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In this paper, two high-order finite element models are investigated for the solution of two-dimensional
wave problems governed by the Helmholtz equation. Plane wave enriched finite elements, developed in
the Partition of Unity Finite Element Method (PUFEM), and high-order Lagrangian-polynomial based
finite elements are considered. In the latter model, the Chebyshev-Gauss-Lobatto nodal distribution is
adopted and the approach is often referred to as the Spectral Element Method (SEM). The two strategies,
PUFEM and SEM, were developed separately and the current study provides data on how they compare
for solving short wave problems, in which the characteristic dimension is a multiple of the wavelength.
The considered test examples include wave scattering by a rigid circular cylinder, evanescent wave cases
and propagation of waves in a duct with rigid walls. The two approaches are assessed in terms of accu-
racy for increasing SEM order and PUFEM enrichment. The conditioning, discretization level, total num-
ber of storage locations and total number of non-zero entries are also compared.

� 2017 Published by Elsevier Ltd.
1. Introduction

The finite element method has been used for decades as a
numerical tool for solving various engineering wave problems
thanks to its ability to deal with complexities related to geometry
and material properties. For practical ease, low order polynomial
based elements have been employed and these require the use of
many nodal points per wavelength to achieve acceptable accuracy.
Usually, at low frequency, the known rule of thumb leads to use
about ten nodal points per wavelength in linear elements to obtain
engineering accuracy results. However, for short wave problems, as
well as the discretization error the pollution error [1,11] was found
to affect the solution and hence the number of nodal points per
wavelength has to be further increased.

With the aim to reduce the computational cost and improve the
solution accuracy, various methods based on field enrichment have
been proposed. For Helmholtz wave problems, the field enrich-
ment was carried out by incorporating plane waves or Bessel func-
tions in the approximated wave field. Proposed methods include
the least-squares method [33], the partition of unity method
[18,31,30,28,20], the ultra weak variational formulation [26,27],
the generalised finite element method [44–46], the discontinuous
enrichment method [6,36], the oscillated finite element polynomi-
als [3], the stable discontinuous Galerkin method [24] and the
phase reduction finite element method [7]. Enriched elements
were also developed within the framework of the boundary ele-
ment method such as the partition of unity boundary element
method [9] or the isogeometric wave-enriched boundary element
method [25]. Some of the above techniques have been extended
to elastic wave problems [2,42,22], fluid–structure interaction
[40], flow acoustics [37] and wave propagation in poro-elastic
media [19]. For more information, the reader is directed to the
reviews presented in [4] and more recently in [17].

High order polynomial based finite elements were also devel-
oped and their performance assessed for the solution of wave
problems governed by the Helmholtz equation. Within the frame-
work of the discontinuous enrichment method, two quadrilateral
elements employing 16 and 32 plane waves, respectively, and fea-
turing four and eight Lagrange multiplier degrees of freedom per
edge were presented and their performance compared to that of
Q4 for the solution of two-dimensional waveguide and acoustic
scattering problems [12]. The construction of high order finite ele-
ments may use integrated Legendre polynomials resulting in the
hierarchical p-FEM. Such elements were developed for the solution
of three-dimensional Helmholtz problems [15] and for the case of
convected wave propagation [16]. Recently, a high-order polyno-
mial method, based on Lobatto polynomials, and the wave-based
discontinuous Galerkin method are compared for the solution of
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two-dimensional Helmholtz problems [23]. The use of conven-
tional Lagrange polynomials were also considered to construct
high order elements. These were used to solve, for example, inte-
rior acoustic problems and their performance has been assessed
against high order elements with shape functions based on Bern-
stein polynomials [38]. Iso-geometric elements with non-uniform
rational B-splines (NURBS) shape functions were also developed
resulting in N-FEM. They were compared to SEM and p-FEM high
order approaches for the solution of Lamb wave propagation prob-
lems [8]. High order continuous and discontinuous Galerkin meth-
ods were compared for the solution of smooth and non-smooth
two dimensional scattering problems in terms of the computa-
tional cost and concluded that high order methods were more effi-
cient [13]. In the above indicated polynomial based approaches,
the order of the element shape functions is moderately high as it
is considered up to the twelfth order, such as in Ref. [23].

PUFEM has been thoroughly investigated for acoustic and elas-
tic wave problems and attempts have been made to compare its
performance to that of the standard FEM [2,29]. However, in the
latter references, low order elements have been considered for
FEM and hence it is intended here to increase the order p to hope-
fully claim a fair comparison. Various families of polynomials could
be considered for high order elements such as Bernstein or Lobatto
polynomials [38]. These were shown to have advantages over the
usual Lagrange polynomials. Indeed, elements based on high order
Lagrange polynomials cannot benefit from the use of static conden-
sation for eliminating the bubble functions to reduce the memory
requirement and improve the conditioning, which is the case of the
other families of high order elements mentioned above [21,39].
Despite this and for practical reasons, the considered high order
elements in this paper are based on conventional Lagrange polyno-
mials. However, they are defined on a specific nodal distribution,
the Chebyshev-Gauss-Lobatto. These elements belong to the SEM
family [34,35], which is a particular high order method but must
not be confused with the Spectral Finite Element Method [14].
The current work assesses both PUFEM and SEM for the solution
of Helmholtz problems with increasing wave numbers.

The paper is organised as follows. The next section presents the
formulation of the considered Helmholtz problem. It recalls the
weak form of the problem and its numerical approximation by
either SEM or PUFEM. Section 3 presents numerical results for var-
ious selected problems and last, in Section 4, some concluding
remarks are drawn.

