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1 Introduction

Holography relates gravitational physics to the dynamics of quantum field theories with a

large number of degrees of freedom. The precise mechanism governing the emergence of

an effective geometry from field-theoretical degrees of freedom remains somewhat unclear.

However, recent work has shown that the concept of quantum entanglement is likely to



play a key role in an eventual understanding of this emergence. Consider the entanglement
entropy of a spatial region X in the quantum field theory, defined as the von Neumann
entropy of the reduced density matrix px characterizing the spatial region. This is a
very complicated and nonlocal observable. However, in field theories with semiclassical
gravity duals governed by Einstein gravity, there exists a simple and elegant formula for
the entanglement entropy, due to Ryu and Takayanagi [1]:

Amin
1.1
T, (1.1)

SEE =

where A, denotes the area of the bulk minimal surface anchored on the boundary of the
spatial region X. This equation relates two very primitive ideas on either side of the duality
— geometry and entanglement — and thus may provide insight into the reorganization of
degrees of freedom implied by holography.

In this paper we study holographic entanglement entropy in a different class of theories,
namely, two-dimensional conformal field theories with gravitational anomalies [2]. These
theories suffer from a breakdown of stress-energy conservation at the quantum level: this
may be understood as a sensitivity of the theory to the coordinate system used to describe
the manifold on which it is placed. The anomaly is present in any theory with unequal left
and right central charges appearing in the local conformal algebras. If such a theory admits
a gravity dual, the holographic three-dimensional bulk action will contain a gravitational
Chern-Simons term.

We have two main motivations in mind for studying entanglement entropy in such theo-
ries: from a field-theoretical point of view, we would like to better understand the interplay
between anomalies and entanglement entropy. Indeed the celebrated formula Sgg = 5 log ?
for the entanglement entropy of an interval in the vacuum of a two-dimensional conformal
field theory is an example of a precise relation between these two concepts, but is con-
trolled by the conformal anomaly instead. Another motivation is holographic: as we will
see, in theories with anomalies, entanglement entropy probes other aspects of the dual
bulk geometry.

We find that the sensitivity of the field theory to its coordinate system manifests itself
holographically in an elegantly geometric way: it gives physical meaning to a normal frame
attached to the Ryu-Takayanagi worldine, essentially broadening the minimal worldline
into a ribbon. The anomalous contribution to the entanglement entropy is now given by
the twist in this ribbon:

1
Sanom:/ds n-Vn), 1.2
o | ds v (12)

where C' is a curve in the three dimensional bulk and the vectors n and 7 define a normal

frame to this curve. p=!

appears in the coefficient of the gravitational Chern-Simons term,
and measures the anomaly coefficient in the dual two-dimensional theory.

Interestingly, just as a the length of a bulk spatial geodesic may be understood as the
action of a massive point particle propagating in the bulk, this new term may be under-
stood in terms of the action of a spinning particle, i.e. an anyon in AdS. Boundary intuition

for this result comes from the fact that in two-dimensional conformal field theories with



a gravitational anomaly, the twist fields used to compute entanglement entropy acquire
nonzero spin proportional to the anomaly coefficient. We discuss the bulk interpretation
of this action in detail, demonstrating in particular that its variation results in the usual
Mathisson-Papapetrou-Dixon equations of motion for a spinning particle in general relativ-
ity [3-5]. Thus our results may also be viewed as the construction of the worldline action
of an anyon in curved space. We anticipate further applications of this formalism.

A brief outline of the paper follows. In section 2 we use two-dimensional conformal
field theory techniques to study Rényi and entanglement entropy in field theories with
gravitational anomalies; no use is made of holographic duality in that section. In section 3
we derive the bulk result (1.2) by a careful evaluation of the action of a cone in topologically
massive gravity, following techniques developed in [6]. We also discuss its interpretation in
terms of the action of a spinning particle and the relation to the Mathisson-Papapetrou-
Dixon equations. In section 4 we apply (1.2) to various simple spacetimes of interest,
holographically deriving results that agree with the field theory calculations from section 2.
We conclude with a brief discussion and summary of future directions in section 5. Many
important details of the derivations have been relegated to various appendices.

Appendix E presents a very different reformulation of the results of this paper, using
the approach studied in [7] to instead compute entanglement entropy from bulk Wilson
lines in the Chern-Simons formulation of topologically massive gravity.

Previous discussion of entanglement entropy in topologically massive gravity in-
cludes [8, 9]: we believe that these works are incomplete in that they do not deal sufficiently
carefully with the subtle lack of diffeomorphism invariance expected in these theories.

2  Quantum entanglement in 2d CFTs with gravitational anomalies

2.1 Gravitational anomalies

We begin by recalling some basics about gravitational anomalies in 2d conformal field
theories (CFTs). More complete accounts of the subject, including generalization to higher
dimensions, can be found in e.g. [2, 10, 11].

A 2d CFT has Virasoro symmetries on the left and right that are generated by
holomorphic and anti-holomorphic components of the stress tensor, T'(z) = 2nT,, and
T(%z) = 2nT%z, respectively. The algebras take the familiar forms

c/2 , T(O) , 9T(0)

r(oyr) ~ 2 O TO
TE)T(0) ~ C};{Q + TZ(Z,O) ;9 Z(O) o (2.1)

Associated to each algebra is an independent central charge. Ej and Egr will denote the
left and right Virasoro zero modes, respectively.

One can couple any QFT to a background metric g;; which acts as a source for the
stress tensor Tjj, where (i,7) run over the spacetime coordinates (z,Z). In terms of the
QFT generating functional W = —log Z, the stress tensor is defined as

2 oW

W= %59@ ’

(2.2)



If ¢ # cr in a 2d CFT, one cannot consistently promote the background metric to a
dynamical field: that is, the CFT suffers from a gravitational anomaly. Examples include
theories with chiral matter and holomorphic CFTs [12, 13].

The anomaly so defined can be presented in two ways. On the one hand, it is man-
ifest as a diffeomorphism anomaly, in which case the stress tensor is symmetric but not
conserved. Under an infinitesimal diffeomorphism generated by &;, the metric transforms as

0gi5 = V&) - (2.3)

Non-invariance of the CFT generating functional implies

j €L —CR\ w
On the other hand, the anomaly can appear as a Lorentz anomaly — that is, an anomaly

under local frame rotations — in which case the stress tensor is conserved but not sym-

metric. Working in the tangent frame, we have the vielbein e, spin connection w9 ; and
curvature 2-form Ryp, where (a,b) are frame indices; see [10] for a fuller description of the
passage between metric and frame formulations. Under an infinitesimal frame rotation,
the vielbein transforms as

de?; = —a“bebi (2.5)
with ag = —ap, the rotation parameter. Non-invariance of the CFT generating functional

implies that this stress tensor, call it Tij, obeys

Tab - Tba = (%;:R) *Raln (26)

where *Ry; is the Hodge star of the curvature 2-form,
1 o
Ry = §Rijklealebjd:ck Adat . (2.7)

The presentation of the anomaly is a matter of choice: shifting from one to the other can
be done by adding a local counterterm to the CFT generating functional [14, 15].!

