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FINITE DIMENSIONALITY OF THE ATTRACTOR FOR THE HYPERBOLIC
CAHN-HILLIARD-OONO EQUATION IN R?

ANTON SAVOSTIANOV AND SERGEY ZELIK

ABSTRACT. In this paper, we continue the study of the hyperbolic relaxation of the Cahn-Hilliard-
Oono equation with the sub-quintic non-linearity in the whole space R?® started in our previous paper
and verify that under the natural assumptions on the non-linearity and the external force, the fractal
dimension of the associated global attractor in the natural energy space is finite.

1. INTRODUCTION
The classical Cahn-Hilliard (CH) equation
(1.1) O+ Ay (Agu — f(u) +9) = 0, ul,_g =uo,

where u = u(t,z) is the so-called order parameter, f(u) is a given nonlinearity, ¢ is a given external
force, and A, is the Laplacian with respect to the variable z € Q C RY, is central for the theory
of phase transitions and material sciences, see [9] [11] [I8, B8] and references therein. It also worth
to note that the sole equation (LIJ) is not sufficient for the accurate description of the whole variety
of physical phenomena arising in this theory, so a number of various modifications of this equation
has been introduced, see [B, [7, 12} 13| 14} [16] 15, 19, 22] 25| 28, [35], B3l 37, 36} B9], 44] and references
therein.

One of the interesting from both mathematical and physical points of view modifications of the CH
equation is the following hyperbolic relaxation of the CH equation or hyperbolic CH equation:

(1.2) £0?u+ Ou + Ap(Agu — f(u) +9) =0, >0,

which has been introduced by P. Galenko and coauthors (see [22], 20l 21} 23]) in order to treat in a
more accurate way the non-equilibrium effects in spinodal decomposition. In a fact, the inertial term
£0%u changes drastically the type of the equation (from parabolic to hyperbolic) and the analytical
properties of its solutions. Moreover, the nonlinearity A, (f(u)) becomes ”critical” even if the equation
is considered in the class of smooth solutions and ”supercritical” if the estimate u(t) € L>(2) is not
available. By this reason, despite a big current interest (see e.g., [24] 26| 25| B0, 29] 3], 28]), the global
well-posedness of equation (L2)) in a bounded domain 2 C RY is established only in the case N = 1
and N = 2. Thus, in the most interesting 3D case, only global existence of weak energy solutions is
known even in the case of bounded nonlinearities f(u).

The case when the underlying domain is a whole space Q = R3 is surprisingly simpler due to the
recent work [40], where the global well-posedness of problem (I.2]) is established in a slightly stronger
(than energy ones) class of solutions (the so-called Strichartz solutions) and the nonlinearity f of the
sub-quintic growth rate (see below for more details). This result is obtained combining the technique
of energy estimates with the classical Strichartz estimates for the linear Schrédinger equation in R3,
see [4I] and references therein. Unfortunately these estimates do not work or unknown for general
bounded domains, see [6], so the extension of these results to bounded domains remains an open
problem.

We also remind that, in contrast to the case of bounded domains, the dissipation is naturally lost
in the long-wave limit ug = ug(uz), g — 0, in the case when Q = R3, so problem (LZ) (as well as
the initial problem (II])) becomes non-dissipative at least in the usual sense and does not possess
a compact global attractor (see [13] for the partial dissipativity results for the case of viscous CH
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equation in RY and [8], 44] for the non-dissipative bounds for solutions, see also [7, [I5] for the case of
pipe-like domains where the Poincaré inequality restores the dissipativity). By this reason, it seems
natural to take into the account one more physically relevant modification of the CH equation and
consider the hyperbolic relaxation of the Cahn-Hilliard-Oono (CHO) equation:

{Bfu + Ou+ Ay (Agu — f(u) + g) + au =0, z € R3,

ul,_g = o, Opul,_ =1,

(1.3)

where the extra term au, o > 0, describes the so-called long-range interactions, see [36, [39] for more
details. From the mathematical point of view, this extra term does not change the type of the equation
and the analytic properties of solutions, but on the other hand, it removes the aforementioned long
wave instability and restores the dissipation mechanism which allows us to use the machinery of global
attractors to study the long time behaviour of its solutions.

The hyperbolic CHO equation and its global attractor are the main objects to study in the present
notes. We recall that this equation possesses at least formally the energy equality in the form

d
(1.4) (Mol + ul + allul oy +2(F (), 1) = 20g,w)) = 2oyl

where H® := D((—A,)?®) are the homogeneous Sobolev spaces in R? (with [|u]|%,, := ((—Ag)%u, u), see
[43] for more details concerning these spaces), F(u) = [* f(v)dv is the potential of the nonlinearity

f and (u,v) stands for the standard inner product in L?(R3). Thus, the natural energy phase space
for problem (3] is the following one:

(1.5) E=[H'NH Y x HY, €z = 10l + alullf_, + lul.,

where &,(t) := (u(t), du(t)). Following [40], we also assume that g € H' and the nonlinear function
f € C?(R?) satisfies the following dissipativity and growth assumptions

1. f(u)u >0,
(1.6) 2. F(u) < Lf(u)u+ Klul?,

3. 1f" ()] < C(L+ ul>™),
for some strictly positive constants L, K and x € (0,3]. The natural definition of energy solutions
associated with the identity (L4]) would be &, € C(0,T;&) (or &, € L*>(0,T;€&) (and satisfy (L3)

is the sense of distributions). However, as already mentioned above, the uniqueness theorem is not
known for such solutions, so following again [40], we will use slightly stronger class of solutions.