2. Problem formulation and finite element models

In this section, the Helmholtz problem with Robin boundary
condition is formulated and the finite element models, namely
SEM and PUFEM, are presented. Let X � R2 be a bounded domain
with a smooth boundary C. For the wave field U, we assume that
the time variation is such that Uðx; y; tÞ ¼ uðx; yÞeixt where
u ¼ uðx; yÞ is the unknown time independent wave field, xis the
circular frequency and i stands for the complex imaginary number

such that i2 ¼ �1. The Helmholtz problem for u is then defined by

�Du� k2u ¼ 0 in X; ð1Þ

ru:nþ iku ¼ g on C: ð2Þ
In expressions (1) and (2), D is the Laplace operator, r is the gradi-
ent vector and k is the wavenumber such that k ¼ 2p=k is the wave-
length. The term g represents a boundary source on C and n denotes
the outward normal unit vector defined everywhere on C.

The weak formulation of the presented problem is obtained by
multiplying the Helmholtz Eq. (1) by a smooth test function
v ¼ vðx; yÞ and integrating over the domain X such that
�
Z
X
ðDuþ k2uÞvdX ¼ 0: ð3Þ

Eq. (3) involves second derivatives of u. Using the integration by
parts to the integrand with second order derivatives, the following
equation is obtained.Z
X
ðru:rv � k2uvÞdX�

I
C
ðru:nÞv dC ¼ 0: ð4Þ

Introducing the Robin boundary condition (2), the previous expres-
sion becomesZ
X
ðru:rv � k2uvÞdXþ ik

I
C
uv dC ¼

I
C
gv dC: ð5Þ

The aim now is to find an approximate solution uh of the weak form
(5) using either high-order Lagrange polynomial based finite ele-
ments (SEM) or elements with plane wave enrichment (PUFEM).

2.1. SEM model

Let M ¼ fX1; . . . ;XNg be a partition of X into N uniform non-
overlapping elements Xe; e ¼ 1; . . . ;N. Each sub-domain Xe is
given through a coordinate transformation r ¼ LeðnÞ between the
real space r ¼ ðx; yÞT 2 X and the local system n ¼ ðn;gÞT 2 L.
The sub-domains are chosen to be quadrilaterals with the geome-
try described by the classical 4-node interpolation functions and

hence L ¼ ½�1;1�2. The field unknown variable over each n-node
element Xe is approximated by

uh ¼
Xn

j¼1

Njuj; ð6Þ

where Nj stands for the Lagrangian polynomial interpolation func-
tions on L and uj represents the nodal values corresponding to
the vertices of Xe. The degree p of the polynomial interpolation
functions Nj depends on the number of nodes assigned to the
sub-domain. For example, if the approximation (6) is linear then
p ¼ 1 and n ¼ 4. For a quadratic approximation, p ¼ 2 and n ¼ 9.
In general, for an approximation of degree p the number of vertices

per sub-domain would be ðpþ 1Þ2.
For a degree p, the set pþ 1 of Lagrange interpolation functions

in one dimension are defined by

NjðnÞ ¼
Ypþ1

i¼1
i–j

ðn� niÞ
ðnj � niÞ

; j ¼ 1;2; . . . ;pþ 1; ð7Þ

with the property

NjðniÞ ¼
1; i ¼ j

0; i– j

�
for 1 6 i; j 6 pþ 1: ð8Þ

For low order finite elements, it is usual and practical to use equi-
spaced nodal distribution. However, it is well known that for
high-order elements this distribution does not lead to good perfor-
mance due to the Runge’s phenomenon and hence a particular
nodal distribution is adopted. As mentioned previously, high order
approaches prefer other families of functions such as Bernstein or
Lobatto but in this work Lagrange based high-order finite elements
with the Chebyshev-Gauss-Lobatto nodal distribution are used. In
one dimension and for n 2 ½�1;1�, the nodal points are located at
the points with

ni ¼ � cos
ði� 1Þp

p

� �
; i ¼ 1;2; . . . ;pþ 1: ð9Þ

Lagrange interpolation functions Njðn;gÞ for the two dimensional
elements used in this work are easily defined by following expres-
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sion (7) and in the same way the vertices locations with respect to
the g coordinate can be obtained by following (9).

A Galerkin approach is used, for which the test functions are
chosen such that v ¼ Nj, and the resulting finite element approxi-
mation of the weak formulation (5) then reads: Find uh of the form
(6) and for all j ¼ 1; . . . ; ðpþ 1Þ � ðpþ 1Þ such thatZ
X
ðruh � rNj � k2uhNjÞdXþ ik

I
C
uhNjdC ¼

I
C
gNjdC: ð10Þ

For the evaluation of the integrals involved in the weak form (10), a
Gauss-Legendre scheme is adopted for which a number
nint ¼ 2p� 1 of integration points would integrate exactly polyno-
mials of order p or less.

2.2. PUFEM model

In the PUFEMmodel, the sub-domains are chosen to be bi-linear
quadrilaterals with the geometry described by the classical 4-node
interpolation functions. At each vertex, the unknown variable uj of
expression (6) is expanded into a linear combination of q plane
waves wl with directions encompassing the two dimensional space.
These are given by

wl ¼ eikdl �r ; ð11Þ

with dl ¼ cos hl; sin hlð ÞT and hl ¼ 2pl=q for l ¼ 1;2; . . . ; q. The PUFEM
approximation of the unknown field variable within a sub-domain
Xe is then given by

uh ¼
X4
j¼1

Xq

l¼1

NjwlA
l
j: ð12Þ

The unknowns of the problem are no more the coefficients uj but

the amplitude factors Al
j of the plane waves. For notation conve-

nience, the product of the linear shape function Nj and the plane
wave wl is written as Pr ¼ Njwl, with r ¼ ðj� 1Þqþ l. A Galerkin
approach is also adopted here and hence taking the test function
v ¼ Pr . The resulting PUFEM approximation of the weak form (5)
then reads: Find uh of the form (12) and for all r ¼ 1; . . . ;4q such
thatZ
X
ðruh � rPr � k2uhPrÞdXþ ik

