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OF PERIOD p AND NILPOTENT CLASS < p, I

VICTOR ABRASHKIN

ABSTRACT. Suppose K is a finite field extension of Q, containing
a primitive p-th root of unity. Let K., be a maximal p-extension of
K with the Galois group of period p and nilpotent class < p. In this
paper we develop formalism which allows us to study the structure
of I'cp, = Gal(K<p/K) via methods of Lie theory. In particular,
we introduce an explicit construction of a Lie Fp-algebra L and an
identification I, = G(L), where G(L) is a p-group obtained from
the elements of L via the Campbell-Hausdorff composition law. In
the next paper we apply this formalism to describe the ramification

filtration {F(éjz),}vgo and an explicit form of the Demushkin relation
for I'p.

INTRODUCTION

Everywhere in the paper p is a prime number, p > 2.

Let K be a complete discrete valuation field with finite residue field
k >~ F,n, No € N. Let K, be a separable closure of K and I' =
Gal(Kep/ K).

A profinite group structure of I' is well-known, [9]. Most significant
information about this structure comes from the maximal p-quotient
['(p) of T', [10, 13, 14]. As a matter of fact, the structure of I'(p) is not
too complicated: its (topological) module of generators equals K*/K*?
and if K has no non-trivial p-th roots of unity (e.g. if charK" = p) then
['(p) is pro-finite free; otherwise, I'(p) has finitely many generators and
only one (the Demushkin) relation of a very special form.

In [1, 2, 3] the author introduced new techniques (nilpotent Artin-
Schreier theory) which allowed us to study p-extensions of characteristic
p with Galois groups of nilpotent class < p. Such groups come from
Lie algebras via classical equivalence L — G(L) of the categories of Lie
[F,-algebras and p-groups of period p of the same nilpotent class sy < p,
[11]. This equivalence can be briefly explained as follows.

Suppose Q[[X, Y]] is a free associative algebra in two (non-commuting)
variables X and Y with coefficients in Q. Then the classical Campbell-
Hausdorff formula

X oY =log(exp(X)-exp(Y)) =X +Y 4+ (1/2)[X, Y] + ...
2010 Mathematics Subject Classification. 11515, 11S20.
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has p-integral coefficients modulo p-th commutators. If L is a finite
(resp., profinite) Lie F,-algebra of nilpotent class < p, we can introduce
the finite (resp., profinite) group G(L) which equals L as a set and
is provided with the Campbell-Hausdorff composition law [, o [, =
li + 1o+ (1/2)[l,1ls] + . ... The correspondence L — G(L) induces the
above equivalence of categories. Under this equivalence any morphism
of Lie algebras L, — L is at the same time a group homomorphism
G(Ly) — G(L). In particular, [ is an ideal in L iff G(/) is a normal
subgroup in G(L); any l;,ly € L are congruent modulo the ideal [ iff
these elements (when considered as elements of the group G(L)) are
congruent modulo the subgroup G(I).

Suppose K is a complete discrete valuation field of mixed charac-
teristic containing a primitive p-th root of unity ¢;. Let K., be the
maximal p-extension of K in K., with Galois group of nilpotent class
< p and period p. Then I' ., = Gal(K.,/K) has finitely many gener-
ators and one relation. (This terminology makes sense in the category
of p-groups of nilpotent class < p and period p.)

In this paper we use the nilpotent Artin-Schreier theory and the field-
of-norms functor to obtain an explicit construction of a Lie [F-algebra
L and a group identification I'c, = G(L). The group G(L) starts
reflecting all essential information about the field K when provided
with the filtration by the ramification subgroups I‘(fz)) =G(LM), v >0,
cf. [12, 4, 5]. (Here F(;Z), are the images of the ramification subgroups
I'®in T and all L®) are ideals in L.) In the second part [7] of this paper
we describe the ramification filtration L™, v > 0, and find an explicit
form of the Demushkin relation in terms related to this filtration. Note
that a similar technique ([6] and papers in progress) can be used to
treat not only the similar quotients I',(M) of T of period p™ but also
the case of higher local fields K.

For the first approach to ramification filtration cf. [16], where the
ramification filtration in I'?Cy(T") /I'PC3(I") was studied under some re-
strictions to the basic field K. The methods and techniques from [16]
could not be applied to a more general situation. The principal advan-
tage of our method is that we work with the whole group I', rather
than with the quotients of its central series.

0.1. Main steps.

Notation. If G is a topological group and s € N then Cy(G) is
the closure of the subgroup of commutators of order > s. With this
notation, G/GPC,(G) is the maximal quotient of G of period p and
nilpotent class < s. Similarly, if L is a topological Lie [F,-algebra
then Cs(L) is the closure of the ideal of commutators of order > s
and L/Cs(L) is the maximal quotient of nilpotent class < s. For any
topological F,-module M we use the notation Ly = L®FPM. In
particular, if o is the Frobenius automorphism of k ~ IF v, then id; ® o
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acts on Lj. For simplicity, we denote id; ® o just by o. Note that
Lk‘a:id = L.

a) Relation to the characteristic p case.

Let 7o be a fixed uniformizer in K and K = K ({m, | n € N}), where

7 = m,_1. If X is the field-of-norms functor [15], then X (K) = K is a
complete discrete valuation field of characteristic p with residue field k
and fixed uniformizer ¢t = @wn. The functor X induces identification

of G = Gal(K,.,/K) with Iz = Gal(K/K). This gives us the following
fundamental short exact sequence in the category of p-groups (where

Gep = G/GPCp(G) and 7o(m1) = (17m1)
0.1) G BTy — Gal(K(m)/K) (= (r)??) — 1.

b) Nilpotent Artin-Schreier theory.

This theory allows us to fix an identification 1y : G-, ~ G(L£), where
L is a profinite Lie Fj-algebra. The identification 7y depends on the
uniformizer ¢ and a choice of y € k such that Tryr,(cg) = 1. Note
that £, appears with the system of generators

{Dan | a € Z"(p),n € Z/No} U{Do},
where Z*(p) = {a € N | ged(a,p) = 1} and for any a, 0(Dqy) = Dy i1
We will treat Dy in the context of all D,, by setting for all n € Z/Nj,
Dy,, = (0" ayp) Dy.

¢) Ramification filtration in G,,.

With respect to the above identification 79 the ramification sub-
groups QSQ come from the ideals £®) of £. In [1, 2, 3] we constructed
explicitly the elements -7:3,—1\[ € L, with non-negative v € Q and
N € Z, such that for any v > 0 and sufficiently large N > N(v),
L£®) is the minimal ideal in £ such that }"37_ N € E,(:) for all v > v.

d) Fundamental sequence of Lie algebras.

Using the above equivalence of the categories of p-groups and Lie
algebras we replace (0.1) by the exact sequence of Lie F,-algebras
(0.2) 0—L—L—TF,70—0,

where £ = L£/L(p), G(L(p)) = Kerie, and G(L) = T,. If 7, is
a lift of 79 to L then the structure of (0.2) can be described via the
differentiation ad7r., on L.

e) Replacing 7o by h € Autk.

When studying the structure of (0.2) we can approximate 7y by a
suitable A € AutKC. This automorphism can be defined in terms of
the expansion of (; in powers of my. Then the formalism of nilpotent
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Artin-Schreier theory allows us to specify a lift 7.,, to find the ideal
L(p) and to introduce a recurrent procedure of obtaining the elements
adT<p(Dan) = [Dan, T<p| € Ly and adr.,(Dy) := [Do, 7<p] € L.

f) Structure of L.

Analyzing the above recurrent procedure modulo Cy (L), we will see
that the knowledge of ad7.,(D,,) allows us to kill all generators Dy,
of L with a > e* := exp/(p — 1). (Here ef is the ramification index
of K over Q,.) In other words, L, has a minimal system of generators
{Dan | 1 < a<e',n € Z/No} U{Dy} U{7<p}. On the other hand,

adr.,(Dy) € Cy(L) C Cy(L) and, therefore, gives us the Demushkin
relation in L.

The following two steps will be done in the second part [7].
g) Ramification ideals L™ in L.

For v > e*, all ramification ideals L are contained in £ and come
from the appropriate ideals £, where the upper indices v and v’ are
related by the Herbrand function ¢z /K of the field extension K /K.
As one of immediate applications we found for 2 < s < p, the biggest
upper ramification numbers v[s] of the maximal p-extensions K|[s] of K
with the Galois groups of period p and nilpotent class < s. We obtain
the remaining ramification ideals L(*) with v < e* by specifying “good”
lifts 7, (i.e. such that 7., € L") of 7.

h) Explicit formulas for adt, with “good” T,.

The formulas for adr.,(D,,) and adr.,(Dy) are obtained modulo
C3(Ly) as a second central step in the recurrent procedure from e),
cf. Subsection 3.6 of this paper. In [7] we obtain a general formula for
ad7.,(Dp). This will give us an explicit form of the Demushkin relation
in terms of the ramification generators .7-:977 y from c).

As a matter of fact, in both papers we work mostly with the auto-
morphism A and only in the very end prove that all results obtained in
the context of h also hold with 7.

0.2. Main results. Introduce the weights wt(l) of elements [ € L} by
setting wt(D,,) = s € Nif (s — 1)e* < a < se*.

Theorem 0.1. a) L(p)={l € L | wt(l) > p};
b) if L(s) ={l € L | wt(l) = s} then Cs(L) = L(s)/L(p).

Suppose for all a, Vo € Ly, are such that adr—,(Ds,) = Va. In
particular, Voo = aoVp, where Vo = (ad7r.,)Dy € L. The knowledge
of these elements determines uniquely the differentiation adr., (note
that for all n, adr.,(Dqy) = 0™ (Vao)).

Suppose E(X) = exp(X + XP/p+---+ XP"/p" +...) € Z,[[X]] is
the Artin-Hasse exponential.
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Let w(t) € k[[t]] be such that E(w(m)) = ¢; mod p.

