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1 Introduction

Identifying the chiral ring and moduli space on the Coulomb branch of an A/ = 4 supersym-
metric gauge theory in 2 + 1 dimensions has been a long standing problem. On a generic
point of the Coulomb branch, the triplet of scalars in the N' = 4 vector multiplets acquires
a vacuum expectation value, and the gauge fields that remain massless are abelian and
can be dualized to scalar fields. Semiclassically, the Coulomb branch is parametrised by
the vacuum expectation values of these four scalars. This classical description, however,
receives quantum corrections. The chiral ring associated with the Coulomb branch, in fact,
has a complicated structure involving monopole operators in addition to the classical fields
in the Lagrangian.

In spite of the complicated structure of the chiral ring and quantum corrections on the
Coulomb branch, it is still possible to enumerate in an exact way the gauge invariant BPS
operators that have a non-zero expectation value along the Coulomb branch [1]. The idea is
that the chiral ring of the quantum Coulomb branch can be described in terms of monopole
operators dressed with scalar fields from the vector multiplet. The generating function that
enumerates such BPS operators according to their quantum numbers is called the Coulomb
branch Hilbert series. This function can be computed for any 3d AN/ = 4 supersymmetric
gauge theory that has a Lagrangian description and that are good or ugly in the sense
of [2]. We review the method proposed in [1], henceforth called the monopole formula for
Coulomb branch Hilbert series, in section 2.

Another way to compute the Coulomb branch Hilbert series of a given theory is to
use mirror symmetry as a working assumption (see e.g. [3]). Mirror symmetry exchanges



the Coulomb branch of the theory in question with the Higgs branch of another theory [4],
where the latter does not receive quantum corrections. The Higgs branch Hilbert series
can be computed in a conventional way from the Lagrangian of the mirror theory using
Molien integrals. This method has certain limitations, for example, when the Lagrangian
of the mirror theory is not available. Even when the latter is known, if the theory contains
gauge groups of large ranks or large number of hypermultiplets, the computation of the
Molien integrals can become very cumbersome in practice.

One of the aims of this paper (and its companion [5]) is to develop a machinery for
efficiently computing Coulomb branch Hilbert series for several classes of N' = 4 gauge
theories. We can obtain the Hilbert series of the theories in question by ‘gluing’ together
the Hilbert series of building blocks. A similar method has been applied successfully to the
computation of Higgs branch Hilbert series. The gluing procedure consists in gauging a
common global flavor symmetry of the building blocks. For the gluing machinery to work,
we need to define and compute Coulomb branch Hilbert series in the presence of background
magnetic fluxes associated to monopole operators for the global symmetry. The gluing is
performed by summing over the background monopole fluxes with an appropriate weight,
as discussed in detail in section 2.

In this paper we discuss the general properties of the Hilbert series with background
fluxes and we provide computations for a class of simple theories, the three-dimensional
superconformal field theories known as T,,(G) [2]. The latter are linear quiver theories
with non-decreasing ranks associated with a partition p and a flavor symmetry G and
were defined in terms of boundary conditions for 4d N =4 SYM with gauge group G [2].
We are able to give a closed analytic expression for the Coulomb branch Hilbert series of
T,(G). These expressions serve as basic building blocks for constructing a large class of
more complicated theories. In a companion paper [5] we discuss the particularly interesting
case of the mirror of Sicilian theories arising from twisted compactification of the 6d (2,0)
theory on a circle times a Riemann surface with punctures, which can be obtained by gluing
copies of T,,(G) theories [6].

One of the main results of this paper is an intriguing relation between the Coulomb
branch Hilbert series of the T,(G) and a class of symmetric functions, as discussed in
sections 3 and 4. We conjecture that, given a classical group G and a corresponding
partition p of the dual group, the Coulomb branch Hilbert series of 7T,,(G) with background
monopole fluxes for the flavor symmetry G can be written in terms of Hall-Littlewood
polynomials (see, e.g. [7] and appendix B). We give several pieces of evidence in support of
our conjecture and others are given in the companion paper [5]. Our general formula is (4.9),
and for the special case of G = SU(N) the formula is given by (3.9). We shall henceforth
refer to this form of the Coulomb branch Hilbert series as the Hall-Littlewood formula.!
Hall-Littlewood polynomials have also appeared in the recent literature in the context of
the superconformal index of four dimensional N' = 2 Sicilian theories [9]. As we will see
in [5], this is not a coincidence. Our conjecture is actually inspired by the results in [9)].

'Modified Hall-Littlewood polynomials have appeared in the context of Hilbert series of affinized flag
varieties in [8]. It would be interesting to relate that formalism to the one of this paper.



Turning off the background monopole fluxes for the flavor group in (4.9), we obtain a
simple expression for the Hilbert series of the Coulomb branch of T),(G) for any classical
G, formula (4.17), which shows that Coulomb branches of T,,(G) theories are complete
intersections.

In the rest of the paper we examine the structure of the Coulomb branch Hilbert series
of the theory and the physical meaning of the background monopole fluxes.

In section 5 we study the action of mirror symmetry on the background monopole
charges under the flavor symmetry of a theory, in order to shed light on their physical
meaning. These charges are mapped to baryonic charges on the Higgs branch of the mirror
theory. Indeed, in many examples we consider, we compute the generating function of the
Coulomb branch Hilbert series and match it with the baryonic generating function [10] on
the Higgs branch of the mirror theory. This relation is given by (5.1).

We continue and examine the analytic properties of the Coulomb branch Hilbert series
of Tp,(SU(N)) in section 6. Similarly to the observation of [11] in the context of supercon-
formal indices, we find that the Coulomb branch Hilbert series of T,,(SU(NN)) has a pole
whose residue corresponds to that of a new theory T,y (SU(V)), where the Young diagram
of p’ can be obtained from that of p by moving one box to a different position. The analytic
structure further substantiates our conjecture that the Hall-Littlewood formula computes
the Coulomb branch Hilbert series of T,(G) theories.

Let us summarize the key results of this paper below.

e The Coulomb branch Hilbert series for theories arising from the ‘gluing’ precedure is
given by (2.6).

e The Hall-Littlewood formula for a general T,,(G) is given by (4.9), and by (3.9) in
the special case of G = SU(N).

e Turning off background fluxes, these formulae reduce to (4.17) and (3.29).

e The relations between the generating function of Coulomb branch Hilbert series and
the baryonic generating function of the mirror theory is given by (5.1).

In the next section we review the monopole formula for the Coulomb branch Hilbert
series [1].

Note added. 1. After the submission of version 1 of this paper to arXiv, we learnt
from the discussions in MathOverflow that there are related works by mathematicians
on the Hall-Littlewood formula. We would like to acknowledge the contributors in such
discussions. 2. One might ask whether there is any relation between the Coulomb branch
Hilbert series and the 3d superconformal index [17-19]. Indeed, there is a recent work [12]
showing that, under a particular limit, the superconformal index of a 3d N' = 4 theory
reduces to the Hilbert series.

2 Coulomb branch Hilbert series of a 3d N/ = 4 gauge theory

We are interested in the Coulomb branch of three-dimensional N' = 4 superconformal
field theories which have a Lagrangian ultraviolet description as gauge theories of vector
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multiplets and hypermultiplets. The branch is parameterized by the vacuum expectation
value of the triplet of scalars in the A' = 4 vector multiplets and by the vacuum expectation
value of the dual photons, at a generic point where the gauge group is spontaneously broken
to its maximal torus. This results in a singular HyperKéhler cone of quaternionic dimension
equal to the rank of the gauge group G. The Coulomb branch is not protected against
quantum corrections and the associated chiral ring has a complicated structure involving
monopole operators in addition to the classical fields in the Lagrangian.

2.1 The monopole formula for the Coulomb branch Hilbert series

In [1] a general formula for the Hilbert series of the Coulomb branch of an N' = 4 theory
was proposed, which we now review. We will work in the A/ = 2 formulation, where the
N = 4 vector multiplet decomposes into an N' = 2 vector multiplet and a chiral multiplet
® transforming in the adjoint representation of the gauge group. The Hilbert series is the
generating function of the chiral ring, which enumerates gauge invariant BPS operators
which have a non-zero expectation value along the Coulomb branch modulo holomorphic
relations. The N = 2 vector multiplets are replaced in the description of the chiral ring
by monopole operators, which are subject to relations that arise at the quantum level.
The magnetic charges of the monopoles m are labeled by the weight lattice of the GNO
dual gauge group GV [13]. The monopoles can be dressed with the scalar components ¢
of the chiral multiplet ® that preserve some supersymmetry. As can be seen from the
supersymmetry transformations of an N’ = 4 theory [1], the components ¢ that are BPS
live in the Lie algebra of the group H,, which is left unbroken by the monopole flux. The
residual gauge symmetry which is left in the monopole background consists of a continuous
part H,, and of a discrete part corresponding to the Weyl group Wgv of GV, which acts on
both the monopole flux m and on the ¢. Due to the action of the Weyl group, the gauge
invariant operators can be labeled by a flux belonging to a Weyl Chamber of the weight
lattice I'qv. They will be dressed by all possible products of ¢ invariant under the action
of the residual group H,,.
The final formula counts all gauge invariant BPS operators according to their dimension
and reads:
Ho(t)= Y. t2™pg(t;m). (2.1)

meTlqov /Wev

The sum is over a Weyl Chamber of the weight lattice I'gv of the GNO dual group [13].
Pg(t;m) is a factor which counts the gauge invariants of the residual gauge group Hy,
made with the adjoint ¢, according to their dimension. It is given by

r

1
Pa(t;m) = 1_11 1_ di(m) (2.2)
1=
where d;(m), i = 1,...,rank Hy, are the degrees of the independent Casimir invariants of

H,,, also known as exponents of Hy,. t2(™) is the quantum dimension of the monopole



operator, which is given by [2, 14-16]

Am) =~ 3 Jam)+ 53 Y leitm)) (23)

acAL(G) i=1 p;eR;

where the first sum over positive roots a € A, (G) of G is the contribution of N = 4
vector multiplets and the second sum over the weights of the matter field representation R;
under the gauge group is the contribution of the N' = 4 hypermultiplets H;, ¢ = 1,...,n.
Half-hypermultiplets contribute to A(m) with a factor of § instead of 3.

If the gauge group G is not simply connected there is a nontrivial topological symmetry
group under which the monopole operators may be charged, the center Z(G") of GV. Let
z be a fugacity valued in the topological symmetry group and J(m) the topological charge
of a monopole operator of GNO charges m. The Hilbert series of the Coulomb branch (2.1)
can then be refined to

Hg(t,z)= > 2/meAMpg(m) . (2.4)

melgy/Wev

The formula can be applied to ‘good’ or ‘ugly’ theories (according to the classification
in [2]) where the dimension of all monopole operators satisfies the unitarity bound A > 1/2.
This ensures that the Hilbert series (2.1) is a Taylor series of the form 1+ O(t'/2) at t — 0.

The formula bypasses previous techniques for determining the Coulomb moduli space,
which were based on compactification of 4d N = 2 theories, the computation of the quan-
tum corrections to the metric of the moduli space or the use of mirror symmetry. The
latter method is useful only when the mirror gauge group is sufficiently small. We demon-
strated the utility of the Coloumb branch formula with many explicit examples in [1]. On
the other hand, even the Coloumb branch formula is difficult to evaluate when the gauge
group becomes large. The main problems are the number of independent sums, which is
equal to the rank of the gauge group, and the presence of absolute values in (2.4). So we
need to find alternative tools for evaluating the formula. A quite efficient way is to look for
an analytic formula for the Coulomb branch Hilbert series in the presence of background
magnetic fluxes for the flavor symmetry group. Such Coulomb branch Hilbert series with
background magnetic fluxes can then be used in the gluing technique to derive the Coulomb
branch Hilbert series of more general theories.

2.2 The Hilbert series with background magnetic fluxes

Hilbert series with background monopole fluxes are defined as follows. If a theory has
gauge group G and a global flavor symmetry G acting on the matter fields we can define
a Hilbert series as in (2.1) but in the presence of background monopole fluxes for the global
symmetry group Gp:

Hogp(t,mp)= Y t2™™0)Pg(tm) . (2.5)
meTlqgv /Wav

In this formula mp is a weight of the dual group G}.. By using the full global symmetry
we can restrict its value to a Weyl chamber of G} and take mp € FZ‘V /WGYF' The sum
F



in (2.5) is only over the magnetic fluxes m of the gauge group G. The background fluxes
mp enter explicitly in the dimension formula (2.3) through all the hypermultiplets that
are charged under the global symmetry G, which acts on the Higgs branch of our theory.
Note that background fluxes in the context of 3d superconformal indices are studied in [20].

A general way of constructing complicated theories is to start with a collection of
theories and gauge some common global symmetry Gr that they share. The Hilbert
series of the final theory is given by summing over the monopoles of Gr and including the
contribution to the dimension formula of the N' = 4 dynamical vector multiplets associated
with Gp:

H(t) = Yo ¢ Rerean@n I py (mp) [[ H, () (2.6)

mpel W, 7
F lew/ lew

where ap are the positive roots of Gr and the product with the index i runs over the
Hilbert series of the i-th theory that is taken into the gluing procedure. If we have explicit
analytic formulae for the Hilbert series H, g)Gp (t, mp) with background fluxes of the original
theories, that resum the r.h.s. of (2.5), the evaluation of H(t) requires to perform a sum
without any absolute value, since we can always make ap(mpg) positive by choosing mp
in the main Weyl chamber.

The formulae (2.5) and (2.6) can be immediately generalized to include fugacities for
the topological symmetries acting on the Coulomb branch.

The Hilbert series with background magnetic fluxes are interesting objects per se. We
may ask what happens to the background fluxes under mirror symmetry. As we will see in
section 5, the magnetic fluxes mp are mapped to baryonic charges in the mirror theory and
the Hilbert series with background magnetic charges are mapped to baryonic generating
functions [10, 21, 22] for the mirror theory with certain U(1) gauge factors removed. We
will provide many explicit examples in section 5.

In the next sections we will provide explicit and general formulae for an interesting
class of 3d N = 4 superconformal theories which may serve as building blocks for the
construction of more general theories. In a companion paper [5] we will apply the result
to the mirrors of M5-brane theories compactified on a circle times a Riemann surface with
punctures.

3 Hilbert series and Hall-Littlewood polynomials

In this and the following section we discuss the Coulomb branch Hilbert series of a certain
class of N/ = 4 supersymmetric gauge theories in three dimensions, the theories called
Tp(G) [2], with G a classical group and p a partition of a certain number discussed in
detail below.? Such theories can be naturally realized using brane configurations as in [23].
In this section we discuss the Coulomb branch Hilbert series of T,,(SU(V)). Other classical
groups G are discussed in section 4.2.

2We adhere to the standard notation where G is a Lie group. More precisely, the theory is specified by
a choice of the Lie algebra of G.
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Figure 1. The brane configuration of T,,(SU(N)). The numbers in red indicates the number of
D3-branes in each intervals. The labels in blue denote the fugacities z; for NS5-branes and the
background fluxes n; for D5-branes.

We shall discuss how the Coulomb branch Hilbert series of T,,(SU(/V)) in the presence
of background magnetic fluxes for SU(N) can be expressed in terms of certain symmetric
functions known as Hall-Littlewood polynomials (see e.g. [7]). The main formula of this
section is the Coulomb branch Hilbert series (3.9) for the basic building block T,(SU(N)).
We summarize key information about Hall-Littlewood polynomials in appendix B.

3.1 The theory T,(SU(N))
The quiver diagram for T,(SU(N)) is?

[UN)] = (UN1)) = (U(Ng)) = -+ = (U(Na)), (3.1)
where the partition p of N is given by
p=(N—Ny,Ny — Noy Ny — Ns,...,Ng_1 — Ng, Ng), (3.2)
with the restriction that p is a non-increasing sequence:
N—-N; >N —Ny>Nyg—N3g>--->Ng1—Ng>Ng>0. (3.3)

This condition ensures that the T,,(SU(V)) is a ‘good’ theory [2]. The brane configuration
of T,(SU(N)) is depicted in figure 1. p corresponds to a collection of the linking numbers of
each NS5-brane. The theory associated with the partition p = (1, --
T(SU(NV)) without any further specification.

