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1 Introduction

There has been some progress recently in the study of two-dimensional N' = (2,2) su-
persymmetric field theories, and of supersymmetric gauge theories in particular, using
localization techniques — see for instance [1-9]. A crucial ingredient in this line of devel-
opment is a proper understanding of rigid supersymmetry on curved space. In this paper
we revisit the problem of defining A = (2, 2) supersymmetric theories on any two-manifold
> with an arbitrary non-dynamical Riemannian metric. We will mostly focus on ¥ a
compact orientable Riemann surface without boundaries. We implement the approach to
curved-space rigid supersymmetry advocated by Festuccia and Seiberg [10] (see also [11]
for an earlier discussion in the case of AdSy), which realizes any supersymmetric geometry
as a supersymmetric background for an off-shell supergravity multiplet. See [12-18] for
related works in higher dimensions.

We consider NV = (2, 2) theories with a vector-like R-symmetry. On R?, the N = (2,2)
supersymmetry algebra reads

{@-@-}=ar., {@n@i}=—1p {00} =2, {0+.0-}=2Z. ()

with the other anticommutators vanishing. Here P,, Py are the left- and right-moving mo-
menta respectively, and Z, Z is the complex central charge that commutes with the vector
R-symmetry (Z and Z are complex conjugate of each other in Lorentzian signature). The
vector-like R-charge of the supercharges (Q+ and @i is —1 and +1, respectively. The su-
persymmetry current sits together with the energy-momentum tensor in a supersymmetry
multiplet called the R-multiplet, which was studied in detail in [19]. The bottom com-
ponent of the R-multiplet is the conserved R-symmetry current j,SR). The R-multiplet
naturally couples to an off-shell supergravity multiplet which includes an R-symmetry
gauge field A, [20].

Note that we do not require an axial-like R-symmetry. Even when present in flat space,
the axial R-symmetry is typically broken by the curved space background for massive
theories. When the field theory of interest flows to an interacting fixed point, the axial
symmetry is restored as an accidental symmetry in the infrared (IR) and the background
fields that break it explicitly only couple to redundant operators® of the IR superconformal
field theory. (In this paper, whenever we write R-symmetry we will mean the vector
R-symmetry unless otherwise stated.)

'Redundant operators of a CFT are operators that vanish in any correlation function at separated points.



It is well-known that one can preserve supersymmetry on any orientable Riemann
surface by the so-called topological A-twist [21], which corresponds to identifying A, with
the spin connection or redefining the energy-momentum tensor [22].2 One natural question
that this work answers is whether there are more general ways to preserve supersymmetry
on Y. We will see that on Riemann surfaces of genus greater than one there are no other
possibilities than the A-twist — perhaps unsurprisingly given that higher genus Riemann
surfaces do not admit ordinary Killing spinors [23]. The case of genus one will be omitted
from our discussion because the supersymmetry is essentially the same as in flat space.
The most interesting supersymmetric backgrounds occur at genus zero. There are three
topologically distinct ways to preserve some supercharge(s) on the sphere, corresponding
to having —1, 0 or 1 unit of flux for the R-symmetry gauge field. The case of vanishing
flux has been studied recently in [1-3], which computed the partition functions of rather
generic N = (2,2) gauge theories on such spheres using localization methods. The case of
F1 unit of flux corresponds to the A- (and A-)twist and to some deformations thereof. In
particular, it includes the so-called Q-background [24, 25] on any S? with a U(1) isometry.

While our formalism is very similar to its higher dimensional counterparts in three
and four dimensions for theories with four supercharges and an R-symmetry [12, 13, 16],
it is worth pointing out some interesting peculiarities of the two-dimensional setup. First,
while supersymmetry implies the presence of a complex structure in four dimensions (or of
a transversely holomorphic foliation in three dimensions), any orientable two-manifold ¥ is
complex and the complex structure is not related to the presence of a Killing spinor. The
complex structure of X will however play an important role because the most convenient
way to describe the Killing spinors is in terms of holomorphic sections of some complex
line bundles over Y. Another two-dimensional peculiarity is that the elementary Killing
spinors (which are Weyl spinors (1) have zeros, which does not happen in [12, 13, 16].% In
this respect, N' = (2,2) curved-space rigid supersymmetry is closer to N' = 2 curved-space
supersymmetry in four dimensions (see for instance [17, 26]).

This paper is organized as follows. In section 2, we derive the Killing spinor equa-
tions governing rigid supersymmetry in two-dimensions by taking the rigid limit of the
“new minimal” supergravity multiplet. In section 3, we classify regular supergravity back-
grounds preserving at least one supercharge. In sections 4 and 5, we discuss the case of
two and four supercharges, respectively. In section 6, we present the curved-space rigid su-
persymmetry algebra and its realization on various supersymmetry multiplets, and we give
the curved-space generalization of many standard flat-space supersymmetric Lagrangians.
Our conventions are spelled out in appendix, which also contains various useful formu-
las. In particular, we relate our results to the higher-dimensional results of [12, 13, 16] by
dimensional reduction in appendix C.

2Similarly, the topological B-twist, which is done with respect to an axial R-symmetry, can be obtained
by coupling the two-dimensional Ferrara-Zumino (FZ) multiplet (see for instance [19]) to its corresponding
background supergravity. By the Zs mirror action, this is equivalent to considering the A-twist and replacing
superfields by their twisted counterparts (e.g. chiral multiplets by twisted chiral multiplets, and vector
multiplets by twisted vector multiplets).

3When we uplift from two to three (or four) dimensions, the 2d Weyl spinors (—, {4+ combine into
a three-dimensional Dirac spinor (or four-dimensional Weyl spinor) ¢¥ = ((_,¢y+), which is nowhere
vanishing [12, 13, 16].



2 The two-dimensional Killing spinor equations

In this section, we derive the generalized Killing spinor equations which governs curved
space supersymmetry for any N’ = (2, 2) supersymmetric theory with a vector R-symmetry.
Following [10], we couple the R-multiplet to supergravity and read off the Killing spinor
equations from the gravitino variations. The relevant two-dimensional supergravity is the
dimensional reduction of the new minimal supergravity in four dimensions [27, 28] dis-
cussed in [20]. We will only need to consider linearized supergravity, similarly to the
analysis of [16].

2.1 R-multiplet and linearized supergravity

In any N = (2,2) field theory with a vector-like R-symmetry U(1)g, there exists a super-
current multiplet, called the R-multiplet, which contains the U(1)r conserved current as
its lowest component. The R-multiplet R,, satisfies [19]

~ 1 ~ 1 1._ 1
DR, = _EX_ , D_Rz= —1X+, DR, = _ZX_ , D_Rz= —1X+,

Dix; =0, Dix_ =0, Dixy =0, DiY =0, (2.1)
Dix-—D_Xx+ =k, DiX-—D_x+ =k,

where Dy, ﬁi are supercovariant derivatives. (See appendix A for our flat-space conven-
tions.) The constant k is a space-filling brane charge [19]. We set k£ = 0 in the following.
Expanding in components, we have

R, =" —i0=S_, —i0tS,, —i0 S_, —if S, +40-0 T,, — 4010 T%,
- %eﬂﬁ— j,SZ ) 4 %e—éﬁjgm — 2010760 0,5,, —20T07079:5_,
—20%07079.5,. — 20707 070:5_. + 40707076 0.0:51V

Re= 3" —i0=S 5 —i0TS,z —i0 Sz —i0" S,z — 4010 Tz + 4070 T.z

z

(2.2)

- %9+5— i %9—% 3D 20t07010-5_s — 2070707 0.5=
— 20100705 — 207007 0.5,5 + 40707010 9,0-7 .

Here j,SR) is the R-symmetry current, Si,, giu are the supersymmetry currents and

(z) (2)

Ju '»jn 7 are conserved currents for the complex central charge Z, Z in (1.1). The en-
ergy momentum tensor 7}, is symmetric and conserved. At first order around flat space,
the R-multiplet couples minimally to a linearized supergravity multiplet H,:

Lingra = —4 / d'0(H.R=z+ H=R.) . (2.3)

Due to the constraints (2.1), the superfield (H.,Hz) enjoys the gauge freedom

SyH.=-D_ L +D_L_, S;Hz= DLy~ DLy, (2.4)



where L4, Ly are fermionic multiplets such that
5+D7D+E, - 57D7D+z+ + D+575+L, - D75,E+L+ — 0 . (25)
One can use (2.4) to fix a Wess-Zumino gauge for #,,:

~ ~ 1 ~ 1  ~ ~ o~
Hy=—0"0h,, +60 0" hs, + 50*0*@ + 50*0*(}3 +i0T070 .,
000 Y, — 0O 0T, — 0O 0 Y, + 201707010 A, ,

N N N o o (2.6)
Hz=—0"0hz+60"0"hsz+ %0*0*05 + %9*9*(1; + 07070 5
+i0T070 s — 00 0 s — 0T 0 s+ 20707010 A,
with h,z = hz,. The residual gauge transformations are
o = Ouly + 00y, 5,Cp = 8,A ) | 5,C, = 9,A0) o
LAy = 0,AW Optbep = Opes Opey = Oufs .

We can therefore identify h,, with the graviton. The complex gauge fields Cﬂ,éﬂ are
graviphotons which couple to the complex central charges Z, Z in the flat-space supersym-
metry algebra (1.1), A, is a gauge field coupling to the vector R-symmetry current and
wiuﬂ;ﬂ:u are gravitini. In Euclidean signature, the superfields L and L are not complex
conjugate of each other, and the gauge parameters in (2.7) are generally complex. We will
impose that the metric is real, therefore £, must be real in (2.7). The other background
fields C,,, é/w A, are allowed to take general values, but we will restrict ourselves to real
gauge transformations (this means that A©) is the complex conjugate of A(©) while A(4)
is real) because the theories we consider are generally only invariant under those real gauge
transformations. In Wess-Zumino gauge, the linearized supergravity coupling (2.3) reads

=T i~ (o)) L (0, -5). e

~ Z
Note that C,,, C,, couples to the conserved current j,g ), j,SZ), respectively. In the following,

we will mostly encounter the graviphoton dual field strengths, defined as
H = —ie"9,C, H = —ie"9,C, . (2.9)

Note that the definition (2.9) is also valid in curved space (with e*” the Levi-Civita tensor).
On a compact two-manifold X, the presence of non-zero flux for A4,,C),,C), will generally
lead to quantization conditions for the charges R, Z, Z.

2.2 Gravitino variations and Killing spinor equations

Curved space supersymmetry for N' = (2, 2) theories with an R-multiplet is dictated by the
rigid limit of the supergravity multiplet introduced above. A supersymmetric background is



such that the supersymmetry variations of the gravitini vanish for some non-trivial Killing
spinors. In the linearized theory, we find

5Q1/)—z = 2e_ (&hzz - Z ) 5
Sotb_s = 2¢_ (azhzz .h ) - 6+’H
5Q¢+E = 26+(6zhzz ) s

with e+ a constant spinor. The supersymmetry variations 5Q1Ziu are similar (in terms of
a constant spinor €1). We can infer the gravitino variations in the full non-linear theory
(in the rigid limit) from (2.10) by promoting e to a space-dependent supersymmetry
parameter (4 (x). The final answer is completely fixed by diffeomorphism invariance and
dimensional analysis. See [16] for more details about this procedure.

Any orientable two-dimensional manifold ¥ is complex. Let us introduce a Hermitian
metric g, on X and a complex zweibein el = eldz, el = e%d? such that

ds* = 29.2(2,7) dzdz = elel . (2.11)

We will often use the holomorphic and antiholomorphic frame indices 1,1 in the following.
(See appendix A for more details.) The equations g1+, = 0 are equivalent to the following
(generalized) Killing spinor equations

1 —
(V. —iA)(_ =0, (Vs —iAz)(_ = sH el
- (2.12)
(Ve —id)¢y = ot e: (-, (Vz—idz)(4 =0
Similarly, from 5@&@1 = 0 we obtain

~ - 1~ —~
(V. +iA.)¢ =0, (Vz+idz)C = SHezCy,

T N (2.13)
(VZ + ’LAZ)C+ == 57‘[ 6; C, 5 (V; + ’LAE)<+ =0.