I
C
uhPrdC ¼

I
C
gPrdC: ð13Þ

The integrals of expression (13) involve highly oscillatory functions
and hence a high order Gauss-Legendre quadrature scheme is used
for which the number of integration points is chosen to accommo-
date the multi-wavelength size of the elements. The effect of the
numerical integration on the PUFEM has been investigated in past
work [29,10]. As a result, the empirical expression giving the num-
ber nint ¼ 10� h=k½ � þ 2 to ensure enough integration points are
used with respect to each spacial direction is adopted. It is worth
noting that semi-analytical integration procedures were also devel-
oped, such as in [5,10], to reduce the computational cost but they
were not used in this study.

Since Galerkin weighting is used in both weak forms (10) and
(13) the global matrix of the resulting system is symmetric and
block banded. A skyline storage is used with a steering vector to
locate the elements and the solution is computed using a direct
solver based on LDLT decomposition where LT is the transpose of
the lower triangular matrix L and D is a diagonal matrix [32].

3. Numerical results analysis

In this section, the performance of PUFEM and SEM is first
assessed for the solution of a wave scattering problemmodel. Then
they are assessed for the solution of test problems considering
evanescent waves and wave propagation in a duct with rigid walls.
The assessment of both approaches is carried out for different
orders p of the Lagrangian interpolation functions for SEM and dif-
ferent numbers q of enrichment functions for PUFEM, while the
mesh is refined at high frequencies; i.e. the corresponding wave-
length is a small fraction of a characteristic problem dimension,
for example the element size h.

The performance is measured through the relative error using
the L2-norm. It is given by

�2 ¼ ku� uhkL2ðXÞ
kukL2ðXÞ

; ð14Þ

with u being the exact solution of the considered problem and uh

the approximate solution obtained by either SEM or PUFEM. The
discretization level in terms of degrees of freedom per wavelength
is indicated by the parameter s given by

s ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
totdo f
Xarea

s
; ð15Þ

where totdof stands for the total number of degrees of freedom
required for the solution and Xarea is the area of the computational
domain. Other parameters of interest, totsys and totnze, are consid-
ered which represent the total number of storage locations of the
system matrix to solve and the total number of non-zero entries,
respectively. Finally, the conditioning of the systemmatrix, denoted
by j, is also considered and is computed using the 1-norm. All com-
putations are carried out in Fortran with double-precision complex
numbers.

3.1. Wave scattering by a rigid circular cylinder

Both PUFEM and SEM models are assessed for a wave scattering
problem. The computational domain is chosen to be a square of
unit size defined by X ¼ ½1;2� � ½1;2�. The following analytical
model

u ¼ �
X1
m¼0

imem
J0mðkaÞ
H0

mðkaÞ
HmðkrÞ cosmh ð16Þ

is imposed on the boundary C of the computational domain X
through the source term g of expression (2). The above model
(16) represents the solution of the scattering of a horizontal plane
wave by a rigid circular cylinder of unit radius a centred at the ori-
gin of the Cartesian system axes. In expression (16), r and h are the
polar coordinates of a considered point, Hm and Jm are respectively
the Hankel and Bessel functions of the first kind and orderm, and em
is defined by e0 ¼ 1, em ¼ 2 for all m P 1.

The performance of each model is measured in terms of the L2-
error �2 and by considering the discretization level s, condition
number j, total number of storage locations totsys and the total
number of non-zero entries totnze.

The wave scattering problem is solved by both approaches for
the wave numbers ka ¼ 16p;40p and 100p. For a given order p
for SEM or enrichment number q for PUFEM the mesh grid is
refined to carry out an h-convergence study, for each wave number
case, which leads to an increase in the total number of degrees of
freedom for the problem solution. For SEM, it is obvious that for
low values of p we can consider many mesh refinements as low
numbers of nodes are involved per element in the mesh grid, such
as for p ¼ 10 where many refinements are carried out, while for
higher values of p less cases of mesh refinement are possible to
consider similar numbers totdof as high numbers of nodes per ele-
ment are used. This is clearly seen for p ¼ 50p where only two
mesh grids are considered at ka ¼ 100p.
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Fig. 1. Relative L2-error for PUFEM and SEM for different values of the wave number.
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The results of Fig. 1 show the values of the L2-error for all cases
of wave numbers when increasing the total number of degrees of
freedom totdof through mesh refinements, for both approaches.
For SEM, the L2-error decreases with the increase of totdof at a rate
which increases with the order p. This is also true for PUFEM for
which the L2-error decreases with the increase of totdof at a rate
which increases with the number q of approximating plane waves.

For the case of ka ¼ 16p, for example, the rate of convergence of
SEM with p ¼ 10 is pretty similar to the rate of convergence of
PUFEM with q ¼ 20. In the same way, the SEM results for p ¼ 20
and 30 exhibit a similar rate shown by the results of PUFEM with
q ¼ 40. Looking at PUFEM with q ¼ 10 and SEM with p ¼ 10, we
can see that PUFEM requires less degrees of freedom than SEM to
achieve the same level of accuracy up to totdof ¼ 2� 103, where
the two lines cross each other and provide an accuracy level of
�2 ¼ 10�3, after which SEM requires less degrees of freedom than
PUFEM to achieve the same accuracy. The same observation is
made on PUFEM with q ¼ 20 and SEM with p ¼ 30 for which the
results show a similar accuracy of, �2 ¼ 10�5, around
totdof ¼ 2� 103. Before this crossing, PUFEM uses less degrees of
freedom than SEM to provide the same level of accuracy but after
the crossing SEM uses less degrees of freedom than PUFEM for the
same accuracy.