The anomaly presented thus far is the so-called “consistent” form, obtained from a
generating functional that satisfies the Wess-Zumino consistency conditions. There exists
a “covariant” form of the anomaly, in which covariance of the stress tensor is restored via
improvement terms,

T =Ty + Yy (2.8)
for suitably chosen Yj; (the “Bardeen-Zumino polynomials”) [15]. The covariant cur-
rents (2.8) can be derived from a modified generating functional living in 2+1 dimen-
sions. Framed as a diffeomorphism anomaly, for instance, the non-conservation equation
in covariant form becomes

i €L —CR\ k

'This is succinctly captured in the language of the anomaly polynomial. For a gravitational anomaly in
a 2d CFT, the polynomial is P4(R) = Tr(R A R) = dws. The choice of diffeomorphism or Lorentz anomaly
corresponds to the choice of whether to express the curvature as R = d[' + ' AT' or R = dw + w A w,
respectively.



where R = Rijgij is the Ricci scalar; note the absence of explicit factors of I'. In a
holographic context, the usual AdS/CFT dictionary identifying boundary data with sources
in the CFT generating functional naturally leads to the consistent form [16].

2.2 Rényi and entanglement entropy in the presence of a gravitational
anomaly

Consider a QFT living on some Riemannian manifold M, in a state defined by some given
density matrix. One can form a reduced density matrix, p, by tracing out degrees of
freedom exterior to some spatial region at fixed Euclidean time. The Rényi entropy S, is
defined as

1
Sp = T log Trp™ (2.10)
where n is a positive integer. In a 2d QFT, the spatial region is the union of N € Z disjoint
intervals. Upon analytically continuing n to positive real values, one can take the limit

n — 1 to obtain the entanglement, or von Neumann, entropy,
Sgg = lim S, = —Trplogp . (2.11)
n—1

This procedure involves ambiguities in principle; we will employ the naive analytic con-
tinuation, based on precedent in similar 2d CFT entanglement calculations. For further
details on this construction, we direct the reader to [17-19].

Computing entanglement entropy via the replica trick amounts to computing the Rényi
entropy for arbitrary n. The latter is equivalent to computing a QFT partition function
Zy on a branched cover of M, with branch cuts along the entangling surface. The precise
relation is

Zn
(Z0)™

This technique is applicable in any state that can be defined using a functional inte-

Trp" = (2.12)

gral. Alternatively, one can eschew this topological perspective, and instead compute
Trp™ as a correlation function on M of twist operators inserted at the boundary of the
entangling region.

We focus on 2d CFTs henceforth, calling a generic CFT C. The branched covers
of M are Riemann surfaces of N- and n-dependent genus; when M = C, for example,
g = (N—1)(n—1). Rather than computing partition functions on arbitrary genus Riemann
surfaces directly, we will employ the twist field perspective [17, 20]. For N spatial intervals
bounded by endpoints {u;,v;}, one inserts N twist operators & at the endpoints u; and
N twist operators ®_ at the endpoints v;, and computes their 2N-point correlator on M:

N
Trp" = < H¢+(ui)®_(vi)> : (2.13)

cn /T

As the subscript denotes, the correlator is evaluated in the orbifold theory C"/Z,. &4
and ®_ act oppositely with respect to the cyclic permutation symmetry Z,, and have a
nontrivial OPE. The n-dependence also enters (2.13) through the scaling dimensions of the
twist operators, to be derived momentarily.



For a CFT with ¢y, # cg, these techniques still apply. The presence of a gravitational
anomaly does not spoil the use of functional integrals; one need only be careful about their
transformation properties. This brings us to the central novelty: in a CFT with cp # cpg,
the twist fields ®+ have nonzero spin controlled by the anomaly coefficient: s & ¢, — cg.

To derive this fact, following the original method of [17], it is sufficient to consider a
single interval in the ground state of a CFT C, with endpoints (u,v). Before replication, C
lives on the complex plane, M = C. The replica surface — call it R, 1 — has genus zero
for all n, and can be conformally mapped back to the complex plane. If w is a complex

2= <w_“>1/n, (2.14)

w—v

coordinate on R, 1, then

maps Ry,1 — C, coordinatized by z. To compute the scaling weights of the twist operators,
consider the one-point functions of the CFT stress tensor components, (T'(w))r, , and
(T(w))R,,.- On one hand, one can compute the conformal transformation of the stress
tensor under the map (2.14). On the other, these expectation values can be traded for
correlation functions with twist operators in the orbifold theory, by definition of the twist
operators themselves. Recalling that (T'(2))c = (T'(Z))¢c = 0, one finds

@@ w0 (0 e e (1Y a—v
(@4 (u, ) (v,0))en/z, 24< n> ((w—u)(w—v)> ’
(T(@)0+(w,@W)P—(v,0))cnyz, crn( 1 -7 2
@ (D) (0, D))oz, 24( n> ((w—u)(w—v)) - (219

These equations are nothing but the conformal Ward identities for the holomorphic
and anti-holomorphic stress tensors, acting on Virasoro primary operators with scaling

cr, 1 CR 1
e, 1 _er, LYy 2.1
=9 (” n) o hR=gy (” n) (2.16)

Defining conformal dimension A = hy +hpg and spin s = hy — hg, we find spinning, anyonic

dimensions

twist fields as advertised:

cr, +cr 1 CI, — CR 1
A — _ - — - . 2.1
24 (" n> 7T Ty <" n) (2.17)

This derivation is a simple extension of the case ¢, = cp treated in [17] and elsewhere; the

key point is that the calculation holomorphically factorizes.

By deriving twist operator quantum numbers from the CF'T stress tensor, this method
fully accounts for the dependence of Rényi and entanglement entropy on the gravitational
anomaly. We are implicitly working with the consistent form of the anomaly, because T'(z)
and T(%) are defined through variations of the original CFT generating functional. Notice
that in computing entanglement entropy as the n — 1 limit of Rényi entropy, the twist
operators are analytically continued from anyons to spinless bosons. However, the ratio
s/A is independent of n.



2.3 Applications

With these results in hand we proceed to easily derive universal results for single interval
Rényi and entanglement entropy in 2d CFTs with arbitrary (cr,cgr). From (2.13), this
merely involves computing the two-point function of & and ®_. For a CF'T in its ground
state, on a circle, or at finite temperature and angular potential, the functional form of
the correlator is fixed by conformal symmetry [21]. We will also comment on more general
entanglement entropies in holographic CFTs with ¢y, # cg.

We work with an interval [0, R] in a CFT on a line, with R € R, unless otherwise
noted. Thus, we wish to compute

1

—n

Sn = 7 log(®, (R)®_(0)cr/z, - (2.18)

We will reinstate the UV cutoff as needed for dimensional analysis.

2.3.1 Ground state
In this case, M = C, so (2.17) and (2.18) yield

1\ ¢p +cp R
=(14+—-) ———1 — . 2.1
Sn (+n> 12 Og(a) (2:19)
and the entanglement entropy is easily obtained,
R
Spp = % log () . (2.20)
€

This was first derived in [22]. The anomaly makes no contribution to (2.20). For holo-
graphic CFTs, this state is dual to Poincaré AdS.

2.3.2 Ground state, boosted interval

Now consider a complex interval [0, z], with z € C somewhere off the real axis. We find

S, = <1 + i) <i;log <z> + %log <Z>> . (2.21)

In this case, we do see a contribution from the anomaly. If we define z = Re'?, we find an
entanglement entropy

Spp = =R —gcR log <]j> LR ; Pig . (2.22)
This setup is just a rotation of the previous one, but in a theory with a Lorentz anomaly,
observables are sensitive to the choice of frame. Equivalently, in the language of the
diffeomorphism anomaly, observables are sensitive to the choice of coordinates used to
define a constant time slice.