The Killing spinors (1 and Ei carry R-charge 1 and —1, respectively, and the Killing spinor
equations are invariant under complexified local vector R-symmetry transformations. They
are also invariant under the axial R-symmetry transformations

Codnlos GG Co AR Gl

Ay — Ay, H— N2H, H— A28, '

with Aax a complex constant. Note that (2.13) can be formally obtained from (2.12) by
(e —=Ce, Ay——A,, HoH, H-oH. (2.15)

The equations (2.12), (2.13) subsume the various Killing spinor equations used in pre-
vious works such as [1-3], which studied ' = (2,2) theories for particular supersymmetric



background on the two-sphere. To make contact with the notation of those papers, let us
consider the Dirac spinors (T = (¢_,(y), ¢ = (C,, §+) and the two-dimensional gamma

matrices 7#,v3 — see appendix A for our conventions. We also introduce the supergravity
background fields H, G such that

H=H+iG, H=H—iG . (2.16)

For unitary theories, the fields H, G would be real in Lorentzian signature. To preserve su-
persymmetry in Euclidean signature we must generally give them complex expectation val-
ues, which violates reflection positivity [10]. The Killing spinor equations (2.12), (2.13) read

1 i
(V= idu)C = =5 HyC + ~Gvu3¢,

o f N (2.17)
(vu + iA,u)C = _iH’YuC - §GW’Y3C .
For instance, [2] considered the round metric on S? with H = — R; (with Rg2 the S?
radius) and A, = G = 0. The authors of [1] considered instead a round S? with A, = H = 0
and G = — RiQ. Those two backgrounds are part of a continuous family of backgrounds
S

preserving four supercharges on the round S?, which are all related by (2.14).

3 Backgrounds preserving one supercharge

Consider an orientable compact Riemann surface Xg of genus g with a Hermitian
metric (2.11). Let \/g = 2g.z(z, Z) be the square root of the metric determinant in complex
coordinates, which transforms according to

, — . 0z = 0z

under change of holomorphic coordinates. In other words, /g is a global section of the
determinant line bundle. In this section, we classify backgrounds that preserve at least one
supercharge, corresponding to solutions to the Killing spinor equations (2.12).

3.1 Solving the Killing spinor equation

Locally, given any metric (2.11), one can use (2.12) to solve for the supergravity background
fields in terms of the Killing spinors. If ({{_ # 0, we have

. (C_ 2 1(_
AZ:_ 821 - y :7&2 - )
! o8 (gs) e \/§ (9 C+>

C+ ~ 1 Gy
Az 1 . .
—1 05 og(gs> , H = \/58 (g C>

The case (+(- = 0 will be discussed separately below. Given a globally defined solu-

(3.2)

tion (4, we can construct the one-form p, = (v,( of R-charge 2. Its holomorphic and
antiholomorphic components

NH

p. = g7 (C)?, pr=—g7 (¢4)? (3.3)



are sections of K ® L? and K ® L? respectively, where I and K are the canonical and
anticanonical line bundles while L denotes the U(1)gr line bundle. The objects (3.3)
transform as

Py =(Wr)*Up, L= (Wgr)*Ups, (3.4)

between coordinate patches, with U defined in (3.1) and Wg a corresponding transition
function for L. It follows that (1 transform as

: -

¢ = <g> C. =y (g) G (3.5)
under a holomorphic coordinate change. A supersymmetric background is partly deter-
mined by a choice of U(1)g line bundle L, which is equivalent to a choice of transition
functions Wg. As mentioned above, we should restrict ourselves to real R-symmetry gauge
transformations, which means that Wpg is a pure phase. Topologically, U(1) line bundles
are determined by their first Chern class (or degree). Let us denote

c(l)=meZ. (3.6)

In general, for each m we have a 2g real-dimensional family of inequivalent line bun-
dles ¥g, corresponding to turning on Wilson lines. However, Wilson lines for the vector
R-symmetry would break supersymmetry and are therefore disallowed.* Without further
loss of generality, we take L such that

m

®mn
Lo =2VEK ith = .
C R W1 n g — 1

(3.7)
Here L is the holomorphic line bundle associated to L,> while /K corresponds to the
spin bundle with fully periodic fermions. (In general there are many inequivalent ways of
taking the (g — 1)-th root of v/K in (3.7), but this subtlety will not affect our conclusions.)

It follows from (3.7) that .
U\
Wi = <U) | (3.8)
Note that, if either (_ or (4 is nowhere vanishing, its associated line bundle is trivial and
therefore (3.5) implies that n = —1 or n = 1, respectively. To proceed further, we note that
the sections (4 can be factorized into a globally defined piece which transforms like (3.1)
and a holomorphic or an antiholomorphic piece. This leads to the following ansatz for (4:

14n Avec(2,Z) 1-n

C—(z7§) = /\VGC(Z7§))‘8LX(27§)QT §_(E), C_;,_(Z,E) - 77)9T S+(Z) : (39)

Aax(2,Z

“When the theory possesses both the vector and axial R-symmetries, one could turn on Wilson lines
for the left-moving (or right moving) R-symmetry, which would still preserve the right-moving (resp. left-
moving) supercharges. This is what is done in the case of the V' = (2, 2) elliptic genus (see for instance [6]).
Such Wilson lines are not available to us because we only consider the R-multiplet and its corresponding
background supergravity fields.

5Namely, L is such that the phase of its transition functions are the transition functions of the U(1)
bundle L: if a(z) is a transition function of L, the corresponding transition function of L is \/a/a.



Here Avec and Aax are globally defined nowhere vanishing functions on g, while s_ and
54 transform as

5-(7) = —z5-(3), sp(2) = —= s4(2) . (3.10)

In other words, st are identified as (locally) holomorphic sections of some power of the
spin bundle VI

s_ el (x/E_l_") : sy €T (\/E_Hn) : (3.11)
Plugging (3.9) into (3.2), we find

2 n A2 5
A, = sz — 10, log (Avec)\ax) ) H=—0: <glzax5> )
2 V9 S
\ 9 (3.12)
_n . vec VN l-n Sy
Ao Gumivog (32) . A= o (4 ).

with w,, the spin connection. Note that Aye. corresponds to a vector R-symmetry pure gauge
transformation, while A\;x can be interpreted as a local axial R-symmetry transformation
(recall however that there is no gauge connection for the axial R-symmetry). Using the
Gauss-Bonnet theorem, one can check that

cl(L)Z;T/EdA:n(gn:m, (3.13)

as it should be by construction.

The careful reader will have noted that several different factorizations would have been
possible in (3.9). For instance we could factorize a holomorphic piece in {_ instead of an
antiholomorphic one. However, such alternate factorizations introduce physical poles in
A, when plugged into (3.2), corresponding to the zeros (or poles) of the corresponding
holomorphic (or meromorphic) sections. We do not consider such singular supergravity
backgrounds.

3.2 The A-twist

The special cases when either (; or (_ identically vanishes must be treated separately. For
(— =0, the general solution to (2.12) reads

1 -
n= 5w i0ylog (4, H=0, H = (arbitrary) . (3.14)
This corresponds to a line bundle with n =1 in (3.8). Then (4 is effectively a scalar — a

A

section of a trivial line bundle — and we can set it to a constant by a complexified U(1)g
gauge transformation. Similarly, for (; = 0 we have

A, = —%w# — 10y log (_, H = (arbitrary), H=0, (3.15)
with n = —1. The backgrounds (3.14) and (3.15) correspond to the A- and A-twists, respec-
tively. (More precisely, this is called the %A—twist when only one supercharge is involved.
However this background also preserves a second supercharge of opposite R-charge, which
we will consider in the next section.) The possibility to turn on an arbitrary background
for H or H does not affect the supersymmetry algebra.



3.3 Global properties of the Killing spinors

Since we are considering compact Riemann surfaces without punctures, the sections st
in (3.11) should be globally holomorphic, so that supersymmetry maps smooth field con-
figurations into smooth field configurations. Since there are no holomorphic sections of
a line bundle of negative degree over Xg, this regularity condition severely restricts the
allowed Killing spinors. Moreover, one should verify that the background fields #, H de-
termined by (3.12) have no singularities at the zeros of s..

The canonical bundle of a Riemann surface of genus g has degree 2g — 2, therefore the
line bundles with sections (3.11) have degrees (g —1)(—1Fn) =1—gFm. For g > 1, at
least one of the two line bundles has negative degree and no holomorphic section. Therefore
either s_ or sy is identically zero, and the only supersymmetric backgrounds correspond
to the well-known A- or A-twist (3.14) or (3.15).

On the torus (g = 1), the spinors (1 are sections of a trivial line bundle and the
supersymmetry is essentially the same as in flat space. We will not study the torus in any
detail in this paper.

The genus zero case is somewhat richer. On the Riemann sphere, (3.11) reads

s_ el (Om+1), s.el(O(—n+1)), (3.16)

in the standard notation O(k) = H®* for CP'. Regularity imposes that |n| < 1 for any
non-trivial solution. The case n = £1 leads to the A-twist mentioned above and to some
deformation thereof. The case n = 0 (with no flux for the R-symmetry) corresponds to
the supersymmetric spheres of [1-3] and their generalization to more general metrics on
the sphere.

3.4 Flux and charge quantization

The presence of non-trivial flux for the gauge fields in the supergravity multiplet can lead
to restrictions on the allowed values of the charges R, Z, Z. The R-charge has the standard
Dirac quantization condition,

1
rm € 7, mE/dA, (3.17)
2T b

with r the R-charge and m the flux from the real part of A,. (The imaginary part of A, is
a well-defined one-form by assumption, therefore it does not lead to any flux.) Similarly,
the restriction on Z, Z due to non-trivial fluxes for the graviphotons reads

]. 2 =~ ~,
ReM/Ed 2/g (z?—[ - z?—l) €z, (3.18)

with z,z the central charges.

3.5 The case of CP!

Let us consider supersymmetry on the Riemann sphere in more details. We can cover
the sphere with two patches with coordinates z and 2/ = %, respectively, and consider



an arbitrary metric (2.11). In the case of vanishing flux for the R-symmetry gauge field,
n =m = 0, we have the Killing spinor

() o [ Aax5-()
C‘(g)‘g (Aa;s+<z>)’ 1)

up to a complexified R-symmetry gauge transformation. (We write all quantities in the

o[

northern patch with complex coordinate z.) Here sy are both holomorphic sections of
O(1), which therefore have a single zero on the sphere. Since the zeros of s_ and s; do not
coincide, we can set s_ = 1 and s; = z by a change of coordinates. (Then s_ has a zero
at the “south pole” 2z’ = 0 while sy has a zero at the “north pole” z = 0.) A necessary
and sufficient condition for the background fields H, H given by (3.2) to be regular is that
the metric takes the form

gZENCO+Cl|Z|27 g1z N02+c3|2/|27 Cp,C1,C2,C3 E]Ra (320)

near the zeros z = 0 and 2’ = 0, respectively, and similarly for the function A\.c.® In the

case of n = —m = 1 unit of flux for the R-symmetry, we have the Killing spinor
1.
c= () = (9 A3 (3.21)
G+ Aat
where we have set sy = 1 and s_ is a section of O(2). Choosing s_ = z, which has zeros

at the poles, we have a non-singular background for any metric satisfying the boundary
conditions (3.20). A similar story holds for n = —m = —1.

