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ABSTRACT

J.-C. Yoccoz proposed a natural extension of Selberg’s Eigenvalue Conjecture to moduli

spaces of abelian differentials. We prove an approximation to this conjecture. This

gives a qualitative generalization of Selberg’s = Theorem to moduli spaces of abelian

16
differentials on surfaces of genus > 2.

1. Introduction

Let A := SLy(Z) be the modular group. Then A acts on the hyperbolic upper half plane H by
Mobius transformations and the quotient X := A\H is an orbifold Riemann surface. We denote
by A(q) the principal congruence subgroup of A given by the kernel of the reduction modulo ¢
map A — SLy(Z/qZ). Then A(q) is a normal subgroup of A and for g > 2

X(q) == A(¢)\H

is a Riemann surface.

If we parameterize points in H by z + ¢y with z,y € R and y > 0 then the Laplacian on H

is given by
0? 0?
A = —y2 <.%' + 2) .

This operator is invariant under Mobius transformations and hence descends to an operator on
smooth functions on X (q). The surface X (g) also has a measure j, induced from the A-invariant
volume form dzy%dy on H. The Laplacian extends to an unbounded operator Ay, on L(X, Lq)-

For all ¢ > 2, Ax(,) has a simple eigenvalue at 0 and the spectrum of Ay, below i is discrete.
Therefore we may write A1 (X (g)) for the smallest non-zero eigenvalue of Ay ). In a celebrated

1965 paper [Sel65], Selberg proved

Theorem 1.1 (Selberg’s & Theorem) For all ¢ > 2, \(X(q)) > <.

At the same time, Selberg made the following conjecture.

Conjecture 1.2 (Selberg’s Eigenvalue Conjecture) For all ¢ > 2, \(X(q)) >

N

This conjecture cannot be pushed any further since there are examples [Maa49] of ¢ such that
Ax(g) has an eigenvalue at %. Progress on Conjecture 1.2 has been made by several authors over
the interim decades, including works of Gelbart and Jacquet (A > 1%) [GJ78], Luo, Rudnick
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and Sarnak (A; > 15) [LRS95], and Iwaniec (A1 > 19) [Iwa96]. The current best result is due

784
to Kim and Sarnak [Kim03] who proved for all ¢ > 2,
975
A (X > —— ~(.238.

Selberg’s conjecture remains one of the fundamental open questions of automorphic forms;
see the expository articles of Sarnak [Sar95, Sar05].

Selberg’s conjecture can also be stated in terms of representation theory. This is fitting with
Selberg’s original motivation' of Conjecture 1.2 as an archimedean analog of the Ramanujan-
Petersson conjectures. The equivalence classes of irreducible unitary representations (unitary
dual) of SLa(R) were classified by Bargmann [Bar47]: one has the trivial representation, the
principal series, complementary series, discrete series and limits of discrete series. Of particular
interest to us are the complementary series Comp" that are indexed by a parameter u € (0,1),
see [Kna0O1, pg. 36] for a precise description of these representations.

For each ¢ > 2, we obtain a unitary representation of SLy(R) on L?(A(g)\SL2(R)) by right
translation. This representation can be decomposed as a direct integral over a projection valued
measure on the unitary dual of SLy(R). Conjecture 1.2 is equivalent to

Conjecture 1.2* For all ¢ > 2, the measure on the unitary dual of SLa(R) that decomposes
L?*(A(q)\SL2(R)) is supported away from complementary series representations.

The point of view taken in this work is that A\SL2(R) is the moduli space of unit area trans-
lation surfaces of genus 1 and hence Selberg’s Eigenvalue Conjecture is a conjecture about moduli
spaces and their covering spaces. A translation surface is a closed topological surface S with a
finite subset X, together with a set of complex charts on S — X such that all transition functions
are translations, and the charts extend to conical singularities at . Let ¥ = {A;,..., As}. The
conical singularity at A; is required to have cone angle 27 (k;+1) with k; € Z, and Gauss-Bonnet

forces the relation
S
Z ki =29 — 2.
i=1

Translation surfaces can be equivalently be thought of as abelian differentials with respect to a
complex structure on S. The zeros of the differential correspond to the conical singularities of
the translation surface.

The moduli space of translation surfaces of genus g > 2 is stratified according to the partitions
k= (K1,...,Ks). A stratum H(x) need not be connected, but there are finitely many connected
components that are understood by work of Kontsevich and Zorich [KZ03]. We let (V) (k) C H(k)
denote the unit area translation surfaces in H (). In this paper, M will be a connected component
of 7—[(1)(/{). Since ’H(l)(/@) can be obtained as a quotient of a Teichmiiller space by the mapping
class group I' = I'(S, %) of (S,X) (see Section 2.1), we may define congruence covers via the
natural family of maps

Iy : T — Aut(H1(S,Z/qZ)). (1)
The principal congruence subgroup I'(q) is defined to be the kernel of II,. By considering moduli

only up to I'(¢), and not T, for each connected component M of #(V (k) we obtain a congruence
cover M(q) generalizing A(q)\SL2(R). The details of this construction are given in Section 2.1.

1See [HS].
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Each component M has the following associated objects generalizing those attached to

A\SLy(R):

— There is an action of SLy(R) on M. The restriction of the SLa(R) action to the one
parameter diagonal subgroup gives a flow on M called the Teichmiiller flow that generalizes
the geodesic flow on the unit tangent bundle of X.

— There is a unique probability measure vaq on M that is SLy(R)-invariant, ergodic for the
Teichmiiller flow, and in the Lebesgue class with respect to a natural affine orbifold structure
on M. This is due to works of Masur [Mas82] and Veech [Vee82].

— The space SO(2)\M is locally foliated by H and hence it is possible to define a foliated
Laplacian A g on SO(2)\ M generalizing Ax. This operator has a simple eigenvalue at zero
and by a result of Avila and Gouézel [AG13], its spectrum below % has no accumulation
points other than possibly at i.

Each of these objects lifts to M(g), so there is an SLy(R) action on M(q) preserving a finite
q)» and a foliated Laplacian A y4(,) whose spectrum below i does not accumulate?
away from 1. Hence we can write A(M(q)) for the infimum of the non-zero spectrum? of A M(q)-

The following extension of Selberg’s conjecture to genus g > 2 was proposed by Yoccoz*.

measure V./\/l(

Conjecture 1.3 (Yoccoz) For all ¢ > 2, and any connected component M of a stratum,

A M(M(q) > 1.
B. The measure on the unitary dual of SLy(R) that decomposes L*(M(q),vpq(q)) is sup-
ported away from complementary series representations.

The main theorem of this paper gives an approximation to Conjecture 1.3.

Theorem 1.4 For any connected component M of a stratum, there exists e, > 0 and Qo° € Z
such that for all g coprime to Qg the following hold.

A M(M(q) > e

B. The measure on the unitary dual of SLa(R) that decomposes Lz(/\/l(q),l/M(q)) is sup-
ported away from complementary series representations Comp" with u € (1 —n,1).

C. The Teichmailler flow on M(q) has exponential decay of correlations on compactly sup-
ported C' observables with a rate of decay that is independent of q.

The corresponding theorem for M, i.e. without any congruence aspect, was obtained by Avila,
Gouézel and Yoccoz in [AGYO06]. In an earlier version of this manuscript, for certain types of
components M, Theorem 1.4 was conditional on a conjecture of Zorich [Zor99] that has since
been proved by Gutiérrez-Romo [Gut19].

It is known that Parts A., B., and C. of Theorem 1.4 are equivalent. That Part B. implies
Part C., namely, that one can use representation theory to deduce rates of mixing of the diagonal
flow, is due to Ratner [Rat87]. The argument that Part C. implies Part B. is given by the ‘reverse

By [AG13, Remark 2.4] this result also applies to M(q).

3In contrast to the situation with X, where it is known [Sel56] that there are infinitely many eigenvalues of Ax,
we do not know whether A or Apqq) have any non-zero eigenvalues.

4The formulation of the conjecture appears in print in [AG13], although Avila and Gouézel stopped short of making
the conjecture because of lack of evidence. We learned from C. Matheus that Yoccoz had made this conjecture in
private.

5See the proof of Proposition 3.12 for the origin of Qo.
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Ratner estimates’ in [AGY06, Appendix B|. The equivalence between Parts A. and B. is due to
the interpretation of the foliated Laplacian as a Casimir operator. This is discussed in detail in
[AG13, Section 3.4].

So it is sufficient to prove the dynamical statement of Part C. This is made into a precise
statement in Theorem 3.5.

We mention that in recent work [MR19], joint with Rithr and Gutiérrez-Romo, we extend
Theorem 1.4 to congruence covers coming from relative homology of (S,X), and apply both
Theorem 1.4 and the extended result to the problem of counting saddle connections in a homology
class modulo q.

The current paper deals with Masur-Veech measures on components of strata of abelian
differentials. As pointed out to us by A. Eskin, one can ask whether the results of the current
paper extend to arbitrary SLz(R)-invariant and ergodic probability measures® on strata. The
natural starting point for such an investigation is the paper of Avila and Gouézel [AG13] where
a spectral gap result is obtained for such measures. It is not clear how to combine the methods
of the current paper with [AG13], since the methods here make crucial use of a symbolic coding
of the Teichmiiller flow. On the other hand, the methods of [AG13] are based on anisotropic
Sobolev spaces and do not involve a symbolic model.

1.1 The ideas of the proof

The reader is invited to read this section before the rest of the paper for the main ideas of the
proof.

While we will prove Theorem 1.4 in dynamical terms, the philosophy of the proof goes back
to works of Brooks [Bro86] and Burger [Bur86, Bur88| that were originally stated in terms of the
first non-zero eigenvalue A;. Both Brooks and Burger realized that if one has a Galois covering
Y — X of Riemann surfaces, with deck transformation group G, then one can transfer bounds
on the spectral gap of the Cayley graph of G with respect to certain generators, to bounds on
the first non-zero eigenvalue A;(Y") of the Laplacian on Y. In particular, if X is fixed, and Y
ranges over a family of Galois covers, if the associated Cayley graphs have a uniform spectral
gap, then A\;(Y) is uniformly bounded below away from zero.

The classic construction of an infinite family of graphs of bounded degree with a uniform
spectral gap, known as an expander family, is take a fixed generating set U in an arithmetic
lattice G(Z) that has Kazhdan’s property (T), and then form the Cayley graphs for G(Z/qZ)
with respect to the projection of U modulo ¢. This construction is due to Margulis [Mar73].

Since the covering spaces M(q) of this paper have deck transformation groups contained
in Sp((H1(S,Z/qZ),N) = Spy,(Z/qZ), and Spy,(Z) has property (T) for g > 2, one might
expect the Brooks-Burger philosophy to apply directly here, as long as one can prove that the
deck transformation group is all of SpQQ(Z /qZ), or in other words, M(q) is connected. However
even if the issue of M(q) being connected is resolved”, the Brooks-Burger philosophy does not
obviously apply. The core issue is that the foliated Laplacian is not elliptic and only measures
fluctuations of functions in the direction of SLy(R)-leaves.

5Such measures were classified by Eskin and Mirzakhani in [EM18].

"And this issue can be resolved as follows, however these arguments are not used in the paper. The image I'
of the natural representation of the fundamental group of M in Aut(H:(S,Z)) is known to be a Zariski-dense
subgroup of Sp,,(Z) by a result of Filip from [Fil17, Corollary 1.3]. Then one has the strong approximation result
of Matthews, Vaserstein and Weisfeiler [MVW84] that says if T's¢ is Zariski-dense in Sp,,(Z) then I' s« maps onto
Spy,(Z/qZ) for all q coprime to some fixed modulus go and hence that M(q) is connected for the same q.
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Instead we take a dynamical viewpoint. We think of functions on M(q) as sections of a
szg(Z /qZ) principal bundle over M, and make this precise in Lemma 2.1. We know the dynamics
on M is exponentially mixing by the work of Avila, Gouézel, and Yoccoz [AGY06]. The key point
for obtaining uniform exponential mixing as in Theorem 1.4.C is to exploit the following fact:
when one travels along the Teichmiiller flow and returns close to the initial point, we move in the
fibre by a monodromy element of Spy,(Z /qZ). This monodromy is globally defined in the sense
that for a given approximate loop, the monodromy at different levels ¢ are obtained by reduction
mod ¢ of some element of Spy,(Z). Moreover, if one can argue that the dynamics on the base
M is sufficiently combinatorially complicated, then we can obtain many monodromy elements
in this way. Then we hope to use property (T) to prove this dynamics in the fibre spreads out
exponentially fast. So one has exponential mixing in the base, and some form of exponential
mixing in the fibres, and hopes to combine these two. The problem is that the two processes
are not independent. So we will use hyperbolicity of the dynamics on the base M to ‘decouple’
these aspects of the dynamics. However, the base dynamics is not uniformly hyperbolic, so one
needs to perform ‘time acceleration’ as in [AGYO06] to induce uniform hyperbolicity and then
incorporate this into the method.

The previous paragraph was a high level overview of the approach. Now we give details of
how this is implemented.

Our framework for understanding the dynamics of M is that same as Avila, Gouézel, and
Yoccoz in [AGY06]. Namely, instead of working with M, we pass to a finite cover called the
moduli space of zippered rectangles Rect 4 for M. This finite cover carries a lift of the Teichmiiller
flow that has some very nice properties that were worked out in [AGY06]. A key insight of
[AGY06] is that by carefully choosing a cross section, one obtains a model of the flow on Rect
as a suspension flow over a hyperbolic skew product Z : 2 — = with a base transformation
Z : Z — E that is a uniformly expanding Markoff map (Lemmas 3.2 and Proposition 3.1).
Moreover the roof function for this suspension model has desirable properties, it is ‘good’ in the
sense of [AGY06] (Lemma 3.3) and it has exponential tails (Theorem 3.4). The latter statement
is quite hard and relies on exponential recurrence estimates for the Teichmiiller flow that were
first obtained by Athreya [Ath06].

This suspension model has another key property that is not explicitly used in [AGY06]: the
symbolic coding is very well adapted to keeping track of what happens to the homology of the
surface when we follow the flow. Indeed, there is a linear group G attached to M called the Rauzy-
Veech group that is defined purely in terms of the symbolic dynamics of Rectas and the return
maps on the base of the suspension model. This group G performs the desired function of keeping
track of monodromy in homology around approximate loops and is defined precisely in Section
2.7. It was a conjecture of Zorich [Zor99] that G is Zariski-dense in its ambient symplectic group.
Recently, it has been proven in works of Avila, Matheus and Yoccoz [AMY18], and Gutiérrez-
Romo [Gut19], that the Rauzy-Veech group is finite index in Spy,(Z). Therefore, in particular,
it has property (T). The precise statement about the Rauzy-Veech group that we use is given in
Theorem 2.3.

