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Abstract

For Gauss-Bonnet gravity and in the context of holography we show how
the thermal DC conductivity can be obtained by solving a generalised
system of Stokes equations for an auxiliary fluid on a curved black hole
horizon. For more general higher derivative theories of gravity coupled to
gauge-fields, we also analyse the linearised thermal and electric currents
that are produced by DC thermal and electric sources. We show how
suitably defined DC transport current fluxes of the dual field theory are
given by current fluxes defined at the black horizon.



1 Introduction

The thermal and electric conductivities are important observables to study within
the framework of holography. For Einstein-Maxwell theory, possibly coupled to other
matter fields, it has been shown that the thermoelectric DC conductivity of the dual
field theory at finite temperature can be obtained by solving a system of Stokes
equations for an auxiliary fluid on a black hole horizon |1-3]. The purpose of this
paper is to investigate how this striking result can be extended to theories of gravity
whose Lagrangians contain higher derivative terms. Such higher-derivative terms
naturally arise in string and M-theory, leading to finite coupling and 1/N effects in the
context of holography, and our results provide useful tools to investigate their effect
on the conductivity, analogous to similar investigations for the shear viscosity [4].

We begin by summarising some key aspects of the analysis in [1H3]. We first
recall that the natural framework for studying DC conductivities in holography is
provided by holographic lattices [5H10]. These are stationary black hole spacetimes
with Killing horizons that are dual to CFTs in thermal equilibrium which have been
deformed by operators that explicitly break the translation invariance of the CFT.
Although not essential, one often considers spacetimes with a single black hole hori-
zon of planar topology and the deformations are taken to be periodic in the spatial
directions. The explicit breaking of the translation symmetry is imposed by demand-
ing suitable boundary conditions on the bulk fields at the AdS boundary; this is
essential, generically, in order to obtain a finite DC response.

To calculate the thermoelectric DC conductivity one analyses a linear perturbation
of the bulk fields about the background holographic lattice. The boundary conditions
that are imposed on the perturbation at the AdS boundary are associated with the
application of external DC thermal and electric sources to the dual field theory. An
important result of [3], building on [11H13], was to correctly identify the conserved
transport currents of the dual field theory. These are obtained from the usual holo-
graphic currents by suitably subtracting off terms that arise when the equilibrium
dual field theory, described by the background holographic lattice, has non-vanishing
magnetisation currents. Furthermore, it was also shown in [1H3] how the transport
currents can be obtained from the perturbed bulk geometry, including a contribution
from currents defined at the black hole horizon. Importantly, the currents at the
horizon, which are conserved, only involve a subset of the bulk perturbation and they
take the form of constitutive relations for an auxiliary fluid. It was also shown in [1H3]
that the current fluxes at the horizon, which in the case of periodic lattices are just

the zero modes of the currents, are equal to the transport current fluxes of the dual



field theory. This last result implies that if one knows the currents at the black hole
horizon as functions of the applied DC sources on the horizonﬂ then one can obtain
the transport current fluxes of the dual field theory as functions of the DC sources
and hence, by definition, the DC conductivity.

In sections we generalise all of these results to general theories of gravity cou-
pled to a gauge field; the extension to include additional matter fields is straightfor-
ward. We will focus on holographic lattices, but some of our results are independent
of the asymptotic boundary conditions and may have applications outside of holog-
raphy. In section 2, by carrying out a Kaluza-Klein reduction of the gravity theory
on the time directionl we can obtain natural definitions of the electric and thermal
transport currents of the dual field theory with the properties mentioned in the previ-
ous paragraph. In particular, we present a recipe for obtaining the conserved currents
at the horizon as well as showing that the current fluxes at the horizon are the same
as the transport current fluxes of the dual field theory.

To obtain explicit expressions for the currents at the horizon in terms of the
perturbation requires more information about the specific theory of gravity that is
being considered. In section[3] for the case of Einstein-Maxwell theory in D spacetime
dimensions and stationary black holes, we first show that we recover exactly the same
currents on the horizon that were derived in [3]. In section 4| we consider the case of
pure gravity in D spacetime dimensions including curvature squared contributions. A
special case of this class of theories includes Gauss-Bonnet gravity in D > 5, which we
return to below. For the class of static black holes, for which there are no background
magnetisation currents, we derive explicit expressions for the conserved heat current
at the horizon.

Another key aspect of [1-3], for theories of gravity without higher derivative
terms, was the use of a radial decomposition of the bulk equations of motion to
evaluate the momentum, Hamiltonian and Gauss-law constraints on the horizonﬂ for
the DC perturbed spacetime. It was shown that this leads to a set of linearised,
time-independent, forced Navier-Stokes equations for a charged, incompressible fluid
on the black hole horizon. These equations, which we refer to as Stokes equations,

also include the conservation laws for the electric and heat currents on the horizon,

For simplicity, here we are assuming that the holographic lattice has a globally defined radial
coordinate outside the black hole horizon and in this case we can take the applied DC sources to be
independent of the radial coordinate. For a more general discussion see [2,/3].

*To do this we need to introduce the DC sources in a slightly different gauge than the “linear in
time” perturbations that were used in [IH3] (building on [14}/15]).

*More precisely, the constraints are evaluated on a hypersurface of fixed radial coordinate just
outside the horizon, a “stretched horizon”, and then a limit is taken.



that we already discussed above. A crucial feature of the system of Stokes equations
is that they form a closed set of equations for a subset of the perturbation on the
horizon. By solving the Stokes equations one can obtain the conserved currents at the
horizon in terms of the DC sources and hence the DC conductivity of the dual field
theory. The way in which the Stokes equations appear on the horizon is related to
the old membrane paradigm of [16]. It is worth noting, though, that for the linearised
perturbations driven by a DC source studied in [1-3] one obtains linearised Stokes
equations for an incompressible fluid on a curved horizon, whereas in [16] there are
equations for a compressible fluid with negative bulk viscosity.

The approach of [1H3] for obtaining the Stokes equations at the horizon can imme-
diately be deployed to study theories of gravity with higher derivative terms that have
a well-defined Cauchy problem for radial evolution. The Lovelock theories of pure
gravity, which have equations of motion only involving second order time derivatives
of the metric, satisfy this condition. We will focus on the particular case of Gauss-
Bonnet theory in D > 5 spacetime dimensions, whose Lagrangian consists of the
usual Einstein-Hilbert term and a negative cosmological constant, supplemented by
the Gauss-Bonnet term with coupling & as given in . In section [5| we will show
that when the constraints are evaluated on the horizon we obtain a generalised set
of Stokes equations which have non-trivial dependence on &. Taking a perturbative
approachﬁ to the higher derivative Gauss-Bonnet theory, it is of particular interest to
obtain the leading order corrections in a. If h;; is the horizon metric, with Levi-Civita

connection V,;, the leading order Stokes equations can be Writtenﬂ
V(0! — 4aGi)w’ =0,
—2V' (SViu) = (6] — 4GG5) (45T¢ — Vip) (1.1)
where G;; = R;; — Rh;; is the Einstein tensor on the horizon and
SH =1 —a2(D—4)(D - 1)]8"s) —a [thjR“ +460R) + 4RSSV (12)

Note that the horizon metric quantities depend on & and need to be expanded in
these expressions.

It is interesting to highlight that the coefficient appearing in the first term of
is precisely the same as the the ratio of the shear viscosity to entropy ratio
that was calculated for a planar black brane in Gauss-Bonnet theory in [4], namely

“The perturbative approach is directly relevant to applications to string theory. It is also worth
noting that attempting to consider the Gauss-Bonnet terms non-perturbatively leads to issues with
causality [17].

*We use a slightly different notation in the main text.



4l =1 —a2(D —4)(D — 1). The reason for this will be explained in section [5 As
in [1-3], we emphasise that , again form a closed set of equations for a subset
of the perturbation on the horizon and allow one to obtain the conserved currents
at the horizon in terms of the DC sources and hence, in turn, the DC conductivity
of the dual field theory. Thus the membrane paradigm for DC response of [1H3]
generalises to Gauss-Bonnet gravityﬂ. We will also show in section |5 how the new
Stokes equations can be solved in the special case that there is only dependence on
one of the spatial directions on the horizon.

We briefly conclude in section [6]and we have several appendices containing various

technical material.

2 Bulk physics in the DC limit

2.1 General set-up

We consider a general bulk theory in D spacetime dimensions that is diffeomorphism
invariant and has a local internal U(1) gauge symmetry. More precisely, we will
assume that the Lagrangian, £, is gauge-invariant and transforms as a scalar under
diffeomorphims. We further assume that the theory only depends on a metric and
an abelian gauge field, but we note that it is straightforward to include additional

matter fields and other gauge symmetries. We thus consider

S = / Py 5L (G Ay) (2.1)

and we note that for notational simplicity we have suppressed the dependence of
L on the derivatives of the fields. In such a theory, we are interested in perturbing
stationary charged black hole backgrounds by DC electric fields and thermal gradients
and examining the currents that are produced.

We begin by writing the D-dimensional coordinates as

y'=ty"), (2.2)

where the coordinates y™ parametrise a (D — 1)-dimensional manifold Mpy_;. We
will assume that 0, is a Killing vector that leaves the gauge field invariant and hence

consider the general ansatz:

ds* = —H? (dt + o)® + ds* (Mp_,) |
A=A (dt+a)+ 5. (2.3)

%We note that the membrane paradigm of [16] was adapted to Gauss-Bonnet gravity in [18].



Here ds® (Mp_;) = Ymndy™dy", while o = o, dy™, B = B,,dy™ are one-forms and H
is a function, all defined on Mp_;. This ansatz is sufficient to accommodate both
the stationary black hole backgrounds that we are interested in as well as the DC
perturbation we wish to consider.

We will keep the discussion general for the moment, making no further assump-
tions on the background. However, at some point we will consider a D-dimensional
background black hole spacetime, with a Killing horizon, and then the coordinates
y" = (r, Z‘Z) will parametrise a holographic radial direction, r, as well as the spatial
directions, z*, of the dual field theory. Thus M, _; will have a holographic boundary.
In addition, in order to consider Mp_; as a manifold, with non-trivial boundary, we
can envisage the radial direction to be terminated at a “stretched horizon”, located
at a very small distance from the event horizon. When we discuss global issues con-
cerning regularity of the spacetime at the horizon, we will, of course, discuss them in
the context of the full D-dimensional spacetime.

We now dimensionally reduce our theory in D spacetime dimensions on the time
direction. The equations of motion for the fields on Mp_; can be obtained from a

D — 1 dimensional action of the form
S = / dD_ly \/7D71H'C(H> Atvavﬁa’ymn) ) (24)
MD*I

where £ is a local function of the fields appearing in the ansatz (2.3), as well as the
spatial derivatives of the fields. For notational simplicity we have again suppressed
the dependence of £ on the spatial derivatives of the fields.