4 Backgrounds preserving two supercharges

In this section, we study backgrounds which allow for a second Killing spinor Ei solv-
ing (2.13). In the presence of (1 and {4+ one can construct a complex vector of zero R-charge

K* = (y¢ . (4.1)
In the frame basis, K1 = (_(_ and Ky = —(4Cy. Tt follows from (2.12), (2.13) that K is

Killing. We have several possibilities:

e if K = 0, we have the ordinary topological A- or A-twist. This is what happens on
Riemann surfaces of genus g > 1, which do not admit Killing vectors.

e If K and K are linearly independent and [K, K] = 0, we are on the flat torus.

o If K and K are linearly independent and [K, K] # 0, we are on the sphere with
its round metric, and we actually have four supercharges [1, 2]. This case will be
discussed in section 5.

e If K and K are linearly dependent, we are either on the sphere or on the torus with
a U(1) isometry. This is the most interesting case. (We focus on the sphere in the
following, the torus is comparatively trivial.)

5Tt follows from the analysis of the next section that we then have a second supercharge Ei locally, near
the zeros of s+.
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Consider the Riemann sphere. Similarly to the previous subsection, we can restrict our-
selves to the ansatz

tiﬁyﬁum (42)

C(27) = ! 05, Gan) =

)\vcc (27 z))\ax(fza z

for the Killing spinor z , where t1 are holomorphic sections of the following line bundles:
t_el'(O(—n+1)), ty €eI'(O(n+1)) . (4.3)
The Killing vector (4.1) is then
K = —2s4(2)t4(2) 0, +25_(2)t_(Z) 0% . (4.4)

Without loss of generality, let us consider the real coordinates €, ¢ on the sphere, 6 € [0, 7],
p ~ 4+ 27, with complex coordinate

z=h(f) e . (4.5)

Here h(0) is a smooth real positive function with the same asymptotics as tan g at 0 =0, 7.
By assumption, K lies along the azimuthal direction 0, = (20, — Z0%).

Solving for the background fields in terms of zi, we have the same A, as in (3.12)
while H, H are given by

2 14n \2 ty ~ 2 1-n  t_
H=—0 (94 ax) , H=—05 <g4> ) 4.6

\/§ - i \/§ : Agx t+ ( )
In order for the background to preserve two supercharges of opposite R-charge, (4.6) must

be compatible with (3.12). If we further impose that A,x be invariant along K, (4.6) is
compatible with (3.12) if and only if

5_t_ = co 2, S+t+ =Cyz, S+ 8Zt+ =1_ =S_, t+ (9Zs+ =5_ zf_ y (47)

with ¢p a complex constant. Note that st and s_t_ both correspond to the holomorphic
section of the line bundle O(2) with zeros at the north and south poles (6 = 0, 7 respec-
tively). One easily checks that any regular solution of the first two equations in (4.7) (for
the allowed values of n, n = 0,41) is also solution of the last two equations. We discuss
such solutions more explicitly in the following subsections.

4.1 The A-twist (bis)

Let us first address the case when K = 0 in (4.1). This can only happen for (_ = 0 or
¢+ = 0, corresponding to the A- or the A-twist (3.14), (3.15), which are defined on any
Riemann surface ¥g. The topological A-twist corresponds to

s_=0, sp=1, t_-=1, t. =0, (4.8)

in the ansatz (3.21), (4.2) with n = 1. Here s; and ¢_ are sections of the trivial line
bundle. Note that given the background (3.14) we automatically have a second Killing
spinor Z, x i, Z+ = 0. The case of the A-twist is similar. In these backgrounds, the
R-charge is quantized in units of ﬁ due to (3.17).
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Note that for the A-twist we have the freedom of turning on an arbitrary ﬁ, and
similarly with an arbitrary H for the A-twist. This is a rather mild deformation. In
particular, one can show that the partition function does not depend on any continuous
deformations of H because such deformations are Q-exact in this case. The supersymmetry
algebra is also unaffected. However, if there is a non-trivial flux for H the quantization
condition (3.18) holds and constrains the central charge.

4.2 The Q-background on the sphere

On the sphere, the A-twist admits an interesting U(1)-equivariant deformation, correspond-
ing to turning on s_ and ¢4 in (4.8), which are holomorphic sections of the holomorphic
tangent bundle TCP! 2 O0(2). Let us consider the azimuthal Killing vector

V=0,=1(20, —z0%) . (4.9)
The Killing vector (4.1) is proportional to (4.9),
K =¢eqV, eq € C, (4.10)
and equation (4.7) implies
s5_ = i?z, s =1, t_=1, ty = —i%z . (4.11)

For eq = 0 we recover the ordinary A-twist (4.8). The Killing spinors (3.21), (4.2) can be
conveniently written in terms of (4.9),

() [eaV = C_ - 1
) 0

(Here we have set A\yec = Aax = 1 for simplicity.) The corresponding background super-
gravity fields are
1 -

Ay = Sw,, H= i,V H=0. (4.13)

The background R-symmetry gauge field takes its standard A-twist value with m = —1 unit
of flux through the sphere (in our conventions). Therefore the R-charge must be integer
quantized. The equivariant deformation e # 0 corresponds to a non-trivial expectation
value for the graviphoton C),,

Cu=SVa, C, =0, (4.14)

up to a gauge transformation. Note that H has vanishing flux through the sphere, therefore
the central charge is not constrained in this background.

It is instructive to consider the supersymmetry algebra corresponding to (4.12). The
A-twist has the effect of twisting the spin S to 8" = S + %, where R is the R-charge. In
particular the twisted spins of the supersymmetry parameters ¢(_, (y, Z,, ZJF are 1, 0, 0,
—1, respectively. On a field ¢, .z, of R-, Z-, Z-charges r,z,z and spin s, we have the
supersymmetry algebra

{50 52} Plr,zz,s) = —21(2 + €Ly s ) (2 2,5) » (4.15)

542“ P(r,z,z,5) — 0, 5? P(r,z,z,5) — 0,
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where Ly |s_,¢ is the Lie derivative along V' with the spin s replaced by the twisted spin
s = s+5. (See appendix A for the definition of the Lie derivative.) This result easily follows
by plugging the Killing spinors (4.12) and background fields (4.13)—(4.14) in the more
general supersymmetry algebra (6.1) to be introduced below. It is manifest from (4.15)
that the background (4.13)—(4.14) realizes a U(1)-equivariant deformation of the A-twist
on S? with equivariant parameter eqg. This is also known as the (-background — see for
instance [24, 25, 29, 30].

4.3 The sphere without R-symmetry flux

Another background of recent interest is the sphere without flux for the R-symmetry gauge
field. In this case, si,ty are sections of O(1), and the most general solution to (4.7) is
either

s. =1, Sy =iz, t.=—iz, ty =1, (4.16)
or
S_ = —iz, sy =1, t_=1, ty =iz . (4.17)

(The factors of ¢ are chosen for future convenience.) Let us consider (4.16) for definiteness.
The Killing spinors (3.21), (4.2) read

(N o e s () fingE
) @) e

where we set Ayec = 1 for simplicity, and the Killing vector (4.1) is K = —20,. The

oo

corresponding supergravity fields can be obtained from (3.2), and one can check that H, H
are regular at the poles. Therefore we have two supercharges on any squashed sphere with
U(1) isometry and vanishing R-flux.

As a concrete example of such a supersymmetric squashed sphere, consider the metric

ds? = f(9)2d92 + sin2 9d(p2 — C(Z,f)QdZd?, (419)

with f(f) an arbitrary smooth function such that f ~ 14 o (92) at 0 = 0, and similarly at
0 = w. We must have

o(2,2) = g1 = % £(0) = sin0 ’Z((g)) , (4.20)
with h(6) the function introduced in (4.5). A convenient choice of A\ax in (4.18) is
Aax = t};(f)g . (4.21)
In this case, the background supergravity fields take the simple form
Aud:c“:l(l—l)dgp, W= (4.22)
2 f(0) f(0)
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This background was studied in [3]. Note that [, dA = 0 and that we could set A, =0
by choosing A,z to be constant. On the other hand we have non-trivial fluxes for the
graviphotons, leading to the quantization condition

Rg2Im(z —2) € Z (4.23)

for the central charge. Here we restored the overall radius Rg2 in the metric (4.19) for
dimensional reasons.

5 Maximally supersymmetric backgrounds

It follows from (2.12), (2.13) that a supersymmetric background preserves four supercharges
(two (’s and two (’s) if and only if

OuA, — 0,4, =0, %R:Hﬁ, OH=0, 9H=0, (5.1)

with R the Ricci scalar. In particular, the two-manifold must have constant scalar curva-
ture. For compact two-manifolds, (5.1) can only be satisfied on the round sphere of radius
Rg: with HH = — 55—, or on the flat torus with H# = 0.
S2
Up to a U(1)p gauge transformation, the most general maximally supersymmetric S?
background is
4R%, i ~

- _ Y _ A
i ‘Z|2)2dzdz, A, =0, H A H A (5.2)

d82 = =
RS2 ax ? RSZ ax

with Aax € C an arbitrary constant. The four Killing spinors correspond to the two choices
of sections (4.16) and (4.17), which are mutually compatible on the background (5.2).
In terms of the real coordinates 0, with z = tang e, they read, up to a constant

normalization,
¢ = Aax COS g [ tAaxsin ge*w
iNgdsin §et | " Adcosd )7
. iA=L g 0 —ip AL % (53)
= iy Sin 5e i ax COSg |
Aax cos ’ i\ax sin §et®

The three Killing vectors (v, 7]7“2 and Cv“z = ny1 generate the SO(3) isometry of the
round sphere.

Relaxing the requirement that the two-manifold is compact, an interesting one-
complex-parameter family of backgrounds with four supercharges is provided by the
Q-background on R?, which was studied from the field theory viewpoint in [25]. This back-
ground can be obtained as the flat space limit of the Q-background on S? of section 4.2,
focusing on the north pole patch. The metric is flat and all the other supergravity back-
ground fields vanish except for the graviphoton (4.14), which leads to a constant background
for H = —ieq. In addition to the two supercharges (4.12) that exist on curved space, the
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flat space Q2-background preserves two ordinary flat space supercharges. The four Killing
spinors are:

_ [eaVz (1
(5.4)
~ 1 - 0
From those Killing spinors we can build the Killing vectors
(Cou=caV, (VN0 =-20., (O, = 20s, (5.5)

with V' the rotational Killing vector (4.9). Note that with our present definition of the
Q-background, we obtain supersymmetric actions which differ from the ones of e.g. [25, 31].7
It would be interesting to understand better the relation between the two approaches.

6 Supersymmetry multiplets and supersymmetric Lagrangians

In this section, we study the curved-space generalization of the standard N' = (2,2) su-
persymmetry multiplets. Recall that two-dimensional Lorentz invariance (or rotation in-
variance, in our case) allows for more general supersymmetry multiplets than in higher
dimensional theories with the same amount of supersymmetry [32, 33]. We will discuss
in detail the chiral and twisted chiral multiplets, possibly coupled to vector or twisted
vector multiplets, respectively. Note that a symmetry that acts only on chiral multiplets
can be gauged with an ordinary vector multiplet, while a symmetry that acts only on the
twisted chiral multiplets can be gauged with a twisted vector multiplet. The gauging of
more general symmetries can also be considered, but it requires more complicated vector
multiplets [34, 35] which we will not consider in this work. Yet another family of inter-
esting V' = (2,2) multiplets are the semi-chiral multiplets [33], which we briefly discuss in
appendix E.

6.1 Supersymmetry algebra

The generalization of the flat space N' = (2, 2) supersymmetry algebra (1.1) to any curved-
space supersymmetric background of the kind discussed in previous sections is:

{547 55} Orzz) = —2i [UK + ¢ (Z - gH) ¢ (5— gﬁﬂ Pr,23) »
{547 677} P(rzz) = 0, {527 55} Or,z5) = 0.