Other than discussing the Rauzy-Veech group, the main purpose of Section 2 is to go through
the setup of [AGY06] and explain how to keep track of what happens to homology along the
flow, as well as stating the results we need from [AGY06].

In Section 3, we follow the strategy of Avila, Gouézel, and Yoccoz of reducing Theorem 3.5, the
precise formulation of our main theorem, to exponential mixing of the flow on Rect (Theorem
3.6), and then to exponential mixing of a suspension flow over the base = of the hyperbolic skew



MICHAEL MAGEE

product (Theorem 3.9). These statements must now be uniform in q.

A well known technique for proving exponential mixing of suspension flows is to take a Laplace
transform of the correlation function, and express this transform in terms of iterates of transfer
operators. To deal with the g aspect, one uses skew transfer operators, one operator for each ¢g. The
transfer operators act on vector valued C' functions on = and one needs spectral estimates for
the transfer operators that are uniform in ¢. This strategy of proving uniform exponential mixing
via g-uniform bounds on transfer operators originates in work of Oh and Winter [OW16]. One
needs estimates for the transfer operators in two regimes: high frequency (given by Proposition
3.11) and low frequency (given by Proposition 3.12).

The technique for carrying out the necessary high frequency estimates are due to Dolgopyat
[Dol98] and extended to the current setting, with no g-aspect, by Avila, Gouézel, and Yoccoz
[AGYO06]. The use of the Dolgopyat argument to establish g-uniform versions of the high frequency
estimates was first done by Oh and Winter [OW16], and then in a different setting by Magee, Oh,
and Winter [MOW17]. In Section 4 we explain how to extend the arguments of Avila, Gouézel,
and Yoccoz in this regime to skew transfer operators.

The technique for proving g-uniform low frequency estimates for skew transfer operators goes
back to the work of Bourgain, Gamburd, and Sarnak® [BGS11]. The philosophy here, mirroring
the Brooks-Burger philosophy, is that an iterate of the transfer operator looks somewhat like
an iterate of the adjacency operator of a Cayley graph of Spy,(Z/¢Z). In work of Bourgain,
Kontorovich, and Magee [MOW17, Appendix|, an improvement was made to this method that
allows one to use uniform expansion of Cayley graphs (in the current setting, furnished by
property (T)) as a ‘black box® to prove g-uniform estimates for transfer operators.

We give the details of how this method can be extended to the current setting in Section
5. It requires not only the uniform expansion of certain Cayley graphs as an input, but also
an extra input that the dimensions of representations of Spy,(Z/gZ) that do not arise from
representations of Spy,(Z/q'Z) with ¢'|q have a lower bound that is polynomial in ¢. This is a
version of quasirandomness'® for Sp(Z/qZ). The reason for needing this kind of bound is that
it allows us to obtain information on the spectral radius of a complex-valued measure p on
L'y = Spyy(Z/qZ) acting by convolution on a certain subspace of ¢%(T,) if we have information
on the spectral radius of a real-valued measure y/ that majorizes |u|. This is a key idea in Section
5. We state the precise quasirandomness estimate we need in Proposition 6.1 and then prove it
following an argument of Kelmer and Silberman [KS13].

2. Background

2.1 Abelian differentials and translation surfaces

Let g > 1 and let S = S, be a fixed closed topological surface of genus g. Let ¥ = {Ay,..., As}
be a finite subset of S. An abelian differential on (S,Y) is a pair (J,w) where J is a complex

8Bourgain, Gamburd, and Sarnak were interested in spectral bounds for transfer operators for reasons that are
related to exponential mixing but in [BGS11] phrased in terms of counting problems.

9The original argument of Bourgain, Gamburd, and Sarnak in [BGS11] involved unraveling the proof that the
associated Cayley graphs are uniform expanders.

0Gowers [Gow08, Theorem 4.5] made the definition that a finite group G should be regarded as quasirandom
relative to an ambient parameter C' if the dimension of any nontrivial irreducible representation of G has dimension
> C. Prior to this formal notion, the concept had been used in the construction of Ramanujan graphs by Lubotzky,
Phillips and Sarnak [LPS88], the work of Sarnak and Xue on multiplicities of automorphic representations [SX91],
and the construction of uniformly expanding Cayley graphs of SL2(F,) by Bourgain and Gamburd [BGOS].
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structure on .S and w is a holomorphic one form with respect to J, and with zeros contained in .
As is well known, an abelian differential w on (.5, X) gives S the structure of a translation surface
with conical singularities in 3; the complex structure comes from integrating the differential.
Hence we may speak about the area of an abelian differential as the area of the corresponding
translation surface.

One may further specify that the abelian differential has a zero of order k; € Z, at A;. This
is possible whenever ) k; = 2g — 2. For such k = (k1,...,Ks) we let X' (k) denote the collection
of abelian differentials on (5, ¥) with zeros of orders k1, ..., ks at Aj,..., As, up to isotopies of
S preserving .. This Teichmiiller space has a natural affine manifold structure arising through
period coordinates as described in [AGY06, Section 2.2.1]. Let X (k) C X(k) be the abelian
differentials whose corresponding translation surface has unit area, up to isotopy. Then X)) (k)
is a submanifold of X'(k).

The modular group I' = I'(S,X) is defined to be the homeomorphisms of S that fix X
pointwise, modulo homeomorphisms that are isotopic to the identity relative to X. Thus I' acts
on X (k), preserving X(V(k), and we define H(k) to be I'\X(x) and H (k) = T\&XM (k). This
HW (k) is often referred to as a stratum of the moduli space of unit area abelian differentials.
The connected components of these strata have been classified by Kontsevich and Zorich [KZ03].
Throughout the paper we write M for a connected component of 7-[(1)(/1).

Any connected component M of #(V(k) inherits, from the manifold structure of X (), the
structure of an orbifold. We define H™M (k;q) = Ty(g)\X ™M (k) where T',(¢) is the kernel of TI,
defined in (1). We thus have a covering map H()(k;q) — HM (k). We define M(q) to be the
preimage of M under this map. For each ¢ the lift of M(q) to X' (k) is a submanifold.

Recall that a Finsler manifold is a smooth manifold together with a continuous assignment of
norm on each tangent fibre. The norm is called a Finsler metric. As described in [AGY06, Section
2.2.2] there is a I'-invariant Finsler metric on X (k) arising from period coordinates making X (k)
into a Finsler manifold. This induces a Finsler manifold structure on X (k).

2.2 The Hodge bundle
The Hodge bundle is defined to be the fibred product

Hi(HD (k) =T\ (XD (k) x Hi(S,R)) = D\XD (k) = HD (k)

where the mapping class group I' acts diagonally. Let H ) (k)Y be the complement of the orbifold
points in H® (k). The Hodge bundle restricts to a vector bundle H;(H™ (k)%) over HM (k)0. At
any orbifold point [(7,w)] of H™M (k) the fibre degenerates to Aut(7,w)\H1 (S, R). Note that by
Hurwitz’s automorphisms theorem, Aut(7,w) is a finite group.

The total space of the Hodge bundle contains as a discrete subset the lattice bundle
\(XW (k) x Hi(S,Z)).

Then one may specify the Gauss-Manin connection on the Hodge bundle by the requirement
that lattice valued continuous sections be parallel. This gives a flat vector bundle connection on
Hi(H™M(k)?) that extends to a flat connection on Hy(H()(x)) in the following sense. A section
of Hi(HMW(k)) can be viewed as a function o : XM (k) — H;(S,R) that transforms according
to

o(v.x) =vo(z), ~el.

Then a local section is parallel by definition if it takes values in H;(S,Z) and this specifies the
connection on general sections.
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The action of I" on H;(S,Z) lies in the integral symplectic group Sp(H1(S,Z),N) where N is
the (symplectic) intersection form on integral homology. Therefore for any unitary representation
(p, W) of Sp(H1(S,Z),N) we obtain an associated orbifold vector bundle™ Hy(H™" (k);p). The
total space of this bundle is

Hi(HD (k); p) = T\(XD (r) x W) (2)

where the action of I' on XM (k) x W is given by .(w, v) = (y.w, p(7+).v), where v, € Sp(H1(S,Z),N)
is the map induced by v on homology. This bundle also has a flat connection, in the same sense
as before, coming from the fibred product structure in (2).

Of course, for any connected component M of the stratum # () () we may restrict H; (H(" (k)
or Hy(H™M(k); p) to M. We denote by H;(M;p) the obtained orbifold vector bundle.

For a lot of the rest of the paper we deal with abstract unitary p but in reality we are
interested in the following specific examples. Recall the map I, from (1). Because the symplectic
intersection product N on H1(S,Z/qZ) is preserved by the mapping class group, we have

I, : T — Sp(H1(S;Z/q9Z),N).

We let Ty = Sp(H:(S;Z/qZ),N). Let £3(T',) be the subspace of functions in £2(I';) that are
orthogonal to constant functions with respect to the ¢ inner product. This gives a subrepresen-
tation (pg, £3(I'y)) of the action of I' on ¢2(I';) by reduction mod ¢ and then left translation'?.

We will also consider the subspace of K% (I'y) consisting of functions that are orthogonal to all
functions lifted from I'y with ¢'|¢ via the natural mapping of reduction modulo ¢’

Fq — Pq/.

We denote by £2.,,(T;) this new subspace of functions. This gives a subrepresentation

(P4 Lrew (Tq)) of (pg, £5(Tg)).

2.3 The Teichmiiller flow on moduli space

There is a postcomposition action of SLy(R) on the space of abelian differentials on S as follows.

For h € SLy(R) we define
h(T,w) = (Tn,wh)

a=t( 30 )

and Jp, is the unique complex structure on S that makes wy holomorphic. This action preserves
the area of abelian differentials. As this action also commutes with any homeomorphism of
S, it descends to both the Teichmiiller spaces X(x), X (k) and H(k), HV (k) and M. The
Teichmiiller geodesic flow on any of these objects is the restriction of the SLa(R) action to the
diagonal subgroup:

where

(T, w) = < - >-(J,w).

The Teichmiiller flow also preserves each connected component M. By results of Masur [Mas82]
and Veech [Vee82] there is a unique probability measure vy that is invariant and ergodic for the

UBy orbifold vector bundle we mean that the fibres are vector spaces of constant rank away from the orbifold
points of the base space, where the fibres degenerate only to a quotient of a vector space by a finite group.
12In other words, the inflation of the left regular representation of T, to I.
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Teichmiiller low on M. This measure is in the Lebesgue class with respect to period coordinates
on M. We pull back the measure vys on M, using the counting measure on the fibres of the
covering map, to obtain a measure v on M(q). Note that v, is not a probability measure.

Since in Section 2.2 we specified a connection on each of Hy(HW(k)), Hi(HW (k);p) the
Teichmiiller flow acts on sections of each of these bundles by pullback along parallel transport.
For example, viewing a section of Hy(H™" (k); p) as a W-valued function o on XV (k) satisfying
o(y.z) = p(y)o(z) for each v € I', we have the following defining equation for 7,*:

[T 0)(T,w) i= o(Ti(T,w))- (3)

This action also restricts to an action on sections of Hi(M;p).

We now explain the relationship between sections of Hi(M;p,) and functions on M(q).
Let L2(M(q)) be the subspace of functions in L?(M(q)) orthogonal to lifts from L?(M), w.r.t.
the measure vyy(). Let L?(H1(M;pg)) denote the L? sections of Hi(M;p,) w.r.t. the natural
Hermitian fibre metric and measure vy. We say that a function f on M(q) or a section o
of Hi(M;p) is C! if its lift to f : XD (k) = C (resp. & : XD (k) = W) is C* (bounded
with bounded derivative!?®) w.r.t. the Finsler manifold structure on XM (k). Define ||f|jc1 =
| flloo + || D f]loc and similarly ||o||ci. Write C*(M(q)) for the C" complex valued functions on
M(q) and C'(H{(M;p)) for the C! sections of Hy(M:;p). These are Banach spaces w.r.t the
respective C'' norms.

Lemma 2.1 We have the following correspondences
(i) For each q there is a natural linear isometry
g+ LI (M(q)) = L*(H1(M; py))-
If f € L2(M(q)) then ®,(f] is the £3(T,)-valued function on XN (k) given by
Pq[fl(z) = Z f(v.2)dy
I'(g)v€lq

where in the right hand side we view f as a T'(q)-invariant function on XM (k).
(ii) The map ®, intertwines the maps T;* defined by pullback on L2(M(q)) and by (3) on
L?(H1(M; pg)).
(iii) The restriction
©g 0 CH(M(q)) N LE(M(q)) — CH(H1(M; py))

preserves Cl norms.

2.4 Combinatorial data and Rauzy classes

Now we begin an account of the dynamics of the Teichmiiller flow, viewed through the lens of
Veech’s zippered rectangles construction. We draw in the following sections from the sources
[AGYO06], [Via] that both build on work of Marmi, Moussa and Yoccoz [MMYO05].

The relevant combinatorial objects are as follows. Let A denote a finite alphabet with | A| = d.
Eventually, A will be chosen depending on g, x and the component M. We let &(A) denote the

3In case of W-valued F on a Finsler manifold X with W a Hilbert space, to define the norm of the derivative we
view the derivative at x € X as a map DF; : T, X — Tp()W = W then use the operator norm w.r.t. the Finsler
metric at  and the Hilbert space norm on W.
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set of pairs

(¢, )
where each m. : A — {1,...,d} is a bijection. Henceforth, ¢ will index one of the symbols t,b
(‘top’ or ‘bottom’). As in [AGYO06] it is convenient to visualize (7, 7p) as a pair of rows each of
which contains the elements of A in some order, where the top corresponds to m; and the bottom
to mp. We say (7, mp) is irreducible if there is no d’ < d such that the set of the first d’ elements
of the top row is the same as the first d’ elements of the bottom. Let G°(A) C &(A) denote the
irreducible combinatorial data.