Definition 1.1. A function u = u(t, z) is a Strichartz solution of problem ([I3]) if, for any 7' > 0,
(1.7) & € C(0,T3€), ue LY0,T; Cy(R?))
and equation ([3) is satisfied as an equality in H—! + H 5.

The extra regularity u € L>(0,T; Cy(R?)) which is based on Strichartz estimates for the Schrodinger
equation is crucial for proving the uniqueness of the Strichartz solutions proved in [40]. Namely, the
following result is proved in [40].

Theorem 1.2. Let the nonlinearity [ satisfy assumptions (LG and the external force g € H L(R3).
Then, for every initial data £ € £ there exists and unique a global Strichartz solution w of problem
(L3 such that &,(0) = &y. Furthermore, the following dissipative estimate holds:

(1.8) 1€ lle + ull o e @ey < QUIEO)e)e™ +Qlgllz), >0,

where the positive constant 5 and monotone function @ are independent of t > 0 and the solution wu.
Thus, under the above assumptions, problem ([3]) generates a dissipative semigroup S(t), t > 0, in

the energy phase space via the following expression:

(1.9) S(t):E—=E&, St)& = &ult),

where u is a Strichartz solution to equation (I3]) with initial data &y. As verified in [40], this semigroup

possesses a smooth global attractor (see Definition [B4]) in the phase space £. To be more precise, the
following result is proved there.
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Theorem 1.3. Let assumptions of Theorem [L.2 be satisfied then the semigroup S(t) defined by (L9
possesses a compact global attractor A in in the energy phase space & which is bounded in more regular
space o = [H3NH Y x [H' N H™1].

The aim of the present notes which can be considered as a continuation of the study initiated in
[40] is to establish the finiteness of fractal dimension of the attractor A constructed in Theorem
Thus, the main result of the notes is the following theorem.

Theorem 1.4. Let the assumptions of Theorem [L.Q hold. Then the global attractor A C & of the
solution semigroup S(t) associated with the hyperbolic CHO equation ([L3)) has the finite fractal (box
counting) dimension:

(1.10) dim¢ (A, E) < oo.

To prove this theorem we utilize the classical volume contraction method, see [42] (see also [, 2} [17]
and references therein for the applications of this method to the case of unbounded domains). However,
in contrast to the cases considered there, in our case it looks difficult /impossible to estimate the volume
contraction factor using the Liouville formula in the initial metric of the space £. So, similarly to the
case of damped driven Schrodinger equation considered in [27], we have to use the Liouville formula in
& with the properly chosen time-dependent metric which becomes more complicated (in comparison
with [27]) since we need to overcome extra difficulties related with the fact that the underlying domain
) = R? is unbounded, see Section Bl for more details.

The paper is organized as follows.

The Liouville formula for the expansion factors for d-dimensional volumes is reminded in Section Bl
We pay a special attention to the case where the metric in the underlying space is time-dependent
which is crucial for proving our main result.

The volume contraction theorem is stated in Section [3l We also remind some necessary definitions
there and verify that the solution semigroup associated with the hyperbolic CHO equation is uniformly
quasidifferentiable on the attractor.

Finally, the proof of the main Theorem [[.4]is given in Section [l

2. VOLUME CONTRACTION FACTORS, TRACES AND LIOUVILLE’S FORMULA IN THE SPACES WITH
TIME-DEPENDENT METRIC

For the convenience of the reader, we briefly recall in this section the key facts from the multi-linear
algebra which will be used in the next section for the proof of the main result, see e.g., [27) [42] for
more detailed exposition. We start with reminding the construction of the dth exterior power of a
Hilbert space £.

Definition 2.1. Let £ be a separable Hilbert space and let ¢1,--- ,04 € €. A wedge product
Y1 Ao Ay, is a d-linear anti-symmetric form on £ defined by the following expression:

(2.1) ©1 A ANpg(r, - ba) = det <(%ﬂ/}j)§l,j:1) ;1,9 € E.

A d-linear form on & which is a wedge product of d vectors of £ is called decomposable. Let us denote
by A€ the space of d-linear antisymmetric forms which can be presented as finite linear combination
of decomposable functionals. For two decomposable forms o1 A--- A g and Y1 A - -+ A 1y, their inner
product is defined as follows:

(2:2) (1 A Apashr A Apg) »= det <(<Pz‘7¢j)§l,j:1)

and being extended by linearity to AZ€ it defines an inner product on the space AdE , see [42] for the
details. Finally, the completion of A€ with respect to this norm is called dth exterior power of the
space £ and is denoted by A%€.

Remark 2.2. We remind that the representation of a decomposable form @1 A --- @y as a wedge
product of d vectors of £ is not unique. Moreover, using the Gram orthogonalization procedure, it is
easy to show that there exists an orthogonal system of vectors @1,--- , g € € such that

(2:3) 1A ANpa=@1 A Apa, |@ille < llgille, i=1,---,d.
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Remind also that the norm [j¢1 A -+ A @q4||pag can be interpreted as the d-dimensional volume of the
parallelepiped generated by the vectors o1, -+ ,pgq € £ and, in particular,

(2.4) lor A= A pallace < llealle - llealle-

Furthermore, if {e;}:°, is an orthonormal basis in £ then any d-linear antisymmetric form £ on £ has
the form
= Y il A Aey, iy, =E(er, e eq) ER
11 <ta<--<ig
and
2 2
HSHAdE = Z @iy e ige
11 <i2<--<lg
Then, as not difficult to see, any ¢ € A%E is a d-linear continuous form on &, so A% is a subset
of d-linear continuous antisymmetric forms on £. This subset is proper if d > 1 and dim& = oc.
For instance, if d = 2, the space of 2-linear antisymmetric forms on £ is naturally identified (via
Ea(1,92) = (At)1,12)) with the space of linear continuous antisymmetric operators on & and A2&
will be the space of antisymmetric Hilbert-Schmidt operators.