There are several restrictions on £ which follow from diffeomorphism and gauge
invariance of the D-dimensional theory. Firstly, local coordinate transformations of

the form ¢t — ¢t + Ag(y™) imply that £ is invariant under
a—a+dAp(y™). (2.5)

Second, the gauge transformations A(t,y™) — A(t,y™) +dA (¢, y"™) with A(t,y™) =

ct+ Ay (y™), for constant ¢, imply that £ is invariant under
A, — A +c, B — B+ d\y — ca. (2.6)
Third, invariance under time scalings, ¢ — At imply that £ is invariant under
H— \H, a— af), A — NA, . (2.7)
These conditions imply that £ will have the following functional dependence:

E(Hv Ataaaﬁavmro = L(h7uavaw7’ymn) ) (28>



where h,u are one-forms and v, w are two-forms, all defined on Mp_;, defined by
h=dlnH, uw= H 'dA,, v=dB + A, da, w= Hdo. (2.9)

Another restriction is that £ must be invariant under (u, w) — —(u,w). This follows
from the fact that the dimensional reduction ansatz is invariant under H — —H.
The equations of motion for o and § will play an important role in the sequel.
For simplicity, for now we will assume that £ does not depend on derivatives of the
one- and two-forms. This is the situation that arises for theories of gravity with two
derivatives, such as Einstein-Maxwell theory. The simple generalisation that arises
for higher derivative theories of gravity will be presented later in section [} With this

assumption we find that the equations of motion for a and /3 are given by

vV, V" =0, VvV, W™ =0, (2.10)
where
mn oL mn 12 oL oL
vVhtt=H P w™=H 5w, + HAt(Svmn . (2.11)

In other words the two-forms W = IW,,.dz™ A da" and V = 3V, dz™ A dz", with
indices lowered with 7,,,, are both co-closed. This is a key result. As we will see, V
and W are associated with the electric and heat currents of the dual field theory in

the context of holography.

2.2 DC perturbation

We now want to consider the equations that govern a specific linear perturbation
about a given stationary background solution to the equations of motion. We write

the stationary background solution as

with all background quantities independent of the time coordinate t.

The perturbation we want to consider is seeded by two closed one-forms (, E' that
are globally defined on Mp_;. To achieve this we will introduce two locally defined
functions, ¢ and ¢p, on Mp_, Viam

(=dép, E=dép. (2.13)

"Note that ¢r,¢p can depend, in general, on all spatial coordinates. Later, in section to
simplify the presentation, we will take ¢ and ¢ to be independent of the radial coordinate.




The perturbation that we consider is then given by

H=HP1—¢p)+5H, a=aP1+¢r)+a, Yom =70+ o
A, =AY (1—6p) + o5 +064,  B=8P —¢pa® 148, (2.14)

with 0H, da, 6 A, 08 and d7,,, all globally defined perturbations on Mp_;. Thus, at

linearised order, the perturbed metric and gauge-field takes the form

ds® + 6(ds®) = —HP2(1 4+ 2HB V) [(1 — ¢p)dt + oP) + 60 + (1B) + 67, )dz"da™
A+ 64 = (AP +5A)[(1 = ¢p)dt + a® + 0] + BB + 68 + dpdt . (2.15)

For the holographic applications we consider later, on the holographic bound-
ary the one-form F parametrises an applied DC electric field source term, while (
parametrises a DC thermal gradient Viaﬂ ¢ < —T7'dT, where T is the locally
defined temperature. After a simple coordinate transformation and gauge transfor-
mation (see below) we can easily show that this gives rise to the perturbation
containing terms linear in the time coordinate ¢ that have been used in derivations
of the DC conductivity, starting with [14,[15]. As we will now see, it is convenient to
work with the above locally defined, time independent perturbation so that we can
directly utilise the Kaluza-Klein dimensional reduction formulae. Importantly, the
key equations we are ultimately interested in will only involve the globally defined
one-forms ({, F') and not the locally defined functions (¢, ¢5). We will make some
additional comments on this in the next sub-section.

To proceed we now write out the perturbation in terms of the one- and two-forms
defined in (2.9). We find:

6h = d(HPDV6H) — ¢,

ou=HPdsA, — HP 2 5H dA” — HPO AP ¢ 4+ 1P B

5v = dop + 64, da™® + AP dsa + AP ¢ AP — E AP,

sw = 6H da'® + H® dsa + HP ¢ A P (2.16)
and, in particular, we observe that they involve the globally defined one-forms (¢, £),
as just mentioned.

We next examine how the two-forms V' and W defined in (2.11)) depend on the

linearised perturbation. Starting with V' we find

SV = — yBImn g s (2.17)

5The sign can be established as follows. Consider the metric ds® = —(1- 2¢T)dt2 + da'dz". For
i' << 1 and perturbative in ¢, the geodesic equation gives it = (;. Since heat moves from hot to
cold we identify ¢ with —Tar.



where we have defined

(B)
SL™™ = ( oL ) 6H+H(B)5( oL ) : (2.18)

OV, OV,

The two-form §L,,,, is globally defined on Mp_;. This is because L is a functional of
the one- and two-forms in which we have shown, in equation (2.16]), remain well
defined after perturbing under . While ¢, does appear in 6V, it drops out
of the equations of motion . Specifically, after using the background equation
of motion, Gm[(%(jB_)l)l/z VEmn — 0, we find that implies

On (522017 4 0l ) IV ™) = ()G (2.19)
Following a similar logic for the two-form W we find
SW™m = — W BImn gy Bmn g SR (2.20)

where we have defined

(B)
SK™ =9H®) (5—£’> SH + HB?2§ ( 0L )

w w

mn mn

(B)
+H<B>( oL ) §A, + APsLmm . (2.21)

OV

The two-form 0K,,, is again globally defined on Mp_;. While (¢, ¢5) do appear in
SW™" they again also drop out of the equations of motion (2.11)). Specifically, after
using the background equation of motion, am[(%(jB_)l)l/ 2B )m"] = 0, we find that

(2.11)) implies

0 (520) 2 K™ < 8l(pa) P W) = ()2 [26, P —
(2.22)

The two equations and are key results. As we will see below, they
generalise the equations given in eq. (5.6) of [3] from a specific theory of gravity to
a more general one and, in addition, it is clear how to extend the theory to include
additional matter fields.

2.3 Black hole geometry in holography

We now consider the results in the previous subsection in a holographic context of DC
perturbations about a background black hole geometry. While it is straightforward to

be significantly more general, as in section 5 of [3], to simplify the presentation we now



assume that the stationary background solution has a single black hole Killing horizon
and we will also assume that the solution has a globally defined radial coordinate, r,

outside the black hole. Introducing the coordinates

y" = (r,x'), (2.23)
we assume that the black hole is located at » = 0 and that there is also a boundary
at 7 = oo, which we take to approach a suitably deformed AdSp. More precisely, as

r — 00 we have
ds® — r2dr® + 12 ggfo)dtQ + gz(;o)dxidxj + 2g1§i00)dtdxi:| ,
A= Adt+ A da (2.24)

where gt(fo ) etc. are functions of the spatial coordinates, z*, only, and parametrise

the spatially dependent sources for the stress tensor and abelian current operators
that have been used to deform the CFT. Such black hole solutions are known as holo-
graphic lattices. Often we are interested in CF'Ts on spacetimes with planar topology
with deformations that are periodic in the spatial directions, so-called “periodic holo-
graphic lattices”. In the set-up of this paper, by considering a fundamental domain,
this corresponds, effectively, to considering CFTs living on a (D — 2)-dimensional
torus with a non-trivial metric, associated with a source for the stress tensor, as
well as additional periodic sources for the abelian current, the simplest of which is a
periodic chemical potential A,

The manifold Mp_; is defined for 0 < r < oo and the associated metric can be

written
ds*(Mp_y) = 3 () dy™ dy" . (2.25)

This metric becomes singular at the location of the black hole at » = 0. In order that
the D-dimensional black hole solution is regular at the horizon, which is Killing with

respect to 0,, we demand that as r — 0:

1
HP? =4aTr+ 06%), 77 = ——+0(1), A" =a"(@)r+ 06,
(2.26)
with the remaining quantities given by
o =+ o), o =a”+ 00,
W=k 40, Y =00),
BB =0 o), P =82 1+0). (2.27)



It is worth noting that this is a small simpliﬁcationﬂ of the coordinates used in [3].
We emphasise that when we later consider theories of gravity with higher derivatives,
we will also need to keep sub-leading terms in these expansions. Observe that we

have

V(B)rr = 4nTr + 0(7’2), ,V(B)Ti — 0(7’2>7 'y(B)ij = h(o)ij + O(T),
)

(B) \1/2 _
(1p=) (47Tr)"/?

D +O(r'?), (2.28)
To proceed, we now assume that the background two-forms V and W are well
defined in the limit as » — 0. Since the vector 0, becomes singular as » — 0 this

implies that
VB = wBr =0, (2.29)

We will explicitly check that this condition is satisfied for the examples that we
consider later.

We now define the bulk current densities via
J' = 2(’7D71)1/2Vm‘a Q' = —2<’YD71)1/2WM7 (2.30)

By evaluating these quantities at the AdS boundary, located at » — oo, we obtain
J', and Q_, which are the bulk contributions to the electric and heat currents of the
dual boundary CFT. Indeed, as we explain in more detail in appendix [A] one can
show that J', and Q' are the on-shell variations of the dimensionally reduced action
(2.4) with respect to 637 = lim,_, ., 03; and da;° = lim,_, day, respectively. One
then just needs to recall the parametrisation of the metric and gauge field in
order to make the identification.

For the unperturbed background we write the bulk current densities as
SO =22 BV QW = () W (2.31)

which we notice, from (2.29)), vanish at the horizon. By integrating the equations of
motion (2.10)) in the radial direction, it is straightforward to show that we can write

the background current densities at the r = oo boundary as:

JB = 9 0B QB — ajM}B)” , (2.32)

91f we consider the expansion (2.4), (2.5) in [3], we first make the change r — r/G(O) +..., which
effectively sets G = 1. Next we can shift ' — z° + rf(il) + ... and choose the fi to eliminate the
leading r-independent terms in g,;.

10



where we have defined the magnetisation densities M (B)ji, M}B)j " as the background

values of
M9 = / dr(yp_)2v9, MY =— / dr(vp_,) 22w . (2.33)
0 0

Notice that both Jéf )" and ng " in 2.32)) take the form of magnetisation current

densities and hence are trivially spatially conserved:
0,0 =0, 0.0V =0. (2.34)

For the DC perturbation we will also now assume that the sources only depend
on the spatial directions of the dual field theory. We therefore now take ¢, ¢ to be

independent of the radial coordinate and we have
E = dgg(x) = Ey(x)dz’,  (=dp(z) = ((z)da’. (2.35)

It is illuminating to highlight some additional points concerning these sources and
to do this it is helpful to focus on the particular class of planar periodic holographic
lattices. As mentioned above, by focussing on a fundamental domain, we can view
the CFT as living on a torus. In this case we can write, for example, ¢ = Ga' + z(z)
and ¢ = (dz' + dz(z), where (; are constants and z(z) is a periodic function. Note
that the term dz' is associated with a constant DC thermal gradient source ¢; in
the 2" direction. This can be more invariantly characterised by integrating the closed
one-form ( over a basis of one-cycles on the torus: for example, one can integrate
over a period in the z' direction and then average over the length of the period. It is
worth noting that on the plane ¢;z" is a well-defined but unbounded function, while
on the torus it is a bounded but not a well-defined function since it is not periodic.
Deformations with z(x) # 0 correspond to deforming the background but keeping
the system in thermal equilibrium. The physics of most interest is the response of
the system, within a fundamental domain, to the application of a DC source with
non-zero (.