Theorem 0.2. The elements Voo can be found from the following re-
current relation in Li

ocp —(C + Z t’“VC'LO =

a€Z(p)

1 —(a1++a
—Z Et (@rt k)CU(t)p[ .. [alDalo,DaQO],. . .,Dako]

k>1

1 —(a1+-Tag
—Zﬂt (@ tFa) [ Vi, Dasols - - - Dagol

k=2
T g
-> ik (@40 [5ey, Dajols - - - 5 Dayol,
k=1
where in all last three sums the indices aq,...,ar run over the set

Z°(p) == Z*(p) U {0}.

In the above system of equations we are looking for the solutions of
the form {c; € Li,{Vao € Li | a € Z°(p)}}. These solutions corre-
spond to different choices of the lift 7., of 7, in particular, ¢ is a strict
invariant of a lift 7.,. Actually, we have more: if ¢; = ), ¢1(i)t" with
all ¢1(i) € Ly, then ¢;(0) is a strict invariant of 7.

The content of this paper is arranged in a slightly different order
compared to above principal steps a)-f). In Section 1 we briefly discuss
auxiliary facts and constructions from the characteristic p case. In
Section 2 we study an analogue G, of I'., which appears if we replace
To by a suitable h € AutK; we also describe the commutator subgroups
of G, and, in particular, find the ideal £L(p). In Section 3 we develop
the techniques allowing us to switch the languages of p-groups and Lie
algebras. Finally, in Section 4 we prove that all our results obtained
for the group G, actually hold in the context of the group I',.

Acknowledgements. The author expresses deep gratitude to the ref-
eree: his advices allowed the author to avoid a considerable amount
of inexactitudes and improve significantly the quality of the original
exposition.

1. PRELIMINARIES

1.1. Covariant nilpotent Artin-Schreier theory. Suppose K is a
field of characteristic p, Ky is a separable closure of K and G =
Gal(Kyp/K). We assume that the composition gi1g2 of ¢1,90 € G is
such that for any a € Kyp, g1(g2a) = (9192)a.

In [1, 2, 3] the author developed a nilpotent analogue of the classi-
cal Artin-Schreier theory of cyclic field extensions of characteristic p.
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The main results of this theory (which will be called the contravariant
nilpotent Artin-Schreier theory) can be briefly explained as follows.

Let G° be the group such that G° = G as sets but for any g1, 9, € G
their composition in G° equals ¢g29;. In other words, we assume that
GY acts on Ky, via (9192)a = ¢2(91(a)).

Let L be a Lie F,-algebra of nilpotent class < p. Then the absolute
Frobenius ¢ and G° act on Lg,,, through the second factor. We have
Lic,,lomia = L and (Lg,,,)9 = L.

For any e € G(Lx), the set of f € G(Lk,,,) such that o(f) = foe
is not empty. Define the group homomorphism 7}(e) : G° — G(L) by
setting for any g € G°, 7%(e) : g > g(f) o (—f).

Remark. Strictly speaking g(f), where g € G°, should be written in
the form (id; ® g) f but in most cases we use the first notation. On the
other hand, we would prefer the second notation if, say, g € Autl.,
and g|c # idg. (Similarly, we have already agreed in the Introduction
to use the notation o instead of id;, ® o.)

We have the following properties:

a) for any group homomorphism 7 : G° — G(L) there are e, € G(Lx)
and f, € G(Lg,.,) such that o(f,) = f,o0e, and n = 71'%7(677);

b) two homomorphisms 7% (e) and 79, (e;) from G° to G(L) are con-
jugated via some element from G(L) iff there is an x € G(Lx) such
that e; = (—x) ceoo(x).

The covariant version of the above theory can be developed quite
similarly. We just use the relations o(f) =eo f and g — (—f) o g(f)
to define the group homomorphism 7¢(e) : G — G(L). Then we have
the obvious analogs of above properties a) and b) with the opposite
formula e; = o(x) o e o (—z) in the case b).

In this and next paper we use the covariant theory but need some re-
sults from [3] which were obtained in the contravariant setting. These
results can be adjusted to the covariant theory just by replacing all in-
volved group or Lie structures to the opposite ones, e.g. cf. Subsection
1.4 below.

1.2. Lifts of analytic automorphisms. Let Aut K and Aut K, be
the groups of continuous automorphisms of K and Ky, respectively.
For h € Aut K, let hye, € Aut Ky be a lift of h, i.e. hyeplc = h.

Suppose L is a Lie [F-algebra of nilpotent class < p. Let e € G(Lx),
choose f € G(Lk,,,) such that o(f) = eo f, set n = m¢(e) and K. =
Ko, Then K. does not depend on a choice of f: if ' € G(Lg,,,) is
such that o(f’) = eo f' then f' = fol with [ € G(L) and Kern =
Ker s (e).

Proposition 1.1. Suppose n : G — G(L) is epimorphic. Then the
following conditions are equivalent:
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a) hsep(Ke) = Ke;

b) there are ¢ € G(Lx) and A € AutL such that (idp ® hgep)f =
co(A®idk,,,)f.

Proof. Let e; = (id;, ® h)e, f1 = (id @ hgep) f and 1y = 7p, (€1). Then
for any g € G, we have n:(g9) = (—=f1) o g(f1) =

(idr ® h)((=f) 0 (higy 9 hsep) £) = 1y  Pcy).
Therefore, 1, is equal to the composition of the conjugation by hs., on G
(we shall denote it by Ad hy, below) and 7. Then Ay, (K.) = KCc means
that Kern = Kern;. This implies the existence of an automorphism
A of the group G(L) (which is automatically automorphism of the Lie
algebra L) such that n; = An.

Now let f' = (A ®idk,,.,)f and € = (A ®idg)e. Then 7p(e')g =
(A®idk,,,)((=f) og(f)) = (An)g = m(g). This means that f" and f
give the same morphisms G — G(L) and there is ¢ € G(Lx) such that
fi = co f', that is a) implies b). Proceeding in the opposite direction
we can deduce b) from a). O

Remark. From the proof of the above proposition it follows that a
choice of the lift hg, uniquely determines its ingredients ¢ € Lx and
A € Autp; L. Indeed, A appears as Ad(hsep|x,) (with respect to the
identification G/Kern = G(L) induced by n) and c is recovered then
as (idz, ® hgep)f o (A ®id,,,)(—f). This shows that the couple (c, A)
depends only on the restriction hgep,|x, and we can consider the map
hseplic. — (¢, A) from the set of all lifts of h to K. to the set of appro-
priate couples (¢, A). But the knowledge of (¢, A) allows us to recover
uniquely the element (id; ® hyep)f and the Galois group Gal(K./K)
acts strictly on the set of all such elements. Therefore, any couple
(¢, A) appears from no more than one lift of h to K., that is the map
Pseplic. — (¢, A) is injective. We will study this map in more details
below, cf. Proposition 2.3.

1.3. The identification 7y. Let K = k((t)) be a complete discrete
valuation field of Laurent formal power series in variable t with coeffi-
cients in k ~ F,~,, Ng € N. Choose ag € k such that Tryr,c0 = 1.

Denote by Ek a free pro-finite Lie algebra over k with the set of free
generators {Dg, | a € ZT(p),n € Z/No} U{Dp}. As earlier, denote
by the same symbol o, the o-linear automorphism of Ek such that
o : Dy — Dy and for all a € Z*(p) and n € Z/Ny, 0 : Dap > Dy i1
Then £° = Ek|azid is a free pro-finite Lie F)-algebra and Ek = Eg

Let £ = L£°/C,(LY).

For any n € Z/Ny, set Dy, = 0" () Do.

Let e = 3 czo() t " Dao € G(Lx) and fix a choice of f € G(Lk,.,)
such that o(f) = eo f. Then the morphism 17 = 7s(e) induces the
isomorphism of topological groups 1o : G, := G/GPC,(G)—G(L).
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In the remaining part of the paper we use (without additional notice)
the above introduced notation e, f, n and 7. The appropriate field I,
coincides with ng:pc"(g) and will be denoted by K.,,.

Note that f € G(Lx_,). In particular, if hy, hy € Aut Ky, are such
that h/1|]C = hgl;{ and (ldg X hl)f = (ldﬁ X hg)f then h1|IC<p = h2|IC<p7
cf. Remark at the end of Subsection 1.2. Therefore, the appropriate
choice of the ingredients ¢ € Lx and A € Aut £ from Proposition 1.1
can be used to describe efficiently the lifts of automorphisms A of K to
automorphisms h., of K.

We also use in Subsection 2.2 and [7], Subsection 2.5, the following
interpretation of this property:

—if £y C L is ideal and KEY = Ky then fmod Lix_, € (£/L1)x,,
or equivalently, f € Lx, + Lix_,.

Note that n : § — G(L£) induces (use fmod Lix_,) the identifica-
tion Gal(KC; /K) ~ G(L/L,).

If h € Aut K then its lifts to Aut K., will be denoted usually by h,,.
As we have already pointed out, G(L£) acts transitively on the set of all
lifts h., of a given h: for any | € G(L), hep > hep*x L =hyny ' (1).

1.4. The ramification subgroups in G_,. For v > 0, let g(;; be the
image of the ramification subgroup GW of G in G<p. This subgroup
corresponds to some ideal £(*) of the Lie algebra £ with respect to the
identification 7.

When working with the above standard generators of L we very
often denote them by D,,, where n € Z, by having in mind that they
depend only on the residue of n modulo Ny, i.e. Dgp, := Dgnmod Ny -

For v > 0 and N € N, introduce }_S,fN € L; such that

F) n=>_ amn,....,n)|. [Dany, Dagns)s - - -+ Dasn,]

1<s<p
@i,

Here:
— mp" Fagp™ -+ asp™t =7
— f0=n=-=ng > >ng_,41 = =n,s = —N then

n(ny,...,ng) = (s1!... (s, — s._1)!)~1; otherwise, n(ny,...,ns) = 0.