The U(1) center of the U(/V) flavor node in (3.1) is actually gauged, consequently the
flavor symmetry is U(N)/U(1) rather than U(N).

In addition to this flavor symmetry, the theory has a manifest U(1)¢ topological symme-

, 1) is usually called

try associated to the center of the dual gauge group, with conserved currents J; = Tr(xF;),
where i = 1,...,d and F; is the field strength of the ¢-th gauge group. The topological
symmetry is enhanced by quantum corrections to a non-abelian global symmetry which is
determined as follows [2]. We refer to p; as the parts of the partition p. Let 7 be the

number of times that part k appears in the partition p. The Coulomb branch global sym-

3We use standard notations where the links denote hypermultiplets transforming in the fundamental
representations of the groups they connect. (G) denotes a gauge group and [G] a flavor symmetry.



metry associated with the theory T,(SU(N)) is

G, = S<1;[U(rk)> , (3.4)

where S denotes the removal of the overall U(1). For example, the flavor symmetry associ-
ated with p = (5,5,4,4,4,2,1,1) is S(U(2) x U(3) x U(1) x U(2)). From (3.2), the number
of gauge groups d is related to ry in (3.4) by

d:Zrk—l; (3.5)
k

this is the rank of the global symmetry G, acting on the Coulomb branch. The maximal
torus U(l)d of G, which is manifest as a topological symmetry in the quiver, enhances to
a non-abelian G/, due to hidden symmetry generators whose associated conserved currents
are monopole operators. There is also a manifest SU(N) flavor symmetry acting on the
Higgs branch.

In the following we provide two formulae to compute the Coulomb branch Hilbert series
of T,(SU(NN)) with background fluxes. One is the first principle formula given in (2.5), that
we present in (3.6) and refer to as the monopole formula; the other is the formula involving
the Hall-Littlewood polynomial, that we present in (3.9) and refer to as the Hall-Littlewood
formula. We conjecture the equivalence of the two formulae, which we have analytically
checked for small values of N and tested perturbatively at very large order in ¢t in many
different cases. As shown in section 6, the equivalence of the monopole formula (2.5) with
the Hall-Littlewood formula (3.9) for the case of the maximal partition p = (1,1,---,1)
implies the equivalence of the two formulae for a generic partition p, due to their common
analytic structure.

3.1.1 Monopole formula for the Coulomb branch Hilbert series

As discussed in section 2, we can define a Coulomb branch Hilbert series of the theory
depending on magnetic background fluxes n; for the SU(N) flavor symmetry and refined
by fugacities z; for the U(1)¢ topological symmetry.

The monopole formula (2.5) for the Coulomb branch Hilbert series of T,(SU(N)) with
background fluxes reads

H[TP(SU(N))](tﬂ R05RLy -+ -5 Rdy M5 - - - 7nN)

_ Zozévzl " Z e Z #(";{miv‘}éidl) X

My Ny 2M2, Ny 2. 2MN; Nq >—00 M1, N M2 Ny 2 - 2Ny, Ny >—00

N

d
> my,
H 2 LI Pyny) (Ema N s Mg N 5 (3.6)

where the dimension of bare monopole operators is given by (2.3)

1 N M d—1 Nj Nj1
A (mifmattes) = 3 (03 b =i+ 30 3 b, — o,

i'=11=1 7j=11i=1 /=1

— Z Z |mi’Nj — mi/7Nj’ . (37)

j=11<i<i’<N;



In (3.6), the integers (my n;,, - ,mn;, n,) are the GNO magnetic fluxes for the group
U(NV;) and the sum is restricted to the fundamental Weyl chamber by restricting to ordered
Ni-tuples my n, > -+ ,> mp, n,. The integers (n1,---,ny) are instead the background
magnetic fluxes for the flavor symmetry group SU(N). The three sets of sums in the
dimension A take into account the contribution of the fundamental hypermultiplets, the
bi-fundamental hypermultiplets and the vector multiplets respectively. Notice that the
background fluxes n; enter explicitly in the dimension A through the contribution of the
N fundamental hypermultiplets. Finally, the classical factors Py(y,) are defined in (2.2)
and more details are given in appendix A of [1]. In the same paper the reader can find
many simple examples of the use of the monopole formula.

In (3.6), we also use

e the fugacities zj to keep track of the topological charges Zj\;’“l mj.n,, of U(1) C U(Ny)
gauge group, with k =1,....d.

e an extra fugacity zg which keeps track of the background charge ni; + ...+ ny of
U(1) = Z(U(N)).

The flavor symmetry Gp is in fact U(N)/U(1) rather than U(N), therefore there is no
associated topological symmetry even when G is (weakly) gauged: zj is not a physically
independent fugacity. We remove the extra topological U(1) by imposing the constraint

d
zéVHz,JCV’“zl. (3.8)
k=1

With this convenient choice the Hilbert series (3.6) is invariant under a common shift of the
fluxes n;, corresponding to the U(1) which is not part of the flavor symmetry. The formula is
also invariant under permutations of the n;, the Weyl group of SU(N). Combining the two
invariances, we can always restrict the values of the fluxes tony > no > --- > ny > 0, which
will allow to compare with the Hall-Littlewood formula (3.9). Using the shift symmetry
we could further set ny = 0.

3.1.2 Hall-Littlewood formula for the Coulomb branch Hilbert series

We claim that the Coulomb branch Hilbert series of this theory (3.6) can be written in
terms of HL polynomials as*

HIT,(SUN ]t 21, - Zag1imns - )

= 12000 (1= NI () U (w1 2730), .
where we explain the notations below:
1. ny,...,ny are the background GNO charges for U(N) group, with
ng>ng>--->ny>0. (3.10)

4The variables x; are usually taken to be independent in the literature on Hall-Littlewood polynomials.
The monopole formula (3.6) without the constraint (3.8) reproduces the HL formula (3.9) without the
constraint (3.14), under the fugacity map (3.13).



. The Hall-Littlewood polynomial associated with the group U(N) is given by

1

tr ;

n ot U(])
\I’U(N)(l’l;-u’l’N, E a: G(N) | I 1% ) (3.11)

oESN 1<i<j<nN " Fo@@)Tol)

. The notation dy () denotes the sum over positive roots of the group U(V) acting on
the background charges n;:

N
Sumyn) = > (ni—nj)=> (N+1-2j)n (3.12)
1<i<j<N =1

Note that this is minus the contribution of the background vector multiplet in the

monopole dimension formula.

. The fugacities x1,...,z441 are naturally associated to the NS5-branes in the brane
construction as depicted in figure 1. They are related to the fugacities zg, ..., zq4 for
the manifest topological symmetry group U(1)4t!/U(1) by the fugacity map

20 =1, 2k = Tt1/Tk k=1,....d. (3.13)

The symmetry U(1)4t!/U(1) enhances to the non-abelian G/, due to monopole oper-
ators. T1,...,%44+1 are subject to the constraint which fixes the overall U(1). Using
the map (3.13), the constraint (3.8) is rewritten as

d+1
[ =1. (3.14)
i=1
. w, denotes the weights of the SU(2) representation of dimension r:
w,=(r—1,r—3,....,3—r,1—7r). (3.15)

Hence the notation $2%r represents the vector

tzwr = (£2(rD) 43(=8) | yma(r=3) y=3(r=1)y (3.16)
In (3.9) and from now on, we abbreviate

1
\IJG(N)(:Bt%wn; t) = \P%?(ljif-j-anN)(xlt%wpl , 1’2t%wp2’ . 7xd+1t§w0d+l i) . (3'17)

The reader interested in a graphical illustration of the previous definition of Tt2Wr
may refer to figure 2 of [9)].

. The prefactor K g (N) (x;t) is given by

length(pT)

U(N
KM@= ] H T (3.18)
=1 J,.k= k

1
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where p! denotes the transpose of the partition p and we associate the factors

. 1 .
ab = g; tzlPi—itl) i=1,...,p;
I ! (3.19)
@, = a2 =y

to each box in the Young tableau.? The powers of ¢ inside a§ and EI‘; are positive by
construction. For instance:

(a) For the full puncture® p = (1), we have p’ = (N) and so

U(N 1 U(N
Ko@) = I 5 = PRy @), (3-20)
1<jk<n - TiTk

where PE denotes the plethystic exponential.”
(b) For the simple puncture p = (N — 1, 1), we have p” = (2,1V~2) and so

N-1
K([j\(,]iq’l)(w;t) = PE tN/2($1x2—1 + .21?2.%1_1) +t+ Z tj . (3'21)
=1

The representation theoretic explanations for 239 and the prefactor K,I,J(N)(a:;t) are
presented in section 4.1 of [24]. We summarize this in section 4.3 of this paper.

We have explicitly checked in a large number of examples that the HL formula (3.9)
coincides with the monopole formula (3.6). For instance, we can consider the case N = 3.
There are two relevant partitions, (1,1,1) and (2, 1). The T{; 1 1)(SU(3)) theory, also known
simply as T'(SU(3)), has SU(3) global symmetry acting on the Coulomb branch, as it follows
from (3.4). The monopole formula (3.6) reads

H[T1,1,1)(SU))](t; w1, 22, 23,11, n2)
= x?1+n2 Z Z ($2x1—1>m1,2+m2,2 (x3x2_1)m1’1>< (3‘22)

m1,1€Z M2 22m1 2>—00

t%A(m,l)(m1,1;m1,2,m2,2;n) Py o) (t;m1.2, m2,2)PU(1) (),

where m; ,, with i = 1,..., k, denote the GNO charges for the U(k) gauge group, zix2x3 =
1, and Ay 1) is twice the dimension of monopole operators in the [3] — (2) — (1) quiver:

2 2 3
Ay =Y Imig —mipl + DY mia —njl = 2mia —map|, n3=0. (3.23)
i=1 i=1 j=1

5A graphical illustration of aé- is given by figure 3 of [9], where j labels the column from left to right and
i labels the rows from the bottom to the top of the Young tableau.
5We often write ‘puncture’ in analogy to the literature on M5 branes on a Riemann surface, but take it
to mean ‘partition’ in this paper. We use the shorthand notation (r°) = (r,--- ,r) for partitions.
——

s times
"The plethystic exponential of a multivariate function f(t1,...,t,) that vanishes at the origin is defined

as PE[f(t1,t2,... tn)] = exp (1o, +f(tF, - ,ty)). For instance PE[nt™] = (1 —t™)™".
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We used the fugacity map (3.13) and we imposed the constraint (3.14). One can check
that (3.22) reproduces the Hall-Littlewood formula

H[T(1,1,1)(SU))](t w2, 2, 23311, n2)
_ (3.24)
= tnl(l - t)BPE t Z $¢£Bj 1 \I/E?(l?;;m’o)(xl,l‘g,fvg;t) .
1<i,5<3
The T(3,1)(SU(3)) theory has Coulomb branch symmetry U(1) and the monopole for-
mula reads

n1+na
H[T(5,1)(SU(3))](t; 21, 225 01, 2, 113) = 11_ - > taen (mim) (g lym (3.25)
meZ

where m denotes the GNO charge for the U(1) gauge group, z3z2 = 1, and A1) is twice
the dimension of monopole operators in the [3] — (1) quiver:

3
Ay = Im=nil, ng=0, (3.26)
i=1
We again used the fugacity map (3.13) and we imposed the constraint (3.14). Again one
can check that (3.25) reproduces the Hall-Littlewood formula
H{[T(9,1)(SU(3))](t; 21, 223 101, 2)

= t"(1 — tPPE[2t + t2 (w125 + 27 '20) + t2]\1:§?(g)”2’°) (2162, 2172, 203 t) .

(3.27)

We will further demonstrate the HL formula (3.9) in a number of examples in a com-
panion paper [5], where we will successfully compare our formula for the Hilbert series of
the Coulomb branch of mirrors of genus 0 3d Sicilian theories with the Hilbert series of the
Higgs branch of the Sicilian theories themselves, computed as the Hall-Littlewood limit of
the superconformal index of the 4d theories in [9, 25].

3.2 The Coulomb branch of 7,,(SU(N)) is a complete intersection

Coulomb branches of T,,(SU(N)) theories for various partitions p were studied in [3] using
mirror symmetry; it was found that many of these algebraic varieties are complete intersec-
tions. In this section, we provide a direct argument that for any partition p, the Coulomb
branch of T,,(SU(XV)) is a complete intersection.

Setting ny =ng = ... =ny = 0in (3.9) and using the identity
N
0,...,0
(1= )N (@) = [ - 1), (3.28)
k=1
we obtain
N
H[T,(SUN)(t:2:0) = K (@i t) [T~ )
k=1
length(p™) p] N (329)
— PE Z Z ijl',;lt%(pj-i_pk)_i—’_l _ Ztk ,
i=1 k=1 k=1
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where we have used (3.18) in the second equality. It follows from the remark below (3.19)
that the powers of ¢ appearing inside the PE are strictly positive.

The form of (3.29) shows that the Coulomb branch, denoted by C[T,(SU(N))], is a
complete intersection, i.e. it is described by a number n of generators subject to a number
r of relations equal to the complex codimension of the variety in the embedding space C”.
Its complex dimension n — r is given by

length(pT)
dime C[T,(SUN)) =} ())* - N, (3.30)
i=1

where the positive contribution counts the number of positive terms (representing gener-
ators) and the negative contribution counts the number of negative terms (representing
relations) inside the PE in (3.29). This result is in agreement with (2.3) and (2.4) of [26].
In fact, one can cancel a common factor PE[t — ¢] = 1 in (3.29), suggesting that a puta-
tive generator is eliminated by a relation: we conclude that there are Zilf’th(p T)(piT)2 -1
generators subject to N — 1 relations, one per Casimir invariant of SU(N).

4 Coulomb branch of T,(SO(IN)) and T,(USp(2N))

In this section we generalize the results on T,(GY) to other classical groups beyond G =
SU(N), namely SO(V) and USp(2N). One of the key results in this section is the for-
mula (4.9) for the Coulomb branch Hilbert series, involving the Hall-Littlewood polyno-
mial. We demonstrate in many examples below that this formula is uniform for all classical
gauge groups. We conjecture that it can be used also for large classes of ‘bad’ theories,
where the monopole formula is not working, as we shall discuss in several examples below
and in the appendix.®

In the following construction, we will also need the GNO, or Langlands, dual of G,
denoted as GV [13]. Recall that the Lie algebras A and D are self-dual, while B and C' are
exchanged by GNO duality.

As pointed out in [2] and [26], T,(GY) is constructed as a boundary theory of 4d
N = 4 super Yang-Mills on a half-space, with the half-BPS boundary condition specified
by a homomorphism p : Lie(SU(2)) — Lie(G). The homomorphisms p can be classified,
up to conjugation, by the nilpotent orbits of the Lie algebra of G. This classification
puts certain restrictions on the partition p which we discuss in section 4.1. The quiver
diagrams of the corresponding T,(G") theories are presented in section 4.2. We compute
their Coulomb branch Hilbert series in section 4.3.

4.1 B, C and D partitions

The partition p = (p1, p2,...) defines a homomorphism p : Lie(SU(2)) — Lie(G), such
that the fundamental representation of G decomposes into a direct sum of irreducible
representations of SU(2) of dimensions pi, p2, p3,.... We call p; parts of the partition p.