We are now ready to define the dth exterior power of a linear continuous operator L € L(&,€)
which controls the change of d-dimensional volumes under the action of this operator.

Definition 2.3. Let L € £(E,£) be a linear continuous operator on €. The linear operator A?L acts
on the space A’E by the following expression:

(2.5) (ACL)E(r, -+ a) == E(L* 1, -+, L*bg), €€ AUE, Wy, g €E,

where L* € L(&,€) is the adjoint operator to L. In particular, if £ = o1 A -+ A g4 is decomposable
then

(2.6) ATL(p1 A+ ANpa) = (Lpr) A+ A (La)-
Note also that as follows from (Z.3])
(2.7) ALy o Ly) = ALy o ALy

for any two linear operators Ly, Ls € L(E,E).
The following result is proved, e.g., in [42].
Proposition 2.4. Let L € L(£,E). Then, AL € L(AYE,AE) and the following formula holds:

[[(Lp1) A=+ A (Lipa)]| pa
(2.8) | AYL| conag ndg) = wa(L) == sup A%E
P1ANpa#0 H‘Pl ARERNAN (PdHAdE

Remark 2.5. Interpreting the norm of the wedge product as the volume of the corresponding paral-
lelepiped, we may read (28] as

@9 )=

)

where the supremum is taken over all non-degenerate d-dimensional parallelepipeds in £. Thus,
geometrically wq(L) is the maximal expanding factor for d-dimensional volumes under the action of
the operator L. Mention also the equivalent definitions of the volume contraction factor

210) wa®) =sup {I(Ten) A+ A (Lplase s 1.0+ 0a € €. lonlle =+ = loalle = 1} =

= sup {H(Lgpl) ARERRA (Lgpd)HAdE fp1, 0,0 €E, (Spiasoj) = 62]}
Indeed, the equivalence can be easily verified using the Gram orthogonalization procedure, see [42].

The next simple corollary gives useful estimates for the volume contraction factor wg(L).
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Corollary 2.6. Let L € L(E,E). Then

(2.11) wa(L) < |ILlIZ e ¢)-
Moreover, if L1, Ly € L(E,E) then
(212) wd(LlLQ) S wd(Ll)wd(Lg).

Indeed, estimate (211 follows from (ZI0) and (24]) and estimate (Z12) is an immediate corollary
of the identities (27 and (2.8]).

At the next step, we introduce one more extension of the operator L € L(&, ) to the exterior power
AYE which is responsible for the "trace part” of the Liouville formula.

Definition 2.7. Let L € £(&,&). For any ¢ € A%, we define the d-linear antisymmetric functional
L4& as follows:

(2.13) (La&)(1, -+ yba) = §(L 1,02, - -+ ) +E§(P1, L2, -+ yba) + -+ &1, -+ a1, L™Ya).
In particular, if & = ¢y A -+ A g is decomposable then

(2.14) La(pr A Npa) = (Lp1) Apa A= Apg + -+ + o1 A Apg—1 A (Lpa).

It is not difficult to show that Lg € £L(A?E,A%E) and

(2.15) | Lall c(ade pnaey < Al Ll e)-

However, we will not use this estimate in the sequel, so we leave its proof to the reader (see [42] for
its proof in the self-adjoint case).

The next formula plays the crucial role in the derivation of the Liouville formula.
Proposition 2.8. Let L € L(E,E) and ¢1,--- ,pq € E. Then

(2.16) (Lalr A+ A@a), o1 A+ Apg)pag = Tr(Q o Lo Q)llor A+ A pglljag,

where Q@ = Q(p1,--- ,pq) is the orthoprojector to the d-dimensional subspace in € spanned by the
vectors o1, ,pq and Tr(Q o Lo Q) is a usual trace of the d-dimensional operator (matriz) Qo Lo Q
which can be computed as follows:

d
(2.17) Tr(QoLo@Q) =Y (Lihi,1hy),
i=1

where {11, -+ 14} is any orthonormal system in QE.

Indeed, (216 is obvious if ¢y, -+, g € € are orthogonal and the general case can be reduced to
this particular one using (2.3]), see [42] for the details.

We are now ready to state the key Liouville formula first for the case of time independent metric.
To this end, we assume that we are given the following linear evolution equation in &:

(2.18) 290 = L)e(), 0|,_o = %o

for some L € L*>°(0,T;L(E,E)). Then, the following result holds.

Proposition 2.9. Let ¢1(t), -+ ,pa(t) be the solutions of problem [2I8)). Then the following identity
holds:

1d
5 le1®) A Aga(®) e = Tr(Q(E) 0 L) 0 Q1)1 (8) A+ Aa(®)l[jag

where Q(t) is the orthoprojector to the d-dimensional space spanned by the vectors p1(t), -+, pa(t) € E.