Here ¢, .z is a field of arbitrary spin, R-charge r, and central charge z,z. We use L

(6.1)

to denote a modified Lie derivative along K*, which is covariant under local R-, Z- and
Z-transformations,

1 ~ 1.
'C/K‘P(r,z,z = (EK — Z'T‘K“A,u + §ZK‘MCM — QZK“CM> Plr,2,2) 1 (62)

"The main difference is that we effectively shift the central charge z to z + oLy while keeping 7 fixed,
which is allowed in Euclidean signature, while in [25, 31] both z and z are being shifted.
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with K# = CV“Z the Killing vector (4.1). The most straightforward way to derive (6.1) is
by twisted dimensional reduction of the three-dimensional algebra of [16], as we explain in
appendix C.

6.2 General multiplet

Let us consider a general complex multiplet S whose bottom component is a complex scalar
or R-charge r and central charges z, z, with components

S = (C7X:|:75<v:|:7M7M7GM70'757)\:|:73‘:|:7D> . (63)

It has 8 + 8 complex components. In flat space it is represented by the unconstrained
complex superfield

S=C+ib x_ 40y, +i0 X_ 40, +i0T0 M +i6"0~ M
—9 (9—5—% - 0+5+ag) L 0o — 0075 + 20070767 (A_ +i0.%4)
£ 20070 (A +id=X_) — 2107076~ (X_ . i82X+> (64)
—2i0t0 4" (L - z'agxf) — 20707010 (D + 20.0:C).
In the following, we spell out its curved space generalization. We work in the complex

frame e', e! (see appendix A) and express all tensors, including covariant derivatives, in

the frame basis. Let us also define the R- and Z, Z-covariant derivative
. 1 ~ 1.
Dyp(rzz) = Vu —ird, + QZC/L - §ZCM P(rz2) (6.5)

acting on any field ¢, . of R-charge r and complex central charge 2,28 The curved
space supersymmetry algebra is represented on the general multiplet (6.3) by:

_|_

i (ZJJ— - E—i+> )
C) + 2C+ DC +iay) ,

C=i(Cx- — C—x+)
_=(. M-

£ X
——" —

+2(_(D;C + iag

)

+ 20+ (D1C —iay)

Q aQ Q

N—— N N

( )
( )
( )
( )

(o9

>‘<2

I

f\

Lf\
/\/q\/\/\
A?AA
l\D\ﬁl\D\ﬁl\D\il\D\
vv

20
oM = —2 (G-~ ¢ A+) +2i (5 5H) Gox- —2i (2 = 5H) S
+ 4iC4 Dix+ — 4i¢_Dyx—,
SM =2 (Cohe — CoAy) — 26 (z - g%) Covo + 2 (z— gﬁ) X4
+ 4iC+ D1x+ — 4i(-Dyx—,

D;C — iay) , (6.6)

/\

8In this section z always denotes the central charge and not a complex coordinate. Since we are working
in the frame basis this should cause no confusion.
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bar = —iC- A —iC A+ Dy (Cox- = Coxs = G + X )
bap = iCi Ay + il As + Dp (G = Cxs = G- + X))
60 =2 Ae + 2 A +i (2= 5H) (G- = Coxe = G-+ R )
07 = =20 A =20 +i (T SH) (Gox- — G = G- + 0T
S\ =iC_ (D — 2i(Dyay — Diay) + Ho + % (2~ gﬁ) o % (=~ g%) 5)
+2i¢. (D10 —i (2= 2H) ai) |

2
Oy = iCy (D +2i(Dyay — Dyag) + Ho — % (2~ gﬁ) o+ % (=~ g%) 5)
+2i¢ (D5 —i (- gﬁ) ar) | (6.7)
Py <D +2i(Dray — Dyag) + HF + % (z- gﬁ) o % (=~ gH) 5)

— 2, (Dl&' i (z- gﬁ) a1> ,
S — (D — 2i(Dyay — Diat) + Ho — % (z— g#) o+ % (z - gH) &)
— 21'5_ <DTO' —1 <z — g?—[) aT) )
5D = —2D, (Q+X+ - E+A+) +2D- (g_X_ - Z_A_>
(o) (£ - (- ) (-8
+i <ZR - %7—(2_ ;7‘72’> <C+X— — X — Cex— E—i—i—) '

In the last line, R stands for the Ricci scalar of the two-manifold. These transformations
realize the algebra (6.1) for any spinors (4, (+ satisfying the Killing spinor equations.

6.3 Chiral and twisted chiral multiplets

A chiral multiplet ® of R-charge r and central charges z, Z is a general multiplet satisfying
the constraints

X-=Xx+=0. (6.8)

This is equivalent to the superspace constraint INDiQJ = 0 on the corresponding superfield
in flat space. The chiral multiplet has components

o = (¢7 ¢77w+7F) ) (69)
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of R-charges r,r — 1,r — 1,r — 2, respectively, whose embedding into the general multi-
plet (6.3) is given in appendix D. Its supersymmetry transformations are

0 = V2(Crip— = ¢-tb)
S_ = V3C_F —iv2C. ( - gH) ¢+ 2iv/2C4 D1,
. ~ [~ T . e
Sy = V2L F —iv2C, (z - 5%) ¢+ 2iV20_ D<o, (6.10)
SF = /2 <z T;Qﬁ) Cov —V2i <z - 7“;27{) sy
+2iV2D, (@m) — 2iv2Dy (Zw,) .
Similarly, an antichiral multiplet d of R-charge —r and central charge —z, —Z is a general
multiplet satisfying the constraints

X—=Xx+=0, (6.11)
or fo = 0 in flat space. It has components
&): <$71;—71;+7ﬁ)7 (612)

of R-charges —r, —r 4+ 1,—r + 1, —r + 2, respectively. Its embedding into (6.3) is given in
appendix D and its supersymmetry transformations are

66 = —V2 (G = C b )
S_ = V2 F +iv2¢_ (E— %ﬁ) & — 2iV2C, D1,
50y = V20 F +iv2¢, (z - %’H) & — 2iV/2¢_D+o, (6.13)
oF = ai (== "2 H) cubo - vai (- T2 e
+2iv2D, (@L) — 2iv2Dy (C_J_) .
One can also define the twisted chiral multiplet €2, which is a general multiplet satisfying

X— =X4 =0, (6.14)

or D_Q = 5+Q = 0 in flat space. Note that this multiplet is special to two dimensions.
It turns out that such a multiplet can only be embedded into a general multiplet (6.3) of
vanishing R- and Z, Z-charges, r = z = z = 0. It has components

Q= (w7n—7ﬁ+a G) ) (615)

of R-charges 0,1,—1,0, respectively. Its embedding into (6.3) is given in appendix D and
its supersymmetry variations are

ow = V2 <E+77— - C—ﬁ+) ;
on- = V2(_G +2ivV2(, Dyw,
5y = V2(, G + 2iv2(_Dyw,

0G = 2iV2 (C+D177+ - E—DTU—) :

(6.16)
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The twisted antichiral multiplet Qis similarly defined by

X-=X+=0, (6.17)

or D_Q = 15+(~2 = 0 in flat space. It has components

0= (a,ﬁ,,m,é) , (6.18)

of R-charges 0,—1,1,0, respectively. Its embedding into (6.3) is given in appendix D and
its supersymmetry transformations are

0w =—v2 <C+ﬁ— - 5—77+) ;
51— = V2(_G — 2iv/2(, D1,
oy = V2(,.G — 2ivV2¢_Di&,

3G = 2iv/2 <5+D1?7+ - C—DTﬁ—) :

(6.19)

The chiral and twisted chiral multiplet both have 2+ 2 complex components. Another
interesting set of constrained multiplets are given by the semi-chiral multiplets, which are
general multiplets with either x4, x_,X— or X4+ set to zero. They have 4 + 4 complex
components. We briefly discuss them in appendix E. Finally, we could also consider a
stronger constraint which sets three of the x4, X+ to zero. For instance, consider the case
X— = X+ = X+ = 0. Such an ultra-short multiplet has 1 + 1 components (¢,_) of
vanishing R, Z, Z—charges which are constrained to be holomorphic:

O =Dy =0. (6.20)
They have the supersymmetry transformations
So =20,  SY_ =2iV2(, 0 . (6.21)

This multiplet is the supersymmetrization of the two-dimensional chiral boson (see for
instance [36]). We will not discuss it any further in this work.

6.4 Linear and twisted linear multiplets

The linear multiplet is a general multiplet J of vanishing R- and Z, Z—charges which
satisfies the constraint

M=M=0. (6.22)

This corresponds to D D_7J = l~?+l~)_j = 0 in flat space. It has components

T = (g e jn K.K) (6.23)
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of R-charges 0,—1,1,0,0,0, where j, is a conserved current, Vyj; + Vij1 = 0. The em-
bedding of J into (6.3) is given in appendix D and its supersymmetry transformations are

6 =i (Coi- = ) +i (Gd- = C T )

_ = E_K + 2C+ (DIJ ij1)
0jy = (K +2¢ (DyJ — ijy)
Jo = C K +2¢, (DlJ +ij1),
57+ = Co K +2¢_ (DpJ +ijy) (6.24)

oj1=—D1 <C+J¥ + gy — Caje — 5!31) ;
oj1 = Dt <C+j— + gy — Chje — Z-L) )
0K = —4i¢_Dyj_ + 4iC; D1j
§K = —4i¢_Dyj_ + 4iC Dyjy .
Such a multiplet can be minimally coupled to the ordinary vector multiplet V' to be dis-
cussed in section 6.6 below.
The twisted linear multiplet Jisa general multiplet of vanishing R- and Z, Z-charges

which satisfies the constraint
c=0=0, (6.25)

or D+l~)_f = D_l~)+f = 0 in flat space. It has components

~

\7: (ja.}?i??iw[?w[?v}\u) 9 (626)

of R-charges 0,—1,1,—2,2,0, where }L is a conserved current, Vlfy} + fol = 0. The em-
bedding of J into (6.3) is given in appendix D and its supersymmetry transformations are

5T =i (Cij - C:j;) +1 (Zij - Zfir) ;
_=CR+2 (D1f+ ﬁl) :
0 = G R +20 (DrT = i)

R +20 Dy
_:Z_f(+2g+(p )
(

57, =K +2¢ (DT + i ) (6.27)
51 = Dy <C+}— —C gy — C+JQ + Z—ir) ;
0j; = —Dy (CJJ— —C gy — Eﬁ_ + E—?Jr) ;

§K = —4@{ Dlj +4ZC+D1]+,
5K = —4i(_D+j_ +4iC D) L

Such a multiplet can be minimally coupled to the twisted vector multiplet V to be discussed
in section 6.6 below.
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6.5 Multiplying multiplets

Starting from (6.6)-(6.7), it is straightforward to take the product of any two general
multiplets. The product of two general multiplets Sy, S2 of lowest components C1, Cy of
charges 71, 21,21 and 1o, 29, Z2, respectively, is a general multiplet S = §1Ss of charges
r1 + 19, 21 + 29,21 + 2o given by
C =00y,

X+ = X102 + C1xoF,

X = X102 + CiXoF ,

M = MCs + CtMa —i(X14-X2— — X1-X2+4) 5

M = M;Cy + C1 Mz — i(X14Xo— — X1-X2+4) (6.28)

1 - -
a1 = a11Cy + Crag — i(Xl—X2— - X1-X2-),

1 - -
ap = a;7C2 + Crayr + 5 (14 X2+ — X14X2+)
o0 =010y + Crog —i(X1-X2+ — X14+X2-)

0 =01C2 + C102 +i(X14X2- — X1-X2+) »

7, ~ . e .
Ao =M_Co + -Mixa— + =X1-(02 + 2914 C2) — iX14+(D1C2 +ias;) + (1 < 2),

2 2

7~ T - e .
Ay =40 + §M1X2+ + §X1+(02 + 2o Ca) — ix1-(D7C2 + tayy) + (1 <> 2),
~ ~ 7 - 7 - - . .
Ao=XA_Co — §M1X2— - §X1—(02 — 2011C2) +ix14 (D102 — iagy) + (1 < 2),

~ ~ ) ~ 1 . .