As (2.22) shows, in the absence of Euclidean time reflection symmetry (z < Z) a

Euclidean CFT partition function need not be real.? This is familiar from the thermal

2In fact, the anomalous piece had to be purely imaginary on general grounds. Thinking of Trp™ as a
CFT partition function on a Riemann surface, as in (2.12), we note that only the imaginary part of log Z
can ever receive an anomalous contribution. Thus, the frame rotation to a complex interval must lead to
an imaginary piece of the Euclidean Rényi entropy.
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Figure 1. Flow of entanglement through boosted interval.

partition function of a non-anomalous CF'T at finite temperature and chemical potential for
angular momentum. As in that case, the complexity of (2.22) is consistent with a sensible,
real Lorentzian interpretation: under the analytic continuation z = = — ¢t,Z = x + t, the
angle 6 maps to a boost parameter k£ as § = ix. Plugging this into (2.22) yields a real
contribution to the entanglement entropy due to an anomalous Lorentz boost:

cr, + cp R CL —CR
Sgg = ——1 — | -—k. 2.23
EE 6 0g ( - > 6 K ( )
There is a simple physical argument for this due to Wall [23], as shown in figure 1.
To understand figure 1, suppose that we have quantized our theory with respect to the
time coordinate ¢; thus we understand how to compute entanglement entropy on the slice
t = 0. Consider now the entanglement through the boosted interval (ending at R'). We
would like to relate this to entanglement computed at t = 0. We see that at ¢ = 0 all the
left-movers that will eventually pass through the boosted interval are inside Ry, whereas
all the right-movers are inside Rg. Assuming factorization of left and right-movers, the
entanglement computed at ¢ = 0 then should be
Cy, RL CR RR
Sgep = —log| — —log | — 2.24
EE 6g<a)+6g<£> (2.24)
If the hyperbolic boost angle is x, then Ry = Re ™™ and Rr = Re": this immediately
reproduces (2.23).

2.3.3 Finite temperature and angular potential

Consider now a spatial interval [0, R] in a general Lorentzian CFT on a line at finite
temperature, T = 8!, and chemical potential for angular momentum, 2. The CFT now
lives on a cylinder with a compact thermal cycle, M = S* x R. For a holographic CFT, this
state is dual to the rotating, planar BTZ black hole. After Wick rotation, the Euclidean
partition function is

Z = Tr(e PH-P287) (2.25)
where

cr, +CRr CL — CR

H=Er+E,——F—, J=Er—Ep+ TR

2 (2.26)



and we define Q0 to be real via the standard analytic continuation 2 = iQg. It is convenient
to define left and right temperatures, 77, # Tr; the respective inverse temperatures (5, Br)
are defined in terms of (8, Qg) as

Br=pB(1+1iQg), PBr=p(1—-1ip). (2.27)

Notice that in the ground state on the cylinder, F;, = Er = 0, there is a nonzero “Casimir
momentum” Jy in addition to the usual ground state energy, Eo:
cL +CRr

Ey=——7—, Jo=

Ccr, — CR
24 ’

5 (2.28)

This effect stems from the imbalanced chiral contributions to the Casimir energy.
To compute the Rényi entropy, we plug the universal form of cylinder correlation
functions into (2.18), which yields

1 cr, 1577 TR CR Br ., ™R
n=1|1+~— —1 — —1 — sinh — , 2.2
S ( +n> [12 0g< sinh BL>+12 Og(ws sin ﬁRﬂ (2.29)
and in the limit n — 1,
cr BL Br ., ™R
Sgg = — 1 — h— —l —sinh — | . 2.30
EE 6 og ( sin B ) + <7r5 sin 51—2) ( )

For 81, # SR, there is an anomalous contribution that maps to a real entanglement entropy
in Lorentzian signature. The formula neatly factorizes, and yields the correct Cardy entropy
in the thermal limit R > (5, 8g). In analogy to the case of the complex interval on the
plane, we can think of Q) as a boost parameter, or as parameterizing passage to a rotating
frame.

From the above results, we can also compute entanglement for a CFT at zero tem-
perature on a cylinder of size L. We can read off the Rényi and entanglement entropies
from (2.29)-(2.30) by simply taking 8, = Br — —iL. This case sees no anomalous contri-
bution. For holographic CFTs, this state is dual to global AdS.

2.3.4 Holographic CFTs at large central charge

The results in this section universally apply to all CFTs with arbitrary (cr,cgr). For this
(sub)subsection, we specialize to a class of “holographic” CFTs at large total central charge
cr,+cp: this should be understood as the class of CFTs which are likely to have semiclassical
gravity duals, although no use will be made of holography in this section. A constructive
definition of such CFTs was given in [19, 24]: aside from fundamental properties of unitarity,
modular invariance and compactness, their essential property is that the OPE coeflicients
and density of states with A < ¢r + cr do not scale exponentially with large ¢ + cpg.
In anticipation of our study of holographic entanglement in TMG, this is an eminently
relevant class of theories to consider.

Recent work [19, 24-30] has shown that in such large central charge 2d CFTs with
or without gravitational anomalies, Rényi and entanglement entropies can be derived for
otherwise non-universal cases, involving higher genus manifolds M or multiple intervals



N > 1. For example, one can think of (2.30) as the high temperature limit of entanglement
entropy of a single interval on a torus, M = T2, with complex modular parameter 7 =
i1, /2m. Torus two-point correlators are non-universal. For a CFT satisfying the above
properties, however, the entanglement entropy of a single interval on the torus has been
argued to be given by (2.30) for all temperatures above the Hawking-Page transition at
leading order in large cr, + cg [26, 28], provided that the size of the interval is smaller than
half of the circle.® This provides a modest consistency check of (2.30).

As a second example, consider the Rényi and entanglement entropy of multiple inter-
vals in the ground state. As 2N-point twist correlators with NV > 1, these are non-universal
in general, but can be computed systematically in holographic CFTs in a large c¢g + cp
expansion [19, 24, 27, 28, 30]. This is true regardless of whether the CFT suffers from
a gravitational anomaly. At leading order in large ¢y + cg, the ground state entangle-
ment entropy is simply a sum over single interval contributions (2.20) subject to a certain
minimization prescription [24]:

S — %g%min;l()g () , (2.31)
Z?]

where {z;} label the endpoints, i = 1,...,2N.

3 Holographic entanglement entropy in topologically massive gravity

We turn now to the holographic description of theories with gravitational anomalies. As
mentioned earlier, the bulk action describing such a theory has a gravitational Chern-
Simons term in its action. In trying to understand the anomalous contribution to entan-
glement, it is sufficient to work with topologically massive gravity (TMG), which couples
the Chern-Simons term to ordinary Einstein gravity. The Ryu-Takayanagi prescription for
computing entanglement entropy will require modification in this case. Roughly speaking,
just as in ordinary 3d gravity the Ryu-Takayanagi worldline can be viewed as the trajec-
tory traced out by a heavy bulk particle, we will show that in TMG the analog of this idea
involves a massive spinning particle, whose on-shell action yields the holographic entangle-
ment entropy. This is nothing but the extension of the twist field spin into the bulk. Thus,
our task is to construct an action for such a particle and understand its dynamics. As we
will see, our action makes satisfying contact with previous literature on spinning particles
in general relativity.
We begin this section by briefly recalling some salient features of TMG.

3.1 Gravitational Chern-Simons term

The original work on TMG dates back to [32-34]; for a more modern treatment see e.g. [16,
35, 36]. The action is the sum of the Einstein-Hilbert term and a gravitational Chern-

3For larger interval sizes there may be a competing saddle, holographically manifest as the disconnected
surface contributing to the Ryu-Takayanagi formula, i.e. the “entanglement plateaux” of [31].