(2.19)

Proof. Indeed, multiplying equation [2I8]) by ¢(t) in £, we have
1d sum.
(2.20) L2102 = (Lleet). o(B)e = (L7 (0p(t). o(E))e

and, therefore, due to the parallelogram law,

Ld (pi(t), i (t)e = (L™ (t)pi(t), pj(t))e, 4,5 =1,---,d,

2.21 ——
( ) 2dt



6 A. SAVOSTIANOV AND S. ZELIK
where L™ (t) = (L(t) + L*(t)) is the symmetric part of the operator L. Differentiating now the
determinant in the LHS of (2I9) and using ([221]) and (2.I0), we have

(2.22) li\\ﬂpl(t) A Npa(t)]Rag = (L1 () A Apa(t), o1 (E) A+ Aa(t)) pag =

2dt
= Tr(Q(t) o L™ (t) 0 Q1) lpr (8) A+ -+ A walt) [ Rag-
Since, obviously,
Tr(Q(t) o L¥™(t) 0 Q(t)) = Tr(Q(¢) o L(t) o Q(1)),
then the proposition is proved. ]

The trace on the RHS of the Liouville formula still depends on the vectors ;(t) which are usually
not known explicitly, so for its estimating it is convenient to introduce one more object.

Definition 2.10. Let L € £(&,€). Then its d-dimensional trace is defined as the following number
d

(2.23) Trg(L) := sup { D (Lapi i) = i €, (i) = 5,~j}.
i=1
Then, obviously,
(2.24) Tr(Q o Lo Q) < Try(L).
Moreover,
1) if Ly, Ly € L(E,€) then
(2.25) Trg(Ly + Lo) < Trg(L1) 4+ Trg(La).
2)If Ly, Ly € L(E,E). Then
(2.26) (Lip, @) < (L2, @) Vo €E = Trg(L1) < Trq(Le).

Corollary 2.11. Let U(t,0) : € — & be the solution operator of equation (2I8]) defined via the
expression U(t,0)p(0) = ¢(t). Then the volume expansion factor wqg(U(t,0)) possesses the following
estimate:

(2.27) wa(U(t,0)) < elo Trallis) ds,
Indeed, integrating (ZI9) in time and using (2.24]), we have

t
lor() A -+ A pa(t)aag < efo TaED L0 (0) A~ A pa(0)] e
and estimate (2.27)) is now an immediate corollary of (2.8]).

The next proposition is very useful for estimating the d-dimensional traces

Proposition 2.12. Let L € L(E,E) be self-adjoint and let

L
FCE, dimF=k—1 ,cpi 42 [l

)

where the infinum is taken over all (k — 1)-dimensional planes in € and F* stands for the orthogonal
complement in E. Then sequence pi(L) is monotone decreasing and, consequently, the limit

(2:29) poo(L) = lim py,(L)

exists. This limit coincides with the upper bound of the continuous spectrum of the operator L. More-
over,

1) Any pk(L) > poo(L) is an eigenvalue of the operator L and, in particular, pioo(L) = 0 if the
operator L is compact.

2) The following formula for the d-dimensional traces hold:

d
(2.30) Tra(L) = Y (L)
=1

The proof of this proposition is based on the min-max principle, see [42] for more details.
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Remark 2.13. For simplicity, we consider above only the case where the operator L(t) in equation
[2I8)) is bounded although it is usually unbounded in applications. However, the Liouville formula
[219)) is actually finite-dimensional and we only need the solutions of ([2I8]) to be well-defined and
satisfy the energy identity (2.20)) and, for the validity of Proposition [Z12] we need the operator L to
be bounded from above. Note also that in our application to the case of hyperbolic CHO the energy
equality will be automatically satisfied and the symmetric part L*Y™(t) will be a bounded operator.

Our next task is to extend the Liouville formula to the case of time dependent metrics. To this end,
we assume that we are given a family | - [|¢() of time-dependent Hilbert norms in &€ such that

(2.31) cHelz < lleliée < cllelz, teR, >0,

where the constant ¢ is independent of ¢. Moreover, we assume that the solutions of equation (2.I8])
satisfy the energy equality of the form

(232 e = (M), ol0)e

for some operators M(t). Then, the following result holds.

Proposition 2.14. Let the solutions of equation (2I8]) be well-posed and satisfy the energy identity
@32). Then, the following analogue of formula (ZI9) holds:

1d
= Lo (0) A A ) ey = THQU) © Me(£) 0 QU1 (1) A~ A eult) ey,

where Q(t) is the orthoprojector in E(t) to the space spanned by the vectors ¢i(t), - ,pq(t) and
Mg (t) are such that

(2.34) (M), p)e = (Mey(t)p, 0)er)

(which exist due to the Riesz representation theorem).

(2.33)

Indeed, the proof of this statement repeats word by word the proof of Proposition [Z9] see also [27].
The next two corollaries connect the volume contraction factors and traces in the spaces £ and £(t).

Corollary 2.15. Let the Hilbert norms || - [|¢) satisfy @31) and L € L(E,E). Then
(2.35) ¢ wy(L, E) < wy(L,E(1)) < lwy(L, E),
where wq(L,E) and wq(L,E(t)) are volume expanding factors of L in the spaces € and E(t) respectively.

Proof. Indeed, by Riesz representation theorem, there exist positive self-adjoint operators U(t) =
V(t)% such that

(2.36) lelEe = (Ve p)e = U2
Moreover, estimate (2.31]) give that
IO lee,e) < 2 NIUG  ge,e) < 2

Moreover, as not difficult to show,

wa(L, E(t)) = wa(U)LU() ™, €)
and, thanks to (ZI1]) and 212])
wa(L,E(t)) < wa(U(t), E)wa(L, E)wa(U ()™, ) < UM e, ey IU 0 26, eywal(L: €) < wa(L, E).
The opposite inequality can be proved analogously and the corollary is proved. O

Corollary 2.16. Let the Hilbert norms || - ||¢q) satisfy R31) and the operators M(t) and M) (t) be
such that (Z34) is satisfied. Then