For the perturbed current densities, in the presence of the sources (¢7, ¢f), from

, we have
§J =080 — pp B
0Q" = 6Q" = 26,Q"" — g I ", (2.36)
where 0.J°, 6Q" are given by
07" = (yp2)' 2017 + 8[(yp-0) " 2V
5Q" = — (122 26K + d(p1) 7 2w ) (2.37)

11



Notice from ([2.19)),(2.22) that 6.J°, 6Q" are spatially conserved
;0] = 0,0Q" =0. (2.38)

An important feature of is the explicit appearance of ¢ and ¢z when the
background has non-vanishing magnetisation currents, J (B)i, Q(B)i # 0. These terms
are certainly physical. For example, for periodic holographic lattices, building on the
discussion above, if ¢ or ¢ are periodic functions, then ([2.36|) gives the perturbative
change in the currents as we apply a periodic deformation to the CFT while keeping
it in thermal equilibrium. However, we are most interested in the case in which ¢ or
¢ are not periodic functions (i.e. are not globally defined functions on the torus) and
then extracting the transport currents discussed in [3|[11H13]. The transport currents
of the dual field theory are conserved and are well-defined in a fundamental domain,
so they should not explicitly depend on ¢, ¢. They can be identified as follows.

We first notice that at r — oo, the contributions to the currents 8J., 6Q", are

globally defined in a fundamental domain but are not spatially conserved. Using
(2.36)) in (2.38]) we calculate, for example,
0= 0,015 = JEG,
— 0, (SJ; + M<BW<’J-) , (2.39)

where in the last step we used 9;;(;; = 0. There is a similar calculation for the thermal

currents. We thus identify the transport currents of the dual field theory as

0T =05 + MP¢;,

00 = 0Q% + 2MPI¢, + MPVI R, (2.40)
These differ from the one-point functions §.J,, 6Q", only when there is non-vanishing

magnetisation in the background. Furthermore, 7% and §Q, are both globally

defined on a fundamental domain and conserved:
90TL =0, 9,00, =0. (2.41)

An additional perspective on these definitions is obtained as follows. We first
note that analogous to (2.36)), in the presence of the sources (¢, ¢r), the perturbed
magnetisations can be written

SM'T = 5MY7 — pp M P
SMP = SMY — 267 MDY — ¢ M PV (2.42)

12



where 6M* and SM? are both globally defined on a fundamental domain and given
by

IMY = / dr(y9? )2 2617 + 8[(vp_y)"/?) 2V P
0

SMi = — / dr (@gf?l)l/? 26K + 6[(vp_1)"?] 2W<B>ij) . (2.43)
0

We thus see that these give rise to magnetisation currents in the presence of the

perturbation of the form

8j5Mij - 8JSM” _ ngJ(B)l _ CjM(B)ij ’
ajéMYl“J = a]Ssz“] - 2¢TQ(B)1 - ¢EJ(B)Z — ZM;B)ZJCj _ M(B)ZJEj : (244>

The transport current densities at 7 = oo can thus also be Writtenm

0Js = 0J% — (0;0M" — 0,6M"7),
0Q% = 0Q% — (9;0M7 — 9;0My) (2.45)

With these definitions for the transport currents, after integrating (2.19)),([2.22])
in the radial direction, we deduce that the local transport current densities at r = oo

are related to the local current densities at the horizon via
0Js — 0;,0M7 =005, 0Q4 — 9;0My! = 6Qy (2.46)

where we used 6J5 = 0Jy, 0Qy = 6Q%. We next define current flux densities

8J%,8Q"° through a basis of (D — 3)-dimensional cycles on the spatial manifold on
which the dual CFT lives, exactly as in [1H3]. Rather than repeat the details of the
definitions here in general, let us just note that for the special case of the periodic
holographic lattices in which the spatial manifold has planar topology, these current
flux densities can be equivalently and simply defined as the zero modes of 6.7, § Q"

which can be obtained by taking the average integral over a fundamental domain.
From ([2.46)) we then have the key result:

0Th =0Ty, 6QL = 6Qly . (247)

0ne might consider alternative transport currents by instead subtracting 9;0 M “ and 8j5M:ipj
from 6.J%, and 6Q", respectively (and in fact this was done in [3]). Such transport currents differ
from the above definitions by the trivially conserved and globally defined magnetisation currents
é)ng " , 0, SM%j . The definitions we use here have the property that they agree with § Jéo and 5Qfx>
in the case that there are no background magnetisation currents. It is worth emphasising that when
MBI = M;B)ij = 0, in general we still have 8j5Mij # 0 and ang;j # 0.

13



Having established , we would like to determine how the local current den-
sities at the horizon 6.J};, Q% depend on the perturbation. We make some general
comments in the next subsection, based on the conditions imposed by demanding
that the perturbation is regular at the horizon. In subsequent sections, using specific
theories of gravity we show how the currents at the horizon take the form of constitu-
tive relations for an auxiliary fluid. For the special case of Gauss-Bonnet gravity we
will show the horizon currents can be obtained by solving a generalised set of Stokes

equations on the horizon.

2.4 Regularity of the perturbation at the horizon

We now examine the conditions that we need to impose in order that the perturbation
(2.16) is regular at the black hole horizon. To do this, near the horizon we first perform

the combined coordinate and gauge transformation given by

t—=t(1+or),
A= A+dh, A=—¢yt. (2.48)

After these transformations the metric and gauge field perturbations in D dimensions
takes the form

5ds* = —2HP 6H (dt + o'P)? — 2 HP? (dt + o P (6o + £ ) + 0y da™dz™
SA =6A, (dt +a®)+ AP (sa+t()+68—tE. (2.49)

Notice that the transformed perturbations still satisfy the covariant equations ([2.19))

and (Z.22).

In order to impose regular, infalling boundary conditions we define the Eddington-

Inr

47T
are regular functions of v and r in the r — 0 limit we demand that the perturbation

close to the horizon. To ensure that all our fields

Finkelstein coordinate v =t +

has the following expansion

Sy = 47T1T7‘Ui+ ii; G+0(1), da, = _FlTr 3o + O(1),

ot = T 50 L 06, by = g+ 0),

i = ~ T + O(1), 0V = 5gg~)) + ZaE?)vj) +O(r),

5A, =w+Or), 56, = 1w+ 0(1),

5= oot AP ) + 857+ O(r), (2.50)
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along with (5g,ff) +0g\% — 2(59;9) = 0. This is the sam expansion given in (4.1)-(4.3)
of [3]. In particular, v;, w and 6gt(79) are the same quantities that entered in the Stokes
equations in [3]. Recalling that we are using a slightly different radial coordinate
for the background black holes near the horizon (see footnote [J) we can identify the
pressure, p, of [3] via p = —(477T)(5g,§g). For further calculations, it is helpful to note
that we have

571"1" = O(T)7 57% =’ + O<T)’ 5'7ij - O(l),
0[(vp-1)'"?) = O(r~1?). (2.51)

with v = h(o)ijvj.

It is now straightforward to establish

v, = _47T1Tr [E + Vi + a§°>u,} + ag")ii—;g +O(1),  duy;=0(1), (252)
and hence
Jo"t = — [E + Viw + a”v; + (dﬁ(o))ijvj] +O(rinr). (2.53)
Similarly,
Su = —(rT) g £ O, bt =06 (250

Interestingly, the sub-leading terms in these expansions are important for higher
derivative theories, as we will see later.

To obtain explicit expressions for the currents §.J4, dQ%, we need to evaluate
the expressions at the horizon. To do this we need more information on the
theory of gravity that we are considering. We will illustrate with two examples, first
recovering the Einstein-Maxwell results of [IH3] in section 3] before moving on to

higher derivative pure gravity in section [4

3 DC currents in Einstein-Maxwell theory

For the case of Einstein-Maxwell theory we can now easily recover the results for the
currents at the horizon that were obtained in [1H3]. The D dimensional bulk action

is given by

S:/de\/—_g(R—Vb—iFQ). (3.1)

""Note that the sign of the tg,, term in (4.1) of [3], should actually be a plus rather than minus.
We should also make the identification 695;)) of |3] via 6g£?) = (5%-(;-)) — Qagg)vj).
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with Vj constant. If we choose Vy = —(D —1) (D —2) then a unit radius AdSp solves
the equation of motion. The equations of motion for the general ansatz (2.3)) can be
obtained from the D — 1 dimensional action given by (2.4, (2.8]) with

1 1 1

ﬁ(h,u,v,w,fymn):RD_I—i—Z—lw?—Z—va—kqu—VO, (3.2)
where Rp_; is the Ricci scalar for the D — 1 dimensional metric on Mp_;. Notice
that for this theory £ happens to be independent of h.

We now immediately obtain

5L 1 L1
6vmn = —§'U s 5wmn = 5 w . (33)

We thus see that the two-forms V', W defined in (2.11)) are given by

W = —Hu,,,,  2W,., = Hw,,, — HAv,,, , (3.4)

where v, w are defined in (2.9). Recalling the near horizon expansions (2.26), ([2.27))
we immediately deduce that for the background black holes the two-form VW are

both well defined at the black hole horizon. In particular we find
VO, =0, W, = 069, (35

with both vanishing at the horizon, as assumed in ([2.29)).
Turning to the perturbation, the quantities defined in (2.18]) and (2.21]) are given
by

26L™ = —HP) gy — o Bmnsp
25K™ = 2H By Bmns g 4 g2 gyymm — gByBimng 4 4 AR s (3.6)

We can now evaluate the currents (2.37) at the horizon. For 6Jj we calculate as
follows
8Jig = (520" 2617 + 8l(yp 1) 2v ]
B©

= Gy P L

— VRO, . (3.7)

To get to the second line we use (3.5)), (2.51)) and (2.28). To get to the third line we

use ([2.27), (2:28) to show that v'®" is of order O(r) and then use (2.50) to show
that the second term in (3.6 does not contribute. Finally, using (2.53) we obtain

5(];{ _ /h(o) [E"+Viw+aio)vi+(dﬁ(o))ikvk] , (3.8)
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where all indices are now raised with the horizon metric h¥¥.
We next consider the perturbed heat current at the horizon Q' to similarly find

5Qzﬁ _ [( ](3331)1/2 5K +5[(7D_1)1/2] oy (B)ri .

h(O) T4
— _W [26K™] .,

= VO (4xTr)'? [sw™], (3.9)
leading to
6Q = (4rT)Vh Oy . (3.10)

We have now obtained expressions for the currents at the horizon that take the
form of constitutive relations for an auxiliary fluid at the black hole. The expressions
given in , are precisely the same as those that were derived in [1H3], taking
into account that we are using a slightly different radial coordinate and hence, as

noted in footnote |§| above, the function G in [1-3] is set to unity.