~10 -



Simons term:

o ; 2
STMG_167rc:3/dxV g(R+e2>

1 2
Pay=geM T, (0,19, + 2T, T} 3.1
e / Ve < T ”f’) ’ (3.1)

where we have included a negative cosmological constant. p is a real coupling with dimen-
sions of mass. Even though the action has explicit dependence on Christoffel symbols, the
equations of motion are covariant: explicitly, they are

1 1 1
Rl“’ - ig/ﬂ,R — ﬁg“w = _;CHV’ (32)
where C),,, is the Cotton tensor,
afs 1
Cuw =¢€,"Va | Ry — Zg'BVR . (3.3)

The Cotton tensor is symmetric, transverse and traceless,
eMCy =VHIC = C“# =0. (3.4)

Consequently, all solutions of TMG have constant scalar curvature, R = —6/¢2, and the
equations of motion can be written as

2 1
Ruy + ﬁguy = _;CN’V . (3'5)

The Cotton tensor thus measures deviations from an Einstein metric.

It is clear from (3.3)—(3.5) that TMG admits all solutions of pure three dimensional
gravity, namely, Einstein metrics for which C},, = 0. The theory also admits a wide class
of non-Einstein metrics which are not locally AdS3;. We briefly note that TMG can also be
cast in a Chern-Simons formulation; in appendix E we review that approach to the theory.

Many unusual properties of TMG are put into sharper focus in a holographic con-
text. This theory has been extensively studied in the context of AdS3/CFTy by [16, 37—
39], among many other authors.* Specializing for the moment to locally AdS3 solutions,
the application of Brown-Henneaux [43] for TMG shows that the classical phase space of
asymptotically AdS3 backgrounds is organized in two copies of the Virasoro algebra with

30 1 30 1
S S PR 3.6
L= 3G, ( ,w) R, ( * ,w) (3:6)

As detailed in the previous section, the unequal central charges indicate the presence of

central charges

a gravitational anomaly in the dual CFT. This is consistent with the transformation of
the gravitational Chern-Simons term under bulk diffeomorphisms: in particular, the bulk
action is invariant up to a boundary term that captures the nonzero divergence of the CF'T

“Holography for TMG has been also the cradle of some controversy at p = 1, the so-called “chiral point,”
which we will not discuss here. See e.g. [40-42] and references within.

- 11 -



stress tensor in (2.4) [38]. This is the usual elegant mechanism of holographic anomaly
generation in AdS/CFT [44] as applied to a gravitational anomaly.

One can also perform a precise matching of thermodynamic observables of the bulk
and boundary theories. The presence of the gravitational Chern-Simons term generically
affects the observables in the bulk, even for locally AdSs solutions. One intriguing example
is the introduction of nonzero angular momentum into global AdSs: the ADM charges are

12 cr, +cr 1 _ CL—CR

IMpgs = —— = . -
AdS , Jads G T

8G'3 24 (37)

which match the CFT result (2.28) for ground state energy and Casimir momentum on
the cylinder [38]. At finite temperature, the bulk admits BTZ black holes, which are dual
to thermal states in the CFT. The asymptotic density of states of the CFT is governed by

the Cardy formula [45],
E E
S = 2my/ CLG L | on 036 R (3.8)

Happily, this has been shown to equal the Wald entropy of BTZ black holes in TMG or
any covariant higher derivative modification thereof [37, 46-50].

The novel solutions of TMG are those with C,,, # 0, which are not locally AdSs.
An interesting subset of such solutions, denoted “warped AdS3”, were constructed in [51-

53], along with warped black hole counterparts. Viewed holographically, the main fea-
ture of asymptotically warped AdSs geometries is that they do not obey Brown-Henneaux
boundary conditions, so (3.6) is not applicable; indeed, the nature and symmetries of a
putative holographic dual CFT are not very well understood (see, e.g., [54-58] and refer-
ences within).

In the following sections, we will deal with the Euclidean theory for both technical and
conceptual reasons. The gravitational Chern-Simons term is a parity odd term under time
reversal, hence a Wick rotation ¢t — tg = it yields

1 2
Stuec = ———~~ d3 R+ —
K 167G / x\/g( T 52)
# 3 /\,uVI-\p e gI‘O' 1
+327TG3,LL/d x\/ge T (0“ v+ 3T ) (3.9)

and the equations of motion are
2 i

R, + 729 = —;C’W . (3.10)
The appearance of the factor of 7 in (3.10) is important: for a real metric, the left and right
hand side of (3.10) must vanish independently, hence restricting the space of real solutions
to the Einstein metrics of pure gravity. Our presentation of the holographic entanglement
functional for TMG relies only on general properties of the theory, modulo some mild
assumptions; nevertheless, it is not completely obvious how to apply our result to the full
set of solutions of TMG, for which the Euclidean continuation is unclear. We will comment
on these subtleties in the Discussion section.
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3.2 Holographic entanglement entropy: Coney Island

We now want to understand how the computation of holographic entanglement entropy in
TMG reflects the gravitational anomaly of a dual CF'T. In principle, there exists a perfectly
well-defined procedure for computing Rényi entropy for any n. In (2.11)—(2.12) we wrote
the entanglement entropy as

Sgg = lim (log Z,, — nlog Zy) . (3.11)
n—11

-n
Using the AdS/CFT dictionary, we interpret Z,, as the gravitational partition function for a
3-manifold M,, asymptotic to a replica manifold R,, = dM,, at conformal infinity [19, 25].
In the semiclassical limit we can approximate this partition function by computing the
action of M,,.

In [6] an efficient algorithm was developed for computing such actions in states that
admit a description involving a Euclidean partition function. We do not review details
here but just state the result: in the n — 1 limit, one can understand the action of M,, by
studying the action of a bulk geometry with a conical surplus of 2w (n—1) along a worldline
C extending into the bulk, i.e.

SEE — _an(scone)’ (312)

n=1 "

The Einstein-Hilbert action evaluated on this conical surplus simply measures the proper
length of C'. Furthermore one finds that consistency of the bulk equations requires (in the
case of Einstein gravity) that the curve C' must be a bulk geodesic, and one eventually finds

RT)  Lmin
ST — e (3.13)

This constitutes a proof of the celebrated Ryu-Takayanagi formula (RT) for the entangle-
ment entropy [1, 59, 60], at least for the set of states that can be studied using a Euclidean
partition function.

We would now like to apply these techniques to TMG. The fact that the bulk action
is not quite gauge-invariant will play an interesting role in our analysis: the existence of
this anomaly will effectively introduce new data along the worldline, broadening the usual
Ryu-Takayanagi worldline into a ribbon. As we will demonstrate in detail, this is the bulk
representation of the anomalous contributions to CF'T entanglement discussed in section 2,
a statement we will verify in a number of examples.

Consider a regularized cone in three-dimensional Fuclidean space with opening angle
2m(1 +€), so that e = n — 1. The tip of this cone defines a one-dimensional worldline that
we take to extend along a spacelike direction parametrized by y. We use flat coordinates o®
for the two perpendicular directions, and the tip of the cone is then at ¢® = 0. A suitable
metric ansatz for this cone is then

ds? = )5 dodo® + (gyy + Ko™ + ) dy* + e, (0, y)dody (3.14)

In this parametrization the extrinsic curvatures K, are Taylor coeflicients in the expansion
of gyy in the 0% directions, and they measure the deviation of the trajectory from a geodesic.
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¢(o) stores the information of the regularization of the cone: importantly, it can be picked
to fall off exponentially outside a small core.

We now compute the action of this cone (3.9) to first order in €, using standard
techniques [6, 61, 62], although the generalization to TMG requires some care. We present
details of the calculation, including explicit expressions for the regulator function ¢(o), in
appendix B.