We now define ‘top’ and ‘bottom’ operations on &°(A). For the next paragraph, let o and
3 denote the last elements of the top and bottom rows of 7 € &°(A) respectively. The top
operation on 7w modifies the bottom row by moving the occurrence of 8 to the immediate right
of the occurrence of a. The bottom operation modifies the top row by moving « to the right of
B. As in [AGY06] we say that the last element of the unchanged row is the winner and the last
element of the row of 7 that is to be changed the loser.

By adding directed ‘top’ and ‘bottom’ labelled edges according to these operations we obtain
an edge-labeled directed graph on the vertex set of irreducible combinatorial data G%(A). Each
vertex has exactly one incoming top (resp. bottom) and one outgoing top (resp. bottom) edge.
A Rauzy diagram is a connected component of this graph and a Rauzy class is the vertex set of
a Rauzy diagram.

2.5 Suspension data and zippered rectangles

Let R be a Rauzy class. For each m € SR we form a cell
X,r:{w}fox/C,,

where

Kr={reRY: Y 7>0, > m<Oforalll<k<d-1
m(§)<k m(§) <k
The set K is an open convex cone. Let Xoz = U Xr. We may drop the dependence on R since
we usually view it as fixed. We associate to each m € R a linear map €, : R — R4 given by

+1 if m(a) > m(B), mp(a) < mp(B),
[Qrlap =< =1 if m(a) < m(B), m(a) > m(B),
0 else.

There is a construction due to Veech [Vee82] that builds a point in the moduli space of
translation surfaces from suspension data (7, A, 7). This mapping is called the zippered rectangles
construction that we denote by

zip : Xon = H(k), k= k(R).

The explicit details of this construction are clearly described in lecture notes of Viana [Via,
Chapter 2]. In the current paper it will be better to simply work with the properties of the map
zip that we give below. Henceforth a superscript () on any set of suspension data refers to the

1) x M

subset whose associated zippered rectangles have unit area: for example X, etc.

Theorem 2.2 (Veech [Vee82]) For any connected component M of the stratum H" (k) there
is a Rauzy class R = R(M) such that zip(Xi%l)) C M and zip(X,g)) has full measure w.r.t vpg.

10
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There is a natural identification
R4/ ker Q = H, (zip(m, A\, 7),R) (4)
for each (7, \,7) € X. For a detailed discussion of this map see Viana [Via, Section 2.9]. The
bilinear form
(v1,v2) = (v1, —Qrv2)

descends to a nondegenerate symplectic form w; on R/ ker Q.. Under the identification (4), the
form w; is precisely the intersection form on homology. Furthermore, the map (4) arises from an
isomorphism of integral symplectic lattices

(Z"/ ker(Qr|z4), wr) & (H1(S,2),0). (5)
Therefore the pull back of the Hodge bundle to X, via zip is naturally trivialized:
[zip* Hy (H(k))]|x. = Xr x R/ ker Q. (6)
We also note here that the area of zip(w, A\, 7) is given by
area(zip(m, A, 7)) = (A, —Q.7). (7)

2.6 The Rauzy induction map

Given 7, let a be the last element of the top row of m and § the last element of the bottom row.
Say that a pair (m, \) has type top if A, > Ag. Say it has type bottom if A\g < A,. This splits
each cell into two pieces of the form

Xpe={(m A7) €{m} x R x Kr: (m,\) of type € }, €€ {t,b}
together with a hyperplane. We also introduce Yy = {(7,A) € {r} x R of type € }, so that
X7r,e = Y7r,e X ’Cﬂ'-

We now give an assignment of a linear map O : R4 — R4 to each pair (7, €). This is given
by [Via, (1.9),(1.10)]

1 ifa=p
Orclap =41 if aloses and 3 wins in type € move at 7 (8)
0 else.

If 7’ is obtained from 7 by a type ¢ move then the map'4 O . maps Yy := {7’} x R+ homeo-

morphically to Y . Furthermore (0% )~ maps Ky injectively into K [Via, Lemma 2.13]. We
also have the intertwining relation

Or Q0% = Q. (9)

The Rauzy induction map on suspension data is given by

A~

Qm, A7) = (1", (077X, (07.)7'7)

when (7, X, 7) € X ; here again 7’ is obtained from 7 by an operation of type €. Using the same
notation, notice that () is a skew extension of the map'®

Q(m,\) = (7', (077" \).

“Here and henceforth a % denotes a transpose with respect to the standard basis of R™.

15 As a comment for the initiated, the map Q is the Rauzy induction map on Interval Exchange Transformations.
See [Rau79] for Rauzy’s original analysis of this map.

11
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The equation (9) together with the area formula (7) shows that Q preserves the area of the
associated zippered rectangles. Hence () preserves X @,

The zippered rectangles associated to (m, A, 7) define the same point in H (k) as the zippered
rectangles associated to Q(m, A, 7), that is,

A~

zip o () = zip.
See Viana [Via, Section 2.8| for a clear explanation of this fact.
We now define cylinders for the Rauzy induction map. Let v be a path in the Rauzy diagram
associated to the class R. Throughout the rest of the paper, we consider oriented paths that

follow the given direction of the edges'S. Suppose that v traverses vertices 7(0), 7 (1),...,7(N)
in that order. Then define

Xy = Xo(0) N QX)) N Q2 ( X)) Moo N Q7N (X))

Notice that X . is the same as X, where « is the outgoing type € arrow from 7. We then define
O, in terms of the © . by stating that for (7, A, 7) € X we have

QY(m(0),A,7) = ((N),(©3)'A, (©3) 7).

We define Y, =Y,y N...N Q*N(Yﬂ(N)) the analogous cylinder for ). If 7 begins at 7 then we
define the subcone of IC;

Ky o= (02) " KCr.

2.7 The Rauzy-Veech group
Observe that ©F , induces a map ZA/ker Q — Z4/ker Q in light of (9) and the fact that

Or ¢ is integral from (8). These facts are discussed by Viana in [Via, Section 2.8]. As a con-
sequence, (9) implies that if v begins and ends at , O induces a symplectic endomorphism
of (ZA/)ker(Qy|ga),ws) =0 (H(S,Z),N). In fact it is easy to check from (8) that O3 is an

automorphism. We therefore view each
©% € Sp(Z*, wy).

For each 7 € R let G be the subgroup of Sp(Z?9,w;,) generated by the O obtained as v
ranges over loops in R beginning and ending at 7. This group G is called the Rauzy- Veech group
at m.

The key property of G, that we rely on is the following recent theorem of Gutiérrez-Romo
[Gut19, Theorem 1.1] that was previously known for certain hyperelliptic components by work
of Avila, Matheus, and Yoccoz [AMY18, Theorem 1.1].

Theorem 2.3 (Gutiérrez-Romo, Avila-Matheus-Yoccoz) For any Rauzy class R there ex-
ists 1 € M such that G contains the principal congruence subgroup of level 2 of Sp(Z29,wy).
Recall the principal congruence subgroup of level 2 is the kernel of reduction modulo 2.

Theorem 2.3 resolved, in a strong form, the conjecture of Zorich [Zor99, Appendix A.3 Con-
jecture 5] that G should be Zariski-dense.

6While it is not immediately obvious, the equivalence classes induced by identifying end points of oriented paths
coincide with the Rauzy classes [Via, Lemma 1.23].

12
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2.8 Relationship to the Hodge bundle
Let M be a connected component of ) (k) and let o be a section of the Hodge bundle Hy(M).
The pullback of o to any X7(r1) under the zippered rectangles map can be naturally viewed as a

RA/ ker Q

valued function ¢ via the identifications (4) and (6). Since Rauzy induction does not change the
modulus of zippered rectangles, the fibre of zip*H; (M) at (7, A, 7) should be identified with the
fibre at Q(m, A, 7). In fact, the identification involves the previously defined map ©., and requires

for (7, \,7v) € XT(FIE) that if " is the result of applying a type € move to 7 then

a(m, A7) =05 5(Q(T,\, 7)) (10)

The iterated form of the compatibility equation (10) that we will use is the following. If v is

a path of N edges in a Rauzy diagram that begins and ends at 7, then for (m,\, 1) € XA(YU we

have
G(m A7) = ©55(Q" (m, A, 7)).
This is an important point of this paper as it describes the equivariance properties of sections

of the Hodge bundle in the suspension model. We now extend this formula to the setting of
associated orbifold vector bundles Hj (M; p). After fixing 7, using the isomorphism (5) we identify

g = Sp((Z/4Z)*,wr)

so we may view p, and pj°" as representations of Sp(Z?9, w,) that are submodules of

??(Sp((Z/qZ)?9,wy)). More generally, using (5) we may pull back any unitary representation
(p, W) of Sp(H1(S;Z),N) to a representation of Sp(Z29,w;,) that we also call p.

We may now argue by analogy with the Hodge bundle that if ¢ is any section of the associated
bundle H;(M; p) then the pull back & of this section to a W-valued function on X satisfies

G(m, A7) = p(02)5(QN (m, A\, 7)), (m A7) e XV (11)
for each path ~ in R of length N beginning and ending at .

2.9 A fundamental domain

There is a nice fundamental domain for Rauzy induction on X described in [AGY06, pg. 159].
We let F = Fx denote the set of (m, A, 7) such that either

(i) Q(m A7) = (', N,7') is defined and ||X'|| <1 < ||A|

(i) Q(m, A, 7) is not defined and 1 < ||\

(iii) Q~'(m, A, 7) is not defined and ||| < 1.

The norm we use is [|A]| := > c 4 [Aa|- The fibres of the zippered rectangles map
zip: FY 5 M, M= M(R)

are almost everywhere finite with constant cardinality depending on M.

2.10 The Teichmiiller flow on suspension data

Recall that M is a connected component of H() (k) and R the associated Rauzy class. The
Teichmiiller flow is a one parameter flow on Xg that commutes with ¢ and is given by
Ti(m, A\, 7) = (m,e'\, e7t1). Note that this preserves each X7(r1) and X1, The flow T} lifts the

13
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Teichmiiller flow on M, that is,

T¢ o zip = zip o T}.
Evidently, T} preserves Lebesgue measure on X. The flow T} also preserves Lebesgue measure on
X @ the pushforward of which under zip is a multiple of v .

2.11 Time acceleration and renormalization.

The approach of Avila, Gouézel and Yoccoz [AGY06] to the Teichmiiller flow is to consider the
first return time to an appropriately chosen cross section. This cross section involves the choice
of m € R and a path ~y that begins and ends at m. We give details on the choice of g in Section
2.13 and 5.1. For now, assume we have chosen 7 and ~p.

We will use the notation 7, = F N X; and F, = F N X,. We consider the regions
Ei={(mA7) € FY ¢ M =1} (Y5 x Ky)
and the closely related
== {(mA €Yy Al =1}
Let m (resp. m) denote the normalized natural Lebesgue measure on = (resp. =). It is known
that almost all orbits of the Teichmiiller flow pass through QZ%(Z), this is stated in [AGYO06,
4.1.3] as a consequence of the ergodicity of the Veech flow!”. For each z € = we denote by 7(x)

the first return time of z to Q%(Z) under the Teichmiiller flow. That is, r(x) is the smallest
positive value such that

Ty (2) € Q7"(2)
for some positive!® integer n. This means there is some value Z (x) € = such that
T@)Q" () = Q" Ty (w) = Z (). (12)
Suppose that = = (7, \,7) € X, with Q"(x) = (, (©2)71A,(©%)7'7) € 2. Then
r(a) = —logl|(©3)7'All

Note here that r(m, A, 7) depends only on the coordinates (m,A) and we can view r also as a
function on =.

We will write v1.72 or just vy for the concatenation of two oriented paths ~; and 72 in R
with compatible endpoints. In +1.72, 1 is the first path traversed. Consider v with the property
that the v subpaths of 7.7y are precisely the beginning and the end segment. We say that such
a 7y is yp-adapted. For such a v, if x € X, 4, N = then

. (©x)71A
Z(x) = (m T [1(02) TIA[(©2) T )
(@) TA" 7 !
The domain of Z is therefore Ung-adapted ~ éwo where

Eyro = 2N (Yype X Kq)-

We extend this definition to é%,,m,m =20N (Y. yvr0 X Kyy) where 1, ...,vn are a sequence
of yp-adapted paths with both endpoints equal to .

Notice that the mapping Z has the following properties.

"The Veech flow is not discussed in the current paper.
8Notice that from (8) that © does not decrease norms, so if (7, ', 7') = Q(m, A\, 7) then ||X|| < ||\]l.
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(i) 7 is a skew extension of the mapping Z : = — = defined Lebesgue almost everywhere by

0r)~IA
Z(m,\) = <7T, HE@;S_I)‘”> ;o (mA) €Y.

The connected components of the domain of Z are the sets
Eyyo 7= EN Y.
(ii) The maps Z and Z preserve ||A|| = 1. This is usually referred to as renormalization.

(iii) The maps Z and Z involve many iterations of Rauzy induction and this is usually referred
to as time acceleration. This is first due to Zorich [Zor96], see also [Zor06, Section 5.3 | for
further discussion.

(iv) Z (resp. Z) preserves the Lebesgue measure 7 (resp. m).

Following [AGY06, Section 4.2.1], in order to enforce hyperbolicity of the map Z (cf. Propo-
sition 3.1 and Lemma 3.2) one puts adapted metrics on Z and Z. On = we put the Hilbert metric
d= coming from the inclusion = — Y, and on = we consider the product metric

dé((ﬂ-a A 7_)7 (ﬂ', )\,7 T,)) = dE((ﬂ-a )‘)7 (7’[‘, )\,)) + d/Cw (7_7 7—/)
where di, is the Euclidean distance in K. These metrics induce Finsler metric structures on =

and = that make them into Finsler manifolds.

2.12 Flow on sections of associated bundles in the suspension model

We may now map

(1>

ri={(z,s8):x € =, s€ [0,7(x))}

homeomorphically to a part of X7(r1) by the map

P:(x,s) — Ts(x). (13)
The image X;r(l) of P is up to a Lebesgue-null set, a fundamental domain for the action of Q on
XM, Given a section of H;(M;p), its pull back to X() is therefore determined (up to a zero
measure set) by its values on X;r(l) C X7(r1).

The pushforward of Lebesgue measure under the mapping in (13) is Lebesgue measure. We
write m, = m ® Leb for the Lebesgue measure on =,.