4 DC currents in higher derivative theories

For theories of gravity that involve higher derivatives we obtain a simple modification
of the two-forms V,,,,, and W,,,,, that were given in . This is due to the fact that
after dimensionally reducing on the time direction the (D — 1)-dimensional action
(2.4) will also depend on derivatives of v and w defined in (2.9)) via .
(n)

For notational reasons it is convenient to introduce the operator D' acting on a

(p, q) tensor ¢ according to

(n) Qq..oy Q..o
Dml.__mRCD&fuﬂf =V, anéﬂll_ﬂf ) (4.1)

Since the dimensionally reduced Lagrangian £ given in , will be a function
not only of v and w but also of D)y and D(S)w, this will slightly modify the equations
of motion for @ and . The important point, though, is that they will have the same
form given in but now with

5L
V= ()" D5) o (H g | -
(1) D ( 5D vmn>

s Mg

w.

..mg Ymn s ..m

(4.2)
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As a consequence the results in section [2] that we derived for theories with two
derivatives all generalise to theories with higher derivative after performing the fol-

lowing replacements:

oL mn __ yr—1 s y(s) oL
SE L = }Sx D)., (H B vmn) ,
oL oL

4.1 Higher derivative gravity

For the remainder of the paper we are going to focus on the general class of theories

of pure gravity in D spacetime dimensions with Lagrangian of the form
£:R—%+C1£1+C2£2+C3£3, (44)
where V|, and ¢; are constants with

L,=R Ribzhslia Lo=R Rk Lo = R?. (4.5)

K123y 12

Within the context of string theory, one is interested in solutions to the leading order
equations with corrections that are perturbative in the ¢, which will be of order «'.
The case of Gauss-Bonnet gravity in D > 5 spacetime dimensions corresponds to
c, = c3 = —}L co = . We now aim to calculate the perturbed heat current at the
horizon after switching on a DC source, parametrised by a closed one-form (.

We first carry out the dimensional reduction on the time coordinateiﬂ to obtain
the (D —1)-dimensional theory. We introduce the obvious orthonormal frame (e°, e™)
associated with the D-dimensional spacetime metric given in ([2.3)), with & =H (dt +
) and e™e™ = ds®> (Mp_,;). We calculate the various components of the Riemann

tensor of the D-dimensional metric to get

_ 1 1

— v
Rmﬁpq Rmnpq 2w N wﬁ‘f 2 m[p gln Emnpq )

1
Rﬁ%ﬂﬁp V Wy, + h U) h[ﬁ Bl = = E( )

mnp ?

1 N
an()ﬁ() V h + h h 4 mpwpﬁ = E,Es,)ﬁ, (46)

where Rmﬁm are the components of the Riemann tensor for the (D — 1)-dimensional

metric vp_; in the orthonormal frame. It is worth noting the Bianchi identity that

2 A Kaluza-Klein reduction on a spatial coordinate is analysed in [19].
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arises from the definition of w takes the form Vi, w hpwyyg - For the components

ap) =
of the Ricci tensor in the orthonormal frame we have

Ryi = Ry + %wznn — Vi hiy — by hy = Afflil )

Ry = W'wyy, + %Vﬁwﬁm = Aﬁi) )

Roo = V., h™ + h* + %w2 =\ (4.7)
where w? = w,,,,w™" and h* = h,,h™. Finally, the Ricci scalar is given by

_ 1
R=R+ Zw2 — 2V, A" — 2h%. (4.8)

We thus have

£ — E%qug(‘l)mnpq _ 427(3;})2(3)7””? + 4222%2(2)7””7
£ — A%%A(z)mn _ 2A£’11)A(1)m + A(U)?7
£® = R*. (4.9)

Using the definitions (4.3)) we compute

((5w£(1))mn -9 <2(4)mnpq + 2(4)[mpn]q> wP?

_ 4hp (2(3)Pmn —9 2(3)[mn] P) + 4H_1 Vp (H E(S)pmn) . 42(2)p[mwn]

(0, L2y = —g APyl g g AWl o=t gl g AW A ymn
(6,LE)™ = Ruw™ . (4.10)

P>

We also record here that for this theory instead of (2.11) and (2.21]) we have

Wmn _ H2<5w£)mn 7
K™ = oW BmrgB =t s 4 HB? 55, L™ (4.11)

4.2 Heat current in a static background

For simplicity we now focus on static background solutions and set o®) = 0. For
this higher derivative theory, it turns out that we need to keep sub-leading terms in
the expansion of the background fields about the black hole horizon. We thus take,
for the background as r — 0,
B _ (
" ArT r
H®? = 47T (1 +2H 7") + O, (4.12)

190 r) +00), A =0 +h r+ 007, AP =00,

j
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There is still some residual freedom in our choice of the radial coordinate. If we make
the shift 7 — r—+r2f(z) then this leads to the same fall-offs but with Y — HY 4 f/2

and 7} = ;) .

+ 3f. As a consequence, H'"” and ’y,(.,l.) can only appear in our final
expressions in the combination 3H™ — fy,g) /2, as we shall see. An important point
is that while it is is necessary to keep sub-leading terms in the expansion of the
background, we find that it is not necessary to include the sub-leading terms in the
expansion of the perturbation at the horizon.

We are now ready to calculate Q" at the horizon. From the definition (2.37) we
have

6Qi = = (1527 20K + l(p 1) 2w ) (4.13)

We are considering static backgrounds with o = w = 0. From (4.6)),(4.7) we deduce
that in the background we have ©® = A® = 0 and hence from (4.10),(4.11) we
deduce that W™ = 0. We thus have

50k — — [2ﬁH(B)?(s[(sw.q”}H . (4.14)

The contribution to this expression from the two-derivative part of the action in (4.4])

is the same as before and so we have

5Q%y = (ArT)VEhOU + ¢,6QW + ¢,6QW" + ,6Q1P1 (4.15)
where
1 : 2r!/2 :
— 50Wi=__Z |55 Ll 4.16
47T/ h(O) QH (47TT)1/2 |: ( v ) :| H ( )

After some extensive calculations, which we describe in appendix [B], we can obtain
the contributions from the higher-derivative terms in the action. For the Riemann

squared part of the action we get

=4V, VP! + 4R v, + 4V'V 0

—0
47TTq / h(o QH

: ; 1
+2(4nT) {2 (gz v Vlégt(f)) - (3 HO 2752)) 1 o (4.17)
For the Ricci squared part of the action we get

=2V, V! + 2R v, + V'V 0!

47TT\ /h

. . 1 1 . .
+ (4nT) [(g + V%gﬁ?) - (3 HY — 57,9) + §h<1>ﬂj> vl] S (4.18)
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Finally for the Ricci scalar squared part of the action we get

. . 1 , ,
— QW =2ROy! — 2 (47T <3H<” — D 4 pMi j) v (4.19)

A number of comments are now in order. Firstly, the expressions for the heat
current above depend on the horizon metric as well as the sub—leading corrections to
the background black hole solution that are parametrised by 3H @ 2%r and h(l) In
principle these sub-leading corrections can be expressed in terms of the geometry of
the horizon after using the equations of motion. We will not carry out this calculation
here, but instead below we will analyse the results that one obtains by considering
the higher-derivative corrections to the action to be perturbatively small.

Second, from our general analysis in section [2| we know that we have 8i5Q(“)i =0
when we use the equations of motion. In this regard, we note that V,-Vjv[j v = 0.

Third, we see that the expressions for the heat current are expressed in terms of
the perturbation via v*, as we saw for two-derivative theories of gravity, as well as ¢’
and Vi(Sgt(g). For two-derivative theories of gravity, Vicht(g) appeare in the Stokes
equations, via the gradient of a pressure term V,p = —(47TT)V1-(59§£). Thus we can
continue to interpret the expressions for the heat current as constitutive relations for
an auxiliary fluid on the horizon.

Finally, for the special case of Gauss-Bonnet gravity in D > 5 spacetime dimen-
sions, notice that when we combine the currents with ¢; = ¢35 = —}L cy = @ there is a

cancellation of many terms and we find the simple expression
6Qiy = 4T, [y [v* = 46 (V900" + Ggjpnt) | (4.20)

where we have defined the Einstein tensor for the background G’ ©0) = R(o) QR(O) h’é).

The conservation of this current is equivalent to

Vv = 46G Y9V 0.

OV, (4.21)

where in the above V is the covariant derivative associated with h%). Our general
analysis implies that must follow from the Gauss-Bonnet equations of motion
and we will show that this is true in the next section.

Returning to theories of gravity with general ¢;, we now derive expressions for the
currents when the higher-derivative corrections are perturbatively small. At zeroth
order in the corrections we can use the leading Einstein equations in D spacetime di-

mensions, R, = DV,/(D —2)g,,, in order to obtain expressions for the leading order

In comparing with e.g. equation (4.7) in [3] on should take into account that we are using a

different radial variable.
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corrections to the background expansions near the horizon. Using the decompositions

[4.7),(4.8) combined with (B.5),(B.6]) and (4.12)) we easily obtain

1 1 D—4
g0 Lo _ B
3 37 = \Rot )

2 1
(1) _

(a)i
H

After substituting these leading order expressions into Q)" ° we obtain

D -4
D -2

Wi 17,90 4 (23(0) 9 vo) o'+ 4(4nT) (¢ + Viagl))

1
—
47TT\/h(O) Q

1
—
47TT\/h(0) Q

@i o, 2D

1
B —) ~
AnT /Dy @i p

where we used the identity

2)4 7 ¥ 2% 7 7 7 0
7~ VU R+ ot 4 (4nT) (g +Vég§r)) ,

Vou' (4.23)

v,V = v, v - V'Vl - R ;. (4.24)

The expressions for 5@5;” now only depend on the intrinsic geometry of the black
hole horizon, as well as the perturbation.

In the context of holography, following the discussion in section [A] the current flux
densities at the horizon, 6Q%;, are identified with the renormalised transportlﬂ current
flux densities of the dual field theory. Note that by treating the higher derivative terms
perturbatively allows one to consider the total on-shell action, including Gibbons-
Hawking and counter terms, to be still a functional of the boundary metric (for a
related discussion see [20]).

In the next section, for the special case of Gauss-Bonnet gravity, we show how
the local current densities at the horizon, 6Q%, can be obtained by solving a higher

derivative generalisation of the Stokes equations.