(2.37) Trg(Mery (), E(t)) < cTrq(M(2), E)

if the quadratic form (M (t)p, @) is positive definite. The constant ¢ on the RHS of [23T)) should be
replaced by ¢ if this form is negative definite.
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Proof. Without loss of generality we may assume that M(t) and Mg, (t) are self-adjoint in & and £(%)
respectively. Assume also that the quadratic form is positive (non-negative). The case of negative
forms can be considered analogously. According to Proposition it is enough to compare the
corresponding eigenvalues. Using (2.31]), we have

(Mg @y (t)p, ©)es)

(238) w(Me(t),€0) = i sup _
v dimF=k—1 pepr oo 0120
M(t M(t
= inf sup M <c¢ inf sup M = cup(M(t),€)
dimF=k—1 PEFL p£0 HSOHg(t) dsz:k*l(peFL,cp;éo ”(p”g
and formula ([2.30) finishes the derivation of (2.37]). Thus, the corollary is proved. O

We are now ready to state the main result of the section which will be used for the proof of the
finite-dimensionality of the attractor for the hyperbolic CHO equation.

Theorem 2.17. Let equation (ZI8]) be well-posed in € and its solutions ¢(t) possess the energy
identity [232)) where the Hilbert norms || - [|¢ ) satisfy Z31)) and the operators M(t) can be estimated
from above by a sum

(2.39) (M(t)p, p)e < (C(t)p, p)e + (K(t)p,p)e, @ €&,
where C(t) are negatively definite:
(2.40) CHp,p)e < —alelE, €&

with the constant o > 0 which is independent on t and operators K(t) are positive (non-negative)
definite and possess the estimate

(2.41) (K(t)p,p)e < (K¢, p)e,

where the operator K € L(E,€) is compact. Then the volume expanding factor wqa(U(t,0)) of the
solution operator U(t,0) of problem ([ZI8) in £ possesses the following estimate:

(2.42) walU(t,0),€) < Ime+(cCr—5d1,

where the constant Ci depends only on the operator K. In particular, if d € N is chosen in such way
that

«
24 ——d
( 3) cCk 9% <0
then
1
(2.44) wd(U(t, 0),5) < 5, t> to,

where tg depends only on ¢, o, Cx and d.

Proof. According to the Liouville formula ([Z33]) analogously to ([2.27]), we have

(2.45) wa(U(t,0), E(t)) < efo Tra(Mes) (), €(=) ds

Furthermore, thanks to (Z.33]) and (2:25]),

(2.46) wa(U(t,0),&) < twa(U(t,0),E(t)) < cdedo TralC)e(s) £+ Tra(K (s)e(s) £(s)) ds,
Since C(t) is negative and K (t) is positive, Corollary gives

(2.47) Tra(C(t)ew), (1)) < ¢ Trg(C(t),E) < —ctad

and

(2.48) Tra(K(t)ew), E(t)) < cTrg(K(1),E) < cTrg(K,E).

Without loss of generality we may assume that the operator K is self-adjoint. Since it is compact by
the assumptions of the theorem, then ps(K) = 0 and according to ([2:30]), there exists a constant Cx
depending only on K such that

o

Trd(K,E) <Ckg+ 262(1.



ATTRACTOR FOR HYPERBOLIC CAHN-HILLIARD-OONO EQUATION 9

Inserting the obtained estimate into the RHS of (246]), we end up with the desired estimate ([2Z.42]).
Estimate (Z.44]) is an immediate corollary of (2.40]) and the theorem is proved. O

3. BOX COUNTING DIMENSION AND VOLUME CONTRACTION THEOREM

In this section, we state the so-called volume contraction theorem which is one of the main technical
tools for estimating the dimension of the attractor, see [3], [42], and start to verify its assumptions for
the case of hyperbolic CHO equation. We begin with reminding the key definitions.

Definition 3.1. Let A be a compact set in a metric space £. By Hausdorff criterium, for every € > 0,
A can be covered by finitely-many balls of radius € in €. Let N.(A, &) be the minimal number of
such balls which is enough to cover £. Then, the fractal (box-counting) dimension of A is defined as
follows:

(3.1) dim¢(A, ) := limsup

It is worth mentioning that in the case when A is regular enough, e.g., when it is a Lipschitz manifold,

the fractal dimension coincides with the usual dimension of the manifold. However, for irregular sets

it can easily be non-integer. For instance, the dimension of the standard ternary Cantor set in [0, 1]
In2

is ;5. We mention also that this dimension is always finite if £ is finite dimensional, but a priori it

can be infinite in the case of infinite-dimensional spaces £.

Definition 3.2. A map S : A — A, where A is a compact subset of a Banach space &, is called
uniform quasidifferentiable on A if for any € A there exists a linear operator S'(§) € L(€,€) ( the
quasidifferential) such that for any &;, & € A

(3.2) 15(&2) — S(&1) — S'(&1) (62 — &1)lle = o([1&1 — &elle),
holds uniformly with respect to &1, & € A and, in addition,
(3.3) S'(€) € C(A, L(E)).

We remark that the difference between quasidifferential and Frechet derivative is in the fact that for
quasidifferential we consider increments only in those directions & — & where &1, € A C £ whereas
for the Frechet derivative one should consider all possible directions in €. In particular this may lead
to non-uniqueness of operator S’(£). However this essentially relaxes assumptions on S and makes
this property easier to verify, especially when extra smoothness of A is known, which is usually the
case in the attractors theory .

