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1 Introduction

In the analysis of the first data obtained in proton-proton collisions with centre of mass en-

ergy
√
s = 13 TeV at Run 2 of the LHC, the ATLAS and CMS collaborations both reported

an excess of events in the invariant mass distribution of two photons near 750 GeV [1, 2].

If confirmed by the bulk of the Run 2 LHC data in the near future, this excess indicates

the existence of a new boson X with mass around 750 GeV, that decays into two photons.

Assuming that this is indeed the case, and not a statistical fluctuation, we may finally have

the first hint of physics beyond the Standard Model. This tantalising possibility led to an

unprecedented explosion in the number of exploratory papers dedicated to the 750 GeV

di-photon resonance.1

The ATLAS collaboration analysed 3.2 1/fb of data and reported an excess of 14

events at the di-photon invariant mass of 750 GeV, with a best-fit width of approximately

45 GeV. The quoted statistical significance of the ATLAS excess is 3.9 σ or 2.3 σ including

the look-elsewhere effect. The CMS collaboration reports an excess of 10 di-photon events

with a narrow-width peak at around 760 GeV and a lower statistical significance of 2.6 σ.

1More than 150 di-photon papers have appeared in the first 4 weeks since December 15. We apologise

in advance for citing only the papers which have directly influenced our work, and for any omissions.
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The cross-sections for the observed di-photon excess were estimated in ref. [3] (see also

refs. [4–8]) as

σATLAS
pp→γγ (13TeV) = (10± 3) fb , (1.1)

σCMS
pp→γγ (13TeV) = (6± 3) fb , (1.2)

which we will take to be 8 fb. The di-photon resonance X must be a boson thanks to the

Landau-Yang theorem. In this work we will neglect the possibility of a spin-two particle

and focus on a spin-zero state — a scalar or a pseudo-scalar. As in most of the di-photon

literature we will also assume the mass and the width of the X to fit the ATLAS data,

thus in total,

σobs
pp→X→γγ = 8 fb , MX = 750 GeV , Γtot = 45 GeV , (1.3)

though the observational evidence for the latter feature of a relatively large total width

Γtot/MX ' 6%, is not strong; consequently in most of our numerical estimates in the

next section we will indicate an appropriate scaling factor between the 45 GeV value and

a generic Γtot.

At first sight X appears to be very similar to the Standard Model Higgs — it is

produced in pp collisions and its decay modes include the γγ channel. Hence it is natural

to expect that it is dominantly produced from initial protons via the gluon-gluon fusion

process (plus contributions from quark-anti-quark annihilation) and then decays into two

photons. However, because it is six times heavier than the Standard Model (SM) Higgs,

the new boson X provides an interesting complication to model-building — it requires the

addition of new mediators between X and the SM, contributing to both the production

and the decay process. One cannot hope to utilise any of the SM fermions either in

the loop of the gluon fusion production of X, or in the X → γγ decay loop. Since

MX is above all of the SM fermion-anti-fermion thresholds, X bosons produced on-shell

would rapidly decay into fermion-anti-fermion pairs at tree level, thus wiping out the

corresponding gg → X and X → γγ branching ratios which are loop suppressed. Hence,

both parts of the assumed gg → X → γγ process, the gluon fusion, and the di-photon decay

have to be generated entirely by new heavy mediators with Mmed > MX/2 propagating

in the loops. Futhermore, the mixing of a scalar X singlet with the SM Higgs must be

severely suppressed [6, 9], sin2 θmix < 10−2. In summary, the entire parton-level process

must be generated by Beyond SM (BSM) physics with no input from the Standard Model

beyond just providing the external states. In addition, the Yukawa couplings of X to

the mediators that are required to accommodate the observed di-photon rate for a 45 GeV

resonance are already pushed to large values and become non-perturbative not much above

the TeV scale [10–12].

In this paper we follow an alternative more minimal approach where the X (pseudo)-

scalar communicates only to the U(1)Y hypercharge factor of the Standard Model. In this

case one does not require separate BSM-enabled production and decay mechanisms. This

idea that the di-photon resonance couples to photons but not gluons was put forward in

two pioneering papers [13, 14] already on December 17 2015, and considered further in

refs. [15–17].
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The main theoretical challenge facing this ‘pure photon’ set-up is that the di-photon

channel is subdominant, being suppressed by α2
em relative to the gluon fusion rate — and

this, as we will briefly review in section 2, puts the model in dangerous territory, with a

combination of non-perturbative couplings, very large numbers Nf of mediator flavours

and very low scales of new physics.

We will propose that these short-comings can be resolved by allowing a lepton mediator

that feels large extra dimensions. The resulting tower of Kaluza-Klein (KK) states quite

easily enhances the di-photon rate sufficiently to match with observations. In section 3

we will examine the effect in various dimensions determining how the photon-fusion rates

match with the expectations for the observed di-photon resonance. Following that, in

section 4 we will derive additional constraints on the UV-cutoff of the theory by requiring

perturbativity of the gauge coupling. Even though the assumptions about the content

of the theory are the most minimal, we find that a significant window remains to fit the

di-photon signal in perturbative settings.

The effect of radiative corrections on the scalar boson mass and its finite naturalness

are discussed in section 5, in a framework where a supersymmetric theory is compactified

down to 4D with Scherk-Schwarz boundary conditions. Following this, in section 6, we

address the additional invisible decays of X to γγ, that can account for the full total

width Γtot = 45 GeV, and hence enable the di-photon resonance to play a role as mediator

between the SM and dark matter (DM) sectors. Finally section 7 presents our conclusions.

2 From an EFT vertex to a vector-like lepton mediator

For a (pseudo)-scalar of mass MX and width Γtot one can express the di-photon cross-

section using the standard narrow-width approximation expression,

σpp→X→γγ (s) =
1

sMX Γtot

 ∑
i=g,q,γ

CiiΓX→ii

 ΓX→γγ (2.1)

where the sum is over all partons and Cii are the dimensionless integrals over the corre-

sponding parton distribution functions. For example for gluons Cgg at 13 TeV was estimated

in [3] as Cgg ' 2137, for quarks Cuū ' 1054, Cdd̄ ' 627, and for photons Cγγ ' 54.

