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Abstract

It is well known that the solutions of the 3d Navier—Stokes equations remain
bounded for all time if the initial data and the forcing are sufficiently small
relative to the viscosity, and for a finite time given any bounded initial data.
In this article, we consider two temporal discretisations (semi-implicit and fully
implicit) of the 3d Navier—Stokes equations in a periodic domain and prove that
their solutions remain bounded in H! subject to essentially the same respective
smallness conditions (on initial data and forcing or on the time of existence) as
the continuous system and to suitable timestep restrictions.
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1. Introduction

Much work has been done on the stability and convergence of various timestep-
ping schemes for the Navier—Stokes equations in two space dimensions (2d NSE).
The long time stability of Euler schemes for the 2d NSE has been treated in, e.g.,
12,16, 4, [§], and more recently extended to higher-order schemes in |9, 13]. Once

the numerical solutions are shown to be bounded in suitable space, either on a
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limited interval of time or for all time, convergence can usually be established
using standard techniques (cf., e.g., [3]).

In three dimensions, the existence of a solution bounded in L>®(R, H') is
not known, we only know a globally bounded solution with small data and of a
local bounded solution with arbitrary data; for more background on the NSE,
see e.g. [, [7]. Hence, the extension of the numerical stability results from 2d
or 3d is not straightforward. We conduct it here in the two cases for which the
existence of strong solution is known, namely, as we said, a globally bounded
solution with small data or a locally bounded solution with arbitrary data.

In this article we consider temporal discretisations of the 3d NSE using the
semi-implicit (2] and fully implicit (3]) Euler schemes, and their boundedness
in H' for interval of times corresponding to the existence of solutions. As in
the earlier works cited above, we do not consider spatial discretisations, giving
the advantage that our results will be free of Courant—Friedrichs—Lewy-type

constraints, although some smallness of the timestep may be required.

We consider the Navier-Stokes equations in Q = (0,27)? with periodic

boundary conditions,

Oru+ (u-V)u+ Vp = vAu + f,
(1.1)
V-u=0,

plus the initial data u(0) = up. With no loss of generality, we assume that
V-f =0, and that the integrals of f and uy vanish over 2. The last assumption
implies that u = u(t), whenever it is well-defined for ¢ > 0, also has vanishing

integral over 2, giving us the Poincaré inequality

lul72 < co(Q)|VulZe.. (1.2)
For notational convenience, we redefine cq to give also the bound

[VulZ: < col AulZe. (1.3)

In order to facilitate comparison with the numerical solutions, in the rest of

this section we briefly review the boundedness of solutions of the 3d NSE, both
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in L? and in H! for the two cases (small data, large time and short time for
arbitrary data).

Multiplying (ICI)) by w in L?(2), integrating by parts and using the fact that
(u-Vu,u) =0, we find

1d, 5 9

-— = . 1.4

5 Sl + oVl = (fu) (14)
Here and henceforth, unadorned norm | - | and inner product (-,-) are taken

to be L?. Bounding the rhs by the Cauchy-Schwarz inequality and using the

Poincaré inequality, (L4) becomes

d v 1

&\UF + a|u|2 < ;|f\%w(H71)a (1.5)
where |f|po (1) = sup;>q | f(t)[z-1. Hence, we have

d 9 v v \1 ,9
a <“| exp (cot)> < exp (cot> ;|f|L°°(H*1)' (1.6)

Integrating from 0 to ¢ (here we change the dummy variable of integration to

s), we obtain
v c v
We then find the uniform L? bound valid for all ¢t > 0:
[u(®)]* < [u(0)]* + (co/v*)| Lo g1y =5 Ko(uo, f5v,). (1.8)

1.1. H' estimate for small data
Now multiplying (L) by —Aw in L?(£2) and integrating by parts, we find

Ld

5 dt|Vu|2 +v|Au? = (u-Vu, Au) — (f, Au). (1.9)

Bounding the nonlinear term using the Sobolev inequality |u|pe < ¢|Vu|pz,

which is specific to dimension three, we find
c
|-V, )| < [ul |Vl o Aul 2 < - ful 5 AufZ, (1.10)
and the forcing term in the obvious fashion

(f, Au) < %lf\2+Z|Au\2. (1.11)



50

55

We then arrive at
d 2 2 _ 2,02
—dt|Vu| + (Bv/2 — c1|ulps)|Aul” < ;|f\ . (1.12)