Ay = A1 02 — o Mixat — §X1+(02 — 299C2) +ix1-(D7C2 —dayy) + (1 < 2),
1/~ N1 _

D =DiCy+CiDy + 5 <M1M2 n M1M2> — 5(6102 4 0152) = 2D1C1 D1

1 -
— 2D101DT02 + 5(217{227{ + 217{227{)0102 — 2(0,11@21 + CLQICLH) (629)

—iDx1-X2— + ix1- DiXe— + ix1- Dixa— — iD1X1-X2-

+iD1x14 X2+ — ix1+D1Xot+ — iX1+D1ixos +1D1X14 X2+
7 7

~3 (211 — zom) (X1 4+ X2— + X1-X2+) + 5

— (Maxe— — Ai=xe) + (xa- Aot — x14A2-)

(Zin — Zom) (X14-X2— + X1-X2+)

+ (X14A2— — X1-A24) — (M1—Xo+ — A4 X2-),
where we introduced the notation:

2y = (z—%?—[) . Fm= (z—%ﬁ) L i=1,2. (6.30)

Let us discuss some important special cases. The product of two chiral multiplets
of R- and Z, Z—charge (ri,21,21) and (ro,ze,22) give another chiral multiplet of charge
(71472, 21+ 22, 21 + 22). More generally, consider any holomorphic function W (%), with ¢
the bottom components of some chiral multiplets. We have the associated chiral multiplet

(6", W W FV) = (W, W OW, L W, FIoW + wiwiaiajw) , (6.31)
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provided that W is quasi-homogeneous with respect to the R- and Z, Z—symmetries, namely
> zoWw = (Z z) W, Y rdow = (Z n) W (6.32)

We can also consider W <<Z’> an antiholomorphic function of antichiral multiplets.

Similarly, the product of two twisted chiral multiplets gives another twisted chiral
multiplet. We can consider a general holomorphic function /W(wi), with w? the bottom
components of some twisted chiral multiplets. W is the bottom component of a twisted
chiral multiplet with components

(W7 0T GV) = (W, oW, 70, GO +n' i 0,0,W ) . (6.33)

We can also consider W ((DZ) an antiholomorphic function of twisted antichiral multiplets.
Note that the formulas (6.31), (6.33) are like in flat space. (The only difference with
flat space, which will be important below, is that the supersymmetry variation of the
G-component of a twisted chiral multiplet is not a total derivative by itself.)

The product rules (6.28)—(6.29) are easily generalized. In particular, given any number
of general multiplets S® of R- and Z, Z—charges re, z® zZ%,

St = (Ca,Xi,%i,M“,]\?“,aZ,a“,&“, g;fi,pa) : (6.34)

we can build a general multiplet K(S?) of lowest component K = K(C?%) with K any
function. Let us define

9] s,
= 5gm 8C’anK’ (6.35)

which is totally symmetric in its indices. We will consider the case of K neutral and

Kalagn-an

quasi-homogeneous of degree zero:

D rtCUK, =0, Y CK,=0, Y FC'K,=0. (6.36)

a a a
It is straightforward to extract the components of K. In particular, its D-term is given by
1 .-
DF =K, <Da — 22&2%0“)
+ Ko (20030 — L6350 —2D,co D0 — 20l
ab 5 50’ g 1 1 alaT s

+ Ka (ix“Dlib — D% XY — XA DixG +iDix: X

! a

— 52 (RexG —X0xE) + 5P (et - (6.37)
- () ¢ (R )
1 A e | pzanb se | iyrash e L ipjalb e
+ §Kab0(w X=X HI0X X+ IMEX X + M X
20T — 20871 )

1 o
~ 5 Kabea XX XX,

where we sum over repeated indices (for instance, K,24,0* = >, Kq25,¢6%).
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6.6 Vector and twisted vector multiplets

Consider a compact Lie group G and its Lie algebra g. Assume that G is a symmetry of
the theory which acts non-trivially on chiral multiplets ® while leaving the twisted chiral
multiplets ) invariant. Such a symmetry can be gauged with an ordinary vector multiplet
V, which is a general multiplet of vanishing R- and Z, E—charges valued in the adjoint
representation of g and subject to the gauge freedom

exp (—2V) — exp (17\) exp (—2V) exp (—iA), (6.38)

with A and A some arbitrary g-valued chiral and anti-chiral multiplets of vanishing R- and
Z, Z-charges. The expression (6.38) is to be understood in terms of products of general
multiplets like in the previous subsection. One can use (6.38) to fix a WZ gauge

Y= (0,0,0,0,0,a“,a,g, )\i,Xi,D) . (6.39)
At first order in the gauge parameters, (6.38) reads
5sz%(A_7x)+% (A+EY] (6.40)
when expanded around (6.39). The residual gauge transformations are given by A = A=
(w,0,0,0), which corresponds to

Oty = Oyw + i [w, a,] , dwo =iw, o], 0o =1iw,d],

- N (6.41)
Sode = i [w, A | Sode =i [w, Ai} , 0uD =ilw, D] .

This identifies a, as a g-valued gauge field. The supersymmetry transformations of V in
WZ gauge are

Say = —iC_A_ —il_A_,
Sag = iCy Ay +iCi Ay,
60 =20 Ay + 20,
65 = =20 Ay — 204 A,

- 1
ON_ =il_ (D +2if;7+Ho + 5[0, a]> + 2i(1 Dyo,

1
SAy = iCy (D —2if;1 +HG ~ o, 5]) +2i¢_D:5 (6.42)

SA_ = —iC_ (D — 2if7 + Mo+ %[a, 5]) — 2, D15,
~ ~ ~ 1 ~
5D = —2D, (gL - Z+A+) +2D; (qj, - Z,A,)

- [07 Che — E—)\+} - [57 Cedo — C—XL} :
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where we defined the field strength
fuv = Opay, — 0y, — ilay, ayl, (6.43)
and the covariant derivative D, is also gauge-covariant, for instance D A+ = V, Ay —
iA A+ — iau, At R
We can similarly consider the case when some gauge group G only acts non-trivially on
twisted chiral multiplets. The corresponding gauge field sits in a twisted vector multiplet

]7, which is a g-valued general multiplet with vanishing R- and Z, Z-charges subject to the
gauge freedom

exp (—29) — exp (217{) exp (—29) exp (—zK) , (6.44)

with A and A some arbitrary g-valued twisted chiral and twisted antichiral multiplets. Let
us define the fields

by = —aq, by = ag, k=M, r=M,
pP— = A — 22D15€+ s P+ = )\+ + 2ZDT5<V— N (645)
po=—A_+ 2Dy, Py =My —2iDpx_, = —D —4D,D;C,

in terms of the components of a g-valued general multiplet of vanishing R, Z, Z—Charges.
Using (6.44) we can fix a WZ gauge where only the components (6.45) are nonzero,

i} = (b“,/’i,’/%, p:taﬁ:bE) . (646)
The fields (6.45) transform as
d5by = 0,0 + 1[w, by], dok = i[w, K], Ik = i[W, K],

[
= i@, ps], ooE = i@, E] , (6.47)

dopt = 1[w, p1] 05 P+
under residual gauge transformation with A= /:X = (&,0,0,0). In particular b, is the gauge
field. The supersymmetry transformations in WZ gauge are
8by = —iC_p_ —iC_p_,
Sby = iCpe +iCy s,
0k = =2C_py — 2C4p—,
0F = 20_py +2C1p-

-1 - -
Sp_ =i(_ (E +2if;7 + 5[/@, ﬁ]) —2i(4 D1k —i(_Hk,

NN

Spy = —iCs <E +2if7 — [n,%]) +2i(_ Dk + iy Hes, (6.48)

1

§p_ = —iC_ (E — 2if7+ 2&;,%}) +2i¢y DR +iC_HE,

§py =iy (E —2ifg — %[K, 75]) — 2i¢_Dyk —iC HR
0E =2Dy <C+ﬁ+ - Z+P+) +2Dg (C,ﬁ, - iﬂ)

+ {f% Cip — 5—54 + [/, Crp— — Cp4]
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where we defined the field strength

o~

Fur = Ouby — Dby — i[b, by, (6.49)

and D, is also gauge-covariant. Note that the scalars x, < in the twisted vector multiplet
have R-charge £2, respectively.

6.7 Field strength multiplets

In the case of an Abelian vector multiplet or twisted vector multiplet, one can define inter-
esting gauge-invariant field strength multiplets. Given an Abelian vector multiplet (6.39),
we can define the twisted chiral multiplet

S = (w, 1, s, G) = <a, VAL, —V2AL, iD — 2f7 + z’ﬁa) , (6.50)

which in flat space superfield notation reads ¥ = —iD_l~?+V, and the twisted antichiral
multiplet

5= (a; P é) - (5, VZA_, =2y, —iD — 2f 7 —ma) : (6.51)
which in flat space reads ¥ = iDJrlN?,V.

Similarly, given an Abelian twisted vector multiplet (6.46) we can define the chiral
multiplet

5= (¢, v, ¥4, F) = (n, —V2p_, V2ps, —iE+ 2fﬁ) : (6.52)

which in flat space reads S = —i5_5+9, and the antichiral multiplet

S = (5, Dy B, 15) - (;5 V25, V25, iE + QJ?H) , (6.53)

which in flat space reads S = iD+D_17. Note that & and & have R-charge +2 and vanishing
central charge.
6.8 Charged chiral and twisted chirall multiplets

Consider a chiral multiplet ® and an antichiral multiplet ® in some representation R and
R of the gauge algebra g, respectively, with the infinitesimal gauge transformations

SAD =iAD, 07D = —iDA . (6.54)

Here A is a fR-valued chiral multiplet and A a R-valued antichiral multiplet of vanishing R-
and Z, Z-charges. The supersymmetry transformations of ® minimally coupled to a vector
multiplet V in WZ gauge are

8¢ = V2(Cr- — (aby),

S = V2 F — i3 (z - g%) ¢+ 2iV/2C, D16,
Sy = V2L F — V28, (,’5— - gﬁ) ¢+ 2iV2(_D1o, (6.55)
SF = /2 (z—g—gﬁ Z+w_—\/§i<z—a—g7-[>g_z/}+,

+ 2iV2( Dytby — 2iV/2(_ Dy + 2i <E+X— - Z—X+> ¢,
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where D), is gauge covariant and the vector multiplet fields (au, 0,0, A\, Xi) are R-valued.

Similarly, for ® we have

66 = —V2((G0- — by ),
S = V2_F +ivV2_¢ (z— - g#) — 2V/2(, D1,
5y = V2L F +ivV2d (z _o— g’H> — 2iV2(_D+, (6.56)
~ S r o (s . T
SF = /2i ¢ (z o 5%) N (z - 5%)
+2iV2(y D1ty — 2iV2(_ Dy + 2i¢p (4 A= — (A4
with JR-valued vector multiplet fields.