The above observations also apply to the other cases of wave
numbers, ka ¼ 40p and 100p, in the sense that increasing the order
p for SEM and the number q for PUFEM leads to higher rates of con-
vergence though for PUFEM some of the results do not show
straight lines. For ka ¼ 40p, PUFEM with q ¼ 20 is shown to
require less degrees of freedom than SEM with p ¼ 20 to provide
same quality results up to about totdof ¼ 7� 103. If we increase
p to 30 while keeping q ¼ 20, the crossing occurs at about
totdof ¼ 3� 103. For higher orders of p and higher numbers of q
similar crossings may occur at very high values of totdof but such
values are not presented in the results, especially at ka ¼ 100p
where none of the crossings occurred.

Overall, to achieve a prescribed accuracy, it is clear that as the
order p increases the total number of degrees of freedom required
in the problem solution decreases. This also applies to PUFEM for
which the results show that increasing the number q of enriching
plane waves leads to a reduction of the required totdof to achieve
the same accuracy. For ka ¼ 100p, in the case of SEM, to achieve
a level of accuracy of 10�3 about 7� 104 degrees of freedom are
required for p ¼ 10. This number decreases to about 3� 104 for
p ¼ 50. For PUFEM, to achieve a similar accuracy the total number
of degrees of freedom is just under 2� 104 for q ¼ 40. It decreases
to about 7� 103 for q ¼ 80 and to about 4� 103 for q ¼ 160. How-
ever, it is worth mentioning that while mesh refinement is practi-
cal and usual in SEM approach, for PUFEM it is preferred to keep
the mesh grid unchanged and adopt further enrichment. Indeed,
PUFEM and other wave-based approaches usually rely on a coarse
mesh grid incorporating multi-wavelengths per nodal spacing and
use increasing numbers q of enrichment functions to accommodate
the highly oscillatory solutions.

The behaviour of the condition number for both SEM and
PUFEM is presented in Fig. 2 for the same parameters considered
in Fig. 1. For the case of SEM, the increase of j with p or totdof is
overall small. For PUFEM, however, j increases sharply with totdof.
For instance, SEM provides condition numbers in the order of 105

whereas PUFEM provides condition numbers which increase sig-
nificantly as totdof increases or the number q of approximating
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Fig. 2. Condition number for PUFEM and SEM for different values of the wave number.
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plane waves is increased. In fact, ill-conditioning is an inherent fea-
ture of PUFEM but despite the high values of j, PUFEM continues
to provide good quality results with decreasing L2-error as totdof
increases through mesh refinement or by increasing the number
q of approximating plane waves.

In Fig. 3, the total number of non-zero entries, totnze, indicating
the storage requirements for the final system to solve is presented
with respect to the total number of degrees of freedom, totdof, for
the same parameters considered above. As expected, for both SEM
and PUFEM, the total number of non-zero entries increases expo-
nentially as h-refinement is carried out, for a given p or given q.
Moreover, as p and q increase, totnze also increases due to the ele-
mentary matrices becoming larger, ðpþ 1Þ � ðpþ 1Þ for SEM and
4q� 4q in PUFEM, with p and q. Nevertheless, as already noticed,
while there are some comparable numbers between SEM and
PUFEM for the wave number cases ka ¼ 16p and 40p, it is clear
at the higher wave number ka ¼ 100p SEM requires more degrees
of freedom and hence exhibits large numbers of non-zero entries to
achieve similar quality of results as PUFEM.

In all numerical tests carried out above, the computational
domain was meshed into uniform mesh grids with square ele-
ments of the same size. In the next numerical tests, the mesh grid
is distorted such as shown in Fig. 4. A distortion ratio is defined by
dividing the largest element edge by the smallest one in the same
mesh grid. Therefore, Fig. 4(a) shows an undistorted mesh grid
with the defined ratio equal to one, Fig. 4(b) represents an interme-
diate distortion case and Fig. 4(c) shows the extreme distortion for
which the ratio is equal to 10. The mesh grids contain 25 elements.
In the case of PUFEM, 4-node elements are used with q plane wave

enrichment at each node. For SEM, each element contains ðpþ 1Þ2
nodes so that the interpolation functions are of degree p. The plane
wave scattering problem dealt with above is considered again here,
for ka ¼ 8p and 16p, with SEM and PUFEM for different orders p of
the interpolation polynomials and numbers q of approximating
plane waves, respectively. The L2-error is shown in Fig. 5 as a func-
tion of the distortion ratio.

Overall, Fig. 5 shows that some of the results are affected by the
increase of the distortion ratio and hence the L2-error has
increased, such as for SEM with p ¼ 10 and PUFEM with q ¼ 20,
while others show a practically flat L2-error, such as for SEM with
p ¼ 20 and PUFEMwith q ¼ 40. This is due to the change in the dis-
cretization level s which varies with the distortion ratio. Indeed,
for the undistorted mesh grid, the average number of degrees of
freedom per wavelength is the same at all elements. It is about
6.7 for PUFEM with q ¼ 20 and 12.7 for SEM with p ¼ 10, for the
case of ka ¼ 8p. For this wave number, these levels are about 9.5
for PUFEM with q ¼ 40 and 25.2 for SEM with p ¼ 20. As the mesh
is distorted, the average number of degrees of freedom per wave-
length at element level will vary such that it is high in the small
elements and low at the large ones. Therefore the L2-error would
be affected by the large elements incorporating less degrees of
freedom per wavelength. As the wave number increased from 8p
to 16p, leading to half of the above mentioned discretization levels,
the L2-error seems to be affected for SEM with p ¼ 10 and PUFEM
with q ¼ 20, due to the lower number of degrees of freedom per
wavelength within the large elements. However, for SEM with
p ¼ 20 and PUFEM with q ¼ 40 the results remain practically
unchanged thanks to the discretization levels which remained rel-
atively high even for the large distorted elements.
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Fig. 4. (a) Undistorted mesh grid, (b) intermediate distortion and (c) extreme distortion.
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3.2. Exponentially decaying wave problems