Assuming that

v
< — 1.1
luolrs < iy (1.13)
we find that on some interval of time (0,T)
lulps < v/(2e1). (1.14)

We then find that
3v/2 —cylu|ps > v (1.15)

Using the Poincaré inequality, (LT2]) becomes on this interval

d 2 ¥ 2 _ 2 2

&\VU\ +a|vu| < ;|f|L°°(L2)a (1.16)
where |f|po(L2) := sup;>q | f(t)|z2. We then have

d 9 v v o\ 2 .9

Integrating from 0 to ¢ (here we change the dummy variable of integration to

s), we deduce that
9 v 9 2C0, 49 v
—t ) < — oo (2 —t)—1]). 1.1
vl exp (1) < Va0 + 220011y (w0 (1) -1). (19
We obtain
IVu®)? < [Vu(0)* + (2c0/v*)| [0 (12) = Ki(uo, f1v, Q). (1.19)

Using the Sobolev inequality [u|3s < clul,,, < c|u||Vu|, we find that (TI4)

and then (T3] hold for all time provided.
KoKy = (Juol*+co |f|%°0(H—1)) (IVuol? +2¢0 | f17 0 (12)/V?) < ea()*, (1.20)

where ¢ = ¢2(Q) = ¢/c}. It therefore follows that whenever this holds, the 3d
NSE has a global solution bounded by (L8] and (L.I9)).
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1.2. H' estimate for short times
Let us now recall the uniform H'! estimate for short time and arbitrary data.
Multiplying (L) by —Awu in L?() and integrating by parts, we find

1d

5 dt|Vu|2 +v]Au? = (u-Vu, Au) — (f, Au). (1.21)

Bounding as before the nonlinear term using the Sobolev and interpolation

inequalities, we find

[(u- Vi, )| < Jul oVl | Aul o < e[ V] [Vul o] Aul

VAP < S s
< c|Vul*7|Aul _ﬁ| U|+§| ul?,
and using the Cauchy—Schwarz inequality for the last term, this gives
d Cy 1
&WUF < ﬁ|vu|6 + ;|f|%°<‘(L2)' (1.23)
This implies
d 2 C4 2 3
a(|Vu| +F)< ﬁ(|Vu| + F)°, (1.24)

where F := (VQ‘fliw(Lg)/C4)l/3. Writing 2(t) := |Vu(t)|* + F and integrating,
we find

2(t)? 1

2(0)2 = 1 — 2teqz(0)2 /137
as long as t < v3/(2¢42(0)?). It is clear from this that our solution will remain

bounded, say, z(t)? < 22(0)2, for 0 < t < v3/(4cq2(0)?).

(1.25)

In view of results in Sections [LI and [[2] we aim to study the H! stability
of two different time discretizaion schemes in the following sections; namely, the

semi-implicit and the fully implicit Euler scheme.

2. Semi-implicit scheme

Given a fixed k = At > 0, we discretise (L)) in time using the semi-implicit
Euler scheme

u™ — unfl 1
— +u"" - Vu" + Vp = vAu" + 7, (2.1)
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where u™ and f™ are approximations such that

1 nk

u =u(nAt), f" f(t)dt. (2.2)

R (n—1)k
For the 2d NSE, this scheme was proved in [4] to be globally stable in H?!.
For the 3d NSE, its stability mirrors that (which is known) of the continuous
system, subject to relatively mild timestep restrictions.

We note a few facts that will be useful later on. First, for any a and b € L2,
2(a —b,a) = |a|* — |b]* + |a — b|*. (2.3)
Next, for b > 0 and given positive real sequences (z,,) and (r,) satisfying
(I1+b)z, <Tp—1+7Tn-1, (2.4)
we have
Tp < (1+0)""zo+ 1%
The L? bound works out essentially as in the continuous case: multiplying

y 2ku”, using and noting that (v~ -Vu",u™) = 0, we fin
by 2ku™, usi d i h r=L.vun, u” 0 find

max; r;. (2.5)

[u™ 2 + [u™ — w4 20k Va2 = um R 4 2k (7, u). (2.6)
Bounding the forcing term using Cauchy—Schwarz, we obtain

[u"|? 4 2vk|Vu" 2 < [u" 12 4 2k (7, u™)

