GROUPS OF AUTOMORPHISMS OF LOCAL FIELDS
OF PERIOD p AND NILPOTENT CLASS < p, II

VICTOR ABRASHKIN

ABSTRACT. Suppose K is a finite field extension of Q, containing
a primitive p-th root of unity. Let I',, be the maximal quotient of
period p and nilpotent class < p of the Galois group of a maximal p-
extension of K. We describe the ramification filtration {1“22}@0
and relate it to an explicit form of the Demushkin relation for
I' . The results are given in terms of Lie algebras attached to the
appropriate p-groups by the classical equivalence of the categories
of p-groups and Lie algebras of nilpotent class < p.

INTRODUCTION

Everywhere in the paper p is a prime number, p > 2.

In this paper we continue to study the arithmetical structure of the
Galois group of complete discrete valuation fields of mixed character-
istic initiated in [6].

Let K be a complete discrete valuation field of characteristic 0 with
residue field k ~ Fony, No € N. Set ' = Gal(K/K) and ', =
I'/I?C,(T"), where C,(I') is the subgroup of p-th commutators in I'. We
use equivalence of the categories of p-groups and nilpotent Z,-algebras
Lie of nilpotent class < p: the group I'c, is isomorphic to the group
G(L), where L is a Lie Fj-algebra of nilpotent class < p and the set
G(L) := L is provided with the Campbell-Hausdorff composition law
o (for any l,ly € L, l; o ly = log(exp(l1) exp(ls)).

Assume that K contains a primitive p-th root of unity (;. Let ex be
the ramification index of K and set ¢y = e* = exp/(p—1) € pN. We use
the notation ¢q (resp., e*) when working with fields of characteristic p
(resp., 0). Recall briefly the main results from [6]. (For two R-modules
A and S we usually write Ag instead of A ®p S.)

a) Relation to the characteristic p case.

Fix a uniformizer 7y in K and let K = K({m, | n € N}), where
7 = m,_1. Then the field-of-norms functor X provides us with a

complete discrete valuation field X(K) = K of characteristic p with
residue field £ and fixed uniformizer ¢t = 1&1 m,. There is also a natural

identification of G = Gal(Kyp/K) with Tz = Gal(K/K). This gives
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us the exact sequence of p-groups (where G, is an analog of I'., and
70 € Gal(K(m)/K) is such that m(m) = (17m1)

(0.1) Gop Len r., — <T0>Z/p — 1.

b) Nilpotent Artin-Schreier theory.

This theory allows us to fix an identification 1y : G, >~ G(L), where
L is a profinite Lie algebra over F,, which depends on the uniformizer
t € K and a choice of ay € k such that Try/r,(ag) = 1. The algebra
L has a system of generators {D,,, | a € Z*(p),n € Z/No} U {Dy},
where Z*(p) = {a € N | ged(a,p) = 1}. Note that for all @ and
n, 0(Dgay) = Dgpi1 where o is the morphism of p-th power. With
this notation, let e = Za€Z+(p) t7%Dyo + gDy € Ly, fix a choice of
f € Lk,,, such that of = eo f and set for any 7 € G,

no(T) = (=f)o7(f) € G(L).
We treat Dy in the context of others D, by setting Dy, := o™ () Dy.

¢) Ramification filtration in G,.

With respect to the identification 7, the images QSQ of the rami-
fication subgroups G C G in G.p come from ideals LW of £. For
all v € Q59 and N € Z, there are explicitly defined F) 5 € L,
cf. Section 1.4 of [6], such that for any v > 0 and sufficiently large
(fixed) N > N(v), £L®) appears as the minimal ideal in £ such that
FO_y €Ly forall y > v,

d) Fundamental sequence of Lie algebras.
Use equivalence of the categories of p-groups and Lie algebras of
nilpotent class < p to replace (0.1) by the exact sequence of Lie F-

algebras £ —% L — F,7p — 0. Let {£(s)}s>1 be the minimal
central filtration of ideals in £ such that for all s, D,, € L(s) if
a > (s —1)cy. Then Kert, = L(p) and we obtain the exact sequence
of Lie F,-algebras with £ = L/L(p)

(0.2) 0—L—L—F,mg—0.

e) Replacing 19 by h € Autk.

When studying the structure of (0.2) we can replace 7y by a suitable
h € AutKC. This allows us to apply formalism of nilpotent Artin-
Schreier theory to specify a lift 7, of 79 to L and to introduce a re-
current procedure of recovering ad 7,(Dayn) := [Dan, T<p] € Ly and
ad 7-,(Dy) := [Dy, 7<) € L. More precisely, suppose

G=1+ Z[ﬁi]wéco/p)+i mod p
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with Teichmiiller representatives [3;] of §; € k. Then h can be defined
as follows: h|, = idy and h(t) = t(1 + 3,5, B/tT") = texp(w(t)?),
where exp is the truncated exponential and w(t) € t°/Pk[[t]]*.

) The structure of L.

Analyzing the above recurrent procedure modulo Cy (L), we obtained
that the knowledge of the elements ad7,(D,,) allows us to kill all gen-
erators Dy, of £, with @ > e*. In other words, L; has a minimal system
of generators {D,, | 1 < a < e*,n € Z/No} U{Dy}U{7-,}. On the
other hand, adr.,(Dy) € Co(L) C Co(L) appears as (the Demushkin)
relation for L.

In this paper we study the ramification ideals L) of L, i.e. the ideals
such that FS’; = G(L™), where Fg are the images of I'® C " in T'_,,.
These steps could be briefly outlined as follows.

g) Ramification ideals L™,

For v > e*, all ramification ideals L are contained in £ and come
from the appropriate ideals £, where the upper indices v and v’
are related by the Herbrand function ¢ ;. This allows us to find
for 2 < s < p, the biggest upper ramification numbers v[s] of the
maximal p-extensions K[s| of K with the Galois groups of period p
and nilpotent class < s. The ramification ideals LW with v < e*
require an additional generator — a “good” lift 7., of 7y (i.e. such that
7o, € L)), A characterization of such lifts is the most difficult part
of the paper where we need a technical result from [3].

h) Explicit formulas for adt., with “good” T,.

The formulas for adr.,(D,,) and ad7r.,(Dy) have been obtained
modulo C3(Ly) as a second central step of our recurrent procedure
in [6], Subsection 3.6. A general expression for adr,(Dy) is given in
Section 3 — this is explicit form of the Demushkin relation in terms of
ramification generators F _ .

Remark. The numbers v[s|, 2 < s < p, were found in [5] in a more
general context of p-extensions with Galois groups of nilpotent class
< p and period pM, M € N, but the proof contains a gap. In Section
4 we gave a corrected version in the case M = 1; the same procedure
can be applied in the case of arbitrary M.

0.1. Main results. Suppose for all a € Z°(p) := Z*(p)U{0}, Vao € Ly

are such that adr.,(Ds) = Vio. In particular, Voo = aolp, where

Vo = (adr-,) Dy € L, and the knowledge of all V, determines uniquely

the differentiation adr., (note that for all n, adr,(Da,) = 0" (Vao)).
The recurrent relation from [6] appears in the following form

(0.3) ocy —cp + Z £ Voo =

a€Z0(p)
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1
-> i =@t H ) (P a1 Dayo, Dagols - - - » Dayo]

k>1

1 —(a1+--+a
—Zﬁt (@ tFa) [ Vi), Dasols - - - Dagol

k>2

-> %Hal*'"*ak)[. ..[oc1, Dayo), - - - Dayol,
k>1
where in all last three sums the indices a1, . . . , aj run over the set Z°(p).
The lifts 7, and the solutions {c; € Lx,{Vio € Ly | a € Z°(p)}} of
(0.3) can be recovered uniquely one from another. In particular, ¢; is
a strict invariant of a lift 7.

State the main results of this paper.

Suppose ¢; = Y, ., c1(m)t™, where all ¢;(m) € L.

Consider w? = Y7 A;t "% A; € k, from e) and N(e*) from c).
Let £¢7) be the image of £¢7) in L.

Theorem 0.1. 7, is “good” iff

N(e*)—1
c1(0) = Z Z o' (A;F2p; ;) mod i
j20 =0

Theorem 0.2. a) If v > e* then F(f}, = G(LW™), where L™ is the
image of L&) in L C L and v* = e* + p(v — €);

b) if v < e* and 1, is “good” then Fg = G(LW), where L™ is
generated by the image of L) in L and T<p-
Theorem 0.3. If2 < s <p thenvls|=ex(1+s/(p—1)) —1/p.

Remark. v[l] = e*(=ex(1 + 1/(p — 1)) is a well-known fact at the
level of abelian field extensions.

Consider the set of all (ay,n1, ..., as,ny), where all a; € Z°(p), n; € Z
are such that n; > ny > -+ >n, =0 and Z1<i<s[ai/e*] <p—1-—s.
Let 0% (e*) be the minimum of positive values of
(e +pj) —p "(ap™ + -+ ap™),
where (ai,ny,...,as, ng) runs over the set of above defined vectors and
j runs over the set of all non-negative integers. Set

NT(e*) =min{n € N | p"dt(e*) = e*(p—1)}.
Fix N° > N*(e*) — T and set Q% =", (A;F0 . o

Introduce the operators F, and Gy on L, such that for any [ € Ly,
k—1 k

o (6]
Fo(l) =) Z' [...[l,Dq], ..., D], Go(l) = Zk—(;[...[z,po],...,po].
I<k<p k—1 times 0<k<p k times
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Consider the relation
(0.4) (Goo —id)® + Fy(Vy) = =GV +1Q0 .