Theorem 1.2. For any v > 0, there is N(v) such that if N > N(v) is
fized then the ideal L) is the minimal ideal in £ such that its extension
of scalars E,(Cv) contains all FS,—N with v > v.

The appropriate theorem in the contravariant setting was obtained
in [1] (or in a more general form in the context of groups of period p* in
[3]) and uses the elements F., _y given by the same formula but with the
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factor (—1)*~!. Indeed, when switching to the covariant setting all com-
mutators of the form [...[Dg,n,s Daynyly - - -, Daun,| should be replaced
by [Dasns7 Tty [Da2n27 ‘Dalnl] o ] - (_]‘)S_l[ o [Da1n17 D“Z”Q]’ Tty Dasns]'

2. THE GROUPS §;, AND G,

2.1. The automorphism h. Let ¢y € pN. Denote by h a continuous
automorphism of IC such that hl; = id and

h(t) =t (1 + Z ai(h)tcOeri) :

120
where all a;(h) € k and ag(h) # 0. This automorphism will be fixed
in the remaining part of the paper.

As earlier, E(X) = exp <2i>0 X' /pi) e Z,[[X]].

Proposition 2.1.
a) There is wy, € t°/PO% such that h(t) = tE(w});
b) For any n >0, h™(t) = tE(nw!) mod t* 7%,

Proof. For part a), wy, appears as a unique element from ¢k[[t]] such
that E(wp) =143 .. o (a(h))teo/PHi. (Use that o — E(x) — 1 is
bijective on tk[[t]].) For part b), note that h(t) = t mod t® implies that
h(totPt) = otP mod 7 and, therefore, h(w}) = w! mod*®. Now
apply induction on n. If our proposition is proved for n > 1 then

RN () = h(t)h(E(nw))) = tE(w))E(nw?) = tE((n + 1)w}) mod Pt
(use that E(X +Y) = E(X)E(Y)mod degp). O

Remark. In all applications below the knowledge of the automor-
phism A will be essential only modulo t'*P® and, therefore, in the
above proposition we can use instead of F(X) the truncated exponen-
tial exp(X) =14+ X 4--- + XP~1/(p — 1)!.

2.2. Operators R and S. Suppose 9 is a profinite F,-module. De-
fine the continuous F,-linear operators R, S : My — M as follows.

Suppose a € M.

If n > 0 then set R(t"a) = 0 and S(t"a) = = . o' (t"a).

For n = 0, set R(a) = aTrgr,or,  S(a) = D 0icion, (07 ap)o'a.

If n = —nyp™ < 0 with ged(ny,p) = 1 then set R(t"«a) =t ™™o "«
and S(t"a) = >, ;. 0 (t"a).

The proof of the following lemma is straightforward.
Lemma 2.2. For any b € My,

a) b =R(b) + (¢ — idgm, )S(b);

b) if b = by + oby — by, where by € Zaezﬂp) t9M, + N and
by € My then by = R(b) and by — S(b) € M.
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Remark. A typical situation where we refer to the above lemma ap-
pears as follows: suppose 91 C 9 is an [F,-submodule and

b= Z t™ %, + agby + oc — ¢,
a€Z* (p)

with all b, € My, by € M and ¢ € My; if b € N then all b, € Ny,
by € M and ¢ € M + Ni.

2.3. Specification of h.,. We are going to specify a lift hgp of h to
K<, by using formalism of nilpotent Artin-Schreier theory. Recall that
for any lift h, of h, we have a unique ¢ € L and A = Adh., € Aut L
such that (id; ® hep)f = co (A®1idk_,)f. The map ho, — (c, A) is
injective, cf. Subsection 1.2. The following proposition describes the
image of this map.

Proposition 2.3. The correspondence 11 : ho, — (c,A) induces a
bijection of the set of all lifts h<, of h and the set of pairs (c,A) €
Lic x Aut L such that

(2.1) (idz®h)eoc=o0co (A®idg)e.
Proof. If II(h.,) = (¢, A) then
(idg®@h)eo (idg ® hep) f = (idg ® hep)(eo f) = (idg @ hep)of =
sco (A®ide )of = oco (A®idg)eo (A®@ide_,)f
=oco(A®idg)eo (—c)o (ide® hey)f.
This proves that (¢, A) satisfies identity (2.1).

Let I’ € £. Then n,*(I') € Gal(K.,/K) and h, 1, (I') is again a lift
of h to K.,. Therefore, we have a transitive action ho, — he, * l' :=
hepny *(I') of G(L) on the set of all lifts h,.

At the same time, if (¢, A) satisfies (2.1) then the new couple
(¢, A)x ' :=(co(I'®1),(Adl')A) is again a solution of (2.1). Indeed,
(idg ® h)eoco (I'®1) = (0c)o (A®idg)eo (I'® 1)
=o(co(l'®1))o(-l'®1)o(A®idk)eo (I'®1),
and (—I'® 1) o (A®idg) o (I'® 1) acts on L as (Adl')A ® idy, i.e.
Ad(I' ® 1) : Lx — Ly is K-linear. (Indeed, one of most known

properties of Campbell-Hausdorff formula, cf. [8], Ch.II, Section 6.5,
gives that

(-I'®olo(l'®1l)= > [..[LI®1,. . el

vy
0<i<p

TV
i times

depends linearly on | € L. )

This defines the action (¢, A) — (¢, A) x I’ of G(L) on all solutions
(¢, A) of (2.1). Verify that the map II is compatible with above defined
G(L)-actions. Indeed, if II(h<,) = (¢, A) then h., * I’ sends f to

heop(fo(l®1)) =co(A®ide,,)feo('®1) =
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(co(ll'®1))o(-lI'®1)o(A®idg_,)fo(l'®1)
and therefore, II(h,*l") = (¢, A)*l". So, our proposition will be proved
if we show that G(L) acts transitively on the set of all solutions (¢, A)
of (2.1).
Suppose (¢, A) and (¢/, A") are solutions of (2.1). Then the existence
of I' € G(L) such that (¢, A") = (¢, A) * I’ will be implied by the

following lemma.

Lemma 2.4. For any 1 < s < p, there is I, € G(L) such that if
(b, AL) = (¢, A) % I, then cs = ¢ mod Cs(Lx) and As = A’mod Cy(L).

Proof of lemma. Use induction on s.

If s =1 there is nothing to prove.

Suppose lemma is proved for some 1 < s < p.

Let ¢ = ¢, + 6 and A = A, + A, where § € C;(Lx) and A €
Homp, —mod (£, Cs(£)). Then we have modulo Cy 1 (Lx):

(id @ h)eod = (idg ® h)eod, + 4,
(o) o (A ®idk)e = (0d) o (AL @idx)e + o () + (A ®idx)e.

Because (¢}, A’) and (¢/, A") are solutions of (2.1) we obtain

00 — 0+ Z t™ " Ap(Dao) + a0 A(Do) € Coi1(Lk)

a€Z* (p)

where Ay = A® k € Homy_pmoq (L, Cs(Ly)). Now Lemma 2.2b) (cf.
also remark b) after that lemma) implies that 6 = dymod Cs,1(Lx),
where 50 S Cs(ﬁ) X 1, all Ak<Da0> € Cs+1(£k) and .A(Do) S Cs+1(£>.
Therefore, modulo Cs41(L) the automorphisms A’ and A/, coincide on
generators of Ly (use that Ag(Dgy,) = 0" Ax(Dgyo) for all n € Z/Ny)
and A" = A, mod Cs;1(L).

So, for (¢, A) * (I, 0 0) = (c,, A,) xd = (¢4, AL, ), we have that

g =c,00=c;+0=cmodCy1(Lx)
and
w1 = (Add)A, = (Add)A = A 'mod Cy (L)
The lemma and Proposition 2.3 are completely proved. U
OJ

Remark. Suppose (c1, A1) and (cg, Ay) satisfy the identity (2.1) and
¢1 = camod Cy(Lx). Then (A ®idy)e = (Az ® idx)e mod Cs(Lic) and
this implies that A; = Ay mod Cy(£). In particular, if II(h<,) = (¢, A)
then the restriction h. of he, to ng;,(L) is uniquely determined by the
residue cmod Cs(Lx). Now from the proof of the above proposition it
follows that all lifts of a given h., to automorphisms h_s,1 of ICS';“(E)
are uniquely determined by the residues (c+0, A) mod Csy1(Lx ), where
J e Cs(L).
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Using the above proposition and operators R and S from Subsection
2.2 we can specify a unique choice hgp in the set of all lifts of h by
specifying a unique solution (?, A%) of (2.1) as follows.

Suppose 1 < s < p and we have chosen (cs, A5) € L X AutL such
that the identity (2.1) holds modulo Cs(Lx). If s = 1 we just choose
¢y = 0 and A; = idz. Then we can find the solution (csi1, Asi1) €
Lic x Aut £ of (2.1) modulo Cysy1(Lx) by setting csi1 = ¢s + X and
Agp1 = A+ B, where X, € Cy(Lx) and B, € Homp, mea(L, Cs(£))
must satisfy the relation

(2.2) oX, =X+ Y t7"By(Du) =

a€Z0(p)

(idg ® h)eocg —ocs 0 (Ag ®id)emod Cyrq (L) .