As explained in Section 2.3, T; acts by 7;* on sections of Hi(M;p). If (after pullback) we
view a section & as a W-valued function satisfying (11) and then view & as a WW-valued function
¢ on Z, by the mapping in (13) then the action of T} on ¢ will be denoted by T} and defined

as follows. Let v be yp-adapted with I(y) =n. If x € X,(ygo NZand t+ s € [r(z), r(z) +r(Z(x)))
then
[176](x,s) = o(x,t+s)
= 5(Tesr) =19 p(O0)5(Q T s2)
=12 p(03)5(Thsr(@)Z(2)) = p(03)6(Z(w),t + 5 — ().
Let

A

rM(@) = r(2) +r(Z(@) + ...+ 1(ZV 1 (2)).

15
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For 41,79, ...,vn each yp-adapted, x € X%?W ,,,,, . é, and t + s € [T(N)(ZL‘),T(N+1)(.Z‘)), we
have then
(T76](2,5) = p(O7,)p(65,) . p(E7, ) 6(ZN (a), 1 + 5 — 1 (@), (14)

This is the master equation for the Teichmiiller flow on sections of H;(M;p) in our suspension
model. Notice that the argument of ¢ in the right hand side of (14) defines a mapping we call

A~

Ty 8 = 2., Ti(z,s):= (ZN (), t+s—rN(2))

with roof function r. The flow 7} lifts the Teichmiiller flow under the mapping in (13) and as a
consequence, Lebesgue measure m, on =, is invariant under 7T;.

Since the roof function r depends only on a coordinate in = we may also define
Er={(y,8) :y €5, s €[0,r(y))}-
We write m, for the Lebesgue measure on =,.. We also define for r € Z (v *1)(5)
rM(y) == r@y) +r(ZW) + ...+ (2N ().

We may define a similar operator to Tt* that we will call 7} that will act on W-valued functions
on Z,. For 0 : 2, = W, v1,72,...,7n each yp-adapted, t + s € [rN(y),rN+tD(y)) and y €
Sy Aeny0 We define

(T3 0(y. 5) = p(©3,)0(63,) ... p(65,).0(ZN ().t +5 — rV(y)). (15)

We give 2, and Z, Finsler metrics that are the product of the Finsler metric on (resp. é) with
the usual metric in the s direction.

2.13 Preliminary choice of ~j.

Recall vy is a path in R beginning and ending in 7. We now explain the choice of 7y that is made
in [AGYO06]. Avila, Gouézel and Yoccoz require that

(Strongly Positive) v is a strongly positive path, meaning that all the entries of ©7 are

positive and moreover (0% )~! maps K, — {0} into K.

%)
(Neat) 7 is neat, meaning that 79 = 7. = 757 implies ' is trivial or 4/ = 7. This means
in any path, occurrences of 7y are (edge) disjoint. Therefore yp-adapted 7 are precisely those
of the form

v =7

where 7/ does not contain ~yy as a subpath.

According to [AGY06, Section 4.13], such a choice of 7 is possible. However, in the present
paper, we must choose vy more carefully, while still making sure 7 is strongly positive and neat.
This is done in Section 5.1. For now, assume that ~q is strongly positive and neat.

3. Decay of correlations

In this section we state in more precise terms and then prove Theorem 1.4.C on uniform expo-
nential decay of correlations.
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3.1 Dynamical setup

The following definitions and results are from [AGY06]. Recall the maps Z and Z introduced
in Section 2.11. Throughout we use the Finsler metric on the tangent bundle to = defined in
Section 2.11. We write D for the total derivative of a function. We write CY(Z) for the uniform
norm. For a W-valued function F, | DF || refers to operator norm w.r.t. the Finsler metric on the
fibres and the Hilbert space metric on W. When we write U: or Z: it means that we restrict
the indexing to yg-adapted . We assume here that v is strongly positive and neat as in Section
2.13, since these conditions are required for the results of Avila, Gouézel and Yoccoz [AGY06].

Proposition 3.1 ([AGY06, Proof of Proposition 4.3]) The map Z is a uniformly ex-
panding Markov map with respect to Lebesgue measure m and the Finsler metric structure
defined in Section 2.11. That is to say

(i) The union

*
U=
5
is a countable union of open sets that are m-conull in =.
(ii) If v is yo-adapted, Z maps E+-, diffeomorphically to Z and there are constants A > 1 and
c1(y) > 0 such that for all x € =, and v in the tangent fibre to x
Alvll £ [[DZ]zv]| < ex(m)]v]l-

(iii) Let J denote the inverse of the Jacobian of Z with respect to m. The function logJ is C*
on each 2., and there is some C' > 0 such that for any inverse branch o of Z,

sup || D(log J o o) (y)|| < C.
yEE

Lemma 3.2 ([AGY06, Lemma 4.3]) The pair (Z, m) is a hyperbolic skew product over
(Z,m). This means, with all norms and distances coming from the Finsler metric on = defined
in Section 2.11,

(i) The projection pr : 2 — = defined by
pr(m, A, 7) = (m,\)
satisfies Z o pr = pro Z whenever both sides of the equality are defined.
(ii) The measure m gives full mass to the domain of definition of Z.
(iii) There is a family of probability measures {1y },c= on 2 which is a disintegration of m over

m in the following sense: y — 1y is measurable, M, is supported on prY(y) and for any
measurable U C 2, m(U) = nyE 1y (U)dm(y). Moreover, there is a constant C > 0 such
that for any open V.C Z7YZE), for any u € C*(pr=1(V)) the function u(z) = [ u(x)diy(z)
is in C1(V') with

sup | Du(z)[| <C sup  [[Du(y)]l.
yeVv xe€pr— (V)

(iv) There is a constant K > 1 such that for all z1,xy € 2 with pr(z) = pr(y) we have
d=(Z(x1), Z(72)) < K dz (21, 22).

Lemma 3.3 ([AGYO06, Lemma 4.5]) The roof function r is good. This means
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(i) There is €; > 0 such that r > €.

(ii) There is C > 0 such that for any inverse branch o of Z one has

sup [ D(r o @)()]| < C.

ye=
(iii) There is no C! function ¢ on Uf{ Eyy such that
r—¢oTl +¢

is constant on each Z.

Theorem 3.4 ([AGYO06, Theorem 4.6]) The roof function r has exponential tails. This
means there is ooy > 0 such that

/exp(agr)dm < 00.

3.2 The main technical results

The following will be the precise version of Theorem 1.4.C. Recall the definition of M(q) from
Section 2.1.

Theorem 3.5 There exists 6,1 > 0 and Qo € Z4 such that for all g coprime to Qq, for all
u,v € C1(M(q)) whose supports project into a compact set K C M, there exists C = C(K) >0
such that for all t > 0

‘/u.vo’ﬁdVM(q) — T, (/udVM(q)> (/UdZ/M(q))‘ < C(K)|ulcr o] crge ™.

The key feature of this estimate is that ¢ does not depend on gq.

For any Finsler manifold X and Hilbert space W we may define the Banach space of C' W-
valued functions on X as in Section 2.3. Recall from Sections 2.11 and 2.12 that there are Finsler
metric structures on 2, =, Z,, Z,.. If (p, W) is a unitary representation we write e.g. C'(Z; p) for
the C' W-valued functions on Z, with respect to the Finsler metric. We make a reduction of
Theorem 3.5 to the following that is analogous to [AGY06, Theorem 2.7].

Theorem 3.6 There exists C,0,n > 0 and Qg € Z4 such that for all ¢ coprime to Qq, for all
U,V € CHE,;pq) and all t >0

‘/(U, 1}*V>dmr>

< CUler IVIIorge™".

We now explain how Theorem 3.5 reduces to Theorem 3.6.

Passage from Theorem 3.6 to Theorem 3.5 . Note that in the context of Theorem 3.5, we can
write u = g + u’, v = ¥ + v with u/,v" € L2(M(q)) and 1ig, 7y given by lifts of functions from
M. In other words, if covery : M(q) — M is the covering map, there are functions vy and v
such that @y = ug o covery and ¥y = vg o covery. Since U (resp. 7p) is obtained from wu (resp. v)
by averaging over I'y, and the Finsler metric on X'(x) is I'-invariant, we have estimates

[dollcr = l[uoller < luller,  lvoller = [voller < lvflen
and hence also by the triangle inequality

1w llor < 2llullor, [l < 2|vllen-
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Also note that fu’dI/M(q) = fv’duM(q) = 0. Moreover since the supports of u,v project to K
in M, the same holds for g, 9g, %, v’, ug, vo. Since T; preserves L?(M(q)) and its orthogonal
complement, we have

/u.v o Ty dvpg(q) = /ﬂo.f)o o Ty dvpg(q) + /u'.v' o Tt dvaq(q)-
We can replace the first term by
Ty /uo.vo o Tedvpm
which by exponential mixing on M ([AGY06, Theorem 2.14]) is for some ¢’ > 0

T, ( [ dw> ( [ duM> T O (Tlllullen ellre ™).

Notice that since ¢’ depends only on M and for some n > 0, |I'y| < ¢" for all g, the error term
here is of the form as in Theorem 3.5. This also explains why the error term of Theorem 3.5
must contain a ¢" factor.

Since [ugdvp = |Tg| ™t [ Gody M(qg) and similarly for vg, 9, we have by putting the previous
arguments together

Jwvo Teavaa =100 [uansay ) ([ vavan ) + Ox(@lulesollcre"

+ /u'.v' o 7; dVM(q)-

This reduces Theorem 3.5 to the case of u = v/, v = v’ € L2(M(q)). Now assume this is the case.

We apply Lemma 2.1 to obtain sections u*,v* € L?(Hy(M;p,)) that have the same C!
norms as u and v. To apply Theorem 3.6 to the correlation function of u* and v* and conclude
the proof, one needs to use the correspondence from Section 2.12 to lift ©* and v* to continuously
differentiable W-valued functions v** and v** on =,. However, v** and v** may not have bounded
C' norms, because of distortion between the Finsler metric structures on =, and M. So one needs
to perform some ‘chopping’ and ‘smoothing’ to conclude the result and it is at this stage that
the condition on the support of u* and v* must be used. One may obtain estimates for LP norms
of u* and v* in terms of their C' norms and the compact set K. Once this is done, the rest of the
argument is as in [AGY06, pp. 166-169]. It applies in the same way to vector valued functions
as to scalar valued functions. O

3.3 Entrance of the transfer operator
We now recall the definition of the spaces By and B from [AGYO06].

Definition 3.7 A function U : 2, — W is in By(E,; p) if it is bounded, continuously differen-
tiable on each set

(Er)yro ={(W,t) : Yy €Eyqg, t€(0,7(y)) } 7 is yo-adapted
and also sup(y peJ* (=, 1PU(y,t)|| < oo. Define the norm

Zr)yvo

1UlBo(230) == sup Uy, D) + sup |1DU (y, )|l
(yt)eJ* (Er)vo (y,t)elJ* (Er)yo
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Definition 3.8 A functionU : 2, — W isin B1(Z,; p) if it is bounded and there exists a constant
C > 0 such that for all fixed y € U*ZE,,, the function t — Ul(y,t) is of bounded variation™® on
the interval (0,7(y)) and its variation Var (g () (t = U(y,t)) is bounded by Cr(y). Let

Var(o,r) (8 = Uy, t))
Ulls, =  sup U@+ sup (0r®)) o ‘
@HEU (Er)vo yeU* Gy Yy

As in [AGY06] we reduce to decay of correlations for the p-skew extension of Z, rather than

[1]>

.

Theorem 3.9 (Decay of correlations) There exists C,d,n > 0 and Qo € Zy such that for
all g coprime to Qo, for all U € By(E,; pq) and V € Bi(E; pg), for all t >0,

' / (U, TV Y dm,

< CqU s, IV 13 e~"

This is proved for scalar valued functions in [AGY06, Theorem 7.3]. The key point of Theorem
3.9 is the uniformity in ¢. The passage from Theorem 3.9 to Theorem 3.6 is handled as in [AGY06,
Section 8]. In fact, the arguments of [AGY06, Section 8] are followed closely and extended to the
skew setting by Oh and Winter in [OW16, Proof of Theorem 1.5]. So we have presently explained
the reduction of Theorem 3.5 to Theorem 3.9 whose proof we now take up.

From now on, all integrals are taken with respect to the relevant Lebesgue measure. Following
[AGY06] let

A ={(y,0) €5t a1 >7(y)}
and B; = E,\ A;. We bound
[ wnvy < lsVis, [ _maxtr) - 60 < UlslVie [ ).
By YEE yir(y)>t

By the Cauchy-Schwarz inequality and since r has exponential tails (Theorem 3.4) the above
contributes < C'||U||5, ||V |5, exp(—d't) for some ¢’ > 0 and C’ > 0 that do not depend on U,V
or p. Therefore the proof of Theorem 3.9 reduces to estimating the quantity

I(t) ::/A (U, 17V)

on the order of
I(t) < Cq"[|U ||, V'l 3, exp(—6t) (16)
for some absolute constants C,d,n > 0.
We now begin the proof of (16). We will estimate the Laplace transform

I(s) := /000 exp(—st)I(t)dt. (17)

This is convergent for R(s) > 0 since I is bounded using the finiteness of m,. The estimation of
I4(t) is closely related to certain skew transfer operators as follows. Using notation of [AGY06],
if F:=, — W and s € C, let

7(y)
Fy(y) ::/0 ! F(y,7)exp(—sT)dT.

19We make the obvious extension of bounded variation to W-valued functions using the norm induced by the inner
product on the Hilbert space W.
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Then following the proof of [AGY06, Lemma 7.17] and adapting to our p-skew setting we have

. (y)
I(s) = / / / e N U (y, ), [T;V](y, 7))dtdrdy
yeE Jr=0 Jt+1r>r(y)

00 7(y) T‘(Zky) —s(r<k)( V1! —7) * ,
- Z/ _/ 0 / 0 € Y (U(y, 1), [Tr(k)(y)+T/_TV] (y, 7))dr'drdy.
k=1 yez J = T/ =

(18)
The manipulation above follows from writing for each y, t+7 = r*) (y)+7/ with 7/ € [0, 7(Z*x)).