(2.7)
S T e N VRS A T o
Using the Poincaré inequality, we deduce that
(L +vk/co)lu* < [u" 72 + K| f"[F- /. (2.8)
Integrating this using (2], we find for all n € {1,2,---},
" co + vk
|u |2 < |uo|2 + 2 ‘f|%oo(H71) (2 9)

= Ko(uo, f31,Q) + (k/V)| [T oo -1,
where K, and K; below, are as in the continuous case. We note that this bound

(the rhs of [29))) tends to Ky as k — 0.
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2.1. H! estimate for small data

Theorem 1. For small data, let the initial data ug € H', the forcing f and the

timestep k satisfy
(Ko + k| f1 7o (rr-1)/V) (K1 + 2K| ] (12 /v) < e2(Q7, (2.10)

where Ko(ug, f) and K1(ug, f) are as in the continuous case, (L) and (LIJ).

Then u™ is bounded in H' as follows,
Vu"|> < K, + (2k/1/)|f|%m(L2) for alln > 0. (2.11)

Proof. We now turn to stability in H! for small solutions. Multiplying 1) by
—2kAu™ and using ([2.3]), we find

IVu™? + |V (u" — u™ | + 2vk|Au™|? 2.12)
= |Vu" 2 = 2k(f", Au™) + 2k(u" T - VU, Au™).

Bounding the nonlinear term using the Sobolev inequality,
(@1 Vu™, Au™)| < ut T s [Vu o Au" | < eru T s A7, (2.13)
and using the Cauchy—Schwarz inequality for the forcing, (Z12) implies
Va2 + (3v/2 — er|u o) k| Au™ [P < [Vu T2+ (2k/v) [P (2.14)
As in ([LI4) of Section [[] if we now assume that
s < v/(201), (2.15)
we deduce from (214 that
(14 vk/co)|Vu™|? < |[Vu"1? + 2k| |2 /v. (2.16)
As long as (2I5]) holds, we can integrate this using (2.3 to get the bound

n 2(co + vk
Y < vl 4 29T g2

v? (2.17)
< Ki(uo, f;v,9Q) + (2k/1/)|f|%oo(L2),
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which proves (2I1]). As in the continuous case, we now use the Sobolev inequal-

ity and interpolation inequalities to bound
"M < clu e < clu VT (2.18)

The timestep restriction (ZI0) then becomes a sufficient condition for (ZI5]).
More explicitly, since (ZI0) holds at n = 0, Z3) and ZII) imply that it
will hold at n = 1 and, by induction, for all n € {2,---}, i.e. the solution
of the scheme (1)) is bounded uniformly in (discrete) time subject to (2I0).
Comparing to (L20), we note that this condition also depends on the timestep
k in addition to ug and f. This timestep restriction is however relatively mild

compared to that for the fully implicit scheme in §3] below. O

2.2. H! estimate for short times

Theorem 2. For short times, assuming the timestep restriction [2.26]), we have
|Vu"|? <2|Vul|> + F, where F := (1/2|f|2Loo(L2)/C4)1/3, (2.19)
for all n such that nk = t,, < v3/(8cs(|Vu]? + F)?).

Proof. For short-time H' stability, we bound the nonlinear term in [2I2) as in
(@22),
|(u™ 1 V™, Au™)| < Ju™ T e[ V™| ps | Au™ 2

< | VU | VU™ | gz | Au™|

(2.20)
< C\Vu”_1\|Vu"\1/2|Au"|3/2
C4 n—114;v,n2 . Y n|2
SﬁWu ||Vu|+§\Au|.
Then, [2I2]) becomes
|Vu™ |2 + 2vk|Au™|?
ks (2.21)
< VTR = 2k (T, Au™) + kv Au™|? + —3|Vu”*1|4\Vu”|2,
v
this implies
n(2 n1j2 , Cak n—1(4 n2 , Koo
[Vu™]? < |[Vu™ +F|Vu [*|Vu™] +;|f|Lm(L2). (2.22)
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We can rewrite (2.22) as
k
(1 _ %|vun—1|4) |vun‘2
v
sk n—14 n12 , Cak ne16 , F 40
< (1—?|VU | >|VU | +?\VU \ +;\f|Lw(L2)-

(2.23)