By Lemma 2.2b) the recurrence relation (2.2) uniquely determines
the elements Bg(D,o) mod Csy1(Ly) but the element X is determined
only up to elements of C5(L£)mod Csy1(L). (This will affect the right-
hand side of (2.2) at the next (s+ 1)-th step and so on.) Note that the
knowledge of the elements B,(D,o) mod Cs (L) determines uniquely
the automorphism Ag,; modulo Cy (L) because for all n € Z/Ny,
Agi1(Dgapn) = 0" Ay 1(Dyo). By Proposition 2.3 all solutions X, cor-

respond to different extensions of a given automorphism of ICg;(E) to

an automorphism of ng‘;“(ﬁ) (cf. also the remark after the proof of
that proposition). In particular, we can uniquely specify the lift h°<p
by specifying (id,; ® hgp) f if we take at each s-th step the solutions of
(2.2) in the form »_ 70, 1 Bs(Dao) = R(B;) and X = S(B;), where
B, is the RHS in (2.2). As a result, the pair (°, A%) := (c,, A,) satisfies
the identity (2.1) and defines the lift 2 .

Remark. It is not easy to control the lifts h., because condition (2.2)
contains highly non-trivial Campbell-Hausdorff operation o. In Section
3 we resolve this problem by introducing the procedure of linearization.

2.4. The group G,. Denote by G, the group of all lifts ﬁ<p € Aut K,
of the elements h of the closed subgroup in Aut K generated by h.

Use the identification 7, from Subsection 1.3 to obtain a natural
short exact sequence of profinite p-groups

(2.3) 1— G(L) — G, —> (h) — 1

For any s > 2, C,(Gp) is a subgroup in G(£) and, therefore, L£j(s) 1=
Cs(Gp) is a Lie subalgebra of L. Set L,(1) = L. Note that for any
s1,89 = 1, we have [L,(s1), Ln(s2)] C Lu(s1 + $2).
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Recall that the weight filtration L£(s), s € N, in £ was defined
by setting wt(Dg,) = s if (s — 1)eg < a < scp. With this no-
tation L(s)g is generated over k by all [...[Danys Dagnols - - - s Dayny ]
such that ), wt(Dq,n,) = s. For any si,s, > 1, we also have that
[E(Sl), E(SQ)] C ,C(Sl + 82).

Theorem 2.5. For all s € N, L,,(s) = L(s).
Proof. Let h%, be the lift constructed at the end of Subsection 2.3.

Then h2, € Gy is a preimage of h in short exact sequence (2.3).
Let £lm = (zan kDgapn)|o=ia be “the subspace of linear terms” of L.
We have the following properties:

o L(s+1)=L"NL(s+ 1)+ L(s+1)NCy(L);

o L(s + 1) NCL(L) = 2y, yapmsrn [£(51), L(52));

e L(s+1) is the ideal in £ generated by [L(s), £] and the elements
of the form (Adh2,)l o (—1), where [ € Ly(s).

Let (Adh2,) Do = Dy and for all a € Z*(p), (Ad h2,)Dao = Doo.
Lemma 2.6. We have:

a) Dy = Domod (£(3) + £(2) N Cy(L));

b) if a € ZT(p) and wt(D,,) = s then
Do = Dao— Y i(h)aDaseyspio mod (L(s+2)+ L(s+ 1)k NCa(Lr))

120

where o;(h) € k are such that h(t) = t(1 4+ Y, o o (h)tot?").

We prove this Lemma below after finishing the proof of Theorem 2.5.
Clearly, Lemma 2.6 has the following corollaries:

(cl) if 1 € L(s) then (AdhZ, )l o (=1) € L(s+1);

(c2) if 1 € L N L(s + 1) then there is an I’ € L N L(s) such that
Ad h‘lp(l’) o(=l")=lmod L(s+ 1) N Cy(L) (use that ag(h) # 0).

Prove theorem by induction on s > 1.

Clearly, £5(1) = L(1).

Suppose sp = 1 and for 1 < s < sg, Li(s) = L(s).

Then [L4(s0), £] = [L(s0), L(1)] C L(so + 1) and applying (c1) we
obtain that £;(so+ 1) C L(so+ 1).

In the opposite direction, note that by inductive assumption,

Liso+)NC(L) = > [Luls1), La(s2)] C Li(so+1)

s1+s2=s0+1

and then from (c2) we obtain that £ N L(sg + 1) C Lx(so + 1). So,
L(sg+1) C Ly(so+ 1) and Theorem 2.5 is completely proved. O
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Proof of Lemma 2.6. Let
N = 17 L(s)
s>1

where m is the maximal ideal of the valuation ring Ok of K. Clearly,
N has the structure of Lie algebra over F,,.

Let
(Ad h<p X ld]C Z i DaO + Oé()DO
a€Z* (p)
Then recovering é from the following relation
(2.4) (id;®@h)eoc® = (o) o€,

where I € G(Lx), is a part of the procedure of specifying hgp described
at the end of Subsection 2.3, i.e. € = (A" ® idx)e.

Now note that e € N and the operators R and S map N to itself.
Therefore, when following the procedure of specifying hgp at each step
we obtain that By, R(B;),S(Bs) € N and, therefore, é,c", oc® € N.

For any ¢ > 0, introduce the ideals NV (i) := t°'N of N/. Note that
for all 4 > 0, the operators R and S map N (i) to itself.

Consider the following properties:

a) (id; ® h)e = e + e; mod N (2), where e; = ef +e; € N(1) with

—a + _ —a+co+pi
g t™"ac;(h) Dayeorpio, €] = — E ac;(h)t O Dag
120 120
aeZ™ (p) 0<a<co+pi

(note that e € L, and, therefore, R(ef) = 0);

b) the congruence (id,®h)e = emod N (1) implies that € = e mod N (1)
and ¢, 0c” € N(1): indeed, in the procedure of specifying h?, we have
for all s, that ¢s,0¢, € N (1) and (As ® idi)e = emod N (1);

c) &= (—oc)o(ide@h)eoc® = (" ~0c”) +ete mod NV (2)+t°N @
where N'@ = 37 ¢759(L(s) N Co(L))m (use that [N(1),N(1)] C
N(2) and [N(1),N] C toN®?):

d) RIN(2) + t9N@) c N(2) +t9N® R(é—e—e]) =é—e—e],
R(c® — a® + ef) = 0 and, therefore, c¢) implies that

¢=e+e; modN(2) + tON®

or, more explicitly,

€= Z t ( a0 — Q Z ai(h)DaJrcOer-’O) +aoDomod N (2) 4+t N'@
a€Z* (p) >0
It remains to prove that this congruence is equivalent to the state-
ment of our lemma. Note that any element [ € L can be uniquely
presented as [ = Zbezt ly, where all [, € L, and [, — 0 if b - —oc.
Suppose s = 1 and —(s — 1)¢g = b > —scy.
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Then it follows directly from definitions that:
— if I € N then [, € L(s)g;

— if 1 € N(2) then I, € L(s+ 2)y;

— if L € tN® then I, € L(s + 1)s N Co(Ly).

It remains to compare the coefficients in the last congruence fore. [J

2.5. The group G;. Let
M:=N+Lpk= D t7L(s)m+ L(D)k

1<s<p

Meyi= S 1L (s), + L)k,
1<s<p
where m_,, is the maximal ideal of the valuation ring of K.,,.

Then M has the induced structure of a Lie F,-algebra (use the Lie
bracket from Lx) and for i > 0, M (i) := t*° M is a decreasing filtration
of ideals in M. Note that e € M. Similarly, M., is a Lie [F)-algebra
(containing M as its subalgebra) and for i > 0, M_,(i) := t*““M_, is
a decreasing filtration of ideals in M_,, M_,(i) " M = M(i).

There is a natural embedding of M := M/M(p — 1) into M., =
M,/ M_,(p—1), and the induced decreasing filtrations of ideals M (4)
and M, (i) (where M(p—1) = M_,(p—1) = 0) are compatible with
this embedding. Note that for all i > 0, (id; ® h — idy )M C M(3).

Lemma 2.7. f,of € M_,.

Proof. Prove by induction on 1 <s < p that f,of € Mo, + L(s)x,-
If s=1then fe Ly, =M+ L)k,
Suppose 1 < sg < pand f,of € Mo, + L(s0)x,-
For 1 < s < sp+1let j, = 1kg, (£/L(s)). Then 0 = j; < jp <
s < Jsor1- Let Iy, € L be such that for all 1 < s < s¢+1,

js +1
lisy1, -5 1,4 give an ]Fp—obasis of £(s) modulo L(sy + 1). This means
that for all such s, the elements I, i1,...,l;,, form [F,-basis of L(s)

modulo L(s + 1).

With above notation for 1 < j < js 41, there are unique b; € K,
such that f = 3. b;l;mod L(sg + 1)x_,. By inductive assumption, if
s < sopand l; € L(s) \ L(s + 1) then b;,0b; € mpt~® and we must
prove that if I; € L(sg) then b; € m.,t=%%.

Let eof =e+ f+X(f,e). Then X(f,e) € Mop+L(so+1)x., (use
that e € M., and [Mc,, L(s0)x.,] C L(so + 1)k_,) and, therefore,
O'f — f S M<p + ,C(So + 1)IC<p-

Thus, of — f = Z]. a;l;, where for all s < s and j; < j < Jsy1, We
have a; € m,t~°°. In particular, for the indices js, < j < Jso41, We
have ob; — b; € m,t~%. Therefore,

U(bthOSO/p) _ tCoSOU*UP)(bJ,foSO/P) €m.,,
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and this implies that bthOSO/p € m., and ob;,b; € m,t~ . Lemma
2.7 is proved. O

Let G, = gh/égcp(gh)-
Proposition 2.8. Fzact sequence (2.3) induces the following exact se-
quence of p-groups

(2.5) 1 — G(L)/G(L(p)) — Gn — (h) mod (h*) — 1
Proof. Consider the orbit of f := fmod M_,(p — 1) with respect to
the natural action of G, C Aut K., on M<p. Then the stabilizer H

of f equals éﬁCp(gh). This fact and the remaining part of the proof
appear as just a special case of the proof of Proposition 3.5 in [6]. O

Corollary 2.9. If Ly, is a Lie algebra over F, such that G, = G(Ly)
then (2.5) induces the exact sequence of Lie F,-algebras

0— L(=L/L(p)) — Ly — F,h — 0.