We now concentrate on the case where the X boson is coupled only to photons, thus

keeping only Cγγ in the sum on the right hand side of (2.1). In fact, one should also

consider corrections to this process sourced by the photon pdf integral Cγγ , by the ‘VBF’

type processes, which are proportional to quark pdfs Cqq̄ with each of the initial quarks

emitting a photon. A very rough estimate for the relative importance of this effect would

be (Cqq̄/Cγγ)α2
em ∼ 10−3, using the values quoted in [3]. While a detailed calculation of

such effects is beyond the scope of this paper, we will take the above estimate as a hint that

the corrections to the leading photo-production process are relatively small and as a result

the presence of additional jets (in the VBF case arising from the initial quark partons) is

suppressed relative to what one would expect for a heavy Higgs-like scalar production in

the Standard Model.
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Photon-photon fusion in elastic pp scattering as searches of new physics was considered

even earlier in ref. [18]. But in the weakly-coupled SM-like settings, the branching ratio of

a scalar resonance to photons is tiny, and hence the rate for such processes is negligible.

For example, the SM Higgs production via photon fusion in elastic pp collision is only

∼ 0.1 fb [19].

The next step is to account for contributions from inelastic as well as elastic pp colli-

sions. Following refs. [13, 16, 20] we will express the answer in the form

σpp : γγ→X→γγ (13 TeV) ' 10 pb

(
Γtot

45 GeV

)
(BrX→γγ)2 . (2.2)

The numerical factor σ0 = 10 pb on the right hand side includes the contribution from the

integral over the parton distribution functions of the photons in the initial state protons.

As explained in refs. [13, 16, 20], this factor can suffer from a large theoretical uncertainty

and arises from accounting for inelastic collisions where one or both initial protons gets

destroyed after emitting a photon. The estimates for σ0 obtained in the recent literature

give σ0 = 10.8 pbref. [16], σ0 = 8.2 pbref. [13], σ0 = 7.5 pbref. [3] and the most recent calcula-

tion [20] gives σ0 = 4.1 pb. (An even earlier estimate made in [14], which was based on the

(subdominant) elastic pp collisions, gives the rate suppressed by two orders of magnitude

relative to (2.2).) The overall factor of the order-10 pb is perhaps on the optimistic side,

but for the purposes of our work which aims instead to enhance the BrX→γγ fractions, it

will not be critical if the overall coefficient in (2.2) is reduced.

The photon fusion cross section computed in the same manner at 8 TeV in [3, 13, 16]

is roughly a factor of 2 smaller than the corresponding 13 TeV result in (2.2), which is

consistent with the absence of the di-photon resonance signal in Run 1 LHC searches.

To match the signal rate quoted in (1.1)–(1.2), a rather large value of X to photons

branching fraction is required on the right hand side of (2.2),

BrX→γγ :=
Γγγ
Γtot

= (0.02− 0.04)

√
45 GeV

Γtot
, (2.3)

which in the case of the relatively wide 45 GeV resonance, as preferred by the current

ATLAS data, and for the 8 fb signal rate amounts to 0.028 i.e. 2.8%. In the usual four-

dimensional QFT settings, such large branching fractions to photons would require intro-

ducing new physics already at the electro-weak scale. To see this, we parametrise the

interactions of X with photons via the leading-order dimension-5 operators,

e2

2Λsc
XFµνFµν ,

e2

2Λps
XFµνF̃µν , (2.4)

where X is assumed to be a scalar in the first case, and a pseudo-scalar in the second case,

and Λsc/ps is the new physics scale responsible for generating these EFT vertices.2 For the

partial width of X to photons one has,

Γγγ = πα2
em

M3
X

Λ2
, (2.5)

2As usual, such an EFT parametrisation would be meaningful only for Λ greater than both, the X-

resonance mass, M = 750 GeV, and the electroweak scale v itself.
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where Λ is either of the two: Λsc, Λps; and to achieve the required branching ratio in (2.3),

we need

Λ = αem

√
π · 750

0.028 · 45

(
45 GeV

Γtot

)1/4

× 750 GeV ' 236 GeV , (2.6)

with the final expression assuming the 45 GeV resonance. Thus, we see that to repro-

duce the experimental signal (or excess) attributed to the di-photon resonance with M =

750 GeV and Γtot = 45 GeV in terms of the photon fusion process on its own, would require

the introduction of new physics degrees of freedom already at the electroweak scale, i.e.

Λ ∼ v < M , which is obviously at odds with the experiment.

If the total width of the di-photon resonance turns out to be much less than 45 GeV,

the value of Λ will be rescaled as indicated in (2.6). What is the minimal possible value of

the total width? Clearly it is achieved when the branching ratio to photons BrX→γγ → 1.

It then follows from (2.2) and (1.1), (1.2) that

(Γmin
tot /45 GeV) ' 8 · 10−4 . (2.7)

If we restore other theoretical and experimental uncertainties, such as the numeri-

cal factor σ0 on the right hand side of (2.2), and the total experimental cross-section

in (1.1), (1.2) which we denote σobs, the estimate in (2.6) becomes

Λ =

(
σ0

10 pb

)1/4( 8 fb

σobs

)1/4(45 GeV

Γtot

)1/4

× 236 GeV . (2.8)

The quartic roots ensure that the deviations even by an order of magnitude in any of the

three parameters away from the ‘central’ values would not lead to any significant deviations

from the bound by the electroweak scale in eq. (2.2).3

In fact, it is easy to see that the actual mass scale of the new physics degrees of

freedom appearing in a hypothetical four-dimensional perturbative extension of the SM

appears to be further suppressed compared to the estimate in (2.6) by a multiplicative

factor of ∼ 1/(12π2), cf eq. (2.13) below.

To verify this, consider augmenting the Standard Model by a massive Dirac fermion

LD charged only under hypercharge U(1)Y and coupled to the spin-zero SM-singlet X,

LXsc = L̄D (iγµDµ −ML)LD + yXL̄DLD , (2.9)

LXps = L̄D (iγµDµ −ML)LD + yXL̄Diγ
5LD . (2.10)

Here Dµ = ∂µ− ig′QBµ is the U(1)Y covariant derivative and Q is the hypercharge of LD,

ML is its mass and y is the Yukawa coupling to the singlet X. The equation (2.9) describes

the scalar X while (2.10) corresponds to the pseudo-scalar di-photon resonance.

The Dirac fermion, LD consists of two 2-component Weyl spinors, Lα and L̃† α̇ where

L transforms in fundamental, and L̃ in anti-fundamental representations, in this case only

of the hypercharge, being a singlet under the SU(3)c and the SU(2)L gauge factors.