Since we are interested in short times, we assume that |[Vu""!|? < 2|Vu®|? for

all relevant n and demand that k satisfy

3

This implies that the brackets in ([2.23) are > 5, that is

k
IVall* <1 - S5 |wun1)4, (2.25)
14

4eqk
Sl_% 3

1
2 v
For later use we add the extra F', which make a stronger condition than (2:24])

3

k< . 2.26
T 2¢4(2|VUO|?2 4+ F)? (2.26)
With this assumption, (Z23) implies
Vur|? — |Vu? 1|2 2¢y e 2
V= MR < 20 gm0 4 2 3 (227)

Unlike its continuous-time analogue (23], this difference inequality implies
|[Vu"| < oo for all n, although for sufficiently large time nk, it (i.e. the bound)
grows without bound as & — 0. This is a well-known pitfall in discretising
differential equations in time. To obtain a finite-time bound on |Vu™|, we

proceed in analogy with (I.24) and define
2y = |Vu" > + F. (2.28)

We then get from (Z27)

Zn — Zn—1 < 2¢q 4

L = ﬁzn—l = g(zn—l)' (229)

Observe that ¢(¢) > g(¢) whenever ¢ > (, that is, g > 0 is a strictly monotone

increasing function.



Now let ¢, be the positive solution of the difference equation,

Cn —kﬁnq = g(Ca), (2.30)

and observe that ¢, > 0 if (,,_1 > 0. Denoting t,, := nk, we claim that

Cn < ((tn) (2.31)

s where ((+) is the solution of the differential equation

=0 with C(tar) = Gur. (2.32)

To show this, we first note that ((t) is non-decreasing since g > 0. Then
tn tn
) =Gt = [ etz [ g(eltam) de = kylGu). (23

trn—1 th_1

Thanks to ([230), we obtain that

C(tn) - C(tnfl) = Cn - C’n717 (234)

and this prove our claim. By induction, taking ¢(0) = ¢, > 0 instead of the
initial data in (230), we then have ¢,, < ((t,) for alln € {1,2,---}. Comparing

uo  with the continuous case ([L24)-([L25]), we conclude that ¢, < ((t,) < 2¢(0) =
2(o for nk = t, < v3/(8cs(?).

Taking (o = zp, clearly z, < (, for all n > 0. We therefore have

Zn = VU2 + F < ¢ <260 = 2|Vul > + 2F
(2.35)
— |Vu"|? <2|Vu')? + F,

for all n such that nk = t, < v®/(8¢4(|Vu’|*> + F)?), which is half as long as

the bound in the continuous case. O

us 3. Fully implicit scheme

We now consider the fully implicit Euler scheme

—Uu

k

n n—1
ui—i—u"-Vu"—l—Vp: vAu" + ", (3.1)

10
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with V - 4™ = 0 for all n and u° = ug. In two space dimensions, uniform
boundedness in H! for this scheme was proved in [g].

The L? bound obtains as before: multiplying @), by 2ku" and using (Z3),
[u™? + [u"™ — w20k V" = a2k (T ). (3.2)

Bounding the forcing term in the obvious manner and using Poincaré, this
implies

(1 vk feo) [u" < [ 12 + K|y (3:3)
Integrating this using (Z3)), we find for all n € {1,2,---},

|un|2 S |u0|2+

SR
oo —1
2 Lee(H-1) (3.4)

= KO(UOa f; v, Q) + (k/l/)|f|%°°(H_1)
As before, this bound tends to Ky as k — 0. For later use, we define

200

Ko(uo, f;v,9) := |uo|* + T (1) (3.5)

2
The central ingredient for our main results of the H'! stability is the following

local-in-time estimate:

Lemma 1. We assume the L? uniform bound [B34) and that v~ € H'. As-

suming further the timestep restrictions

1/ v3 \1/2
K= < = 3.6
-2 (304]{) ’ ( )
- 3 1/2
Cs n— n— v
(1 + ;KOK( 1))K< DA |l )V < (12C4k) G N

where K=Y = |Vyn~1]2 4 (1060/1/)|f|2Loo(L2), then the solution u™ of (B

is bounded as |Vu"|*> < y; where y; is the smallest positive root of the cubic

equation ([BI0).
Proof. Multiplying (3] by —2kAu™, we have

|Vu"? + |V (u™ —u™Y))? + 2vk|Au™ 2
(3.8)
= |Vu" 7+ 2k(u"- VU, Au™) — 2k(f", Au™).