Consider also a twisted chiral multiplet € and a twisted antichiral multiplet €2
in the representations 9% and 9 of the gauge algebra g, with the infinitesimal gauge
transformations _

0300 =i1QA, 0300 = —iQA . (6.57)

Here A is a R-valued twisted chiral multiplet and A a R-valued twisted antichiral multiplet
of vanishing R- and Z, Z-charges. The supersymmetry transformations of €2 minimally
coupled to a twisted vector multiplet V in WZ gauge are

dw =12 <Z+"7— - C—ﬁ+) )
on_ =20 G — i\/ig_mu + 2iv2¢, Dyw,
5y = V26, G — ivV2¢ Rw + 2ivV/2¢_Dyw,

0G = 2iV2 (C+D177+—57DT"77) +iv2 <C+%777 —E—Hﬁ+) +2i (CHNL - ZquL) W,

(6.58)

where D), is also gauge covariant (including the gauge field b,,) and the twisted vector mul-
tiplet fields (b, K, K, p+, p+) are R-valued. Similarly, for the twisted antichiral multiplet:

0w = —V2 (C+ﬁf - 5777+) )
51— = V2(_G + iV2(_&k — 2iv/2¢, D1,
oy = V2¢4 G +ivV2( ok — 2iV2¢_ Dy,

6G = 202 (e Diny = Dpii- ) +iV2 (G- k= Cony ) 420 (Cop-—Cpy )

(6.59)

with M-valued twisted vector multiplet fields.

6.9 Supersymmetric Lagrangians

Using the above results, it is straightforward to construct supersymmetric actions of
the form

= 2.73‘ .
S-/Ed NS (6.60)

which generalize the usual flat space formulas to the case of rigid supersymmetry on a
Riemann surface . We have the following possibilities:
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1. D-Terms. It is clear from (6.7) that the D-term of any general multiplet S of vanishing
R- and Z, Z-charge is a good supersymmetric Lagrangian,

Zp=D. (6.61)

2. F-Terms. Given any chiral multiplet ® with » = 2 and z = z = 0, and an anti-chiral
multiplet ® with r = —2 and z = 2 = 0, we have

Lr=F+F. (6.62)

3. Twisted F-Terms (G-Terms). Similarly, given any twisted chiral multiplet  and
twisted antichiral multiplet €2, the Lagrangian

2@:«%4ﬁ@+«é+ﬂw) (6.63)

is supersymmetric. Such G-terms are special to two dimensions and play an important
role in curved space backgrounds.

4. Improvement of the R-multiplet. Another interesting supersymmetric Lagrangian
can be obtained by coupling the R-symmetry gauge field A, to a conserved current
sitting in a linear multiplet 7. Using (6.27) and the integrability condition for the
Killing spinor equation (see appendix B), one can see that the following Lagrangian

is supersymmetric:

1~ 1, ~ 1
Ly = A + JHE + JHE — RJ, (6.64)

where R is the Ricci scalar. This Lagrangian is special to curved space super-
symmetry (it vanishes in flat space). Note that the conserved current j* in (6.64)
should be conserved off-shell. However, the Lagrangian (6.64) also appears as an im-
provement of the R-symmetry current by an ordinary (on-shell) conserved current,
j ,&R) — j,SR) +Ar j,, and it is supersymmetric at first order in the deformation param-
eter Ar (seagull terms are needed at second order by gauge invariance). Note also that
there is no similar supersymmetric completion of ALJ“, with 3" the conserved current
of a twisted linear multiplet J , consistent with the fact that we cannot improve the
R-symmetry current by an axial symmetry (i.e. a symmetry acting on twisted chiral

multiplets) without also violating the R-multiplet constraints (2.1) [37].7

From the above rules we can directly work out all the standard Lagrangians. The
canonical kinetic term for a chiral multiplet ® of charges r, z, Z, coupled to a vector multiplet
V like in section 6.8, can be extracted from the D-term of —% Tr ®e 2V ®, with lowest

9This is the same as saying that we need r = 0 for our curved-space twisted chiral multiplets, a fact we
mentioned in section 6.3.
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component —3 Tr ¢¢ in Wess-Zumino gauge. One finds:
Lro = 2D1¢D76 + 2D1¢D1¢ — FF + 2itp Dytpy — 2i)_Dyp_ + ¢D¢
—<2R—;H5—;ﬁz>$¢+$(5—5—;ﬁ> (:-0-5H)0 -
+%;5[a,a]¢+i{/?+(z—&—gﬁ)w_—z‘&_(z—a—gﬂ)m 0%
+iv2 (S A =X ) 6+ iV2ZE (o = A vy)

Here R is the Ricci scalar, the covariant derivatives are also gauge covariant (with the
gauge field a,) and the overall trace over the gauge group is implicit. We can also have
superpotential terms like in flat space. For any quasi-homogeneous holomorphic function
W of the chiral multiplets, of R-charge 2 and vanishing Z, Z—charges (and similarly for the
anti-chiral multiplets), we have

Ly = FOW + 0 gL 0,0,W + F'oW — ' % 0,0,W . (6.66)

Combining (6.65) with (6.66), we see that the superpotential contributes ;W O'W to the
scalar potential, like in flat space.

The kinetic Lagrangian for the twisted chiral multiplet coupled to a twisted vector
multiplet V is given by the D-term of %Tr Qe_QVQ, with lowest component %Tr ww in
Wess-Zumino gauge. It reads

Ly = 2D1@D1w + 2D15Dw — GG + 2iny Dy — 2i7-Dyn—
1., - ~ SO ~
+ 5 (kK 4+ RK)w + WEw — in_ K14 + iny k- (6.67)
+iV2(nep —Topr) w + V20 (prn- — p-iy)

where the covariant derivatives are also gauge-covariant (with the gauge field b,) and the
trace over the gauge group is implicit. Using (6.33) and (6.63) we can also construct twisted

o~

superpotential couplings from any holomorphic function W and any antiholomorphic

function W:
Lo == G'OW + 0 7. 0:0;W + iHW + G oW — i) 9,0,W — iHW . (6.68)

Note that the twisted superpotential Lagrangian contains an extra contribution iHW —

iHW with respect to its flat space expression.

The Yang-Mills Lagrangian for the ordinary vector multiplet (6.39) in WZ gauge is
obtained by extracting the D-term of the gauge-invariant general multiplet of lowest com-
ponent I Tr (60). This gives

1 1~ 1.\ _ N 1,
LA = 3 <2if11 + §’H0 - 27—[0) + DyoDyo + DyoDyo + g[a, 7
+ 2 Didy — 20 DiA_ +id_[o, Ay] — idi 5, A ] (6.69)

1

“Yp+lix +1H~2
2 g I TR
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where f,, is the field strength defined in (6.49). The trace over the gauge group and
the overall gauge coupling g% are implicit. For a U(1) vector multiplet, we can also con-
sider the Fayet-Iliopoulous (FI) coupling, which is the G-term of the field strength multi-

plet (6.50), (6.51):

0
5 :£D—|—i2— 2if1- (6.70)

™
Here ¢ is the FI parameter and 6 is the topological angle (of period 27). They pair into
a holomorphic coupling 7 = % — 1&, which can be viewed as the bottom component of a

background twisted chiral multiplet. (The FI term (6.70) is a special case of the twisted
superpotential (6.68) with W = 17%.)

The Yang-Mills Lagrangian for a twisted vector multiplet (6.46) in WZ gauge is ob-
tained by extracting the D-term of the gauge invariant general multiplet of lowest compo-
nent —% Tr(Kk). We obtain

T/, 2 ~ - —~ —~
5 = 3 (21fﬁ) + DykD1k + D1kDyk + 2ipy D1p4 — 2ip_Dip—
1 1. 1 ~\ L oy~ T~
— §E2 + g[/@, /<a]2 1 (R — 27—[7{) Kk —tH p_p+ +1H pyp— (6.71)

- Zﬁ-‘r [’%7 ﬁ—] + Zp-‘r [Ev P—} )

where ]?ﬁ is the field strength defined in (6.49), R is the Ricci scalar, and the trace over
the gauge group and the overall gauge coupling g% are implicit. Note that the coupling to
curved space generally induces a mass term for the complex scalar in the twisted vector
multiplet. However, in the case of a background preserving four supercharges this effective
mass vanishes. For a U(1) twisted vector multiplet, we also have the twisted FI parameter,
which is the F-term of the twisted field strength chiral multiplet (6.52), (6.53):

o~

- 0 ~
L5 =EE +ig_2ify. (6.72)

0
2
the bottom component of a background chiral multiplet. (The FI term (6.72) is a special
case of the superpotential (6.66) with W = %’/f\i)

Finally, consider the improvement Lagrangian (6.64) with a linear multiplet 7 = F +F,
with F = F (Ql) a holomorphic function of twisted chiral multiplets and F=F <§Z> an

antiholomorphic function of twisted antichiral multiplets. We find the supersymmetric

The twisted FI parameter and ) angle are paired as T = o= — zg, which can be viewed as

Lagrangian

L 5 =2iA1 0y (F = F) = 204701 (F - F) —iR(f“E) (6.73)

+ %ﬁ (G0.F +ni? 0:6,F) - %H (G'0F -+ iF,00,F ) .

with R the Ricci scalar. Note that (6.73) leads to a dimensionless action whenever w, &' are
themselves dimensionless. This provides an interesting finite counterterm on any Riemann
surface of nonzero curvature — in particular on the sphere [38].10

10We thank Zohar Komargodski for interesting discussions on this point.
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6.10 Supersymmetric non-linear sigma models

Finally, using the formula (6.37) we can write down the curved-space supersymmetric
Lagrangian for any non-linear sigma model with flat-space Lagrangian

Li(aa) = / 29K (B, 0) Li(0) = / 29K (9,9, (6.74)

for some chiral multiplets ®° or twisted chiral multiplets Q". The curved-space
Lagrangians presented below generalize the ones given in [39] for the round S? without
R-symmetry flux.!'!

Consider first a theory of chiral multiplets ®* with charges r?, ¢, 2% and antichiral multi-
plets & of charges Pi= i gt = i 3= 3 Defining the Kéahler metric on target space

95 = Kﬁy

(6.75)
the corresponding non-vanishing Christoffel symbols are given by

% = gMK, (6.76)

~ kE _ kg
ijl > Fg_g K

ijl -

We also denote ordinary derivatives of the metric by a comma, for instance 95k = K-

Up to a total derivative, the Lagrangian is given by —%D’C:

Ly @) = 9 (2D1¢>2D1q§7 +2D5¢' D1 — FIF) — 5 (z%%?H + zg{zfﬂ) ¢1¢J)

- %K (ZR— % (zﬁ+2ﬂﬂ)> ¢ + %K (ZR— % (ziﬁ+z‘i%)> &,

+ 95 (2iJiD1wi — 22'{51DT¢£)
i~ !
- 51/1]_1/4 <Qljvz‘(zﬂ¢)l —9;V5 <2H¢> >
Lo = Nl = A\l
+ §¢+¢_ 9;5Vi(Zud) — 9;V5 <2H¢>
— g VL FF g 0L FE gz gt R gl
(6.77)
where we have defined the covariant derivatives
Dyl = Dy + T (Dug®)
VX7 =9, X7 + 19 X* (6.78)
ViX7 = 9.X7 + 1L X*

and used the notation (zy¢)! = z,lqul, etc.

1YWe could also consider more general sigma models involving both chiral and twisted chiral multiplets,
as well as the semi-chiral multiplets of appendix E — see for instance [40] for a discussion in flat space. We
restrict ourselves to (6.74) for simplicity.
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Note the presence in (6.77) of the extra terms in K;, K; arising from coupling to
curved space (or from the central charge, which could be there in flat space). The quasi-
homogeneity conditions (6.36) ensure that the curved space Lagrangian (6.77) is invariant
under Kéhler transformations

K (¢,6') = K (8.6') + 1 (/) + T (9) , (6.79)

as in flat space.!?