3The only exception is provided by an extremely narrow resonance where the width value can be reduced

by up to 3 orders of magnitude. In the extreme case of the minimal width (2.6). one could raise the the

upper bound on Λ to 1.4 TeV.
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The X ↔ γγ process is described by the triangle diagram with the virtual LD fermion

propagating in the loop. Evaluating the diagram for the scalar X using the interactions

in (2.9), one recovers the well-known result [21] for the XFF formfactor, which we present

as the expression for the Wilson coefficient of the first operator in (2.4):

e2

2Λsc
=

1

ML

e2Q2y

24π2
×F(τ) . (2.11)

Here,

τ =
M2
X

4M2
L

, and F(τ) =
3

2τ2

(
τ + (τ − 1)arcsin2(

√
τ)
)
. (2.12)

The expression on the right hand side of (2.11) is presented in a factorised form, such that

the formfactor F(τ) is normalised to one and tends to → 1 + 7τ/30 + . . . in the heavy

lepton-mass limit τ → 0. Hence, in this limit we have a relation

ML = Nf Q
2 y

Λsc

12π2
F(τ) , (2.13)

where we have assumed that there are Nf flavours of the vector-like leptons of mass ML.

Using the bound Λ ' 236 GeV in (2.6), we are led to an estimate for an effective number

of new lepton flavours,

Nf ' 500

(
1

Q2

)(
1

y

)(
ML

1 TeV

)
, (2.14)

which — interpreted in a four-dimensional perturbative model with the TeV-scale vector-

like leptons — is unjustifiably high.

Such a large value for the number of new lepton flavours to match the observed di-

photon excess [1] by photon fusion is clearly unsatisfactory and begs for an alternative

explanation. We will propose in the following section that the virtual new lepton states

propagating in the loop extend into large extra dimensions. This gives an infinite tower

of Kaluza-Klein states of vector-like leptons populating the loops and, as we will show in

the following section, leads to an appropriate enhancement necessary (and sufficient) to

photo-produce the observed di-photon rate. At the same time, the Kaluza-Klein lepton

tower also contributes to the coupling constants of the theory which, not surprisingly,

exhibit power-like (rather than merely logarithmic) growth at energies above the KK mass

threshold. The theory tends to become strongly coupled at large UV scales. If one requires

perturbativity of the theory, this amounts to additional constraints on the UV-cutoff of

the theory M|rmst . 3 TeV as will be shown in section 4 based on the analysis of the gauge

coupling. Even in this simplistic minimal theory, we find that a significant window remains

to fit the di-photon signal in perturbative settings.

Before closing this section, we note that when the di-photon mediator X is a pseudo-

scalar, the calculation is essentially identical to the scalar case considered above. A com-

pletely analogous result to (2.11) holds for the pseudo-scalar X di-photon interaction fol-

lowing (2.10),
e2

2Λps
=

1

ML

e2Q2y

16π2
×Fps(τ) , (2.15)
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only the functional form of the formfactor Fps(τ) is different from the scalar case. But as we

are working in the limit of heavy lepton masses (the KK modes are becoming increasingly

heavy), the formactor can again be set to one, and the same estimate (2.13)–(2.14) applies.

3 A simple model with new leptons in large extra dimensions

As outlined in the Introduction, to address these shortcomings we wish to consider a KK

tower of vector-like leptons coupled to photons and to X. In the simplest scenario, we take

the new leptons to extend into the bulk of a D-dimensional theory [22–24] with d = D− 4

flat compact extra dimensions. We denote the D-dimensional coordinates,

(x0, x1, x2, x3, z1, . . . zd) ≡ (xµ, z1, . . . zd) , where 0 ≤ zi ≤ 2πRi . (3.1)

The vector-like leptons are the only bulk fields we need to consider, and we assume them to

be charged only under the SM U(1)Y hypercharge, and to be colour- and SU(2)L-singlets.

Apart from these new leptons, we can take the entire Standard Model to be localised in

four dimensions. However it is possible (and probably more natural in string models based

on webs of D-branes) for the hypercharge to also be a bulk field. It will not make any

difference to the discussion.

The fermions of D = 5 and D = 6 dimensions map naturally to Dirac fermions in

D = 4 in a vector-like representation of U(1)Y . In the compactified extra dimensions, the

boundary conditions are taken to be

LD(zi + 2πRi, x) = eiqFi2πLD(zi, x) , (3.2)

where qFi are arbitrary phase-shifts. Performing the Fourier series expansion in each of

the compact zi-coordinates, the bulk field yields a tower of Kaluza-Klein (KK) states in

the four-dimensional description with masses ML,n.

For example in the D = 5 case one has

LD(z1, x
µ) =

+∞∑
n=−∞

eiz1(n+qF )/R L
(n)
D (xµ) , with M2

Ln = M2
D + (n+ qF )2/R2 , (3.3)

where MD is the Dirac mass of the leptons (cf. (2.9)),

Lbulk = L̄D (iγµDµ −MD)LD + yXL̄DLD . (3.4)

For higher dimensions we will for simplicity assume degenerate radii, Ri=1...d = R, and

introduce a d-dimensional vector notation, n = (n1, . . . , nd) and q = (qF1, . . . , qFd). We

can then write,

LD(zi, x
µ) =

∑
n

eiz·(n+q)/R L
(n)
D (xµ) , (3.5)

with KK masses given by

M2
Ln = M2

D + (n + q)2M2
c , (3.6)

where Mc ≡ 1/R is the compactification mass scale.

– 7 –
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The X to di-photon interaction (2.4) is generated by summing over the KK modes of

the vector-like lepton propagating in the loop of the triangle diagram. In the D = 6 theory,

the Wilson coefficient of the XFF operator is given by (cf. (2.11)),

e2

2Λsc
=
e2Q2y

24π2

∑
n

MD

M2
Ln

e−(M2
Ln/M

2
st) F

(
M2
X

4M2
Ln

)
, (3.7)

where the function F is the formfactor appearing in (2.12).

We should remark that this contribution is related to the contribution of the KK modes

to the beta function of the gauge coupling itself. Therefore one should pay attention to

the perturbativity of the latter at some point. Indeed we shall see in the following section

that the two can be directly related by performing a single beta function calculation. For

the moment however we focus on the direct evaluation of the formfactor.

Note that the KK sum has been regulated in (3.7) with a factor e−(M2
Ln/M

2
st); we argue

shortly and in appendix A that this regulator is the one that naturally emerges in most

string theory calculations. Moreover for the results in D = 5 and D = 6 the precise form

of the regulator will not change the conclusions.