Let us recall the logic by first evaluating the Einstein part of the action (3.9). The
Ricci scalar receives contributions of the form V2¢. Evaluating the integrals we find

€

Scone,Einstein = - / dy Gyy + 0(62) . (315)
4Gy Jo UV

Although this expression was evaluated in the coordinate system given by (3.14), it is clear
that it is simply measuring the proper distance along the cone-tip worldline. In particular,
there is no obstruction to writing a fully covariant expression: parametrizing the cone tip
by X*(s), we simply find

6 . .
Scone,Einstein = _47(;3 /C’ ds \/ gm,(X)X“X” + 0(62) . (3'16)

We now attempt to repeat this calculation for the gravitational Chern-Simons part
of (3.9). A very similar calculation yields

Scone,CS = - 16ZL€G3 /dy Eabaan (317)
Obtaining this expression involves an integration by parts. The validity of this procedure
requires a careful understanding of the boundary conditions on the integral, as we discuss
in appendix B.

Now we note that the explicit appearance of the metric functions U,(y) makes this
expression qualitatively different from (3.15): in writing down the metric (3.14) we actually
implicitly made a coordinate choice about how the transverse plane parametrized by o¢
rotates as we move in the y direction. To be more explicit, if we perform an infinitesimal
y-dependent rotation:

60 = —0(y)eyo” (3.18)

then the curl of the vector field U, transforms inhomogenously:
5 <eab3an(y)> —40/(y) . (3.19)

The Chern-Simons action is not invariant under this coordinate transformation. Instead it
shifts by a boundary term from the endpoints of the y integral:
1€

4uGs

5Sc0ne,CS = - (e(yf) - e(yz)) . (320)

This is consistent with general expectations for Chern-Simons terms. However it appears to
make it impossible to construct a local covariant expression analogous to (3.16). To proceed
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C

Figure 2. Evolution of normal vectors n; 2 along the curve C.

we will need to introduce an ingredient that knows about the twisting of the coordinate
system as we move along the curve.

To that end, consider choosing a normal vector to the curve n; (see figure 2). The
choice of this vector fixes the other normal vector ns via nj - ng = 0.° Still there is a
local SO(2) freedom in this choice: for our purposes, we want these vectors to store the
information of how the local coordinates change along the curve, and so we will define
them with respect to the coordinate choice of the ¢, i.e:

n Pp— 8 n . —_— 8
L™ 9ot 27 D02
To lowest order in € these vectors have unit norm, and they are both orthogonal to the

tangent vector v = /g¥¥d,. With this definition it is possible to write down a local
expression which reduces to (3.17):

(3.21)

1€
4uGs

Scone,CS = / dsng-Vni+..., (322)
C

where the dots denote subleading terms in (z,z) and e. The symbol V with no subscript
indicates a covariant derivative along the worldline:

v DG
— F‘;pgvA . (3.23)

We emphasize that this expression is evaluated at the tip of the cone, located in these

VVH# .=

coordinates at 0% = 0. Furthermore only the linear in € piece of the action (3.22) is
expected to have a local representation along the worldline.%

The functional (3.22) also appears to be covariant, but this is a delicate point, as in this
derivation nq and ny were defined in terms of the base coordinate system. Essentially the

SUp to an overall sign related to a choice of handedness.

%We briefly mention the history of the term (3.22). In three flat Euclidean dimensions this expression is
known as the torsion of a curve [63]. It is also known from the physics of anyons, where it appears along the
worldline of a massive particle with a coefficient that measures the fractional spin [64]. It is also discussed
in [65] in relation to the framing anomaly in Chern-Simons theory.
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anomaly has taken a bulk gravitational degree of freedom that used to be pure gauge and
given it life, binding it to the worldline in the form of a normal vector. As we will explore in
detail in the remainder of this paper, these normal vectors are not true dynamical degrees
of freedom, but their existence and the associated subtle non-covariance of this expression
is precisely what is needed to account for the boundary non-covariance associated with a
gravitational anomaly.

Now using the original expression (3.12) and taking the e derivative, we find the total
entanglement entropy in topologically massive gravity to be

1 S 1
= \/ BXY 4+~ -
SEE 1Cs /Cds ( Gu XHXV + ’ung Vm) , (3.24)

E

where the first term is the usual Ryu-Takayanagi term and the second is the extra contribu-
tion from the Chern-Simons term. The subscript £ reminds us that this whole expression
is evaluated in Euclidean signature.
Let us attempt to interpret this expression in Lorentzian signature, with the path
C spacelike. If we try to analytically continue the complex coordinates (z,Zz) via z =
x —t,zZ = x +t, then we see from (3.21) that we can obtain two real Lorentzian normal
vectors (n,n) via
n=iny = O n:=ng =0y . (3.25)

We choose a notation that is no longer symmetric with respect to the two normal vectors,
as one of them is now timelike (n) and the other spacelike (7). Expressing (3.24) in terms
of these vectors we now find the following expression for the entanglement entropy:

1 / e 1
= — K v -7 -
SEE 1Cs /Cds < g'u,,X XV + ,un Vn> (3.26)

where everything is now evaluated in Lorentzian signature.

This expression is one of the main results of this paper. It is manifestly real. However
unlike the steps leading to (3.24), this analytic continuation cannot in general be justified,
as the ¢% coordinate system used above is ill-defined away from a vicinity of C: certainly
there is generally no U(1) isometry along which we can continue the bulk spacetime. Rather
the relation between (3.24) and this formula is equivalent to the relation between the
(justified) Ryu-Takayanagi formula for static spacetimes and its (yet unproven) covariant
generalization [66]. Nevertheless, we will use it for the rest of the paper and find physically
sensible results.

Next, we note that this expression should be evaluated on a worldline C'. As it turns
out, the correct worldline is determined by extremizing the functional (3.24). As empha-
sized in [61, 62], the justification of this statement is in principle a different question than
the determination of the functional itself. We present two routes to its justification in
appendix D. We show that the consistency of the TMG equations near a spacetime with
a conical defect constrains the worldline of the defect in a way that requires (3.24) to be
extremized, and we show that viewing (3.24) as a source to the TMG equations creates
the desired conical defect. We now move on to discuss the physical content of the resulting
equations of motion.
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3.3 Spinning particles from an action principle

Let us take a step back and recapitulate what we expect the cone action to describe in
the bulk. As articulated at the start of this section, the action (3.26) should capture the
physics of a heavy particle with mass m and a continuously tunable spin s determined by
the CFT twist operator quantum numbers (2.17): in other words, we expect an anyon in
curved space. In this section we will flesh out this interpretation, and to make it evident
in what follows we write the entanglement functional (3.26) as

Sk :/ ds <m\/g JXBXY 457 Vn) : (3.27)
o H

with m and s real constants.

The variational principle for (3.27) should include variations with respect to both the
particle position X*#(s) and the normal vectors (n,7n). However, our construction requires
that (n,7) remain normal to the curve , and so if we are to vary them then (3.27) must be
supplemented with the following constraint action:

Sconstraints = / ds [Aln o+ Agn v+ Azn v+ )\4(712 + 1) + )\5(732 — 1)] , (328)
C

where the \; are five Lagrange multipliers that guarantee that n and n are normalized,
mutually orthogonal, and perpendicular to the worldline:

n-v=0, #-v=0, n-n=0, nf=-1, a’=1, (3.29)
which also enforce that n is timelike and 71 is a spacelike vector. These are the constraints
that allow us to write (3.26) in the first place. Here v* is the velocity vector:

dXH .
M= = X" . 3.30
v I (3.30)

We choose the affine parameter s of this path to be the proper length along the path and
hence we have v#v, = 1. The total action for the spinning particle is then