Similarly, the Lagrangian of a non-linear sigma model of twisted chiral multiplets 2"
and twisted antichiral multiplets Q7, which have vanishing charges, is given by %D’C. We
introduce the Kahler metric on target space

with non-vanishing Christoffel symbols
P = g™ Ko T2 = g" Ky - (6.81)
Up to a total derivative, we obtain the non-linear sigma model Lagrangian

-ZK(Q,Q)

= 9mn <2D1meT&ﬁ + 2DTme1c7ﬁ — Gméﬁ) ,
+ G (20 D1 — 2i" Dyn™) (6.82)
— 9mnp nr_n;]f_Gﬁ + Imnp ﬁ?nf_Gm — 9mm,pq N+ _773_77

where

= T3

)

D,y = Dyn + anp(Dqu)

’ o (6.83)
D,un— = D;ﬁ?— + an(D#w )77

The non-linear sigma model Lagrangian for twisted chiral multiplets (6.82) is invariant
under Kéhler transformations

K(@"w") = K (@",w") +g(wW")+g(@") . (6.84)
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A Conventions

A.1 Flat space conventions

We work in Euclidean signature.'® The flat-space metric is Ouvs v = 1,2 and the Levi-
Civita symbol €*” is normalized to €2 = 1. We mostly work in complex coordinates

2 2

z = 2! +i2%,Z = 22 — iz?, in which case 8.z = %, 0., = 03z = 0 and € = —2i. In

particular, any covector X, is decomposed to
1 , 1 .
XZ:§(X1—ZX2), Xz = §(X1—|-’LX2) . (Al)

One may call the holomorphic and antiholomorphic components X, and Xz the left-moving
and right-moving components, respectively.
The minimal spinors in two Euclidean dimensions are the Weyl spinors ¢ and

1 ~

—35, respectively, under Spin(2) = U(1). It is sometimes useful to consider

b= (1ha) = (”’) | (A.2)

of spin % and
Dirac spinors

(.

Our conventions for the two-dimensional gamma matrices are (/)5 = (=ot,—0%)" 8

1

when g runs over z', 22, and 72 = o3, with ¢® the Pauli matrices. They satisfy vy =

SV 4 el ~3 and {73 ) fy“} = 0. In complex coordinates, we have

Yo = (_01 8) , = (g _01> : (A.3)

Dirac indices are raised and lowered with the epsilon symbols €, €ap and are contracted
from upper-left to lower-right in the usual way, so that

X =ax- —UoX—, YN = ax- FYox- (A.4)
We could also write the covector (A.1) as a bispinor
X _=-4X,, Xy =4X7, (A.5)

which manifests the fact that X, and Xz are objects of definite spin £1 in flat space.
Flat space superfields are functions of the superspace coordinates (z,?, 0+, Hi). The

vector R-charge of % and 0% are +1, respectively. The supercharges Qi,@i act on
superspace as

9 ~ ~ 9
= —— +2i0" 0z, =—— —2i010;,
> e (A.6)
d ~ ~ d '
—:7_2._27 - = = 2._2.
Q- = 55= =200 Q 5 i0~0

30ur flat-space conventions are the analytical continuations to the Euclidean of the ones of [19]
(appendix C). In particular vectors are analytically continued as (X ¢ 2) = (X X 0), and covectors
as (Xl,XQ) = (Xl, —iXo).
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The supersymmetry covariant derivatives read

Dy = 0 2010, Dy = 9 + 2i01 0,
00+ o6+ (A7)
0 00 D 9 90 '
D_=—— +2i0 = —— —2i070,,
og— 2 -

whose non-vanishing anticommutators are {D,, 5,} = —4id, and {DJr, 5+} = 4i0s.

A.2 Curved space conventions

Consider an orientable two-manifold ¥ with a Riemannian metric g,,,,. Any such manifold
is Hermitian and Kahler. The complex structure J#, is given explicitly by the Levi-Civita
tensor, J,,, = —€,,,, which is a closed two-form. We therefore consider ¥ with Kéahler metric

ds® = 29.(2,%)dzdz . (A.8)

To describe spinors, we introduce a complex frame

elzg

=
NG

dz, el=gidz, A9
g

where g is the determinant of the metric defined through /g = 2¢.z(2,%) (the factor of
2 in this definition simplifies some formulas). This is the most natural choice of frame in
two dimensions and we always use it throughout this paper. For simplicity of notation, we
often write all tensors including covariant derivatives in the frame basis. Frame indices are
raised and lowered with 61 = 2,07 = %

The non-zero Christoffel symbols for the Levi-Civita connection of the metric (A.8) are

1 - 1
[Z.=350:logg,  TI%=30:logg. (A.10)
The corresponding spin connection w,, reads
i i
wy = —70:logyg, ws = ;0zlogyg, (A.11)

which is really an Abelian connection on the U(1) spin bundle. We defined w, = —2iw 7,
where w45 is the spin connection in any frame {e?}. The Riemann tensor R, ,, has only

one independent component. In complex coordinates,

. 1 2
Rz = 192z (azwf - C{%Wz) = —*gzzngR, R = 78z&z10gga (A12)
2 NG
with R the Ricci scalar. Note that in our conventions R = —2 on the round sphere of unit

radius. The covariant derivative on any field o) of spin s is given by

Viub(s) = (O = iswu)p(s) - (A.13)

In particular, on left- and right-moving spinors,

V- = <8u - ;Wu> Y, Vs = <au + ;Wu> Yy (A.14)
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On one-forms, we have
VX1 =6V, X, VXy=6V, Xz, (A.15)

with V,, on the right-hand-side the Levi-Civita connection. (Note that X; and X7 in the
frame basis are fields of spin +1, respectively.)

Another important operator is the Lie derivative on a field of arbitrary spin along a
(Killing) vector K:

Loy = K" (O —iswy) + gewvum ©(s) - (A.16)

On can easily check that Lk is metric-independent for any vector K and that it reduces
to the usual Lie derivative on forms for s € Z whenever K is Killing.

B Some useful relations

In the frame basis, the Killing spinor equation (2.12) reads
1 1~
DlC— =0, DTC— = iHC-i-? D1<+ = iHC—v DTC-F =0, (Bl)

while (2.13) reads

_ 1~ -1~ _
D¢~ =0, Dsi¢ HCy, DiGy = HC-, Dy¢4 =0, (B.2)

-=3

where the covariant derivative is defined as in (6.5), with r = £1 and z = z = 0 for (, Z ,
respectively. Let us define the R-symmetry field strength

FlT = 61AT — 8TA1 . <B3)
The following relations directly follow from (B.1):

2 Fpr + %c_ (R . 2%%7) i OH =0,

. i i (B.4)
20+ Fyy = =G (R —2HA) +i¢_0rH = 0.
Similarly, from (B.2) we find
~ i ~ -
~20 Fir+ 3¢ <R - 2%%) —iCLoH =0, )

~2C Py — 2 (R—2MH) +iC oM = 0.

Equations (B.4), (B.5) are very useful for the computations of section 6. These relations
also imply that
KroMH =0, KrOH =0, (B.6)

where K* is the Killing vector (4.1).
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C Dimensional reduction and uplift to three and four dimensions

Many of the two-dimensional supersymmetric backgrounds discussed in this paper can be
obtained from twisted dimensional reduction from three or four dimensions, and many of
the two-dimensional supersymmetry transformations and Lagrangians of section 6 can be
formally obtained by dimensional reduction of the three-dimensional results of [16]. In this
section, we briefly spell out this relation and discuss some interesting examples. (We refer to
the appendix of [16] for a thorough discussion of the same dimensional reduction procedure
from four to three dimensions.)

C.1 Relation to rigid supersymmetry on three-manifolds

Three-dimensional rigid supersymmetry for 3d N' = 2 theories with an R-symmetry was
systematically studied in [16]. The three-dimensional Killing spinor equation reads [13, 16]

. 1 . 1
(Vi —iAp)C = _§H7MC — iV — §6MNRVN’YRC, (C.1)

where M, N, --- denotes three-dimensional coordinate indices and H, A j;, Vs denote the
three-dimensional supergravity backgrounds fields. Let us consider M3 a fiber bundle over
a two-manifold >, with metric

ds®* =n> + gEl,(x) dxtdx” n=dr +c,(x)dx", (C.2)

where p, v run along 3, gEl, is the two-dimensional metric, and 7 is the coordinate along
the fiber. It is convenient to choose a frame E4,

Fl=y, E2=¢', E3=¢%, (C.3)

with e* (a = 1,2) the two-dimensional frame, gfy = Oab eﬁe,b/. The three-dimensional

gamma-matrices are similarly related to the two-dimensional ones by v = ~3, 42 = ~1,
73 = ~2. Let us assume that we have a Killing spinor ¢ which is 7-independent in this
frame. One can check that the projection of the Killing spinor equation (C.1) along E' =7
is solved without imposing additional constraints on ( if

7

H= 26“”(9“0”, V1 = A1 s Va =0. (C4)

The remaining two legs of (C.1) reproduce the two-dimensional Killing spinor
equation (2.17),

. 1 i
(Vi —idu)C = =5 HyuC + §G'm73€7 (C.5)

once we identify
H =2H, G=nMAy =0V, A=A, — (™MAM) 1, . (C.6)

The same identifications also give a consistent reduction of the Killing spinor equation for
the Killing spinor ¢ of opposite R-charge.
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Let us denote by Cj/ the three-dimensional graviphoton, with V; = —iep np0™N CE.
Due to (C.4) it can be taken along ¥ only. If we define CIf = —¢, and C'HG = C,, the
two-dimensional graviphotons Cy,, C,, with field strengths (2.9) are given by

C.=Cl+icS, C,=0l—icS . (C.7)

Finally, let us mention that momentum along 7 gives rises to a real central charge Z;), in
addition to the three-dimensional real central charge Z(,). One then defines the complex
central charge
7 = Z(T) + ZZ(Z) R 7 = Z(r) — ZZ(Z) . (CS)
The covariant derivative that appears on fields of definite charges R, Z(,, Z;) after dimen-
sional reduction is D, =V, —irA, — iZ(T)CE + iz(i)C’f.
By carefully performing this dimensional reduction, it is straightforward to derive
the supersymmetry algebra (6.1) and the supersymmetry transformations for the general
multiplet from the corresponding formulas in [16].

C.2 Uplift of two-dimensional backgrounds to higher dimensions

Conversely, it is easy to consider the higher-dimensional uplift of generic two-dimensional
backgrounds. Given such a background (gE,,,A#, C’f , CE) with

H=—ie"9,cl G =—ie"9,Cq, (C.9)
we can directly write down a three-dimensional background
ds*(M3) = n* + gfy(x) dztdz” n=dr — Cf(m) dx* |
1 (C.10)
HEGD — S ABD — G+ Adzt,  VBD =@,

where M3 is a circle bundle over ¥ with coordinates (7,z*). The background (C.10)
preserves the same amount of supersymmetry as its two-dimensional reduction.'® Since
the graviphoton Cf appears as it does in (C.10), a two-dimensional background must
have a purely imaginary value of H in order to admit an uplift to a three-dimensional
background with real metric.

We can similarly uplift (C.10) to a four dimensional background [16],

ds’(My) =n* + x> + gfy(ac) dztdx" | k=dy+ CE(CL‘) dzt ( |
1 C.11
Al — 5(/§H +nG) + Audxt V) — %(/@H +1G),

with 7 defined in (C.10). The resulting four-manifold M, is (locally) a 7% fibration over
¥ [12], with coordinates 7,y along the fiber. This further uplift is allowed if and only if G
is also purely imaginary.