5 Gauss-Bonnet and generalised Stokes equations

In this section we will consider Gauss-Bonnet gravity in D > 5 spacetime dimensions.
Once again, for simplicity, we will focus on static background black hole spacetimes.
We will use a radial Hamiltonian formalism and evaluate the momentum and Hamil-

tonian constraints on the horizon. This will enable us to derive an expression for the

“Note that since we have assumed that the background geometry is static with oB) = 0, there

are no magnetisation currents and the transport currents are the same as the currents.
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local heat current density on the horizon. In fact we will obtain an expression that
differs by a magnetisation term from that given in , for reasons we will explain
later. In addition we will also obtain a higher derivative version of the Stokes equa-
tions for the auxiliary fluid living on the horizon, generalising the Stokes equations
found in [1]. In particular, we will obtain a closed set of equations for a subset of
the perturbation at the horizon which can be solved to obtain the local heat current
density on the horizon. In turn, via , by then evaluating the current flux density

on the horizon we can obtain the transport current flux density on the boundary.

5.1 Radial Hamiltonian formulation

To obtain the radial Hamiltonian formulation of Gauss-Bonnet gravity, we essentially
follow [21], who adapted the results of [22]. We start by writing the bulk action as

S = /d /=g [R— Vo + & (R R — AR, R + R?)] , (5.1)

where we have again set 167G = 1 for convenience. If we set Vj = —(D — 1) (D —2)
then a unit radius AdSp solves the equation of motion when & = 0. We write the

spacetime coordinates as y" = (r, ") where
= (t,x'), (5.2)

are the coordinates for the dual field theory. We perform a radial decomposition of

the bulk metric in a standard way, writing
ds® = g, dy'dy” = N*dr® + o4,(dz" + N*dr)(dz" + N'dr) . (5.3)

The normal vector to surfaces of constant r has components n* = N~ '(1,—N%),
while n, = N(1,0). The induced metric on the surfaces of constant r is given by
O = Y — NNy, and has non-vanishing components o,,. The extrinsic curvature is

1 ) . . .
defined as K, = ;£,,0,, = 0,V ,n, and has non-vanishing components given by

1
K,

ab — IN (a Oap — DaNb - DbNa) ) (54>

where N, = aabNb.
The bulk action is supplemented by Gibbons-Hawking type terms given by [22,23]

Sy = —2 / " ov/=0 |K = (4G, K = 3 (K = KK, K™ + 26K KK ) )|
oM
(5.5)
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where G, is the Einstein tensor for o,, and ensures that the on-shell action is
a functional of the boundary metric. It is also supplemented by boundary counter
terms, which we shall not need here, but are discussed in [2021},24,25] (the regularised
holographic stress tensor is discussed in [25]).

After dropping a total derivative, the bulk action can be rewritten as

Sep = / dPxy/—oN (R —Vy+ K - KabKab>
D 2 b 2 2
ta / dPx/—oN [R FR? K, K® ] —4[Ry + KK, — K, K{]

4
+ [Rabcd + Kachd - Kadec]2 - §K4 + 8K2KabKab

2 2
_ %KKSK,?K? _4 [KabK“b] n 8K§K§K§K3) , (5.6)

where R pd, Rap and R, are the Riemann tensor, Ricci tensor and Ricci scalar
associated with o.

The conjugate momenta, which are densities, are defined by
ab _ 05qp _ 1 05qm

= = . 5.7
0G4 2N 0K, (5:7)
Explicitly we have
L b b~ 1 b
=Ko, — K, + a——=7gp,, 5.8
\/_—O_ﬂ- Oé\/_—O_ﬂ-GB ( )
where:
1

Tapy =2K0(K? — KiK! — R)

v —O
—AKR] + AK R + 4K RE + 4K“ R’y — AKK K¢S + 4K KSK?

2 4
+ 62 (2KR — §K3 +2KKYKS — 4K'RE — gKfK;ng) . (5.9)

The Hamiltonian density is defined as H = 7%¢,, — \/—gL. After dropping a

total derivative 2D,(N,7™), we find that H is a sum of constraints:
H=NH+ N,H", (5.10)

where

1
e

H=V,—-R+K?*—-K{K! —a|(R - K*+ K{K?)*

~ ARy = KK+ KKo)” + (Rupes = Koo Fp + Koo)'
(5.11)
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and
1 1 ba)
B )
N/ —0 N/ =

Note that we will not need to express H in terms of the canonical momentum (this

H® = —2D, ( (5.12)

is done perturbatively in & in [21]).

5.2 Evaluating the momenta and constraints at the horizon

We want to evaluate the conjugate momenta as well as the momentum and Hamilto-
nian constraints on a surface of constant r near the horizon, and then take the limit
r — 0. Several details are presented in appendix [C] We first note that for the back-
ground (i.e. unperturbed metric), at the horizon we have Wl(f)i = ﬂl(f)ﬁ = W}(f)ﬁ =

and

2t = (4nT) 1/ hioy (85 — 4aGlg),) (5.13)

where G (g);; is the Einstein tensor associated with the horizon metric i),

We next note that for the perturbed metric we have

0Q% = —27y! = QWfo);vj. (5.14)

We see that 6Q%; differs from the expression for §Q%; that we derived in , by

a magnetisation current piece, for reasons we explain later. Expressions for other
background components can be found in appendix [C]

We next consider the momentum constraints H* = 0 with H* given ([5.12)) Eval-

uating the time component H, = 0 on the horizon we find the conservation condition

9;0Q"; = 0 which is equivalent to
Vi i?) = miiva’ =0, (5.15)

where here V is the covariant derivative associated with the horizon metric h;;. In
fact this is the same condition as 9,0Q% = 0 that we mentioned earlier in . It
can also be shown that imposing the Hamiltonian constraint H = 0 at the horizon,
where H is given in (5.11]), gives rise to exactly the same condition as (|5.15|).

We next evaluate the space component of the momentum constraint H; = 0 on
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the horizon to obtain the Stokes equations
L ~ i

— 4V Rig)s + 4V o Gty + 4VEIRY 1 av®D R

+av, !

(1) (1) E(1)

+4nT (bl Vgopht™ + 1YVt = TR O = O o + 8 (-nE T+ R V)

(5.16)

Notice that these equations depend on the intrinsic geometry of the metric, associated

with the metric hq),;;, as well as the sub-leading piece h(;y;; in the expansion of the

ij>
background at the horizon given in (4.12)). In principle, the terms involving Ay,
could be related to h,; using the full equations of motion. We will not investigate
this here as we are most interested in working perturbatively in a. Using , that
implies Vo' is order &, as well as Vy = —(D — 1)(D — 2) we find that the

Stokes equations ((5.16)) can be written compactly as

. ontBi A
AV (Sfj’vkvl) Tt g (@ _Vip ) , (5.17)

where Wff); is given in (5.13)) and Sfjl = S((fjl)) is given by

kl ~ k¢l ~ 0) pkl k l k1
SH=[1—a2(D—4)(D—1)]6"s) —a [2h§j>R(o) +46(; Ry} + 4R g,

(5.18)

Equations and are the main results of this section. A number of
comments are in order. Firstly, (5.15) and depend only upon v;, p, ¢; and
background quantities. As such, for a fixed source (, they give a closed set of equations
which can be solved for v;, p. In turn this gives the local conserved heat current
density on the horizon via . By then evaluating the current flux density on the
horizon we can obtain the transport current flux density on the boundary, via ,
and hence the thermal DC conductivity. We have thus successfully generalised the
main results of |1H3] to Gauss-Bonnet gravity.

Second, it is interesting to point out that for the special case of the homogeneous
black brane solution of [26], with flat horizon, the shear viscosity for Gauss-Bonnet

theory was calculated in |4] and the result was given by

47rg —1-a2(D—4)(D-1). (5.19)
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Note that that this is precisely the same coefficient appearing in the first term in
(5.18). This can be understood as follows, generalising the discussion of [27] in the
context of ordinary two-derivative Einstein gravity. Imagine we calculate the DC
conductivity in the hydrodynamic limit with € = k/T << 1, where k is the largest
wavelength of the background holographic lattice, but we keep &/ T? corrections. For
simplicity, we also assume that the holographic lattice has ¢g;; = —1. In the limit
€ << 1 the holographic lattice black hole solution will be the Gauss-Bonnet black
brane solution of [26], but with spatial sections given by g;7. The DC conductivity
is still obtained using the Stokes equations , but now with the horizon metric
proportional to g;;. On the other hand, one should also be able to obtain this result
using a fluid gravity approach for studying CFTs on a curved manifold with metric
gap- Although this has not been worked out in detail as far as we know, the analysis
for Gauss-Bonnet theory should closely follow the fluid-gravity formalism of two-
derivative gravity [28]. In particular, the shear viscosity as in ((5.19)) will appear as a
first order transport coefficient in the fluid equations (see [29] for a recent discussion).
Finally, as in the analysis of [27], the DC perturbation can be studied within the fluid-
gravity formalism using a suitable fluid flow and this will lead to a system of Stokes
equations with shear viscosity .

Third, we now explain the origin of the difference between the —27y and the
expression for Q% that we derived in . In moving from the action to the
action we dropped a total derivative. This will not modify the bulk equations
of motion. However, it can give a contribution to the current at the horizon and,
since the bulk equations of motion are not modified, the extra contribution should
be a magnetisation current in order that it is trivially conserved. It is possible to
explicitly check this in detail, but we shall not do so here.

Fourth, we notice that we can obtain the system of equations , by

varying the following Lagrangian
L = /dD_2£L'|: - h(o)vi/l)jsglvk’l)l + 27TI(LIB); (UjCz + %v#ﬂ) :| y (520)
V s

with respect to v' and p. It is also interesting to note that we can obtain the local
heat current density at the horizon, 7y., given in (5.14), if we vary with respect to
¢

oL

6QYy = 5 (5.21)

By taking an additional derivative with respect to (;, we can easily deduce that the

thermal DC conductivity matrix of the dual CFT is a symmetric matrix.

27



Fifth, returning to the Stokes equations, if we multiply by v’ and integrate we get

/ d" a2\ [ h) 2V SEV = / dP226Q%¢; . (5.22)

When a = 0 the left hand side is positive definite and this is associated with the fact
that the DC thermal conductivity is a positive definite matrix. It would be interesting
to examine the behaviour when a # 0.

Sixth, observe that if the horizon admits a Killing vector, then we can solve the
source free (i.e. ¢ = 0) generalised Stokes equations by taking v' to be the Killing
vector, and hence satisfying Vv;y = 0, with p = 0. This means that whenever the
horizon admits a Killing vector then there will not be a unique solution to the Stokes
equations. This is related to the fact that finite DC conductivities require translation
invariance to be explicitly broken.

A final observation is that if we define 7' = (5; —4&G’t0)j)vj , then we have V2" = 0
and the fluid is incompressible. The Stokes equation can be written in terms o', but

as the resulting expression is not particularly illuminating, we omit it.