It is well known that the performance of wave-based methods
tends to be reduced when dealing with problems involving evanes-
cent waves. In this section, two further test cases of practical inter-
est are considered. The first case deals with the propagation of
waves in a duct with rigid walls, which involves propagating and
decaying modes, and the second one involves evanescent waves.

3.2.1. Wave propagation in a duct
The first test example deals with the propagation of a wave in a

duct with rigid walls. It is taken from Ref. [41]. The computational
domainX ¼ ½0;2� � ½0;1� is considered with the Robin condition (2)
on its boundary C through the source term g. The solution of the
problem is given by
uðx; yÞ ¼ cosðapyÞðB1e�ikxx þ B2eikxxÞ; ð17Þ

where kx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � ðapÞ2

q
. For k > ap, the solution exhibits propagat-

ing modes, otherwise, we are dealing with an evanescent wave
problem. The coefficients B1 and B2 can be found by solving the
equation

i
kx �kx

ðk� kxÞe�2ikx ðkþ kxÞe2ikx
� �

B1

B2

� �
¼ 1

0

� �
: ð18Þ

In Ref. [41], the ultra weak variational formulation and PUFEMwere
assessed in solving the problem stated above for the wave numbers
20, 40 and 80 using mesh grids based on triangular elements. In this
work, PUFEM and SEM are used on uniform mesh grids with square
elements to solve the above problem for the wave numbers ka ¼ 40,
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Fig. 5. Relative L2-error for PUFEM and SEM for different values of the wave number on distorted mesh grids.
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80 and 160. Here, the parameter a represents a unit of length such
that ka is dimensionless. For each case of wave number, two differ-
ent values of a, which give the highest-propagating mode and the
lowest-evanescent mode, are considered. For illustration purpose,
Fig. 6 shows the analytical solution (17) for ka ¼ 40 with a ¼ 12
corresponding to a propagating wave and a ¼ 13 corresponding to
an evanescent wave. Obviously, as k increases the values of a lead-
ing to propagating or evanescent modes increase as well.

To increase the discretization level s, the mesh size is refined for
the SEM approach while for PUFEM the number q of enriching
plane waves is increased. This is an h-approach for SEM while for
PUFEM it is a q-approach, equivalent to the p-approach. This is
deliberately adopted because it is usual to adopt h-refinements
in the case of SEM but for PUFEM it is more practical to keep the
mesh grid of the computational domain unchanged and increase
the number q of field enrichment functions.

For PUFEM, a mesh grid of 2 by 4 square elements is used for the
wave numbers ka ¼ 40 and 80, and a mesh grid with 4 by 8 square
elements is used for ka ¼ 160. Tables 1–3 display the computed L2-
error and the discretization level, presented between brackets, for
the considered cases.

As expected, the error decreases as the mesh grid is refined for
SEMwith a given order p and by increasing the number q of enrich-
ing plane waves for PUFEM. This is valid for both values of a repre-
senting propagating and evanescent modes. For all cases, PUFEM
requires less degrees of freedom per wavelength in comparison
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Fig. 6. Waves in a duct for ka ¼ 40, (a) propagating mo
to SEM in order to reach a prescribed accuracy. While SEM requires
more degrees of freedom per wavelength, this number decreases as
p increases. For example, in the case of ka ¼ 40, the lowest PUFEM
L2-errors are 1:9� 10�6 and 1:2� 10�5, for propagating and
evanescent modes respectively, and are both obtained with
s ¼ 3:0. The nearest SEM discretization level is 3.4 with p ¼ 30
and the L2-errors are 3:8� 10�5 and 2:0� 10�4 , for propagating
and evanescent modes respectively. At the higher frequency
ka ¼ 80, the lowest PUFEM L2-errors are obtained with s ¼ 1:9.
Such errors may be obtained with SEM with s greater than 3 even
with p ¼ 30, for both propagating and evanescent waves. This also
applies to the highest frequency case ka ¼ 160 where the L2-error
of 3:0� 10�5 for the propagating mode is obtained with s ¼ 1:9
using PUFEM. An equivalent L2-error requires more than 3 degrees
of freedom per wavelength using SEM. A similar remark is drawn
for the evanescent mode too.

For all considered wave numbers, the results also show that the
solution requires more degrees of freedom per wavelength to reach
a certain accuracy for the evanescent wave problem in comparison
to the propagating mode problem. For example, in the case of
ka ¼ 40, PUFEM leads to results with �2 ¼ 1:2� 10�2 and
8:8� 10�4 with s ¼ 1:9 and 2.4, respectively, in the case of the
propagating mode. These errors increased to about 3:9� 10�1

and 4:1� 10�2, respectively, in the case of the evanescent mode.
This observation is also valid for the SEM approach.
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Table 1
Wave propagation in a duct. Relative L2-error and discretization level for SEM and PUFEM for ka ¼ 40.

