x|, —=1) ifx <0,

and hence we have for x € R\{0} and Borel B C R,

[pwi(z—x)dz ifx >0

[pw_(z—x)dz ifx <O. -1

P[Zn41 eB|Zn:x]:{

We may make an arbitrary non-trivial choice for the transition law at Z,, = 0 without
affecting the behaviour of the process, and then, (3.1) shows that Z, is a time-
homogeneous Markov process on R. Now, Z,, is recurrent if liminf,_, |Z,| = 0,
a.s., or transient if lim,_, |Z,| = 00, a.s. The one-dimensional case described
at (3.1) has received significant attention over the years. We describe several of the
classical models that have been considered.

3.2 Examples and Further Results
3.2.1 Homogeneous Symmetric Random Walk

The most classical case is as follows.

(Sym) Let o € (0, 00). For v € Dy ¢, suppose that wy(y) = w_(y) = %v(|y|) for
yeR.

In this case, Z,, describes a random walk with i.i.d. symmetric increments.
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Theorem 3 Suppose that (Sym) holds. Then, the symmetric random walk is transient
if ¢ < 1 and recurrent if o« > 1. If, in addition, v € @Dtc, then the case « = 1 is
recurrent.

Theorem 3 follows from our Theorem 1, since in this case

Z i cot (xrmoy) = cot(wae/2).
keS

Since it deals with a sum of i.i.d. random variables, Theorem 3 may be deduced from
the classical theorem of Chung and Fuchs [7], via, e.g. the formulation of Shepp
[23]. The method of the present paper provides an alternative to the classical (Fourier
analytic) approach that generalizes beyond the i.i.d. setting (note that Theorem 3 is
not, formally, a consequence of Shepp’s most accessible result, Theorem 5 of [23],
since v does not necessarily correspond to a unimodal distribution in Shepp’s sense).

With 7, as defined previously, in the setting of the present section we have 7, =
min{n > 0 : |Z,| < a}. Use E,[-] as shorthand for E[- | Zy = x]. We have the
following result on existence of passage-time moments, whose proof is in Sect. 6;
while part (i) is well known, we could find no reference for part (ii).

Theorem 4 Suppose that (Sym) holds, and that « > 1. Let x ¢ [—a, a].
(1) Ifa =2, then E, [‘L’j] <oifqg <1/2and E, [tj] =o0ifg > 1/2.
(i) Ifo € (1,2), thenEy [td] <00 ifg <1 — L and By [td] = c0ifg > 1 - 1.

Our main interest concerns spatially inhomogeneous models, i.e. in which w, depends
on x, typically only through sgn x, the sign of x. Such models are known as oscillating
random walks and were studied by Kemperman [15], to whom the model was suggested
in 1960 by Anatole Joffe and Peter Ney (see [15, p. 29]).

3.2.2 One-Sided Oscillating Random Walk

The next example, following [15], is a one-sided oscillating random walk:

(Oscl) Leta, B € (0,00). Forvy € Dg ¢, and v € Dg ., suppose that

wi(y) =vy(=y), and w_(y) =v_(y).

In other words, the walk always jumps in the direction of (and possibly over) the origin,
with tail exponent « from the positive half-line and exponent 8 from the negative half-
line. The following recurrence classification applies.

Theorem 5 Suppose that (Oscl) holds. Then, the one-sided oscillating random walk
is transient if « + B < 1 and recurrent if « + B > 1. If, in addition, vy € 33‘;6,+ and

v_ € @75' o thenthe case a + B = 1 is recurrent.
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Theorem 5 was obtained in the discrete-space case by Kemperman [15, p. 21]; it
follows from our Theorem 1, since in this case

sin (7 (o + B))
2sin (o) sin (wB)

1 1
Z wr cot (xxpmay) = = cot (ma) + —cot (mPB) =
keS 2 2

The special case of (Oscl) in which « = f was called antisymmetric by Kemper-
man; here, Theorem 5 shows that the walk is transient for « < 1/2 and recurrent for
o > 1/2. We have the following moments result, proved in Sect. 6.

Theorem 6 Suppose that (Oscl) holds, and that « = B > 1/2. Let x ¢ [—a, a].

(i) Ifa > 1, then E,[t]] < xifg < o and E (vl = xifg > a.
(i) Ifa € (1/2, 1), then Bx[rd] < o0 ifg <2 — L and B[] = o0 if g > 2 — L.

Problem 1 Obtain sharp moments results for general «, 8 € (0, 1).
3.2.3 Two-Sided Oscillating Random Walk

Another model in the vein of [15] is a two-sided oscillating random walk:

(Osc2) Leta, B € (0,00). Forvy € Dy, and v € Dg ., suppose that

1 1
wi(y) = 5v+(|y|), and w_(y) = Evf(lyl)-

Now, the jumps of the walk are symmetric, as under (Sym), but with a tail exponent
depending upon which side of the origin the walk is currently on, as under (Oscl).

The most general recurrence classification result for the model (Osc2) is due to San-
dri¢ [21]. A somewhat less general, discrete-space version was obtained by Rogozin
and Foss (Theorem 2 of [17, p. 159]), building on [15]. Analogous results in continuous
time were given in [4,11]. Here is the result.

Theorem 7 Suppose that (Osc2) holds. Then, the two-sided oscillating random walk

is transient if « + B < 2 and recurrent if « + 8 > 2. If, in addition, v € ©$C+ and

v_ € ’D; _» then the case a + B = 2 is recurrent.

Theorem 7 also follows from our Theorem 1, since in this case

sin(r (o + B)/2)
2sin(ra/2) sin(mf/2)

Z i cot(xrmay) = %cot(na/Z) + %cot(nﬂ/Z) =
keS

Problem 2 Obtain sharp moments results for «, 8 € (0, 2).
3.2.4 Mixed Oscillating Random Walk

A final model is another oscillating walk that mixes the one- and two-sided models:
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(Osc3) Leta, B € (0,00). For vy € Dy ¢, and v_ € Dg ._, suppose that

1
wi(y) = §v+(|y|), and w_(y) = v-(y).
In the discrete-space case, Theorem 2 of Rogozin and Foss [17, p. 159] gives the
recurrence classification.

Theorem 8 Suppose that (Osc3) holds. Then, the mixed oscillating random walk is
transient if « + 28 < 2 and recurrent if « + 2 > 2. If, in addition, v € @;H and

v_ € ’D;L, then the case a + 2 = 2 is recurrent.
Theorem 8 also follows from our Theorem 1, since in this case

sin( (o +28)/2)
2sin(ra/2) sin(zp)’

1 1
Z Wi cot(xrmoay) = 5 cot(ra/2) + 5 cot(mB) =
keS

3.3 Additional Remarks

It is possible to generalize the model further by permitting the local transition density
to vary within each half-line. Then, we have the transition kernel

P(Z,+1 € B | Z, = x] =/ wy(z — x)dz, (3.2)
B

for all Borel sets B € R. Here, the local transition densities wy : R — R, are
Borel functions. Variations of the oscillating random walk, within the general setting
of (3.2), have also been studied in the literature. Sandri¢ [19,21] supposes that the w,
satisfy, for each x € R, w,(y) ~ c¢(x)|y|~' 7™ as |y| — oo for some measurable
functions ¢ and «; he refers to this as a stable-like Markov chain. Under a uniformity
condition on the w,, and other mild technical conditions, Sandri¢ [19] obtained, via
Foster—Lyapunov methods similar in spirit to those of the present paper, sufficient
conditions for recurrence and transience: essentially liminf,_, o a(x) > 1 is suf-
ficient for recurrence and lim sup,_, , a(x) < 1 is sufficient for transience. These
results can be seen as a generalization of Theorem 3. Some related results for models
in continuous-time (Lévy processes) are given in [20,22,24]. Further results and an
overview of the literature are provided in Sandri¢’s Ph.D. thesis [18].

4 Many-Dimensional Random Walks

The next two examples show how versions of the oscillating random walk of Sect. 3
arise as embedded Markov chains in certain two-dimensional random walks.

Example 1 Consider &, = (E,(,l), E,ﬁz)), n € 74, a nearest-neighbour random walk on
7?* with transition probabilities

P[&g1 = 01, y2) | & = (x1,x2)] = p (x1, %23 1, ¥2) -
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Fig. 1 Pictorial representation of the non-homogeneous nearest-neighbour random walk on 72 of Exam-
ple 1, plus a simulated trajectory of 5000 steps of the walk. We conjecture that the walk is recurrent

Suppose that the probabilities are given for x # 0 by,
p(xrx2xp, x2 +1) = p (e, x5 51,00 — 1) = 3
1
p G xgix + 1 x) = 2l{xy <Ok

1
p(x1, x5 x1 — 1, x0) = 51{)62 > 0}; 4.1

(the rest being zero) and for x; = 0 by p(x1,0;x1,1) = 1 for all x; > 0,
p(x1,0;x1,—1) = 1 for all x; < 0, and p(0,0;0,1) = p(0,0;0,—-1) = 1/2.
See Fig. 1 for an illustration.