For each y and t there is a unique k& and 7’ for which this is possible. Supposing more specifically
that y € 2, 4,4 With each 7; yo-adapted, we get from (15) that

(T gy VI, 7) = p(O3,)0(63,) ... p(03,).V(ZM(y), 7). (19)
Inserting this into (18) gives that (throwing out a measure zero set)

r(y) pr(Zhy) *® ,
/ / e st 7T)<U(y, 7), (19))d7'drdy
=0 '=0

k=1"Y1ssVk YEE | ....v70

— Z Z / eisﬂk)(y) <0—s(y)7 p(efﬂ)p(@:Q) e p(G:k)Vg(Zk(y)»dy

(20)

Here, we write a >_" to indicate that the v; being summed over are all yp-adapted. The expression

(20) is best understood by the skew transfer operator that we now introduce. Recall that y € =

can be written y = (m, \). The inverse branches of Z are indexed by ~p-adapted v and are given
explicitly by

() e O3 21

om0 (m i) 205 (1)

The skew transfer operator L , is defined for arbitrary unitary (p, W) and f : = — W by

[1]
[1]

%

*

Loplfly) = e W T 0 a,(y)p(©5)".f o ay(y).

Y

Recall that J is the inverse of the Jacobian of Z w.r.t. Lebesgue measure. By results of [AGY06]
the summation involved in L , is convergent (cf. Theorem 3.10 and the discussion afterwards).
With the operator L, , in hand, by making a change of variables of the form y — Z¥(y) one
obtains from (20)

o0

1) =3 [ (8 0-w) Velwhd, R(s) >0 (2

k=1 yGE
It is clear from inspection of the above that spectral bounds for the operator L, , will be helpful
in estimating I. More precisely, we will aim to analytically continue I(s) to a strip (s) > —o’
with o’ > 0.

3.4 Spectral bounds for transfer operators

It will be useful at times to compare L , to the operator on scalar functions on = given by
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Li[fly) =Y e W T 0 an (y) f(as ()
g
that features in [AGY06, formula (7.13)]. Recall that oq is such that [ exp(oor)dm < oo given
by Theorem 3.4. The following is given in [AGY06, pg. 188].

Theorem 3.10 There is some 0 < 01 < og such that for s with |R(s)| < o1, L, is a bounded
operator on C(Z). Moreover we have the following properties after suitable choice of oy :

(i) Lo has a simple eigenvalue at 1 and the rest of the spectrum of Ly is contained in a ball
around 0 of radius < 1.

(ii) For real o with |o| < o1 the largest eigenvalue A\, of L, is simple and varies real analytically
in o. In particular for all p > 0 there is o2(n) > 0 such that for real o with |o| < o2 we
have e < Ay < €'l

(iii) The corresponding eigenfunctions hy (normalized so [ h, = 1) are positive and also vary
real analytically as C*(Z)-valued functions on (—oy,01). The functions hy are uniformly
bounded below when |o| < oy.

As a corollary to Theorem 3.10 we may note that for real o with |o| < o, the infinite sum
Z e~y (Y) 7 o oy (y) = Lo [1](y)
S

converges to a C! function of y € Z. Moreover (see [AGY06, Paragraph following Prop. 7.8])
since for o < 01, L, is a continuous perturbation of Lg, by possibly decreasing o, we can ensure
the sum above is uniformly bounded for all y € ¥ and all o € (—o1, 01). This will be useful later.

We now give spectral estimates for £, , in two regimes: for large imaginary part of s (corre-
sponding to high frequency aspects of the dynamics) and small (bounded) imaginary part of s
(corresponding to low frequencies).

a. |3(s)| > 1. Here we give spectral bounds for transfer operators L ,, where p is an arbitrary
unitary representation, that come from the method of Dolgopyat [Dol98]. In the case of scalar
valued functions on = these bounds were obtained by Avila, Gouézel and Yoccoz in [AGY06] by
adapting Dolgopyat’s argument to the Teichmiiller setting.

To state the next result we introduce the warped norm on C*(Z; p) by

sup [ Du(y)]]-

[l = sup [[u(y)]| + ———=
= maX(lv ’t’) ye=

ye

Proposition 3.11 There is 0 < o(, < 09, Tp > 0,C > 0 and § < 1 such that for all s = o + it
with o] < ofy and |t| > Ty, for any unitary (p, W), u € C1(Z;p) and for all k € N
125 yull L2y < CBF[lullye.

The version of Proposition 3.11 with no twist by p can be found in [AGY06, Proposition 7.7].
We prove Proposition 3.11 in Section 4.

b. |3(s)| < 1. Here we give spectral bounds for L; ,, that are good when [3(s)| is below a fixed
constant.
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Proposition 3.12 Let s = o + it. For all tyg > 0 there are constants C,n,e > 0, Qg € Z4, and
0 < o} < og such that when |o| < o and |t| < to then for all u € C*(Z;p,), all k € N, all g
coprime to Qq, for s = o + it,

5,Pq Cl_ - Cl'
1£8 pyullen < C(L— )" q"ull

Proposition 3.12 is proved in Section 5. Propositions 3.11 and 3.12 together with the expression
(22) imply Theorem 3.9 by the arguments that we give now.

Proof of Theorem 3.9. In the first part of the argument we follow [AGY06, Lemma 7.18], and
extend the argument to vector valued functions. Recall we aim to prove (16). We write s = o +it.
Suppose |o| < 01/4 for o1 > 0 as in Theorem 3.10. By integration by parts in the flow direction,
we have for some ¢ > 0 and all x € 2

Ce(nr(x)/?

max(1, |¢])

Cealr(a:)/Q

L e
10l IVs (@l = LT

IT—s(@)llw < Vs, (23)

We can estimate

*
L5, U—s(@)llw < Y e T 0 ay (2) || U—s (cr2)
v
We were able to remove the factors here coming from p since the representation is unitary. By
the estimate for ||[U_s(z)||w in (23), this is

< CHUHBO 26(01/4)1@0@(96){]0 047(.%')6(01/2)r0a7(x).

= max(1, |1]) £

The sum is bounded by a constant ¢’ > 0 given |o| < ¢1/4 and Theorem 3.10. Hence by increasing
c if necessary
- c|Uls
Ls,U_ < 0
” S,p S(x)HW = ax(l,\t\)

for all z € Z. We have (recalling footnote 13)

ID(Ls,U-s) (@) = [| Y Dl 0 ayp(©3) ™ .U—s 0 o] ().
v

We have to differentiate e=*"°*7, Joa, the limits of the integral defining U_g, or p(@f‘y)_l.ﬁ_soav.
The latter is the only deviation from [AGY06, Lemma 7.18]. Since p is locally constant, we have

1D[p(©3) ™ .U—s 0 a,)(x)|| = |p(©3) "' D[U—s © a]() || = | D[U—s © ;) (2)]].
Therefore, since this is the same estimate [AGY06] obtain for the analogous term, the same
arguments as in [AGY06, Lemma 7.18] imply ||D(L; ,U—s)(x)|| < c.

Hence putting the previous estimates together, we have Ls,pU_s € CY(5; p) with

c|[Ulls

1Ls,0U=sllcrzpy < ellUllBys  1£5,0U=sll1,t < max(L, [£])°

(24)

As a clarifying remark, we would have liked to obtain these bounds for U_,, but it was not
possible, so we used L, ,U_; instead. We also have from the bound for ||V;|| from (23),

. . A V|| V|
Wil < [ _I@Iam) < S8 [ orrtrmi < T
S xe

, max(L, [1)? Jyes max(L )2 )
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These are all the functional norm bounds we need for the proof. We now proceed to use the
spectral bounds for the transfer operator.

Let o” = min(oy/4,0(,0]) where o, and o} are the constants from Propositions 3.11 and
3.12. We now specialize p to p = p,. Writing E’;p = E’;_plﬁs,p we obtain from Proposition 3.11
and (24) that for |o| < o”, if |t| > Ty,

C//Bk
max(1, [t])

Using (25) and Cauchy-Schwarz, we can bound the terms defining I in (22) by

BH|U I IV 115,
t2

“Eg,pﬁ—S”LQ(E) < Cﬁk_lHL‘s,pﬁ—sHl,t <

(L [0-s](), Va(y))] <

for |t| > Tp and some ¢ > 0. Hence for |t| > Ty we have

CBkllUHBoHVlIBl NUlso IVl
< Z S 2
For |t| < Ty we apply Proposition 3.12 with tg = Ty and u = ﬁs,qu—s to obtain
125, U sller < C(1L= )1 q"| L5 p,U—sullcr < C'(1 = €)*q"[|U]|5,,

where the last inequality used (24). Hence for |t| < Tp, using Cauchy-Schwarz again to bound
(L5 [U-s](v), Vs(w))],

$,Pq

o0

<Y 1= U5 [V IIsy < @ NU 15,1V 15,

k=0
These estimates prove that the expression defining I (s) is absolutely uniformly convergent on
compact sets in |o| < ¢”. Since each of the terms are analytic, this establishes analytic continu-
ation of I(s) to R(s) > —o”. Since we have established the estimate

2 < C/q77 < 5
I(s) < 1+’t’2||UHBOHVHBl? lo| <o,

by inverting the Laplace transform, using a contour integral over the vertical line R(s) = —o” /2
as in [OW16, Proposition 5.5], we obtain for some § > 0

I(t) < "q"e U |5, |V ]| -
This completes the proof of Theorem 3.9. O

Now, the only outstanding proofs required for Theorem 3.5 are those of Proposition 3.11 and
Proposition 3.12. These are given in Sections 4 and 5 respectively.

4. The Dolgopyat argument for twisted transfer operators

In this section we explain the necessary modifications to [AGY06, Section 7] in order to prove
Proposition 3.11.

The key idea of the proof, due to Dolgopyat, is to systematically exploit oscillations of the
roof function r. As illustrated in Oh and Winter [OW16] and Magee, Oh and Winter [MOW17],
Dolgopyat’s argument works for skew transfer operators, provided the twisting unitary cocycle
is constant on cylinders of length 1. The reason is that because the cocycle is locally constant,
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it should not interfere with the oscillations of r during the argument, which is what is being
exploited. In the current setting, the values of the cocycle p(©,) only depend on the cylinder
E, .40+ 50 the same arguments should in principle apply. We establish this rigorously below.

It will be useful to make the following normalization of the transfer operator as in [AGY06].
Recall from Theorem 3.10 that for o real with |o| < o1, A, is the leading eigenvalue of £, and
hs the corresponding positive eigenfunction. The h, are uniformly bounded below. We write
s = o + it throughout this section, assume |o| < o7, and define

LS,p[f] = /\glhgl‘cs,p[haf]v

for f € CY(Z;p) and similarly Lg[f] := A\, h; Ls[hsf] for f € C*(Z;C). The purpose of this
normalization is that for real o, L,[1] = [1], i.e., L, is a Markoff operator. The operator Ly ,
acts on C*(Z;p) by

Lol f1(y) ==Y e p(03) 7" f(ay (y))
Y

where
Rs := —sr+logJ —log(hy o Z) 4+ log hy — log A\, . (26)

Many extensions of the results in [AGY06, Section 7] rely on two simple observations. Let
(p, W) be a unitary representation. When we consider LY ,[f](x) we obtain sums of terms con-
taining factors p(©% )~'... p(©% )7! f(an,..~, @) (cf. (41) below). The two observations that we
will use several times are

(i) Since (p, W) is assumed to be unitary, any time we apply the triangle inequality to LY ,f,
or expressions derived from LY ,f (for example, by taking a derivative), we can use
lp(©3,) 7 - p@3 ) W < IfF W)l

(ii) If we take a derivative of Lf , f, since the factors p(@%)_l e p(@%)_l are constant for each
Y1, -+, Yn, We may commute the operator D with p(@ﬁn)*l . .p(@a)*l. Then the previous
point may be used.

The following is the extension of [AGY06, Lemma 7.8] to vector valued functions. Let o1 be as
in Theorem 3.10. Recall A > 1 is the constant from Proposition 3.1.

Lemma 4.1 There is K > 0 such that for alln > 1, for all s = o + it with o € [—01,01], t € R,
for all unitary representations (p, W), for all u € CY(Z;p), for all x € E,

DL pul ()| < K1+ [t Lg[[lul](z) + AT L[| Dul[](x)-

Proof. The proof is the same as that of [AGY06, Lemma 7.8] with the addition of points (i) and
(ii) above. O

We now fix K > 5 satisfying Lemma 4.1. The next lemma is the extension of [AGY06, Lemma
7.9] that shows the iterates of L, , are bounded in the operator norm of || e || ;.

Lemma 4.2 There is C > 1 such that for all s = o + it with o € [—01,01] and |t| > 10, for all
k € N, for all unitary (p, W), for all u € C1(Z; p)

—k

A
Lt < Cllullco + ——|Dul|co.

Lk
[T i

Therefore ||LE jull1¢ < Cllullv:-
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Proof. Again, the proof is a straightforward extension of [AGY06, Lemma 7.9] incorporating
point (i) and Lemma 4.1 in place of [AGY06, Lemma 7.8]. O

Next we note the extension of [AGY06, Lemma 7.10] to vector valued functions.

Lemma 4.3 There is Ng € N such that for any n > Ny the following hold. Let s = o + it with
o € [—0o1,01] and |t| > 10. Let (p, W) be a unitary representation. Let v € C1(Z; p) satisfy

sup || Dv|| > 2K[¢[ sup [|v]|.
Then

9
ILs pvlle < g5 llvllze

Proof. Follow the proof of [AGY06, Lemma 7.10] and use point (i) and the replacement of
[AGY06, Lemma 7.8] by Lemma 4.1. O

This tells us that to establish contraction of LY , it remains to deal with functions with sup || Dv|| <
2/C|t| sup ||v||. Now we make the following natural modification to [AGY06, Definition 7.11].

Definition 4.4 Fort € R and (p, W) a unitary representation, we say a pair of functions (u,v)
onZisin&Y ifu:Z >Ry isCLv:ZE=WisCH 0<||v|| <wu, and for all z € =,

max (|| Du(z)|], [[Dv(2)]]) < 2K[t|u(z).
The next lemma is the current analog of [AGY06, Lemma 7.12].

Lemma 4.5 There exists N1 € N such that for any n > Ny the following hold. Let s = o + it
with 0 € [~o1,01] and |t| > 10. Let (p, W) be unitary and (u,v) € &Y. Let x € CY(Z) with
|Dx|| < |t| and 2 < x < 1. Assume for all x € E, LS ,v(@)|| < Lg(xu)(x). Then

(L (xu), L ) € &".
Proof. The proof is the same as that of [AGY06, Lemma 7.12] after replacing all uses of [AGY06,
Lemma 7.8] by Lemma 4.1. O

By the arguments of [AGY06, pg. 191], there exists n > max(Ny, V1), a1, ae inverse branches of
Z", and a smooth vector field y on = with 1 < ||y|| < 2, such that for all x € =,

1D 0 a1](z)y(x) — DIr™ o as](2)y()|| = 100K max(| Dau(@)y(2)], | Daz(@)y(x)ll). (27)

Note we replaced the constant 9 from [AGY06] by 100, for technical reasons. This is permissible
by the same arguments leading to the constant 9 in [AGY06] (9 was arbitrary). The estimate
(27) lies at the very core of the Dolgopyat argument.