Sprobe = / dS <m\/ g,usz‘uXV +5 n- VTL) + Sconstraints . (331)
C

In addition to the particle trajectory X*(s), it appears that we now have a dynamical
degree of freedom corresponding to the rotation of the normal frame along the worldline.
Indeed we have three independent components for each of n and 7, and five constraints
associated with (3.28), leaving a single degree of freedom. However as it turns out this is
not a true degree of freedom, as the action is only sensitive to its variation up to boundary
terms. To see this, consider the equation of motion arising from variation of S, one With

respect to n:
— sVt + Mt + AgvP + 2 40 =0 . (3.32)

Contracting with n*, v* and n* respectively results in

A =s5n-Vn X=s5v-n, 2 =-sn-Vn. (3.33)
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The same analysis for 7 Sprope = 0 gives
sV, + Ant + A3vf + 2As0F = 0, (3.34)
and again the appropriate contractions yield
Al=sn-Vn Ag=—s5v-Vn, 2\s=-sn-Vn. (3.35)

Egs. (3.33) and (3.35) are six equations, of which five may be satisfied by appropriate
choice of the A;. The equation that remains comes from the fact that A\; appears in both
sets of equations, and is:

n-Vin=n-Vn. (3.36)

2 = 4?2 = 1, both sides of this equation

However this is not a dynamical equation: as —n
are identically zero and this is an identity. Thus (n,7n) do not have a dynamical equation
of motion: equivalently, Spronbe is insensitive to small variations of the normal frame along
the trajectory, up to boundary terms. As we will see, these boundary terms will be very
important to us.

A more tedious task is to vary (3.31) with respect to X*(s); details can be found in

appendix C. This variation, however, is not trivial and gives rise to
1
V [mo* +0,Vshf] = —?u"sp"]%f"l,p(7 , (3.37)
where we define the spin tensor s*¥ to be
s* = (ntn” — nFn") , (3.38)

These equations are known as the Mathisson-Papapetrou-Dixon (MPD) equations, and
describe the motion of spinning particles in classical general relativity [3-5].” In (2 + 1)
dimensions they follow from the simple and geometric action (3.31).

Next, using (3.29) we see that the spin tensor may be written in terms of the velocity as

P (3.39)

indicating that the spin tensor is just the volume form perpendicular to the worldline and
does not actually carry any extra degrees of freedom.® Note also that the normal vectors
themselves have vanished from the equations of motion: they are required only to set up
the action principle.

Thus to compute entanglement entropy in topologically massive gravity we should
solve the MPD equations (3.37) using the values of m and s inherited from (3.26):

_r 1
_4G37 _4,LLG3’

and then evaluate the action (3.26) on the resulting solution.

m

(3.41)

"See as well [67-71] for a more modern treatment and further references.
8In higher dimensions such a rewriting is not possible: s* there actually carries information about the
direction of the particle’s spin. In that case the MPD equations also include a relation for the evolution of
the spin tensor,
Vs 4 0%, Vs — 0’0, Vs =0, (3.40)
which is an identity on (3.39).
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4 Applications

In this section we finally apply our prescription to the actual computation of holographic
entanglement entropy on various backgrounds of interest. We will compare with the CFT
results found in section 2. Recall that the prescription is as follows: the entanglement

functional (3.26) is
1 _— 1
Sgg=-— | d yXHXY + —n - . 4.1
EE = 16, /C s <\/ [ + M” V”) (4.1)

It should be evaluated on a curve C' in spacetime which is found by extremization of the
functional itself, which results in the Mathisson-Papapetrou-Dixon equations (3.37) for the
motion of a spinning particle of mass m and spin s given by (3.41).

We will limit our discussion to spacetimes that are locally AdSs. This greatly simplifies
the analysis, as here the contraction of the Riemann tensor with s,,,v, vanishes.” The MPD
equations then reduce to

\Y [mv“ — 5, Vo | =0, (4.2)

and furthermore, it is clear that a geodesic
Vot =0, (4.3)

is a solution to (4.2). Evidently anyons moving on maximally symmetric spaces follow
geodesics. !

So all we need to do is evaluate the second term in the action (4.1) on a geodesic. We
call this term S,nom. For this purpose it will be helpful to rewrite the action in terms of a

single normal vector n using n* = e*"?v,n, to find

1
nom = ——— | ds e 00" (VnP) . 4.4
o L s (9 (1.4

We note that although the equations of motion can be entirely formulated in terms of the

Sa

trajectory X*(s), the on-shell action itself depends on extra data, namely boundary data
of the normal vectors n(s), which for the moment we parametrize as follows:

n(s;) =n;, n(sf) =ny, (4.5)

where n; and ny are normal vectors defined in the CFT. As discussed in section 3.3, the
action is actually insensitive to smooth variations of n(s) that leave n; and ny unchanged:
it measures only the twist of ns relative to n;.

What does this actually mean in curved space? We require a way to compare ns to n;.
To that end, consider parallel transporting n; along the curve, i.e. consider the solution to
the first-order parallel-transport!'! equation

Vi(s) =0, 7n(s;)=mn;. (4.6)

9This can be shown by writing the Riemann tensor in terms of the metric using (A.9).

10Note that (4.2) does also have other solutions, as it is a higher-derivative equation of motion: we believe
(without proof) that they will have greater actions, and in this work we will not investigate them.

" This construction only applies if the curve is a geodesic; in a more general case one should replace
parallel transport with Fermi-Walker transport (see e.g. [72]) to guarantee that 7(s) remains normal to the
curve, but the intuition is still valid.
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Figure 3. Propagating n; into 7i(s) (denoted in gray) along the curve by solving parallel transport
equation (4.6). In general 7i(sy) will be related to ny by a boost with angle 7.

This has a unique solution all along the curve, as illustrated in figure 3. However 7(s)
is not equal to n(s), as it will in general not satisfy the right boundary condition at s¢.
Instead at the endpoint it will be related to ny via an SO(1,1) transformation:

n(sf)" = A(n)abnl} ) (4.7)

As we now show, the integral (4.4) measures the rapidity n of this Lorentz boost A. This
is the generalization of the idea of “twisting” to curved space (and Lorentzian signature).

To prove this assertion, consider a vector n(s) that actually satisfies the boundary
condition (4.5). Consider also a parallel transported normal frame along the path given by
two vectors (¢, "), Vg = V§ = 0. We can expand n(s) in terms of ¢ and ¢:

n(s) = cosh(n(s))q(s) + sinh(n(s))q(s) (4.8)
The integral (4.4) now reduces to the total derivative
1 1
anom — ] = = — i . 4.
Sunam = g [ dsi(s) = J () = () (19)
On the other hand, by its definition (4.6) we have
n(s) = cosh(n(si))q(s) + sinh(n(s:))q(s), (4.10)

i.e. its s-dependence comes entirely from the parallel transport of the normal frame and not
from any rotation of the frame itself. Comparing (4.10) to (4.8) we conclude that Sanom
measures the twist. (4.8) alone is sufficient to determine Sanom: in fact, once we find ¢ and
q we see that the total twist can be conveniently written as:

_ b (s -y —alsy) -y
Sanom = o ( q(s:) - ni — q(si) - n > 7 (.11)

Note that despite the topological character of Sanom With respect to variations of n, it
depends (through the parallel transport equation) continuously on parameters of the bulk
metric and thus on the state of the field theory.
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Finally, we discuss the explicit choice of n; and ny. Recall from the original definition
of the normal frame back in (3.21) that the normal vectors should be defined with respect
to the coordinate system used to parameterize the bulk. At the endpoints of the interval
the coordinate system in the bulk coincides with that used to define the CF'T, and so (3.25)
instructs us to take:

ni =ny = (9)cpr - (4.12)

Here (and in the following subsections) we define (0;)cpp as a vector that points in the
time direction at the boundary, however it is normalized to ensure that n? = —1 with
respect to the bulk metric. The direction along (9;)cpr is interpreted as the field theory
time coordinate that is used to define the vacuum of the theory. The fact that the action
Sanom 18 insensitive to smooth variations of n(s) in the interior follows from the fact that
the physics is coordinate-invariant in the bulk. However it is a nontrivial fact that the
entanglement entropy now depends in a subtle way on this choice of time coordinate on
the boundary: as we saw in section 2, this is precisely what one expects from a theory with
a gravitational anomaly.
We turn now to some explicit computations.