Note also that the contributions of each individual KK mode to the right hand side

of eq. (3.7) go as MD/M
2
Ln and not as 1/MLn as one might have supposed from the

characteristic 1/ML behaviour in (2.11). In fact is easy to see that the the triangle diagram

vanishes in the MD → 0 limit for any KK occupation number, as a consequence of the fact

that only the traces of even numbers of Dirac matrices survive so at least one power of MD

is required in the numerator of∫
d4p

Tr((γ · p1 +MD)γµ(γ · p2 +MD)γµ(γ · p3 +MD)

(p2
1 +M2

Ln)(p2
2 +M2

Ln)(p2
3 +M2

Ln)
∼ kµ1 k

ν
2

MD

M2
Ln

, (3.8)

where γ · p are D-dimensional scalar products, and ki are the external momenta of the

photons.

For a model in D dimensions we have to evaluate the d-fold sum,

S =
∑
n

MD

M2
L,n

exp(−M2
L,n/M

2
st) , with M2

L,n = M2
D + (n + q)2/R2 . (3.9)

It is informative to compare with string calculations, and in particular to understand the

motivation of the regularisation in eq. (3.7), to use Schwinger parameterisation to write

this expression as

S =
∑
n

∫ ∞
0

dt MD exp

[
−t
(
M2
D +

(n + q)2

R2

)]
. (3.10)

Note that for n + q = 0 this integral is simply the usual zero-mode factor S0 = 1/MD. By

inspection, putting a regularization exp(−M2
L,n/M

2
st) in the KK sum, is precisely equiva-

lent to placing a UV cut-off on this integral of t > tst = 1/M2
st. Conversely, it is for this

reason that the automatic regularization that occurs in string theory due to for example

modular invariance excising the UV divergent regions, typically results in regulating factors

exp(−M2
L,n/M

2
st) appearing in otherwise divergent Kaluza-Klein sums. Indeed such regu-

lating factors appear already in tree-level scattering, because of the “softening” effect of

string theory (the fact that D-branes have finite thickness for example), which puts a limit

on the accessible Compton wavelengths [25–27]. We discuss this aspect more in appendix A.

– 8 –
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3.1 5 dimensional result

In D = 5 the summation in (3.9) is finite resulting in

S =
πR sinh(2πMDR)

cosh(2πMDR)− cos(2πqF )
≈

 2π2MDR
2

1−cos(2πqF ) ∼ 2π2MD
M2

c
: 2πMDR� 1, qF 6= 0

1
MD

: 2πMDR� 1, qF = 0 .

(3.11)

Regardless of the relative sizes of MD and Mc, there is no significant enhancement over

simply taking 1/MD as the indicative value of S.

3.2 4+d dimensional result.

In D = 6 (and higher) dimensions we expect to find logarithmic (and higher ∼ MD−6
st =

Md−2
st ) dependence on the UV theory, and we therefore reinstate the t > tst cut-off in (3.10).

Performing Poisson resummation we have

S = MD

∫ ∞
tst

dt Rd
(π
t

) d
2
∑
`

cos(2π` · q)e−M
2
Dt−`

2π2R2/t (3.12)

where ` denotes the dual integer lattice sum with the same dimensionality as n. The

contributions for non-zero ` are negligible, and for the ` = 0 contributions we find

S =
1

MD
(MDR)d π

d
2 Γ

[
1− d

2
;
M2
D

M2
st

]
. (3.13)

Expanding for small MD �Mst, we find

S =

π
1
MD

(MD/Mc)
2
[
log

M2
st

M2
D
− γE

]
: d = 2

2π
d
2

d−2
1
MD

(MD/Mc)
2 (Mst/Mc)

d−2 : d > 2
where Mc = 1/R . (3.14)

Note that for these approximations to be valid, including the original Poisson resummation,

we need only assume that Mc, MD �Mst, but do not need to make any assumption about

the relative values of MD and Mc. Moreover it is important to appreciate that the KK

tower is preventing large MD killing the sum since, it is the UV end of the tower that

dominates the contributions, and this depends solely on the separations Mc regardless of

the Dirac mass.

We thus find

e2

2Λsc
=
e2Q2y

24π2

1

MD

M2
D

M2
c

×

π
[
log

M2
st

M2
D
− γE

]
: d = 2

2π
d
2

d−2 (Mst/Mc)
d−2 : d > 2 .

(3.15)

We will now trade the the 4D Dirac mass MD for the mass of the lightest KK mode L
(0)
D via,

ML,0 =
√
M2
D + (q)2M2

c = MD

√
1 + (q)2M2

c /M
2
D . (3.16)
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Figure 1. Mass ML,0 of the lowest KK mode (in TeV), with 2 extra dimensions (3.18) that is able

to generate the di-photon signal via photon fusion, shown as the function of Mst/ML,0. The ratios

of Dirac lepton mass to compactification scale are taken to be
√
yMD/Mc = 10, 5, 2. The plot on

the left zooms into the low mass region.

We can now determine the lepton mass necessary to reproduce the di-photon signal in

terms of Λ ' 236 GeV in our earlier estimate (2.6);

ML,0 =
Λ

12π2
Q2y

(
1 + (q)2 M

2
c

M2
D

)1/2
M2
D

M2
c

×

π
[
log

M2
st

M2
D
− γE

]
: d = 2

2π
d
2

d−2 (Mst/Mc)
d−2 : d > 2 .

(3.17)

First we consider the case of d = 2. Here the dependence on the UV cutoff, and

hence the effective number of KK modes contributing, is only logarithmic. The overall

contribution in this case is boosted when MD becomes greater than the compactification

mass scale (typically we will consider MD/Mc ∼ 10); this also implies ML,0 ' MD. From

the first equation in (3.17) we obtain

d = 2 : ML,0 = 2π
Λ

24π2
Q2y

M2
D

M2
c

(
log

M2
st

M2
D

−γE
)
' 2πQ2y

M2
L,0

M2
c

(
log

M2
st

M2
L,0

−γE

)
× [1 GeV] ,

(3.18)

where on the right hand side we have set Λ/(24π2) = 236/(24π2) ' 1 GeV using eq. (2.6),

and we have traded MD for ML,0 in the mass ratios.

In figure 1 we plot the resulting values of the lowest vector-like lepton mass ML,0 as

a function of the string scale measured in units of the lepton mass. Postponing the issue

of where the coupling constants may become strong/non-perturbative to the next section,

from this figure and the data in table 1 we can infer that for a string scale in D = 6 varying

between, for example, 15 TeV and 1010 GeV, the lightest lepton masses lie between 500 GeV

and 25 TeV (assuming ML0 = 10Mc).