Theorem 0.4. a) There is a bijection between the lifts T, and solu-
tions (c°, Vi) of (0.3), with ¢® € Ly, and Vy € L.

b) If 7, corresponds to (°, Vp) then the Demushkin relation appears
in the form (ad 7.,)Dy = Vo;

) If N® > N(e*) then T<p 08 “good” if and only if & € E_Eﬁe*).
Corollary 0.5. a) For any lift 7,
(adT<p) Do+ Y 0"(Q) € [£, Dyl;

0<n<No

b) if k = F, then there is a “good” lift T—,, such that the Demushkin
relation appears in the form (adr,)Dy + Fy () = 0.

0.2. Concluding remarks. Our description of I'<, together with its
ramification filtration may serve as a guide to what a nilpotent local
class field theory should be about. Our approach gives the objects
of this theory on the level of groups of nilpotent class < p together
with induced ramification filtration. Regretfully, our description is not
functorial: it depends on a choice of uniformizer in K.

It would be very interesting to compare our results with the con-
struction of I' in [9], cf. also [8]. This construction uses iterations of
the Lubin-Tate theories via the field-of-norms functor and is done in-
side the group of formal power series with the operation given by their
composition. However, it is not clear how to extract from that con-
struction even well-known properties of the Galois group of a maximal
p-extension of K.

Acknowledgements. The author expresses a deep gratitude to the
referee: his advices allowed the author to avoid a considerable amount
of inexactitudes and to improve very much the quality of the original
exposition.

1. ARITHMETICAL LIFTS

1.1. Review of ramification theory. The following brief sketch of
ramification theory of continuous automorphisms of complete discrete
valuation fields with finite residue field of characteristic p (we need only
this case) is based on the papers [7, 11, 12].

Let £ be a basic complete discrete valuation field with finite residue
field ke. Let Ro(£) be the completion of a separable closure &, of
€. Note that in the characteristic 0 case, Ry(£) = C,, and in the
characteristic p case, Ryo(§) = FracR := Ry is the field of fractions
of Fontaine’s ring R = YLHOCp /p (the projective limit is taken with
respect to the p-power maps).
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Denote by ve the extension of the normalized valuation on £ to Ry.
Let Z be the group of all continuous automorphisms of Ry which are
compatible with ve and induce the identity on the residue field of R.

Agree that all fields below E, F', L etc, are finite extensions of £ in &),
and use the appropriate notation vg, kg, etc. Let mg be the maximal
ideal of the valuation ring of E. Note that the inertia subgroup I'% of
I'p = Gal(&sep/E) is a subgroup in 7.

Let Zp = {L’E ’ L€ I}

For g € g, let v(g) = min {vg(g(a) —a) | a € mp} — 1.

For x> 0,set Ig, = {9 € Ir | v(g) = z}.

For a field extension F/E, let Zp/p = {¢ € Zp | t|p = idg}. For
x>0, let

Tr/pe = Tra( T

If 11,10 € Zpyp and x > 0 then ¢y and ¢y are x-equivalent iff for any
a € mp, vp(t1(a)—te(a)) = 14+2. Denote by (Zr/p : Ir/p,) the number
of xz-equivalent classes in Zp/p. Then the Herbrand function for F/E
can be defined for all 2 > 0, as ¢p/p(z) = [ (Zp/p : Zr/pe) 'de. This
function has the following properties:

® ©p/E is a piece-wise linear function with finitely many edges;

o if L. O F D FE is a tower of finite field extensions then for any
20, or/p(@) = vr/E(eL/r(T));
e the last edge point of the graph of pp/p is (x(F/E),v(F/E)), where

is the largest lower and v(F/E) = ¢p/p(x(F/E)) is the largest upper
ramification numbers for the extension F'/FE.

The following proposition is just a direct adjustment of the appro-
priate fact from the classical ramification theory for finite Galois ex-
tensions.

Proposition 1.1. Suppose g € T, and v(g) =y. Then
max{v(f) | f € Ir, fle =9} = ¢p/pv).

Proof. We can assume that F'/F is totally ramified of degree d.

Suppose 6 is a uniformizing element in F' and P(T) € E[T] is its
minimal monic polynomial over E. Then P(T) = T%+a; T 1 +- - -+ay
is an Eisenstein polynomial and v(g) = ve(g(aq) —aq) — 1 = v.

Note that for all 1 <i < d, ve(g(a;)0% % — a;097%) > ve(g(ag) — aq),
Therefore, vg(g.P(0)) = vp(g.(P)(0) — P(0)) = 1 +y.

Let 6y,...,04 be all roots of g.P(T) in Esep. Then all d different
lifts f; of g to F are uniquely determined by the condition f;(0) = 6;,
i=1,...,d. Clearly, v(f;) = vp(8 — 0;) — 1.

Assume that © = v(f;) is maximal, i.e. 1+ 2 > vp(6 —6;) for all .
It remains to prove that y = pp/p(z).
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Let A; == vp(0; —61) —1 > 0. Note A} = +00. Then
vp(gP(0) = Y vp(0—6;) = > min{l+z,1+ A} =d+ p(x)
1<i<d 1<i<d
The function p(z) = >, ,min{x, A;} is peace-wise linear, ¢(0) =
0 and if x is different from all A; then
¢'(x) = HAi | A > 2} = [ Trypal = Tryp : Trjpe) " d = dlep(e) .
Therefore, p(z) = dyp/p(x) and, finally, 1 +y = vg(g.P(0)) =
d~vp(g:P(0)) = dH(d + dor/p(2)) = 1+ ¢r/B(2). O
Corollary 1.2. The restriction Zrp — Lg given by the correspondence
f = g = flg defines for any xo > 0, the surjection Tp 3 — Lg.y,,
where yo = ©r/p(To).
Proof. Let f € Ip,, and v(g) = y. By Proposition 1.1, zy < v(f) <
go;}E(y) This implies that yo < y, i.e. g € Zg,y,.

On the other hand, if g € Zp,,, then v(g) =y > yo and by Proposi-
tion 1.1 there is f € ZF’QD;}E(y) C Ir,, such that g = f|g. O

Definition. The ramification filtration {I/(Z’J’E)}WO on Z with upper num-
bering over E is a decreasing sequence of the subsets I/(%) C Z for all
y = 0, such that

Note that for any y > 0, I/E = I/ZI’,F), where 0p/p(yr) = y Also,

F( - =TgnN I/(y) is the usual higher ramification subgroup T . Jof T E
Wlth the upper number y from [10]. The largest ramification number
v(F/E) is characterized by the following property:

e the ramification subgroup F%/) acts trivially on F iff y > v(F/E).

1.2. Definition of arithmetical lifts.

Definition. For a field extension F'/F we say that f € Zp is arithmeti-
cal over ' (or fis an arithmetical lift of g = f|g) if v(g) = wr/e(v(f)).

Equivalently, f is arithmetical over E if there is ¢ € I/(E(g)) such that
tp=f.

Note that Corollary 1.2 implies that f is arithmetical over E iff
v(f) = max{v(f’) | f' € Zr, f'|p = g}. In particular, arithmetical
lifts always exist.

Proposition 1.1 and Corollary 1.2 imply the following property.

Proposition 1.3. Suppose E C L C F are finite field extensions and
f €ZIr. Then:
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a) f is arithmetical over E iff f is arithmetical over L and f|g, is
arithmetical over E;

b) suppose F/E is Galois, f, " € Ir are such that flp = f'|lg = g
and f is arithmetical over E; then f' is arithmetical over E iff there is
TE Fg(g)) such that f' = f - 7|p.

Proof. The part a) follows from the composition property of the Her-
brand function. As for the part b), note that f = ¢|r, where ¢ € I/(;;(g))
and there is 7 € I' such that for ¢/ := 7, we have f’ = //|p. We must
verify that

o VeI i e T0 AT, = TR,

Suppose ¢/ € I/(?J(g)). Then for any finite field extension E’/E, and

any a € mg, we have that
g = @E}/E(v(g)) +1 < vp(d(a) —a) =vp((ra—a)+ (t(a) —a)).

But vg/(t(a) — a) > €’ (use that ¢ € I}gg))) implies vg/(Ta — a) > &
and, therefore, 7 € Fg(g)).

@) and ¢ € mp then vg/(Ta —a) > €' and

v (V(a) —a) = v ((ra—a)+la) —a) =€, ie. U € I/(E(g)). O

Inversely, if 7 € Fg

As a direct application of the above proposition note the following.
Suppose g € I, v, = v(g) and E¥) C &, is the subfield fixed by

Fgg ). We will call f € T arithmetical over F if for any finite extension
F/E the restriction f|r is arithmetical over E.

Corollary 1.4. a) ¢ € T is arithmetical lift of g = (| if and only if
L(ve) = L gy is arithmetical over E;

b) () is a unique arithmetical lift of g to £9).

Proof. Suppose F/E is Galois, Gal(F/E) =T, F() = Fr(vg), feTIp,
fle =g and f|pey = 9.

If f is arithmetical over E' then by Proposition 1.3a) ) ig also
arithmetical over E.

Inversely, suppose f(*s) is arithmetical over E and f’ € T is arith-
metical lift of f"s) to F. Then there is 7 € Gal(F/F®)) = I'®) such
that f = f'r and by Proposition 1.3b) f is arithmetical over E. This
proves a) of our proposition.