8Recall that a theory is called bad when, using the ultraviolet R-symmetry as in (2.3), there are monopole
operators with A < % ‘When that is the case, one cannot assume that the ultraviolet R-symmetry computes
the conformal dimension of BPS operators, because the unitarity bound is violated.
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Due to the Jacobson-Morozov theorem, such embedding can be classified up to a
conjugacy by the nilpotent orbit of G. As discussed in [27] and section 2.1 of [26], the
possible cases are as follows:

e For G = SO(N), the partition p of N satisfies the condition that any even part in p
must appear an even number of times. The partition p is called a B- or a D-partition
if N is odd or even, respectively. For instance, the B-partitions for SO(3) are (3)
and (1,1, 1); the D-partitions for SO(4) are (4), (3,1), (2,2) and (1,1,1,1). Given a
partition p satisfying this condition, there is a unique nilpotent orbit associated to
it, except for the case when all the parts p; are even and each even integer appears
even times. Such a partition is referred to as a very even partition, whose distinct
nilpotent orbits are exchanged by the outer automorphism of SO(N). An example
of a very even partition is p = (4,4) for G = SO(8).

e For G = USp(2N), the partition p of 2N satisfies the condition that any odd part
in p must appear an even number of times. Such a partition is called a C-partition.
In this case each partition corresponds to a unique nilpotent orbit. For instance, the
C-partitions p for USp(2) are (2) and (1, 1); for USp(4), (4), (2,2) and (1,1,1,1); for
USp(6), (6), (4,2), (3,3), (2,2,2), (2,2,1,1), (2,1,1,1,1) and (1,1,1,1,1,1).

Below we present quiver diagrams for T,(G") for G = SO(N) and USp(2N). Such quivers
already appeared as subquivers in the work of [28].

4.2 Quiver diagrams

The quiver diagram for T,,(SO(2N)) and T,,(SO(2N+1)) for a given partition p is presented
n (6.3) and (6.5) of [6]. The quiver for T,,(USp(2N)) can be easily obtained by generalising
that of T,(SO(2N)). We summarize the necessary information below.

T,(SO(2N)) theory. In this case p = (p1,...,p¢) is a D-partition of 2N. The quiver
diagram for T,,(SO(2N)) is

[SO(2N)] = (USp(s1)) — (O(s2)) — -+ = (O(se—2)) — (USp(s¢-1))., (4.1)

where ¢ is even and

¢
8; = Z Pj + for O and — for USp, (4.2)
j=itl |,
with [n]4 (resp.—) the smallest (resp. largest) even integer > n (resp. < n) and the node
USp(0) being removed.

T,(SO(2N +1)) theory. In this case we consider the Langlands dual of By = SO(2N +
1), namely Cy = USp(2N). The partition p = (p1,...,pe) is a C-partition of 2N. The
corresponding quiver diagram for 7,(SO(2N + 1)) is

[SO(2N +1)] = (USp(s1)) = (O(s2)) —--- = (O(sp4_)) , (4.3)

— 14 —



where

¢
si= |1+ Z pj + for O and — for USp, (4.4)

Jj=i+1 I-

with [n]1 the smallest odd integer > n and [n]+ defined as above.

T,(USp(2N)) theory. In this case we consider the Langlands dual of Cy = USp(2N),
namely By = SO(2N + 1). The partition p = (p1, ..., p¢) is a B-partition of 2N + 1. The
corresponding quiver diagram for T,,(USp(2N)) is

[USp(2N)] — (O(s1)) — (USp(s2)) — - -+ — (USp(se-1)) , (4.5)

where ¢ is odd and

l
8; = Z Pj + for O and — for USp, (4.6)
with [n]+ defined as above and the node USp(0) being removed.

In the previous theories some of the gauge groups of type O can be replaced by groups
of type SO. The distinction between SO(s) and O(s) gauge groups is important. Theories
with SO(s) gauge groups have typically more BPS gauge invariant operators compared
with the same theory with gauge group O(s) and we have different theories according to
the choice of O/SO factors.

4.3 Hall-Littlewood formula for 7,,(G") with a classical group G

In this section we generalize the Hall-Littlewood formula (3.9) to a more general group G.
We follow closely a similar discussion in section 4.1 of [24]; see also [26] for a comprehensive
presentation. Several explicit examples are presented in subsequent subsections and in
appendix C.

As discussed earlier, the partition p defines a homomorphism p : Lie(SU(2)) — Lie(G)
such that

[1,0,...,0lc = Plpi — Usug) - (4.7)
i
The global symmetry G, associated to the puncture and acting on the Coulomb branch is
given by the commutant of p(SU(2)) in G. Explicitly, for a given group G = U(N), SO(N)
or USp(2N) and a puncture p = [p;] with r; the number of times that part k appears in
the partition p, we have

S(I1xUlre)) G =U(N),
Gp = Ik 6aa SO(rk) X Ik even USP(rk) G =SO(2N +1) or SO(2N),  (4.8)
Hk odd Usp(rk) X Hk even SO(Tk) G = USp(zN) :

~15 —



Let 1,2, ... be fugacities for the global symmetry G, and 7(G) the rank of G. We
conjecture that the Coulomb branch Hilbert series is given by the HL formula
HT (Gt @i, nyey) = £3907 (1 = 0 O KS (@)W (alt, 2)it),  (4.9)
where we explain the notations below.

1. The Hall-Littlewood polynomial W@ (a(t, x);t) associated with a classical group G is
given in appendix B.

2. The power dgv(n) is the sum over positive roots a € A, (GY) of the flavor group GV
acting on the background monopole charges n:

Sav(n) = Y aln). (4.10)
aEAL(GY)

Explicitly, for classical groups G, these are given by

S (N + 1= 2))n; GY =G = U(N),
N .
V (2N +1—2j)n; GV =By, G=C
G (m) = § g2 A w OO
Zj:1<2N+2_2j)nj GV =Cyn, G= By
S5 2N = 2)ny GY=G=Dy .

3. The argument a(t,x), which we shall henceforth abbreviate as a, of the HL polyno-
mial is determined by the following decomposition of the fundamental representation
of G to G, x p(SU(2)):

Xfund fo nd mk X[Pk( i](t1/2)’ (412)

where G,, denotes a subgroup of Gp corresponding to the part k of the partition
p that appears 7 times. Formula (4.12) determines a as a function of ¢ and {xy}
as required. Of course, there are many possible choices for a; the choices that are
related to each other by outer automorphisms of GG are equivalent.

We provide some examples, such as two inequivalent choices (C.17) for p = (4,4) of
G = SO(8), in the subsequent subsections.

4. Kff(m;t) is a prefactor independent of n, determined as follows. The embedding
associated with p induces the decomposition of the adjoint representation of G
Eagl@) = > xﬁ;’(wﬁx;?f?’ (t72), (4.13)
j=0,413 ..
where a on the left hand side is the same a as in (4.12). Note that B, R; gives the
decomposition of the Slodowy slice [26]. Each component in the slice gives rise to a
plethystic exponential, giving

Kg(x;t):PE[ > thXg;’(a:j)} (4.14)
j:()v%vl?%?"'

We provide a number of examples below; see for example (C.35) for p = (3,3,1,1)
of G =S0(8) and (C.37) for p = (3,2,2,1) of G = SO(8).
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4.3.1 The Coulomb branch of 7,(G") is a complete intersection

In this subsection we generalize the computation in section 3.2 for any classical group G.
We will show that formula (4.9) implies that the Coulomb branch of T,,(G") is a complete
intersection for any classical group G and any partition p.

Turning off the background monopole fluxes ny = n2 = ... = n,(g) = 0, the HL
polynomials reduce to

r(G)
ety = (107 [T - 14D), (4.15)
=1

where d;(G), with i = 1,...,r(G), are the exponents of G:

1,2,3,...,N, G = U(N)
di(G)=<2,4,6,...,2N, G =SO(2N + 1), USp(2N) (4.16)
N,2,4,6,...,2N — 2, G = SO(2N) .
Thus we obtain
r(G)

HIT,(GY))(t:; 0)

—_

1=

(4.17)

— PE G (= Z 1@
7=0,3.1,

w\w

where the representations R; of the group G, are given by (4.13). This shows that the
Coulomb branch, denoted by C(T,(GY)), of T,(GY) is indeed a complete intersection:
there are ) _; dimg, (12;) generators subject to r(G) relations, one per independent Casimir
invariant of G. The complex dimension of the Coulomb branch is given by

dim¢ C[T, Z dimg, (R;) —r(G), (4.18)

where dimg,(R;) denotes the dimension of representation R; of the group G .
According to Theorem 6.1.3 of [27], the first term in (4.18) can be related to the
partition as

i) G = U(N)
Zdimcp(Rj) =432 (D) =33 gaami G=DBn, Dy (4.19)
! 52 (0l + 3 qaami G=0Cn,

where 7 is the number of times that k appears in the partition p. Thus, from (4.18)
and (4.19), we have the dimension formula in accordance with (2.3) of [26]:

i) =N G =U(N)
dime C[Tp(GY)] = 532, (p!)? - ézi oadi— N G = By, Dy (4.20)
%Zz(p +3 Zloddr’b_N G:CN
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4.4 T(SO(N)) and T'(USp(2N))

In this subsection we focus on p = (1,1,...,1). The case of non maximal punctures is
discussed in appendix C. From now on, we shall abbreviate T(; 1)(G) as T(G). The
quiver diagrams for T'(SO(N)) and T'(USp(2N)) are given in figure 54 of [2]; we summarize
them below.”

T(Dn) :

(SO(2)) — (USp(2)) — --- — (SO(2N —2)) — (USp(2N — 2)) — [SO(2N)] (4.21)
T(Cn) :

(SO(2)) = (USp(2)) — -+ — (USp(2N —2)) — (SO(2N)) — [USp(2N)] (4.22)
T(By) :

(O(1)) = (USp(2)) = (O(3)) —--- = (O(2N — 1)) — (USp(2N)) — [SO2N + 1)]. (4.23)

Note that edges connecting O and USp represent bifundamental half-hypermultiplets. Re-
mark also that the quiver in (4.23) is a ‘bad theory’; for example, the number of flavors
under the USp(2) gauge group is 2 (because there are 4 half-hypers charged under this
gauge group), which is smaller than 2(1) + 1 = 3 (see (5.9) of [2]).

Mirror symmetry exchanges G with the Langlands or GNO dual GV, therefore T'(Dy)
is self-dual, whereas T'(Cy) and T'(By) form a mirror pair [2].

From many examples presented in the following subsections, we deduce that the Hilbert
series of Coulomb branch for each of such theories is given by

H[T(G)](t; 21, ..., anin,. .. ny) = 1296V ™1 — )7 O KC (2 ) U (1) . (4.24)
where n1,...,ny are the background charges, dgv(n) is given by (4.11), and
KC(m;t) = PE [t(xZg;(2))] - (4.25)

Since the quiver (4.23) for T'(By) is a bad quiver, we cannot compute the Coulomb
branch Hilbert series from the monopole formula, which diverges. On the other hand one
may expect that the quiver flows to an interacting conformal fixed point in the infrared.
Since the formula (4.24) involving the Hall-Littlewood polynomial is well defined, we con-
jecture that it computes the Hilbert series of the Coulomb branch of the infrared SCFT.
Below we demonstrate this by computing the Coulomb branch Hilbert series of T'(SO(5)),
which is a bad theory, using the Hall-Littlewood formula and find a matching (4.38) with
that of T'(USp(4)), which is a good theory.

When comparing with the monopole formula, we will face the problem of matching
fugacities. Unlike in the case of unitary groups, in the Coulomb branch of the T'(G") theo-
ries with orthogonal and symplectic groups the Cartan subalgebra of the global symmetry
is not fully manifest. Some Cartan generators do not correspond to topological symmetry
of the Coulomb branch, but arise instead as monopole operators [2]. It is not clear to us
how to introduce fugacities for these generators in the monopole formula.

Let us demonstrate these formulae in the examples below.

9With this choice of SO(N) gauge groups for T(Dy) and T(C) the Coulomb and Higgs moduli space
are precisely the nilpotent cone of the corresponding Dy and Cn group [2].
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4.4.1 T(SO(4))
The quiver of T(SO(4)) is
(SO(2)) — (USp(2)) — [SO(4)], (4.26)

with a Coulomb branch symmetry SO(4). In addition there is a flavor symmetry SO(4)
acting on the Higgs branch. The conjectured HL formula for the Coulomb branch Hilbert
series of T'(SO(4)) is

H[T(SO(4)](t: ;m) = ™ PE [t ( Loy % + :cleﬂ W (@), (4.27)
1

rixr2 T2

where explicit expression for small values of n; and ng are given in appendix B.
For n1 = ne = 0, we have

(0,0) _ o (1- t2)2
U, (m5t) = (1+1)" = e (4.28)
therefore
H[T(SO(4)](t; z122, 2125 ;0,0) = (1 — t*)?* PE [t(2} + 23 + 724 xy? 2)] (4.20)
= gc2/z, (t 71)ge2 )z, (F, 02)
in terms of the Hilbert series of C?/Zs
ge2/z, () = (1 — t)PE [t(z® + 1+ 27%)] . (4.30)

Hence the Coulomb branch of T(SO(4)) is (C?/Zz)?; this is identical to the Higgs branch
of the same theory, in agreement with the self-mirror property.

Comparison with monopole formula. We can compare the conjectured formula (4.27)

with the monopole formula for Coulomb branch Hilbert series

Huon[T(SO@)(rzsn) = > Y ™30 ™ Pugy o) (8 k) Psogy (m) . (431)

m=—o0 k=0

where m is the topological charge for SO(2) gauge group with x; the corresponding fugacity,
and k is the monopole charges in USp(2) gauge group. Here

2
1
A(m, k,n) = 3 (\m—kH— ]m—i—k!—i—Z(mz—i—k\ —Hnl—k\)) — 2k|,

i=1
e k=0 4.32
Pusp2)(t; k) = Psue)(t; k) = {li’ Lo (4.32)
Pso)(t;m) = Py (t;m) = %—t :
It can be checked that
H[T(SO(4)](t;x%,:p2 = 1;n1,n2) = Humon[T'(SO(4)](t; 1571, n2) - (4.33)
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Note that in the monopole formula (4.31) we can refine only one fugacity z; of SO(4),
whereas in the conjectured Hall-Littlewood formula (4.27) for the Hilbert series both fu-
gacities x1 and o appear. This requires some explanation. Although the Coulomb branch
symmetry is SO(4), only a U(1) subgroup is manifest. The reason is that the only man-
ifest symmetries in the Coulomb branch are the topological symmetries and the quiver
(SO(2)) — (USp(2)) — [SO(4)] has a single abelian factor. The remaining SO(4) generators,
including the other generator of the Cartan subalgebra, correspond to monopole opera-
tors [2]. In particular the other generator of the Cartan subalgebra is provided by the
monopole operator with m = 0, £ = 1 along with n; = 0. It would be interesting to un-
derstand how to include fugacities for the full Cartan subalgebra in the monopole formula
for the Coulomb branch Hilbert series. We will encounter this phenomenon many times in
the following.

4.4.2 T(USp(4)) and T(SO(5))
The HL formula for the Coulomb branch of T'(SO(5)) is given by

H[T(SO(5)))(t; @;m) = t20m+m2) PE \4(x G (21, ) — 2)| W™ (a1, m51),  (4.34)

where the character of the adjoint representation [2,0] of USp(4) is

1 1 1 T T
O2 —94 — 424 = o T2 2
Xpo)(*1,%2) =2+ p + 22+ 2 + - + o + p + z129 4 22 . (4.35)

Since the Lie algebra of USp(4) is isomorphic to that of SO(5), we also have
Lan n ni,n
H[T(USp(4))](t;y; ) = 21471 +272) PE [t(xffg] (y1,2) = 2)| U " (g1, ysit), (4.36)

where the character of adjoint representation [0, 2] of SO(5) is

1 1 T T
xﬁgz](ml,m):2+—+x1+—+ + bz + — i (4.37)
) T o T1T9 X9 €1

These two expressions can be matched as follows:
H[T(SO5)|(t; 1, T2; 11 + n2,n1 — ng) = H[T(USp(4))](t; x129, x125 Y511, m9) . (4.38)

The matching reflects the translation between representations of USp(4) and SO(5):

X(Cfﬁn%m_m)(?cl, Tg) = nghm)(fﬂlﬂ?z, T15) (4.39)
where (n1,n2) denotes the representation of By = SO(5) in the standard e-basis,'? where
n1 > no > 0 with nq, ne all integers or all half-integers.