5.3 One dimensional lattices

We now consider the class of background black hole solutions of Gauss-Bonnet gravity
in D spacetime dimensions that break translations in just one of the spatial directions
of the dual field theory. We assume that the (D — 2)-dimensional horizon geometry
depends on the spatial coordinate x and is independent of the remaining D — 3 spatial

coordinates . The horizon metric is given by
dst = y(z) dz® + kyy(x)dz’ da” (5.23)

and both k;;(z), v(z) depend periodically on x, with period L. We define k = det k; .
Note that it is possible to do a coordinate transformation at the horizon to set v = 1.
However, if we want to use the same spatial coordinate x on the holographic boundary
and at the horizon, which is natural in numerically constructing holographic lattice
black holes, generically we have v # 1.

It is helpful to now define the matrix M’ = 7_1/ 2150, Ky ;. We will also raise
and lower indices via: M;; = kjeM”™; and M" = k"™ M”,.. The non-vanishing

Christoffel symbols for the horizon metric are given by

1 1 1
Fg:p = 5636 hl’)/, ‘}:J = _57_1/2M1J7 FQIUJ = 5’71/2MIJ . (524)
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The associated components of the Riemann tensor are given by

1
RIJKL = _Z(MIKMJL - MILMJK) )

1 1
Ryppy = _571/2k1K8xMKJ - Z“YMIKMKL (5'25>

and RzIJK =0.

To proceed we write the perturbed heat current at the horizon as
6Q = (ArT)\[hAf!, A =65, — 486G g (5.26)

We find that A7 = AL = 0 as well as

A=AT=1+ % [Tr(M?) = (TrM)?] (5.27)

where we have defined TrM = M* ., TT(M2) = M M*, and so on. The condition
9;0Q% = 0 can then be solved with v/ = 0 and

v = (vk) T PA T, 6Q% = 4Ty, (5.28)

where v, is constant.

Next we write the Stokes equations (5.17)) as

—2V,(B)) = Aj[(4nT)¢; — Vi), By =S,

l
J

Vkvl . (529)

We now take the x component of this equation, multiply by A" and then integrate

over a period of z. After an integration by parts we then get
AnTC, — / [le/Qijax <A’1k’1/2) + A BY0 k| (5.30)

where [ = (L)~! fOL dx. We next notice that we can express the components of B in

terms of the constant v, using the expressions:

V$U$ = (a:v - sz)f}/l/g(gd—ﬁ_l/QA_l’Uo,
va[ = VI,U:E = 07
VIUJ - _Fa[:J/yl/2<gd_1>71/2A71/Uo . (531)

Thus, (5.30]) can be used to obtain an expression relating ¢, in terms of v,, and hence
in terms of 6Q%. Since the §Q% is a constant for these one-dimensional lattices,
and moreover the bulk currents are independent of the radius, we can obtain 6Q%, in

terms of ¢, and hence the thermal conductivity.
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After some lengthy but straightforward calculation we find that at leading order

in @ the conductivity can be written as

(4m)*T

K=, (5.32)

where

L 12,172 2 2 | ~
X = / SV [T (M) (Tr MY + 6] (5.33)
with
C =—2(D—4)(D—-1D)[Tr(M?*) + (TrM)?)] — ;[TTM} [Tr(M?)]

— Tr(M*) + %(Ter‘ + (TrM)*Tr(M?). (5.34)

A few comments are in order. Firstly, the final expression is invariant under reparametri-
sations of the coordinate z, as expected. Second, when & = 0 the result is consistent
with that derived in section 4.2 of [2]. Third, when D = 4, the matrix M’ is just a
number and it is simple to show that x is independent of & which is consistent with
the fact that the Gauss-Bonnet term is topological for D = 4 and hence does not
contribute to the equations of motion.

In the special case that k;; = ¢d;;, for a periodic function ¢(z), we can simplify

the expressions a little. We find
D— _ 2
X = /#”%MDJ)’ (7’1/2896 In ¢>) (D—-2+aC), (5.35)

with

(D —2)(2D — 3)
3

2
C = (D—4) <—2(D 1D —2)+ (7—1/2630 In ¢) ) . (5.36)
In order to determine the effect of the Gauss-Bonnet term on the conductivity one
needs to take into account that the horizon metric functions v, ¢ will also receive

corrections of order &. It would certainly be interesting to explore this further.

6 Final Comments

In this paper we have successfully generalised many of the results of |1H3] concerning
DC conductivities to theories of gravity with higher derivative terms. The first main
result is the identification of suitable bulk quantities that allow one to relate current

fluxes at the black hole horizon to suitably defined transport current fluxes of the dual
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field theory. In section [2]and 4] we achieved this using a Kaluza-Klein reduction on the
time direction. The original approach that was used in [1H3|, which came from [15],
worked in a gauge in which the DC sources arise as time dependent perturbations
and used a two-form that arises in the derivation of Smarr formula. It would be
interesting to see how that approach generalises to higher derivative gravity; for the
case of Lovelock gravity the work of [30-32] should be helpful. We also anticipate
connections with the work of [33}34].

The second main result was to obtain a generalised set of Stokes equations on
the black hole horizon for the case of static black hole backgrounds in the context of
Gauss-Bonnet gravity. These equations form a closed set of equations for a subset
of the perturbation at the horizon and by solving them one can obtain the thermal
currents at the horizon. It should be possible to generalise these results from the case
of static black holes to stationary black holes and it would be interesting to identify
the additional terms that will enter the Stokes equations, including Coriolis terms.

We obtained the Stokes equations for Gauss-Bonnet theory using a radial Hamil-
tonian formalism and it should be straightforward to generalise this to arbitrary
Lovelock theories. For general higher dimensional theories of gravity one will not
have such a formalism to hand. Nevertheless, if we write the Einstein equations as
E,, = 0 then by considering the projections n*n"E,, = 0 and n"o)E,, = 0, where
n' is the normal and ¢!, are the normal and projector for the radial slicing, and then
evaluating at the horizon should give a generalised closed set of Stokes equations for
more general theories.

With the results of this paper it would also be interesting to construct and study
specific examples of holographic lattices, to investigate the impact of the higher
derivative couplings on the DC conductivity. We note that a specific holographic
model involving Gauss-Bonnet gravity coupled to a gauge-field and massless scalars
was investigated in [35]. In this work the momentum dissipation just arises from
the massless scalar fields, as in the construction [10], and it was shown that the DC
thermoelectric conductivity is independent of the Gauss-Bonnet coupling. However,
this behaviour is an exception, arising from the simple mechanism for momentum
dissipation. In a parallel direction, it would also be interesting if our results could be

used to place bounds on thermal conductivities along the lines of [36-3§].

Acknowledgements

The work is supported by the European Research Council under the European Union’s
Seventh Framework Programme (FP7/2007-2013), ERC Grant agreement ADG 339140.

31



The work of JPG is also supported by STFC grant ST/L00044X/1, EPSRC grant
EP/K034456/1, JPG is also supported as a KIAS Scholar and as a Visiting Fellow

at the Perimeter Institute.

A Currents in the dual CFT

In this appendix we discuss how the currents defined in section are related to the
dual CFT, including a discussion of the counter-term contributions.

We start with the bulk contributions to the currents. To simplify the presentation,
we just discuss theories of bulk gravity without higher derivative terms; the general-
isation to theories with higher derivatives is straightforward, using the analysis and
discussion at the beginning of section [d] We recall the derivation of the two co-closed
two forms as given in . In varying the dimensionally reduced action ([2.4)) we

obtain a boundary term and on shell we find
S5 =2 [ Py A VaV G, 4 W), (A1)
Mp_,

If we define variations at the AdS boundary at r — oo via: §5;° = lim,_,,, 03; and

da;® = lim,_, . dc; we have
59
0B

where J° and Q, as the boundary limits of the bulk currents defined in (12.30)).
Now the full bulk action that we should be considering in holography needs to

05

oo

)
= J s

Qs (A.2)

be supplemented by a boundary contribution: Sr, = S + Spgg,, Where Sy, has two
key features. The first is that it has counterterms to ensure that all divergences are
cancelled. The second is that it includes a Gibbons-Hawking term to ensure that
on-shell, Sp,; is a functional of the boundary metric, g5, and gauge-field A", where

we have introduced the field theory coordinates, x*, with
% = (t,z'). (A.3)

As usual, the holographic stress tensor density of the dual CFT is defined as [Tr,,]* =
20S70:/0g and the holographic boundary current density as Ji, = 0S7./0Aq .

Using the chain rule, and recalling the definition of «;; and f; in ([2.3) we have

55’ o i 55 o 7 7 7
5671';; = Jrot 5 502; = —Q7ot = ([Trot]"s + AtJ70t) - (A.4)
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We thus see that J', Q.. are the contributions from the bulk action to the finite
renormalised currents of the dual CFT given by Jr,;, Qb In general J'o, Q.
are divergent quantities. For the background geometry currents given in , the
contributions from Spy, will ensure that the total magnetisation densities are finite.
Spay Will also give regulating contributions to the currents that depend on the DC
perturbation as given in . For the specific case of Einstein-Maxwell theory in
D = 4,5 spacetime dimensions, it was explicitly shown in [3] that the contributions
from Sp,, regulate the magnetisation terms given in ([2.45)) as well as regulating the
magnetisation currents given on the right hand side of . The net effect of the
contribution of S, is thus to ensure that in the expressions for the perturbed current
densities and the perturbed transport current densities given in — we can
replace all boundary quantities with the finite renormalised quantities. In particular,
associated with we have that the renormalised transport current flux densities
of the dual CFT are the same as the horizon current flux densities (which are, of
course, finite quantities). Why this should be true in general is expanded upon
below.

Before doing that we calculate the holographic charge densities using the dimen-
sional reduced formalism of section 2. Starting with the dimensionally reduced action
(2.4) with , by considering the on-shell variation of the action with respect to
A we find the charge density

oL
Joo = [(7’(33)1)1/2@1 : (A.5)

Similarly, to get T we can vary with respect to gir. Using the fact that g, = —H>
we find that on-shell

T = [(v&)”ﬂ%] . (A-6)

With these formulae in hand, we can now work out how they depend on the DC
perturbation. Using (2.14)) and (2.16]) we immediately deduce that 6.J%, is independent
of ¢ and ¢ and hence is globally defined on a fundamental domain. On the other
hand, with Q% = — [Ttt + AtJt}oo, we find 6Q", is not globally defined but rather
that 6Q% + ¢r Q) + (s is globally defined.