11
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Figure 1: The graph of G(y) in II): y+ is a local minimum.

Bounding the nonlinear term as we did in ([22),
k
2k|(u” - Vu", Au™)| < EEVu [ 4 vk|Aum|?, (3.9)
v

we find

k k 2k
0< %‘Vunlfi_ |vun|2_ L|Aun|2_~_‘vun—l‘2+7|fn|2
v 2 v

cak o i vk n|2 ne1p2 | 2K 2
< — v — _ Y Y _— 2. .
= 0< |V (1+260)|Vu [P+ VU 2 f e ey (3.20)
Let y := |[Vu"|?, z := |[Vu" 1|2 + 2k|f|%w(L2)/l/ and
G(y;x) == (cake/V)y® — (1 + vk/(2¢0))y + . (3.11)

We write G(y) instead of G(y;x) when there is no risk of confusion. We are of
course interested in the solution set of G(y) > 0.

Under the assumption (3.I4)) below on the timestep k, the graph of the cubic
G is (qualitatively) as shown in Figure [ We note in particular that G(y) = 0
has a negative root yy and two positive roots y; and ys. To verify this, we
note the following. First, G(y) — oo as y — £oo. Next, G(y) has two local

extrema,
3

1+ VkDW, (3.12)

14
Y+ %0

3C4k‘
with y_ < 0 being a local maximum and y; > 0 a local minimum, as verified

by computing G”(y4 ). Since G(0) = x > 0 (the problem is trivial if z = 0), we

12
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have G(y_) > 0. Finally, computing

Glyy) = —g (1+ %) (32; 1+ %Dm +z, (3.13)

we conclude that G(y4) < 0 if (this is essentially a restriction on k)

e 2k 2/ 13 \1/2

This implies the existence of the two positive roots y; and yo with y1 < y4 < ys.

Now (B.I0) implies that |[Vu"|? = y lies in the disjoint set [0,41] U [y2,0).
However, 32 > y4 ~ k~/2, which is absurd for small k. To prove that y &
[y2, 00), we multiply (BII), by 2k(u™ —u™~1') in L? to get

2u™ — u" 2+ k| Vu" 2 — vk|Vu" T k| V(0" — w2

= 2k(u™-Vu", u" —u"") 4 2k(f" u" —u") = [ + .

(3.15)
Bounding the rhs as
k n|2 n n—1y|2
|I2|§;|f |H_1+Vk|V(U —u )‘
|Il| = Qk‘(u"Vu",u"_l)‘ S 2k‘|u"\L3|Vu"|L2|un_1\L6
< cklu"| 1 2 VU™ |VU™ < ck [u" Y2V 32 VU
k k
< %lvun|2+ %lun|2lvun—1|4,
and dropping the 2|u™ — u™~1|2 on the lhs in B.I5]), we arrive at
vurl? < (2 2¢5 n121 g, —112) vy t|2 2f2 3.16
Vur P < (24 22 P ) VU P B ey (316)
If we now assume that (effectively a timestep restriction)
2¢s5, , e e 2 3 \1/2
(2 + ?|'u, |2|Vu 1|2)|VU 1|2 + ﬁ|f|%oo(H—l) < (304]{)) , (3.17)

noting that the rhs < y, < yo, we can conclude that |[Vu™|? < y and therefore
|Vu™|? € [0,y1]. This gives us the local H! integrability of the scheme (B1I): if
k (is small enough that it) satisfies [BI4) and (BI7T), the one-step solution of

(1) is bounded in H!. O

13
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The crucial point which is not immediately obvious is that y; = [Vu™ 1|2 +
O(k) for small k. By estimating the O(k) more carefully, we obtain our main

results.

3.1. H' estimate for small data

Theorem 3. For small data, let ug and f be such that

2
2\ /CoC4q ’
and let the timestep k satisfy (3.24) ~B.28) below. Then u™ is bounded as

200

|VUO|2 + |f|%oo(L2) < (3.18)

V2

1060

IVu"|? < Ki(uo, fiv,Q) = |Vug|* + 2 |f|2Loo(L2), (3.19)

for allm € {0,1,---}.