We now fix this n, a1, ag, and y throughout the rest of this section.

For ~1,...,v 7o-adapted let «.,. . ., denote the inverse branch of ZF that maps = to
Eq1...vev0- Then recalling the previously defined «., from (21) one has the composition law

Qlyy.oyy = Qlyy O Qlyy O Lo O (.

If we write for each of a1, g, o = G 6) then let us define
1 In
= -1 -1 ._ -1 -1
@1 — (@:7(11)) . e (@2%1)) ) @2 — (@:;SLQ)) e (6’4;52)) .

Then (and this is the reason for the definition), p(©;) is the unitary matrix appearing in the
summand of LY ; corresponding to the inverse branch «;.
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The following lemma, analogous to [AGY06, Lemma 7.13], is the main point where a new
idea is needed to extend the methods of [AGY06, Section 7] to vector valued functions. Recall
the notation 7™ from Section 2.12 and the functions h, from Theorem 3.10.

Lemma 4.6 There are constants 6 > 0 and ¢ > 0 such that the following hold. Let s = o + it
with o € [~o1,01] and |t| > 10. For any unitary (p, W) let (u,v) € EV. For all o € = such that
B(zo, (C+9)/[t]) is compactly included in 2, there exists a point x1 with d(zg,x1) < ﬁ such that
one of the following holds:

— Fither, for all x € B(x1,0/|t])
Semor ™Mo (g z)[uho) (arz) + =02 T (anz) [u.ho) (a2),

‘ efsr(n)oal(x)J(alx)p(@l)[v.hg](alx) + efST(n)OO‘Q(I)J(agx)p(@g)[v.ha](agl’)H <
3
4

— or, for all x € B(x1,0/|t])
oo @ g ara)p(@1) v (1) + €= 2 T (052)p(O2) [0-ho(23) | <

6—0’7‘(”)00&1(37)J(alx)[u.ha_] (alx) + Ze—ar(n)QQZ(x)J(a2x) [uho_] <a2$)

Proof. We follow [AGY06, Proof of Lemma 7.13] and split into two cases.

Case 1. Assume there is 1 € B(x,(/|t|) such that either ||v o aj(z1)| < wo ai(z1)/2 or
|lvoas(zr)] < wuoas(xr)/2. The same arguments as in [AGY06], incorporating point (i) above,
prove that the lemma holds in this case by choosing § sufficiently small.

The harder case is the alternative one, wherein we must extend the arguments of Magee, Oh,
and Winter [MOW17, Proof of Lemma 29| to higher dimensions.

Case 2. Assume for all x € B(zo,(/|t|), ||[voai(z1)| > uwo ai(xr)/2 and [|v o as(z1)| >
uo ag(x1)/2. This implies on aq (B(xg,(/|t])) U aa(B(zo,(/|t])) the function v is non-vanishing.

As in [AGYO06] let ¢ : [0,{/(2]t])) — = be the solution of the differential equation ¢'(7) =
y(¢(7)) with ¢(0) = zo. Let 27 := ¢(7). Define for z € E

Fi(z) = e~"°0 @) J(0,2)p(01)[v.ho] (1),
Fy(2) i= e—*7"°02() J(092) p(02) [v. o] (a22).

Our goal is to find cancellation between these two functions. We must follow a slightly different
approach to [AGY06] because we don’t have exactly the same concept of ‘phase’. Instead we
consider the complex valued function

Ba) i P

[ () [ Fo () |
Our strategy of proof will be to establish the following Claim:

Claim: There is a choice of ¢ > 0 such that for any xo as above, there is T € [0,(/(8|t])) such
that R®(z7) < §.

Before proving the claim, let us see how it implies Lemma 4.6. Indeed, given 7 as in the

Claim, we let z; = 27. We have 7 € B(xo,(/(4]t])). We need to argue as we perturb from 27 in
any direction, ® does not change too much.

First we control the sizes of F} and F, and their rates of change. Following [AGY06, pg. 193],
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one obtains a constant C' > 0, independent of ¢, such that for all x € B(xo,(/|t|) we have

IDF;(x)|| < Cltf[| Fiz) | (28)
from which it follows from Gronwall’s inequality that for all z, 2" € B(x,(/(3|t])), we have
IF ()] < “IUm) Fy(a)]. (29)
Note from (29) it follows that
IDIIEI] < Clell| ]l (30)

on the domain B(zo,(/(3[t])).
Next we have that D(Fy, F») = (DFy, Fy) + (Fy, DF5) so by the Schwarz inequality and (28)

|D{Fy, Fy)| < [DEL| ]l + [[FL([[DE | < 2C ]| Fa ]| F2)- (31)

Now,
Do~ DELE) (P, B)D|R|| (F, ) D] Bl
[ E || F2l] [[F1 2] F2]] [E2 ]| F2l
By using (30), (31), the Schwarz inequality and the triangle inequality we obtain
|D®| < 2C|t| + C|t| + C|t| = 4C|t|
on B(xo,(/(3|t])). Therefore, if § is small enough with § < {/12, for all z € B(z1,d/|t|) we have
RP(z) < 1.

Assume that ||[Fy(z1)|| > [[F2(x1)|. This is without loss of generality since the other case is
symmetrical. Then by choosing § small enough, and using (29), we may further assume that for
all z € B(x1,d/|t|), ||Fi(x)| > ||F2(x)||/2. This implies for all x € B(x1,d/|t|)

1F1(2) + Fa(a)|* = [ FL(@)]” + [|F2(2)[|* + 2R%(F1(x), Fa(x))
= [F1(@)|? + [[Fa(2)]? + 2R () || F1 ]| P2
)

1
<R @I+ [1F@)* + S Bl

— (IR + IR + 1R (R - 1))

which is < (||F1(2)]| + 2||Fa(2)]))? for all @ € B(z1,0/[t]) since |[Fi|| > ||F»|/2 there. This
concludes the proof of Lemma 4.6 modulo the proof of our Claim.

Now we prove the claim. Note first that we can assume we have |®(27)| > 1/8 for all 7 <
¢/(8|t]), otherwise the claim is established.

For i = 1,2, let s;(x) := v o a;(z). Since v is non-vanishing on B(zo,(/|t|) we can write
si = ||sil|sf where ||s;|| and s} are continuously differentiable. Then we have the expression
(p(xr) _ efz'tr(n)ocn(357')e—z‘tr(moag(gc‘r)<p(@1)si(‘r7—)7 p(@g)SS(l’T».
Note that [®(z7)| > 1/8 for all 7 < (/(8]¢|) implies |(p(©1)s](x7), p(O2)s5(z7))| > 1/8 for 7 in
the same range.

We have for ¢ = 1,2 and any vector field w
Dywsi = (Dwlsill) si + [lsill (Dws;)

and from (s¥, s¥)yy =1 we obtain (Dys

* ok _
s “, 55w =0, so we have

17 %

2 2 * 12
IDwsill” = (Dwllsill)* + lIsill* [| Dews? |-
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This yields

[ Dywsill
sl

which is a version of ‘Kato’s inequality’. The numerator on the right hand side is estimated using

| Dv|| < 2K|t|u giving

[1Dwsill < (32)

[ Dwsill (x) < 2K|tu(z)[| Dai(x).w(z)]]. (33)
The denominator is estimated using the assumptions of the current case giving ||s;|| > (voa;)/2.
Together this gives

[Dyws; ()| < 4K[t|[| Devi (). w ()] (34)

Consider now the function

Y(7) =

(p(©1)s51(27), p(O2)s55(27))
[{p(©1)s7(27), p(O2)s5(x7))|"

Since h, is always nonzero, we can locally write ®(z7) = €?(")||®(7)||. Similarly, for some function
arg T we can write Y(7) = exp(iarg Y(7)). Then

() = —t(r™ o ay(27) — r™ o ay(27))) + arg Y (7). (35)
By the same arguments as led to (32) we have

o = [ (PO (7), p(O)s5(07)
< s, p@) s3]

Using (34) and the triangle and Schwarz inequalities gives

(36)

I%@(@l)ﬁ(f%p(@ﬂs;( Nl = e (@1)i81( ), p(©2)55(27)) + (p(O1)s3(a"), p(O2) - s53(a7))]

dr
< 4Kt] ([[Dax (z).y (@)l + [ Daz(z).y(2)]])
This bounds the numerator of (36). The denominator is > 1/8 by our current assumptions. Hence

(7] < 64Kt max (| Dei(x) y(2)1]) - (37)

The inequality (37) implies, since the values of T have absolute value one,

|(arg 1)’ ()| < 64K[¢| max (|| Dai(x).y()[]) (38)

Therefore using (27) and (38) together with (35) we obtain
0(r)] > 100K mas (]| Des (). ) ~64K ] ma (| D)) ) = 36K]¢] s ([ Des ().y2) )

Following [AGYO06] there is a constant vy > 0 such that for all x € E we have

max;=12 (|| Dai(x).y(x)||) > ~o0. Hence |¢'(7)| > ¢|t| for some ¢ > 0. We now choose ¢ = 167/c so
that there will be 7 € [0,{/(8|t|)] with § = —m mod 27. Note this choice of ¢ only depends on
constants defined before this proof so could have been made a priori. This gives ®(27) € R and
®(z7) < —1/8. This proves the claim. O

We now fix the constants ¢ and ¢ given by Lemma 4.6. In [AGY06, pg. 194] it is explained that
there are constants Cy and ¢y such that for all € < €g, for all z € =, there exists 2’ € = such
that d(z,2’) < Cpe and B(a’,€) is compactly included in Z. We now choose Ty > 10 such that
2(¢+6)/To < o

The following lemma is the replacement of [AGY06, Lemma 7.15].
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Lemma 4.7 There exist By < 1 and 0 < g2 < o1 such that the following hold. Let s = o+ it with
0 € [~09,09] and [t| > Ty. Let (p,W) be unitary and (u,v) € EV. Then there exists i : = — R
such that (@, L7 ,v) € &Y and [a*dm < By [udm.

Proof. Following the same arguments of [AGY06, Lemma 7.15] with Lemma 4.6 in place of
[AGY06, Lemma 7.13] we construct a function y on E with 3/4 < x <1, ||[Dx|| < |¢|, and

LS poll < Lg(xu). (39)

We let @ = Lg(xu). By (39) combined with Lemma 4.5 we obtain (i, LY ,v) € &Y. Tt remains to
show for some () < 1, [ @2dm < B i u?dm when o is sufficiently small. This can be done using
the same arguments as in [AGY06], since it has nothing to do with W, only the construction of
X which is basically the same as in [AGY06]. O

Finally, to conclude this section, we note that Proposition 3.11 follows from Lemmas 4.2, 4.3,
and 4.7 exactly in the same way that [AGY06, Prop. 7.7] is proved from the analogous [AGY06,
Lemmas 7.9, 7.10, and 7.15].

5. Expansion and the twisted transfer operator

This section contains a proof of Proposition 3.12.

5.1 Refining the choice of vy

We now assume that 7 is the member of R specified by Theorem 2.3. Let .S denote a fixed finite
set of generators of G, this is possible since we know G is finite index in Sp(Z29, w, ). Choose
a finite set Yo of v that are paths in R beginning and ending in 7 and such that

{0 : yeTo}
together with their inverses generate S. Now let
T="ToU{yy :v€YTo}.

We note for later on that this definition guarantees

Lemma 5.1 The elements

* * \—1 2
@'y'(@’y’) € Sp(z gaww) 777, €T

generate G.

Proof. For a given 7 € Ty, we have @:M(@:Ey)_l = ©% and @%(@’Em)_l = (93)_1. On the other
hand, the ©% with ¥ € T together with their inverses generate S and hence G... O

We will now choose g such that no v € T contains g as a substring and moreover g is
strongly positive and neat (recall these properties from Section 2.13). This can be done simply
by ensuring that g is strongly positive and neat and longer than all v € T. We now give the
details of this construction.

Before stating the next lemma we introduce some language. A path in R is complete if every
a € A is the winner of some arrow in . It follows from a result of [MMYO05, Section 1.2.3] (see
also [AGY06, Lemma 3.2]) that there exists a complete path 7, beginning and ending at 7. A
path in R is said to be k-complete if it is the concatenation of k complete paths. Write v* for the
k-fold concatenation of 7, with itself. Then for example, if v, is complete then v¥ is k-complete.
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Lemma 5.2 ([AGYO06, Lemma 4.2]) A k-complete path with k > 3|.A|—4 is strongly positive.

As noted in [AGYO06, pg. 162, footnote], a path is neat if it ends with a type € arrow and
begins with a string of opposite type arrows at least half the length of the path. Suppose that
4 ends with a bottom arrow. Choose then k such that

l(ve).k > maxl(y), k>3JAl—4. (40)
yeYT

Next choose 7' beginning and ending at 7 with I(v.).k + |R| top arrows at its beginning and
< || arrows afterwards (this is always possible since whatever the endpoint of the first top
arrows, one can quickly return to 7). Then

0 = (Yt
begins with

Uve) b+ 193] = 2 (1) 193 4+ 193 + L) b) > 21(20)

top arrows so is therefore neat. Also, clearly v'v, is complete so vy is k-complete. Therefore g
is strongly positive by Lemma 5.2. Finally, by choice of k in (40) = is longer than any element
of T. We have shown

Lemma 5.3 It is possible to choose 7y so that no element v € T contains g as a substring and
moreover g is strongly positive and neat.

We fix such a g for the remainder of the paper (and retroactively for the previous sections).
From the discussion in Section 2.13 this has the consequence that the elements of the set

70T :={yy: yeT}
are all yg-adapted. We will use this later.

5.2 Decoupling I: Releasing the convolution

We now perform the decoupling argument of [MOW17] with the first part of the argument based
on [BGS11] and the latter part of the argument coming from [MOW17, Appendix]. One key
difference here is the fact that the symbolic dynamics takes place on an infinite alphabet.

We understand during this section that all ~; are vp-adapted in all sums and so forth. It is
possible to show by adapting the proof of [AGY06, Lemma 7.8] that L , and L , act on C1(Z; p)
for |o| < o1 .