Suppose h,h' € T, are lifts of g. Then there is 7 € 'y, =
Gal(Fs) /E) such that k' = hr. If h, k' are arithmetical over E then

by Proposition 1.3b), 7 € Fgﬁ?g) ={e} and h =1 O
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2. CHARACTERIZATION OF ARITHMETICAL LIFTS

2.1. Differentials of lifts. In this Section we review the results from
Sections 2 and 3 of [6]. Recall, we have the identification 7y : G, =
Gal(K.,/K) ~ G(L), given via ny(r) = (—f) o 7(f), where e =
ZaGZO(p) 7Dy € Lx and f € Lg,,, are such that of = eo f. There
is a decreasing central filtration {£(s)}s>1 in £ such that D,, € L(s)
if a > (s — 1)co, where ¢y € pN. We have also h € Aut K such that
h|;, = id and h(t) = texp(ws(t)?), where wy(t) € t0/PE[[t]]*.

2.1.1. Let h.p, be a lift of h to K,. Then there are unique ¢ € Lx and
A= Adh., € Aut £ such that (id; ® hep)(f) = co (A®idg_,)f. The
correspondence II : ho, — (¢, A) induces a bijection of the set of all
lifts h<, of h and the set of pairs (¢, A) € Lx x Aut £ such that

(2.1) (idg® h)eoc=o0co (A®idk)e.

If c =%, t'c(i), where all ¢(i) € Ly then ¢(0) is a strict invariant of
the lift h.,. Consider

M = Z 5 L(S)m + L(p)kc

1<s<p

M<p = Z t7860£<8)m<p + E(p)’C<p
1<s<p
where m and m., are the maximal ideals of the valuation rings of K
and, resp., K.,. Then M C M_, is embedding of Lie [F,-algebras,
e€ Mand f e M,

Define the decreasing filtration by ideals M[i], ¢ > 0, of M by
setting M[0] := M and for i > 1, M[i] := L(i)y + t°°M. Then
Mpli] i = M[i] +t°M_,, i > 0, is a decreasing filtration of ideals in
M_,. Note that for all i, M[i]| = M N M_,]i].

Consider the embedding of Lie [F)-algebras

M:=M/M(p—-1)C M_,:=M,/M(p—1),

where M(p — 1) = t°®P= DM and M_,(p — 1) = t*P"DM_,. The
images of the above filtrations M[i] and M_,[i] in the quotients M
and M_, will be denoted by MJi] and M_,[i]. Note that M[p] =
M_,[p] = 0. Denote by f and e the images of f and e in M_, and M.

2.1.2. Let K(p) == InggL(p)) and h(p) := h<p|kp). Then ny induces the
identification 7y : Gal(K(p)/K) ~ G(L). Note that 7o(7) = (—f)o7(f)
(use that £ = M p|,=ia)-

Let éh be the subgroup generated by all lifts h., in AutK.,. Then
(Jp(?h) = G(L(p)), §h/0p(§h) C AutK(p), and there is an exact se-

quence of p-groups

0— G(L) — G, — (WP — 1,
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where G, = G, / Cp(éh)NZ is the maximal quotient of G, of nilpotent
class < p and period p. This sequence appears also at the level of Lie
[F,-algebras in the form

0— L — L, — F,h—0,

where G(Ly) = G,.

Proceeding in M we specify the image of the lift 2(p) in G, by setting
(idz ® h(p))f = ¢o (A ®idky))f where ¢ = cmod M(p — 1) € M
and A = Amod L(p) = Adh(p) = exp(adh(p)). Then for n € N,

(idz ® h(p)")f = &(n) o f(n), with f(n) and &(n) such that:
a) f(n) = (A" ®@idgp)f = f+ > i<icp fOnt where for 1 < i < p,
F9 = (ad’h(p) @ idip) /i € (A @ id) —idg.,) Ma, C Molil;
b) &(n) = 3 ciep, cin' mod M(p — 1), where all ¢; € M]i].
As aresult, (idz ® h(p)")f = [+ Yo, fin', where all f; € M,[i].

2.1.3. Let M/ be the minimal Lie subalgebra in M, containing M
and all the elements (Ad" h(p) @ idx())f with n € N. Then M/ does
not depend on a choice of h(p) and appears as the minimal subalgebra
in M., containing M and all f@ (we set f) = 0if i > p). Then
idz ® h(p) acts on M/, the resulting action of G, on_./\/lf is strict, the
filtration M, [i] induces a Gj-equivariant filtration M/[i] on M/, and
for all 4, f@ and f; belong to M/[i]. B )

This gives the action idz ® h(p)V : MI — MT @ F,[[U]] of the
formal additive group G,r, on M/ given via the relation

dzohp))f=Ffel+d fiol
i>1

and this action can be uniquely recovered from its linear component
(i.e. the differential) d(id; ® h(p)Y) : M/ — M @ U.

Note that hY(t) = texp(Uw?) mod tP°F! and

d(id; ® hY)e = — Z t™wyaDao ® Umod M(p —1).
a€Z0(p)
There is the following recurrent congruence modulo M(p — 1) for
¢1 =cimod M(p — 1) and Vg := ad h(p)(Dao) mod L(p)i, a € Z°(p),

(22) ocp — ¢ + Z t ¢ a0 =

a€Z%(p)

1 —(a14+a
— Z Et ( 1t k)wZ[ .. [alDalo, Dazo], . 7Dak0]
k=1

L (aitta
_th (art+ k)["‘[‘/;1107Da20]7"‘7-Dak0]

k>2
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| _
-> it (@440 561, Dayol, - - - » Dayol

k>1
(the indices ay, ..., a; in all above sums run over Z°(p)).

Any solution {¢;,{Vy | a € Z°(p)}} of congruence (2.2) modulo
M(p — 1) can be uniquely lifted to a solution {ci,{V,o | @ € Z°(p)}}
of (2.2) modulo L(p)x € M(p —1). As a result, cf. [6], Subsection
3.5, the appropriate ¢; € L is a strict invariant of the lift h(p). Even
more, if ¢; = >, _,t'c1(i) where all ¢;(i) € Ly then ¢;(0) is a strict
invariant of h(p).

2.2. Statement of Criterion. In this subsection we study arithmeti-
cal lifts h, of h and prove that h., is arithmetical iff h(p) = hep|i(p) is
arithmetical. This allows us to characterize arithmetical lifts in terms
related to the differentials d(idz ® h(p)Y).

Suppose h., is arithmetical over K.

By Corollary 1.4b) such lift h., is unique modulo the ramification
subgroup QSS) = G(L)) (note that v(h) = ¢y). Therefore, we can
characterize arithmetical lifts h., by studying the action of h., on
f mod E,(Cci)p € (L)L) (cp), where (0 := ICE;UCO)), cf. Section 1.3 of
[6].

The following proposition provides us with the opportunity to char-
acterize arithmetical lifts h-, by working with f = f mod M_,(p — 1).
(Recall that f allows us to control efficiently the lifts h(p) = heplic(),
cf. the beginning of Section 2.1.2. )

Proposition 2.1. £(p) C L),
Proof. Proposition follows easily from Lemma 2.3 below. U
Corollary 2.2. h., is arithmetical iff h(p) is arithmetical (over K).

Proof. Indeed, use that both automorphisms are arithmetical over K
iff hepliceo) = h(p)| o) = h() is arithmetical over K. O

Lemma 2.3. Ifa > (s — 1)cy then D, € E,(CCO) + Cs(Ly).

Proof of lemma. This lemma was proved in [1] but the proof is very
short and we shall reproduce it. Recall that wt(D,,) > s means that
(s —1)co < a. Use induction on s.

If s =1 there is nothing to prove.

Assume s > 2 and the lemma is proved for all s’ < s. Consider

f[?’_N = aDgy + ( commutators of order > 2) € 51(600) 7

cf.[6], Subsection 1.4. This element is a linear combination of the com-
mutators ai|. .. [Dayny s Dagngls - - - s Dagn,], where

a)0=ny > - =>n > —N;
b) a = ap™ + -+ ap™.
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If for 1 <i<t, Do, € L(s;) \ L(s; + 1) then
a<a +-+a <(s1++8)c
and this implies s < s; + -+ - + 4.
Suppose t > 2. Then wt(D,,,,) = min{s;, s—1} and by the inductive
assumption our commutator belongs to EécO) + Cy(Ly), where s =
Y rcicemin{s;, s — 1} > min{s; + -+ + 5,5} = s. O

As a result, the property for h., to be arithmetical over IC can be
stated in terms of the differential (id; ® h(p)V)f = fi ® U or, equiva-
lently in terms of (ad h(p) ® idi(,))f and the linear part ¢, € MJ1] of
¢(U), cf. Subsection 2.1.

Note that if h., is arithmetical then for any g € G-, h;}ggh@ =

gmod G(®). (Indeed, g thepg is another lift of h which is also arith-
metical and, therefore, it coincides with h., modulo gSg).) Therefore,
Adh., = id; mod L), In particular,

(Adho, ®idic_,)f = fmod L&)
is a necessary condition for h., to be arithmetical. It is natural to

expect that a sufficient condition for h., to be arithmetical over K re-

quires additional condition which can be stated in terms of ¢; mod E,(CCO).
Even more, we are going to establish this condition in terms related only

to ¢1(0) € L mod E,(:O), where weset ¢; = ), ¢1(m)t"™ mod M(p—1)
with all ¢;(m) € Ly.