Set 19 := 0 and define recursively 7441 = min{n > 7t} : ,52) = 0} for k > 0;
consider the embedded Markov chain X,, = T(nl ) We show that X 1 1s a discrete version

of the oscillating random walk described in Sect. 3. Indeed, |§,§2) | is areflecting random
walk on Z with increments taking values —1, 0, +1 each with probability 1/3. We
then (see, e.g. [9, p. 415]) have that for some constant ¢ € (0, 00),

Plt; > r] = (c+ o(1)) r20 as > oo

Suppose that éél) = x > 0. Since between times 7y and 17, ,51) is monotone, we have

P[tl > 3r+r3/4] =IF’[1’1 > 3r —|—r3/4,§,1 —& < —r]
+IP)|:T1 > 3r+r3/4,§ﬂ _ETO z _r]
S]P[grl — & < _r] +P[§[3r+r3/4] —&p > _V]-
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In other words,
1 1
[g(l) (01) < —r] >P [rl > 3r+ r3/4] —P [#33443/41 f;‘( ) ]

Here, E,El) + 5 is a martingale with bounded increments, so, by the Azuma—Hoeffding
inequality, for some ¢ > O and all r > 1,

1 1 1 1
P [$F33+r3/41 - %’é = —r] <P |:€:|S3:+r3/4'| + %|’3r +r4 - S(g = %r3/4]

< exp {—srl/z} .
Similarly,
1
[E(l) ér((}) < —r] <P [n > 3r — r3/4] +P I:%-l_(3’)‘7r3/4.| él) < —r] ,
where, by Azuma—Hoeffding once more,

1 1 |
P& s =8 = =1 P65 e + 13 =¥ =g < —4r 1]
Sexp{—srl/z},

Combining these bounds, and using the symmetric argument for { t(ll ) > r} when

5(1) = x < 0, we see that forr > 0,

]P’[X,H] —Xp<-—-rl| X, :x] =u(r), ifx >0, and
IP’[X”_H —X,>r| X, = x] =u(r), ifx <0, “4.2)

where u(r) = (c+o0(1))r—1/2. Thus, X, satisfies a discrete-space analogue of (Oscl)
with « = B = 1/2. This is the critical case identified in Theorem 5, but that result
does not cover this case due to the rate of convergence estimate for u; a finer analysis
is required. We conjecture that the walk is recurrent.

Example 2 'We present two variations on the previous example, which are superficially
similar but turn out to be less delicate. First, modify the random walk of the previous
example by supposing that (4.1) holds but replacing the behaviour at x; = 0 by
p(x1,0; x1,1) = p(x1,0;x1,—1) = 1/2 for all x; € Z. See the left-hand part of
Fig. 2 for an illustration.

The embedded process X, now has, for all x € Z and for r > 0,

]P’[X,,_H - X, <—-r| X, :x] = ]P’[X,,_H - X, >r| X, :x] =u(r), 4.3)

where u(r) = (¢/2)(1 + o(1))r~Y2. Thus, X, is a random walk with symmetric
increments, and the discrete version of our Theorem 3 (and also a result of [23])
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Fig. 2 Pictorial representation of the two non-homogeneous nearest-neighbour random walks on 7% of
Example 2. Each of these walks is transient

implies that the walk is transient. This walk was studied by Campanino and Petritis
[5,6], who proved transience via different methods.

Next, modify the random walk of Example 1 by supposing that (4.1) holds but
replacing the behaviour at x = 0 by p(x1,0; x1,1) = p(x1,0;x1,—1) = 1/2if
x1 > 0, and p(x1,0; x;, —1) = 1 for x; < 0. See the right-hand part of Fig. 2 for an
illustration. This time the walk takes a symmetric increment as at (4.3) when x > 0
but a one-sided increment as at (4.2) when x < 0. In this case, the discrete version of
our Theorem 8 (and also a result of [17]) shows that the walk is transient.

One may obtain the general model on Z x S as an embedded process for a random
walk on complexes of half-spaces, generalizing the examples considered here; we
leave this to the interested reader.

5 Recurrence Classification in the Non-critical Cases
5.1 Lyapunov Functions
Our proofs are based on demonstrating appropriate Lyapunov functions; that is, for

suitable ¢ : Ry x § — R4 we study Y, = ¢(X,,, &,) such that Y, has appropriate
local supermartingale or submartingale properties for the one-step mean increments

D(p(-xv l) = E [(p (Xl’l+1’ Eﬂ+1) - (p (Xnv ‘i:n) | (Xrla én) = (-x3 l)]
= Exi [o(X1, §1) — ¢ (X0, 0)].

First, we note some consequences of the transition law (2.1). Let ¢ : R xS — R4
be measurable. Then, we have from (2.1) that, for (x,i) € Ry x S,
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Dy(x, i) =Zp(i,j)/ (p(=x =y, J) — @, 1)) wi(y)dy
jeS -

+f (px +y,i) —o(x, ) w; (y)dy. (5.1

—X

Our primary Lyapunov function is roughly of the form x — |x|", v € R, but
weighted according to an S-dependent component (realized by a collection of multi-
plicative weights A ); these weights provide a crucial technical tool.

Forv € R and x € R, we write

frx) =0+ |xD".
Then, for parameters Ay > O for each k € S, define forx € Ryand k € S,
fole, k) i= A fu(x) = a1 4 x)". (5.2)

Now, for this Lyapunov function, (5.1) gives

Dfy. i) =3 pli. ) fﬁ (o + 3) = i fo@)) wi(y)dy
jeS -

+ / o+ 3) = fulr) wi(y)dy. (53)

X

Depending on whether i € S%™ or i € §°™, the above integrals can be expressed in
terms of v; as follows. For i € S%™,

Ai [ Ao [
Dfy(x, i) =Zp<i,j>7’/ Foly = x)ui ()dy - 7/ Fr@wi(»)dy
jeS * *

Ao [F
+?/(; (fvlx+y)+ fulx = y) =2/, (x)) vi(y)dy

A [
+ ?f (fo(x+y) = fulx)) vi(y)dy. (5.4

Fori € S°¢,
DA =Y p iy [ Al =xumdy =i [ A@udy
jeS * x

vy /O ol — ) — fo ) vi()dy. 5.5
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5.2 Estimates of Functional Increments

In the course of our proofs, we need various integral estimates that can be expressed
in terms of classical transcendental functions. For the convenience of the reader, we
gather all necessary integrals in Lemmas 1 and 2; the proofs of these results are deferred
until the Appendix. Recall that the Euler gamma function I” satisfies the functional
equation zI'(z) = I'(z + 1), and the hypergeometric function ,, F;, is defined via a
power series (see [1]).

Lemma 1 Suppose that @ > 0 and —1 < v < «. Then,

lo = du =

ul+o o —v

» /00 P
i = —du = —;
2,0 | ulta o

e _/OO (”_l)vdu_ I'ad+v)y ‘e« —v)
2T ulte rd+a

(1 V1 1 1
i / drw -1 2Fi (—v,a —via—v+1;—1) — —;
1 o

Suppose that a € (0,2) and v > —1. Then,

v [T H+w A —w)” =2
ll = ) u1+<1

_v(v—l)

g B(LI-3 -5 50522 5:1).

Suppose that a € (0, 1) and v > —1. Then,

a _ [ w1 1 (1 I+ wra —a))

= ——du = —
1 ulte " o I'l—a+v)

0

Recall that the digamma function is ¥ (z) = % log I'(z) = I''(z)/ I (z), which has
Y (1) = —y where y ~ 0.5772 is Euler’s constant.

Lemma 2 Suppose that « > 0. Then,
o . [ log(1 +u) 1
J§ = /1 — e =~ (Y@ —v (%))
* log(u — 1) 1
SO [
) -—/1 T du = L T V@)
Suppose that a € (0, 2). Then,
. Uog(1 — u?) 1
i :=f0 P i =~ (v (1-9).
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Suppose that a € (0, 1). Then,

1 _
Jt :=/ log(}%du:l(ywa—a».
0 u o

Remark 2 The j integrals can be obtained as derivatives with respect to v of the i
integrals, evaluated at v = 0.

The next result collects estimates for our integrals in the expected functional incre-
ments (5.4) and (5.5) in terms of the integrals in Lemma 1.

Lemma 3 Suppose that v € Dy . Fora > 0and —1 < v < a we have

/ oy —x)v(ydy = ex" iy + 0 (x"7%); (5.6)
/ frv(y)dy = ex""iy§ 40 (x"7); (5.7
[t = e eoiy e i o (). 58)

Fora € (0,2) and v > —1 we have

/0 Folx )+ folx — ) — 2£o(0) v)dy = ex" i 1o (") (5.9)

Fora € (0,1) andv > —1 we have
[ e =0 = hn oty =er i o (). G0

Moreover, if v € ’D; ¢ then stronger versions of all of the above estimates hold with
o(x"~%) replaced by O (x"~*~%) for some § > 0.