The main abstract theorem of volume contraction method can be formulated as follows

Theorem 3.3. Let A be a compact subset of a Hilbert space & which is invariant with respect to map
S, that is SA = A. Suppose that S is quasidifferentiable on A. Suppose also that S'(§) contracts all
d-dimensional volumes uniformly with respect to & € A, that is

(3.4) wy(A, S) == supwy(5'(€),8) < 1,
EeA

Then the fractal dimension of A in the space & is finite and the following estimate holds:
dimy(A,€) < d.

The proof of this theorem can be found in [42] for the case of Hausdorff dimension and in [10] for
the case of fractal dimension.

Thus, we need to apply Theorem to the global attractor A given by Theorem For the
convenience of the reader, we remind also the definition of a global attractor, see e.g., [3] for more
details.

Definition 3.4. A set A C £ is a global attractor of a semigroup S(t), ¢t > 0, acting in a metric space
& if the following conditions are satisfied:

1) The set A is compact in &;

2) It is strictly invariant, i.e., S(¢)A = A for all t > 0;
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3) It attracts the images of bounded sets of £ as time tends to infinity, i.e., for any bounded set
B C & and any neighbourhood O(A) of the set A in &, there is time 7' = T'(B, O) such that

S(t)B C O(A)
forallt > T.

In our situation the space £ is the energy space defined by (L) and the solution semigroup S(¢) is
defined by (). It is important that, due to Theorem [[3] the attractor 4 is bounded in & and, in
particular, due to the embedding theorems,

(3.5) [ullgr+smsy < C = Ca,

where § < 1/2 and the constant C' is independent of &, € A. Let us mention also that, due to the
invariance of the attractor, it is generated by all bounded trajectories of (L3]) defined for all ¢t € R:

(3.6) A=K|,_,

where K C Cy(R, E) is the set of all complete bounded trajectories of ([I3]), see [3] for more details.

As usual, to estimate the dimension of the attractor A, we will apply Theorem with S =
S(T) where T > 0 is a sufficiently large time. To this end, we first need to know that this map
is quasidifferentiable on the attractor. As expected, the quasidifferential of S(¢) can be found using
equation in variations

Theorem 3.5. Let assumptions of Theorem L. hold. Then the solution operator S(t) associated with
problem ([L3) (see [LA)) is uniformly quasidifferentiable on the attractor A and its quasidifferential
S'(t,&o) at point & € A can be found as S’(t,&0)E = &w(t), where w(t) solves the equation of variations

57) {afw + 0w + aw + Ay (Agw — f/(u(t))w) =0, =z € RS,

£w|t=0 = (w(]awlo) = é € Ea
where u(t) = S(t)&o is a Strichartz solution of equation (L3)) with the initial data &,(0) =& € A.

Proof. Since the assertion of the theorem is standard, we give below only the sketch of its proof leaving
the details to the reader. First we need to establish the well-posedness of the equation of variations
B7). This is done in the following lemma.

Lemma 3.6. Under the above assumptions equation [B1) possesses a unique solution &, € C(0,T;E)
for any £ € € and any & € A. Moreover, the following estimate holds:

(3.8) € (®)lle < Ce™|€w(0)lle, ¢ >0,
where the constants C and K are independent of € € € and & € A.

Proof of the lemma. We restrict ourselves to formal derivation of estimate (B.8]) which can be justified
exactly as in [40]. To this end, we multiply equation (B.7)) by 9;(—A,) 'w and integrate over z € R3,
Then after the standard transformations, we get

1d

2 2
(3.9) 5 l€w®lle + 10wl =

= —(f'(ult)w, Oew) < [IVa (f'(wt)w) ] g2 |0ew] -1 < € ®IE + IVa(f (u(t)w)]72-

Using now estimate (3.3) together with the embedding H'NH~' ¢ H' (here and below H*® = H*(R?)
stands for the usual non-homogeneous Sobolev spaces), we estimate the last term on the RHS as
follows:

(3.10) IVa(f'(utw)lf2 = | f'(w)Vow + f"(u)Vouwl|F, <
< I (@7 IVawlze + 1 (e Vol i lwlfe < Cllgw®)I2,

where the constant C is independent of ¢, & € A and é € £. The Gronwall lemma applied to the
differential inequality (B.9]) gives the desired estimate (B.8]) and finishes the proof of the lemma. [
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We are now ready to verify estimate B.2)). Indeed, let &}, &2 € A and let uy(t) and us(t) be the
corresponding Strichartz solutions of (L3 with &,,(0) = & and &,,(0) = &3 respectively. Then, the
difference v(t) := ua(t) — uy(t) solves

(3.11) 020+ 00 + Ag(Agv — [f(un(t)) — Flun(D)]) + v =0, &|_, =& — &b,
Using that

1
(3.12) Flus(t)) — Flua(t)) = /0 £ (1) + so(t)) ds v(t)

and arguing analogously to Lemma [3.6] we have
(3.13) 1€ (D)le < Ce™lE(0)]le, ¢ >0,

where the constant C' and K are independent of ¢ and &) € A.

Let now w(t) be a solution of the equations of variations ([B.1) where u(t) is replaced by w4 (t) and
£ = €2 — &} Then, obviously, S'(t,&3)(€3 — &) = €w(t) and we need to estimate the energy norm of
the difference 0(t) := v(t) — w(t). This difference solves the equation

(3.14) 070 + 040 + Ay (A2l — [f(uz) — fur) — f'(u)w]) + b =0, &],_, =0.
Multiplying this equation by 9;(—A,) '8, analogously to ([3.9), we get

1 d 2 2 ! 2
(3.15) Sz el < 1&g + Va(f(uz) = flur) = f(ur)w)llze.