4.1 Poincaré AdS

We first study AdSs in Poincaré coordinates, corresponding to the vacuum of the CFTy
defined on a line. The metric is

€2
ds* = ﬁ(—dtQ + dz? 4 du?) . (4.13)

The boundary is at v = 0. We first consider an interval at rest: that is, we want to

compute the entanglement entropy of an interval of length R in the vacuum, stretching

from (z,t) = (—%, 0) to (%, 0). The geodesic equation admits the following solution:
2,2 B

= 4.14
u® +x 1 ( )

The tangent vector and a parallel transported normal frame is (using (z,t,u)):

2 1 2
vt = —lé(u,(), —x), ¢"= Z(O,u,()), gt = —R—lé(a:,(),u) . (4.15)
By construction, notice that
v=@=1, ¢F=-1, ¢g-d=v-q=v-4=0 (4.16)
and
Vv=0, Vg=0, V¢=0. (4.17)

Furthermore, note that

q(si) = a(sf) = (O)cpr q(si) = —q(sr) = (9z)cpr - (4.18)

where (0;)cpr points in the time direction at the boundary and it is normalized such
that ¢> = —1 with respect to the bulk metric; a similar definition applies to (8;)cpr-
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Figure 4. Evolution of normal frame vectors g(s) and ¢(s) for an interval at rest in Poincaré AdSs.

The normal vector perpendicular to the boundary interval does not change under parallel
transport, whereas the vector that is parallel to the boundary interval rotates through 7:
this is intuitively obvious from figure 4.

It is simple to evaluate (4.8): we see that ¢(s) already satisfies the boundary condi-
tions (4.12). This means that a vector pointing in the time direction still points in the
time direction even after being parallel transported to the other end of the curve; there is
no twisting. So (4.8) reduces to

n(s)=q(s) — n(s)=0. (4.19)

Thus the spin term in (4.1) does not contribute, the entanglement entropy is simply given
by the proper distance, and we find the usual CF Ty expression (2.20):

R
SgE = % log <6> . (4.20)

4.2 Poincaré AdS, boosted interval

Let us now consider the entanglement in a boosted interval (z/,¢") relative to (z,t) in (4.13).
In the (z,t) coordinates we have a spacelike line stretching from

R R
—g(cosh/i,sinh/@) to i(coshn,sinhff), (4.21)

with k a boost parameter. In a Lorentz-invariant theory the entanglement entropy would
be insensitive to k. Much of the calculation can be taken over from above: we can obtain
the appropriate ¢, ¢ simply by boosting (4.15). Explicitly, we find

1 2
q" = 7 (usinh k,ucoshk,0) , ¢ = —R—zz (zcoshk, zsinh k,u) . (4.22)

Importantly, however, n; = n; still points purely in the time direction of the CFT, and
thus now has a component directed along the boundary interval. Evaluating (4.11) we

now find

1

Snmzi )
ano 2G3/JH

(4.23)
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and the total entanglement entropy is

cr, + Cr <R> Ccr, — CRr
5 log| — | — ——

Spp = (4.24)

K
€ 6 ’

This matches the Lorentzian CFT result (2.23): the entanglement entropy depends on the
boost of the interval relative to the vacuum.

4.3 Rotating BTZ black hole
We turn now to the rotating BTZ black hole, which has metric

ds? (7“2_7”3)(7“2_7"%) 2 r 2 2
£72—— 7“2 dT +(T‘2—T‘3)(T2—T2)dr +r <d¢+

r4r—

. d7>2 . (4.25)

This is dual to a field theory state with unequal left and right-moving temperatures,

cf. (2.27): - -

T 7
_ _ 2t 4.2
AL — Br T (4.26)

The boundary CF'T lives on a flat space with metric:
dstpr = —dr? + d¢? . (4.27)

We will assume that the ¢ coordinate is noncompact: thus technically this is not a rotating
black hole but rather a boosted black brane, i.e. a rotating BTZ black hole at high tem-
perature. We will consider a boundary interval of length R along the ¢ direction at time
7 = 0. The boundary conditions on the normal vector are defined in terms of the time
coordinate appropriate to the black hole,

ni=ny = (0r)cpr - (4.28)

In this case as we parallel transport 7 into the bulk, we expect it to be dragged by the
boosted black hole horizon, picking up a nontrivial boost.

Rather than directly solve the differential equation (4.6) to compute this boost, we can
simplify our computation by using the fact that the BTZ black hole is locally equivalent
to AdSs. The explicit mapping to AdS3 Poincaré coordinates (4.13) is:

7"2—7‘2 7“2 2

We may now essentially take over the results from the previous section. We use (4.29) to
map the endpoints of the interval (¢, 7)1 2 = {(—g, O) , (g, 0) } to the Poincaré coordinates
(x,t)12. Denote by Rp the length of the boundary interval in the Poincaré conformal
frame, i.e.

Rp = \/(ZEQ — :1?1)2 — (tz — t1)2 . (4.30)

It is now convenient to construct a 2d normal vector p’ that is parallel to the boundary
interval in Poincaré coordinates, i.e in components

; 1
pZ = pr (xg — xl,tg — tg) (4.31)
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where the index ¢ runs over x and t. The ¢’s in (4.22) can now be written (again in Poincaré
coordinates) as

m— =l 0 Gt = — =7 (' 22 2_ P 4.32
q g(ejp]’ ) q ng(p’u) +u 4 ( )
Here )\ parametrizes movement along the curve, essentially playing the role that x played
in (4.22), starting out at A(s;) = —% at the left endpoint and ending at A(sy) = % at

the right endpoint. Note that (4.32) simply states that ¢ remains perpendicular to the
boundary interval while ¢ has a component directed along it that switches sign as we move
from one endpoint to the other.

It is now straightforward to convert the ¢’s back to BTZ coordinates and compute the
inner products in (4.11) using (4.28). We find after some algebra

1 sinh (%) Br
Sanom = 1C 10g
34 sinh <%> Br,

(4.33)

and thus the total entanglement entropy is

sinh (Z2) 3
Cr+cr, BrBr . TR\ . TR CR — C[, Br R
SEE = log [ —5 5 sinh { —— |sinh { — | | + log

12 Tee BR ﬂL 12 sinh (%) BL
(4.34)
where we have added back the ordinary proper distance piece, first computed holographi-
cally in [66]. This agrees with the result computed from field theory in (2.30). Note that
the structure of the second term is precisely correct to allow the answer to be written as a

sum of separate left and right moving contributions.

4.4 Thermal entropies

The evaluation of the thermal entropy of a black hole in topologically massive gravity
has been studied previously [49, 73] and we would like to discuss the connection with
our formalism.

Note that if we are evaluating the action of a closed loop wrapping a black hole horizon,
there is no longer a choice of boundary conditions on the normal vectors. Any choice of
normal vectors will give the same answer, provided that it is single-valued around the
circle. A simple choice is just to take the normal frame to be constant in any convenient
coordinate system:

d d
in which case the spin term in (4.1) simply becomes
1 m 6" a
Sanom = m . ds Faﬁn nyv-, (436)

with FZ 3 the usual affine connection. This is equivalent to the expression in [48, 49, 73]. It
is gauge-invariant under coordinate changes that are single-valued around the circle. From
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our point of view it is measuring the boost acquired by a normal vector if it is parallel
transported around the horizon and then compared to itself. Note that (4.35) does not
mean that the vector is covariantly constant; the distinction between these two notions is
precisely what the spin term measures.