A.1 Counterterm corrections to magnetisation

We now show that the counterterm contribution to the boundary action only gives
corrections to the magnetisation terms that were introduced in section 2 The argu-

ment follows from the existence of a time-like Killing vector at the boundary, defined

33



as the r — oo limit of the bulk Killing vector. If z = {t,z'} are the boundary
coordinates we can carry out a Kaluza-Klein reduction on the boundary with respect
to d,. Using a similar argument as in section [2, we take the boundary counterterm

action to have the following form

Sct = /dD2x\/?yE[£ct(iL7@a{)7u~)7§/ij) ) (A7)
where D is the number of bulk dimensions, the metric and gauge field on the boundary
are

d3* = —H*(dt + &)° + 7;;da’da? |
A=A, (dt +a&) + B (A.8)
and we have defined
h=dlogH, a=H"'d4, ©o=d3+A,da, = Hda, (A.9)

where h, @ are one-forms and ©,w are two-forms, all living in Mp_,, obtained by
taking the » — oo limit of the bulk quantities. We have used a tilde to distinguish
fields defined at the boundary with the bulk fields as used in the draft.

Now S, will contribute to the electric and heat current densities via

ct — 5~t = achi7

%

5Sct

where
M = mﬁf‘;’:’d ,
M, = 2\/_H25£Ct —2fHAt‘;f€t. (A.11)
Uij

Note that &;, §; were denoted a5°, 55°, respectively, in (A.2).
We now consider the bulk DC perturbation of (2.14]), where for simplicity we
again assume that the locally defined functions ¢ and ¢, are independent of the

radial coordinate. On the boundary the DC perturbation takes the form

H=H(1=6r)+0H, a=a" (1+06r)+0a, 3y =75 +0%
A, = AP

(1—¢r)+¢5+64,  B=8" —¢za™ +65, (A.12)
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with 6H, 6@, 8A,,63 and 07%;; all globally defined perturbations on Mp_,. Note that

h, @, o and @ are all globally defined. Therefore, for this perturbation we have:

oM = oMY — Moy,
oM, = smid, — oM P o, — Py (A.13)
Tect — Tct Tct T ct E> .
where 5MZ§ and 5M§3& are the pieces independent of ¢, ¢y and hence are globally-
defined densities defined and MY ) and M%j;t(B)
background. We thus see that the counter terms will give corrections that renormalise

the magnetisations given in (2.42)). In turn this means, in effect, that in (2.45))-(2.47))

we can replace all boundary quantities with the finite renormalised quantities.

are the corresponding values in the

The above analysis is valid for two derivative theories in the bulk with countert-
erms that also have two-derivative terms. If we relax these conditions, either for a
higher derivative bulk theory, or for a two derivative theory of gravity with higher
derivative boundary counterterms, then we should carry out suitable generalisations
analogous to the discussion at the beginning of section [4]

To conclude this appendix, we briefly illustrate the above for a counterterm action

that appears for theories of gravity with two derivatives in D = 4, 5:

1

%= "p 3

dtd” e/~ (RD_l +2(D —3)(D — 2)) , (A.14)

where & is the (D — 1)-dimensional boundary metric. Using the KK decomposition,
this leads to

L, = —DL_?) <RD_2 4 %{w"’ + 2D —3)(D - 2)) | (A.15)

From here we obtain

Nolik

M%Z‘Ct: (D—3)

w" | (A.16)

giving a contribution to the current of the form

Q= 0, ((g__ﬂg)wij) _ (A.17)

This agrees with the result in appendix B of [3] (to make the comparison one can use
the result ([£.7) to write R™ = 1 H >V, (H*w"™)).

— 2
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B Currents at the horizon for higher derivative

theories

In this appendix we outline a few more details on how we calculated the currents for
the the higher derivative theory of gravity discussed in section [l For simplicity, as
in the text, we consider static backgrounds and set o® =0in .
For the background black hole geometries we have the expansions:
W = o (14900) 1 06), AP =+ 00), AP =00,
HP? = 47T (1 +2H® r) L O, (B.1)

We thus have

BT = (1 ) +0(r%), AP =00?), APV =07 D0,
/7 (0)
() yij2 __Vh Lo (Lo Lo 3/2
() (mmw (14 (5094 5074) ) + 06,
1
h, = 7 +HY 1 0(r), (B.2)

where indices on A" are raised with A" e.g h(l)ii = h(o)”’hg). We next expand the

Christoffel connection for the (D — 1)-dimensional metric v,_; at the horizon to find

_ 1 1
N =-——+-7040
- 5 T+ (r),

L =0(r),
[ = —(rT)5hG) + 00,
=0(1),
e, = §h<l>ij +O(r),
Ui = v + O(r) (B.3)

where ~%,. is associated with A\”. Similarl , the components of the Riemann tensor
Vik ij Y
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for the (D — 1)-dimensional metric y5_; at the horizon are given by

=0(1),
7"1] - O<T)
_ 1
err] = _Z<47TT)h + O( )
kzj O( )
errz = Ay h(l)k + O( )
7‘1] O( )
lrz O( )
Rklz] R klzy + O( ) (B4)
Hence for the Ricci tensor we have
_ 1 .
_ _ — )i 1
B = =0+ 0(1),
Rri = 0(1) )
_ 1
Ry =Ry - 1(47TT)’%(~;) +0(r), (B.5)
and for the Ricci scalar
_ 1
R=R" — 2(47@)11 4+ O(r). (B.6)

Since we are in the static case with a'®) = 0 we have from (2.16) that
sw=H® déo , (B.7)

and hence using ([2.50)),(B.1)),(B.2)) we deduce that as r — 0

dw,; = — (1T) P v; + (47TT)11 /2,178 (Q + 0, 5g<0) HO > + O,

Swy; = de + 0%, (B.8)
as well as
Sw' = —(47T)"? 11/2 (vi —r (d +Visgl? — HOy 4 AWyt 4 p Wiy, )) + 00,
swit = — L L ogliyi 4 o@)2 (B.9)

(47TT)1/2 1/2

As explained in the text, the currents at the horizon are given by

5Q = (4rT)VEhOu 4+ ¢,6QW + ¢,6QP" + ¢,6Q%)7 (B.10)
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where

1 5QWi = _ 2r!/? [5(5 ﬁ(a)>ri:| (B.11)
47TT1/h(0) A (47TT)1/2 v H '

We next calculate each of the three variations appearing on the right hand side of
(B10). We start by analysing 6[0,,£®)]" as r — 0. From (#.10), since w'® = 0 in

the static background, we find
8[6,L3]" = Row™
= (R — 2V, — 2h°)6uw" (B.12)

where we used (4.8). If we now evaluate at the horizon, we find a cancellation of the
1/r singular terms in V,,h"™ and h*. Using as well as we obtain

1 A A
= RO%' — (477T) (3H<1> — A4 h(”]j) v, (B.13)

2

— 5
4AnT, /h(o Q"

which is the result given in (4.19)).
Next we want to consider the limit of 66, £®)]" as r — 0. From the definition
in (.10) and for a static background with w® = AW® = 0, we have

36, L2 = —2 A T 1 H d (H*l 5A<1>) YA gy (B.14)
Next consider each of the three terms in (B.14)) as r — 0. We have

9 A(Q)p[réwi}p _ A(?)TT(SwT‘i + A(2)]’L§w’f'] + A(Q)jT(;w’L] ,

1/1 0,
—(4rT)= [ =hW, 4+ 3HW
(7r)2(2 i +3 ~ 3

1 , . ArT A .
%(«i)) surt + (R = BT ey
(B.15)

as r — 0, and we note in particular that the last term in the first line does not

contribute. We next calculate

1 1 P i i ij
A = T (2V, 990" 4 42T (¢ 4+ Vol ) = MYv;) + O,
4 T 1/2
SADT = % Vi + 0@, (B.16)

where, as in appendix D of [2],

MY = (47T) (hm)"ﬂ‘ (3 HY — 759) T Ly, _ s ) : (B.17)

1
2 2

38



We then find that we can write, as r — 0,
Hd (H—15A<1>)” s (4nT)SAD — wigADr (B.18)
As r — 0, we also have
AO syt (47;T) lgﬂ ; A0 4 %h(l)’“k sw'™ (B.19)

which will cancel a term in (B.14). Combining all of these three terms we conclude
that as » — 0 we have

2)1ri (47TT)1/2 ij (47TT)3/21 1)ij (47TT)1/2 L,
5[5w£( )] - _T R(%)U] T—h( ) JU- — T 5 V Vj'U]
47T)Y? 1 - 3
- % > (w Vil 4 4xT (g’ + vzagt(,?)) . M%j) Lo, (B.20)
T

This leads to the expression for 5Qg)i given in (4.18]).
Finally, we want to calculate the limit of §[0,,£™)]™ as r — 0. From the definition
in (4.10)) and for a static background with wB =x®B) - 0, we have

S[0,LM)" = 2 <Z(4)m b u@l i > 5w
— 4 h’p (52(3)pm 262 [T'l]p> + 4H—1 Vp (H 52(3)177"1')
A n@elr, i (B.21)

p

For the first line of (B.21)), as 7 — 0 we find

2 <z<4>” + x@r i ) Sw" — 6R" 5w
23 1

= (4xT)* > ——=h Wiy, 1 02, (B.22)
Next, the third line in (B.21)) is given by
4@ 5P = 275w 425 Tew" 4 25®) 5w (B.23)

In the background we calculate that as r — 0 we have

1 1 1
@ o <3H<1> - —v(”) ;2P 5 )=y 5% =01, (B.24)

r 2 ) 497
and hence as r — 0

(47T)3/?

2 [rs,,i
=435 Vow? = — 1

1 1 iy
{(3}1(”—§yﬁi>)vl+§h<l>%j +0O(r'?).  (B.25)
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We next consider the second line in (B.21)) which can be written
3)pri 3)[re -1 3)pri
~ah, (4507 = 255007) 4 ap v, (Hon®rT) -
8k, 62 L4y, (H 52“)7””) +AH' Y, (H 52(3””) . (B.26)

To proceed we evaluate the limits

X = o2y, xWER = o), (B.27)
as well as
. 1 1 1 g A ,
o8 = 2 4nT) (—(3H(1) — 5 '+ S+ (¢ + vzagg)) +0(r*?),
. 1 1 .
52(3)jm = —(47TT)1/2§EV(JUZ) + O(TI/Q) . (B28)
A calculation then reveals as r — 0
. . 4 .
81,05 L 4 Y, (H 52“””) L _Zen®rri (B.29)
T
and
y 11 o
AH 'V (HER®I) = 4( - (4wT)1/2§mvjv%”> +0O(r'?. (B.30)

After substituting into (B.26)) we obtain the second line of (B.21)). Finally combining
the resulting expression with (B.22)) and (B.25]), we deduce that as r — 0 (B.21]) can

be written as

(4nT)"/? i
6(6,L0)" = IR NARCK
AnT 3/2 . . 1 ;
™ {2 (¢ +viog) - (3 Y - 5759) v’} . (B3
r

This leads to the expression for 5Qg)i given in (4.17)).