3. STRUCTURE OF L,

Recall that we use the notation h., for arbitrary lifts of h to Ky,
in particular, we do not require that h., coincides with hgp from the

end of Subsection 2.3. We will use the notation K(p) := ng;ﬁ(p ) and
h(p) = hepli@). Because G(L(p)) = Cp(Gr) the elements of G, map
K(p) to itself and we have a natural inclusion G,/G(L(p)) C AutK(p).

The conjugations Ad h(p) on G(L) C G,/G(L(p)) allow us to recover
the group structure on G, /G(L(p)). There are also induced conjuga-
tions (still denoted by Adh(p)) on G, = Gn/GPG(L(p)) which can be
used as well to study the structure of the group G, and its Lie algebra
Ly, from Corollary 2.9.

The conjugations Ad h(p) appear as unipotent automorphisms of the
Lie algebra £ and we can introduce a differentiation ad h(p) of £ by
the relation Ad h(p) = exp(ad h(p)), where exp is the truncated expo-
nential, cf. Subsection 2.1. So, the knowledge of the Lie algebra L,
is equivalent to the knowledge of the differentiation ad h(p). The lift
h(p) of h can be fully desribed via the nilpotent Artin-Schreier the-
ory by the use of the element fmod L(p)x_, € Li(). As a matter of
fact, the identification Gal(K(p)/K) ~ G(L) is given by the correspon-
dence 7 +— (—f) o 7(f), where f = f mod M_,(p— 1), and the natural
identification £ = M_p|o=iq-

3.1. Interpretation of the action of id; ® h on M. Consider the
induced action of idz ® h on M (and agree to use for this action the
same notation). Recall that h(t) = tE(w}), where

o= 3 Ao

120
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with all A;(h) € k, Ag(h) # 0, cf. Subsection 2.1.

Let ‘H be a linear continuous operator on Ly such that for all a € Z
and [ € Ly, H(t*l) = at®w!l. Then on M we have id; @ h = exp(H)
(use that H? = 0 on M and E(X) = exp(X) mod degp).

Set for 0 < i < p, h; == H/i! : M — M and for i > p, h; = 0.
Then for any j > 0, hi(M(j)) C M(i + j) and for any natural n,
(idz®@h)" =3 i n’h;. An analogue of these properties appears below
when we study the action of idz ® h(p) on f € M_,,.

3.2. General situation. The situation from Subsection 3.1 can be
formalized as follows.

Suppose M is an F,-module (actually we can assume that 9 is a
module over any ring where (p—1)! is invertible). Suppose g : 0 — M
is an automorphism of 91 such that ¢g” = idgy. Assume that

e for any m € M, there are g;(m) € M, where 1 < i < p, such that
for alln >0, g"(m) =m+ ZKKP gi(m)n'.

Set go(m) = m and g;(m) =0 if i > p.
Proposition 3.1. With above notation we have:

a) for alli >0, g; : M — M are unique linear morphisms;

b) for alli >0, g;(IM) C (g — idgy)* (M),

C) Zf ila s 7is > 0 then (g’bl et gzs)(m) - (g - idfm)i1+m+is (m)f

d) the map g¥ =309 @ U : M — M F[[U]] determines the
action of the formal additive group G, = Spt F,[[U]] on M;

e)if 1 <i<ptheng, =gi/i! (heregi=91-...-g1).

i times

Proof. For any m € M, g1(m), ..., gp—1(m) are unique solutions of the
non-degenerate system of equations

> gi(m)n' = g"(m) —m
1<i<p

where n = 1,...,p — 1. Therefore, all g;(m) are unique and depend
linearly on m. This proves a).

Fori > 0and F € MQF,[[U]], define the i-th differences (A"F)(U) €
M @ F,[[U]] by setting A°F = F and
(A E)(U) = (A'F)(U 4+ 1) = (A'F)(U).
In particular, for 0 < j < i, A{(m®U?) = 0 and (A")(m@U"?) = ilm.
Therefore, for any ¢ > 0,

(3.1) (A" (m)|u=o = ilgi(m) + Y _ fis9;(m),

J>i
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where all f;; € IF,. Note that for every value ng > 0,

(A" (M) uzny = 9(g" (M) uzny) = g7 (1) ]uzn, € (g — idan) (M),
(A%g7)(110)|uzny = g((A'g") (1) lumng) = (A" ) (M) [u=ny € (9—ida)*(M)
and so on. Therefore, for any 7 > 0,

(A'Y)(m)[tr=no € (g — idan)' M.
Then (3.1) implies (use i = p—1) that g,_1(m) € (g —idgy)?~1(9M) and
then by descending induction on i that g;(m) € (g — idgy)*(9). This
proves b).

In ¢) use induction on s. The case s = 1 is proved in b). If s > 1
then we must prove with j =15 + ...4, that

9i2 ((g — idon)’M) C (g — idge)"™ 700
This can be obtained from a) by replacing M to (g — idgy ) 9MN.
For any natural numbers n, ny the relation ¢g"**"2(m) = ¢g"2 (g™ (m))
means that
> (tm)g= > nEnig,og,
0<i<p 0<i1,i2<p
and implies that we have the appropriate identity of formal power series
(9" ®idg,) 0 g7 = (idm ® Ag,) 0 g”,
with the coaddition A = Ag, in G, such that A(U)=U®1+1xU.

This proves d).
If i > 1 the above identity for gV implies the identity

(QU ® idG@) ©---0 (gU ®idg,) o gV = (idgn ® A(i)) og¥,
where A®) = (A ® idgi-1) 0--- 0 (A®idg,) o A is the i-th coaddition

F,[[U]] — F,[U]®" for G,. Then e) can be obtained by compairing
the coefficients for U®? in this identity. O

Definition. dgV := ¢, @ U : M — M @ U is the differential of g.

By Proposition 3.1e) the action of g on 9 can be uniquely recovered
from its differential dg¥.

3.3. Auxiliary statement. Suppose £ is a finite Lie IF,-algebra and
A = A(L) is its enveloping algebra. Then there is a canonical em-
bedding £ — A and A can be provided with a coalgebra structure
A:A— AR Aby setting A(l) =l®1+ 1@l forallle L.

Let J = J(£) be the augmentation ideal of A generated by all [ € £.
Note that A® A can be identified with the enveloping algebra of £& £
and the appropriate augmentation ideal equals J(£5L) = JQA+ARJ.

Suppose £ has nilpotent class < p. Then we have the following
interpretation of the Campbell-Hausdorff operation o on £ in the en-
velopping algebra A:

a) L={a€e Amod J(£)? | Aa=a®1+1®a mod J(£d L)P};
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f) the truncated exponential exp establishes a group isomorphism
t: G(L) — D(L), where

DE)={acl+J(L)modJ(L)P | Aa=a®amod J(LD L)}

is the group of “ diagonal elements of A modulo degree p” with respect
to the operation induced by the multiplication in A;

v) o™t D(L) — G(L) is given via the truncated logarithm log.

Let l,...,l, be an [F)-basis of £ Then by the Poincare-Birkhoff-
Witt Theorem, By = {l;;... L, | s =2 0,4 < --- < 45} is an F,-basis
of A and Amod J(£)P can be identified with the submodule M; of A
generated by the elements of By? := {l;, ...l;, € B, | s < p}.

For similar reasons, use the basis {(/;,0),(0,;) | 1 <i<r}of £ L
to construct the [F,-basis for A ® A in the form

Bzz{lil...lis(g)ljl...ljt‘S,t}O,?:lg"'g’is,jlg...gjt}.

Then A ® Amod J(£ & £)P can be identified with the module M,
generated by the subset By of B, consisting of elements with s+t < p.

Let 6" = A —idy®1—1®idy. Then §7(M;) C My and it is easy
to see that:

e £ C Kerdt;
eif [ € ByP\ £ then [ ¢ Kerd™;

o if ' 1" € By?\ £ then §(I') and 6+(I") are linear combinations of
disjoint groups of elements of B;”.

In other words, we have a direct sum of non-zero submodules

SHMy) = @ F,57().

lEBTP\L
The above facts prove ). The verification of ) and «) is formal.

In this paper we are dealing with more elaborate situation.

Suppose £ is provided with a decreasing filtration of ideals {£'};~¢
such that £° = £ and £' = 0 if i > p. Define the weight function on £
by setting wt*(0) = oo and wt*(I) =4 if [ € £\ £

Assume in addition that the filtration {£'} is “central”, i.e. for any
i,j >0, [, 8] C g,

Suppose the F,-basis {l; | 1 < i < r} of £ is compatible with the
filtration {£'};50, i.e. there are 0 = jy < j; < -+ < j, = r such that
for any i > 0, {l; | j; < j < r} is an Fy-basis of £'. Use again B; as
a basis of A over F,. Extend wt* to A by setting for every non-zero
F,-linear combination,

wt* ( Z ail...islzj . lzb) = mln{Wt*(l“)—f— . ‘I’Wt*(lzs) | Qg 7£ 0} .

150 is
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Let A" = {a € A| wt*(a) > i}. Then for any 7,5 > 0, A'A7 C A
(use that {£} is “central”). In particular, {A'};5o is a decreasing
filtration of ideals of A. Obviously, AN £ = £°.

Let B be a Z,-linear operator on £ such that for any [ € £, B(l) =
Imod £, For [ € £ and n € N, set in the appropriate p-group G(£),
I[n] :==10B(l)o---0B" ().

Proposition 3.2. Supposel € £l For1 <i < p—1 there are (unique)
l; € £ such that for anyn >0, l[n] = ln+ln* + -+ [, nP~ L.

Proof. Prove the existence of [; € £¢. (For the uniqueness of /;, proceed
similarly to Proposition 3.1a).)