One can explicitly check that (4.36) with yo = 1 can also be obtained from the
monopole formula (2.1) for the Coulomb branch Hilbert series. Again, only one fugac-
ity corresponding to the topological charge of the SO(2) group is manifest.

10This representation corresponds to Dynkin labels [n1 — 2,1 4+ n2]so(s) or [n1 + na2,n1 — N2usp()-
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Comparison with gluing. We can obtain T'(USp(4)) by gluing 7'(SO(4)) theory with
[SO(4)] — [USp(4)] via the SO(4) group. We have the Coulomb branch Hilbert series:

Hglued [T'(USp(4))](t; 21, 22; 111, N2)
= Y HT(SOM@)](t; @1, w2; k1, ko) X

ot > k| (4.40)
ko€Z
t*6D2(k17k2)+%5D2—62 (kl,kz,nl,n2;t)PSO(4) (t; k1, ko)
where Pso4)(t; k1, k2) is given by (A.10) of [1] and
2 j-1
Opy (b1, k2) = > ) ki — Kyl + [ki + Ky,
j=1i=1
Ly (4.41)
0py—Cy (b1, k2,1, mast) = ZZ Z [(=1)°n; — Kj] -
§=0 i=1 j=1
Then, (4.40) can be matched with (4.34) as follows:
H[T(SO(5)](t, T1,T2;N1 + N2, N1 — ng) (4 42)
= glued[T(USp(4))](t; $1$2,x1$51;n1,n2) . .
Comparing (4.42) with (4.38), we see that
Hglued [T(USp(4))] (t; T1,X2,M71, 712) = H[T(Usp(4)>] (t; T1,x2,MN71, 77,2) . (4.43)
4.4.3 T(SO(6)) and comparison with T'(SU(4))
The HL formula for the Coulomb branch of T'(SO(6)) is given by
Lani4+2n ni,na,n
H[T(SO(6))(t; ; ) = t3(4m1+2n2) PR [t (ngfm (z) — 3)} W) () L (4.44)

Since the Lie algebra of SO(6) is isomorphic to that of SU(4), we expect the matching
between the Coulomb branch Hilbert series of T[SU(4)] and that of T[SO(6)]. Indeed, the
Coulomb branch Hilbert series (3.9) for G = SU(4) and p = (1%),

H[T(SU(4))](t; y; n1, n2,n3,0)

-t (2 - o, Y
agrees with (4.44) upon a suitable translation. Explicitly, for any ai, as,as > 0,
HIT(SO(6)] (t; x1, w2, 23;m(a)) = H[T(SU(4))I(t; y1,y2, y3; n(@)) (4.46)
with
1 1 1 1 1 1
m(a) = <2a1 +az + 598, 501 + 503, —501 + 2@3) , (4.47)

n(a'> = (al + ag + a3, a +CL3, as, 0)7

~ 91 —



and the fugacity map

T xI9 I3

y% = y% = y32, = yi = T122%3 . (4.48)

ToI3 ’ 123 ’ 12 ’

For the case of SO(6), (4.44) with o = z3 = 1 can also be reproduced from the
monopole formula (2.1) for the Coulomb branch Hilbert series. Again, only one fugacity
corresponding to topological charge can be made manifest in the latter.

5 Background magnetic charges and baryonic charges

Having computed the Coulomb branch Hilbert series of many theories with background
magnetic charges turned on, it is natural to ask which quantities on the Higgs branch are
such background charges mapped to under mirror symmetry. In this section we show that
the answer is the baryonic charges in the mirror of the theory in question. So, in a sense, as
expected from mirror symmetry which acts as S-duality on brane configurations in type I1B
string theory, the magnetic background fluxes are mapped to background electric fluxes.

The relation between the Hilbert series with background fluxes of a theory and its
mirror can be made precise as following. If the gauge group GM of the mirror theory
contains a U(1) factor, it also has a U(1) topological symmetry acting on its Coulomb
branch. In the original theory, this U(1) will be acting on the Higgs branch. Ungauging
the U(1) gauge symmetry in the mirror is equivalent to gauging the corresponding global
U(1) symmetry in the original theory. We thus have the following equality

GlGM /u)(t,b) = Y GIGY/U(L), m](t)p"™ = %_t HIG, U], m)p™,  (5.1)
meZ meZ

where we explain the notation as follows.

e G[GM/U(1)](t,b) is the Hilbert series for the Higgs branch of the mirror theory with
gauge group GM /U(1), graded according to the dimension and the baryonic symmetry
corresponding to the ungauged U(1). This function is known as the bayonic generating
function of the mirror theory [10, 21, 22]. G[GM /U(1)](t,b) can be decomposed into
sectors of definite baryonic charge by writing the Hilbert series as a formal Laurent
series in the baryonic fugacity b. We denote such a function in the m-th sector by

GIGM /U(1), m](t).

e H[G,U(1)](t,m) is the Hilbert series of the Coulomb branch of the original theory
with a background magnetic flux for the global U(1). The right hand side of the
previous formula is the result of gauging this global U(1): b is a fugacity for the
topological symmetry that arises after gauging.

Even though the correspondence (5.1) holds separately for each U(1) group, for sim-
plicity we will mostly present examples where we gauge (resp. ungauge) the maximal torus
of the symmetry group acting on the Coulomb branch (resp. Higgs branch of the mirror
theory). Given a theory T', we use the notations Tp for the theory obtained by replacing
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all U(N;) gauge groups in 7' by SU(LV;) gauge groups, and Ty for the theory obtained by
gauging the maximal torus of the flavor symmetry. B and J label the baryonic and topo-
logical symmetries gained in the two processes. If theories T and T™ are mirror theories,
so are Tg and T9'. The equivalence of ungauging a U(1) on the Coulomb branch of a
theory and gauging a U(1) on the Higgs branch of the mirror theory is straightforward to
see at the level of Hilbert series [1]. The equivalence of gauging a U(1) on the Coulomb
branch of a theory and ungauging a U(1) on the Higgs branch of the mirror theory is much
less trivial to see at the level of Hilbert series. We show it in a number of examples in the
rest of the section.

5.1 T(SU(N)) theory: (1) —(2) —--- — [N] quiver
Let us first consider T'(SU(IV)) theories, which are self-mirror. In the following we provide

explicit examples of N = 2 and N = 3, from which a general formula for any N can be
concluded.

5.1.1 T(SU(2)) theory

The baryonic generating function of (1) — [2] quiver is defined as the Hilbert series of the
Higgs branch of the same theory with the U(1) node ungauged [10], i.e. that of [1] — [2]
quiver. The charge of the hypermultiplets under this ungauged U(1) has an interpretation
of the baryonic charge of the (1) — [2] theory.

Let b be the fugacity associated with the baryonic charges. The baryonic generating
function is then given by

GIT(SU(2))B](t; 2:b) = PE[(b+ b~ 1) (x + 2~ 1)t/ (5.2)

where z is the fugacity for SU(2). After a rescaling t — 2 needed to compare with 4d

quantities, the function
(1 =8)G[T(SU(2))s](t; 2; b)

is indeed the F-flat Hilbert series [29, 30] of (1) — [2] quiver and the baryonic generating
function of C?/Zy; see (4.6) of [10].

The baryonic generating function can be related to the Coulomb branch Hilbert series
of T(SU(2)) with the background flux turned on. Indeed, we find that

G[T(SU(2))p](t; 230) = PE[(b + b~") (2 + 2~ 1 )t'/?]
1 o

=1 > H[T(SU@)|(t; 2,z 5[n],0) b" (5.3)

= H[T(SU(2)),](t;2;b) ,
where H[T'(SU(2))] is given by (3.9) with p = (1,1), which extends to the Weyl chamber

n < 0 by replacing n — —n, or equivalently by the monopole formula (3.6):

niTn - Llu—n u—n 1 —1\u
H[T(SU(2))|(t; 21, z2; 11, n2) = 27472 Z g2 (lumnal| 2‘)ﬁ($2x1 hyw (5.4)

U=—00
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The summation in (5.3) has an interpretation of generating function for the Coulomb
branch Hilbert series with background fluxes. Equation (5.3) relates this generating func-
tion to the baryonic generating function on the Higgs branch of the theory. For reference,
we provide the expressions for such a function in the regions n > 0 and n < 0:

S HIT(SU@)) (2,2 |0l 0) b =
n>0

S H[T(SU@))](t 2,2 [n],0) b =

n<0

(L+t)—t32 (z7 +2)b
(1 —tz=2) (1 —tz?) (1 — t/2ba~ 1) (1 — t1/2b)

Y2072 (a7t + ) b—tY2 (1 + ¢)]
(1—tz=2) (1—ta?) (1—t1/22b1) (1—t1/22~1p=1)

(5.5)

As anticipated, (5.3) shows that ungauging the U(1) gauge symmetry on the Higgs
branch side corresponds to gauging a U(1) global symmetry of the Coulomb branch of the
mirror, and the baryonic charges are just the topological charge in the Coulomb branch. In
this gauging process we introduce the factor (1 —¢)~! on the right hand side of (5.3). The
generating function of the Coulomb branch Hilbert series of the quiver (1) — [2] is nothing
but the Hilbert series of the Coulomb branch of the theory obtained by gauging the U(1)
Cartan subgroup of the flavor symmetry U(2)/U(1), namely the quiver (1) — (1) — [1], or
equivalently (1) — (1) — (1) with the overall U(1) gauge group factored out.

5.1.2 T(SU(3)) theory

As before, the baryonic generating function of (1) — (2) — [3] quiver is equal to the Higgs
branch Hilbert series of the same theory with the two unitary gauge groups replaced by
special unitary groups:

Q[T(SU(3))B](t; T1,T2,T3; bl, bg)

1 _ _ _ _

+by(z 4271 Zm*1+b2 2+ 2" le tl/Q]
=1

(5.6)

where

e b; and by are baryonic fugacities; they can also be viewed as electric fugacities for
the U(1) node and for the U(1) center of the U(2) node respectively,

e 11,29, x3, with z12923 = 1, are fugacities of the SU(3) flavor symmetry,

e the Haar measure of SU(2) is

1 1— 22
/dMSU(z)(Z) =55 ]I{ZIl P (5.7)
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Coulomb branch Hilbert series and baryonic generating function. We are inter-
ested in relating (5.6) to the Coulomb branch Hilbert series of T'(SU(3)). It is convenient
to write the latter using the monopole formula (3.6) as follows:

H[T(SU(3))]|(t; x1, x2, 2301, n2,n3 = 0)

o0 o0

— x7111+n2 Z Z ($2$I1)m1’2+m2’2(l‘gfl,‘;l)ml’l>< (5.8)

mi1,1=—001mj 22>mM2 2>—00

g2 m22,12.0) P o) (ma 9, ma ;1) Py (1),

with z12213 = 1, Py(2)(m;t) and Py(p)(t) given by (2.2), and

A(ma1;ma 2, ma2; 711,712,"%3)

(5.9)
*Z!mll mia| + = ZZ\mn nj| —|mi2 —magl .
=1 j=1
Indeed we find that (5.6) and (5.8) are related as
g[r(su(s ))B](f z,b)
(1—1)" Z H[T 3)(t;ay syt gt n, mg, 0)bT (b /br)"™2 (5.10)

n1,n2€Z

= H[T(SU3))s|(t; 27, a5t x5 b be, 03071)

This indeed confirms the relation between the generating function of the Coulomb branch
Hilbert series and the baryonic generating function, or the Higgs branch Hilbert series of
T(SU(3))p and the Coulomb branch Hilbert series of T'(SU(3)).s.

Note that by appears only as b3 in (5.10) because it is the baryonic fugacity of an SU(2)
gauge group normalized in such a way that gauge invariants have charges in 2Z.

Hall-Littlewood formula. Alternatively to the monopole formula (5.8), the Coulomb
branch Hilbert series is also given by the HL formula (3.9):

Hs(t; z1, z9, 23;11,12,0) = t" (1 — t)>PE |t Z T (m’m’o)(m;t), (5.11)
i,j=1

where we emphasize that this formula is valid only if n; > ny > 0 and we take z1xox3 = 1.
The relation with (5.6) can therefore be separated into 6 regions, as in appendix A.2 of [22].
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Explicitly, we obtain

G[T(SU(3))B](t; 2;b) = (1 —1)"*x

oo o0

Z Z Hg(t;:cl_l,:rgl,xgl;m + n, )b b3"

m=0n=0

o0 o0
+ Z Z Hs(t; 21, 22, 33m + n, )by by >"

m=1n=1

[e.o] o0
D D Haltoy oyt g tim n)bh, ™" (5.12)

n=1m=n+1

(o] oo
—mp2
—i—z Z Hs3(t; x1, w2, 23;m,n)b] " by"
n=0 m=n-+1

co 00
Lo—-1 -1 -1, mp—2n
+ § § H3(t7x1 yLg T3 7n7m)b1 b2
m=0n=m

n#0

o0 o
+ Z Z Hg(t;$1,$2,l'3;n, m)bfmb%n )

m=1n=m

where r1z9x3 = 1. Each summand indicates the baryonic generating function, in terms of
the Coulomb branch Hilbert series, in one of the 6 Weyl chambers of SU(3).

5.1.3 T(SU(N)) theory

It is straightforward to derive a similar relation to (5.3) and (5.10) for a general T (SU(N))
theory. Using the same notation as before, we obtain

1
g[T(SU(N))B](t,ﬂf]_, e ,$N,b]_, e ,bel) = mx
N-1
Z H[T(SU(N))](tv xita :Uét? e 71'%; niy,ng, -+ ,NN-1, O)brlll H (bgbllﬂ:lf)nk =
ni, - MN—_1€Z k=2
= H[T(SU(N))s)(t; 5, 25, -, 2 b1, b0 Y - BN Lo, (5.13)

where the power £ is + for N even and — for N odd. (5.13) shows that the Hilbert series
of the Higgs branch of T'(SU(N))p and the Coulomb branch of T(SU(N)) coincide. The
latter is described by a quiver where the flavor group is replaced by N U(1) nodes joined
to the U(N — 1) node, with the overall U(1) gauge group factored out. The corresponding
quiver diagram is depicted in figure 2.
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~N

* nodes

J

Figure 2. The quiver diagram of T'(SU(V))s. In this quiver, the flavor group U(N) of T(SU(N))
is replaced by N U(1) nodes joined to the U(N — 1) node, with the overall U(1) gauge group
factored out.

5.2 T(21)(SU(3)) theory: (1) — [3] quiver

The mirror theory of T(y1)(SU(3)) is

uQ) U(1)
L (5.14)
The baryonic generating function of the mirror of T{51)(SU(3)) is given by
Gl(mirror T(51y(SU(3)))B](t; 21, 72; b1, b2)
(5.15)

= PE [(biby " + b7 by + biay 07 N+ by b3 )t 2]

On the other hand, the Hilbert series of the Coulomb branch of Ty 1y(SU(3)) : (1) — [3] is
given by (3.25). Formulae (5.15) and (3.25) are related as

G[(mirror T(5 1y(SU(3)))B](t; 21, 22; b1, b2)

1 —n T
T (-2 > (@) " H[T50)(SUB)(t 1, w25 m1, 12, 0)by ™ b32
mna€l (5.16)

m,ny,no€Z

This again confirms the relation between the generating function of the Coulomb branch
Hilbert series and the baryonic generating function of the mirror theory.