In fact, for even lower values of the compactification mass, i.e. below the threshold

for a 2-particle decay, MX/2, the di-photon resonance X could decay into new states

propagating in the extra dimensions (if these states are present in addition to the heavy

vector-like leptons L). This effect would contribute to the remaining 97% of the total

45 GeV width in addition to the 3% accounted for by di-photon decays (2.3).
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Mst (TeV) 15 30 100 400 4 · 104 3 · 106 2.5 · 108 1010

ML,0 (TeV) 0.5 1 3.76 5.11 10 15 20 24.5

Table 1. Values of the lepton mass ML0 vs the string scale in the model with d = 2 extra

dimensions compactified on a torus with degenerate radii R = 1/Mc following eq. (3.18). We have

chosen Mc = 0.1ML0 and set the yukawa coupling to y = 1. The two left-most values maintain

perturbativity even under the most minimal assumptions, see section 4.

100 200 500 1000 2000 5000 1´104

1

10

100

1000

104

105

Mst

ML 0

M
L

0
HT

eV
L

8 Dimensional Model

y MD

Mc
� 0.1

y MD

Mc
� 0.01

y MD

Mc
� 0.001

Figure 2. Values of the lepton mass ML,0 of the lowest KK mode (in TeV) in the model with

4 extra dimensions (3.20) which generates the di-boson signal via photon fusion, shown as the

function of the Mst/ML,0. We indicate different values of the yukawa constant and the Dirac mass

to the compactification mass scale ratio, yMD/Mc = 0.1, 0.01, 0.001.

Finally, as an example of d > 2 we discuss the d = 4 (i.e. D = 8) case, where we can

consider the opposite limit MD � Mc to that required for D = 6. In this case, setting all

q = 1/2 for concreteness, we have (recalling that d = 4)

ML,0 '
√

(q)2Mc = Mc . (3.19)

According to eq. (3.17) the values of ML,0 required to explain di-photon resonance pro-

duction are then

d = 4 : ML,0 ' 2π2Q2

(
y
MD

ML,0

)
× M2

st

M2
L,0

× [1 GeV] . (3.20)

This is plotted in figure 2 for yMD/Mc = 0.1, 0.01, 0.001. Equations (3.18) and (3.20)

illustrated in the accompanying figures are the main results of this section.

4 Constraints from perturbativity

The KK states also contribute to the running of the gauge coupling, therefore one should

also address the scale at which these effects may make the coupling strong. As one might

expect this will put a bound on the string scale with respect to the KK scale (essentially a

cap on the total number of KK states), and in this section we briefly estimate it. We will
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continue to use the Schwinger type of analysis which is most closely related to the string

theory results, where broadly speaking one expects power-law running type contributions

between the fundamental scale and the KK scale. Before starting we should note that

one has to be aware of the various subtleties in mapping extra-dimensional field-theory

to string theory (see for example ref. [26]). This is really a re-rendering of the so-called

decompactification problem, and conceivably there are theories that can evade it, perhaps

with higher dimensional gauge unification with fixed points as in ref. [28], or in a stringy

setting as in reviewed recently in ref. [29]. All of these possibilities may come in to play

at some energy scale. Therefore the discussion here is conservative: more precisely one

could replace “the string scale” with the scale of some UV cut-off above which new physics

changes the running of the gauge coupling.

To estimate the running associated with the KK enhancement of the di-photon rate, we

repeat the computation of the XFµνFµν coupling by extracting from the renormalization

of the gauge coupling itself, with X as a background field. The quantity we need is the

vacuum polarisation written as

Π(µ2 < M2
L,0) =

e2

24π2

∑
n

∫ ∞
0

dt

t
e−M

2
nt, (4.1)

which Poisson resummed gives

Π(µ2) =
e2

24π2
M−dc πd/2

∫ ∞
`2st

dt

t1+d/2
e−µ

2t/π
∑
`

cos(2π` · q)e−M2
Dt−`

2π2/(M2
c t). (4.2)

Ultimately we may simply replace MD → MD + yX in order to also get the previously

obtained coupling between the photons and the diboison resonance X. The integral is UV

divergent so again we place a UV cut-off `2st = 1/M2
st, and find

Π =
e2

st

24π2

(
MD

Mc

)d
π
d
2 Γ

[
−d

2
;
M2
D

M2
st

]
, (4.3)

where est is the tree-level value of the gauge coupling. Neglecting the additional contribu-

tion of logarithmic running from the massless spectrum, we identify

16π2

e2(µ2)
=

16π2

e2
st

+
16π2

e2
st

Π ,

=
16π2

e2
st

+
2

3

(
MD

Mc

)d
π
d
2 Γ

[
−d

2
;
M2
D

M2
st

]
. (4.4)

We may then expand for MD �Mst

16π2

e2
=

16π2

e2
st

+
2

3
π
d
2


(
Mst
Mc

)d
+
(
MD
Mc

)2 (
γE − 1− logM2

st/M
2
D

)
; d = 2

2
d

(
Mst
Mc

)d
− 2

d−2

(
Mst
Mc

)d−2 (
MD
Mc

)2
; d > 2,

(4.5)

and then replacing MD →MD + yX and expanding in X gives

16π2

e2(µ2<M2
L,0)

=
16π2

e2
st

+
2

3
π
d
2


(
Mst
Mc

)d
+ 2 yX

MD

(
MD
Mc

)2 (
γE − logM2

st/M
2
D

)
+ . . . ; d = 2

2
d

(
Mst
Mc

)d
− 4

d−2
yX
MD

(
Mst
Mc

)d−2 (
MD
Mc

)2
+ . . . ; d > 2.

(4.6)
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Figure 3. Values of the lepton mass ML,0 of the lowest KK mode (in units of Q2yGeV) in the

model with 2 extra dimensions satisfying perturbativity constraints (4.8). On the left panel we

vary Mst/Mc ratio within the range allowed by perturbativity . 30. On the right panel we very

the second ratio MD/Mc.

It can be checked that this yields precisely the previous result (3.15) for the XFµνFµν
coupling, as a term in addition to a power-law contribution to 1/e2. Clearly then the KK

enhancement is associated with an enhanced gauge beta function. For perturbativity we

should also then ensure
4

3d
π
d
2

(
Mst

Mc

)d
.