Proof These estimates are mostly quite straightforward, so we do not give all the
details. We spell out the estimate in (5.6); the others are similar. We have

/ f”(y_x)v(y)dyzxv/ <%—1)U6(y)y_l‘“dy.

With the substitution u = I;r—y, this last expression becomes

o0
xl+vﬁ (u — 1)”u_1_°‘(x — u_l)_l_‘)‘c(ux — Ddu.
I4x

X
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Let ¢ € (0, ¢). Then, there exists yo € R4 such that |c(y) — ¢| < ¢ forall y > yq, so
that |c(ux — 1) —c| < ¢ for all u in the range of integration, provided x > yo. Writing

fa)=@—1D"u"'"% and gu) = (x — LF])_]_O[ clux — 1),

for the duration of the proof, we have that
o0 oo
/ fly —u(y)dy = x' ﬁﬂ S w)g(u)du. (5.11)
X =S

Foru > 1=

and x > yg, we have

=(c—e T <gw) < (cte)x -1 =gy,

sothat gy —g_ < 2e(x —1)717 4 C;x~27% for a constant C; < oo not depending
on x > yg or €. Moreover, it is easy to see that floo | f(u)|du < C, for a constant C;
depending only on v and «, provided v € (—1, o). Hence, Lemma 18 shows that

Mio fa)gu)du — (c —e)x~ 17 ﬁo Fadu| <2Cre(x — )77 4 €, Cox 27,

for all x > yp. Since also

‘ﬁ f(u)du—l21

as x — oo, it follows that for any ¢ > 0 we may choose x sufficiently large so that

I+x

/ D1 f)ldu — 0,

o0
‘/w F)gw)du —ex™1— Y| < ex 17,

and since ¢ > ( was arbitrary, we obtain (5.6) from (5.11). O

We also need the following simple estimates for ranges of « when the asymptotics
for the final two integrals in Lemma 3 are not valid.

Lemma 4 Suppose that v € Dq .

(i) Fora > 2 and any v € (0, 1), there exist ¢ > 0 and xo € Ry such that, for all
X = X0,

X a2 H —
/ ok 49+ folx — 3) = 2, v(»dy < { ex’”logx fo=2,
0 —exV ifa > 2.
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(ii) Fora > 1 andany v > 0, there exist ¢ > 0 and xo € Ry such that, for all x > x,

—ex""logx ifa=1,

/ (folx — ) = fule) v(p)dy < { o a1
Proof For part (i), set a,(z) = (1 +z)” + (1 — z)” — 2, so that

/0 oGt )+ folr — ) — 2/, () v()dy
=1 +x)”/0 a, (%) c(y)y 1 mdy.

Suppose that « > 2 and v € (0, 1). For v € (0, 1), calculus shows that a,(z) has a
single local maximum at z = 0, so thata, (z) < 0 for all z. Moreover, Taylor’s theorem
shows that forany v € (0, 1) there exists 8, € (0, 1) suchthata, (z) < —(v/2)(1—v)z>
for all z € [0, §,]. Also, c(y) > ¢/2 > 0 for all y > yy sufficiently large. Hence, for

all x > yo /4y,
* 1 1
/0 ay (%) c(y)y  "“dy </ ay (ﬁ) c(y)y  “dy
¥o
cv(l —v) [ox

5 —_—
4(1+x)2 Jy,

8\/)(

yl_ady,

which yields part (i) of the lemma.

For part (ii), suppose that « > 1 and v > 0. For any v > 0, there exists §, € (0, 1)
suchthat (1—z)" —1 < —(v/2)zforall z € [0, §,]. Moreover, c(y) > ¢/2 > 0 forall
y > yp sufficiently large. Hence, since the integrand is non-positive, for x > yo/§,,

e [F((1= )" = 1) eon e
%(1 + )Y /ym ((1 - I%X)U - 1) y~'mdy

0
(1 +x) /va
T A0+

IA

y %dy,

0
and part (ii) follows. O

Lemma 5 Suppose that (Al) holds and xjo; < 1. Then forv € (—1,1 Aw;), b €
{one, sym}, and i € SP, as x — o0,

PA
Dfy(x,i) = yiricix" iy <( v )i + R (o, v)) +o(x"7),
1
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where A = (A k € S),

l-l),ol + l-U,Ol _ i(x iv,oz _ l-a
sym 0 1 2,0 one 1 2,0
R (o, v) = ———=5——, and R™™(a,v) = —5—.

b b

Moreover, if v; € Do—z,c,- then, for some § > 0,

. PL);
Dfy(x.i) = X")‘icixwaii;,"lx' (% + R’ (i, v)) + O(xV"%79),
i

Finally, as v — 0,

RY™(q, v) = —1 4+ vr cot(ma; /2) + o(v) ifb =sym

one ; (5.12)
R (a,v) = —1 4+ v cot(mwe;) + o(v) if b = one.

Rb(a, V) = {

Proof The above expressions for Df, (x, i) follow from (5.4) and (5.5) with Lemma 3.

Additionally, we compute that RY™(«, 0) = R°®(«, 0) = —1. For v in a neigh-
bourhood of 0, uniformity of convergence of the integrals over (1, co) enables us to
differentiate with respect to v under the integral sign to get

8 SO + SO SO
ZRY™(q, v)|yg = ]00—]1 — RY™(q, 0){)_2
v i i ¢
2,1 2,1
v (-9 - (3)
= cot (B2),

using Lemma 2 and the digamma reflection formula (equation 6.3.7 from [1, p. 259]),
and then, the first formula in (5.12) follows by Taylor’s theorem. Similarly, for the
second formula in (5.12),

;o

d e
L RO(a, )]ymg = B — R™(ar, 0) 2
v i) ir)]
=yl —a)—y¥(a)
= 1 cot(ma).
This completes the proof. O

We conclude this subsection with two algebraic results.

Lemma 6 Suppose that (A0Q) holds. Given (by; k € S) with by € R for all k, there
exists a solution (6x; k € S) with 6y € R for all k to the system of equations

Zp(k, DO — 6 =br, (ked8), (5.13)
jeS
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if and only if " .5 b = 0. Moreover, if a solution to (5.13) exists, we may take
O > 0forallk € S.

Proof As column vectors, we write p = (ug; k € S) for the stationary probabilities
as given in (AO), b = (bx; k € S), and 0 = (6k; k € S). Then, in matrix-vector form,
(5.13) reads (P — I)0 = b, while p satisfies (2.2), which reads (P — I)"pu = 0, the
homogeneous system adjoint to (5.13) (here 7 is the identity matrix and 0 is the vector
of all Os).

A standard result from linear algebra (a version of the Fredholm alternative) says
that (P — I)# = b admits a solution 0 if and only if the vector b is orthogonal to any
solution x to (P — I)"x = 0; but, by (A0), any such x is a scalar multiple of u. In
other words, a solution @ to (5.13) exists if and only if u™b = 0, as claimed.

Finally, since P is a stochastic matrix, (P — I)1 = 0, where 1 is the column vector
of all 1s; hence, if @ solves (P — )8 = b, then so does 6 + y1 for any y € R. This
implies the final statement in the lemma. O

Lemma7 Let U = (Ugg;k, £ = 0,..., M) be a given upper triangular matrix
having all its upper triangular elements non-negative (Uy ¢ > 0for0 <k <€ <M
and vanishing all other elements) and A = (Ax; k = 1, ..., M) avector with positive
components. Then, there exists a unique lower triangular matrix L = (Li ¢; k, € =
0, ..., M) (so diagonal and upper triangular elements vanish) satisfying

1) Lm,mfl = (ULl)mm + Amform =1,...,M;
(i) Lge = 25;57 Lovryte+r = Lot + -+ Lgg—1for0 <€ <k <M.

Also, all lower triangular elements of L are positive, i.e. Ly ¢ > 0for0 <{ <k < M.

Proof We construct L inductively. Item (i) demands

M M
Lm,mfl = Z Um,KLé,m + Am = Z Um,éLé,m + Am- (5~14)
(=0 l=m+1

Inthecase m = M, with the usual convention that an empty sum is 0, the demand (5.14)
is simply Ly p—1 = Apy. So we can start our construction taking Ly y—1 = Ay,
which is positive by assumption [item (ii) makes no demands in the case k = M,
=M —1].

Suppose now that all matrix elements Ly ¢ have been computed in the lower-right
corner A, (1 <m < M):

Lm,mfl
Lm+1,m—1 Lm—i—],m

Lym— Lym --- Ly m—1

The elements of L involved in statement (i) (for given m) and in statement (ii) for
£ =m — 1 are all in A,,; thus, as part of our inductive hypothesis we may suppose
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that the elements of A, are such that (i) holds for the given m, and (ii) holds with
£ =m —1and all m < k < M. We have shown that we can achieve this for A ;.