5.3 T(3,1,)(USp(4)) theory: (SO(2)) — [USp(4)] quiver

We now consider the T(3 1 1)(USp(4)) theory, which corresponds to SO(2) gauge theory with
4 flavors of half-hypermultiplets in the two-dimensional vector representation. The aim of
this section is to present certain subtleties that do not appear in T,(SU(N)) theory. The
Coulomb branch Hilbert series of this theory is discussed in appendix C.4. In the following
we shall compute the baryonic generating of the Higgs branch of the mirror theory and
establish some relations with such a Coulomb branch Hilbert series.
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The Coulomb branch Hilbert series of T(31,1)(USp(4)). The monopole formula
for the Coulomb branch Hilbert series of T{31,1)(USp(4)) is

o0

H[T(31,1)(USp(4))](t; 2;m1,n2) = Z ¢AmLnzm) poo o) (822 (5.17)

m=—0Q

where 22 keeps track of the topological charge of the gauge group SO(2), and

2 1
1 1
Psoa)(t) = 1_¢ A(ny,ng;m =3 E E |(=1)°n; + m| . (5.18)
i=1 s=0

If we set n; = ng = 0, the Coulomb branch Hilbert series simplifies to
H[T(31,1)(USp(4))](t;2;0,0) = PE [t + t2(2* + 27 2) — ] . (5.19)

Note that this is the Hilbert series of C2/Zy, the Coulomb branch of the U(1) gauge
theory with 4 flavors of hypermultiplets of charge 1, which is the same as the SO(2) gauge
theory with 4 flavors of half-hypermultiplets in the vector representation of SO(2). Next
we compute the baryonic generating function of the mirror of T{3 1 1)(USp(4)).

Mirror of T(3,1,1)(USp(4)) and the baryonic generating function. The mirror
theory of T(31 1)(USp(4)) theory was discussed in section 6.2 of [28]. Its quiver is given by

Mirror of T3 ;,1)(USp(4)):

(5.20)
[SO(2)] = (USp(2)) — (50(2)) — (USp(2)) — [SO(2)] -

This is a ‘bad’ theory, since the number of flavors of each USp(2) gauge node is 2, which is
less than 2(2) +1 = 5. In fact, this theory flows to the mirror theory of U(1) gauge theory
with 4 flavors, as we shall demonstrate below (5.23). Here we are interested in the Higgs
branch, which is protected from quantum corrections, so we can use the ‘bad’ quiver to
compute it.

The computation of the F-flat Hilbert series and the baryonic generating function of
this mirror theory, obtained by ungauging the SO(2) group, is rather techical, and we
relegate it to appendix D.2. We present only the end result of the baryonic generating
function, which is given by (D.23):

G(t;z,y;b) :==G[(Mirror of T(31,1)(USp(4)))B](t; 7, y; )
=PE[{2+ (bz™' + b 2) + (by~' + b 'y)}t — 27 (5.21)
=PE [{2+ (by +b7") + (bo + b3 )}t — 2t7] .
where z and y are the fugacities of the two SO(2) flavor symmetries, and b is the baryonic

fugacity corresponding to the ungauged SO(2) in (5.20). Two combinations of the baryonic
and flavor fugacities appear in this generating function, namely

by :=bz !, by :=by L. (5.22)
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Note that (5.21) is, in fact, the Hilbert series of (C2/Z3)?, where by and by are fugacities
for the SU(2) isometry associated with each copy of C?/Zs.
The Higgs branch Hilbert series of quiver (5.20) is given by (D.24):

db
—(1—t)G(t;z,y;b) = PE [t + t*(zy~ ' + yz~ 1) — ¢*
%l;|=1 27sz( Gt ;b) [ =y vz ] (5.23)

= H[T{(3,,1)(USp(4))](t; 21/2y=1/2:0,0) ;

this is equal to the Coulomb branch Hilbert series (5.17) with vanishing background fluxes
n; = ny = 0, as predicted by mirror symmetry. Indeed, this indicates that the ‘bad’
theory (5.21) flows to the mirror theory of U(1) gauge theory with 4 flavors in the infra-red.

Relation between (5.17) and (5.21). We find that

o0

Go,(tix=2y=2"4b)=(1—-1t)"" Z H[T(31,1)(USp(4))](t; 2;n, n)b?" (5.24)

n=—oo

1

where Gz, (t; 2,271 b) is a Zs projection of G(t; z, 27 1;b) defined as follows:

Gz, (t; 2,275 b) = % [G(t;2,2750) + G(t2, 2715 =b)] (5.25)

Note that this Zs projection is not to be identified with the parity of the orthogonal gauge
group O(2), cf. (D.8), which does not commute with the Cartan elements of SO(2). It is
rather the Zy subgroup of SO(2) that consists of gauge rotations by multiples of 7. As
such, it projects out the odd powers of b in G(t;z, 27 1;b).

This example displays several subtleties that are not present for T,(SU(N)). Let us
comment and list certain open questions as follows:

1. There are two background fluxes n; and ng for the flavor symmetry USp(4) of the
theory T(31,1)(USp(4)) but only one baryonic charge b (and correspondingly only
one manifest topological SO(2) symmetry) in the mirror theory. This mismatch is
very much like the situation discussed in (4.33). This is related to the absence of
Cartan generators of the symmetry USp(4) on the Coulomb branch of the mirror of
T(3,1,)(USp(4)), where only SO(2) is manifest. The remaining Cartan generators of
USp(4) correspond to monopole operators.

2. The coefficients of odd powers of b in (5.21) (i.e. those with odd baryonic charges)
cannot be matched with the Coulomb branch Hilbert series (5.17) for any background
fluxes. Only those of even powers of b can be matched with the Coulomb branch
Hilbert series (5.17); this happens when ny is set to be equal to ny. The Zgy projection
is there to get rid of the odd powers of b in (5.21) and hence the matching can be
done as in (5.24). We also observe that by gauging the U(1)’s associated to ny and
ny and ungauging the U(1) associated to m on the Coulomb branch side, one can
reproduce the full G in (5.21).
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6 Analytic structure of the Coulomb branch Hilbert series

In this section we examine the analytic structure of the Coulomb branch Hilbert series
of T,(SU(N)), from the complementary perspectives of the Hall-Littlewood formula and
of the monopole formula. The study of the analytic structure further substantiates our
conjecture that the Hall-Littlewood formula computes the Coulomb branch Hilbert series
of T,(SU(N)) theories.

The analysis of the HL formula is very similar to that of HL index of 4d Sicilian theories
in [11]. The prefactor KE(N) (z;t) in the HL formula (3.9) has a pole corresponding to a
particular box corresponding to the rightmost part of the partition p. Taking the residue
of the Hilbert series at this pole isolates the Coulomb branch Hilbert series of a new theory
T, (SU(N)), where p’ is obtained from p by moving such a box to a previous column.

We can identify the same simple pole in the monopole formula for the Coulomb branch
Hilbert series with background fluxes of T,(SU(N)). Computing the residue yields the
monopole formula for 7, (SU(N)), in complete analogy with the analysis of the HL formula.
It thus follows that the equivalence of the monopole formula (2.5) with the Hall-Littlewood
formula (3.9) in the case the maximal partition p = (1,1,--- ,1) implies the equivalence of
the two formulae for a generic partition p.

Let us demonstrate the idea in the following example. The general case is discussed
in section 6.2 and appendix E. Another example of the application of the same technique
is discussed in appendix F.

6.1 Obtaining T{3)(SU(3)) from T(; ; 1)(SU(3))

Let us compare the Hilbert series with background fluxes for the theories T(; 1 1)(SU(3)) :
[3] = (2) = (1) and T(2,1)(SU(3)) : [3] — (1). The latter theory can be obtained from the

former by moving one box as follows:

S B |

pP= (13 L, 1) pl = (2> 1) (6'1)

The relation between 4d superconformal indices of Sicilian theories including the former or
the latter puncture was studied in [11]. In this section, we perform a similar computation to
find the relation between the Coulomb branch Hilbert series for the two T),(SU(3)) theories.

From the HL formula (3.9), we obtain the expressions (3.24) and (3.27) for the Coulomb
branch Hilbert series of T{; 1 1)(SU(3)) and T{,1)(SU(3)) respectively.

Formula (3.24) has simple poles at xixj_l — t for i # j, due to the plethystic exponen-
tial factor in the second line (the HL polynomials are regular). In view of the permutation
symmetry, we can focus on the pole at :zlzcgl — t. We set

x = ypt?z, T2 =1Y2, w3 =y (t1%2) 7! (6.2)

and consider the limit where z — 1. Similarly to the discussion in section 2.2 of [11] for
the HL limit of superconformal indices, the residue of (3.24) as z — 1 in (6.2) reproduces
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the Hilbert series (3.27) with a certain prefactor that is easily determined:

Res H[T(1,1,1)(SUB))I(#; Y1t 22y, it 227 g )
z—>

1 ~ ~ (6.3)
=P 2 (grys T+ yan ) + | H{T (2,0 (SUB))I (6 g1, ya; ma, ma) -

Analytic structure of the monopole formula. The aim of this section is to show
that the residue formula (6.3) can also be derived by means of the monopole formula of
the Hilbert series (3.22). The idea is that when evaluating this expression at the values of
x; corresponding to a pole, one introduces extra powers of ¢ depending on the monopole
fluxes which make the series diverge along certain directions in the GNO lattice. Taking
the residue, some gauge groups effectively disappear, reproducing the quiver corresponding
to a different partition.

Example: pole at x;xz; ' — ¢ in (3.22). The monopole formula (3.22) has a simple
pole when the fugacities « are as in (6.2) and z — 1, because there is a region of the
summation in (3.22) where the series diverges. To see this, we consider the region where

m1,1, M2 > M1 2,M; . (6.4)
Changing summation variable from mq 1 to
q=mi1—m22, (6.5)

the power of t'/2 in (3.22) becomes

3
g nj — (M1 +mig+masg) + A (min = ma2 + g;mi g, moo;n)
J=1

3 (6.6)
= Z Im12 —nj| +[q] = Apy(miz;n) +ql,
j=1
where
3
A(Zl)(mlg; n) = Z ’m1,2 - nj‘ , n3=20, (67)
j=1

is twice the dimension of monopole operators in the quiver [3] — (1). In this region, the
summations in (3.22) diverge when z — 1 because mg 2 disappears from the summands.
The singularity depends on the summation over mg 2, which depends only on z:

o 52—2L+n1+na—q—mi 2 1

Res ZMn2mgmmi2=2ma 2 — Reg 5 =z, (6.8)
z—1 I z—1 z=—1 2
ma o=

where L is a lower cutoff larger than m 2 and n;.
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Because Py o) (t;m1,2, ma,2) becomes 1/(1 — t)? for ma > mq 2, we find that

Res H[T(1,1,1)(SUB))](t; it 22, g, 1t 22 na mg)

(6.9)

ni—+nz

11 1zl||qu vy Y2\ " 1A (maam)
= - | — tzq = t2=(2,1) mi,2;n

21— ¢ |1—¢ Yo 2 v
qEZ mLQEZ

The factor in the first square brackets in (6.9) is the Coulomb branch Hilbert series of U(1)
with one flavor, which is mirror to a twisted hypermultiplet and evaluates to

1 1 1
b=t qezz L2y ) (L 120y )

The factor in the second square brackets is the Coulomb branch Hilbert series for the quiver
[3] — (1) with background fluxes m, corresponding to the partition p’ = (2,1). Therefore
we conclude from the monopole formula that

Re? H[T(1,1,1y(SU(3))](t; yltl/QZ, Y2, ylfl/QZfl; ni,ng)
z—

(6.11)
1 _ _
=5 PE [t1/2(y1y2 Yoy ) | H[T2,0) (SUB))] (91, y23 11, ma)
as deduced previously from the HL formula in (6.3).
6.2 Moving the last box: from partition p = (p1, -, pa_n, pa—n+1, 1) to
o =(p1,- s Pan> pa—nt1+1,1"71)
The previous argument can be generalized to the following theories:
Tp(SU(N)): [N] =+ = (h+ pa—p+1) — (h) = (h—1) = = (2) = (1) (6.12)
Ty(SU(N)): [N] == (h+pa—pnt1) = (h—=1) == (2) = (1)
where the total numbers of gauge groups are respectively d and d — 1, and
d—h+1
N=h+ > px. (6.13)
k=1
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This corresponds to moving the last box in a partition ending with 1 as follows:

o u
LN
]

p=(p1, s pa-n+1,1")

l (6.14)

s.9)
N

p, = (plv oy Pd—h41 + ]-a ]-h_l)

The grey boxes constitute the first spectator block (p1,- -, p4—n+1), the pink boxes con-
stitute the second spectator block (1771 of the partition (p1,--- , pg_ni1,1"71), and the
blue boxes belong to the columns involved in the move.

Note that any partition o of N can be obtained from (1%) by an iteration of the
previous move. Therefore by repeated residue computations we may extract the Coulomb
branch Hilbert series of any T, (SU(N)) theory from that of T'(SU(N)).

Let us denote the fugacities corresponding to each column of p and p’ by

P (xla ce s Td—hs Ld—h+1yLd—h+25 - - - Ld, xd—‘rl) ’

/

(6.15)
p (X1, s Tdehs Yd—ht1s Ld—ht2s - - Td)

where the fugacities are coloured in accordance with the boxes in (6.14). They are subject
to the constraints

i=1

d—h h—1
(Z wik> (2G-p41) (H xdh+1+i> T =1, (6.16)
k=1

Yot b1 = ThonpaTdi1 with  £:= pg_py1 - (6.17)

The corresponding brane configurations are depicted in figure 3.
Analogously to the analysis of the HL limit of superconformal indices of 4d Sicilian
theories in [11], we find that the HL formula (3.9) for the Coulomb branch Hilbert series
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Figure 3. The top and bottom brane configurations correspond to the partitions p to p’, respec-
tively. The notation is as indicated in figure 1. Here £ = pg_p41.

of T,(SU(N)) has a simple pole at xd,hﬂa:;il = ¢34 We parametrize

_ 3 _ Lo\t
Td—h+1 = Yd—h+1122, Tay1 = Ya-ni1(t22)7", (6.18)

in agreement with (6.17), and compute the residue at the pole z — 1. The residue of the
prefactor (3.18) is

1 1

Res Kp(x1, ..., Zd—h, Yd—h+1t22, Td—ht2, - - - » Td, Yd—h+1(t2 2) )

z—1 (619)
= Pop (€ Ya—nt1: ) Ko (21, .., Za—h, Yd—ht1, Td—ht2, - - - » Tas t)

where

1
Pop (T3 Yd—ht13t) = 157 PE

h—1 s
t+t%Z (té(f—nxd—“w) ] , (6.20)
i=1 s==%1

Yd—h+1

whereas the HL polynomial with arguments determined by the partition p in (3.9) tends
to the HL polynomial with arguments determined by p’. Therefore we find that

1 1 _
Res H[Tp(SUN) (521, - -y Td—hy Ya—h 12 25 Tdti2y - - - » Tdy Ydnt1(t22) 75 m)
ol (6.21)

= Pop/ (x5 Ya—n+1; ) H[Tp (SUWN)) (L5 21, - - - s Tad—hs Yd—ht 1> Td—h+25 - - - TG M) -

This result can be reproduced from the monopole formula for the Coulomb branch
Hilbert series along the lines of section 6.1. The simple pole corresponds to a noncompact
flat direction in the Coulomb branch where the D3-branes depicted in purple in figure 3 are
sent to infinity. The identification of the simple pole and the computation of the residue
is tedious but straightforward. We leave it to appendix E.
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This agreement of analytic structures is a nontrivial consistency check of the conjec-
tured equivalence of the monopole and the Hall-Littlewood formula for the Coulomb branch
Hilbert series. It guarantees the equivalence of the two formulae for any 7,(SU(IV)) theories
once this is established for T'(SU(N)).