Proof. For small data, we first assume the hypotheses (local in n) of Lemma [l
We then derive a more useful explicit bound for [Vu"~1|2. We claim that with

the assumption [B.I8), |[Vu"|? < y; implies
vk n|2 ne12 . 2k .0
<1+E)|Vu | < |Vu | +7|f|th>(L2), (320)
where y; is the smallest positive root of the cubic equation (BI0). To prove
this, we set y, == (|[Vu" 12 + 2k|f|2Loo(L2)/V)/(l + vk/(4cp)) and compute

G(y.) = . (1+%>_2{—:—i(1+i—§))2+?—f£2}7 (3.21)

where G(y) is as in (BI1)) such that
G(y) = (cak/v)y® — (1 + vk/(2c0))y + 2,

and x = |[Vu" 12 + 2k|f|%m(L2)/u. Now G(y.«) < 0 implies that y,. > y1, and

the former is true if

2
vk (1+ ”k) LGk,

ey 4c¢o 3
and this implies

U2

2./CoCa

2k
(Va2 + 7|f|%°°(L2) =z < (3:22)

14
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Hence, |Vu™|? < y; < y, implies (320). Then, the claim is proved.
To obtain the uniform bound, we sum B20) using 23] to find

12 vEN"™ _ o2 8Co, .0 2k, .19
‘VU | < (1""%) |VU | +ﬁ|f|L°°(L2)+7|f|Loo(L2)~ (323)
Assuming that
k<co/v, (3.24)

we can absorb the last term into the penultimate one to obtain ([B.I9). Consoli-
dating our assumptions, the smallness condition ([8:22)) is now implied by BI8),
while the timestep restrictions (814) and BI7) can both be satisfied by taking
k sufficiently small to satisfy

~ 1/ v3 \1/2
K < 7( ) , 2
L= 2\ 3cqk (3 5)
SN 3 \1/2
& 2 2 v
(1 + V4K0K1)K1 1 gy VP < (1264k) . (3.26)
This proves the theorem. O

We note that, up to the constant depending only on the domain 2, the
bound (B.I9) is the same as that in the continuous case (LI9). In addition,
considering |f|%_1 < ¢§|f|32 and using Poincaré inequality, we estimate Ko in
(T20) such that

Ko = [uo|? + col fl7 e (1) < colVauo|* + cocg| |7 oo (12 (3.27)

Assuming k < (c¢fv)/2, we deduce from 322 that

2
2 x| g2 Vv
o (1900l + il i) < T2 (3.28)

From (BI8) and (328), we find, up to the constant depending only on the

domain £, the same smallness condition as in (L20]).

3.2. H! estimate for short times

Theorem 4. For short times, let the timestep k satisfy (3.40), A1) and [B.42)

below. Then there exists a t; = v3/(8caC?), as long as 0 < nk < 3 we have

IVu"|? < 2|Vul* + (V| f]F 00 (12y/ca) /2. (3.29)

15
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Proof. We first assume the hypotheses (local in n) of Lemmal[ll Since y; is the
root of a cubic G(y;1) = 0, the bound |Vu™|? < y; is not very convenient, so we
compute a more useful bound. Recalling that x > 0, we consider for some a > 0
k
G((1+ ak)z;z) = zk [%(1 + ak)*z? — (QL + a) - %}
co

2¢o (3.30)

<xk[ (14 ak)z —a}
Setting a = 2c4x% /13, this implies G((1 + ak)z) < 0 if
L+ak <2 o (Va7 4 2k|f|7 12y /v)*2eak/v® < 2V/% — 1. (3.31)
Assuming this, Lemma [I] then gives us the explicit one-step estimate
Vu|? <y < (14 ak)x

2c4k e 3
5 (V"1 + @R/ e )

(3.32)

= |Vu" P+ 7|f|L°°(L2) +—
which we can rewrite as

|Vu”|2—|VuT“1|2 2¢y ne12 2k .o 32,
. < S (VP )+ o leen) |- (339

To obtain a finite-time bound on |[Vu™|, we proceed in analogy with (L24))
and define
n|2 s_ 2% o
zn = [VUu" [+ F  where F* = —|f[7 o (p2)- (3.34)
Cq

By expanding both sides, we have
e 2k 3 2
(|VU P+ 7|f|%oo(1:2)) + a|f|%°°(L2) <z 1 (3.35)
subject to the timestep restriction

41/3¢ 1/3|f\4/3 k< u5/3,

5/3 Loo(L2)

174

= 1/3 4/3 42/3 2/3|f‘i/o§ (L?) k2 < V10/37 (336)
|f‘LoC L2)

804‘f|4°°(L2) k3 S V5.