Theorem 2.4. The following properties are equivalent:
a) hep is arithmetical over KC;
b) (Adho, —id)L C L) and for a sufficiently large N,
a=> Y o (A h)F o mod L + M(p — 1)
v,j 0<i<N
c) for a sufficiently large N,
a(0)=>" 3" (A (M)FS,,; ;) mod L.
j=0 0<i<N

The proof will be given in Subsections 2.4-2.7 below.

Remark. Note that if v > ¢y and i > N(co), cf. [6], Theorem 1.2,
then ]:f/)’_i € EI(CCO). There is also 0 > 0, cf. Section 2.3 below, such
that if 79 _; ¢ L) and v < ¢y then v < ¢o — 8. (In other words, any
v € [co — 0, ¢o) can’t be presented in the form a; + agp™ + -+ - + azp™,
where 1 < s < p, all n; < 0 and all a; € Z°(p) N[0, (p — 1)co).)
Therefore, in b) we can take N > max{]v(co),logp((p —1)¢g/6)} and

inc) N > N(cy) (under these conditions the appropriate RHS’s do not
depend on N).
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2.3. Auxiliary result. We review here a technical result from [3], Sec-
tion 3. (Note that all results in [3] were obtained in the contravariant
setting, cf. discussion in [6], Subsection 1.1) This paper deals with ex-
plicit calculations with ramification ideals in Lie algebras over Z/pM+1.
It is much easier to follow these calculations when assuming that M = 0
(we need only this case). First, introduce the relevant objects and as-
sumptions.

Introduction of objects.

Set M = 0 (we need the period p case but all constructions in Section
3 of [3] were done modulo p™*1). Let A = [0, (p — 1)vy) NZ°(p), where
vo = 0 (later we shall specify vy = ¢p). (In [3] we used pvy in the
definition of A instead of (p—1)vg but everything works with (p—1)vy.)
Let £(A) be a free Lie algebra over k ~ [F,~, with the set of generators

(Dan | @ € AT = ANZF(p),n € Z/No} U {Dy} .

As a matter of fact, we agreed in [3] that n € Z and Dy, = Dan,
iff n; = nomod Ny. For n € Z, set Dy, = (0"ap)Dy and note that
again Dy, depends only on n modNy. Consider the o-linear morphism
L(A) — L(A) such that for all a and n, Dy, +— D, i1 and denote
this morphism also by o. Then £° := L(A)|,=i is a free Lie algebra
over F, and L} = L(A).

Con51der the contravariant analogue of the elements 7 0 from [6],
Subsection 1.4, (use the same conditions for all involved 1nd1ces)

Fron =3 (1" > " amn(ni, ... ;o) [Paynss Dagmo)s - - > D] -

< Al;eeey a
1<s<p S ni
Recall that aq,...,as run over A and nq,...,ng run over Z such that

(@, n) = arp™ + -+ ap™ =1.

Denote by £%(vg) the minimal ideal in £° such that its extension of
scalars LY (vo)x contains all F, _y with v > vg. Let N (vo, A) be such
that the ideals £ (vo) coincide for all N > N(vg, A) and denote this
ideal by £%(vp).

Let I' = T'(A4,vg) be the set of all v = a;p™ + - -+ + a,p", where all
a; €A, 0=ny=2ny>--->2n, 1 <s<p.

Choice of parameters 6,r*, N*:

a) let 0 = §(A,v9) > 0 be sufficiently small such that vy — 3§ >
max{y | v €T,y < v}, pd < 2vy and vy — 0 € Z[1/p];

b) let r* € Q be such that v,(r*) =0 and vo — J < r* < wvp;

¢) let N* € N be such that N* > N(UO,A) +1 and for ¢ = pV", we
have 7*(¢ — 1) = b* € N (note v,(b*) = 0), a* = q(vy — 0) € pN;

d) note that if ¢ satisfies the conditions from c¢) then any its power
¢ with A € N also satisfies these conditions; therefore, we can enlarge
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(if necessary) ¢ to obtain the following inequalities:

Th4%_5bg“+ﬂw—®7Uvﬂﬁ>—“+¢w@w%@—U)
q q
All above constructions and choices were made in Section 3.1 of [3],
except the additional conditions pd < 2vy and the second inequality
in d). In this inequality ¢, and e, are the Herbrand function and,
resp., the ramification index of the extension IC(p) /K. Recall that KC(p)
is a subfield of K, fixed by G(L(p)) and [K(p) : K] < oo.

We need the auxiliary field extension K" = IC(r*, N*) of K such that:
— KK =¢

— the Herbrand function ¢k /x has only one edge point (r*,r*);

— K' = k((t')), where t = t'9E(#'*")~! with the Artin-Hasse expo-
nential £(X) =exp(X + XP/p+---+ X" /p" +...).

The field K’ played very important role in our approach to the ram-
ification filtration, cf. e.g. [1, 2, 3, 4]. (Note that K'/K is not a
p-extension if N* > 1.)

Adjust the notation from [3] to our situation by setting N = N =
N* — 1 (in particular, N could be different from N (vy, A) introduced
earlier).

Let ég)) = aeal "Dy and elc(q) = et 7¥Dyo. (We follow max-
imally close the notation from [3].) Clearly, the elements ég)) and e}, :=

— * /
S eat ™D, _n- are analogs of our element e € L and o™ ¢, = 7.

Note that both these elements belong to LY, = £L(A) @ K’ (for ég)) use
that t = t“E(t")1).

The technical result from [3] we are going to apply below deals with
estimates in the envelopping algebra A of £°. We can describe this
result as follows.

Let J be the augmentation ideal in A. Adjusting the notation from
[3] note that (since we work with the case M = 0) Oy = K', t; = t/,
OO = k[[t/]], J1 = J]C/ and JO = J@ Oo.

Use the map exp from LY, to JmodJg, cf. [6], the beginning
of Subsection 3.3. We obtain the elements E, = e’fﬁ(ég))), E| =

oN"6xp(e,) and (where we specified m = 1) the element ®{") = &{\) =
®11Pyy, cf. the first paragraph on p.890 in the proof of Lemma 2 in
Subsection 3.10 of [3]. Explicit expressions for ®1; and ®o; from the
second paragraph on p.890 must be written in the following way

1y = exp(ef”) exp(oe!) . (e
Dyy = exp(—o™ e .. exp(—oeV) exp(—eW).

(By misprint they appeared in [3] as the products of the same factors
but taken in the opposite order.) Note that when adjusting the notation
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from [3] to our situation we have that &, g(a,n) = ¢"E(a,t"") and,
therefore, &, g (a,n)o™(t; % Dag) coincides with o™ (t7*Dyp).

Using properties ) — ) from Subsection 3.3 of [6] we obtain that
<I>((]N) = éif)(gzﬁgN)), where gbéN) € G(LY) = G(L(A) @ K') is equal to

éﬁ) — eg‘” o (Ueg(n) 0-+-0 (UNG/E(Q)) o (—aﬁég))) 0--:0 (—aég))) o (—ég))) )

Then properties (a) and (b) of <I>(()N) from Proposition 9 of Subsection

3.9 in [3] imply the following properties of the element qﬁéﬁ), cf. the
proposition from Subsection 3.10 of [3] (where Lo := L ® Oy).

Proposition 2.5. a) gbéN), agbéN) € L%%o)ir + Yiciep ¢ C5(Lo);

b) ¢(()N) 0l = 62@ o U(béﬁ) mod LHY, where
,CH? = ,CO(U());C/ + pa(b*—a”) Zl<j<p —(—1a* ij ('CO) .

This technical result from [3] can be translated into the covariant
setting and the notation from this paper as follows.

Let vy = ¢.

Consider the map II from £° to £ such that Iy(D,,) = D, for all
a € Aandn € Z/Nyand for any Iy, 1, € L2, TI([l1, 1)) = [[1(ly), TI(l1)].

Then the (ramification) ideal £°(vy) is mapped to £(0). Essentially,
IT is a morphism of Lie algebras (where £° is taken with the opposite
Lie structure) and it induces isomorphism of the appropriate quotients
by £%(co) and L% respectively (use that by Proposition 2.1 all D,,, €
C,(:O) ifa> (p—1)co).

Clearly, H;C/(é(ﬁo)) = emod L’,(ff’) and

H;@(Glﬁ) = 6, = Z t/_aDa’_N* mod L](CC/O) .
a€Z(p)
If ¢p = H,C/(gb(()ﬁ)) then ¢ = (—¢) o~(aN*gb/) modﬁ,(g?), where we set
¢=(oNe)o---o(se)oeand ¢ = (dNe)o---0(oe) o
Let
My =37 I L()w + L)
1<i<p

where m’ is the maximal ideal of the valuation ring Oy of K'. Similarly,
set

My, = D L e, + L)k,
1<j<p
where K, and m’, are the analogs of K., and m, for K'.
Note that the above introduced modules My, and ./\/l,g/< , are not
obtained from M and, resp., M., when we replace K by K'. Under
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such replacement we obtain from M and M, the following modules

M= VL) + L)k

1<i<p

M., = Z t’—cojﬁ(j)m;p + L(p)k, -
1<j<p
However, ™" M’ C My and o™ M., C My .
Now we use the special choice of involved parameters to deduce from
above Proposition 2.5 the following proposition.