Clearly, B = exp(B), where B is a linear operator on £ such that for
all 4, B(£") c £ Iffor 0 <i < p—1, 1 = B(l)/i! then I € £ and
for any m > 0, B™(I) = exp(mB)(l) = 3,5 lim’. (We set 0° = 1.)

Let £ : £ — A be the map given by the truncated exponential.
Then for i > 0, there are d; € A" such that for any m > 0,

EB™1) =1+ dm'.

Therefore, E()E(B(1))...E(B" (1)) =

) 1<s<n 0<m<---<ms<n
01,e.0y0s 20

Let d(iy,...,is) =141+ ---+is+ s and

Z mi..omi = fi i (n).

0<m<---<ms<n

Lemma 3.3. If s > 1, i1,...,is = 0 and d(iy,...,is) < p then there
are polynomials Fy, ;. € Zy|U] such that:

a) Jor all n, Filn-is (n) - fi1~~is (n>7
b) F,..i.(0) = 0;
c) deg Fy, ;. = d(iy, ..., 1is).
Proof of Lemma. First, consider the case s = 1.
Apply induction on ;.
If 47 = 0 then fy(n) = n and we can take Fy = U.
Suppose i1 = 1, d(i1) < p (i.e. 0 <43 < p—2) and our Lemma is

proved for all indices j < 1.
For any m < n we have,

(m+ 1)+ —mi = 3" Cy(i)md

0<j<ia
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where all C}(i) € Z,. Therefore, for any n > 0,
n' = 3" Cii)fi(n) = Y Cilin)Fi(n) + (ir+ 1) fi, (n)
O<]<11 0<j<Z1

and we can take as F;, (U) the polynomial

Zl}l—l ( 21+1 Z O Zl )) = Z A](Zl)UJ EZP[U]

0<j<iy J<i+l

Clearly, the degree of F}, equals i1 +1 = d(i1) and F;,(0) = 0. The
case s = 1 is considered.

Suppose s > 1 and use induction on s. Then for any m < n,
firis(m+1) = fiyi.(m) = > omimi=m F, i (m).
0<m1<---<ms=m

By the inductive assumption we have

Fia(U)= > Aj(ir,...,is2)U7 € Z[U].
G<d(i1,eenris—1)
Then for any n > 1 (note that d(iy,...,10s) — 1 =d(i1, ..., is-1) +is),
firi(n) = > Aji(in, -y is—1) Fj(n),
15 <G <d(iyeenpis)—1
and we can take F}, ;. = Zisgjgd(i 77777 -1 A iy, ... is_1)F;. Clearly,
the degree of F;, ;. equals d(iy,...,is) and F}, ;. (0) =0. O

The above lemma implies that for all n > 1,

Eln)) =1+ Y dn'+a(l,n),
1<i<p—1
where all d; € A’ and a(l,n) € AP (recall that A? D J(L£)P).

Applying to this equality the truncated logarithm we obtain that
In] =din+---+dy_n"~"+b(l,n), where all d} € A® and b(l,n) € AP.
Therefore, for all 1 <n < p—1, we have din+---+d)_nP~" € L+ AP.
This implies that all d/ € £ + A” (use that det(n )1<n i<p # 0mod p),
e d € A/N(L+ AP) = £+ AP (use that for 0 <i < p, A/NL = £7).
Finally, if [; € £ are such that d] — [; € AP then

In] — (n+ln*+ -+ 1L, nP ) e £NAP =0.
The proposition is proved. O

As a matter of fact, the proof of Proposition 3.2 gives the following
result:

e Ifi® > 1 andl € £° then for 1 < i < p—1° there are unique
I; € L1 such that for any n >0, l[n ] = lln o LenP

We should formally follow the above proof of Proposition 3.1. Then
[ € £ implies that all I} € £ d; € A7, Lemma 3.3 remains
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unchanged and, finally, all d, € Ato~1 and all [, € AF"-1N ¢ =
gitio=lif 4 < p — .
This allows us to state the following result.

Proposition 3.4. There are linear maps m; : £ — £! such that for
any j = 0, m(L7) C LY (in particular, m; = 0 if i > p) and for any
le Ll andn e N, I[n] =>, m(l)n'.

3.4. Lie algebra M/ and the action of id; ® h(p). Here we study
the action of idz ® h(p) on f = fmod M_,(p — 1) € M_,,.

Note that if h?  is the lift from the end of Subsection 2.3 then
h2,(f) = & o (AdRhY, ®idk_,)f, where & € N(1) C M(1), cf. the
proof of Lemma 2.6 step b).

Suppose h., is any lift of h. Then there is | € £ = L(1) such that
hep = h% o' (1): if (id®hey) f = co(A®idk_, ) f then by Proposition
2.3, c=col e L(1);+ M(1). In other words, generally ¢ ¢ N(1) but
it always belongs to £(1), + M(1) C M.

Proceeding in M we have for h(p) = heplic(p),

(idz ® h(p))f = o (A®idk) [,

where we set ¢ = cmod M(p —1) € M and A = AmodL(p) =
Adh(p) = exp(ad h(p)).

For n € N, let
(3.2 (idz @ )] = c(n) o J(n).

where c(n) = (idg @ k" 1) (co (A®@ h™Yco- -0 (A® h 1" 1c) and

f(n) = (A" ®idc_,)f.
Proceeding similarly to Subsection 3.1 we obtain that

f(n) == f(n)mod M_,(p—1) = Zf(i)ni,
120

where f© = f and for all 1 < < p, fO = (ad’h(p) ® idk() f/i! €
(A®idke) —idg.,) My T My(i).

Define the new filtration MJi] on M by setting M[0] := M and
for i > 1, M[i] := L(i)x + M(i). Consider the appropriate filtrations
M(i] = Mlijmod M(p — 1) on M and M_,[i] = M][i| + M,(i) on
M,

Proposition 3.5. There are ¢; € M[i] such that for alln € N, ¢(n) =
> sy cinmod M(p — 1),

Proof. Consider the Lie algebra £ = M with filtration £ = M][i].
Clearly, £ and its filtration {£'};5o satisfy the assumptions from Sub-
section 3.3 and ¢ € £! (cf. the beginning of this Subsection). It remains
to apply Proposition 3.2. O
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Corollary 3.6. For alln € N,
(ide @ h(p)")f =Y _ fin',

=0
where fo = f and all f; € M_,[i].

Definition. M/ is the minimal Lie subalgebra in /\;l<p containing M
and all the elements (Ad" h(p) ® idk) f with n € N.

Note that M/ does not depend on a choice of the lift h(p). We can
also define M/ as the minimal subalgebra in M_, containing M and
all f@ 1< < p. Clearly, id; ® h(p) acts on M/ (use that A ® idg(p)
and idg ® h(p) commute) and this action is completely determined
by the knowledge of (idz ® h(p))f. Roughly speaking, M/ is much
smaller than M_,, but it is still provided with a strict action of Gj,.
In addition, the filtration M_,[i] induces the Gj-equivariant filtration
MY[i] on M7, and for all 4, f® and f; belong to M/]i].

Now we can apply the results of Subsection 3.2 and introduce the
appropiate action id; @ h(p)V : MY — M @F,[[U]] of G, on M.
This action appears as the extension of the action id; ® hY : M —
M @ F,[[U]] from Subsection 3.1 by setting

(idz@h(@))f=) Lol
=0

By Proposition 3.1 the action of h(p) is completely determined by the
differential d(idz @ h(p)Y).

3.5. Differential d(id; ® h(p)V). Using the calculations from Subsec-
tion 3.4 we obtain

idz@h(p)”: [ e(U)o f(U),
where ¢(U) = 2121 U’ mod M(p — 1) an JF( ) = f + 21>1 f( U,
Introduce the formal operator
AdYn(p) : L — LRTF,[[U]]

such that for any | € £ = L£/L(p), Ad"h(p)l = 3, LU", where
l; =0if i > pand for any n € N, Ad"h(p Nlov=n = Ad"h(p). Similarly
to Subsection 3.2, for all i > 0, I; = ad’h(p)(1)/i! and AdYh(p) =
idz + adh(p) U mod U?. This gives the following formal identity (note
oU =U):

(3.3) (idz®@hY)(e) o e(U) = (0e)(U) o Y ¢ *(Ad”h(p) ®idi)Dag
a€Z%(p)

The proof formally goes along the lines of the proof that (¢, A) satisfies
identity (2.1) in Proposition 2.3.
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As a result, we can specify (idz ® h(p)Y) f by the following lineariza-
tion of (3.3). Recall, cf. Subsection 2.1, that
h(t) = tE(w}) = texp(w})mod tF0*!
where w) = 3. o Ag(h)t™ all Aj(h) € k and Ag(h) # 0. Then by
Proposition 2.1, hY(t) = texp(Uw?) mod P! and

d(id; @ hY)e = — Z t™whaDao @ Umod M(p —1).

a€Z0(p)

Proposition 3.7. We have the following recurrent congruence modulo
M(p—1) foré, = cymod M(p—1) and Vo := ad h(p)(Dao) mod L(p)x,
a € Z°(p),

(3.4) ot — o+ Y V=

a€Z%(p)

1 —(a1++a
— Z Et ( 1t k)WZ[ .. [alDalo, DGQO]) .. 7Dak0]
k=1

1
_Zﬂt (@%@ [Vay0, Dasols - - - » Dagol

k>2

1
-3 o t~@tFa) [ (6, Dayol, ..., Dayol

k>1

(the indices ay, . .., ay in all above sums run over Z°(p)).

Proof. The following properties are very well-known from the Campbell-
Hausdorff theory. Suppose X and Y are generators of a free Lie Q[[U]]-
algebra. Then

(UY)oX =Xo UZ%[...[Y,X],...,X] ,

k=0 k times

1
X+UY=Xo UZE[...[Y,X],...,X] mod U

k=1 k—1 times

For the first formula cf. [8], Ch.II, Section 6.5 or Exercise 1 for Ch.II,
Section 6. The second congruence is much more important; it can be
extracted from [8], Ch.II, Section 6.5, Prop.5 or Ch.II, Exercise 3 for
Section 6.