7 Conclusions

This paper is a first step towards the computation of the Coulomb branch Hilbert series
for wide classes of N’ = 4 gauge theories. The monopole formula introduced in [1] allows
to determine the Hilbert series of any good or ugly V' = 4 theory as an infinite sum over
magnetic fluxes. Due to the presence of many sums and absolute values in the dimension
formula for the monopoles, it is sometimes difficult to obtain explicit analytic expressions
for the Hilbert series, especially when the gauge group becomes large. The gluing techniques
that we have introduced in section 2 allows to solve this problem in many cases. Knowing
analytic formulae for the Coulomb branch Hilbert series in the presence of background
fluxes for a general class of building blocks, we can determine the Hilbert series of more
general theories by gluing. The mechanism requires a sum over the background monopole
fluxes and involves no absolute values.

We have given a closed analytic expression for the Coulomb branch Hilbert series with
background fluxes for the class of theories T,(G) which can serve as building blocks for
constructing a wide classes of N' = 4 gauge theories. In particular, all the mirrors of
Sicilian theories, obtained from M5-branes compactified on S' times a Riemann sphere
with punctures {p;}, can be obtained by gluing the corresponding 7,,(G) theories. In the
companion paper [5] we will compute the Hilbert series for the Coulomb branch of the
mirror of Sicilian theories of type A and D. By mirror symmetry, this is equal to the
Higgs branch Hilbert series of the Sicilian theory, which can can be evaluated by the Hall-
Littlewood (HL) limit of the superconformal index [9, 25] when the genus of the Riemann
surface is zero. We will find perfect agreement with the results in [9, 25], which also involve
Hall-Littlewood polynomials and were obtained in a completely different manner. The
agreement with [9] further substantiates our conjecture that the Hall-Littlewood formula
computes the Coulomb branch Hilbert series of T,,(G) theories. In [5] we will also compute
the Coulomb branch Hilbert series of mirrors of Sicilian theories with genus greater than
one, for which there is no other available method.

It would be interesting to extend our analysis to cover the more general class of theories
T4 (G) defined in [2], where p and p are partitions related to G and the dual G¥ respectively.
The Coulomb and Higgs branches of these theories are not generally complete intersections.
Computing their Coulomb branch Hilbert series with background fluxes would allow us to
obtain the Hilbert series of an even wider class of N’ = 4 gauge theories.
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A Notations and conventions

Unless stated otherwise, the following notation and conventions are used throughout
the paper.

e The plethystic exponential of a multivariate function f(¢i,...,%,) that vanishes at
the origin, f(0,...,0) =0, is defined as

PE[f(t1, ... )] = exp (Z %f(t’f, . ,t,’g)> . (A1)
k=1

e An irreducible representation of a simple group G can be denoted by its highest
weight vector.

— With respect to a basis consisting of the fundamental weights (also known as
the w-basis), we write the highest vector as [a1,...,a,| with r = rank G. This
is the Dynkin label.

— With respect to a basis of the dual Cartan subalgebra (also known as the e-basis

or the standard basis), we denote the the highest vector by (A1,...,\).

The Weyl character formulae. In the following, we present the character formulae
that we use throughout the paper. Our convention for characters is different from that
of LiE.1t

e For U(n), the Dynkin label [ay, ag, ..., a,] is related to (A1, A2, ..., A,) by the formula
N=a;+...+ay,. (A2)

The partition A is subject to A1 > Ao > ... > A\, > 0, with all A\, integers. The
character is given by the Schur polynomial

det (y@#”*“)fl_
U(n) _ i,j=1
Y s

For A,_1 = SU(n), one simply restricts A, = 0 and imposes y; - - - y, = 1.

"http://www-math.univ-poitiers.fr/~maavl/LiE /form.html.
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e For B,, = SO(2n + 1), the Dynkin label [a1, as, ..., a,] is related to (A1, Ag,..., \n)
by the formula

1
/\i:ai+ai+1+...+an_1+§an, 1<i1<n—-1,
1

)\n = §an, <A4)

The partition A is subject to \; > Ao > ... > Ay > 0 with all ); integers or all
half-integers. The character is given by

Nitn—itd) | —(utn—itd)\"
det <y]( )G Hz))

J
) _ _ . A5
X(,\l,...,/\n)(y) < (n—i+1) —(n—i+§)> A
ij=1

J

e For C,, = USp(2n), the Dynkin label [a1, ag, ..., a,] is related to (A1, A2, ..., Ay) by
the formula

Ai=a;+...+ay . (A.6)

The partition A is subject to Ay > Ao > ... > A, > 0, with all )\, integers. The
character is given by

XG @) = . Lt (A7)
(AlseesAn) det (y(.nferl) . yf(nferl))
J

Xi+n—i+1 —(Ai+n—i+1)\"
dot (y++#D) _ y=Otien)

ij=1

e For D,, = SO(2n), the Dynkin label [a1,aq,...,ay] is related to (A1, Az, ..., Ay) by
the formula

1 )
/\i:ai—l—...an_g—i—i(an_l—kan), 1<i<n-2
1 1
An—1= §<an—1 + an) y A = 5(—0,”_1 + an) . (AS)

The partition A is subject to A; > Ay > ... > |\,;| > 0. The character is given by

det <y](‘>\¢+n*i) _ yj*(kﬂrn*i))n

b ij=1

X _ . A.

X()\l,m)n)(y) dot (y(n_i) B yf(n—i))n (A.9)
J

ij=1
B Hall-Littlewood polynomials

The Hall-Littlewood (HL) polynomial associated to a group G and a representation A is
a polynomial labelled by the highest weight vector A = Y7 | A\je;, with {ey,...,e,} the
standard basis of the weight lattice and r the rank of G, defined as (see e.g. [7])'?

oA 4 = w(x) 1 — to ) B.1
G(f]fl,...,xr,t)— Z xr H m, ( . )
weWg acAL(G)

12Note that, for G = U(N), we define the Hall-Littlewood polynomial without a normalisation factor
N (t) in comparison with (5.17) of [9]. This coincides with Ry in section III.1 of [7].
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where W¢ denotes the Weyl group of G and A4 (G) the set of positive roots of G. Explicit
details for classical groups G can be listed as follows:

e For G = U(N), Wg = Sy is a group of permutations of the elements in {ej,...,ex}.
The partition A is subject to Ay > Ao > ... > Ay > 0 with \; € Z. The representation
A corresponds to the Dynkin label

CL:()\1—)\2,)\2—>\3,...,)\N_1—>\N,)\N) . (B.Q)

The corresponding HL polynomial is

) A A o(i)*o(d)
\P%(N)(xlg-.-ax]\/,t) = Z IZ:O_%]_) ZL'U](VN) H W, (B3)
oESN 1<i<j<N o(i)ro(d)
where the positive roots are
AL (U(N)) = {ei — ej}1<i<j<n - (B.4)

For G = An—1 = SU(N), we set x1 -- -y = 1 and restrict Ay = 0.

e For G = By = SO(2N + 1), Wg = Sy x Z% under which e; — teq(;), with o € Sy.
The partition A is subject to Ay > Ao > ... > Ay > 0 with all )\; integers or all
half-integers. The corresponding HL polynomial is

N 1—tx
N N o L7 0t
o= X3 ([t
81,sny=%1 0€Sn \i=1 a(i)
—S; S5 —S; —S8;
M = o) 1 7o) o) (B.5)
1 _ ‘,L.*Si Sj 1 —8i ., 5j ’ )

1<i<j<N a(i)To(5) o) To(s)

where
Ai(Bn) ={ei +ejli<icj<n U{e; — ejicicjan U{eifi<i<n - (B.6)

e For G = Cy = USp(2N), Wg = Sy x Zév under which e; — +e,(;), with o € Sy.
The partition A is subject to A1 > Ao > ... > Ay > 0, with all \; integers. The
corresponding HL polynomial is

‘IJA 1) = Al Sikil_tx;(%;i
NG DD DEEED DR | | Es el R

$1,..,sN=%1 c€Sy \i=1 o (i)

o —8; .55 _ —Si .5
H 1 ta:g(i)mg(j) ‘ 1 txo(i)xg(j) B.7)
AL o l—x gt g Sig s |
1<i<j<N a(i)”a(j) a(i)“a(j)
where
AL (Cn) ={ei t+ejhi<icijcn U{ei — ejhi<icj<n U{2ei}1<i<n - (B.8)
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e For G = Dy = SO(2N), Wg = Sy x ZY ™! under which e; — (1) ey, with
o€ S8y,b=0,1and Zf\il b; is even. The partition A is subject to Ay > A9 > ... >
|An| > 0. The Dynkin label of the representation A is @ = (ay,...,an), with

1
>\i=a¢+---aN_2—l—§(aN—1+aN), 1<i<N-2
1 1
ANflzzi(aN—14*aN), AN'::i(*aN714’aN)- (B.9)

The corresponding HL polynomial is

N
\I/%‘,N(q:l,...,xN;t) = Z Z (Hm?(?)z> X

S1,..,sN==x1 c€Sy \i=1
S1...sN=1
480 .50 4TS TS
I L0 %) 1 0@ To) (B.10)
—s; 55 —5; _—S; ) .
1<i<j<N 1- xo(i)xcrj(j) 1- wo(si)xa(;)
where
AL (Dn) ={ei tejlicicjn U{ei —ejlicicj<n - (B.11)

We collect explicit expressions for HL. polynomials for groups with small ranks below.

V(e t) = 27! (B.12)
t$1+n2$n1 _ xn2x1+n1 4 x1+n1xn2 _ txn1$1+'n2
‘1’&12’;2)(561@2;75) _t 2 ) e x; 2 1 % (B.13)
7 [—1 4+ 22 gt (1 — 22!
Vo (@:t) = [ — ( ) (B.14)
" [_1 + x2+2n 4 1:275 (1 _ x2n—2)] (n.0) .
Usp(2) (#51) = o = \If[?@) (x, 27 751) (B.15)
1 —ne — _ _
W an ) = s el s g

24n1 _14no 2—no 1—nq —ng 1-—nq na 1+4+nq 24no _14nq
T+ttt el el el ot 4 o)

1-n1 _2—no 1-ny ,—n2 14+n1 _no 2 2 14+n2 _nq ny . 14+no
_$1 1‘2 _-'L'l l’2 _xl :BQ (1+$2)}+t {_LUI $2 +.'L'1 $2

+ 331{1'}2( — "y ™ 4 xi_"lxz_m) H : (B.16)

C Examples of non-maximal B and C punctures

In this appendix, we focus on non-trivial partitions p providing many examples for SO and
USp groups.

For groups with low ranks, there are certain isomorphism between their Lie algebras,
e.g. SO(5) and USp(4), SO(6) and SU(4). We use such isomorphisms as a tool to check
the Hall-Littlewood formula (4.9) in many examples; these checks are similar in spirit to
what we performed in section 4.4.3.
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Furthermore, in many examples below, we use the Hilbert series as a tool to under-
stand the relationships between the nilpotent orbit and the Higgs/Coulomb branches of
the theories. Let us summarize some highlights below:

e In appendix C.2 we consider the “very even” partition p = (4,4) of SO(8), which
corresponds to two distinct nilpotent orbits of SO(8) [26, 27, 31]. We study how the
Coulomb branches of the theories corresponding to these two orbits are related.

e In appendix C.3, we study two distinct partitions of SO(8), namely p; = (3,3,1,1)
and py = (3,2,2,1). Although these two partitions are different, their images under
the Spaltenstein map are identical [26]. Physically, the latter describe the Higgs
branches of T),, (SO(8)) and T,,(SO(8)) as the moduli spaces of the same Hitchin
system [26, 31]. In particular, we show that the Higgs branch Hilbert series of two
theories are indeed equal.

C.1 Ti31,1,1)(SO(6))
The quiver for T{31,1,1)(SO(6)) is

T(311,)(SO(6)) = [SO(6)] — (USp(2)) - (O(2)) . (C.1)

The mirror of this theory is given below:

SO(1) SO(3)

(C.2)
The mirror is obtained using the brane configuration as discussed in [28].

Hall-Littlewood formula. The Coulomb branch Hilbert series of 731,1,1(SO(6)) is
given by
H[T(31,1,1)(SO(6))](t; x5 11, n2, n3)

= 2 (1= )P RO (e, R (1,1, 2% 1)

(C.3)

where x is the fugacity associated with the topological charge of SO(2) gauge group
in (C.1) and

Kot =P [+ B ] e

with

SO(3)

X[ () =2 +14+272, (C.5)
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The argument of the HL polynomial in (C.3) and the factor K (8301(?)1) follow from the

decompositions of the fundamental and adjoint representations of SO(6)

3
1 1
oM@ = 3 (o) = (1§ 0+ 5+ 2) - e,
=1 (06)
SO SO(3 SU 1 1 SO
xmﬁ%> XM(R@MQQ(ﬂ+Xm®(ﬂ+Xm@N)~
As predicted in (4.8), the Coulomb branch symmetry is enhanced to SO(3).
For ni = ny = 0, we obtain the Hilbert series
H[T{(31,1,1(SO(6))](t; 2;0,0,0) 7

= (1= )1~ ") PE |tx(" (@) + £ @)
which agrees with the Higgs branch Hilbert series of the mirror quiver (C.2).

Comparison with T3 2)(SU(4)). We observe that the Hilbert series (C.7) is equal to
the Coulomb branch Hilbert series of T(5 9)(SU(4)) theory, given by (4.7) of [3]. As a check
of formula (C.3), we compare this to the HL formula for T(, 2)(SU(4)), given by (3.9), with
the background charges ni, ng, ng turned on:

H[T(QVQ) (SU(4))] (t, T1,T25N1,N2, N3, 0)

— ¢3Gm+mena) (] _y )4K(2(;1))( )\I,(n(l e 0 (gtive. ). (C.8)

where
TtV = (w1t1/2,:v1t_1/2,x2t1/2,x2t_1/2) (C.9)
Koy () = PE [t +13)(2 + 212y + 27 'wa)] (C.10)

Note that the prefactor K (2(2)) (t; ) corresponds to the following decomposition of (4.13):

XAd_] Z aia;

ij=1 (C.11)

[SU(2)(t1/2) JrX[SQI]J(z)(tlm)] . a= 23022

= (2 +xay o e) ¢ 0]

Indeed, we find that for any a1, as,ag > 0,
HI[T(31,1,1)(SO(6))] (t; 2;m(a)) = H[T22(SU4))](t; 2,275 n(a)), (C.12)
with
( ) — 1 + + 1 1 + 1 _1 + 1
mla) = 2611 a2 2%, 2a1 2%, 26L1 2a3 )

n(a) = (a1 + a2 + az, az +as, as, 0) .

(C.13)
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C.2 T(4,4)(SO(8)) and the very even partition (4,4)

In this appendix, we consider the partition (4,4) of SO(8). This partition is “very even”,
therefore it corresponds to two different nilpotent orbits of SO(8) (see, e.g. Recipe 5.2.6
of [27] and [26, 31]). These two types of puncture (4,4) are related by an outer automor-
phism of SO(8) that interchanges the two spinor representations [0,0,0, 1] and [0, 0,1, 0];
we distinguish these punctures by subscripts I and I/. Even though the distinction of
these two types is not apparent in the quiver diagram, the Hall-Littlewood formulae for
these two partitions are not equal, even though they can be related.

Quiver and mirror theory. For both types of the (4,4) puncture, the quiver diagram
of T(4,.4)(SO(8)) is given by USp(4) gauge theory with 4 flavors, namely

T4,4(SO(8)) = (USp(4)) — [SO(8)] . (C.14)

This theory is a ‘bad theory’, since the number of flavors is 4, less than 2(2) + 1 = 5. The
Coulomb branch Hilbert series cannot be computed from the monopole formula, but we
expect that the Hall-Littlewood formula gives the correct result.