Proposition 2.6. a) ¢g,0(¢pg) € My + [,,(CC/U);
b) eo ¢y = (0¢y) o (™ ¢') mod (tco(p_l)./\/l)c/ + E,(é,o)>

Proof. a) From the definition of a* it follows that a* = (¢p — d)q < coq.
Therefore, for 1 < j < p,
t' ITH(C;(Lo)) CH 7 0gCi(L) C t770m'CiH(L) CHIOL(f) -
For part b), we need for 1 < j < p,
g —a*) = (j—1)a" > (p—7 — 1)gco .

This can be rewritten as q(r* — (co — 0)) > r* + (p — 2)co — (j — 1)6.
This follows from the inequality pd < 2vg in a) and the first inequality
in d) from the beginning of this subsection. O

2.4. Implication a) < b), L. Suppose h., is arithmetical. This
means that h(©) = h_,|cey = h(p)|iw is (a unique) arithmetical
lift of h. Then the appropriate ¢ = ¢; mod(M(p—1) + E,(Cci)p) appears
as the “linear part of ¢” if and only if

(idi X h(p)U)f = ;U o fmod (,/\/l</pU2 4 tCO(p—l)M<pU + £I(CCO<)pU> .

Consider the field K’ from Subsection 2.3. This field is isomorphic
to K and this isomorphism can be extended to an isomorphism of K,
and its analog K_,. Let f' € M’ be such that of’ = €' o f'. Then

Proposition 2.6 b) implies the following lemma.

Lemma 2.7. f' can be chosen in such a way that
f=d¢oo0c™ fmod <t00(p*1)/\/l,g/<p + E’(CCZD :
Proof. Let g = (—f)o¢goa™ f € M, o Then by Proposition 2.6b)
og = gmod (tCO(pfl)./\/l;Qp + E,(Cc,i) .
This congruence implies that

g€ L+t DMy, + L
p
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(use that o is topologically nilpotent on tcO(p*l)/\/l;Qp mod [,(p),g@).
Therefore, there is [ € £ such that ¢ = [ mod (tcﬂ(p_l)./\/l;cgp + E,(Cc,i))

P
and we obtain our lemma with f’ replaced by f’ o (—I). O

2.5. Implication a) < b), II. Now note that X C K’ induces the
embeddings K., C K'K., C K_,.

Suppose g € Ix and ¢ € T is its arithmetical lift (i.e. for any
finite field extension £/K, v(gle) = gog/llc(v(g))). Introduce (similarly

to MIC’<p)
MRO = Z ticojﬁ(j)mn + E(p>Ro :

1<i<p

Then Lemma 2.7 implies that modulo t©°®~) Mz + Lﬁgg) we have

(ide ® g<p) f = (—ids ® g)¢ o (ide ® ¢')o™N ¢ o (id; ® g;p)aN*f'.
Here g<p := [k, 9%, = glx., and ¢’ := gl are all arithmetical over
K. (Recall, ¢g = (—¢) o (67" ¢), cf. Section 2.4.)
Proposition 2.8. Suppose v(g) = ¢o. Then

a) (id; ® g’<p — id,clq)UN*f/ € tco(p_l)MRo,'

b) (id; ® ¢’ —idk)a™N ¢ € toP= DM, .
Proof. Let K'(p) be an analogue of IC(p) for K'.
If we set ggp) = §lir(p) then it is arithmetical over IC and

o) = P0G () = 9T +aleo — 1)) > egeolp — 1),

cf. item d) in Section 2.3. This means that for any a € K'(p),
(2.3) Iip(a) —a € at’*?~ VR

Now notice that f'mod L(p)k. € Licr(p), cf. [6], Section 1.3. This
implies that ' € M) + L(p)k.,, Wwhere My is an analogue of
My for K'(p). Now property (2.3) implies that

(ide ® gly) f' = f € P VM, + Lp)g, = "I MG, |

where MYy = >0, U7 L(j)my, + L(p)r,, and we obtain a) by

. *
applying oV,
For similar reasons,

v(g) =r"+qlco —17) > ) (epcolp — 1)) Z colp — 1)
(we use that ) (epx) =  for any « > 0), and then for any a € K/,
g(a) —a e at’P VR,
This implies
(id; @ ¢')e’ — € e o) R (de®g)e —¢ € greotp=1) Ro s
and we obtain b) by applying o™ O
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Corollary 2.9. Suppose g € I, v(g) = ¢y and g, is a lift of g to
K<p. Then the following conditions are equivalent:

a) g<p is arithmetical lift of g;
b) (ide @ g<p)f = (—idz © )¢ 0 ¢ o f mod (97D M, + L)

Proof. Assume that g., is arithmetical. We can assume that g., =
9plx., where g_, € Ty is arithmetical lift of g. Then Lemma 2.7

and Proposition 2.8 imply that modulo t°®=Y Mg, + Eg;g)
(ide ® gep) f = (—id, @ g)d o (id, @ ¢')o™ ¢ o (idy @ g;p)aN*f’

= (—id;®g)popogooc f = (—ids®@g)popo f,
and we obtained b).
Assume that b) holds. If g2 € Zic_, is an arithmetical lift of g then
we can apply b) and obtain

(ide ® gop) f = (ide @ ¢2,) f mod (1P D Mg, + LY.

On the other hand, there is I € G(L£) such that g, = g2 " (1). Then
the above congruence implies that

[ e tco(p_l)MRO + ;ngg) CmgpLlp+ ESRCS) .

But then | € <mR£R+£§;§§)) lpia = L) Therefore, g<p 1s also
arithmetical. O

2.6. Implication a) < b), III. Let 1 < n < p. Applying Corollary
2.9to g = h™ and its lift A, we obtain that the following two properties
are equivalent:

e L7, is arithmetical;

o (idz @A) f = c(n) o (A" ®idk.,)f, where (A" —idz)L C L)
and ¢(n) = (—id; ® k)¢ o pmod M(p — 1) + E,(CCO).

Clearly, the first condition holds if and only if A, is arithmetical.

The second condition means that (A —idz)L C £(%) and

c(U) = (—idz ® hY)¢ o pmod M(p — 1) + L .

The both parts of the last congruence can be recovered uniquely from
their linear terms: this is obvious for (—id;®@hY)po¢ and was explained
in [6], Section 3.5, for ¢(U), cf. also overview in Section 2.1. Therefore,
the equivalence of a) and b) will be proved if we show that the linear
part of (—id; ® hY)¢ o ¢ takes the prescribed value from part b) of our
theorem. B

Recall that ¢ = (oVe)o--- 0 (ge) oe.

Apply identities (3.5) and (3.6) from Subsection 3.2 of [6], use the
definition of the elements F7 5 € L. from Subsection 1.4 of [6] and
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the abbreviation dj, := d(id; @ hY) to obtain the following congruences
modulo U?:

e+dpe=eo Z(l//{:!)[...[dhe,e],...,e]

k>1

k—1 times
=eo (—U Z A;(h)F), t”“ﬁpj)
7>0,j>0
Similarly,
e+ odpe = ceo Z(l/k')[ .. |lodpe,oel, ... o€
—_————
k=1 k—1 times
then

(ce 4+ odpe)oe =

1
(ce)oeo Z m[...[adhe,ae],...,ae],e],...,e]
. . %/_/ \ /
igi(l) ko—1 times k1 times

= (oe)oeo | =U Z O-(Aj(h)f'(y),ilt*’y+co+m')

v>0
320

and taking above formulas together we obtain 7(7) = (—f) o 7(f)

(ce+odpe)o(e+dye) = (oe)oeo —UZ Z ai(Aj(h)fﬁ_it*’Hcﬁpj)

>0 0<i<1
j=0

We can continue similarly to obtain that

([deh")p=d¢o [ -UD_ Y o' (A;(h)F) ™) | modU”

>0 0<i<N
720 0<i<N

mo(7) = (=f) o7(f)
So, the linear term takes the prescribed value and the statements a)
and b) of theorem are equivalent.
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2.7. The end of proof of Theorem 2.4. Obviously, b) implies c).

Suppose a lift h, has ingredients ¢; and {V,o | a € Z°(p)} and ¢;(0)
satisfies the condition c¢) of our theorem. Take the maximal 1 < sg < p
such that h<p|K<<;(£<so)> is arithmetical. If sy = p then h(p) is arithmetical
and this implies that h.), is arithmetical.

Suppose sy < p.

Let hZ, be some arithmetical lift of i with the appropriate ingredi-
ents ¢ and {V.° | a € Z°(p)}. Therefore,

c1 = ¢f mod E,(SO) + L(so)x -

Note that for all a € Z%(p), Vao € E,(CCO) + L(so)r and V? € L,(:O). Then
recurrent relation (2.2) (considered at the so-th step) implies that

oy — + Z t™ Vo = oc] — ¢f mod £,(CC°) + L(so+ 1)k .
a€ZO%(p)

Therefore, by [6], Lemma 2.2b), all V4 € E,(:O) + L(so + 1) and
c1 — ¢ =¢1(0) = ¢9(0) mod E;CCO) + L(so+ 1)k .

So, if ¢1(0) satisfies ¢) then ¢; = ¢ mod ﬁ,(CCO) + L(so + 1) and the
restriction ho,| (G (£(s0+1)) is arithmetical. The contradiction. Theorem
<p

2.4 is completely proved.