Using that the coefficients in the above formulas are p-integral in
degrees < p we can use them in the context of Lie F,-algebras in the
following form (where Ey(x) = (exp(z) — 1)/z):

(3.5) (UY)o X = X o (Uexp(adX)(Y)) mod U?

(3.6) X +UY = X o (U Ey(adX)(Y)) mod U?
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Remark. a) In the above formulas and this paper we use the following
notation: (adX)Y = [Y, X] and (AdX)Y = (—X)oY oX (this notation
is opposite to the notation from [8]).

b) Note the following easy rules: X o (Y + U?Z) = X o Y mod U?
and (UX) o (UY) =U(X + Y ) mod U

Then for the left-hand-side (LHS) of (3.3) modulo U? we have:
(e+didz;@hY)e+...)o(aU+...)=
e o Ey(ade)(d(id; @ h)e) o (U +...) =

e o (Ey(ade)(d(idz @ hY)e) + c,U)
Similarly, the RHS of (3.3) modulo U? appears in the following form

(ee)U+...)0 e+U Y tVa+...| =

a€ZO(p)

eo |U Y Eylade)(t™ Vi) + Uexp(ade)(oc)
a€Z%(p)

It remains to cancel by e and equalize the coefficients for U. Il

Any solution {¢;,{Vy | a € Z°(p)}} of congruence (3.4) modulo
M(p—1) can be uniquely lifted to a solution {c1,{V.o | a € Z°(p)}} of
(3.4) modulo L(p)x € M(p—1). This follows easily from Lemma 2.2b)
because o is nilpotent on M(p — 1) mod L(p)x (use that M(p — 1) C
L+ L(p)x). In other words, we have a unique lift of

¢ € Mmod M(p—1) C Lxmod M(p—1)

to ¢ € Lxmod L(p)x. This allows us to prove that the number of
different solutions {¢;,{V,o | @ € Z°(p)}} of (3.4) is |£/L(p)|. Indeed,
we can arrange the recurrent procedure of solving congruences (3.4)
modulo L£(s)x, where s = 1,...,p. When s = 1 we have only trivial
solution. Then each solution modulo L(s)c gives a unique extension
for all V,mod L(s + 1) and |L(s)/L(s + 1)| different extensions for
¢y mod L(s+1),. (Compare with the calculations from Subsection 2.3.)
Finally, the number of different solutions of congruence (3.4) is equal
to the number of different lifts of h to Aut IC(p) which coincides with
the order |Ga1(/C§I(,£(p D /KC)| = |£]. This is not very much surprising be-
cause the lift h(p) is completely determined by fiU = d(idz ® h(p)Y))f
and fi is uniquely recovered from the knowledge of the appropriate
solution {c1,{Va | @ € Z°(p)}} due to the following proposition 3.8
below. As a matter of fact, the above arguments give more. Suppose
¢1 =Y ep c1(i)t?, where all ¢1(i) € L;. Then different solutions ¢; have
different ¢,(0), i.e. ¢1(0) € Ly are strict invariants of lifts h(p).
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Recall that for m > 0,

Bu= ) (_1)U(i) szl

ov<km

are the Bernoulli numbers. One of their well-known properties is that

x/(1 — exp(— ZB )™ /ml.
m=0
Proposition 3.8. d(id; ® h(p)V)f = fl ® U, where

fi = (ad h(p) @ idk) f + Y (=)™(Ba/n))]...[e1, fl,. -, f].

n=0 v
n times

Proof. In earlier notation we have modulo U? (use (3.5) and (3.6)):
(idz @ h(p)”) f = F+ AU = (@U) o (f + fVU)
= ([ + fYU) o (Uexp(ad f)e)
= f o (Eo(ad f) fOU + exp(ad f)eyU)

= (7Y + Bo(ad )~ @(ad f))en)U
It remains to note that Fy(z) ' exp(x) = /(1 — exp(—1)). O

Remark. a) As we already mentioned the above proposition implies
that the knowledge of the differential ¢; is sufficient to recover the
element (idz ® h(p)V)f = &) o f(U) and therefore, the element ¢.
This fact can be obtained directly from the cocycle relation for ¢(U).
b) Suppose £’ is an ideal of £ such that £ O L(p). Then we can
repeat the above arguments to prove that the solutions of (3.4) modulo

L} describe uniquely the lifts of h to automorphisms of ICS}(,U).

3.6. Special cases. Recurrent relation (3.4) describes explicitly step
by step the action of the lift A(p). We can agree, for example, to find
at each step the appropriate values of ¢; and Vo by the use of the
operators R and S from Subsection 2.2. This will specify uniquely the
lift h(p) together with its action by conjugation on £ = £/L(p) and,
therefore, will determine the structure of L; (and of the group Gp).

Let (as earlier) wp = >, As(h)t™, where all A;(h) € k and
Ao(h) # 0. Then (3.4) modulo Cy(L)x + M(p — 1) gives the following
congruence

(37) ocy — C1 + Z t a0 = — Z A tCOerl @ DaO .
a€Z0(p a€Z%(p)
120

Applying the operator R, cf. Lemma 2.2, we obtain:
e Voo = (ad h(p)) Doy = avad h(p) Dy € agCa(L);
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e for all b € Z*(p),
%0 = (ad h DbO Z A bDb—i—co—f—pi,O mod 02 (,C_)k .

=0

The second relation means that all generators of £, of the form Dy,
with a > ¢y can be eliminated from the minimal system of generators
of Lyx. Indeed, because Ag(h) # 0, all Dy, belong to the ideal of
second commutators Co(Lyp,), = ((ad h(p))Li + Co(Ly))/L(p)k, and for
any n € Z/Ny, all Dypycyn = 0" Dyieyo also belong to Co(Ly),. The
first relation then means that L, has only one relation with respect to
any minimal set of generators. This terminology formally makes sense
because in the category of Lie F,-algebras of nilpotent class < p the
algebras of the form £/C,(£), where £ is a free Lie F,-algebra, play a
role of free objects. The same remark also can be used for the category
of, say, p-groups of period p and of nilpotent class < p. Therefore,
G, can be treated as an object of this category with finitely many
generators and one relation.

As an illustration of Proposition 3.7, use the relation (3.7) modulo
L(2)+M(p—1) and make the next central step to obtain the following
explicit formulas for Voo modulo £(3) = C5(Ly)y (the elements F)
are generators of ramification ideals introduced in Subsection 1.4)

Proposition 3.9. We have the following congruences modulo L£(3)y:

Voo = —ap Z o"(Ai(h))o (‘FcoerZO)
0<Zn2<0N0

and for all a € Z*(p),
Va3 AP )~ S AL o)

n>1 m=0
120 120

Before sketching the proof of this proposition we explain why the
sums in the last formula are finite.
Proposition 3.10. Suppose a € Z°(p). Then:

) fOT any N m = O ‘Fgo+pz+ap -N = ‘Fgo+pi+apm,0 mOdﬁ(g)kf

b) forany N >n =1, Fo 0 in n = Foipivajpr,—n M0d L(3)k;
¢) if m =0 and co + pi + ap™ > 2co — 1 then Fp i apm o € L(3)k;
d) ifn € N and (co — 1)(L+p™") < co then Fg i\ oipn —n € L3

Proof. a) If it is false then F7 ﬂn +apm —n should contain a term of the
form a1[Dg,0, Dayn,|, where ng < —1 and a1+asp™ = co+pitap™ € Z;
this implies as = 0 and a; = ¢o+pi+ap™ = cy; therefore, D,0 € L(2)g

and our commutator belongs to £(3).
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b) It is obvious if @ # 0 — in this case both elements don’t contain
linear terms and for any second commutator ai[Dg,0, Dayn,] we should
have as # 0 and ny = —n. If a = 0 then cf. a).

c) Fo, tpitapm o Can contain a linear term only if m = 0 which then
must be equal to aDcypitq,0, but then ¢y + pi +a > 2¢y and it belongs
to L£(3)g; if we have a second commutator ai[Dg,0, Dayn,] then the
condition a; +p"2as > 2¢o—1 implies also that this commutator belongs

d) In this case there is no linear term, and any appeared second
commutator ai[Dq,0, Dagn,| should be such that ny = —n, a1, as < cp—1

but then a; + asp™ will be less than ¢y < ¢y + pi + a/p™. O

Proof of Proposition 3.9. From (3.7) we obtain (apply the operator S
from Subsection 2.2)

G Z UnAi(h)tpn(CDeriia)aDan mod 5(2)’C + M(p B 1)

0<a<co+pt
2,m>0

(Modulo £(2)x we can ignore all terms with a > ¢y.) Then the right-
hand side of (3.4) modulo £(3)x + M(p — 1) appears as

. 1 .
— Z Ai<h)tco+pz—aaDa0 — 5 Z Ai(h)tco+pz_a1_a2a1[Dal(), DagO]

(117(127i

1 —(a a
+§ Z A”L(h>t (a1 + 2)a1[-Da1+Co+pi,07Da20]
a1,a2,t
- Z 0—”(Ai(h))tpn(00+pi—al)—¢12a1 [Dal,n7 -D(ZQO]

a1,a2,n,%
0<ai<co+pi

In the above sums the indices a,a;,as Tun over Z°(p), i > 0 and
n > 1. The third sum can be ignored because all Dq, 4 cotpio € C2(Ln)k
and for the similar reason we can ignore the restriction 0 < a; < co+pi
in the last sum.