The inductive step is to construct from A,, (2 < m < M) elements L ;,—> for
m — 1 < k < M and hence complete the array A,,_; in such a way that (i) holds for
m — 1 replacing m, that (ii) holds for £ = m — 2, and that all elements are positive.
Now, (5.14) reveals the demand of item (i) as

M
Lin—1m—2 = Z Un—t1,0Lem—1 + Am—1,

{=m

which we can achieve since the elements of L on the right-hand side are all in A,,,
and since A,,—1 > Owe get L,,_1 ,—2 > 0.
The £ = m — 2 case of (ii) demands that for m < k < M we have

k—m+1

Lima= Y Lmttrm2tr=Lmima+-+ Lk
r=>0

which involves only elements of A,, in addition to L,,—1 ,—2, which we have already
defined, and positivity of all the Ly ,,—> follows by hypothesis. This gives us the
construction of A,,_1 and establishes the inductive step.

This algorithm can be continued down to A1. But then the lower triangular matrix L
is totally determined. The diagonal and upper triangular elements of L do not influence
the construction, and may be set to zero. O

Corollary 1 Let the matrix U and the vector A be as in Lemma 7. Let L be the set of
lower triangular matrices L satisfying

() Lmnm—1 > (UL + A form = 1,..., M;
(i) Lie =020 Losritorr = Logro + -+ Lig1 for0 < £ <k < M,

. . M1y .
viewed as subset of the positive cone V) = (0,00) 2 . Then, L is a non-empty, open

subset of V.

5.3 Supermartingale Conditions and Recurrence
We use the notation

o = minwg; o = maxay; o, = minf{ox A (1/xx)} and
- keS keS * keS{ (/x))

of = max {oe A (1/ 300} -

We start with the case maxycs xror < 1. We will obtain a local supermartingale
by choosing the A, carefully. Lemma 6, which shows how the stationary probabilities
Wk enter, is crucial; a similar idea was used for random walks on strips in Section 3.1
of [10]. Next is our key local supermartingale result in this case.
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Proposition 1 Suppose that (AO) and (A1) hold, and that maxes yror < 1.

() If Y jes Mk cot(xxmwak) < O, then there exist v € (0,a), Ax > 0(k € S), e >0,
and xo € Ry such that for all x > xg and alli € S,

va(x, i) = ]Ex,i [fU(leél) - fv(XOaSO)] =< _535”_“7

(1) If Y ges i cot(xkmag) > 0, then there exist v € (—1,0), Ax > 0 (k € S),
e > 0, and xo € Ry such that for all x > xg and all i € S,

Dfy(x,i) = Ex i [fo(X1, &) — fu(Xo, &0)] < —ex"77,

Proof Write ay = mcot(xxmwax), k € S. First, we prove part (i). By hypothesis,
Zkes urar = —6& for some § > 0. Set by = —a; — 6§ for all k € S, so that
Y kes Mibk = 0. Lemma 6 shows that for these by, we can find a collection of
6r € (0, 00) so that

> . )0 — 6 +a;i = =5, foralli € S; (5.15)
JjeS

fix these 6 for the rest of the proof. We then choose A = (Ar; k € S) of the form
Ak = A (v) =1+ 6y, forsome v € (0, 1 A @).

Smcel2 ‘1" > Oforalla > Oandall v € (0, ), Lemma 5 shows that Df,, (x, i) will
be negatlve for all i and all x sufficiently large provided that we can find v such that
URL 4 R (a;, v) < 0 forall i. By (5.12), writing § = (6; k € S),

ik} + R (o, )_@—1+vai+o(v)
M A
_ 1+ v(PO);
T 140
v ((P8); —6;)
T 1406
=v((PO); —0;) +va; +o(v)

= —v§ +o(v),

— 14 va; +o(v)

+ va; + o(v)

by (5.15). Therefore, by Lemma 5, we can always find sufficiently small v > 0 and a
vector A = A(v) with strictly positive elements for which Df, (x,i) < —ex"~% for
some ¢ > 0, all 7, and all x sufficiently large. Maximizing over i gives part (i).

The argument for part (ii) is similar. Suppose v € (—1, 0). Thistime, ) . s Mkag =
6 for some § > 0, and we set by = —ax + 8, so that Zkes urby = 0 once more.
Lemma 6 now shows that we can find 6 so that
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> . )0 —6i +a; =5, forall ieS. (5.16)
jeS
With this choice of 6k, we again set Ay = 1 + 6;v; note we may assume Ay > O for
all £ for v sufficiently small.
Again, Df, (x, i) will be non-positive for all i and all x sufficiently large provided

that we can find A and v such that % + R"(a;, v) < O forall i. Following a similar
argument to before, we obtain with (5.16) that

(PL); b
— + R’(aj,v) = v ((PO); — 6;) +va; + o(v) = vd + o(v).

Thus, we can find for v < 0 close enough to 0 a vector A = A(v) with strictly positive
elements for which Df, (x, i) < —exV~% for all i and all x sufficiently large. O

Now we examine the case max;cs Xk > 1.

Proposition 2 Suppose that (AQ) and (A1) hold, and maxycs xxax > 1. Then, there
existv € (0,a,), Ay >0(k €38), e >0, and xg € Rysuch that foralli € S,

Dfy(x.i) = Ev; [fo(X1. &) — fo(Xo, &0)] < —ex""%", forall x >xo. (5.17)
Before starting the proof of this proposition, we introduce the following notation. For
k € S, denote by a;y = m cot(rwr xxax) and define the vector a = (ay; k € S). For

ieSand A C S, write P(i, A) = ZjeA p(i, j).Define So ={i € S : yja; > 1}
and recursively, for m > 1,

Sp = {i e S\UIY St P(i, Sp1) > o} .

Denote by M := max{m > 0 : S,, # @}. Since P is irreducible, the collection
(Su;m =0,..., M) is a partition of S.

Proof of Proposition 2 1t suffices to find xg € R4, & > 0, v € (0, o), and an open,
non-empty subset G of the positive cone C := (0, 00)!S! such that

G C Njes{r € C: Df,(x, i) satisfies condition (5.17)}.

Now, for i € Sy, inequality (5.17) is satisfied thanks to (5.4), (5.5), and Lemmas 3
and 4 for every choice of A (with positive components) and v € (0, «). Hence, the
previous condition reduces to the requirement

G C Nies\s, (A € C: Df,(x, i) satisfies condition (5.17)}. (5.18)
The rest of the proof is devoted into establishing this fact.

@ Springer



J Theor Probab (2018) 31:1819-1859 1841

Suppose that i € S, withm = 1,..., M. Then, x;o; < 1 by construction, and
Lemma 5 shows that condition (5.17) will be satisfied if the system of inequalities

(PA); b .
A R v) <0 i=1.... M (5.19)
i

has non-trivial solutions A for sufficiently small v. Thanks to Lemma 5, we have
Rb(oci, v) = —1 4+ va; 4+ o(v). We will obtain (5.17) if, for v sufficiently small,

i (P);
R=R(P.v.a):= ) {xec:Tl <1—vaj,i eSm} 0. (5.20)
m=1 i

We seek a solution A € R (for sufficiently small v), under the Ansatz that the A; are

constant on every Sy, i.e. the vector A has the form A with A j= 2O for all j € Sy
Suppose that i € S,,. Then, p(i, j) = 0 for j € Sp with £ < m — 1, so that

A A M M
(PR oy N O
T = E P(LJ)T = E P(LSZ)W = E P(l,SZ)W~ (5.21)
! jesS ! =0 t=m—1

We introduce the auxiliary matrix p = (o,¢; k, £ € {0, ..., M}) defined by px ¢ :=
)L(k)/)\(z). By construction, px x = 1 and px ¢ = 1/p¢ x. Let

1 1 1 ® ©
Lig = —logpre=——logpes = — (1og)\ —log A ) . (5.22)
v v v

It suffices to determine the upper triangular part of p, or, equivalently, the lower
triangular array (L ¢; 0 < € < k < M). We do so recursively, starting with L pr—1.
In the case i € Sy, the condition in (5.20) reads, by (5.21),

1— P(,Sy) —va; P(i, SK,,) a;
PM—1,M < - = - -V
P(i, Sm-1) P(i,Sm-1)  P@,Su-1)
ai
—V——".
P, Sp-1)
On introducing the constant Ay = max;cs,, P(ﬁm’ it is enough to choose

pm—1.m < 1—vApy = exp(—vApy)+o(v). Inother words, with pg = exp(—vLg.¢),
we see that the choice Ly y—1 > Ay satisfies the condition in (5.20) fori € Sy .