SEM PUFEM

p = 10 p = 20 p = 30

3.8 � 10�5 (5.7) 2.0 � 10�6 (4.6) 3.8 � 10�5 (3.4) 1.2 � 10�2 (1.9)
5.0 � 10�7 (9.0) 6.0 � 10�7 (6.8) 9.0 � 10�7 (6.8) 8.8 � 10�4 (2.4)

a ¼ 12 5.0 � 10�7 (11.2) 5.0 � 10�7 (11.2) 7.0 � 10�7 (10.1) 5.6 � 10�5 (2.7)
5.0 � 10�7 (13.4) 6.0 � 10�7 (13.4) 5.0 � 10�7 (13.4) 1.9 � 10�6 (3.0)

8.7 � 10�5 (5.7) 8.5 � 10�6 (4.6) 2.0 � 10�4 (3.4) 3.9 � 10�1 (1.9)
1.1 � 10�6 (9.0) 1.0 � 10�6 (6.8) 1.2 � 10�6 (6.8) 4.1 � 10�2 (2.4)

a ¼ 13 1.0 � 10�6 (11.2) 1.0 � 10�6 (11.2) 1.0 � 10�6 (10.1) 4.1 � 10�3 (2.7)
9.0 � 10�7 (13.4) 1.0 � 10�6 (13.4) 1.0 � 10�6 (13.4) 1.2 � 10�5 (3.0)

Table 2
Wave propagation in a duct. Relative L2-error and discretization level for SEM and PUFEM for ka ¼ 80.

SEM PUFEM

p = 10 p = 20 p = 30

5.8 � 10�4 (4.5) 7.2 � 10�4 (3.4) 6.0 � 10�5 (3.4) 1.0 � 10�2 (1.5)
2.0 � 10�6 (7.3) 3.0 � 10�5 (5.6) 1.2 � 10�6 (5.1) 7.6 � 10�3 (1.7)

a ¼ 25 1.0 � 10�6 (8.4) 1.0 � 10�6 (7.8) 1.0 � 10�6 (6.7) 2.8 � 10�4 (1.8)
9.0 � 10�7 (9.5) 1.0 � 10�6 (8.9) 1.0 � 10�6 (8.4) 2.5 � 10�5 (1.9)

8.5 � 10�4 (4.5) 1.4 � 10�4 (3.4) 2.1 � 10�4 (3.4) 1.9 � 10�1 (1.5)
7.8 � 10�6 (7.3) 7.1 � 10�6 (5.6) 2.1 � 10�6 (5.1) 4.9 � 10�2 (1.7)

a ¼ 26 1.7 � 10�6 (8.4) 1.7 � 10�6 (7.8) 1.9 � 10�6 (6.7) 8.5 � 10�3 (1.8)
1.7 � 10�6 (9.5) 1.7 � 10�6 (8.9) 1.7 � 10�6 (8.4) 2.8 � 10�4 (1.9)

Table 3
Wave propagation in a duct. Relative L2-error and discretization level for SEM and PUFEM for ka ¼ 160.

SEM PUFEM

p = 10 p = 20 p = 30

5.9 � 10�3 (3.6) 8.4 � 10�3 (2.8) 5.1 � 10�2 (2.5) 1.7 � 10�2 (1.6)
5.9 � 10�5 (5.6) 4.9 � 10�5 (3.9) 6.1 � 10�5 (3.4) 2.5 � 10�3 (1.7)

a ¼ 50 1.9 � 10�5 (6.4) 1.5 � 10�5 (4.5) 1.3 � 10�5 (4.2) 1.2 � 10�4 (1.8)
1.4 � 10�5 (8.4) 1.4 � 10�5 (5.0) 1.4 � 10�5 (5.0) 3.0 � 10�5 (1.9)

6.9 � 10�3 (3.6) 2.5 � 10�2 (2.8) 1.0 � 10�1 (2.5) 2.3 � 10�3 (1.6)
7.5 � 10�5 (5.6) 7.2 � 10�5 (3.9) 9.9 � 10�5 (3.4) 9.6 � 10�4 (1.7)

a ¼ 51 2.9 � 10�5 (6.4) 2.4 � 10�5 (4.5) 2.3 � 10�5 (4.2) 4.5 � 10�5 (1.8)
2.4 � 10�5 (8.4) 2.4 � 10�5 (5.0) 2.4 � 10�5 (5.0) 1.4 � 10�4 (1.9)
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3.2.2. Evanescent wave case
The second test case is taken form reference [43]. It deals with

the numerical solution of an evanescent wave problem in a square
domain X ¼ ½�1;1� � ½�1;1�, on the boundary of which the Robin
condition (2) is applied with the solution of the problem being

u ¼ eibkye�k
ffiffiffiffiffiffiffiffi
b2�1

p
ðxþ1Þ: ð19Þ

The evanescent wave (19) propagates in the y-direction and decays
in the x-direction depending on the values of b > 1 and k. In [43],
the solution was obtained using the Ultra Weak Variational Formu-
lation with either plane waves or Bessel basis functions over a uni-
form triangular mesh grid.

In this work, the same problem is revisited and solved at rela-
tively high frequencies ka ¼ 25, 50 and 100. For such values of
ka, the parameter b is chosen to be equal to 1.001 and 1.5 to con-
sider different rates of decay in the x-direction. This is depicted in
Fig. 7, which shows the behaviour of the model solution given in
expression (19) for ka ¼ 25 and 100. It is obvious that for the
higher wave number ka more wavelengths are displayed in the
y-direction and that for the higher coefficient b a shaper decay
occur in the x-direction, which represent challenging test cases.