The mirror theory of this quiver can be determined using brane configurations as in
figure 13 of [28]; the quiver diagram is given by

USp(2)

(C.15)

The Coulomb branch Hilbert series. The global symmetry group of the (4,4) punc-
ture is USp(2). Two types of punctures corresponds to different embeddings of USp(2) in
SO(8). From (4.12), we consider the following decomposition:

4
X[Sl%(,%{o](a) — Z (ai + a;l) — (t3/2 /2 2 t_3/2)(x + z_1) ‘ (C.16)
=1

There are two inequivalent choices of the fugacity maps corresponding to the two types of

(4,4) puncture:'3
(1) : ap = xt®?, ag =xt'?, ay =272 ay=at™?, (17)
(II): a = at3? ay=at'?, ag=a U2, ay=a2 2. .

131n this paper we take as = =z~ 't*/?, differently from figure 8 of [25]. Our choice is to be consistent with

K(S4(,)4(§;)(t§33) given in (C.20).
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For the two types of (4,4) puncture, the HL formula for the Coulomb branch Hilbert series
of (C.14) is given by

H[T(a.0), (SO(®))(t75m) = 3720w m (1 — 1) 200 (1) ¢

C.18
\I,gzl,nz,ns,m)(t?,/%’ 751/2337 tl/%’ t_3/21:; t), ( )
H[T (4,0, (SO(8))) (1 ;m) = 31+ 20w4m3 (1 — 1) )PP (8 ) 19
\Ij%l1,n27n3,n4)(t3/2x’ 12 4112 43/251. 1), ’
where
K3°®) (¢ 2) = PE 244 4 C.2
(1a) (L@) = PE [txo)(2) + 7 + xp)(2) +¢'] . (C.20)

Note that (C.20) is consistent with (C.17), namely

SO(8 USp(2 SU(2 1 SU(2 1 USp(2 SU(2 1 SU(2 1
X[OJ(,O)’()}(G) = Xpg] vl )(x)X[o} ( )(t2)+X[2] ( )(t2)+X[2] Bl )(x)x[4] ( )(t2)+X[6} ( )(tQ) - (C.21)

For n = (0,0,0,0), we obtain the Coulomb branch Hilbert series of quiver (C.14) and
the Higgs branch Hilbert series of quiver (C.15):

H[T{4,4),(SO(8))](#; 25 0,0,0,0) = H[T(4,4),,(SO(8))](t; 25 0,0,0,0)

(C.22)
=PE [tQX[Q}(.%’) + t3X[2} (.’L‘) — t4 — tG] .

Note that the space is 4 complex dimensional as required.

For SO(8), the vector representation [1,0,0,0] corresponds to n = (1,0,0,0), and
the two spinor representations [0, 0, 1, 0] and [0, 0, 0, 1] correspond to n = %(1, 1,1,-1) and
%(1, 1,1,1). The outer automorphism that relates the two spinor representations exchanges
(4,4) punctures of types I and II. In general we find that

H[T(4,4)I(SO(8))] (t7 Tini,nz,ns, n4) - H[T(4,4)H (SO(S))] (tv T;ni, N2, ng, _n4) : (CQS)

C.3 T(33.1,1)(SO(8)) and T(3221)(SO(8))

In this appendix we consider T3 31,1)(SO(8)) and 7322 1)(SO(8)) theories, which are mir-
rors to the second and third example on pp. 24-25 of [26]. Their quiver diagrams are
given below:

T(331,)(SO®)) = (0(2)) = (USp(4)) - [SO(8)], (C.24)
T(3221)(50(8)) : (50(4)) — (USp(4)) — [SO(8)] - (C.25)

Note that the quiver for {33 1)(SO(8)) is a ‘good theory’, whereas the quiver for
T(3,2,2,1)(SO(8)) is a ‘bad theory’ since the number of flavors under the SO(4) gauge group
is 2, smaller than 4 — 1 = 3.

The partitions p = (3,3,1,1) and p = (3,2,2,1) define the Nahm poles of the above
theories. The Hitchin pole of each theory can be obtained by a procedure consisting of a
transposition and a series of D-collapses [26, 31], whereby the box in the bottom row of the
left most column is moved to the next right column. The D-collapsing is to be repeated
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until the number of columns that contain even boxes is even.'* The resulting D-partition
p defines the Hitchin pole of the theory.

Below we show step-by-step the procedure to obtain the Hitchin poles for both theories.
Let us start from p = (3,3,1,1).

] ] w ]
1 ] 1] N (C.26)

p=(3,311) p=(331,1)

transp.

where in each D-collapse the blue box is moved to the next column, according to the rule
given in [31]. Similarly for p = (3,2,2,1) we have

1
ER o | N
0 . (C.27)

(4’ 3’ 1) D-coll. (37 3’ 2) D-coll. ﬁ _ (37 37 1’ 1)

p=(3,221)

transp.

As a result, the Hitchin poles of the two theories are identical, namely p = (3,3,1,1).
In other words, the Higgs branches of T(3311)(SO(8)) and T35 21)(SO(8)) correspond to
the moduli space of the same Hitchin system.'® Indeed it can be shown, using Hilbert
series, that the hypermultiplet moduli spaces of the quivers

(0(2)) - [USp(4)], (SO(4)) — [USp(4)] (C.28)

are identical.We give details of the computation in appendix D.1. Thus, upon gluing with
[USp(4)] — [SO(8)] via the USp(4) group, we obtain the same Higgs branch Hilbert series
for both T(373’171) (SO(8)) and T(3,2’2,1)(SO(8)).

Let us now turn to the Coulomb branch Hilbert series of (33 1)(SO(8)) and
T(3,2,2,1)(SO(8)). The Coulomb branches of these theories are different; the former is 3
quaternionic dimensional, whereas the latter is 4 quaternionic dimensional. The G, global
symmetries associated with the punctures (3,3,1,1) and (3,2,2,1) are SO(2) x SO(2) and
USp(2) respectively. The HL formulae for the Hilbert series are given by

H[T(s31,1) (SO(8)))(t: 21, w23 m) = £5204m (1 ) KPO) (1 2)

(C.29)
\Ijgn,nz,ngﬂm)(gcltfl’ x1t7 1, X9 t) ,
H[T(3921)(SO(8))](t; z:m) = P +2n2tma(1 — t)4K(372(,82),1)(t;x)X (C.30)

W) (125 =12 4 104,

where the notations are explained below:

14This condition corresponds to the decomposition of the 2N dimensional representation into irreducible
representations of SU(2) with dimensions n;: 2N — ni +n2 + ... + ng. In this decomposition, each even
n; appeas even times.

15WWe thank Yuji Tachikawa for pointing this out to us.
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o (z1,xz2) are fugacities for SO(2) x SO(2) and z is a fugacity for USp(2). They are
related to the following embeddings. For punctures (3,3,1,1) and (3,2,2,1), the
decompositions (4.12) are respectively

4
SO _ s _ _
X, 0(%)0} (a) = Z (ai +a; 1) x[;f@) (tl/Q)(:m + ] D4 (2o + 5 b, (C.31)

=1
4
SO S S _
Xinon () =D (b +571) = xp @A) +xiy P @)@+ a7 41 (C32)
=1

We pick
a = (z1t7 Y, zt,xy, 29), b= (tl/Ql‘, =124 ¢, 1); (C.33)
these are the argument of the above Hall-Littlewood polynomials.

e The prefactor K> 3. 3(’1),1) is given by

K(SS(?:;(’81)71)(t; z1,72) = PE [2t+{z] + 1 + w724 (xy F oy (eg +ay P+ ] 5 (C.34)

this corresponds to the following decomposition in (4.13):

OB (@) = 24 {ad + 1+ 7% + (o1 + a7 ) (@2 + a3 )Gy (2

(C.35)
+ X[4} J¢ )(tl/Q) .

e The prefactor K> 3, 2( 2)1) is given by

SO®) (. N _ USp(2) USp(2) USp(2) _
K359 (t;z) = PE [X[z] P (@)t + 2xp)” ()t + 3% + Xp (@ )ts/ﬂ ; (C.36)

this corresponds to the following decomposition in (4.13):

SO Us SU SU
X[o,l(%),o](b) = XJ2] P )( )+ 2X[ 1] R (x)Xm . )(tl/Q) + 3X[ 2] ® (tl/z)

USp(2 SU(2
+ Xi p( )(x)X[g}( )(tl/Q) .

For n = (0,0,0,0), we have
H[T(33,1,1)(SO(8))](t; 71, 22; 0)

=PE [2t + {2f + 277 + (21 + 27 (w2 + 23 )} + 87 — 2t — 18] | (C.38)
H[T(32,2,1)(SO(8))](t; x; 0)

— PE [ngp@)( e+ 2x PP @) 4+ 202 4 X PP (@) - 20t — tﬂ . (C.39)

(C.37)

These formulae show that the Coulomb branches are complete intersections of complex
dimension 6 and 8 respectively.
Let us compare the results with the prediction of the monopole formula (2.1).
Since T(32,21)(SO(8)) is a bad theory, the monopole formula diverges in this case. For
T(3,3,1,1)(SO(8)), only one fugacity corresponding to topological charge of the gauge group
SO(2) can be made manifest; this corresponds to the fugacity =2 in (C.29). We precisely
reproduce (C.29) with x; set to unity.
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C.4 T(S,l,l) (USp(4)) and T(272) (80(5))
The quiver diagrams for 7{3;,1)(USp(4)) and T{92)(SO(5)) are

T31,1)(USp(4)) : [USp(4)] — (O(2)) (C.40)

T(2,2)(50(5)) - [SO(5)] = (USp(2)) — (O(1)) . (C.41)

In this appendix we show that the Hilbert series of the Coulomb branch of these quivers,
which are both 1 quaternionic dimensional in agreement with (2.3) of [26], are equal.

Note that (3,1,1) is a B-partition for SO(5), and so the global symmetry G, associated

with this puncture is SO(2), according to (4.8). Similarly, (2,2) is a C-partition for USp(4),

and the corresponding symmetry is therefore also SO(2).
Using formula (4.9), we obtain for T(, 2)(USp(4))

H[Tg.1,1y(USp(A)] (13 m1,mg) = 2572 (1 — 02 K500 (WS (1), (C.A2)

where the argument (¢, x) of the HL polynomial comes from the decomposition (4.12)

SO(5) _ —1 -1
X (@) =1+ar+art+ar +a (C.43)
=(t+1+t H+(@+al), a=(tz),

with x a fugacity of SO(2), and the prefactor corresponding to the decomposition (4.13) is

Ko )(@st) = PE[t + (1 + 2 +27")] . (C.44)

Similarly, using formula (4.9) we obtain for Tiy 5 1)(SO(5)),

H{[T(2,2)(SO(5))](t; x5 11, m2)

= t%(3n1+”2)(1 — t)ngfz) (25 ) U™ (Y22, 1120710 1)

(C.45)

where the argument (t'/2z,¢'/2z~") of the HL polynomial comes from the decomposi-
tion (4.12):

USp(4 _ _
X[l,(ﬁ( (@) =ay +as + a;t +ag! (C.46)
="+t V)@ 427", a= (Y222,
and the prefactor corresponding to the decomposition (4.13) is
K(C;z) (z;t) =PE [t + *(1 +2® +272)] . (C.47)

The two Hilbert series can be equated as follows:
H[T(?),l,l) (USp(4))](t7 x2; ni, ng) = H[T(Q’Q)(SO(E)))](t; r;ny +ng, Ny — ng) . (048)
For reference we present the result for ny = no = 0,

H[T(31,1)(USp(4))](t;2;0) = PE [t + t*(x + 27 1) — '] . (C.49)
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This is the Hilbert series for C2/Ds = C2/Zy, as expected for the Coulomb branch of U(1)
gauge theory with 4 flavors.

Let us compare the results with the prediction of the monopole formula (2.1). For
T(3,1,)(USp(4)), the monopole formula gives the same answer as (C.42). However, for
T(2,2)(SO(5)), it is not possible to refine the Hilbert series with respect to a topological
charge, since there is no factor of U(1) in the quiver diagram; the unrefined monopole
formula gives the same Hilbert series as (C.45), with =z = 1.

C.5 T21)(USp(4)) and T(,1)(SO(5))
The quiver diagrams for T{3 2 1)(USp(4)) and T{31,1)(SO(5)) are

T(2,21)(USp(4)) :  [USp(4)] — (O(4)) (C.50)
T(2,,,1)(SO(3)) = [SO()] = (USp(2)) - (O(3)) . (C.51)

Note that both are ‘bad’ theories in the sense of [2], since in T2 1)(USp(4)) the global
symmetry USp(4) that connects to gauge group O(4) has rank 2, which is smaller than
4—1=3, and in T(3;,1)(SO(5)) the global symmetry USp(2) that connects to gauge group
O(3) has rank 1, which is smaller than 3—1 = 2. Thus the monopole formula (2.1) diverges
for both theories.

In this appendix, we show that the Hilbert series of the Coulomb branch of these
quivers, which are both 2 quaternionic dimensional, are equal. As discussed in (4.8), the
Coulomb branch global symmetry G, corresponding to both partitions is USp(2).

From formula (4.9), we obtain

H[T{(2,2,1)(USp(4))](t; z;n1,n2)

= B (L O )V (e ), (©:52
H|(T(2,1,1)(SO(5))](t; ; 1, m2)
— 3 Gmtn2) (1 _ t)QK(Cil,l)(z; e (2,21, (C.53)
where the prefactors are
K[y (@5t) = K (23)
(C.54)

_PE tX[S;f(Z)(:C)+t3/2X[Sllf(2)(:c)+t2] .

The two Hilbert series can be equated as follows:
H[T(27271)(U8p(4))](t; x;ni,ng) = H[T(371,1)(SO(5))](7§; x;n1 + n2, g —ng) . (C.55)
The result for ny = ng =0 is

H[Tpo1) (USp(A))](t: 33 0) = PE [txiy @ () + 1972 P () — ¢4] . (C.56)

D Hilbert series of hypermultiplet moduli spaces

In this appendix we compute the Higgs branch Hilbert series of the mirror of various
examples considered in the paper.
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D.1 Hypermultiplet spaces of (O(2)) — [USp(4)] and (SO(4)) — [USp(4)]

In appendix C.3, we provide certain evidence that the hypermultiplet moduli spaces of
T(3,3,1,1)(SO(8)) and T35 1)(SO(8)) are identical. In this appendix, we compute Hilbert
series for the hypermultiplet moduli spaces of the uncommon part of the two theories,
namely (O(2)) — [USp(4)] and (SO(4)) — [USp(4)] and show that they equal to each other.
After ‘gluing’!6 the resulting Hilbert series with that of [USp(4)] — [SO(8)] via the USp(4)
group, we then expect the same Hilbert series for T3 31,1)(SO(8)) and T(3221)(SO(8)) as
required. In the following we work with the variable

T=1t/2. (D.1)

D.1.1 The Higgs branch of (O(2)) — [USp(4)]

The quiver (O(2)) —[USp(4)] is almost identical to the ADHM quiver for 2 USp(4) instan-
tons on C? (see figure 7 of [33]), except that the former has no symmetric hypermultiplet
under O(2) gauge group. Thus, the Hilbert series can be computed in a similar way as
section 4 of [33].

The contribution from the positive parity of O(2). This is the Higgs branch of
(SO(2)) — [USp(4)], whose Hilbert series is

st = § - [ @E ] )

|=1 2miz
The first few terms in the USp(4) character expansion of g, (7;x) are

gi(T5) =1+ (X[Cg%o}(m) + X[%?l}(m))TQ

(D.3)
(@) + Xy (@) + Xy @)
and the unrefined Hilbert series is
14972 +974 4+ 76
g+(ri{z; =1}) = (D.4)

(1 —72)6

It should be observed that the USp(4) representations appearing in (D.3) embed into
SU(4) representations, namely

G (T y) = D X oo )T (D.5)
m=0

where a fugacity map between SU(4) and USp(4) is'”

yl:xl_l7 Y2 = 21, y3:96'2_1, Ya = T2 . (DG)

Note that (D.5) is in fact the Hilbert series of the reduced moduli space of 1 SU(4) instanton
on C2, or of the Higgs branch of U(1) gauge theory with 4 flavors.