Recall the definition of the function Rs from (26). It will be convenient to introduce the

function Rgn)(y) = Z?:_Ol R¢(Z'y) for y in the domain of Z"~1. Also recall the notation Oy oy
from Section 4. With these notations, for F' € C1(Z; p),

(N) . A o
LY[Fly) = > e Cnawvlp@r )7 p(0%)  Flam,. yy). (41)
Y155 YN

We prepare a preliminary lemma.

Lemma 5.4 There is a constant C > 0 such that for all M > 1, all o with |o] < o1 and
s=o+it, and all y € =,

IDIREM™ 0 sy oy J()] < C(L+ 1), (42)
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Proof. Using Proposition 3.1, Lemma 3.3, and Theorem 3.10 we obtain
[D(Rs 0 o) (y)| < (1 + [t])
for all v and y. Furthermore, for £ > 1, by the chain rule and Proposition 3.1 Part ii we have

ID(Rs © ..y ) ()| < (1 + [t)) AT

for A > 1. Now,
M—1
IDRM™ 0 g a )W) = 11 D D(Rs 0 gy sn) W)l
M—1 =
<Y el AT <o+ |t
i=0
as required, by summing the geometric series. O

We now perform the same initial decoupling arguments as in Bourgain, Gamburd and Sarnak
[BGS11]. Let

N=M+M
and let o be an arbitrary point in =. Write d for the distance on = coming from the Hilbert

metric, induced by the Finsler metric on =. Note that = has bounded diameter with respect to
d (since = is a John domain in the sense of [AGY06] by [AGY06, Lemma 4.4]).

Lemma 5.5 We have
LYIFIy) = > Ophl L ,0(0).005,)7 o .p(05) " Fan,. 4,0) + O(| Fllcr A™)
Y15 YM
where
Y (N>a x \— * —
OPY mu(p) = D e maw¥p(er )= p(e), )7
YMA415++YN

is a member of the algebra generated by the ,0((91;1_)*1 acting on W. The error term is in the norm
of W. We also have

DLY[FN(y) = Y. Oph2 (p).p(0%,)7 ... .p(0%,) ' Flany,..,0) (43)
Y1y s YM

+ O((L+ [tIIF[cr A
where
Y M oq * o\ — * -
Op)2 Py = Y Dl rman](y)@p(0% ) . p(0r,, )7

YM+15---YN
is a member of Hom(T,Z, R) @ End(W) = Hom(T,Z, End(W)) and the big O term is interpreted
w.r.t. the operator norm between the Finsler metric norm on T,Z and End(W) with its own
operator norm. Write || o ||,z gnaow) for this norm and || e |[gaaow) for the operator norm on
End(W).

Proof. We begin by inspecting (41) and noting that F'(c,..yy) and F(c.,.. ~,,0) are distance
< A™M apart, where A > 1 is the constant from Proposition 3.1 Part ii. Hence we have

1 (i) = F oy ) I < | Fllcn AT (44)
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This gives
() * — * O\ —
LY[Fly) = > effe Cmantlp@r )7 . p(0%)  Flay,. 4,0)
Y1,--YN
(N) . N .
+ Y e ey per ) p(0F) T F (. y) = Fan,.400))-
Y15 YN

Using that p is unitary, the second line above can be bounded in ||.|[yy using (44) by

_ (N) _ _
IF i A™™ 37 e @non®) = || Fll i ALY (1] (y) = [|Fllen A,
Y1s5-- YN

This proves the first part of the lemma. For the second part, note

DN = 3 Dl o0man](y)p(01,) .. p(05)  Flan, ayy)  (45)

V15 YN
(N)

+ ) el et p(er )T p(0F ) TED(F 0 oy, ) ().
’\/1?"‘77]\[

Since ||D(F 0y, .4 ) ()| < AN||F|| o1, the second term can be bounded in the norm of W by
| F||c1 A= by the arguments from the first part of the lemma. To deal with the first line of (45),
we argue as before, replacing F'(cvy,. yYy) With F'(cy,. ~,,0). By the same arguments, we incur
an error that can be bounded by

_ (N
IFlln A=Yy D[ ernaw](y)]). (46)
Y15 YN

We must estimate the sum here. We calculate
(M), (M),
Dm0 )(y) = DR 0.y, ) )

so by Lemma 5.4 we have
(N) (N)
|D(ER 2 man) (y)| < C(1+ [t])eRe o (y).
Therefore the sum in (46) is < C(1+[¢]) X2, . RS ooy (y) = C(1+ |t|). This concludes
the proof. n

We will now aim to give operator norm bounds for Op%._mﬁy(pgew) and Op%[ff?vM;y(pgeW)
that involve power decay in q.

Proposition 5.6 Lets = o+it. There is D > 0 such thatfor allty > 0, there are o1,¢,C, L, qy >
0 such that for |o| < o1, |t| < to, ¢ odd with ¢ > qy and M = L|clogq|, we have

y (1) B
HOlel__ M (P77 MEnaow) < Celt (0‘71---7M0)q D’
Y1 YMYNTG W)

(M)

10p10 (0™ 1,2 Emao) < Cef™? (@7 0)g =P,

The bound for Op%f?yM;y(pgeW) is similar to that for Opg;{nﬁM;y(pgew) with no added diffi-
culties?®, so we treat only Op{)f__n/M;y(pIqleW). The reader can consult [MOW17, Section 5.3| for

new

20 After applying Op21:2_ . (ph™) to a test tangent vector v in T, one obtains an element of End(W) with the
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more details. The proof of Proposition 5.6 will take up the remaining Subsections 5.3, 5.4 of the
present section.

Proof of Proposition 8.12 from Proposition 5.6. Import all the constants from Proposition 5.6.
Recall we are given ty such that we assume s = o + it with |t| < tg. We also assume |o| < 07.
We choose M = |c'logq| where ¢ > 0 is chosen such that A™M <« ¢=P. Then®' N = ¢ylogg.
Note that

o™ (02,71 p(02,) " F (.3 0) o < I F

as pgew

Lemma 5.5 and using the triangle inequality gives a constant C' > 0 such that for any
Fe Crl(_" new)

is unitary.

_ (M) _
ILY e Fller < Cq ) Fllen 3 R @@ = 0P|l
Y15 YM

since the sum is LY[1] = 1. Now by increasing g if necessary, we ensure that when ¢ > qo,
Cq P <q PP

Now given an arbitrary N’, we can write N’ = aN + b with 0 < b < N ~ ¢glogq. Since the
operator norm of L pnew is bounded (by comparison to L,) by a constant K depending on t,
we obtain for any F € C'(Z; piev)

! b _ ’
LY s Fllen < Kq*P2|[Fller < g"(1 = )N | Pl

for some €, > 0.
To deal with p, in place of p;", we consider the groups I'y(¢') that are defined to be the
kernels of reduction modulo ¢’ on T'y.

We decompose p, as @1¢q'\qu/ where pg, is the subrepresentation of ¢3 (') corresponding to
functions invariant under I';(¢’) but not invariant by any I';(¢”) with ¢”|¢’, ¢ # ¢'. This gives
a splitting

‘—‘7 pq @ Cl (47)
1#4'|q

The action of the transfer operator Lg ,, on C*(E; pg/) is intertwined with the action of L ,new
q
on C(Z; py™). Thus if f € CY(Z; pg) we can decompose f = > 12q)q Jo according to (47).

This is the point in the paper where the modulus Qg of Theorem 1./ comes into play. We
now assume Qq 1is the product of primes < qq, where qy is the constant fixed during this proof.
In particular, if q is coprime to Qq, then any ¢'|q has no proper divisors < qg. Under this
assumption, fy =0 if ¢ < go.

Now we have

L fller < Y0 LY, foll < Y a"@ =N fylles

q0<q'lq q0<q'lq

task of bounding its operator norm, which can be done in exactly the same way as we will treat Opffl[m.YM (P2

new

On the other hand, it is worth pointing out that the bound for Opffl[ ’,?W;y(pq ) relies crucially on the fact that

|t|] < to whereas this is not a factor in bounding Opf{_wM;y(pf;ew)

2'Here and henceforth we say f ~ g if there is a positive constant ki such that |f — g| < k.
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where we used the bound we previously obtained for the operator norm of Lé\gn?w to bound
q

Ly o follcr Since ||fyllcr < || fllcn for each ¢/, and g has fewer than ¢¢ divisors for some ¢ > 0
and all q, by increasing 7 if necessary the above can be bounded by

(L =)™ || fllcr-
This proves Proposition 3.12 with Lg pnew in place of L pnew. To convert between estimates for the

unnormalized and normalized transfer operators, note that Eé\f py = )\f,v hULé\f Py h_'. Multiplication
and division by h, is a uniformly bounded operator in |o| < o1 by Theorem 3.10. Morever by
Theorem 3.10 we can choose ¢ < oy such that A\, < (1 — €)'/? for all |o| < ¢. Therefore under
these assumptions on o we have for some C' > 0, for all N" > 1,

1LY fller < Cq'(1 — e)N'/?

5,Pq

which concludes the proof. O

5.3 Bounding the operator norm of convolution operators

Let my : Sp(Z*,w,) — Ty be the reduction mod ¢ map. To improve the readability of the
following argument we will write for yp-adapted ~

hy = Wq(@:)il el

Recall N = M + M, s = o + it, and o is an arbitrary but fixed point in 2. We are tasked with
estimating the operator norm of the group algebra element

Z B (. ”’Ny)h h

TYM+15--5TYN

Iu"Yl...’YM;y = YN—-1 """ h’YM-H € C[Fq]

as it acts by convolution on £2,, (I';). Indeed, this is precisely the operator O]D,Y1 iy (PgS) when
restricted to €2, (T,). We view elements of C[I';] interchangeably as complex valued measures
on I';. We write * for the convolution of measures, this corresponds to multiplication in C[I'y].
Given p € C[I'y] we write |p| for the non negative real measure obtained by taking absolute
values of coefficients. We let ji be the measure defined by ji(g) := pu(g=1). If p1, pu2 € R[Ty] w
write g1 < pg if p1(g) < pa(g) for all g € Ty,

Lemma 5.7 We have

W% iyl S Ce e MIO)NI (48)
where C' > 0 is a constant and
(M)
M1 = Z et (Cmtg1-v0) Pyyhan - - h“fM-H' (49)
YM+15--YN
Proof. The proof is the same as [MOW17, Lemma A.2]. O

Note that although p; depends on M, M, we suppress this dependence from now on. We now
organize the ingredients for the proof of Proposition 5.6.

Proposition 5.8 (Majorization of p;) There is a constant € > 0 such that for any B > 1,
there exists an integer L > 0 such that for all K > 0, if M = LK, there is a measure pa such
that

M1 S M2, (50)
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for all ¢ € €3(Ty),
2 Bl < (1= ) |luall1 |02, (51)
and
izl < BX a1 (52)

The proof of this proposition is deferred to the next section. Note that we would like to have (51)

for w1, or even better, the analogous result for M%--vM;y' However we only know |u§{ <

o Anriyl
efte” (@909 14y from which it is not obvious how to convert (51) into Proposition 5.8.

The solution is to first use Proposition 5.8 to deduce that the ¢? norm of jiz * g is small,

i . L . .
variy X My vy 18 small. This will be done using the following lemma.

hence the ¢2 norm of ;L{‘g .
Lemma 5.9 ((MOW17, Proposition A.8]) For any measure v on I'y, we have

. |13
[7 v < |Fq|1}2 +lwlhlvle e,

Here HVHZ(%(Fq) is the operator norm of v acting by convolution on (3(Ty).

Proof. This is proved in [MOW17, Proof of Prop. A.8|. O
In the previous lemma, we will take v = ps. When we succeed in proving ||/J,,‘77\;1[...,\/M;y*,U,,]y\;{m,YM;yHQ is
small, we will then need a way to convert this into information on the operator norm of fi, . ~:y-
It is here that the quasirandomness property of Spy,(Z/qZ) is crucially used.

Lemma 5.10 For some absolute C, D > 0

Y M
’Fq’ ”lu’:]y\{...’wu;y * /"L’yl...’yM;y ”%
qD

H’LL']‘/\{---'YAH?JHZ%ew(Fq) <C

Here ||.||3 denotes the £ norm of the measure on 'y and Huf{ r,) s the operator norm

iyl e
of ”']y\f..wu;y acting on the new subspace of ¢*(T).

Proof. We need to use the lower bound for the degree of new irreducible representations of
Sp((Z/qZ)%,w,) that is given in Proposition 6.1. Supposing that the smallest new irreducible
representation has dimension > ¢” then by the trace formula argument of [MOW17, Lemma

* acting on 2, (T',) satisfies

A.7] the largest eigenvalue of A*A where A := “%--'yM;y

2 D v M 2
A q S C/|Fq|“/"b’]}\/{...’y]p{;y * /’L'yl...’yM;yH2'

The crucial point is that the eigenvalue appears with high multiplicity in the trace formula, an
idea that goes back to Sarnak and Xue [SX91]. Since [|A| = A2 the lemma follows. O

Now we can prove Proposition 5.6, modulo the deferred proof of Proposition 5.8.

Proof of Proposition 5.6. We now make precise the argument we outlined before. Let € > 0 be
the constant from Proposition 5.8. Choose B > 1 such that for all ¢ > 2,

D loggq
2 log |T'y|

log B < —log(1 —¢)
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where D is the constant from Lemma 5.10. The reason for this choice will be pointed out shortly.
Apply Proposition 5.8 for this B to obtain a constant L and measure ug such that 1 < pz. We
let M = LK as in Proposition 5.8. Combining Proposition 5.8 and Lemma 5.9 we obtain

— 1 1
1 q
We can evaluate ||u1]1 by

(1)
il = 30 e oo ~ 1711)(0) = 1
TYM 415N

Hence

— 1
7 sl < 5 (i + 1= 0% ).

From (48) and p; < po we obtain

—_—

y M R$M) K 1 K
H“'%[umw;y * M’Yl..-’YM%yHQ < C%e? (o B2 <’Fq’1/2 +(1—¢) ) .

Using this as input to Lemma 5.10 gives

. /2 —— N

M 2 gl Y M
Hu'yl...'yM;yHé?‘ew(Fq) < qD/Q Huf]y\f..'yM;y * :u'yl...’yM;yHQ

(M) B2K
< o B (14 2 - o)
q

We now choose our constant ¢ > 0 such that for K = [clogq], 1 < |T,|'/?(1 — €)X < 1. The
choice of B ensures that for this K, fj—/’i < ¢ P/4 Hence

M 2 —D/4 _2RWM)
”/1’71--~’YM;1/H€§8W(F¢1) < q / e (0471...71\/10).