3. EXPLICIT CALCULATIONS IN L,

In this Section we apply the above techniques to study the lifts
h(p) = heplicp)- In Section 2 we studied the properties of hp|xco)
and that was sufficient to characterize arithmetical lifts h.,. If we
want to describe the structure of the Lie algebra L, we need to study
the invariants ad h(p) and ¢; of h(p).

Suppose h(p) is given, as earlier, via

(idz ® h(p))f = o (Adh

(

with the appropriate ¢ € M mod M (p—1). Then the relevant elements
c1 € Lxmod M(p — 1) and Vo = adh(p)(Dao) € Ly = Li/L(P)k,
a € Z°(p), satisfy recurrent relation (2.2). This allows us to proceed
from solutions (¢, Y, t *Vyo) obtained modulo M(p — 1) 4+ L(s)x to
the appropriate “more precise” solutions modulo M(p—1)+L(s+ 1)k,
forall 1 < s < p.

As earlier, let ¢; = Y, ci(m)t™, where all ¢1(m) € L. Introduce
& =Y epci(m)t™and ¢ =3, ei(m)t™. Then

c1=c +c1(0)+cf .

In this section we find “precise” formulas for ¢*, ¢(0) and Vy =
ag Voo = adh(p)(Dy). The expression for adh(p)(Dy) is given in Propo-
sition 3.4 below.

p) ®idk))f
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It would be very interesting to resolve completely recurrent relation
(2.2) and to find reasonably compact formulas for ¢; and all the ele-
ments Voo = ad h(p)(Dao), a € Z*(p). This would generalize explicit
calculations from [6], Subsection 3.6. Some steps in this direction have
been made recently by K. McCabe (PhD Thesis, Durham University).

3.1. Explicit formula for ¢/. Consider all (a, ) (al, Ny ey gy Ng)
suchthat1<s<p,alla1€Z0()andn1>n2 >n5—0

Set ¥(@,n) = a1p™ + agp™ + - - + agp.

Set D ay := [ - - [Dains Dagns)s - - -3 Dagn,) and wtD(g ny == 14 -+

Sn, where for all 1 <i < n, (s; — 1)co < a; < 8;¢p.
Denote by 6 (¢p) the minimum of all positive values of
(co+pj) —p ™v(an),

where 7 > 0 and (a,n) runs over the set of all above vectors with
additional condition wtDgz) < p.

Finally, let N*(co) = min{n >0 | p"0*(co) = co(p — 1)}.

Relation (2.2) implies that modulo M(p — 1)

(3.1) oci —cf

1 ,
- Z EAj(h) Z tco+pj_(a1+m+ak)[' - [alDtMOv Da20]7 R DakO]

kx1 al,...,an
j=0
1 —_ ee
— Z E Z pm (a1+ +ak)[. .. [O’Cl(m), Da10]7 ce ,Dako] .
m,k>1 ’ A1y, Ak
In both above sums the indices ay, ..., a, run over Z°(p) with the re-

strictions a; +- - - +ay < co+pj for the first sum and a1 +---+a; < pm
for the second sum.
Note that ¢, mod M(p — 1) is defined uniquely by (3.1).

'Y’n*in*
containing only the terms [. .. [Dayn,s Dagngls - - - s Daon.|, such that ny =
n* and ngy = n,. In other words, we keep only the terms such that
n* = max{n; | 1 <i<s}and n, =min{n; | 1 <i < s}.

Definition. For n* > n,, let fg,[n*,n*] be the partial sum of o™ F?

Proposition 3.1. Let N° € N be such that N* > N*(cg) — 1. Then

= D D O ARF )T mod M(p — 1).
Jj=20  ~y<cot+pj
0<n<NO

Remark. The RHS of the above congruence does not depend on a
choice of N° > N*(¢y) — 1.

Proof of Proposition. Prove proposition by establishing the formula for
¢f modulo M(p — 1) + Cs(Lx) by induction on 1 < s < p.
If s = 1 there is nothing to prove.
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Suppose s < p and proposition is proved modulo M(p—1)+Cs(Lx).
Prove that modulo M(p — 1) + C’sH(E;C)

(3.2)  ocf —c¢f =— Z Z _7: " (cotpi—)

Jj=0 o y<co+pj
o<n<N

Note that for n =0,

1
‘F’?,[O,O} = Z k' [ [alDal[)’ Da20] Dako]
and for n > 0,

1
FS,[N,O} = Z E[ [O— ‘F ' —(n— 1) Da10]a s 7Dak0] .

k>1,4">0
A1yeees Ak

In both sums the indices ay, ..., a; run over Z°(p) with the restric-
tions a; + - - - 4+ a; = 7y in the first case and p"y' 4+ a; + - -+ + ap = p"y
in the second case.

The first formula allows us to identify the first line of the RHS in
(3.1) with the part of (3.2) which corresponds to n = 0. The second
formula allows us to rewrite modulo Cy.1(Lx) the second line of the
RHS in (3.1) (under inductive assumption) as the part of (3.2) which
corresponds to n > 0.

Denote by —€2 the right-hand side of (3.2). Then we have modulo
M(p —1) + Cop1(Lx) that ¢f =3 0™Q and

n,m,j y<co+pj
Modulo M(p — 1) we can assume that n; = n+m < N° and rewrite

the above RHS as

> " (Aj(h) > F 3,[0,_m}> e,

V:3m1 0<m<ny
It remains to note that » . .7-'3 0,—m] = =F) .
The proposition is proved. U

3.2. Explicit calculations with ¢;(0). By (2.2) we have modulo
L(p)y, that (here Vg = ag ' Voo = adh(p)(Dy))

(3.3) ocy(0) — 01(0) +agVp =

_Z Z k' alDa10>Da20] . Dakﬂ]

k=1 ay,...,a
J=0
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1
— E — ... [Vo, Do, - - -, Doo

k—1 times
1
- Z E[' . [o¢1(0), Do), - -, Doo]
k=1 ' k times

In the first and second sums the indices a; run over Z°(p) with the
restrictions a;+- - -+ax = co+p7J in the first case and a;+- - -+ap = pm
in the second case.

Definition. For n > 0, denote by F. the partial sum of F° o [.0]

~,[n,0]
which contains only the terms with [...[Da,nys Dasnals - - - » Daun.] such
that if for some 13 2 0, 0 =ng = -+ = Ny, < Ny—iy—1 then at least
one of as,...,as_;, is not zero.

Fix N0 > N*(cp) — 1.
Lemma 3.2. The sum of the first two lines in the RHS of (3.3) equals
- Z o"(4; (h))]::g+pj [,0]

0<n<NO°
>0

Proof. For the first line use the above definition with n = 0.
For the second line use the following identity

Z <1/k‘)[ . [O-nfgﬁn+17 Da10]7 te 7D‘lk0] - f$+pj,[n,0]

where n € N, v < ¢y + pj and ay,...,a; run over Z°(p) such that
ap+ - +ap =p"(co+pj— 7). O

Introduce the operators
GO = 6)?}5 (Oéo adD(]), FO = E()(Oé(] adD(])

on Ly (recall that Fy(x) = (expz — 1)/x). Note that for [ € Ly,
k-1

oy ap
Fo(l) =) L[ Dol Dy, Go(l):Zﬁ[...[l,Do],...,Do].

k>1 k>0

k—1 times k times

With this notation we can rewrite (3.3) in the following form
(Goo —id)es (0) + Foloo¥o) = =D D, oA F e
720 0<i<NO

Lemma 3.3. Suppose l(c,y) = Yo cno 0 (aFY_,), where a € k.
Then

(Goo —id)l(a, ) = — > 0 (@)F g+ Goo™ T (aF o)

77 ’
0<i<NO
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Proof of lemma. Directly from definitions it follows for ¢ > 0, that

(Goo) (o' F) ;) = 0" VF) i1y = Fisrg- Therefore,
(Goo)l(a,y) = Z (04]:0 i) — Z (Uia)f;[i,o]
1<I<NO+1 1<i<NO+1
i 0 0
=l(a,7)~ Y (') Fl, gt (a )( Fhinogrg +oNHF (NOH)) .

0<i<NO
: _ T+ NO4+1 0 NO+1 0
It remains to note that ]-"%[NOJFLU]—FU .7-"%7(]\,0 = Goo .7-" _No-

U

+1)

Summarize the above calculations.

Proposition 3.4. Suppose h(p) is a lift of h to K(p) with the “linear
ingredient” ¢; = ¢ +¢(0)+c, Vo = (ad h(p)) Dy and N° > N*(co)—1.
Then

a(0) ="+ > o(AiW)FE ;) € Lk,

where &® € Ly, and Vy € L are arbitrary solutions of the equation
(3.4) (Goo —id)® + Fy(aoVy) = —Goo™ Q0
with Q° = Zpo Aj(h)Fy, co+pj,—NO
Remark. a) Modulo [Ly, Do] equation (3.4) looks like
(0 —id)® + agVy = —aV' Q0

and, therefore, admits explicit solutions (use the operators R and S
from [6], Subsection 2.2 together with Lemma 2.2b). This implies V; =
ad h(p)(Dy) is congruent modulo [Ly, Dy] to (recall that |k| = p™o)

—(idz ® Trk/Fp)(aNOHQO) = — Z a"(Q°);

0<n<No

b) if k = F, then (3.4) can be solved: here ¢ = id and we can set
= —Q%(= —oN"Q0); this implies the existence of a lift h(p) such that
the Demushkin relation appears in the form

adh(p)(Do) + F5 (") = 0;

c¢) the appearance of operators Fy and Gq in the LHS of (3.4) is
related to a “bad influence” of the generators Dy, ; this influence can
be seen already at the explicit expressions of the elements ]-",97_ N: the
factors Dy, don’t contribute to v and therefore can appear with al-
most no restrictions in all terms of F) y; e.g. if a € Z°p) then
.Fc?ﬁN contains together with the linear term aD, all terms from
(O'_NGo)(O'_N+1G0) R (O'_lGo)Fo(a,Da(J).
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Finally note that Proposition 3.4 allows us to control arithmetic lifts
of h if we require also that N° > N(c).