Now note that the terms from the first line can be grouped as follows:

— the constant terms (i.e. the coefficients for t° = 1) appear as

IS AW Y wlDas Dol = = X A ey

ai+taz=co+pi

— the remaining terms are grouped with respect to the condition
a=co+pi+bora+ay = co+ pi+bp™, where b € Z*(p) and m > 0,

and appear as
- Z A;(h) Z t_bpm]:(?o—l-pi—i-bpm,O ,
% b,m
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The terms from the last line are grouped (modulo £(3)x) with re-
spect to the condition a; + az/p"™ = ¢ + pi + b/p™, where b € Z*(p)
and n > 1, and appear as

- Z Jn(Al(h)) Z t_aanfgo+pi+a/P",—n :

It remains to recover the values of Vj, by applying the operator R
from Subsection 2.2. O

4. APPLICATION TO THE MIXED CHARACTERISTIC CASE

Let K be a finite field extension of Q, with the residue field k ~ IF,,~,
and the ramification index ex. Let my be a uniformising element in K.
Denote by K an algebraic closure of K, set I' = Gal(K /K). We assume
that K contains a primitive p-th root of unity (;.

Let I'p, := I'/TPC,(I"). We are going to apply the above results for
the group G, to the group I'c,. Our exposition is not very far from
Section 4 of [6], but we do not discuss the structure of ramification
filtration, simplify constructions and correct some inexactitudes.

4.1. Exact sequences for I'.,. For n € N, choose m,, € K such that
7™ =7, 1. Let K = Unen K (7m0), and 'z = Gal(K/K). Then the em-
bedding I'z C T induces ¢ : I'yz — I',. Note that Gal(K(m)/K) =
(10)%/?, where 1o(m1) = m (1.

Let j : I'cp — Gal(K(m)/K) be a natural epimorphism. The
following proposition appears as Proposition 4.1 from [6] when M = 1.

Proposition 4.1. The following sequence is exact
Tz Ty 25 ()P — 1.

Let R be Fontaine’s ring. There is a natural embedding £ C R
and t = (m,modp),=0 € R. If K = k((t)) and Ry = Frac R then K
is a closed subfield of Ry and the field-of-norms functor X, cf. [15]
Subsection 4.3, identifies X (K) with K and Ry with the completion
of Ksep. In particular, there is a natural inclusion tx : I' — Aut R,
which induces the identification of G = Gal(Ksep/K) and I'%.

We use the results of the above sections and the appropriate notation
related to our field K, e.g. G-, = Gal(K.,/K), where K., = Ing:pC”(g).
The identification ¢ K]pf( composed with the morphism ¢ from Proposi-
tion 4.1 induces a group homomorphism ¢, : G, — I',, and Propo-
sition 4.1 implies the following property.

Proposition 4.2. The following sequence is exact

Gep BT, L5 ()P — 1,
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4.2. Auxiliary statements. Let v be a unique extension of the nor-
malized valuation of K to Ry. Let n be a closed embedding of K into
Ry which is compatible with vy, i.e. for any a € K, vc(a) = ve(n(a)).

Let ¢ := e*(= exp/(p — 1)). As earlier, consider the embeddings
M C L, M, C Li_, and their analogue

MRO = Z tiscoﬁ(SO)mR + ﬁ(p)RO C ‘CRO?

1<s<p

where mp is the maximal ideal in R.

We know that e € M, f € M, (these elements were chosen in
Subsection 1.3) and for similar reasons, if 7 € AutRy is a lift of 1 then
(ide®@7)f € Mg,.

Below we consider the condition (id; ® n)e = emod P~V Mp . In
particular, this congruence holds modulo L,,, + £(p)g, and following
the coefficient for D1y we deduce that 5|, = id.

Proposition 4.3. Suppose (id; ® n)e = emod P~V Mp . Then
a) there is m € P~ My such that
(idg ®@ n)e = (—om) o e ommod L(p)g, ;

b) if 1) is a lift of n to Ry then there is a unique | € G(L) mod G(L(p))
such that

(id; @ 7)) f = f olmodtP YoMy,
c) there is a unique lift n(p) of n to K(p) such that (idz@np)f = f,
where f = fmodtP~YVoMp .

Proof. a) Note that =Y Mp is an ideal in Mg, and for any i € N
and m® € tP=VoC;(Mp,), there is m; € t®P~D9C;(Mpg,) such that
om; —m; = m°mod L(p)g,. (Use that o is topologically nilpotent on
t(p_l)COMRO/‘C(p)RO'>

Therefore, there is m; € P~V My, such that n(e) = e — om; +
my mod L(p)g,. This implies that

o(my) on(e) = e omymod tPVCCy(Mp,) + L(p)r, -

Similarly, there is my € t®P=1)%Cy(Mp,) such that

o(my) on(e) = —omg + mo + € 0 my modL(p) gy,

o(mgomy)on(e) =eo(mgyo ml)modt(p_l)cng(MRO) + L(D)r, ,
and so on. This gives m; € t?~V0C;(Mp,), 1 <14 < p, such that
o(mp—10---omy)on(e) =eo(my_10---omy)modL(p)r, -

This proves a) with m =my_j 0---om;.
b) Let (idz ® n)f = f’. Then for the above element m, we have
o(mo f'y=eo(mo f')modL(p)g, and, therefore,

o((=f)omo f) = (—f) omo f' modL(p), -
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This implies the existence of [ € £ such that mo f' = folmod L(p)g,
(use that Lg,|s—iq = L).
Suppose I € L also satisfies statement b) of our lemma. Then we

have fol = fol'modt®PNoMp [ =1modtPV%Mp and

lo(=1') € (t(p_l)coMRo> lo=id C (Lmp + L(P)ro) lo=ia = L(p) .

c¢) This follows from part b) because Gal(K.,/K(p)) = L(p).
Proposition is proved. U

4.3. Isomorphism k,. Let ¢ = ({,modp),>0 € R be Fontaine’s
element (here (; € K is our p-th root of unity and for all n, (¥ = (,,_1).

Let ¢(; = 1+ > isolBilmh, where all [3;] are the Teichmuller
representatives of 3; € k. Use the identification of rings R/tP¢K ~
O /p, coming from the projection R — (O /p)1. This implies

=1+ Z ;tP mod ¢~V R
120
where all o; = 7 € k, o # 0 (note that pex = (p — 1)cp and € ¢ K).
Assume that A € AutKC from Subsection 2.1 is such that for all i,
a;(h) = a; (and h|, = idy). Then

h(t) = te mod tP~ Vot R

This implies that for any 7 € I', there is h € (h) C Aut K such that
i (T)|xc () = h(t) mod tP~D0+! R Indeed, there is m € Z, such that

g (T)(t) = te™ =t (1 +) aitcoﬂﬁ) = h™(t) mod tP~ Vot R
i>0
(use that h(t?) = t* mod t** R), and we can take h = h™. Clearly, such
h is unique modulo the subgroup (h?).

This means that n := LK(T)|;CiL_1 : K — Ry satisfies the as-
sumption from Proposition 4.3. Let n(p) be the lift from part c)
of that proposition, let /7 € AutRy be such that 7|cq = n(p) and

set h(p) == (7 'tk (7))|k@)- Then A(p)|x = h and by Galois theory
h(p) € AutK(p). As a result, h(p) € Gu/Cy(Gr) is a unique lift of h
such that
(ide ® e (7)).f = (idz @ h(p))f -
If h is multiplied by an element of (h”) then h(p) is multiplied by
an element from (gh/C’ (gh))P but this will not affect (idz ® h(p))f.

Therefore, the image of h(p) in G, is well-defined. We obtained the
map of sets k : I' — G, uniquely characterized by the equality

(idz ® 1k (7)) f = (idz ® &(7))f
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where #(1) € Gn/C,h(Gr) C AutK(p) is any lift of k(7) € G with
respect to the natural projection Gy, /C,(Gr) — Gp.

Proposition 4.4. x induces a group isomorphism k< : I'c)y — Gy,.

Proof. Suppose 11,7 € I'e. Let ¢ € Ly and A € Autz be such that
(idg & I%(T))f =Cco (A (24 id)((p))f. Then

(idz @ A(mi7)) f = (idz ® e (mi7)) f = (idz @ vxe (1)) (idz @ (7)) f

= (idz ® txe (1)) (idz @ &(7))f = (idz ® txe (1)) (€ 0 (A® idieqp)) f) =

(ide@tx(m1))eo(ARix (1)) f = (i ®F(11))eo (A®idic() ) (id @ (1)) f

= (idz@k(m1))co(ARidi() ) (id @i(m1)) f = (idz @k (1)) (co(A®idi()).f

= (idz ® i(n))(idz ® (7)) f = (idz @ &(m)i(7)) f

and, therefore, k(717) = k(m)k(7) (use that G, acts strictly on the
orbit of f). In particular, s factors through the natural projection
I' = I',, and defines the group homomorphism rx., : I'c,, = Gp,.
Recall that we have the field-of-norms identification of I'z with G
and, therefore, k., identifies the groups x(I'z) and G(L£) C Gj,. Be-
sides, k., induces a group isomorphism of (19)%/? and (h)%/P. Now
Proposition 4.2 implies that k), is a group isomorphism. Il

4.4. Properties of I' ., = G(L). By Proposition 4.4 the results ob-
tained for the group Gy in the characteristic p case can be extended to
the Galois group I'<,, coming from the mixed characteristic case. These
results were stated independently in the Introduction. We summarize
them here briefly as follows:

— I'c, = G(L), where L is the Lie F,-algebra such that
0— L/L(p) — L —F,1p —0;
— the Lie algebra £ was defined in Subsection 1.3;

— L}, has system of generators { Dy, | a € Z7(p),n € Z/No} U{Do};
— the ideals L(s), 2 < s < p, are given by Theorem 2.5 and the
ideal Cs(L) of commutators of order > s in L equals L(s)/L(p);

— the structure of L is determined by a lift 7., of 7y and the ap-
propriate differentiation adr., is described via recurrent relation (3.4).
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