This proves the first inequality of Proposition 5.6 (replacing D/8 by D). As remarked before,
the second inequality uses essentially the same argument. O

5.4 Decoupling II: Majorizing pu;.

In this section we prove Proposition 5.8 by adapting arguments from [MOW17, Appendix] to the
infinite alphabet setting, using also a different spectral gap input from property (T) that relies
on our preparation of the set T and its relation to the Rauzy-Veech group G . The key idea in
the proof is that while u; is not a convolution, it can be majorized by a carefully chosen sum of
convolutions.

We further decompose
M =LK (53)
where L is going to be chosen to be a large constant, and decompose {M +1,..., N} into blocks
of size either 1, L — 1 or L. Let

Lij = Vi, Yit1, - 5]
denote the block of all v, with ¢ < ¢’ < j. Rewrite the summation in (49) as

(M)
Ry Q o
K1 = Z Z € ( TMALIN )hWNhWN—l et h7M+1'

Ingvi,mvn—1 I+ n4+1,M4+20 -1 IN—L+1,N—1 YM+L;YM+2L5--IN
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This reordering of summation is permitted since the sums are suitably absolutely convergent

by Theorem 3.10 and the following discussion. Following [MOW17, (A.15)], using contraction

properties of a,, and the bound (42) for the derivative of R((,M), one has the bounds

(1)
exp(—cA"YET18 8, . B < eftr @i < exp(eA") K818, . B (55)
where
(L)
BK — €R¢<7L)(‘34’Y1\7_L+1---’YN0)7 Bj — eR" (a7M+(j—1)L+1'“WM-&-(J'+1)L—1O)’ 1 SJ < K —1.

and ¢ > 0 is a constant. Notice the important feature that each 8; depends on only one of yps;r.
Inserting the second inequality of (55) into (54) gives

1 < po = exp(ecA~L)E-1 Z MK *NK—1%... %1 (56)

Inpvi,m+n—1 Iy n4+1,M4+20 -1 IN—L+1,N -1

where the 1; = n;(Ivis 1,401, I+ 141, M420—1, - - - IN—L+1,8—1) are given by

) ZﬁK(’YN*[n v )’YN)h'yN .. 'h’YN—L+17
IN

nj = Z BiWmsGi—vL1s - s MG L-D Py - Pyproypny 1 SJ <K -1

YM+35L
We point out for the readers convenience that we have now defined py. This proves (50).

To prove (51) we now aim for bounds on the operator norms of the measures 7; acting by
convolution on £3(T,). We write ||n;]lop for this operator norm. Consider, taking for example
1<j<K-1

- -1
nj* 1 = Z Bl s vnais - B Vg - DLV UMV (57)

’7]VI+jL7’Y;\/1+jL
Since

H77j||0p = Hﬁj”w = sup <77j * 150, ¢>1/2 (58)
Pel3(Ty):[|pll=1

we turn to estimating the operator norm of 7; * 1j; on £3(T;). We need to both

(i) estimate the values of §; and

-1

(ii) discuss the group elements h. h

YM+;L ( 'Y]M+jL)

These are both points of departure from [MOW17, Appendix], so we give more details.
1) Continuing with 1 < j < K — 1 (the edge case j = K is similar) we have

(L)
)= oo (O oy MGy E-19)

L
= exp (
e (

1=

< K(VMA (1)Lt 14is - - - YM+jL—1) €XP (RO'(a'YMJerH-'YM-‘r(j-Q—l)L—l0)>

B s YMA4jLs - - -

2

RU(a7M+(j1)L+1+i---7M+(j+1)L10)> exp (RO(O"YMHL---’YM+(j+1)L710)>

S
[en]

&~
(V]

[e=]
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where < means bounded above and below by a constant independent of all v; and L, and

o L-1
K(7M+(j—1)L+1+iv e "7M+jL*1) ‘= eXp (Rc(r )(Oé’YM+(j71)L+1+i~~-'Y]\/I+jL—1O)) .
Note the arguments of « are fixed given n;. Also note that for fixed n; the values

O['Y]\/I+jL+1~--'YIM+(j+1)L71 .

lie in the same cylinder of depth one. On the other hand, the derivative of R,oa.,, ., is uniformly
bounded by (42), so the values in the exponent of (59) fluctuate by at most O(1) while vy, .,
is fixed. Therefore

Bile s WML+ ) = KOV G=1) Lis - - - YM4§L—1) €XD (R (@, ,0)) - (60)

In light of this estimate and the discussion after Theorem 3.10 concerning convergence of infinite
sums, we see that 7; and 7; * 7); have finite /; norms. This supports our earlier justification of
reordering of summations.

2) Recall T from Lemma 5.1. We can write

where v is the contribution to (57) from a4z, Vf\/prj 1 € 7.Y and ¥ are the remaining contri-
butions. Then the support of v is the reduction mod ¢ of the set

Y= {@2.(@1;,)_1 : v, €790.7}.

By Lemma 5.1, the set ¥ generates the conjugate of G by ©7 . Call this conjugate group G...

We now bring these arguments 1) and 2) together. Let v = n; % 1;. Note that the operator
formed from convolution by v on Zg (I'y) is self-adjoint and positive. Therefore the operator norm
of ||v|| acting by convolution on ¢3(T,) is

HVHop = sup <V*¢7 ¢> (61)
Pl (Tq),l16]1=1

We need to use the following property of the action of G on I',.

Lemma 5.11 (No almost invariant vectors) There is some ¢ > 0 such that for all odd q,
for all ¢ € L3(Ty) with ||¢|l;2 = 1 there is some g € X such that if g, := g mod q then

llgq * & — @ll2 > €.

Proof. By Theorem 2.3, when ¢ is odd, G’ maps onto I'y. Hence £3(T';) has no invariant vectors.
The statement of the lemma is then a consequence of Kazhdan’s property (T') for finite index
subgroups of Sp(Z?9,w,) [Kaz67] applied to G. O

Write

V= Z Y9494

94€lq

Let ¢, gg be the constant (resp. group element) provided by Lemma 5.11 on inputting ¢ with
|¢]| = 1. Then it is straightforward to check that [R((g * ¢,¢))| < (1 — €¢') where ¢ = €2/2.
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Returning to (61), using vy, = v y-1 from (57) we get
(xo,0)= D v, l9g%6,0) = D va,R(gq* 6,0)

gq€ly 94€Tq
= vR(g) * 6, 0) + Y v, Rgg * 6, 9)
94799
<(1- e')ygg + Z vg, = vl — e'ygg.
94799

Also, from (60), and that ) exp (Ry(ay,y,,0)) = Lo[1](0) = 1, we get

v > Clivl

YM+5L

with constant C' independent of Vg0 and 7;. So combining this with the preceding estimate and
(61) we get
[lop < Il (1 =€)
for some €” > 0. Inserting this into (58) gives
Injllop < llmjller (1 — €)%, (62)
Using (62) in (56) gives for any ¢ € £3(T;)
Iz * gl < (1= )52 2l l|g] -

This proves (51). It remains to choose L so that (52) holds. To do so, we estimate ||uz2|]1. We
have

lrazlly < exp(eA =)< ) S BB

Inpvy,myr—1 M+ o+1,M+20-15 IN—L+1,N—1 YM+L,YM42Ls VN
We now use the first inequality of (55) to get
“LyK—1 R(lm « ANO
[p2lli < exp(2cA ) > > el Onrpan ),
Inrt, M4 L—1 M+ L+1,M42L—15 s INCL4+1,N—1 YM+L,YM~+2Ls+-YN

But from inspection of (54), the above is exp(QCA_L)K_IHMH. Recall B is the quantifier from
Proposition 5.8. We now choose L large enough so that

exp(2cA7L) < B.
This gives
—_L _
lnallt < exp(2eA )|l < BY |

and completes the proof of Proposition 5.8.

6. Quasirandomness

In this section we show that ‘new’ representations of Sp((Z/qZ)?9,wx) have large dimension.
This is a version of the quasirandomness property of a group that takes into account the level
structure of the family of groups Sp((Z/qZ)%9,wnm).

Proposition 6.1 (Quasirandomness estimates) There is C > 0 and D > 0 such that any
irreducible representation of Sp((Z/qZ)?9,wp) that does not factor through

Sp((Z/q4Z)*,wr) = SP((Z/ @1 Z)*, wai)
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for some q1|q has dimension > CqP.

We follow the type of argument given by Kelmer and Silberman in [KS13, Section 4] for rank
one groups (see also [Magl5] for a small improvement to that argument). We may treat the group
SpQQ(Z) without loss of generality, that is, we assume the symplectic form is the standard one.
Let g > 2. Let ¢ € N and let (p, W) be an irreducible unitary representation of Spy,(Z/qZ) that
is not obtained by a composition

SPay(Z/4Z) = Spay(Z/mZ) = UW)
with ¢1|q. We refer to this property as p being new.

6.1 The case when ¢ is prime

For p an odd prime, let F,, denote the finite field with p elements. The table of Seitz and Zalesskii
in [SZ93, Table 1] implies that PSp,,(F;) has no projective complex irreducible representation
of dimension < %(pg —1) and hence this is also a lower bound for the dimension of an irreducible
representation of Spy,(F)).

6.2 The case ¢ =p"

In this section we prove the following

Proposition 6.2 There is some C > 0 depending only on g such that for all v > 2, letting
R :=[r/2] any new representation (p, W) of Spe,(Z/p"Z) has dimension at least

dim p > Cp¥.

Let ¢ = p". Write H, := Spy,(Z/qZ) and for ¢'|q let Hy(q') be the kernel of the reduction
modulo ¢’ map
Hq — Hq/.
Let g(Z/qZ) denote the Lie algebra of Spy, over Z/qZ. We view this as an abelian group. Let
R = |r/2]. The congruence subgroup H,r(p"~®) is an abelian normal subgroup of H,r that is
naturally isomorphic to g(Z/p®Z). The action of H,r on Hyr (p"~1t) by conjugation descends to
an action of Hr. After using the isomorphism Hyr (pr—F) = g(Z/p"Z) this conjugation action

is identified with the Adjoint action of H,r on g(Z/p"Z), i.e.
Ad(g)v =gvg™", g€ Hyr,ve g(Z/p"Z).

Let (p,W) be a unitary representation of H,. Suppose R > 1. If p is trivial when restricted
to Hy (p™) then p is not a new representation. More generally, if p is new, then the restriction of
p to Hy(p"~%) must not be trivial on any H,(p"~f*") with n € Z since these are also normal
subgroups with H,/H,(p"~f+m) = H,r—rn. Notice H,(p"—f+m) < H,(p—F) corresponds to the
inclusion p"g(Z/p™"Z) < g(Z/p"Z).

The strategy is to consider the H,r invariant set of characters of g(Z/ pRZ) that appear when
restricting p to Hyr(p"~F) = g(Z/pfZ), since the size of this set gives a lower bound for the
dimension of p.

The Killing form on g(Z/p®Z) is non-degenerate which allows us to identify the unitary dual

a(Z/pRZ) with g(Z/pRZ). Under this identification, the co-Adjoint action on characters becomes
an Adjoint action on g(Z/pfZ). Moreover any character that is non trivial on each H,(p"~#+7),
n € Z, becomes an element of g(Z/pfZ) which is not = 0 mod p.
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We have therefore reduced Proposition 6.2 to the following Lemma.

Lemma 6.3 There is some C > 0 depending only on g such that for all R > 1 the H,r-Adjoint
orbit of any X € g(Z/pZ) with X # 0 mod p has size

|Ad(H,r).X| > Cp".

Proof. By orbit-stabilizer theorem the orbit has size at least
‘HpR’
Cr o (X))

where we write C' to stand for centralizer, therefore Cp, (X) = {h € H,r : hXh™' = X}.
Since H,r is an R — L fold extension of H), by groups isomorphic to g(F,) we know |H,r| =
|Hy||g(Fp)| 1 > pft-dimBp2g) — p920+DE This gives the bound we will use for the numerator
of (63).

Considering next the denominator of (63), by an elementary induction argument appearing
in [KS13, Proof of Proposition 4.3]

(63)

|Ch,. (X)| < |C, (X mod p)||Cyr,) (X mod p)| 7" (64)

where the latter centralizer is Cyr,)(X mod p) = {y € g(F;) : [y, X mod p|] = 0}. According to
Springer and Steinberg [SS70, II. 4.1, 4.2, IV. 2.26], the algebraic group Csp,, (X mod p) defined
over F,, has a number of components bounded by a constant depending only on g. By a bound
of Nori [Nor87, Lemma 3.5] each component can have at most < (p + l)dim Cspag (X mod p) points
over Fp,. But dim Csp, (X mod p) is also the dimension of the centralizer of X mod p in g(Fp)

so we have now reduced the estimation of the right hand side of (64) to a bound for
dim Cg(Fp) (X/)

where X’ = X mod p is a nonzero element of g(F)).

Assume the bound dim Cyp,)(X') < dim(Spy,) —e = g(2g+1) —e. Then putting our previous
estimates together the orbit has size at least

pg(2g+1)R

(p + 1)9Cg+1)—¢(pg(2g+1)—e)R-1

R

> > p&t.

Since it is not particularly important here to optimize e, we give the easy argument that one
may take e = 1 since g(F,) has no nontrivial center??. This gives the result stated in the lemma.

O]

6.3 The case of general moduli

If p; are primes and

M
q=]]r"
=1

220ne may definitely do better here, and it would be good to work out the best possible bound, but it is not the
purpose of the current paper.
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is the prime factorization of ¢, then we have by the Chinese remainder theorem

M
SpQg(Z/qZ) = H szg(z/p;niz)-

=1

Then p splits as a tensor product

M
pP= ®pi
i=1

where p; are irreducible representations of Spy,(Z/p;"Z). Since p is new, all of the p; are new.
Now using Proposition 6.2 and the bounds for the case of prime modulus from Section 6.1 gives

dimp > H %(pf —1) H CpiLmi/QJ > q1/2(0/)—w(q)

:m;=1 :my>1

given g > 2 for some C’ > 1 and w(q) standing for the number of distinct prime factors of q.
But (C")*() <, ¢¢ for any € > 0. This concludes the proof of Proposition 6.1, in fact, our proof
shows that one may take D as close as one likes to 1/2 provided one chooses C' appropriately.
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