Suppose now that we have determined the condition in (5.20) for i € Uf}”: St
Then, for i € S,,_; the condition amounts, via (5.21), to

M
Pm—1m P, Spo1) < 1—=vai = P, Sn) = Y pem PG, Se).

=m+1
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Using the fact that for £ < m we have p; ,, = exp(—vL,, ¢) and for £ > m we have
pe.m = exp(vLg ), the above expression becomes, up to o(v) terms

! L P (i’ (UﬁmSZ)L) % PG, S)) a;
—Vvlpm-1 < - —v o ~Lim—Vv5—o——
PGS Vo PGS PG S
M .
P(i,Sy) a;
=1-v — Ly —V——.
(:mZH PG Su-1) " PG Sen)

Introducing the upper triangular matrix U = (U, ;0 < m < n < M) defined by
Un,n = max;es,, l,i.(ls’—‘z”_)l) for m > 1, and the vector A,, = max;cgs,, m

m =1, ..., M, the condition in (5.20) is satisfied if we solve the recursion

for

Luym—1>UL)wm+ An, for m=M,M—1,...,1,

with initial condition Ly py—1 > Ay and condition Ly, > Ofor0 <m < £ < M.
Additionally, we have from (5.22) that

Lie=Lgk—1+Li—1k—2+ -+ Ley1e, 0<l <k <M.

Hence, by Corollary 1, there exist non-trivial solutions for the lower triangular matrix
L within an algorithmically determined region L. The positivity of the lower triangular
part of L implies that the components of A are ordered: A < A+D for0 < m <
M — 1. Given L, the ratios of the A®) are determined, and by construction, the A E
are positive. O

We are almost ready to complete the proof of Theorem 1, excluding part (b)(iii);
first, we need one more technical result concerning non-confinement.

Lemma 8 Suppose that (AO) and (A1) hold. Then, lim sup,,_, . X, = o0, a.s.
Proof We claim that for each x € R, there exists ¢, > 0 such that

P[Xns1 — Xn = 1] (X0, &) = (v,i)] = &, forall y € [0,x]and alli € S.
(5.23)

Indeed, given (x,i) € Ry x S, we may choose j € S so that p(i, j) > 0 and we
may choose zg > x sufficiently large so that, for some ¢ > 0, v;(z) > ez~ 1% for all
z > zo. Then if y € [0, x],
* 1
]P[Xn+1 Z y + 1 | (Xnyén) = (y, l)] 2 P(l’ J) SZ_ _aidz = gx,i > 07
2z0+1

which gives (5.23). The local escape property (5.23) implies the lim sup result by a
standard argument: see, e.g. [16, Proposition 3.3.4]. O
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Proof of Theorem 1 We are not yet ready to prove part (b)(iii): we defer that part of
the proof until Sect. 7.

The other parts of the theorem follow from the supermartingale estimates in this sec-
tion together with the technical results from the Appendix. Indeed, under the conditions
of part (a) or (b)(i) of the theorem, we have from Propositions 2 or 1(i), respectively,
that for suitable v > 0 and Ag,

E [fv(Xn—Ha &n) — fo(Xu, &n) | Xa, Sn] <0, on{X, > xo}.

Thus, we may apply Lemma 16, which together with Lemma 8 shows that
liminf, .~ X,, < xq, a.s. Thus, there exists an interval I < [0, xo + 1] such that
(Xu, ) € I x {i} i.0., where i is some fixed element of S. Let 7y := 0 and for
k € Ndefine iz = min{n > 17— + 1 : (Xp,,n,) € I x {i}}. Giveni € S, we
may choose j, k € S such that p(i, j) > &; and p(j, k) > &; for some §; > 0; let
y = a; Vo . Then, we may choose 6, € (0, 1) and zg € Rysuchthatv;(z) > Sz~
and v;(z) > 82z~ 17 for all z > z¢. Then, for any ¢ € (0, 1),

P[Xpq2 <ée| Xg]=P[Xqi2 <& Xgq1 €20+ 120+ 2], 01 = Jj | Xq]
> §283e(z0+3) "V (xo + 20 +3) 7,
uniformly in k. Thus, Lévy’s extension of the Borel-Cantelli lemma shows X, < ¢
infinitely often. Thus, since ¢ € (0, 1) was arbitrary, lim inf,,_, o X, = 0, a.s.

On the other hand, under the conditions of part (b)(ii) of the theorem, we have from
Proposition 1(ii) that for suitable v < 0 and A,

E[foXnt1, &) — fu(Xn &) | Xn 0] <0, on {X, > x},

for any x; sufficiently large. Thus, we may apply Lemma 17, which shows that for
any ¢ > 0 there exists x € (x1, oo0) for which, for alln > 0,

Plinf Xz xi [ F]z1-e on (X, = x).
m>n
Set oy = min{n > 0 : X,, > x}. Then, on {0, < o0},

P[ inf X, >x ‘J—'UX] >1—¢ as.

m=>oy

But on {0y < oo} N {inf,;>5, X, > x1}, we have liminf,;, . o0 X, > x1, SO

IP’[lim inf X,, > xl] >E [IP[ inf X, >x ‘ fox]l{ax < oo}:|

m— 00 m

> (1 —-ePloy <oo]=(1—e),

by Lemma 8. Since ¢ > 0 was arbitrary, we get lim inf,,,_. oo X, > X1, a.s., and since
x1 was arbitrary we get lim,, - X,;, = 00, a.s. O
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6 Existence or Non-existence of Moments
6.1 Technical Tools

The following result is a straightforward reformulation of Theorem 1 of [2].

Lemma 9 Let Y, be an integrable F,-adapted stochastic process, taking values in an
unbounded subset of R4, with Yo = x fixed. Forx > 0, leto, ;= inf{n > 0:Y, < x}.
Suppose that there exist 5 > 0, x > 0, and y < 1 such that for any n > 0,

E[Yn—H Y, | -7:}1] = _(SYnyv on{n < oy}. (6.1)

Then, for any p € [0,1/(1 — y)), E[6)] < oc.

The following companion result on non-existence of moments is a reformulation
of Corollary 1 of [2].

Lemma 10 Let Y, be anintegrable F,-adapted stochastic process, taking values in an
unbounded subset of R4, with Yy = x fixed. Forx > 0, leto, :=inf{n > 0:Y, < x}.
Suppose that there exist C1, Cy > 0,x > 0, p > 0, andr > 1 such that for any n > 0,
on {n < oy} the following hold:

E [Yn—H Y, | fn] > —Cy; (6.2)
E[Yl,, — Y | Fu] < Gyl 7Y (6.3)
E[y!., Y/ | F] =0. (6.4)

Then, for any ¢ > p, E[o{] = oo for xo > x.

6.2 Proof of Theorem 2

Proof of Theorem 2 Under conditions (a) or (b)(i) of Theorem 1, we have from Propo-
sitions 2 or 1, respectively, that there exist positive A and constants ¢ > 0, 8 > 0 and
v € (0, B) such that,

Dfy(x,i) < —ex""P, forall x>xo andall i.

LetY, = f,(X,, &). Then, Y,, is bounded above and below by positive constants times
(1 + X,)", so we have that (6.1) holds for x sufficiently large with y = 1 — (8/v).
It follows from Lemma 9 that E[o¥'] < oo for p € (0, v/B), which gives the claimed
existence of moments result.

It is not hard to see that some moments of the return time fail to exist, due to the
heavy-tailed nature of the model, and an argument is easily constructed using the ‘one
big jump’ idea: a similar idea is used in [14]. We sketch the argument. For any x, i,
for all y sufficiently large we have P, ;[X| > y — x] > £y~%. Given such a first
jump, with uniformly positive probability the process takes time at least of order y#
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to return to a neighbourhood of zero (where 8 can be bounded in terms of ¢); this can
be proved using a suitable maximal inequality as in the proof of Theorem 2.10 of [14].
Combining these two facts shows that with probability of order y~¢ the return time
to a neighbourhood of the origin exceeds order y#. This polynomial tail bound yields
non-existence of sufficiently high moments. O

6.3 Explicit Cases: Theorems 4 and 6

We now restrict attention to the case S = {1, 2} witha; = ar = @ and x| = x2 = x,
so both half-lines are of the same type. Take A = Ay = 1 and v € (0, @), so that
fu(x,i) = (1 +x)". Then, Lemma 5 shows that, for i € SP,be {sym, one},

Dfy(x,i) = xcix""*C°(v, &) + o(x"™%), (6.5)
where

sym R A . S . A
cs (v,) =iy | +ig" +ip" —i5 s

one -V,0 Tv,a o
C™" W, a) = iy +i7" —ijp-

The two cases we are interested in are the recurrent two-sided symmetric case,

where x = % (i.e. § = &™) with ¢ > 1, and the recurrent one-sided antisymmetric
1

case, where x =1 (i.e. § = ) withar > 5.
Lemma 11 Let b € {sym,one} and yo € (%, 1). The function v — C°(v, @) is
continuous for v € [0, a) with C(0, @) = 0 and lim, 4 C°(v, @) = oo. There exists
vy = vg@) € (0, @) such that C*(v,@) < 0 for a € (0,vy), C*(vg, @) = 0, and
C’(v,a) > 0fora e (vg,a)

Proof We give the proof only in the case b = sym; the other case is very similar. Thus,
X = %, and for ease of notation, we write just C instead of C’.