16GQee [3, 32] for more details on the computations of Higgs branch Hilbert series when two or more
theories are ‘glued’ together.

s s -
"Here we take x[lti)(jl())] (y) =",y and Xﬁﬁm(m) =37 (@it h).
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The contribution from the negative parity of O(2). This is given by
1+72
[12, det(12 — 720 (2)) det(1y — 72, Lo (2)) (D.7)
USp(4
= (1+7) PE[y oV (et a3)],

g-(r;2) =

where 15 denotes a two-by-two identity matrix and

o (2) = (;1 g) . (D.8)

Combining g+ and g_. The Higgs branch Hilbert series of (O(2))—[USp(4)] is therefore

9[(0(2)) - [USp@)(7: @) = = (94 (13 ) + g (7))

2
=1+ (2,007 + ([4, 0]z + [0, 2]2)t* + ([6, 0] + [2, 2]o)7°
+ ([8,0]z + [4, 2]z + [0, 4]x)7* + ..., (D.9)

USp(4)

where we abbreviate [a1, ag]q = X(ay 03]

(z). The unrefined Hilbert series is

1+4r2 + 474 4+ 16

9[(0(2)) — [USp(4)]](7;{z: = 1}) = NG (D.10)
(1—-72)
D.1.2 The Kibble branch of (SO(4)) — [USp(4)]
Let us denote the half-hypermultiplets in the theory by Q¢, where a = 1,...,4 is an

SO(4) gauge index and ¢ = 1,...,4 is a USp(4) flavor index. The superpotential is W =
QZQ{)cpabJ,-j, where J is a symplectic matrix and ¢ is an adjoint field under SO(4). Using
Macaulay?2 [34], we find the space of F-term solutions (i.e. the F-flat space) defined by

0=y W = QLQ}J;; (D.11)
is a 11 complex dimensional space; not 16 — %(4 x 3) = 10 complex dimensional if the
gauge group SO(4) is completely broken. Hence we conclude that at a generic point of the
hypermultiplet moduli space (also known as the Kibble branch [35]), the gauge symmetry
SO(4) is broken to SO(2). The remaining unbroken symmetry on the Kibble branch is
indeed as expected, since (SO(4)) — [USp(4)] is a ‘bad’ theory.

The Hilbert series of the F-flat space can be computed using Macaulay?2:

F(r;@; z) = PE[7[1,0]2[1,0]4] x
1- ([270]z + [Oa Q]z)72 + ([27 Q]z + [2a O]z + [07 Q]z + [07 1}:6)7'4 (D.12)
— ([1,1]2[1,002)7° = ([2,2]z + 1)7° + ([1,1]2[1,0]x)7" — [0, 1]sz] ;

USp(4)

where we abbreviate [a1, as]z = X{ay a0] (x) and [by, ba], = XSO(4)

[b1,bs] (2). The unrefined Hilbert

series of the F-flat space is

1457+ 972 + 573
(1—7)lt

Note that the F-flat space is indeed 11 complex dimensional.

F(ri{zi=1h{z=1}) =

(D.13)
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Integrating over the Haar measure of SO(4), we obtain the Kibble branch Hilbert series
of (SO(4)) — [USp(4)]
9[(SO(4)) — [USp(4)]](7; ) = /dus0(4)(Z) F (72 2)
=1+[2,00e7* + (4,002 + [0, 2]2)7* + ([6,0]2 + [2, 2]2) 7
+ ([8,0]x + [4,2]¢ + [0,4]5)7 + ... . (D.14)
The corresponding unrefined Hilbert series is

1+4r2 + 474 + 76
(1-— 7'2)6

9[(SO(4)) — [USp(4)]](7; {= = 1}) = : (D.15)

which is is equal to (D.10).

D.2 The Higgs branch of the mirror of T(3; )(USp(4)) and the baryonic gen-
erating function

In this section of the appendix, we discuss the computation of the Higgs branch Hilbert
series and the baryonic generating function of the mirror theory of T3 ; 1)(USp(4)) theory,
whose quiver is given by (5.20).

Let us now compute the baryonic generating on the Higgs branch of this mirror theory.
Let us denote the chiral fields in the quiver as follows:

[SO(2)] — (USp(2)) . i1 =1,20f [SO(2)], a1 = 1,2 of (USp(2)),
(USp(2)) — (SO(2)) : X% a2 =1,20f (SO(2)),
D.16
(S0(2)) - (USp(2)): Y% a5 =1,2 of (USP(2), (D-16)
(USp(2)) — [SO(2)] qjig jo = 1,2 of [SO(2)], bs 2 of (USp(2))
The superpotential is given by
W = MZ§2(2)¢(111171 sz Q:l + 6ala’1 (¢2)a2a’2xa2 Xag ¢(;1a1 Ma a( )Xa2 Xajl
, o . (D.17)
+ 9393 (d)Q)aga’ Ya ¢33 3Ma a( )Y&QY 2 + M]g] ¢§3b3Q] Qb3

where M59®) is a matrix associated with the bilinear form of SO(2). In order for the Lie
algebra to contain a nonzero diagonal matrix, which is important for fugacity assignments,
we take'®

M5O — (0 1) : (D.18)
10

Since the mirror theory is a ‘bad’ theory, we expect that the space of F-terms solutions
(i.e. the F-flat space)

{05, W =0, 85,W =0, 0y, W =0}, (D.19)

181f MSO® s taken to be the identity matrix, the Lie algebra would consist of anti-symmetric matrices,
and there would be no nonzero diagonal matrix in the Lie algebra.
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has many branches. In order to determine the relevant branch (9 complex dimensional
space), we perform the primary decomposition, which can be done using mathematical
packages such as STRINGVACUA [36] or SINGULAR [37]. After such a decomposition, we find
using Macaulay?2 [34] the Hilbert series of the relevant branch of the F-flat space. Since
the result is too long to be reported here, we present the first few terms in the series

expansion in T:
F(t; 3, y; 21, b, 22)
=1+ T{(xﬂ + 6], + (yE + bﬂ)[l]z2}
+ 7'2{(1312 + 22 1o L D)2, + (2 =y, 21 — 20) (D.20)
F (el pElyE 4 b2 4 9) 1)L 1],

+ (b Y + by~ HF + 1} + ...,

where z, y are the fugacities of the two SO(2) flavor symmetries and z1, b, zo are respectively
the fugacitites of the gauge groups USp(2), SO(2), USp(2). We have used the shorthand
notation a*” = a™ 4+ a~". The unrefined F-flat Hilbert series is

(1+7)(1+37)2

F(r;1,151,1,1) = =
-7

(D.21)

Let us next integrate over the two USp(2) gauge groups, but not the SO(2)
gauge group:

1 1—232 1—23
2% Zldzlf Z2d22 fb(T;fL',y;Zl,b,Zz)
2mi)? Ji. =1 &1 l2o]=1 22

=PE [{1 + bty H 4o x4y} - 27’4} . (D.22)
The baryonic generating function for this theory is obtained by ungauging the SO(2) group;
this amounts to multiplying the above function by (1 — 72)~! to remove the contribution

of the F-term from this SO(2) group:

G[Mirror of Tis 1 1) (USp(4))/SO(2)](t: 7, y: b)

=PE[{2+ (b +b;") + (e + b3 ") }72 —271] . (D.23)

The Higgs branch Hilbert series is then given by

]{ V(1 7)Glmirror of T(3,1,1)(USp(4))/SO(2)](7; z, y; )

=PE[r* + r(zy  +ya ) - 7] . (D.24)

~ 51 —



E Derivation of (6.21) from the monopole formula

The monopole formula for the Coulomb branch Hilbert series for T,,(SU(V)) reads

H[T,(SU(N))I(t; 25 m)

Y S 3

m1,1€Z M2 22>m1 2>—00 MN—py,Nepy 2 2M1, N —pg >—00
N—p1 h+t h (El)
<£U2> Z miNen (ﬂcd_h+1>i§ he <xd—h+2>i§mi’h - <xd+1>ml‘1 "
T Ld—h Ld—h+1 Ld
1 1 h
t28P1pa-n)+3 A0 )PU(N—pl)(t§ {min—p}) - Pue)(t; {mi2}) Puy(t)
where the dimension formula A(py,- -, pg—p) corresponds to the quiver tail [N] — .- —
(h+ €+ pg—n) — (h+ £) including the contribution of the U(h + ¢) vector multiplet, and
A(#,1%) corresponds to the tail [h + €] — (h) — --- — (2) — (1) without the contribution of
the U(h + ¢) vector multiplet. Explicitly, the latter is given by
h—1 j j+l1 h htt
Agimy = DD 0D Imig —mu il + DD fmap — my e
j=1i=14=1 i=1i'=1 (E.2)

h
— 22 Z (mm‘ — mifyj) .

=2 1<i<i’<j

We will show that the monopole formula (E.1) for the Coulomb branch Hilbert series
has a simple pole at 5Ud—h+1ff;i1 = t%(“‘e), and compute the residue at z — 1 when the
fugacities associated to the partition p satisfy (6.18), to reproduce (6.21).

The pole is due to the region in which my 1,m22,..., my, are much larger than other
m;,; and all n;. In the brane picture at the top of figure 3, this limit corresponds to con-
sidering the h rightmost pairs of adjacent NS5-branes, and moving one D3-brane attached
to each such pair far out on the Coulomb branch. This limit leaves the brane picture at

the bottom of figure 3 at finite distance. Setting

k
Mh—khk =Mnn+ Y ¢, k=1 h-1, (E.3)
i=1
we obtain
AT =AMl +1,1" + A, (E.4)
where
o h=1 h—1j—1 h—1
A= (myj —mirjp1) + Z Z(ijrl,jJrl —m;j) + Z M — Mit1,i41
j=1i'=1 j=2 i=1 i=1
h-+0 hoj—1
+ Y (mnp = mi ) =2 Y (myy —maiy)
i'=1 j=2 i=1
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h+4

:—Zmzmﬁ-zmz’+m11+fmhh+zm’h

h+€ h—1
:—ZmzmﬁZ!qu £+1mhh+2qz+2mzh (E.5)
and A(£ 4 1,1"71) corresponds to the tail [h+£]—(h—1)—---—(1) without the contribution
of the U(h + £) vector multiplet. Note that the magnetic charges of the U(j — 1) gauge
group in the [h+¢] — (h — 1) —--- — (1) tail of T,(SU(NV)), with j = 2,...,h, arise from
the magnetic charges of the U(j) gauge group in the original [h +¢] — (h —1) —--- — (1)

tail of T,,(SU(V)) which are kept finite:
GNO charges for the U(j — 1) group of T, (SU(IV)) : (mw)f;ll . (E.6)

Next, we focus on the changes in the topological factors in the second line of (E.1). The
factor that involves the fugacities x4_p+1 and z441 associated to the blue boxes becomes,
using (6.18) and (E.3),

Zh: MG byt — Z —1Mip M1

(':Ed h+1) :Ed+1
h—1
(t1/2 )EZ =00 ma = (D) m = 0 g g (E.7)
Z?+1é M, h46— Zz 1 My }L+Zz 1 4
yg h+1 .

The factor that involves the fugacities associated to the h — 1 pink boxes becomes

h—1
h+1
T a5 Mooyt mancs
Jj=1
(E.8)

= St =0 T mg
= H($d7h+1+]’) i=1 B J =1 —J X aj H xd h+1+j s

=1

where the quantity in the curly bracket {-- -} becomes parts of the new topological factors
after the box is moved. The topological factors associated to the grey boxes are not affected.

Finally we consider the fate of the classical factors of the U(j) gauge groups, for
Jj =1,...,h, in the limit where m 1, m2y2,...,my are much larger than other m; ; and
all ;. The limit breaks U(j) — U(j — 1) x U(1) along the Coulomb branch, and

i—1 j—1
Py (t{mi K my) = Pog-1) (& {mi Hop) x Poa)(t) - (E.9)
Combining the relevant terms together, we summarize each factor below:

e The power of t!/2. We combine (E.4) and (E.7) and yield

h—1 h—1
Alpg—np1 + LI+ il = (0=1)) ai - (E.10)
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The power of z. This comes from (E.7),

h-+¢

Zmzh_,_g Zm”l_ f—l—lmhh—éz%. (E.ll)

The power of y4_p+1. This comes from (E.7),

h+-£

Zmz Bt — Zmzmzqz : (E.12)

The factors containing «’s in the (1"~!) block. These come from (E.8),

h—2 h—1

h—j ) h—j—1__ m .

T m i) m; h— 1,2 q
H($d_h+1+j)zz_1 ihl—f — D ih—j x T, H xd—Jh—i-l-i-j . (E.13)
i=1 j=1

The classical factors. These come from (E.9),

>

h
H o (t {mig ) = PE[ht] H o)t dmig Mot (E.14)

Finally, we perform the summations over the large magnetic charges {m;;}"_,, or

Jj=0
equivalently over my, j, and q1, ..., qp—1:

1. The summation over my,;: the summand depends on my, ;, only via z~(ED)man - This
is responsible for a simple pole when z — 1, with residue

Res 2~ WHOmnn L ) (E.15)
z—1 = 1+7
h,hZ

The remaining factors are finite as z — 1, that we set in the following.

2. The summations over g; yield

S e <t—2e 1 _Ydohit )

=1 qez Td—h+1+i
h—1 s

=[]PE|-t+tz (t—é(f—l)ydh“) ] (E.16)
i1 —t1 Td—h+1+i

_PE[ —1t+tzzz <t 3(6=1) yth.)S

i=1 s==%1 Ld—ht1+i

Combining (E.15) and (E.16) with the classical factor PE[ht] of U(1)" in (E.14), we recover
Pop in (6.20). The remaining factors and summations combine with the factors and
summations of the spectator part of the quiver to reconstruct the monopole formula for the
Coulomb branch Hilbert series of T,/ (SU(N)). Hence we have reproduced formula (6.21)
from the monopole formulae.
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F From U(NN.) gauge theory with N; flavors to Ny — 1 flavors

In this appendix we show how one can obtain the Coulomb branch Hilbert series of U(N,)
gauge theory with Ny — 1 flavors from that with Ny flavors by means of a residue com-
putation. The idea can be explained physically as follows. We gauge a U(1) subgroup of
the SU(Ny) flavor symmetry, introducing a flat direction from the Coulomb branch of the
U(1) gauge group. Associated to the flat direction there is a pole in the Coulomb branch
Hilbert series, whose residue is related to the Hilbert series of the leftover U(N.) gauge
theory with Ny — 1 flavors.
We start from the Hilbert series for U(NV.) gauge theory with Ny flavors,

H[U(Nc>,Nf](t;z,Z0;n1, e ,an)

Ny o
= g™ > NN R P ()2 TN (R

mi>..2mpy,>—00

where
N, Ny
An,.n, (m,n) ZZ|mﬁnf| > mi—myl . (F.2)
i=1 f=1 1<i<j< N,

If we gauge the U(1) subgroup of SU(Ny) associated to the magnetic flux ny,, and let w
be the fugacity of the corresponding topological symmetry, the Hilbert series becomes

H(ta 20,2, W;Ng, ... 7an—1)

1 Nf 1
T 1t R > 20T Py v (B ) 2 TNe Ny

anEZ mi>...2mpy,>—00

Now we set
2=ty w=t"2Neg! (F.3)

and consider the x — 1 limit. Along the lines of the previous subsection, we find that
there is a simple pole due to the region where ny, > m;,n;, with ¢ = 1,..., N, and
j=1,...,Ny —1, and the residue is

H . i _lNc =1,
53? (tv 20, tzy% t 27 ,TLl,...,TLfol)

1

1_ H[U(N) Nf_]‘](t;yanla"'an]\/f—l)7

where H[U(N,), Ny — 1] is the Coulomb branch Hilbert series of the U(NN.) gauge theory
with Ny — 1 hypermultiplets.
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