Using (312)), we transform the last term on the RHS as follows

1
fluz(®)) = fua () = f'(ua (B)w(t) = /0 [ (ua(t) + sv(t)) = f'(ua ()] ds o(t) + f'(ur (£))0(2).

Thus, analogously to (BI0), we have

1
(3.16) [[Va(f(uz) = f(ur) = f'(ur)w)|72 < Cliéo(t)12 +/0 1" (ur + s0) = £ (u) 1.0 ds |60 ()2

Since f € C?(R) and uy,us € CL(R?) it is not difficult to show that there exists a function F(z) such
that lim,_,0 E(z) = 0 and

1
/0 1 (ur () + sv(t) = f'(ur(0) [fy1.00 ds < E([|o(8) ]I~ )

uniformly with respect to t > 0 and &}, &2 € A. Using now estimate ([B.5) together with the interpo-
lation, we get

lo@llwiee < Cllo@) I llo®)leats < ClEDIE

for the properly chosen exponent 0 < n < 1. Thus, using also [BI3]), we end up with

IVa (£ (u2) = f(ur) = f'(un)w)|72 < Ce™ & (0)]IF E (Ce"™[€,(0)[12) + Cliga()IIZ

uniformly with respect to ¢ > 0 and 5&, 53 € A. The Gronwall lemma applied to (B.I3]) gives now the
desired estimate ([3.2)). The continuity of the operator &, — S’(t,&y) can be established analogously
and the theorem is proved. O

Remark 3.7. We emphasize that we have essentially used the extra regularity (B.5]) for the solutions
belonging to the attractor in the proof given above, so this proof gives only quasidifferentiability of
the operators S(t) on the attractor and does not work for proving its Frechet differentiability in £.
Nevertheless, the Frechet differentiability of the solution operators S(t) is likely true, but its proof is
technically much more complicated (since instead of ([BH) we have only the estimate in £ in this case)
and should also involve Strichartz-type estimates for the equations of variations (B.1). Since we need
not Frechet differentiability for the proof of our main result, we will not give any more details here.
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4. PROOF OF THE MAIN THEOREM

In this section, we will prove our main result — Theorem [[L4] which establishes the finiteness of the
fractal dimension of the global attractor A of the hyperbolic CHO equation in the energy space £. To
this end, we will use the volume contraction method and Theorem According to this theorem, it
is sufficient to verify that there exists time 7" > 0 and d € R, such that

(4.) w(S'(T,60),6) < 5

for all {§y € A. Indeed, the uniform quasidifferentiability of the map S(T) is verified in Theorem
and ([@I)) guarantees that wy(A, S(T")) < 1 and Theorem B3 gives then that the fractal dimension of
A does not exceed d. Moreover, equation of variations (B.7) has the form of (ZI8) in &:

%gw(t) = L(t, &0)&u (t),

where

(42) s = (0 )+ (LA 0) (B4 0)

and &, (t) := S(t)&. Thus, the Liouville formula can be applied to verify assumption (£J]). According
to Theorem R.TT, we only need to find the equivalent norms || - |lg(¢,) and the operators C(t,&p) and
K(t,&) which satisfy the assumptions of Theorem [Z17] uniformly with respect to § € A. In order
to do so, we multiply equation (B7) by (—Az) 1 (dw + dv) where § > 0 is a small parameter which
will be specified below and integrate over # € R3. Then, after the straightforward transformations,
we will have at least formally

1d
(43) 5 (I€wllf + 200w, w) g +dwlF ) =
H

2 dt
= — (=Bl + 3w, +adlw®)l, ) = (' (whw, Bpw) = 57 (w)w, w).

The justification of this version of the energy equality can be done exactly as in [40]. Formula (£4.3))
prompts to take the quadratic form on the LHS of it as the desired equivalent metric || - Hg(t,&)).
However, as not difficult to see, this will not work due to the presence of a "bad” term (f'(u)w, Opw)
on the RHS of this formula. Indeed, in contrast to the case of damped wave equation, say with
Dirichlet boundary conditions, where natural energy space is H(Q) x L?(€2), the term (f/(u)w, dpw)
can not be estimated via norms which are compact in the energy space & = H(Q) x H1(Q2) even if
f' is bounded and the equation is considered in a smooth bounded domain Q. In addition, the fact
that the underlying domain = R3 is unbounded and the embedding H*(Q) C L?*(Q) is no more
compact also requires an extra care. So, we need to proceed in a more delicate way involving the time
dependent metrics and the properly chosen cut off functions. Namely, let ¢)r = ¥»r(z) be the smooth
cut-off function such that

0<%gr(z) <1, ¢Yr(x)=1if |z <R-1and ¢Ygr(z) =0if [z[ > R,
where R > 1 is one more parameter which will be specified later. Let also
(44) (160 OF (.c0) = 6w lE +20(pw, w) ;g1 + 8[w][3y_y + (f (w)w, w) + L] (=Ag + 1) 7 (Ygw)|[72,
where L > 1 is one more parameter. Then, due to the energy equality ([£3]), we have
1d
55”%(0“?@,5@) = - ((1 = 8)||0pw||%,, + Sllw ()%, + a5Hw(t)H§;71> -
1 _
= (" (ww,w) + 5 (F" (W), w*) + L((= A + 1) (rw), YrOw) := (M(t,€0)€w, Ew)e-

Now one can see that the "bad” term on the RHS is killed and the next lemma shows that the norms
(Z4) are equivalent to the standard norm of €.

(4.5)

Lemma 4.1. Let the above assumptions hold. Then, there exist constants , R and L such that

(4.6) cHIENE < NllEe) < clills, s€€
where the constant ¢ is independent of £ € £, t € R and & € A.