Clearly C(0, @) = 0. For v > 1, convexity of the function z — z" on R shows
that (1 +u)” + (1 —u)” —2 > O forall u € [0, 1], so that i{"* > 0; clearly, z;f‘ and
iy’ are also non-negative. Hence, by the expression for i,'} in Lemma 1,

rv+DHI'(a—v)
r'l+a)

’

1
liminf C(v, @) > —— + liminf
Vi o via
which is +00. Moreover, by Lemma 2 and the subsequent remark,

0 1
—C,a) = -
v = O

(W (1=%) =¥ (%) = = cot ().

which is negative for o € (1, 2). Hence, C (v, @) < 0 for v > 0 small enough.
Since v — C(v, @) is a non-constant analytic function on [0, &), its zeros can
accumulate only at «, but this is ruled out by the fact that C(v,®) - coas v — «.
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Hence, C( -, @) has only finitely many zeros in [0, «); one is at 0, and there must be
at least one zero in (0, ), by Rolle’s theorem. Define v_ := v_(«) and vy = vy (@)
to be the smallest and largest such zeros, respectively.

Suppose 0 < v; < vy < «a. By Jensen’s inequality, E, ;[(1 + X)*2] >
(Exi[(1 4 X1)"1)""". Hence

(142" 4 Dfo, (x, i) = ((1+2)" + Dfy, (x, )"
= (1+0)"2 (1+ 1+ )7 Dfy, (x, 1)
=(14x)"2+ ?x”z‘”‘ Dfy, (x, i) +o(x"7%),
1

using Taylor’s theorem and the fact that Df,, (x, i) = O (x"'~%), by (6.5). By another
application of (6.5), it follows that

%
Xeix T C (@) + 0(x2 ) = x4 C(r, @) + 0(x'2 ).
g1

Multiplying by x*~"2 and taking x — 0o, we obtain
V2
C(vy,a) > =C(vi,@), for O0<vi < <a.
Vi

In particular, (i) if C(vi, ) > 0 then C(v,) > O for all v > v; > 0; and (ii) if
C(vi,a) > 0and vy > v, we have C(vp, o) > C(vy, «). It follows from these two
observations that C (v, &) = O for v € [v_, v; ], which is not possible unless v— = v.
Hence, there is exactly one zero of C(-, «) in (0, ); call it v (). O

Lemma 12 The positive zero of C° (-, ) described in Lemma 11 is given by vy () =

20 — 1 or v(s)ym(a) =a— 1.
Proof First suppose b = one. Then, from Lemma 1 we verify that for o € (%, 1),

CM (2 — 1. ) = rQoprd—o reolrd-o _o
Ge—bo =" e o 0

since el (o) = I'(1 + ).

Now, suppose thatb = sym and « € (1, 2). To verify CY™(a — 1, &) = 0, it is sim-
pler to work with the integral representations directly, rather than the hypergeometric
functions. After the substitution z = 1/u, we have

! 20 -2
igil’“ = f ((1 4+ = z“_1> dz = .
0 o

Similarly, after the same substitution,
1 [o/e]
it = f (C+ D+ @ =Dt =22z,
1
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which we may evaluate as

y

i = lim [T (@ D - ) =2 ) de

2 2% 1 . _ _
= +—11my°‘<(1+y1)“+(l—y1)“—2)
o o y—oo

_ 2 —2%

=—
Finally, we have that i¢7"% — j¢ = L@ __ L _ ( g4 altogether we verify that

y 2,1 2,0 = T(+a)  « g y

CY"a—1,a) =0. O

We can now complete the proofs of Theorems 4 and 6.

Proof of Theorem 4 Let Y, = f,(Xy, &,). First suppose that « € (1,2). Then, we
have from (6.5) together with Lemmas 11 and 12 that, for any v € (0, o« — 1),

ElYui1 — Yy | Fal < —e¥, @ on (¥, = yo).

for some ¢ > 0 and yp € R. It follows from Lemma 9 that E[o”] < oo for p < v/«
and since v < o — 1 was arbitrary we get E[c”] < cofor p < 1 — (1/«).

For the non-existence of moments when « € (1, 2), we will apply Lemma 10 with
Y, = fi(Xn, &) = (1 + X,)Y for some v € (0, @). Then, condition (6.2) follows
from (6.5), which also shows that for r € (1, «/v),

E[Y], =Y | (Xn. &) = (x,D)] = %x’“*“csym(rv, @) + o(x™%),

so that E[Y; | — Yy | Ful < ¢;C¥™(rv, a)an_(a/V), for all Y, sufficiently large.
Since «/v > 1 condition (6.3) follows. Finally, we may choose v < « close enough
to « and then take y € (o — 1,v) so that from (6.5), with Lemmas 11 and 12,
E[Y) +/‘1’ —Y) | F41 = 0, forall Y, sufficiently large. Thus, we may apply Lemma 10
to obtain E[o”] = oo for p > y /v, and taking y close to @ — 1 and v close to o we
can achieve any p > 1 — (1/«a), as claimed.

Next, suppose thatoe > 2. A similar argument to before but this time using Lemmas 3
and 4 shows that for any v € (0, 1),

1—-(2
B[V — Y, | Fl < —e¥, % on (¥, = yol.

for some ¢ > 0 and yp € R;. Lemma 9 then shows that E[o”] < oo for p < v/2 and
since v € (0, 1) was arbitrary we get E[oc”] < oo for p < 1/2.

We sketch the argument for E[c”] = oo when p > 1/2. For v € (1, @), it is not
hard to show that Df, (x,i) > O for all x sufficiently large, and we may verify the
other conditions of Lemma 10 to show that E[c”] = oo for p > 1/2. O
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Proof of Theorem 6 Most of the proof is similar to that of Theorem 4, so we omit the
details. The case where a different argument is required is the non-existence part of
the case @ > 1. We have that for some ¢ > 0 and all y sufficiently large, P, ;[ X >
y] > e(x + y)~%. A similar argument to Lemma 4 shows that for any v € (0, 1), for
some C € R, E[X) | — X, | X, = x] > —C. Then, a suitable maximal inequality
implies that with probability at least 1/2 started from X; > y it takes at least cy”
steps for X, to return to a neighbourhood of 0, for some ¢ > 0. Combining the two
estimates gives

1
Prifo =cy'] = SN

which implies E[c”] = oo for p > «/v, and since v € (0, 1) was arbitrary, we can
achieve any p > «. O

7 Recurrence Classification in the Critical Cases

7.1 Logarithmic Lyapunov Functions

In this section, we prove Theorem 1(b)(iii). Throughout this section, we write a; :=

cot(yrmoay) and suppose that maxics xkor < 1, that Zke urar = 0, and that

v € QOJZ-,C[ foralli € S, thatis, for y > 0, v;(y) = ¢;(y)y~ " %, with ; € (0, 00)

and ¢; (y) = ¢; + O(y~?), where § > 0 may be chosen so as not to depend upon i.
To prove recurrence in the critical cases, we need a function that grows more slowly

than any power; now, the weights Aj are additive rather than multiplicative. For x € R,
write g(x) :=log(1 + |x]|). Then, for x € Ryand k € S, define

g(x, k) := g(x) + A =log (1 + [x]) + A, (7.1)
where A, > 0 for all k € S. Also write
hx, k) = (g(x, k)'/* = (log(1 + |x[) + 1) /2.

Lemma 6 shows that there exist Ay > 0 (k € S) such that

a+ Y pli, HOj —xi) =0; (72)
jesS

we fix such a choice of the A, from now on.
We prove recurrence by establishing the following result.

Lemma 13 Suppose that the conditions of Theorem 1(b)(iii) hold, and that (Ay; k €
S) are such that (7.2) holds. Then, there exists xo € Ry such that

E[h (Xpt1,6n41) —h (Xn, £) | Xy =x, 8 =i] <0, forx > xo andall i€S.
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It is not easy to perform the integrals required to estimate Dh(x,i) (and hence
establish Lemma 13) directly. However, the integrals for Dg(x, i) are computable
(they appear in Lemma 2), and we can use some analysis to relate Dh(x, i) to Dg(x, i).
Thus, the first step in our proof of Lemma 13 is to estimate Dg(x, i).