Table 4 summarises the results in terms of the L2-error and the
discretization level, presented between brackets, for the three
cases of the wave number. For SEM, uniform mesh grids are con-
sidered and for PUFEM, a mesh grid of 2 by 2 square elements is
used for the wave numbers ka ¼ 25 and 50, and a mesh grid with
4 by 4 square elements is used for ka ¼ 100. The same approach
used for the case of wave propagation in a duct is also followed
here i.e. to increase the discretization level, mesh refinements are
carried out for SEM while for PUFEM the mesh grid is kept
unchanged and the number of approximating plane waves is
increased. Again, this is deliberately adopted for the reason stated
earlier. Moreover, for PUFEM, on top of the plane wave enrichment
results, mentioned by PW, plane waves and evanescent waves
enrichments, noted by PW + EW are also considered, for which
two exponentially decaying waves are added to the plane waves.

These are chosen to be eibkye�k
ffiffiffiffiffiffiffiffi
b2�1

p
ðxþ1Þ and e�ibkye�k

ffiffiffiffiffiffiffiffi
b2�1

p
ðxþ1Þ. Note

that the discretization level s remains practically unchanged as it is
the second digit of s which is affected.

In general, the results show that increasing the discretization
level s improves the L2-error for both approaches, SEM and PUFEM
with PW. For SEM, as the order p increases, the discretization level
s required to achieve a prescribed accuracy decreases but PUFEM
with PW seems to provide similar quality results for significantly
lower values of the discretization level s. For example, for
ka ¼ 25, PUFEM with PW provides an error of order 10�6 with
s ¼ 2:7 whereas an error of the same order is achieved with
s ¼ 10:2 for p ¼ 10 and with s ¼ 7:7 for p ¼ 20 and 30. For
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Fig. 7. Evanescent wave variations in the computational domain for different values of ka and b.

Table 4
Evanescent wave test case. Relative L2-error and discretization level for SEM and PUFEM for ka ¼ 25;50;100 and b ¼ 1:001.

SEM PUFEM

p = 10 p = 20 p = 30 PW PW + EW

ka ¼ 25
7.0 � 10�4 (6.4) 3.3 � 10�4 (5.2) 1.5 � 10�2 (3.9) 8.8 � 10�2 (2.1) 1.4 � 10�5 (2.1)
5.3 � 10�6 (10.2) 1.5 � 10�6 (7.7) 1.3 � 10�6 (7.7) 9.0 � 10�5 (2.4) 3.2 � 10�6 (2.4)
1.0 � 10�7 (15.2) 2.0 � 10�7 (12.7) 9.0 � 10�7 (11.4) 3.2 � 10�6 (2.7) 3.2 � 10�6 (2.7)
8.0 � 10�8 (22.8) 9.0 � 10�8 (17.7) 5.0 � 10�7 (15.2) 3.2 � 10�6 (3.0) 3.2 � 10�6 (3.0)

ka ¼ 50
3.4 � 10�2 (4.5) 4.4 � 10�2 (3.8) 1.5 � 10�2 (3.8) 1.6 � 10�2 (1.5) 6.4 � 10�6 (1.5)
5.3 � 10�6 (10.1) 6.1 � 10�6 (6.4) 2.5 � 10�6 (5.7) 8.2 � 10�4 (1.6) 6.4 � 10�6 (1.6)
1.5 � 10�6 (11.4) 1.6 � 10�6 (7.6) 2.3 � 10�6 (7.6) 8.1 � 10�6 (1.7) 7.1 � 10�6 (1.7)
2.0 � 10�7 (13.9) 2.0 � 10�7 (11.4) 9.0 � 10�7 (9.5) 8.0 � 10�6 (1.8) 7.5 � 10�6 (1.8)

ka ¼ 100
4.3 � 10�3 (5.4) 3.3 � 10�3 (4.4) 1.8 � 10�2 (3.8) 1.7 � 10�2 (1.3) 1.2 � 10�5 (1.3)
1.2 � 10�3 (6.0) 4.0 � 10�5 (5.7) 9.5 � 10�5 (4.7) 1.3 � 10�3 (1.5) 1.2 � 10�5 (1.5)
1.7 � 10�4 (7.3) 6.2 � 10�6 (6.3) 2.6 � 10�6 (5.7) 7.9 � 10�4 (1.6) 2.1 � 10�5 (1.6)
3.2 � 10�5 (8.5) 1.9 � 10�6 (7.6) 2.7 � 10�6 (6.6) 1.3 � 10�5 (1.8) 1.3 � 10�5 (1.8)
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ka ¼ 50, PUFEM with PW provides an error of order 10�6 with
s ¼ 1:7, a number which is almost three times lower than that
required for p ¼ 30 in order to achieve the same L2-error. Similarly,
for ka ¼ 100 PUFEM with PW and s ¼ 1:8 provides an error of 10�5

whereas the same error is provided with SEM at significantly
higher numbers of s.
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For PUFEM with PW + EW, the results show lower L2-errors at
very low levels of the discretization level s, in comparison to the
results of PUFEM with PW. It is obvious that the incorporation of
the two evanescent waves in the wave field enrichment has signif-
icantly improved the performance of the model for the lowest val-
ues of the discretization level. For example, in the case of ka ¼ 25,
PUFEM with PW + EW provides an L2-error of 1:4� 10�5 with
s ¼ 2:1 while PUFEM with PW and with the same discretization
level provides an L2-error of 8:8� 10�2. This improvement is
noticed in all cases of wave numbers. It is also noticed that further
increasing the number of approximating plane waves does not
reduce the L2-error. This is due to the fact that the good perfor-
mance of PUFEM to deal with evanescent wave problems is due
to the exponentially decaying waves added to the approximating
plane waves. It is also known that PUFEM L2-errors stagnate after
reaching a certain level of accuracy and further increasing s does
not improve the error. This is observed for PUFEM with PW in
the case of ka ¼ 25 for s ¼ 2:7 and 3, and in the case of ka ¼ 50
for s ¼ 1:7 and 1.8. Overall, the lowest levels of L2-error are
achieved by the SEM approach but with significantly higher dis-
cretization levels.