16π2

e2(µ2
IR)

. (4.7)

In other words the best one can do is to take est to represent a Landau pole at the scale

Mst; numerically this translates as 4
3dπ

d
2 (Mst/Mc)

d . 16π2/e2 = 4π × 137, which implies

Mst

Mc
.

{
30 ; d = 2

5 ; d = 4 .
(4.8)

In general the naive assumption that KK modes contribute to the gauge coupling requires a

string scale one or perhaps two orders of magnitude higher than the compactification scale.

We can now re-write the equation (3.18) for the model with d = 2 extra dimensions in

the form,

d = 2 :
1

Q2 y
ML,0 = 4π x2 (log z − log x− γE/2)× [1 GeV] , (4.9)

where we have defined the two mass ratios,

x = MD/Mc and z = Mst/Mc . (4.10)

In figure 3 we plot the values of ML,0 resulting from (4.9) (as required to fit the di-photon

production rate) now taking into account the perturbativity constraint (4.8). We see that

even in this class of the relatively low-cutoff perturbative models, one can obtain ML,0 in the

range from above the 375 GeV to up to 1200 GeV and for string scales Mst up to ∼ 3 TeV.

Now in the model with d = 4 extra dimensions we can the second equation in (3.17)

(see also (3.20)) in the form,

ML,0 = Mc

√
x2 + 1 , (4.11)

d = 4 :
1

Q2 y
Mc = 2π2 z2 × [1 GeV] < 450− 500 GeV , (4.12)
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where the bound on the right hand side of (4.12) comes from the perturbativity bound

z < 5 in the second equation in (4.8). This amounts to the UV-cutoff scale bound

Mst < 2–2.5 TeV. Finally, for the the zero mode of the KK lepton in the eight-dimensional

theory one can choose any value in the range between ML,0 ' Mc and Mc

√
x2 + 1

where x < 5. For example, for x ' 3, the lowest KK lepton modes are in the range

of 1.5 TeV (times Q2 y).

5 Finite naturalness for the di-photon mass MX

Our approach so far has been based on the idea that the high multiplicity of KK states of

the vector-like leptons can significantly enhance their 1-loop contributions to the coupling of

the spin-zero X field to two photons. We must be careful, however, to ensure that the same

tower of KK leptons does not at the same time introduce unwanted large effects elsewhere.

The most obvious and potentially most dangerous such effect would be an exploding

contribution to the 750 GeV mass of the X-resonance itself. Indeed, the vector-lepton con-

tributions to the self-energy of X have two (rather than three, which was the case before)

propagators in the loop and produce relevant (i.e. mass dimension-2) operators. UV-cutoff-

dependent contributions ∆M2
X ∝ y2/(16π)2M2

st would be very unwelcome. Such contri-

butions can however be removed by a ‘lepton-partners’ mechanism, as we will now outline.

A simple implementation of such a mechanism begins with a supersymmetric Wess-

Zumino model in D = 6, with superpotential,

W = yXL̃L+MDL̃L , (5.1)

where L and L̃ are two chiral superfields, which can be thought of as forming an N = 2

hypermultiplet. As before, the fermionic components of L and L̃ form a single Dirac

multiplet, but also of course provide scalar lepton partners. Imposing boundary conditions

as in eq. (3.2) with qB 6= qF (for bosons and fermions respectively) breaks supersymmetry

spontaneously by the Scherk-Schwarz mechanism [30, 31], for early string theory realisation

see [22]. Typically qB and qF are taken to have anti-periodic or periodic entries.

At 1-loop level the contribution to the X-boson mass from the KK towers of the lepton

and lepton partner states is,

∆M2
X = y2

∑
n

∫
d4p

(2π4)

(
1

p2 + (n + qB)2M2
c +M2

D

− 1

p2 + (n + qF )2M2
c +M2

D

)
. (5.2)

The final expression is known to be entirely finite thanks to the spontaneous nature of the

breaking [48]. Indeed one can easily calculate the mass by again Poisson resumming the

Schwinger integrals (as in appendix B), to find

∆M2
X =

{
0 : qB = qF

y2M2
c

Γ[1+d/2]

8π4+d/2 ξ(1 + d/2) : qB = 0 and qF = 1/2 .
(5.3)

In the first case boundary conditions do not break supersymmetry and there are no radiative

corrections to the mass of the di-photon resonance at the order α0
em, i.e. when we neglect

– 14 –



J
H
E
P
0
5
(
2
0
1
6
)
0
6
3

the back reaction from the Standard Model. In the second case, where supersymmetry in

the bulk theory is broken by qB 6= qF , the finite naturalness for the di-photon resonance

requires that

750 GeV . y

(
Γ[1 + d/2]

8π4+d/2
ξ(1 + d/2)

)1/2

Mc '

{
0.05 yMc : d = 2

0.08 yMc : d = 4 ,
(5.4)

where ξ(s) is a multidimensional sum derived in appendix B: its first few values are ξ(3/2) =

7ζ(3)/4 = 2.1, ξ(2) = 6.6, ξ(5/2) = 14.0, ξ(3) = 24.4. This is only a mild constraint on

the size of the compactification mass, or equivalently the lightest KK mode of the lepton.

It is also interesting to estimate the back reaction on MX of the SUSY-breaking scale

implicit the Standard Model. The leading-order contribution is the two-loop effect, similar

to sfermion masses in gauge mediation. In our case X directly interacts only with the

lepton multiplets L, L̃ which then interact with the U(1)Y photon-photino loop. Thus we

have a rough estimate

∆M2
X ∼

y αem

16π2
m2
γ̃ , (5.5)

where mγ̃ is the photino mass in the Standard Model. The finite naturalness bound for

the 750 GeV scalar would then imply an upper bound on the photino mass of

mγ̃ . (4π/
√
yαem)MX ' (1/

√
y) 110 TeV , (5.6)

which should not cause any problems with the current limits.

Let us also comment on the soft masses of the scalar leptons Lsc. These are SUSY-

breaking contributions first generated at two loops in αem by back reaction from the Stan-

dard Model. Analogously to ordinary slepton mass-squared soft terms in gauge-mediated

supersymmetry breaking, we can parameterise these contributions as,

∆M2
Lsc
∼ α2

em

4π2
m2

soft SM , (5.7)

where msoft SM are the slepton masses in the Standard Model. Even at 100 TeV a hypo-

thetical SM slepton would result only in a ∼ 58 GeV contribution compared to the mass

of Lsc, which does not impose any significant phenomenological constraints.