For the Lyapunov function g, (5.1) gives forx € Ryandi € S,

Dg(x,i) = E[g(Xn+laEn+l) —8(Xn, 6n) | (X, &n) = (x, l)]

= Yop iy = a0 [ wody+

(g(x +y) — g(x)) wi(y)dy
jeS -

=xi Y pli. NG = )Ti(x) + G (x), (7.3)
jeS

where we have used the fact that g(x) is defined for all x € R and symmetric about 0,
and we have introduced the notation

1

. * Ci —a;—6
Ti(x) == vi(y)dy = Xt O,
X

and

Gt.’(x) = {%ffooo (g(x+y) —gx)vi(lyDdy ifb =sym (7.4)

’ Jo7 (8(x = ) — g(x)) v (y)dy if b = one.
The next lemma, proved in the next subsection, estimates the integrals in (7.4).

Lemma 14 Suppose that v; € ’Dj{,’q. Then, for b € {one, sym}, for @ € (0, 1/x;),
for some n > 0, as x — 00,

g
G (x) = yicix ™ - cot(imay) + O 7).
a;
Note that Lemma 14 together with (7.3) shows that

Dg(x,i) = % a + Zp(i, DOG=2) | x4 + 0% = 04,

! jeS
(7.5)

by (7.2). This is not enough by itself to establish recurrence, since the sign of the
O (x~%~") term is unknown. This is why we need the function A (x, 7).
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7.2 Proof of Recurrence in the Critical Case

Proof of Lemma 14 To ease notation, we drop the subscripts i everywhere for the
duration of this proof. From (7.4) we obtain, for x > 0,

1 [ I1+y—x
GY™(x) =— log | ——— d
(x) 2/x 0g< T )v(y)y

1 [ I+x+y

— | log( ——2 d
A Cee I

1 [ I1+x+y l+x—y

= 1 _ 1 _ dy. 7.6
+2/0 |:0g< I+ x )+og< I+x >i|v(y)y (7.6)

Let o € (0, 2). The claim in the lemma for b = sym will follow from the estimates

o0 1
f log <ﬂ> p()dy = cx ¢ + 0™,
X

14+x

o l+y—x _ e

log [ ———— dy = ex ™8 + O(x ™ 7);

[ 8“2 iy exni + o0

* Il+x+y l+x—y _ Cwe

I _— 1 _— dy = i1 0 =y,

/0[0g< T+ >+ Og( T x v(y)dy =cx " ji + O )
(1.7)

since then we obtain from (7.6) with (7.7) and Lemma 2 that

G (x) = %x‘“

W(1=35)-v(E)+oa",

Q| =

which yields the stated result via the digamma reflection formula (equation 6.3.7 from
[1, p. 259]). We present here in detail the proof of only the final estimate in (7.7); the
others are similar. Some algebra followed by the substitution u = y/(1 + x) shows
that the third integral in (7.7) is

X y2 o
/0 log <1 - (14-—)6)2) c(y)y dy

X

=1+x)" /m log(1 — u®)e(u(l + x)u~'"%du.
0

There is a constant C € R such that for all x sufficiently large,

Jx

du < C/m W%y = 0 (x(“/z)_l) ,
0

e
/ ‘ ‘log(l — el +x)u~'"¢
0
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using Taylor’s theorem for log and the fact that c(y) is uniformly bounded. On the

other hand, for u > % we have c(u(1 4 x)) = ¢ + O(x~%/?), so that

I+x I+x

T T
/; log(1 — u?)e(u(l —l—)c))u_l_"‘du:c/[+ log(1 — u®)u™'""*du+0 (x_s/z).
Here we have that
T
/ﬁ* log(1 — u?)yu~'~du = i+ o <x("‘/2)_1> +0 (x—l logx) '
e

Combining these estimates and using the fact that @ € (0, 2), we obtain the final
estimate in (7.7). The claim in the lemma for b = one follows after some analogous
computations, which we omit. O

Now, we relate Dh(x, i) to Dg(x, i), by comparing the individual integral terms.

Lemma 15 Suppose that v; € Qot-, ¢;- Then, for all x and all i,

1

2h(x, i)
1

2h(x, i)

/(h(x+y,i)—h(x,i))vi(y)dy5 / (glx +y) — g(x)) vi(y)dy;

fo (h(x —y, i) = h(x,D))v;i(y)dy < fo (g(x — y) — g(x)) vi (y)dy;

and / (h(x 4+ y,i) +h(x — y, i) = 2h(x,i))vi (y)dy
0

l X
= 2h(x D) /0 (8(x +y) + g(x = y) = 2g(x))vi (y)dy.

Finally, there exists ¢ > 0 such that, for all i, j € S and all x sufficiently large,

/ (h(y —x, ) — h(x, D) vi(y)dy

1
2h(x,1)

—q;

00 . . X
[ o= = s woy e

=<

Proof The proof is based on the observation that, since (h(x, i )2 = g(x,1i),

g(z, j)—gx,i)

h(z, j) —h(x,i) = —h(z, PEYITNR

Thus, for y > 0,

: L 84y —gl) gx+y) —gx)
ha oy D) = b D = T he ) = e Y
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since g(x +y) — g(x) > 0and h(x + y,i) > h(x,i). This gives the first inequality
in the lemma. Similarly, for y € [0, x],

g =y —gv) _glx—y) —g)

hx =y, i) —h(x,i) = hx — vy, i)+ h(x,i) —  2h(x,i)

since g(x —y) —g(x) <0and h(x —y, i) < h(x,i). This gives the second inequality
and also yields the third inequality once combined with the y € [0, x] case of (7.8).
Finally, for y > x note that

gy —x,j)—gx,i)
h(y —x, j) +h(x,i)

h(y —x,j) —h(x,i) = (7.9)

Also note that, fory > x > 0, g(x,i) = g(x) +A;and g(y — x, j) = g(y —x) +4;,
SO

Ail—i—y—x)

—x, ) — =1 Aj
gy —x,j)—gx,i) 0g<e T x

So the sign of the expression in (7.9) is non-positive for y < ¥ (x) :=x — 1 4+ (1 +
x)e* i and non-negative for y > 1 (x), and

gWr(x) —x,j)—gx,i) =0. (7.10)
By the monotonicity in y of the denominator, the expression in (7.9) satisfies

gy —x,j)—gx,i) - gy —x,j)—gx,i)
h(y —x, j) +h(x,i) = h(¥(x) —x, j) +h(x, Q)

both for y € [0, ¥ (x)] and for y € [¢¥(x), 00). Here h(y (x) — x, j) = h(x,i), by
(7.10). Hence, we obtain the bound

/ (h(y—x,j)—h(x,i))v,-(y)dy5/ (g(y_;l’)_.g(x”))w(y)dy.
X X (-x’l)

To improve on this estimate, suppose that y > Kx where K € N is such that Kx >
Y (x). Then, using the fact that the numerator in (7.9) is positive, we may choose
K € Nsuch that forall j andall y > Kx,

gy —x. j) —g(x.i)
h((K = 1)x, j) + h(x, i)
gy —x,j) —gx,i)
= (og(1+ [x]) 4+ A; + D2+ h(x, i)’

h(y = x, j) = h(x,i) =
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for K sufficiently large (depending on max; A ;) and and all x sufficiently large. Here

1\ 14001
(log(1 + Ix]) + 2 + )2 = h(x.i) <1+—.) =iy + XD
g(x, 1) 2log'/? x

It follows that, for some ¢ > 0, for all x sufficiently large, for y > Kx,

h(y —x, ) —h(x,i) <

gy —x,j) —gx,i) (g(y—x,j)—g(x,i)>
— & .
2h(x, i) log®/? x

The final inequality in the lemma now follows since, for all x sufficiently large,

/K (g(y —x,j) —glx, i) vi(y)dy

> S T hog (ehi (2 ) )y ey
2 Kx l+x

. 00
> C—’x—“i/ log (%™ (u — 1)) u™" " du,

K/2
where we used the substitution u = % For K sufficiently large, the term inside the
logarithm is uniformly positive, and the claimed bound follows. O

Now, we may complete the proofs of Lemma 13 and then Theorem 1(b)(iii).

Proof of Lemma 13 Lemma 15 together with (7.5) shows that,

. _ Dg(x,i) X% x~% o
Dh(x,i) < — <—e——+0x4T <0,
.0 = 2h(x, i) 810g3/2x - 810g3/2x x ) =

for all x sufficiently large. O

Proof of Theorem 1(b)(iii) Lemma 13 with Lemma 16 shows that lim inf,,_, o X,, <
X0, a.s., and then, a similar argument to that in the proof of parts (a) and (b)(i) of
Theorem 1 shows that lim inf,,_, o X,, = 0, a.s. O
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Appendix: Technical Results
Semimartingale Results
Lemma 16 Let (X, &,) be an F,-adapted process taking values in Ry x S. Let f :

RixS — Rybesuchthatlim,_,  f(x,i) = ocoforalli € S, andE f(Xy, &) < oo.
Suppose that there exist xo € Ryand C < oo for which, for alln > 0,
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E[f Xnt1:Ens1) — f X &) | Fa] 0. on {X, > xo}, a.s.;
E[f (Xnt1,6n41) — f (Xn, &) | Fn] =C, on {X, <xo}, as.