C Constraints at the horizon for Gauss-Bonnet
We write the spacetime coordinates as y" = (r, %), where
% = (t,2'), (C.1)

are the coordinates for the dual field theory. We perform a radial decomposition of

the bulk metric in a standard way, writing

ds® = g,,dy"dy” = N’dr® + o, (dz” + N*dr)(dz" + N'dr) . (C.2)
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The normal vector to surfaces of constant r has components n* = N~ '(1,—N%),

while n, = N(1,0). The induced metric on the surfaces of constant r is given by

O = Y — Myuny, and has non-vanishing components o,,. The extrinsic curvature is

72
defined as K, = %ﬁnaw and has non-vanishing components given by
1
Kab = ﬁ(&ﬂab - DaNb - DbNa) y (C?))

where N, = oabNb.

We are interested in examining the behaviour of the perturbed geometry near
the horizon. We will need to consider the expansions for the background and the
perturbation separately. From the background metric o, has the following

expansion near the horizon:

ou=—UL+2HD7r)+ 00, 0y =h +hi)r+00%), (C.4)
with o, = 0. In this appendix we are using
U=4nTr, (C.5)

for convenience. From ([2.50)) the perturbed metric do,, near the horizon behaves as:

0oy = U(;gt(z?) + 0(7"2) )
d0;; = 592'(;]) +o(r),
do; = —v; —rinr — Utg + o(r) + (9(7"2) ) (C.6)

Here we use o(r") to denote time-independent terms of order 7" or higher, while O(r")
also possibly includes time-dependent terms. Near the horizon, for the background
from (B.1]) we also have

1
N? =2 (14 fPr) + O,

U
Ni :O(T)a
Nt :0, (C?)

while for the perturbation, from (2.50)) we have

1
N =——=6¢9 + 0%,
2\/U g ( )
’U.
Ny=— 1
0N, i +0O(1),
ON, =dgy,) + O(r), (C.8)
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where §gtt + 699 = 259(0).

Near the horizon, the components of the Christoffel symbols for the perturbed
metric o, + do,;, on the radial slices are given by
i i, Le
L == U(¢"+ 5 V') + O().
1
Ty =— §Vz‘59§7:0) +0(r),
ko_ 1tk
Iy =0 + O(r),
Iy, = — ', HY + 00,

Iy, =5 (Vo = Vi!) + o(r) + O(%),
1. . t oo .
Ly =5 (Vivy + Vjui) + 5(ViG + V;G) +0(1) + O(r). (C.9)

In the above and in what follows all tilde quantities are defined with respect to the
full horizon metric i}g?) 9 4 59(0) . All indices on the tilde quantities are raised
and lowered using the full horlzon metric ﬁg?) = h§ + 59(0) as well. On the other

(0)

hand hatted quantities refer to the horizon metric h;;” and we have also raised all

indices without a tilde using this metric too. In the main text we have dropped the
hats to simplify the presentation.
The components of the Riemann tensor for the perturbed metric o, + do,;, are

given byﬂ
Ry =—UVi(¢C + V5g N+ 00?,
Rijkl = Rijkl +O(r),

A 1.
Ry = = 5 ViV = V') + O(1). (C.10)

®Recall that @j(i = @iCj. We have also used the Bianchi identity Rlijk + leki + ]:Bl,ﬂ-j =0.
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The components of the Ricci tensor are:
T
Ri =Vi((' + 5 V') + O).

T
R =R+ V(¢ + —VZ5gt(?)) +O(r),

t_ l ip - R v
Ri = T R;; QUV (Vi — Vl) + O(1),
A I
R :§vj(vw — Vi) +0O(r), (C.11)
and the Ricci scalar is
. U I
R=R+2V,(( + §v15g§?>> +O(r). (C.12)

We next calculate the extrinsic curvature components Kj and ﬁndm

U 1
K =00 L) + o),
i 1
K. = O)V Uk) + O( 1/2>

VT
VU
2r

K =é—:t@ +o(r™%) + O(r'"?),

VU Lo o I & 1/2

C.1 Calculation of conjugate momentum

K =———v"+ O(r'?),

We now calculate the conjugate momenta on the horizon, which are given by
o = V—0(K6, — K;) + angp, (C.14)
where

1 .
EWGBZ 2K, (K* — KiK! - R)

—AKR:. + AK R + 4K RE + 4K“R’ g — AKK K + 4K KSK?

2 4
+ 62 (2KR — §K3 +2KKYKS — 4K'RE — gKfK,ij) . (C.15)

We calculate each component of 7T2 in a straightforward manner. As the calculations

are rather long we have recorded a few intermediate steps.

'®Note that these correct a typo in the last line of (B.4) in [2] as well making (B.5) more precise.
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C.1.1 Calculation of 7rti

By writing out each of the components and using the previous results we find
2K{(K? — K K™ — R) =2K{(2K{KJ — Rp)) + O(r'/?) (C.16)
as well as

—AKR! + 4K R HAK R + AKR! ) — AKK! K + AK! K K?
= —AKI(K{K}) + AK{R, + O(r'/?), (C.17)

We then find the final result
. U . 1. ..
= _\/h@)?w(éa;. —2aGh) + O(r), (C.18)

where Gij = }?ij - %hz(?)f% is the Einstein tensor for the horizon metric hz(?).

C.1.2 Calculation of wf

We now have
2K} (K? — KK — R) =2K/ (2K K] — R]) + O(r'/?) | (C.19)
and

—AKRE + AK!RIAAKIRE + AKR! ;) — AKK'K! + AK! K K}
= AKFKIK] + AKIR] + o(r™%) + O(r'/?) . (C.20)

Combining these we get
U ..
Tept =V h(o)(2?thG§) +o(1) + O(r), (C.21)
and hence find the following result for the time derivative

ot =~ VAO (28 — 286 + O(r). (C.22)

C.1.3 Calculation of =}

Now we have

2K (K® — Ky K™ — R) =2K!(2K{ K] — R]) + O(r'/?), (C.23)
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as well as
—AKR! +4K!'R¢ + AK! R +4K“R! ) — AKK'K! + AK! K K]
—4KIRL — AKIKIK{ + O("?),  (C.24)
and
2 3 brra bpa 4 brrar-c
2KR — SK* + 2K K K — AKGR] — S KKK
= 2(—K/R} + K{R, + KIR, — 2K]R}) - 2K K] K/ + 2K{ K] K + O(r'/?).
(C.25)

Combining these we are led to

mt =VhOV (5] — 4aG) + O(r). (C.26)

C.1.4 Calculation of 71';
We have

2K (K — KK — R) =2K!(2KEK! + KF K} — KLK} — R! — RY)

Lok e U i 1
= it o (P o)+ pit
T oV p(he )+ hj Niii

@kvkg + O
(C.27)

as well as

—AKR, + AK{RL + 4K RS + 4K R’ j, — AKK.K! + 4K, K} K

= —4K|R. — 4K{R: + AKFR), + AKLRE + 4AK"R' ;, + AKM R, — 4K KL K} + O(r'/?)

VU ~. VU . 1 - . 1 - o
= 2 R Y5 OR 4 VW R+ 4——V vy B
, i + , Gy 115 kav g + ,—UV(]Uk)
L o iz L S, 1) pi VUi & 1y VU g 1/2
+ 4ﬁv( v )Rjk + 4ﬁv( v ) R kjl — TV( v )hjk( ) _ Th, V(]’Uk) + O(T’ / )

(C.28)

and
7 2 3 br-a bpa 4 br-a71-c
0j2KR — SK° + 2K K Kf) — AKGR) — S KK KT)
= 204 (~K{Ri + K{R} + K|R}, — 2K\ R} — K{ K[ K| + K{KLK[) + O(r'/?)
AU ~ U, 1 1
2r VU

25,08 p vaid?
5 2(5grr )R+ Viv'R
hi(l)ﬁlvl +

\/ﬁhkl(l

2

VU

1
2r

)& v P12
NG Viu) +O(r'7). (C.29)

-2 @kvl}%kl —
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Putting these together we find

I VU Lo o Lo L e 1 i 1/2
\/—_O'ﬂ-j :< 2 (1 - §5g7(“r ) + ﬁvk?} )(5] - ﬁh(o)v(]vk) + Oé\/?o_ﬂ'GBj + O(?" / )
(C.30)
where
1 i Lok ¢ U i 1 o U
= hioyViivpmhy " — + h; Vv —
\/__O-WGBJ JU VG + iy NG KU

. . 1
@Gé + \/_U(ggﬁg)gz, 4
r r VU
1
VU
@kvlékl — \/ﬁ

2r

-2 @kka{;-

(ke d) A 1 = o VU -~
V(kvz)Rjk 44—k Ry — _v(zvk)hjk(l) _
vU r
v Uhkl(l

2

1 - n.
+ 4—V(j’Uk)GZk +4

VU
+265(—2

VU

k(1) &
, hz V(jvk)

1

VU

C.2 Constraints on the horizon

A VAT Vo) + O, (C.31)

The bulk momentum constraint equations H, = 0, where H" is given in (5.12)), can

be written as

V=00, (\f_”_a) F T — Tm® =0. (C.32)

We now evaluate these constraints on a surface of constant r near the horizon and
then take the limit » — 0.

C.2.1 Time component of the momentum constraint
For the time component, H, = 0, we find
Vi 4+ O(r) =0, (C.33)

where we recall that hat refers to the metric on the horizon hz(»?). Using (C.18) we
deduce that

8t — 4aGH V' =0. C.34
J J

We see that when & # 0, the simple incompressibility condition for the fluid is
modified. Alternatively, we can define o' = (§} — 4dé§)vj, then we have V,7" = 0

and the fluid is incompressible.
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C.2.2 Spatial component of the momentum constraint

We next consider the spatial component of the momentum constraint, H; = 0, and
find that near the horizon we have
i

V—=oV, (\/W_J_U> + ot +Tym + O(r) = 0. (C.35)

After some calculation we find

R A LA L AL A ¢

AT G+ 49000 Ry + 49000 By — Lo, 0 U
252V, — WO+ V)

_ ggk(%(s;? 2aGh) - %g(%(s; 246 V,(390 + 549, (C.36)

where we have used @161*; =0 and @ZG‘; = 0, which follow from the Bianchi identity
for hg.]) and izg.)) = hg-]) + 0g;; respectively.
Defining p = —%595?) = —2—2(597@2) + 5g§f)) (and also using ((C.34))) we obtain the

final Stokes equation:

A A

U = 1 ~ Ai
0= —V*Vuy = (=G = Vip)(50; — 2667)
v
T

o2 ik & 1 il = (5 k(1) & i De De

Note that this depends only upon v;, p, (; and background quantities.
We can also write this as an expansion in @. As we derived in (4.22), to leading

order in & we have:

2r [ - 1
1 (0)

where Vy = —(D — 1)(D — 2). So this becomes
Sy = L ~ A
+aV;[2(D — 4)(D — DA,V jur) + 20,RMV o, + 2V vy R
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C.2.3 Hamiltonian Constraint

The Hamiltonian constraint, H = 0, where H is given in (5.11)), can be evaluated at

the horizon and we find

/2
,

H =y/h)——(3] —4aGH)V ' + O(r'/?). (C.40)

Thus, the Hamiltonian constraint leads to the same condition given in (C.34]).
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