6 Decays of X to dark matter sectors

Having generated the required ' 3% branching ratio of X to γγ necessary to explain the

di-photon excess observed by ATLAS and CMS in terms of solely photon-photon fusion

and decay, both mediated by a tower of KK states of vector-like leptons, we now address

the remaining 97% of the 45 GeV total width of X.

An obvious and interesting possibility is that the di-photon spin-zero state X decays

into dark matter particles. More generally X can decay invisibly into any particles of the

dark sector, which includes but is not necessarily limited to cosmologically stable dark

matter. Over the last two years so-called simplified models describing scalar and pseudo-

scalar mediators to dark sectors and their searches at the LHC [32, 33] and future hadron

colliders [34] have attracted a fair amount of interest. The role of the 750 GeV resonance

as the possible mediator to DM was studied in the recent work, including refs. [35–44].
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The simplified models describing elementary interactions of spin-zero mediators with

the the dark sector particles, which for simplicity we take to be Dirac fermions χ, χ̄, contain

the interactions

Lscalar ⊃ −gDMX χ̄χ−mDMχ̄χ , (6.1)

Lpseudo−scalar ⊃ −igDMX χ̄γ5χ−mDMχ̄χ . (6.2)

The partial decay widths of X into these fermions (for a single flavour) are given by

Γχχ =
g2

DM

8π
MX

(
1−

4m2
f

M2
X

) 3
2

, Γχχ =
g2

DM

8π
MX

(
1−

4m2
f

M2
X

) 1
2

, (6.3)

for the scalar and the pseudo-scalar cases respectively.

It is straightforward to achieve 97% of the 45 GeV Γtot from these decays alone. For

example for Nf light DM fermions one would need

N
1/2
f gDM ' 1.21 , (6.4)

which is easy to accommodate in a weakly coupled theory. It is also possible, if so desired,

to arrange for DM particles to propagate in large extra dimensions assuming that the lowest

KK modes are kinematically accessible to the 750 GeV particle.

Three comments are in order. First, following the same logic as in refs. [32–34], we will

not insist that the relic density of the dark sector fermions computed using the Lagrangian

in eq. (6.3) should match the observed cosmological abundance of DM. Such calculations

have already been carried out elsewhere, e.g. in refs. [35–44], but more importantly, it is also

possible that the dark sector particles χ are only the distant parents of the cosmologically

stable DM and can undergo further decays.

Our second comment is that for searches of these dark sectors at the LHC which are

mediated by the X particle produced via photon fusion, the standard strategy of jets plus

missing energy searches used in [32–34] will not be directly applicable. The reason is that

at the partonic level the process γγ → X → χχ is entirely electromagnetic and we expect

that additional QCD jet activity will be suppressed numerically (as already mentioned

in section 2).

Finally, one should ensure that the new heavy leptons do not themselves introduce

stable charged matter that violates cosmological and astrophysical bounds. This requires

either sufficiently low reheat temperatures, small freeze-out densities or perhaps decay

through higher dimensional operators. See for example refs. [45–47].

7 Summary and conclusions

We proposed a scenario where the spin-zero 750 GeV state is coupled to a new heavy lepton

which lives in the bulk of a higher-dimensional theory and interacts only with the photons

of the Standard Model. We found that they allow for a minimal and compelling explanation

of the di-photon resonance via photo-production and decay. The central role in this effect
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is played by the summation over the Kaluza-Klein modes of these leptons appearing in the

loops of the X → γγ production and decay subprocesses.

The set-up requires only a minimal extension of the Standard Model in the sense that

the same mechanism is used for the production and the decay of the X resonance. With

the new lepton being coupled only to the U(1)Y gauge sector in the Standard Model one

can explain the absence of other resonances at 8 and 13 TeV in the vicinity of the 750 GeV

di-photon invariant mass. The decay channel into ZZ is suppressed by sin2 θw, while other

potential candidates, such as two jets, WW and 2 leptons are either absent or suppressed

by powers of αem.

This feature is particularly important for suppressing Standard Model jets which would

otherwise accompany the di-photon production mediated by X. Since at the parton level

the entire γγ → X → γγ process is electromagnetic, any additional QCD jet activity

would be suppressed by extra powers of αem or a combination of Cqq̄ α2
em (for the VBF

process) relative to the Cγγ factor in our leading order photon fusion process. Thus the

relative absence of additional jets which would accompany the di-photon resonance if it

was produced in gluon fusion relative to the case of pure photo-production considered here,

is a distinguishing feature of our model.

Similarly, while mono-jet searches disfavour a large invisible width Γtot ∼ 45 GeV, this

conclusion [6, 40] does not apply directly to our model, as the mono-jet would have to

originate e.g. from a quark in one of the initial protons p → q → γ + q in addition to

the photon which participates in the photon fusion. This is again suppressed by the fine

structure constant times the corresponding ratio of pdfs.

At the same time, the approach presented here can be easily applied to the case where

the di-photon (pseudo)-scalar X is produced in the gluon fusion channel. In this case one

would simply substitute the vector-like lepton by a single species of a new quark Q, Q̃ in

the bulk of an extra-dimensional theory. The di-photon rate in the gluon fusion process

would of course be greater relative to the photon fusion, and will be even easier to fit in

our KK model.

The extension of the Standard Model by a new spin-zero singlet state X also sits very

well with other items on the BSM wish list: X can play the role of the inflaton — as the

singlet degree of freedom which is non-minimally coupled to gravity — see e.g. [49–51].

It can also help to stabilise the SM Higgs potential [52–55], assist the first order phase

transition and provide additional sources of CP violation for baryogenesis. Finally as was

already noted in section 6, a (pseudo)-scalar X is also an obvious candidate for being a

mediator to the dark matter sector [35–44].

Acknowledgments

We are grateful to Valery Khoze, Alberto Mariotti, Misha Ryskin and Michael Spannowsky

for useful discussions and comments. This work is supported by the STFC through the

IPPP grant, and for VVK in part by the Royal Society Wolfson Research Merit Award.

– 17 –



J
H
E
P
0
5
(
2
0
1
6
)
0
6
3

A The string theory context

The expressions that one derives in the effective field theories are dominated by two el-

ements: the KK tower and the magnitude and nature of the UV cut-off. In view of the

latter, one should check that these approximations adequately model what happens when

a UV completion is added to the theory.

We have already argued that the physical manifestation of the UV finiteness of string

theory is typically equivalent to a simple cut-off on Schwinger integrals, and that this in

turn is equivalent to inserting factors e−M
2
Ln/M

2
st in otherwise divergent KK sums.