Then,

P {1im sup X, < oo} U {liminf X, < xo}] =1.

n—00 n—00

Proof First note that, by hypothesis, E (X1, &) < E f(Xo,&) + C < oo, and
iterating this argument, it follows that E f(X,,, &,) < oo for all n > 0.

Fix n € Z4. For xo € R4 in the hypothesis of the lemma, write A = min{m > n :
Xm < xo}.Let Y, = f(Xmanr, Eman)- Then, (Y,,, m > n)isan (F,,, m > n)-adapted
non-negative supermartingale. Hence, by the supermartingale convergence theorem,
there exists Yo, € Ry such that lim,,_, » ¥;, = Yo, a.s. In particular,

limsup f(Xm,&n) < Yoo, on {A = o00}.

m—00

Set ¢&; = supfx > 0 : f(x,i) < 1 4 Y}, which has {; < o0 a.s. since
limy 0 f(x, i) = oco. Then, limsup,,_, .. X;» < max; {; < oo on {A = oo}. Hence

P[{limsup X, < oo} U {inf X, <xo}] = 1.

n— o0

Since n € Z. was arbitrary, the result follows:

P[{lim sup X, < oo} U ["|{inf X,, = xo}] — 1.

n— oo
n>0

This completes the proof. O

Lemma 17 Let (X, &,) be an F,-adapted process taking values in Ry x S. Let
f iRy x 8§ — Ry be such that sup,. ; f(x,i) < 0o andlimy_,  f(x,i) = 0 for all
i € S. Suppose that there exists x1 € Ry for whichinf <y, f(y,i) > 0 for all i and

E[f (Xnt1,6nt+1) — f(Xn, &n) | Ful <0, on {X, > x1}, forall n>0.
Then, for any ¢ > 0 there exists x € (x1, 00) for which, for alln > 0,

]P’[inf X, > x| ‘]-‘] >1—¢ on {X,>x)
m>n

Proof Fix n € Z. For x; € R4 in the hypothesis of the lemma, write A = min{m >
n: X, <xi}andset Y, = f(Xmar, Emar). Then, (Y, m > n) is an (Fy,, m > n)-
adapted non-negative supermartingale, and so converges a.s. as m — 00 to some
Yoo € R4 Moreover, by the optional stopping theorem for supermartingales,

Yy 2 E[Yoo | Fnl = E[Yool{A < 00} | Fiul, as.
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Here, we have that, a.s.,

Yool{t < 00} = lim ¥, 1{A < 00} = f (X3, &) 1{% < o0}

> min inf f(y,i)1{}X < oo}.
i ys<xi

Combining these inequalities we obtain

min inf f(y, H)P[A < oo | Fp] <Yy, as.
i y=x]

In particular, on {X,, > x > x1}, we have ¥;, = f(X,,, &) and so

min inf f(MP[A < oo | Fy] < f(Xn, ) < maxsup f(y, ).
i Y=Xxi i

y=x

Since limy o0 f(y,i) = 0 and infy<,, f(y,i) > O, given ¢ > 0 we can choose
x > x large enough so that

max; sup,~, f(y,i)

min; infy<y, f(y,17)

the choice of x depends only on f, x1, and ¢, and, in particular, does not depend on
n. Then, on {X,, > x}, P[A < oo | F,,] < &, as claimed.

Proofs of Integral Computations

Proof of Lemma 1 Consider i;’®. With the change of variable v = 1/u, we get

1
/ v+ )V do
0

_ T'(@—v)r)
T Ta—v+1)

1
/ w71+ u)Vdu
0

2Fi(—v,a—via—v+1;-1),

by the integral representation for the Gauss hypergeometric function (see equation
15.3.1 of [1, p. 558]). The given expression for i;"* follows.
The integral i3 is trivial. Consider z;‘f The substitution v = 1/u gives

r'ad+v)yl(a«—v
r'l+a)

’

o0 1
/ u T = 1)Vdu = / (1 —v)"v* " dy =
1 0

by the integral formula for the Beta function (see equation 6.2.1 of [1, p. 258]), provided
v > —1and @ — v > 0. Hence, we obtain the given expression for i}’

Next, consider ii) "“. By considering separately the asymptotics of the integrand as
u | Oand u 1 1, we see that i;"® is finite provided & € (0,2) and v > —1. For
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u € [—1, 1], we have the Taylor series expansion (1 + u)" = ano ’;—7%
Hence,

M2n—1—oz Tv+1)

v Y —l—a _
(A+w’+ 1 -w’ =2)u =2 @n)! T'(wv+1-2n)

n>1

Here, the power series for n > 2 converges normally (hence uniformly) over |u| <
1. This remark allows interchanging summation and integration to obtain i}"* =
WY-*(1), where for |z| < 1 we define

v 1 T+
W@ = 222n—a(2n)'F(v+l—2n) (7.11)

n>1

1
=2_av(v—1)z|:1+

2—al
6 —

1
_av(v — 1)z chz" ,

n>0

. 2)(v —3)z

(=3 —Hv -5+ }

where ¢, = 2n2+2 — (2(n+1)),(1} 2)(v—=3)---(v=2n—1),forn > 1and cg = 1.
An elementary computation yields

eyl (n+1—a/2)(n+1—-v/2)(n+3/2—-v/2)(n+1) 1
cn n+2—a/2)(n+2)n+1/2) n+1"

Therefore (see [3, p. 10] or [12, equation 5 81 p- 207] for a more easily accessible
reference), ano ' =4F3(1,1—-5,1—3%, ” .12, g, 2— 2, z). Now, the series
defining the generalized hypergeometrlc functlon pFeBr oo Bpsvis ..., vy 2) for
p = g + 1 converges for all z with |z] < 1; for z =1, the series converges for
2?21 Vi > Z§=1 B;, a condition that reduces to v > —1 in the present case. Hence,

v v(v —1)

3— .n 3 .
0 == sF3(1,1=31-%.35%1;2,3,2-5:1).

Finally, consider ;}) **. Due to the singularity at u = 0, we compute

1 1
0 110 J;

For the last integral, we get, fora > 0 and ¢ > 0,

— T«

o

1 1
/ (1 —w)’ = 1)u""du = f A —uw)’u""%du + !
t t
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With the substitution v = %, the last integral becomes

1 1
/ (1—“)”u‘1‘“du=(1—t)1+”/ V(1= (1 —)v)~* 'dv
! 0

(l—l‘)H_v
=ﬁ2F1 A4+oa, 1+v;24v;1—1),

provided v > —1, by the integral representation for the Gauss hypergeometric function
(equation 15.3.1 of [1, p. 558]). Now, by equation 15.3.6 from [1, p. 559],

IR+ vI(-a)

2Fi(l+a,14+v;24v;1—1)= 2Fi(l+a,14+v;14a;1)

I'l—oa+v)
1
+t7¢ +V2Fl(l—a+v,1;1—a;t)
o
rQ ' (— 1
TRENNCa) Ty o (s,
I'l—oa+v) o

ast | 0, provided @ € (0, 1). Combining these results, we get

1 L 1 Ir'd+v (- _
v 1—« _ 11—«
/z((l_u) — e e = Y T e ) +O(t )

Letting ¢ | 0 and using the fact that —aI"(—«a) = I'(1 — «) we obtain the given
expression for i, i

Proof of Lemma 2 We appeal to tables of standard integrals (Mellin transforms) from
Section 6.4 of [8]. In particular, the given formulae for j§, j3, and ]Nf‘ follow from,
respectively, equations 6.4.17, 6.4.20, and 6.4.19 of [8, pp. 315-316]; also used are
formulas 6.3.7 and 6.3.8 from [1, p. 259] and the fact that /(1) = —y. Lastly, for j{
we use the substitution u2 = s to obtain

o 1 [llog(l—ys) 1242
=5 ) s C T
2 0 S 2

This completes the proof. O
Finally, we need the following elementary fact.
Lemma 18 Let A C R, be a Borel set, and let f and g be measurable functions from

A to R. Suppose that there exist constants g— and g+ with 0 < g_ < g4 < 00 such
that g < g(u) < g4 forallu € A. Then,

V f(u)g(u)du—g—/ S w)du
A A

< (gt - g‘)/A \f )ldu.
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Proof 1t suffices to suppose that [, | f(u)|du < oo. Then, [, |f(u)g(u)ldu <
g+ [, |f@ldu < oo, and

‘/ J(w)g(u)du —g—/ S (u)du ‘/ Ju)(g(u) — g-)du
A A A

IA

/A | f@)|(gu) — g—)du.

This completes the proof. O
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