Proposition 3.5. Suppose N > max{N*(cq) —1, N(CO)}. Then (3.4)
admits a solution ® € E_,(fo) and Vy € L) and the corresponding lift
h(p) is arithmetical.

Proof. For n > 1, define the triples (X, Y, Z,) by the following recur-
rent relations:

Zy = —GooV' Q0 X, =8(Z,), Y.=o;'"R(Z,)

Zni1 = —(Go —id)o X, — (Fp —id)(Ys) -

Then is it easy to see that:

1) for all n, Z,, X,, € (ad" ' Dy)L\® and Y, € (ad" ' Dy)L);

2) =X+ +X,1and Vy =Y, + -+ Y, satisfy (3.4).

Indeed, for any ideal £’ in £ and n > 1, the operators R and S
map (ad" ' Dg)L, to itself and the operators Gy — id and Fy — id map
(ad" ' Dy) L), to (ad™Dg)L}. This proves the first property.

As for the second property, proceed as follows:

D (Goo —id)X; + > FylagYs)
1<i<p 1<i<p
= > (Go—id)oX;+ Y (Fo—id)(eYs) + Y ((o —id)X; + apY7)
1<i<p 1<i<p 1<i<p
=—(Zo+ - FZp 1+ Z)+ L1+ 2o+ -+ Zy) =274 .
Finally Theorem 2.4c) implies that the appropriate lift A(p) is arith-
metical. U

4. THE MIXED CHARACTERISTIC CASE

4.1. The field-of-norms functor. Recall the relation between the
mixed and characteristic p cases given by the field-of-norms functor,
cf. [6], Subsection 4.1.

Suppose [K : Q)] < oo with the residue field & ~ F,~, and the
ramification index eg. Let myg € K be a uniformizer and a primitive p-th
root of unity ¢; € K. Set I' = Gal(K/K) and ', := I'/T?C,(T"). For
n € N, choose 7, € K such that 72 = m,_;, let K = Unen K () and

Iz = Gal(K/ K). Then T # C I and we have the induced continuous
group homomorphism ¢ : I'z — TI',.  We also have a projection
j:Tepy — Gal(K(m)/K) = (10)2/P, where 1o(m) = m(;, and the
exact sequence 'z — T',, s (1)2P — 1.

Let R be Fontaine’s ring and Ry = FracR. We have a natural em-
bedding k C R, the element ¢ = (71, modp),>0 € R and K = k((t)) is
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a closed subfield of Ry. Then the field-of-norms functor X identifies
X(K) with K and Ry with the completion of K,,. There is also an
inclusion ¢g : I'x — Aut Ry which induces identification of I'z with
G = Gal(Ks,/K). This identification is compatible with the ramifica-
tion filtrations on I'x and G. The simplest version of this compatibility
states that if v > 0 and v = ¢y, (v), where g, is the Herbrand

function of K/K then
(4.1) (T NIy =g

As a matter of fact, there is a more general property
(4.2) LKak)mﬁg:4K<ﬁ@).

This was stated in [11], Subsection 3.3, in the case of Galois APF

extensions but the proof works word-by-word in the non-Galois case.
The identification LK|FI~( composed with ¢ induces a natural contin-

uous morphism of groups t«, : G, — ', and we obtain the exact

L
sequence G, —% o)y 25 (10)%/P — 1.

4.2. Isomorphism r.,. Recall the construction of the group isomor-
phism r, : ', — G, from [6], Subsection 4.3.

Let 1 be a closed embedding of I into Ry which is compatible with
the extension v to Ry of the normalized valuation of IC.

Let ¢o := e*(= exp/(p —1)). We havee € M C Lg, f € M., C
Li_,, and if 7 € AutRy is a lift of n then (id; ® ) f € Mg, C Lkg,.
By [6], Proposition 4.3 ¢), we have

Proposition 4.1. Suppose (id;®n)e = emod t(p_l)COMRO_. Then there
is a unique lift n(p) of n to K(p) such that (idz @ n(p))f = f, where
f = fmodtP~DoMp .

Let € = ({, mod p),>0 € R, where (7 is our fixed p-th primitive root
of unity. If ¢; = 1+ 72/” > isolBilm where all [3;] are the Teichmuller
representatives of 8; € k and fy # 0 then (note ¢ ¢ K)

e=1+ Z BrtotPimod PO R

120

Let h € AutK be such that hl, = id;, and h(t) = te mod tP~ Dot R,
We can assume that h(t) = texp(w}), where w;, € t/Pk[[t]]*, i.e. h
satisfies the conditions from the beginning of Section 2.1.

For any 7 € T, there is h € (h) C AutK such that tx(7)|x (t) =
h(t) mod t®= D+ R and this & is unique modulo (h?). This means that
n:= g (7)] ch™! 1 K — Ry satisfies the assumption from Proposition
4.1 amd we obtain a unique lift n(p) € AutkC(p) of 7.
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Then h(p) = ﬁ(p):le(T)|]g(p) € Auth(Np) and h(p)|x = h. As a
result, h(p) € G,/C,(Gy) is a unique lift of h such that

(idz @ tx(1) f = (idz ® h(p))f -

In addition, the image x(7) of B(p) in G, is well-defined.
As a result, the map x : I' — Gy, is uniquely characterized by

(idz @ 1 (7)) f = (idg @ #(r) f
where &(7) € §h/0p(§h) C AutK(p) is any lift of k(7) € Gj,.
Proposition 4.2. x induces a group isomorphism k<p : I'c) — Gy,.
For the proof cf. [6], Proposition 4.4.

4.3. Ramification filtrations. Recall that I'., = G(L) has the in-
duced fitration by the images I‘(fz)), v = 0, of the ramification subgroups
I'®) with respect to the projection pr, : I' — T',. This gives the
appropriate filtration by the ideals L) of the Lie algebra L.

As earlier in Section 4.2, the elements of tx(I') C AutRy can be

considered as the elements of the ramification subsets I};g, v > 0. This
gives the induced filtration L% on L (the notation indicates to the
“upper numbering with respect to K”) such that G(L%) is the image
of 1M (1ie(T) N I;;’C)) under the projection pr_,. By property (4.2) we
have L% = [Wi/x),

The elements of G, = G(Ly) are related to the field automorphisms
Aut/C(p) via the natural projection of G,/C,(Gy) C AutK(p) to Gp.
Therefore, we can define for any v > 0, the ideal LELU) in Lj, as the image
of Gn/Cy(Gn) N (res;c(p)I/(;’C)) in Gj,. Here for any ¢ € Z, resi )t = t|i(p)-
Note that res;c(p)If;’c) = Tic(p)v, Where i) (V') = v.

Proposition 4.3. For any v > 0, /f<p(L%) = L;LU).
We will prove it in Subsection 4.5 below.

4.4. Ramification estimates in characteristic p. Set for s € N,
Kls] := IC%E,E(SH)) with respect to the identification 7y : G, >~ G(L).
Then Gal(K[s]/K) = G(L/L(s+ 1)) and K[p — 1] = K(p).
Let vi[s] be the maximal upper ramification number of K[s|/IC, i.e.
vk [s] = max{v | G*) acts non-trivially on K[s]}.
Proposition 4.4. For all s € N, vc[s] = ¢os — 1.

Proof. Recall that for any v > 0, 7;(e)(G™) = L® and for a suf-
ficiently large N, the ideal E,(f) is generated by all o"F) ., where
v > v, n € Z and the elements 77 _ are given in [6], Subsection 1.4.
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The ideal E,(Cv) is contained in the ideal generated by the monomi-

als 0"[... [Daynys Dagnsls - - - Dapn,] such that max{ny,...,n,} =0 and
ap™ + -+ a,.p" = wv. So,
v<ar+ -+ ar < W[ . [Dayngs Dasnsly - -+ s Dapny]) — 7

If v > ¢ps — 1 then Wt([. .. [Dayngs Dagna)s - - - Dayn,]) > s+ (r—1)/co
implies that all such monomials have weight > s + 1 and, therefore,
L0 C L(s+1).

If v =cos— 1 then wt([...[Daynys Dagnals - - - Dapn,]) < siff r =1 and
the only non-zero a; equals cos — 1. Therefore, /J,(:) mod Ly(s + 1) is
generated by the images of all D5 1, and L&) ¢ L(s+1). O

Remark. This implies v(X(K,K)/K) = v(K(p)/K) = co(p — 1) — 1.
In Subsection 4.5 we prove that v(K.,/K(m)) = co(p — 1) — 1. This
will give us the values v[s| from Theorem 0.3 from Introduction.

4.5. Proof of Proposition 4.3. We need the following lemma.

Lemma 4.5. Let n(p) € Ix be the morphism from Proposition 4.1.
Then n(p) is a unique arithmetical lift of 0.