However we would like briefly to confirm that this expectation holds for the Wilson

coefficient we are interested in. A simple equivalent calculation to the field theory one

can be performed in the heterotic string, where the UV cut-off is simply understood as

a consequence of modular symmetry. In general one can find the Wilson coefficient by

obtaining the threshold corrections to αem from the two-point function of the photon in the

standard way, but inserting the resonance as continuous Wilson line backgrounds Ai (that

break some non-abelian gauge symmetry) around compact dimensions i. The standard

starting point is therefore

Πµν ≈ g2

16π2
δab(kµ1 k

ν
2 − k1.k2η

µν)

∫
F

d2τ

τ2

1

4π2

∑
α,β

Zα,β(A) (A.1)

×
(

4πi∂τ log(
ϑαβ(0|τ)

η(τ)

)
Tr

[
− 1

4πτ2
+Q2

]
,

where Q refers to the charges, and α, β refers to spin structure on the two cycles of

the torus.4

The integration over the real part of the modular parameter, τ1 = Re(τ), projects onto

physical states, while the integral over the imaginary part, τ2 = =(τ), is precisely equivalent

to the Schwinger integral in field theory, with the fundamental domain F providing a

natural cut-off.

Expanding in the canonically normalized X fields corresponding to the Wilson-lines,

yX ≈ Ai/RX where RX is the radius of the dimension associated with Wilson line X, and

neglecting the exponentially suppressed string modes as well, we find

Z(τ) = const− y

8π2

Rd

τ
d/2+1
2

∑
`

cos(2π`iqi) e
− π
τ2
`iGij`

j

`2X R
2
XMDX + . . . , (A.2)

where the formfactor of interest arises from the X2 cross-term with 〈yX〉 = MD. A

non-negligible result requires RX to be small (in other words we didn’t need to resum

that dimension), leading to a formfactor of order MDR
dMd−2

st in agreement with the field

theory. Note that the compactification was somewhat asymmetric, but the crucial factor

was the appearance of the bulk volume in string units (RMst)
d, which had to be orthogonal

to the Wilson line.

4Typically, to compute running beta functions one would also insert an IR regulator e−µ
2τ2 where µ is

the RG-scale; of course this is not required for the current problem.
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A similar situation holds in any situation where there is a large bulk volume dependence

in the hypercharge gauge thresholds. For example in type I or type II models with D-branes,

the dependence of threshold corrections on Wilson lines and/or D-brane displacements has

been examined in the literature in various contexts, for example [56–60]. The typical

dependence goes as

Πµν ≈ g2

16π2

VNN
VDD

δab(kµ1 k
ν
2 − k1.k2η

µν)

∫ ∞
0

dt t−2

(
const +

∑
`

cos(` ·A)

)
e−π`·G·`/4t

(A.3)

where A ∼ X/RX is now the brane displacement, VNN is the volume of Neumann direc-

tions, and VDD the volume of Dirichlet ones. As for the previous example, we can expand

for small displacements and recover a Wilson coefficient proportional to the volume. We

should note in this context that there has been some interest in the 750 GeV di-photon as

a pseudo-scalar axion that participates in generalized Green-Schwarz anomaly cancellation

(i.e. it appears as a closed string R-R state in the Wess-Zumino D-brane action) [15, 61].

That possibility can be understood also entirely within an effective field theory in which

heavy chiral modes are integrated out due to a large Yukawa coupling [62]. However in the

present case where we consider the state to be a scalar coupling to KK modes, it would

correspond to a dilatonic closed string mode, more along the lines of the scalar proposed

in ref. [15].

Finally it is interesting in this context naively to estimate parameters under the as-

sumption that the vector-like leptons and U(1)Y all occupy the same relatively large vol-

umed D-brane. Then one has αem = Vemαst/Vst with Vem and Vst denoting volumes of the

respective branes in string units [63], leading to an estimate of

MD ∼
Λy

16π2

αstVst

αem

(
MD

Mc

)2

∼ Λy

(
MD

Mc

)2

, (A.4)

assuming αstVst ∼ 1.

B Scalar masses

Given the possibility of non-zero Scherk-Schwarz contributions to supersymmetry breaking,

it is interesting to ask what contributions to the X scalar mass can arise from the Kaluza-

Klein lepton tower in (5.2).

Like the 5D coupling computed earlier in [48] the result is expected to be finite, but in

this case for arbitrary dimensions due to the spontaneous nature of supersymmetry breaking

in Scherk-Schwarz mechanism. As we shall see, the soft-masses are dominated by the KK

modes and consequently the field theory calculation contains all the necessary physics

provided the compactification radii are relatively large compared to the fundamental scale.

(In other words any string calculation would yield the same result.)

To see this explicitly, and to obtain precise results for arbitrary dimensions, let us

briefly derive the soft-mass of the scalar in field theory using the earlier Schwinger approach.

The object of interest is

M2
X = y2

∑
n

∫
d4p

(2π)4

[
1

p2 − (n + qB)M2
c −M2

D

− 1

p2
F − (n + qF )M2

c −M2
D

]
. (B.1)
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Using Schwinger parametrization each integral is of the form

∑
n

1

16π2

∫ ∞
0

dt

t2
exp

(
−t
(

(n + qB)2

R2
+m2

D

))
− [B → F ] , (B.2)

and Poisson resumming as before we find

M2
X = y2 1

16π2

∫ ∞
0

dtRdπd/2t−(2+d/2)
∑
`

[cos(2π` · qB)− cos(2π` · qF )] e−m
2
Dt−`

2π2R2/t.

(B.3)

The terms with zero ` vanish (thanks to the supersymmetry being spontaneously broken)

and the integral is then rendered finite (hence no UV regularisation is required). Let us

assume that qB = 0 for every compact radius. Then the result for general d is

∆M2
X = y2M2

c

Γ[1 + d/2]

16π4+d/2

∑
`

(1− (−1)2qF .`)

(`.`)1+d/2
, (B.4)

which converges. In 5 dimensions, for d = 1, we find the result of [48]

∆M2
X = y2M2

c

7ζ(3)

64π4
. (B.5)

For 4 + d dimensions, assuming that qF = 1/2 for all compact dimensions we have

∆M2
X = y2M2

c

Γ[1 + d/2]

8π4+d/2
ξ(1 + d/2), (B.6)

where5 ξ(s) =
∑

`=odd(`.`)−s.
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