The time step restriction above can be found by direct computations. Indeed,
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expanding (335]), we have
_ ne1a (2K o1 (2K 2
V" 1|6 + 3|Vu 1|4 (y|f|%x(L2)> + 3|Vu 1|2 <V|f%°°(L2)>

2k, .19 32 9
+ <V|f|L°C(L2)> + a|f|L°°(L2)
<|Vu S + 3|Vu AR 4+ 3| Vet T PR 4 BB (3.37)

1/3
— |vun71|6 4 3|vun71|4 E|f|2 /
- 4 L*(L?)

2/3

_ 22 22
+ 3| Vu" 1‘2 (C4|f|%°o(L2)> +

2
o | flLee (r2)-

Hence, assuming the three conditions in the brace of [3:36]), the inequality ([B.37)
holds term by term. Then ([B.32]) implies

Zn — Zp— 2c
Tl < 73433—1 =t g(2n-1). (3.38)

Arguing as we did in the semi-implicit case [cf. (Z30)—(233)], we conclude that

Zn < 229 for all n > 0 such that
nk =t, <v°/(8cs(f) =: t}. (3.39)

This proves the theorem subject to the timestep restrictions, which we collect

here. First, (3.6) and ([B7) are implied by

~ 1/ 3 \1/2
<= .
K= 2<3C4k) ’ (3 40)
N 3 \1/2
Cs 2 2 14
(1 n 741(01()1(+ 2y /7 < (12C4k) , (3.41)

where unlike in Lemma [T here
K =2 |Vu0\2 + 2 (V2|f|%oo(L2)/C4)l/3 + (1OCO/V)|f|iOO(L2)~

Next, (336) is good as it stands. Finally, using (3.36) to handle the k inside
the bracket, (331)) is implied by

(L+ 23023 f132 N2 (213 — )8
L <L2>> < v (3.42)

2|Vul|? +
< | | 01/3 264k‘

This proves the short-time case.
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235

240

245

250

The time bound ¢} is essentially that in the continuous case (smaller by a

factor of % which can be improved to 1 — e with some work and more restriction

on k).

Acknowledgement

This work was supported in part by NSF Grant DMS 1206438 and by the

Research Fund of Indiana University.

References

1]

2]

P. CONSTANTIN AND C. Fo1as, Navier—Stokes equations, Univ. Chicago

Press, 1988.

T. GEVECI, On the convergence of a time discretization scheme for the

Navier—Stokes equations, Math. Comp., 53 (1989), pp. 43-53.

S. GorTLIEB, F. ToNE, C. WANG, X. WANG, AND D. WIROSOETISNO,
Long time stability of a classical efficient scheme for two dimensional
Navier—Stokes equations, STAM J. Numer. Anal., 50 (2012), pp. 126-150.
arXiv:1105.4349.

N. Ju, On the global stability of a temporal discretization scheme for the
Navier—Stokes equations, IMA J. Numer. Anal., 22 (2002), pp. 577-597.

M. MARION AND R. TEMAM, Navier—Stokes equations. Theory and approzi-
mation, in Handbook of numerical analysis, VI, P.G. Ciarlet and J.-L. Lions,

eds, 1998, pp. 503-689.

J. SHEN, Long time stabilities and convergences for the fully discrete non-

linear Galerkin methods, Appl. Anal., 38 (1990), pp. 201-229.

R. TEMAM, Navier—Stokes equations: theory and numerical analysis, AMS
Chelsea, 1984.

18



[8] F. TONE AND D. WIROSOETISNO, Long-time stability of the implicit Fuler
255 scheme for the two-dimensional Navier—-Stokes equation, STAM J. Numer.

Anal., 44 (2006), pp. 29-40.

[9] X. WANG, An efficient second order in time scheme for approximating long
time statistical properties of the two dimensional Navier—Stokes equations,

Numer. Math., 121 (2012), pp. 753-779. arXiv:1108.5409.

19



	Introduction
	H1 estimate for small data
	H1 estimate for short times

	Semi-implicit scheme
	H1 estimate for small data
	H1 estimate for short times

	Fully implicit scheme
	H1 estimate for small data
	H1 estimate for short times