This lemma will be proved in Section 4.7 below.
Continue with the proof of Proposition 4.3.

Suppose 7 € T'" and for some v > 0, tx(7) € I}fg (in particular, 7
belongs to the inertia subgroup of I'), i.e. pr_,(7) € L(q,’c).

Consider g = K(T) = kiep(pr,(7)) € Gp.

We can assume that § € G,/C,(Gy) C AutK(p) is a lift of g such
that for any v > 0, g € Lg’/) if and only if § € res;c(p)I/(;é). Note that
in the previous notation from the definition of x we have j|x = h € (h)
and § = h(p).

Let 0 := tx(7)|ch™" € T and n(p) := vk (T) |9~ " € Zi(y). Clearly,
n(p)lx = . ) i

By the definition of h, tx(7)(t) = h(t) modt®~V0+! R This implies
that for any a € Z°(p),

(4.3) Nt —t e tot-lop

and, therefore, (id; ® n)e = emod t®~Y% My . From the definition of
k it follows also that (idz ® n(p))f = f, and by Lemma 4.5, n(p) is
arithmetical lift of 7.

By (4.3), there is v° > (p — 1)¢p — 1 such that n € Zx ,o. Therefore,

n(p) € res;g(p)vaKo), or equivalently,
i (T)|k(p) = gmod res,qp)I}U,CO) )
So, forall 0 <v < (p—1)cg — 1 and 7 € T,

pr,(7) € L(;)C) & Rep(pre,T) € L,(lv).
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It remains to prove that if v° > (p — 1)c¢y — 1 then L%) = LS’D) =0.
Suppose 7 € I' is such that pr_,(7) € L%}C). We can assume that

Lg (1) € I/(;’CO). Let m € Z, be such that tx(7)(t) = te™. Then m =
0mod p because ¢k (7)|x € Zx v and v° > ¢.

Let 79 € I be such that 7y(7;) = m(; and for any p"-th root of unity
Cny T0(Cn) = Cn- Note that tx(70)|k € Zie, and tx(70)(t) = te. This
implies that 7,7 € I'z and 1k (75 "'7) € G = Gal(Ky, /K).

Using that x(7)? = e we obtain (id; ® tx(7}))f = f. By Lemma
4.5, 1 (7)) is arithmetical over K. But tx(70")|x € Zk,(p-1)eo and,
therefore, ¢ (73)|xc(p) € res,c(p)I/(fgfl)CO) and

L (7577 ) € resin Ziy N Gal(K(p)/K) = Gal(K(p)/K)™,

where v = min{(p — 1)cp,v°} > (p — 1)cp — 1. By the ramification
estimate from Proposition 4.4 this ramification subgroup is trivial and
ek (7o ") k) = €

It remains to note that k. (pr_,7) = k(1) = K(7; "'7) appears as
the image of vx (7, " 7)|k(p) under the natural projection of G,/C,(Gp)
to Gp,. Therefore, kp(pr_,7) = 0 and pr_,7 = 0.

For similar reasons, L;:’O) =0ifv°> (p—1)co — 1.

Proposition 4.3 is proved.

4.6. Main results. Theorems 0.1-0.4 are stated in the Introduction.

e Proof of Theorem 0.1.
By Proposition 4.3 a lift 7, is good if and only if the lift ko, (7<,)
is good. It remains to apply Theorem 2.4.

e Proof of Theorem 0.2.

Recall that Fg;), = G(L%)C)), where v = ¢ - (v) and " = ¢,

— If v > ¢q then L%}C) coincides with the image L&) of L&) in L.

Indeed, if v/ > (p—l)cojl then L%) = 0, cf. the proof of Proposition
4.3. By Proposition 4.4, £ is also zero.

Now suppose ¢g < v/ < (p—1)cg — 1 and 7 € L?y). Let 7 €
I'™ be such that pr_,(7) = 7. Then (in notation from Section 4.5)
there is m € pZ, such that 7,7 € I'z and ¢x (75 "7)|k(p) belongs to
res,g(p)(I/(vK,) NG) = resipG™). As a result, ke,(7) = k(7 ™7)) and,
therefore, 7 belong to £*). The opposite embedding £ C L%) is
obvious.

This proves the case a) of our theorem, because if ¢y < v < pcy then

v* = ', and if v > peg then v* = ¢y + p(v — o) > (p — 1)cp — 1 and
L") is also 0.

— If v < ¢q then L% is generated by L) and the image of 7.
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Clearly, £) and the image of 7, belong to L% With above nota-
tion, if 7 € L(/,]C) then for some m € Z,, 7, "1 € I', again vx (7, "'7) €
res,g(p)g(”) and 7 € L),

[t remains to note that 7p|x -, is a good lift of 7g.

e Proof of Theorem 0.5.
It follows directly from Proposition 4.4.

e Proof of Theorem 0.4
It follows from results of Section 3 together with Proposition 4.3.

4.7. Proof of Lemma 4.5. The proof is based on the same idea as
the proof of Theorem 2.4 but is considerably easier: we do not need
the difficult technical result from [3]. This happens because we are still
studying the lifts from IC to IC(p) but these lifts come from I,(CU ?) , where
v° > (p—1)cg—1, cf. below. (In Theorem 2.4 we worked with v° = ¢.)

First of all, the condition
(4.4) (id; ® n)e = emod tP~ Y0 M,

implies 1|, = id; and p(t~@P~Yeotl) = ¢=F-Dotlmodmy (just fol-
low the coefficient for D(,_1)c—1,0). As a result, we obtain n(t) =
tmod tP~Vmp ie. there is v° > (p — 1)co — 1 such that n € Ty 0.

Prove that £°) C L(p).

It will be sufficient to verify that all generators }"27_ N of ﬁ,(fo) (where
v = v°) belong to L(p)y. All such F? _ are linear combinations of the
commutators of the form [...[Dgyny,]s- -, Dapnn, where m < p, all
a; € Z°(p), all n; < 0 and a;p™ + -+ + app™ = v°. If wt(Dy,n;) = Sis
then (s; — 1)co < a; < s;¢0 and

p—Deg—1<v’<ar+-+a,<(s1+- -+ 5n)c.

This implies that s; + -+ + s, = p (use that a; + -+ + an, € Z). So,
all our commutators have weight > p and, therefore, belong to L(p)g.

Now Corollary 1.4 implies that there is only one arithmetical lift of
n to K(p). Therefore, it will be sufficient to prove that

o if n(p) is arithmetical lift of n then (idz @ n(p))f = f.
As earlier in Section 2.3, let e(, and ¢, be the ramification index

and, resp., the Herbrand function for IC(p)/K.
Suppose

(4.5) v° 2 (e (p —1)co) -

Then n(p) € I;C(p)m?p), where vf ) > e (p — 1)co and, therefore,

(idz @ n(p))f = f (use that for any a € K(p), n(p)a —a € at®P=DoR)).
This proves our lemma under assumption (4.5).

Otherwise, we can apply the trick from Section 2 as follows.

We use the notation from the beginning of Section 2.3.
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Take K' = K(r° N°), where the parameters r° € Q and N° =
0mod Ny satisfy the following requirements (this can be done by en-
larging (if necessary) N° with fixed r°, cf. Subsection 2.3):

*1) r°(¢° — 1) € Z*(p) where ¢° = p™" and (p — L)cg — 1 < 1% < 0%
) r°(1—1/¢°) > (p— 1)co — 1;
®3) 7%+ q°(v° —1°) = ) (eq)(p — 1)co).

Use the uniformiser ¢’ to define an analoge’ = > o ®) 72Dy € Ly
of e for K" and set €'4") = gV’ 0: Zaezo(p) 799" Doy € Lycr.
Verify that e5) implies e = €/(9”) mod tP~1% Mp, . Indeed:

1) Suppose a > (p — 1)cg. Then t=2Dyg, t'79" Doy € L(p) g, -

2) Suppose 1 < s < p—land (s—1)cy < a < scp—1,1.e. Dy € L(5).
From the definition of K’ we have t — t/¢° € ¢/°+7°(@°=D R This implies
(use 3) that ¢ = ¢/ mod t?""Y0mp and, therefore,

(t70—t'"%" YDy € t=oH P V0"l oDy € P19 L(s)  C tPTVONM B

Now we can proceed similarly to the proof of Proposition 4.3 a) from
[6] to obtain the existence of m € t®~Y My, such that

e = (om) o e o (—m)mod L(p)g, ,
and the existence of f’ € L, such that of’ = ¢’ o f’ and
(4.6) f=mod™ (f)modL(p)g, -

Consider the fields tower K C K’ C K'K(p) C K'(p) C K., where
K'(p) and K, are analogs of K(p) and, resp, K, for K'. Let 7’ be an
arithmetical lift of n to K. Then n(p) := 7'|x(), 7'(p) = 7'|x(p) and
n' = 1’| are arithmetical over K.

So, ' € s e, where v = 1° + ¢°(v° = 1°) = (e (P — 1)co).
Therefore, we can apply assumption (4.5) and (use that n/(p) is arith-
metical over ') deduce the following congruence

(idz @ 7'(p)) f = f modt'®= Do M,
(here M’ is an analogue of Mg, for K'). This implies that
(idz ® 1 (p)o™" (') = o™ () modt®= D Mp,

(use that o™ M’ C Mpg,). It remains to note that (4.6) implies now
that (idz ® 7(p))f = f. The lemma is proved.
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