As a simple example, let us consider the maximally supersymmetric S? (5.2), which
reads (using coordinates 6, ¢)

A2+ 02
=1

)\2 _ )\—2
ds* = R, (d0® +sin®0dp?) , A, =0, H= _ Jax — ax.
2R

, G= g (C.12)

YSince (C.10) is a Seifert manifold it preserves at least two supercharges [16].
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with Aax € C. To admit an uplift to three dimensions, H should be purely imaginary
and therefore A,y should be either real or a pure phase. In the former case we can take
A2 = +e® a € R, and the three dimensional background (C.10) is

R2
ds? = TS3 (cosh? a(dip — cos Bdp)? + df? + sin® Odp?) |
(C.13)

HOD _ iiCOSha 7 ABD _ B _ sinh (2a) (dyy — cos 0dp) ,
RS3 2Rs3

where we defined the coordinate ¢ = +=—L—-—7 and the radius Rg, = 2Rg2. This is

Rg2 cosh o

the squashed three-sphere S with SU(2) x U(1) isometry [41], with squashing parameter
b= 4e*.15 Note that in this case G in (C.12) is real and therefore (C.13) does not uplift
further to four dimensions. The second possibility is to take \ayx = e, 3 € [—%, g] For
B # £7%, the uplift of (C.12) is again to Sg in three dimensions with squashing parameter
b= +eP,
R2
ds? = =22 (cos? B(dyp — cos Odp)? + db + sin® 0dp?) |

4
HGD — iiCOSB , ABD) — B _ 50 (26) (dp — cosOdyp) .

Rgs 2Rgs

(C.14)

In the limit 3 = £7, the background (C.12) uplifts instead to the 52 x S background
with maximal supersymmetry of [42, 43],

ds* = REidu® + R, (d6? + sin® 0dp?) |
Ra (C.15)
HEGD = ABD = @) — ;25 g,
' Rg2
In the latter two cases, G is purely imaginary and we can further uplift to four dimensions.
In terms of the coordinates

u:L(COSBersinBT), @D:ii(sinﬁy—cosﬁﬂ, (C.16)
Rg1 Rg2

the four-dimensional uplift (C.11) of (C.12) with A2, = +¢%? gives

R2
ds® = R%,du® + 753 ((dip — cos Odip)? + df* + sin® 0dp?)

. (C.17)

Ald _yld) — 4 v g

Rgs
with Rgs = 2Rg2, which is simply S® x S with the round metric. Note that we obtain
the same four-dimensional background for any value of A\, = +e'?, since § is merely a
rotation of the coordinates (C.16). More generally, two-dimensional backgrounds related
by an axial R-symmetry rotation uplift locally to the same four-dimensional geometry, the
axial R-symmetry being merely a frame rotation of the T? fiber. This is because the axial

'5One can compare in particular to equation (5.11) of [16].
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R-symmetry of 2d N = (2, 2) supersymmetry originates from the rotation symmetry of the
34 plane when reducing 4d N' = 1 supersymmetry down to two dimensions.

Similar uplift formulas apply to the U(1)-isometric squashed S? background of
section 4.3 and axial R-symmetry rotations thereof (with A\,x a pure phase or real), leading
generically to metrics with U(1)? isometry on the 3-sphere.

D Embeddings into the general multiplet

In this appendix, we spell out the embedding of the supersymmetry multiplets discussed
in sections 6.3 and 6.4 into the general multiplet S with components (6.3).

1. Chiral multiplet. For a chiral multiplet ® of charges r, z, Z, we have the embedding

C=¢, Xt =—V2ipr, Xx=0, M =-2iF, M=0,
3 . T ~ ~ T ~
a1 =—1D1¢, ag =—iDy¢, o= 2—57‘[)@5, 0—<z—§H)¢,
~ r 1/~ »
A =0, Ay =0, D=[4R—2(H2+Hz)}¢. (D.1)

2. Antichiral multiplet. For an antichiral multiplet ® of charges —r, —z, —z, we have

C=0, Xt =0, Xt = V2its M=0, M=2iF,
T T rNT o~ [~ TN
a1 =1iD1¢, a7 = iD7¢, J—(Z—§H>¢, U—(Z—§H)¢,
~ r 1/~ N~
Ay =0, A =0, D=[4R—2(H2+Hz)}¢. (D.2)

3. Twisted chiral multiplet. The twisted chiral multiplet Q2 has charges r = 2z =2 =0
and embedding

C =w, x-=0, Xt = —iV2iy X- = —ivV2n_, X+ =0,
M:M:(], a1 =iDjw, a7 = —iD7w, oc=0, 0=2iG,
A =0, A =—22Dgn_,  A_=2V2Dyiiy,  A.=0,

D =—4D Dyw. (D.3)

4. Tunisted antichiral multiplet. The twisted antichiral multiplet Q has charges r = z =
z = 0 and embedding

C=w, X-=iV2i-,  x1=0, xX-=0, Xt = iV,
M=M=0, a=—iD\o, a;=iD@, o=—2G, 5=0,
A_=2V2Diny, Ay =0, A_=0, Xy =—2v2Dqj-

D =—4D\ D& (D.4)
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5. Linear multiplet. The linear multiplet J has charges r = z = Z = 0 and embedding

c=17J, X+ = J+ Xt = Jjt M=M=0,
ay = —ji, at = —Jj1, o=-K, 5=-K,

Ao =—2iDijy, Ay = _QiDT}— ) A =2iDyjy , Ay = 2iDyj—,
D= —4D\D;J, (D.5)

where j, is a conserved current, V,j# = 0.

6. Twisted linear multiplet. The twisted linear multiplet j has charges r =2 =2=0
and embedding

C:Jv Xi:jia %i:jiv M

~

K,
0, D=0, (D.6)

K, M
0, P

~

ay = Ji, at = —J1, oc=0=0, At

where 7, is a conserved current, V,j# = 0.

E Semichirals multiplets in curved space

In flat space, a left semi-chiral multiplet X and a left semi-antichiral multiplet X are defined
by the superspace constraints [33]

D,X =0, D,X=0. (E.1)
Similarly, a right semi-chiral multiplet Y and a right semi-antichiral multiplet Y satisfy
DY =0, D.Y=0. (E.2)

These multiplets have 4+4 components. In this appendix, we briefly discuss the semi-chiral
multiplets in our formalism, which allows to discuss their coupling to curved space. We
will not consider the gauging of these multiplets, which has been investigated in flat space
relatively recently [33, 35, 44, 45].

E.1 Semi-chiral multiplets supersymmetry transformations

A left semi-chiral multiplet X of charges 7, z,z is a general multiplet with the single con-
straint x4+ = 0. It has components

X = (X, 0k ok i FE s, 7)) (E:3)
which are embedded into the general multiplet (6.3) as
C=X, Xt = —V2ipk, X-=—V2i-, X;=0,
M=-2Ft, M=0, aj=vn, ay=-iDiX, o=24X, &=Fr",
Ao=V2eui, A =-2V2Dp, Ao =p_, A =0,

1
D = 2iDyvg; — 2D1D;X — §anL

- 1 -
— (HZH — SR + 2irFj7 — (R — 27—[7—[)) X,

1=
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where we used the notation (6.30). Its susy variations are
0X = V¢t — Cuf) + V20,
Syl = V2 FY — V20 oy X + V28, (D1 X + ivar) |

syl = V2¢, Fl — \;5@ (RY + 2nX) + 20iV2(_D7X ,

(- (FY — 2 X) + V201 (D1 X —iva)

)
V2
OF" = —iC p_ +ivV25, 0t — ivV2en vk + 2iv20 Diwk — 2iv20_Dppt, (D)

bva1 = —iC_p — V22— — V2D (Gt — v = G- )
ORE = 4V3C Dpij — 247 + V2 (Gt — k-G )
0p- = —iC_ (4iDjvay — 4D D7 X + HREE — 2y RE)
i (ﬁzH — o+ 2ir P — 2 (R . 2Hﬁ)) X = 2iC, (DyRE — i3y

5 =

Note that, in the present formalism, these multiplet would be best called semi-ugly mul-
tiplets. Similarly, a left semi-antichiral multiplet X of charges —r, —z, —Z corresponds to
X+ = 0 in the general multiplet. It has components

X = ()N(,n,,@Zf,if_,ﬁL,vn,/{L,p,> , (E.6)
with embedding into the general multiplet

C:)?, X— = V2in_, X+ =0, %i:\/ii{/;i

M =0, M:QiﬁL, a1 = 11, aT:iDT)?, oc=r", 7=2xX,

Ao =p—, A =0, A= V25n_, Ay = —2V2Dyn_ (E.7)

>N

D = —2iDyuy; —2D1DTX‘—%zHﬁL— <7—LZH—;zHEH—2iTFH—Z (R—2Hﬁ)>
Tts supersymmetry transformations are

6X = —VaCin- — V2 (Gt - Cok)

on- = \}ig (KL - ZH)N() — V20, (lef + ivn) ;

SpE = V2L FE 4+ iV2¢ 3 X — V2, (Dl)? - ivn) :

St = V2C, FE + \2@ (mL + zyf(') + —2iV2¢_D;X,

SFL = —iCyp- +iv/2en(y BF — ivZan( Ok + 20v2¢, Dok — 2ivac Dt (ES)

buit = i p- — V2 Fuil- — ivV2Dy (G = C kG- )

orF = —4V2(_Dpn- +2yp- — V2o (G = TPk =G )

6p- = iC- (~4iDyor — 4D\ DX + ikt — Zyunt)

—ic (HEH — o — 2ir Py — 2 (R—2Hﬁ)) X+2i¢, (Disk +izpvn1)
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A right semi-chiral multiplet Y of charges r, z,Z is a general multiplet with the con-
straint y_ = 0. It has components

Y = (Y7 w§7¢f7ﬁ+)FRaU2T7HRvﬁ+) ) (Eg)

and embedding

CZY? Xi:—ﬂ“ﬂf& 55—:07 %+:_\/§iﬁ+7
M = —2Fft, M:O, ay = —iD1Y, ag =7, o=kl T=2%Y,
A= -2V2Diiy, Ay = V2, Ao =0, Xy =Py,

1
D = 2iDyv,; — 2DtD1Y — §EHHR
1 ~
- (HEH — 52HEH — 2irFyy — Z(R - 2%%)) Y . (E.10)
Its supersymmetry transformations are
oY = \/5 (<+¢§ - Cf’(bf) - \/igfﬁar )
sl = ¢ FR - %Z, (% + 23Y) + 20720, DY
Sl = V20 FR —iv/20, 50 Y + V20 (D1Y + ivyy)
1
oy =——
1+ \/i
SF =i py + V22l —ivV2e (T + 20V2(0, D1 — 20v2¢_ Dy, (E.11)

dvug = iCy Py + V204 By — iV2Dg (Cﬂ/’]—{ — v+ Z—ﬁJr) ’
SRR = —AV/3C, Dy + 20 s + V2 (Guf = ol + Ty )

(5ﬁ+ = —154_ (4iDvaT — 4_DTD1Y + ﬁ/ﬁlR - g’HHR)

Cr (RR — 29Y) +ivV2¢_ (DY —ivyg)

+ily (HEH o 2irFy —2 (R— 2%71)) Y —2iC_ (Dgr — izpuyy)

Similarly, the right semi-antichiral of charge —r, —z, —Z corresponds to the constraint y _ =
0. It has components

? = <}77n+7$§7&f7ﬁR701T7%Rap+> ) (E12)
with embedding
C=Y, x-=0,  X+=V2n, Xe = 20k
M =0, MZQiﬁR, alziDl}F;, a7 = U7, J:zH}A}’ 8:}%]%,
A_=0, A =pr, A=-2V2Diny, I =V2euns,
+ = P+ 1M+ + HT+ (E.13)

~ 1
D = —2iDyv;; — 2D;D1Y — izHER
~ 1 , -\ ~
— <7—le — SAHAH + 2irFg — % (R — 27—[7-{)) Y .

Its supersymmetry transformations are left as an exercise.

— 41 —



E.2 Supersymmetric Lagrangians

Kinetic Lagrangians for the semi-chiral multiplets are easily obtained by extracting the
D-term of

XX +YY + é (XY + ?X) , (E.14)
with o > 1 a free parameter. The resulting expressions are a bit long and we leave them
as an exercise for the interested reader. (One just needs the product formula (6.28).)
Note that we need to consider both left and right semi-chiral multiplets simultaneously.
The theory of a single left semi-chiral multiplet with Lagrangian iX‘ p has no interesting
dynamics.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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