The same problem is considered again but this time with the
coefficient b ¼ 1:5. This leads to a very sharp exponential decrease
of the evanescent wave given by expression (19) and hence it is
numerically more challenging than that corresponding to
b ¼ 1:001.

Table 5 shows the obtained values of the L2-error with the cor-
responding discretization levels for the wave number ka ¼ 25, 50
and 100. For SEM, only the order p ¼ 30 is considered and for
PUFEM both equally distributed progressive plane waves and the
two exponentially decaying waves considered above are used in
the approximating field enrichment (PW + EW). It is worth noting
that PUFEM with PW did not produce good quality results for this
case of the coefficient b ¼ 1:5 representing a very sharp decay of
the evanescent wave (Fig. 7). SEM results show a progressive
decrease of the L2-error as the discretization level increases. For
less than about 4 degrees of freedom per wavelength, SEM results
are not of good quality. In the case PUFEM, with PW + EW, all
results display L2-errors of the order of 10�5 or 10�6 even for the
lowest discretization level, s ¼ 1:3, thanks to incorporating expo-
nentially decaying waves in the enrichment field. The L2-error
seem to be stagnating in spite of the increase of s through the
increase of the number of approximating progressive plane waves,
which are less crucial than the exponentially decaying waves for
this problem. In the above test case, the inclusion of the evanescent
Table 5
Evanescent wave test case. Relative L2-error and discretization level for SEM and
PUFEM for ka ¼ 25;50;100 and b ¼ 1:5.

SEM PUFEM
p = 30 PW + EW

ka ¼ 25
7.5 � 10�1 (3.9) 2.2 � 10�6 (2.1)
1.8 � 10�5 (7.7) 1.6 � 10�6 (2.4)
9.4 � 10�7 (11.4) 1.6 � 10�6 (2.7)
6.0 � 10�7 (15.2) 1.7 � 10�6 (3.0)

ka ¼ 50
7.5 � 10�1 (3.8) 5.2 � 10�6 (1.5)
1.2 � 10�2 (5.7) 5.3 � 10�6 (1.6)
1.8 � 10�5 (7.6) 6.9 � 10�6 (1.7)
2.0 � 10�6 (9.5) 4.5 � 10�6 (1.8)

ka ¼ 100
7.5 � 10�1 (3.8) 7.7 � 10�5 (1.3)
2.4 � 10�1 (4.7) 2.6 � 10�5 (1.5)
1.2 � 10�2 (5.7) 1.2 � 10�5 (1.6)
4.4 � 10�4 (6.6) 6.4 � 10�5 (1.8)
wave (19) in the wave basis leads to better results because it cor-
responds to the exact solution. In a general case, where no a priori
knowledge of the solution is available, it is difficult to propose a
robust model to efficiently solve the problem. In such case, the
use of polynomial-based elements would be more practical.
4. Conclusions

In this paper, two high order finite element approaches are used
to solve wave problems governed by the Helmholtz equation in
two dimensions. In one approach, referred to as SEM, the Lagran-
gian polynomial based finite elements with Chebyshev-Gauss-
Lobatto nodal distribution are considered with high orders, up to
p ¼ 50. In the other approach, PUFEM is considered with oscilla-
tory functions in the form of progressive plane waves or including
exponentially decaying waves. The performance of each approach
is assessed in terms of results quality and required degrees of free-
dom per wavelength. The condition number, the total number of
required storage locations and the total number of non-zero
entries in the final system to solve are also compared.

For the considered problems, the results show that PUFEM pro-
vides good quality results with a low number of degrees of free-
dom per wavelength, especially for relatively high frequencies
where the element size incorporates many wavelengths. Good
quality results are obtained with less than 2 degrees of freedom
per wavelength. In such cases, the final system to solve is drasti-
cally reduced in comparison to SEM and hence the number of stor-
age locations is also reduced. However, it is also shown that further
increasing the discretization level by increasing the number of
enriching plane waves does not always enhance the results beyond
a certain level due to the ill-conditioning issue which is inherent to
the plane wave enrichment technique.

For SEM, as the order p increases, the required number of
degrees of freedom per wavelength to provide results with a pre-
scribed level of accuracy decreases and, in general, it remains
higher than that required by PUFEM. This is especially seen at
the highest considered order for SEM, p ¼ 50, and high number q
of enrichment functions for PUFEM. At a lower order, for example
p ¼ 10 or 20, SEM may lead to a similar performance obtained by
PUFEM with low number of enriching plane waves, such as
q ¼ 10 or 20.

For problems involving evanescent waves, SEM provides good
quality results but again with a higher discretization level in com-
parison to PUFEM. For the latter approach, incorporating exponen-
tially decaying waves in the enrichment field significantly
enhances its performance, especially for cases with a sharp decay
where the efficiency of PUFEM with progressive plane wave
enrichment is significantly reduced.

In view of the results presented in this work and given the cum-
bersome task of creating high order elements mesh grids, espe-
cially for engineering problems of industrial scale, it seems more
practical to use low order elements and incorporate field enrich-
ment. Moreover, it is always possible for practitioners to choose
the number and type of enrichment functions for a given frequency
and mesh size to obtain good quality results while keeping the
condition number within acceptable limits. However, if the wave
field exhibits sharp decay behaviour and no a-priori knowledge
of the solution is available, then polynomial-based elements would
be a more practical option.
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