ATTRACTOR FOR HYPERBOLIC CAHN-HILLIARD-OONO EQUATION 13

Proof. Indeed, the right inequality is obvious since due to the control (B.5])
|(f'(@w, w)] < L' (W)l w72 < Cllgwllz.

So, we only need to verify the left one. To this end, we note that assumption (L@).1 on the nonlinearity
f implies that f’(0) > 0 and, therefore, taking into the account (B.5)),

4.7) (f'(ww,w) = @rf (ww,w) + (1 = Yr)[f (u) = £ (0)]w,w) + f(O)((A - Yr)w,w) >
> ~C(¢rw,w) = Cl|(1 = Yr)ullr~ w72 >

> —Cll(=2s + 1) (Wrw) | 12 (As + Dw,w)? = C[[(1 = yp)ul pew]F2 >

> —Cell(=2s + )72 (@rw) |72 — elléwllE = CIIL = $r)ull e [w]]72,

where € > 0 is arbitrary. Remind that according Theorem [[.3] the attractor A is compact in £ and is
bounded in &. Therefore, as not difficult to show using the interpolation inequality, for every ¢ > 0
there exists R = R(e) such that

(4.8) (1 = r)ullree < Cllullpoo(a>r-1) < €
uniformly with respect to &, € A. Thus, for R > R(e),

(4.9) (f'(ww,w) > ~Ce(||w[|F2 + l1€wll?)~
= Cel|(=2s + 1) 2(rw)||72 > —Celléullf — Cell(=As + 1) (Wrw)|[72,

where we have implicitly used that H'nHA'c L2 Thus,
(4.10) €w®)F(1.e0) = (1 = Col|€wllZ + 20(Dpw, w) g2+
+ofwlfy—s + (L= CHl(=2s + 1) (Yrw)|7.

This estimate implies the desired right inequality of (£6]) if § > 0 and 6 > 0 are small enough, L > C.
and R > R(e) and finishes the proof of the lemma. O

Thus, to finish the proof of our main result, we only need to verify that the operator M (¢, &y) defined
in (L)) satisfies assumptions (2Z39), [2.40) and (Z41]) of Theorem 217} By elementary estimates we

derive
(4.11)  ((=Ag + 1) (¥gw), Yrow) < [Va(Yr(—As + 1) (Wrw))|| 2 [|0pw]| -1 <
< CrllYrw| 2 [|§wle-

Using now the fact that u is uniformly bounded in C,(R?), dyu is uniformly bounded in H!(R?) and
the embedding H'(R3) C L°(R3) together with the Holder inequality, we get

(4.12)  |(f"(w)deu,w?)| < C(|0pul, Yrw?) + C((L — ¥R)|0pul, w?) <
< Cl|dpul s llvrwll 2wl Ls + CI(1 = ¢r)drul| s [[wl]| Lo [wl[ L2 <
< Cllerw] g2 €ulle + Cll(1 = Yr)eull s | w12

Since the global attractor A is compact in £ and dyu is uniformly bounded in L°, analogously to (3]
the interpolation inequality gives the following tail estimate: for every € > 0 there exists R = R(¢)
such that

(4.13) 11 = ¥r)Oull s < CllOpullLs(e)>pr-1) <€
uniformly with respect to &, € A. Therefore, estimate (L12) for R > R(e) reads
(4.14) |(f" (w)Opu, w?)| < Cell€wl? + Cellvrwl7

and combining estimates ([LI1]), (14 together with ([@3]), we finally see that, for sufficiently small &
and e and sufficiently large R = R(e),

(4.15) (M(t, €0)w, €w) < —TlI€wllE + Cillvrwl|7> = —7[[6wllE + C1L(K&w, Sw)e,
where v > 0 and C; are independent of &,,,&y € £ and t € R and the operator K is defined via

(4.16) (K&w, w)e = [vrwl}a
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(indeed, due to the Riesz representation theorem, K is a bounded nonnegative self-adjoint operator
in £). Thus, (239) and (240) are verified with C(t,&y) = —vId and K(t,&p) := C1 K and to finish the
proof of the main result, we only need to verify that the operator K is compact. This is done in the
following lemma.

Lemma 4.2. Let the above assumptions hold. Then the operator K € L(E,€&) defined via the quadratic
form (LI6)) is compact.

Proof. Indeed, by the parallelogram law and the embedding H' N H~! ¢ L2.

(K¢,8)e = (VrE1, YrG) < 1Rl r2llvré )2 < CllvréillzlE]le,
where & = (£1,&) € € and € = (£1,&) € €. Therefore,

(4.17) 1Kele = sup BEOE < e,

gee.e20  |IElle

Let now " = (£7,£%) € € be a bounded sequence in €. Then, due to the embedding H'nH'c H,
the sequence £7 is bounded in H!(R3). Since 1 is smooth and has a finite support, the sequence &2
is bounded in H'(|z| < R) and, finally, since the embedding H'(|z| < R) C L?(|z| < R) is compact,
the sequence YpET is precompact in L2(R3). Thus, there exists a convergent in L? subsequence of
YrEY which we also denote by ¥ g&} for simplicity. Then, from (£I7), we infer

K (E" —EM)le < CllYréT — vrET |2

and, therefore, K¢&™ is a Cauchy sequence in €. Since £ is complete K&™ is convergent and K is
compact. So, the lemma is proved. O

Thus, all of the assumptions of Theorem 217 are verified and, consequently, estimate ([I]) is proved
and the main Theorem [[4] on the finite-dimensionality of the global attractor A in the energy phase
space £ is also proved.
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