For concreteness, we evaluate (4.36) for the BTZ black hole. Using (4.25) and (4.35)

we have ) .
\V rr r4r— -
= — = ———=0r, = — . 4
n ” <8t 2 8¢> , N gwa V= Op (4.37)

Strictly speaking these vectors are evaluated at r = r, and hence are singular; but for the

purpose of computing (4.36) this pathology drops out. We find

r—

anom — 5~ 5, ° 4.
S o (4.38)

After adding the contribution from the area law, this exactly reproduces (3.8). Note that
the entropy density extracted from this expression is consistent with that arising from the
R — oo limit of (4.34).

5 Discussion

We studied holographic entanglement entropy in AdS3/CFTs in the presence of a gravita-
tional anomaly. Our main result can be easily stated. The gravitational anomaly introduces
a non-trivial dependence on the choice of coordinates when evaluating entanglement en-
tropy. This data is transmitted into the bulk by broadening the Ryu-Takayanagi minimal
worldline into a ribbon, i.e. a bulk worldline together with a normal vector.

The resulting contribution of the anomaly to the entanglement entropy is pleasantly
geometric:

Sanom = 4Glgu /Cds (n-Vn), (5.1)
where 1o and n define a normal frame. This expression measures the net twist of this
normal frame along the worldline. In the bulk this action can be interpreted as describing
a spinning particle with a continuously tunable spin — an anyon — in (2+1) dimensions. In
particular, we showed that the minimization of the total action reproduces the Mathisson-
Papapetrou-Dixon equations for the motion of a spinning particle in general relativity. Thus
our work can also be viewed as the construction of the worldline action describing anyons in
curved space. In the context of entanglement entropy, this anyon is the holographic avatar
of the CFT twist operator. Finally, we computed the entanglement entropy for a single
interval on various simple spacetimes to illustrate the formalism, demonstrating agreement
with a field theory analysis of CFTs with ¢y # cg.

Our prescription admits a natural extension to multiple intervals. We saw in section 2
that for holographic CFTs, the multiple interval entanglement entropy on C or S' x R is
universal to leading order in large total central charge. It is of course precisely this regime,
and for this class of CF'Ts, to which bulk calculations in TMG apply. Thus it is reason-
able to conjecture the following: the bulk object that computes N-interval entanglement
entropy in holographic CFTs with ¢z, # cg is a sum over N copies of our functional (3.26),
minimized over all pairings of boundary points allowed by the homology constraint of Ryu
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and Takayanagi. This is precisely analogous to the original Ryu-Takayanagi prescription
for multiple intervals, only now the functional is extended to include (5.1) for each geodesic.
In Poincaré AdS, we showed that the anomalous term (5.1) does not contribute (for spatial
intervals); however, it does in the planar BTZ case.

There are some natural directions for future research:

1. There are other solutions to topologically massive gravity, such as warped AdS. These
geometries are thought to be dual to somewhat mysterious field theories — warped
CFTs [57, 74]. Our construction opens the door to computing entanglement entropy
in these geometries. Doing this in the field theory itself appears challenging: the
tools used in section 2 have not been generalized to warped CFTs, and there are
subtleties in calculating entropies related to the choice of ensemble. There are also
no known microscopic examples of warped CFTs, away from certain limiting cases.'?

We take the view that an application of our construction to warped AdS may pro-
vide the first, albeit holographic, calculation of entanglement entropy in a theory
with warped conformal symmetry. Regardless of considerations of warped CFTs, it
seems interesting in its own right to apply our formalism to warped AdS.'® This will
be slightly more involved than the simple applications presented in section 4 (which
heavily used the fact that the spinning particle equations on a maximally symmet-
ric space admit geodesic solutions) and will likely actually require the solution of
differential equations.

2. In a similar spirit as the previous point, one could consider TMG with asymptotically
flat boundary conditions at null infinity. In that case the asymptotic symmetries
consist of the so-called BMS3 algebra, which can be obtained as an ultra-relativistic
limit of the AdSs Virasoro algebra [77]. The corresponding phase space contains the
flat limit of the BTZ black holes, which were recognized as cosmological solutions
with non-trivial Bekenstein-Hawking entropy [78, 79]. A challenge is to determine
whether a BMSs-invariant field theory living at null infinity could in some sense be
dual to flat space in (2+1)-dimensions. Again, little is known about these putative
field theories besides specific examples (such as the one presented in [80], which is
to flat space what the Liouville CFT is to 3d gravity with a negative cosmological
constant) and general properties such as the form of correlation functions [81, 82]
or thermal entropies [78, 79]. An interesting limit of the above set up is when the
bulk theory consists only of the gravitational Chern-Simons piece. In that case,
the asymptotic symmetry algebra reduces to a chiral copy of a Virasoro algebra,
suggesting the existence of a flat version of the AdSs chiral gravity story [83]. It
would be interesting to study entanglement entropy in these theories in order to
further probe the nature of the putative dual theory.

12Gee [75] for a candidate example.

131t should be noted that there are also warped AdS solutions of Einstein gravity coupled to matter,
without a gravitational Chern-Simons term. Holographic entanglement entropy was studied in that context
in [76] using a perturbative scheme that permitted application of the Ryu-Takayanagi formula. Their results
favor the hypothesis that those geometries describe states in an ordinary Virasoro CFT. The outcome of
holographic entanglement calculations in warped AdS solutions of TMG is likely to be different.
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3. In any dimension, the bulk object that computes entanglement entropy is codimension
2 and admits two normal vectors nn and n. Morever, action principles for spinning
membranes have been constructed (and studied) in e.g. [71]. Thus some features of
our probe could be extended to higher dimensions: a spinning surface might have a
role to play in computing entanglement entropy in higher dimensional field-theories
with gravitational anomalies. Of course, gravitational anomalies only occur in d =
4k 4+ 2 dimensions (k € Z), so the only interesting case is d = 6 QFTs. More
interesting is the case of mixed gauge-gravitational anomalies,'* which occur in all
even dimensions d > 2. (In d = 2, the would-be anomaly polynomial, Tr F' Tr R,
vanishes.) The holographic description of such anomalies is well known [44], and their
contribution to entanglement entropy can be calculated using our methods. More
speculatively still, the geometrical character of expressions such as (5.1) suggests
that there may be an interplay between entanglement and anomalies that extends
beyond holography.

4. In 3d gravity, one can actually compute the bulk path integral Z,, with replica bound-
ary conditions at infinity in a semiclassical approximation, for any number of inter-
vals. This was done for Einstein gravity in [25], and it would be nice to explicitly
generalize this to TMG. For locally AdSs manifolds at least, computing Z,, should
be tractable [25, 28]. This should yield the Rényi entropies discussed in section 2 for
holographic CFTs with ¢f, # cg. Doing so would provide an orthogonal and comple-
mentary method to those employed herein, and comes equipped with a prescription
for computing bulk loop corrections to the classical result [30].

5. The Mathisson-Papapetrou-Dixon equations admit, in principle, multiple solutions
for the trajectory of the particle even for empty AdSs. It is not clear if these addi-
tional saddles imply ambiguities like those found in [84]. It would be interesting to
construct these solutions explicitly and understand their role (if any). However, in
the Chern-Simons formulation there is no such ambiguity: for flat connections, the
equations of motion are first order in the momenta of the particle and the action is
primarily sensitive to boundary conditions of the probe. This is carried out explicitly
in appendix E. For this reason we expect that non-geodesic solutions to (4.2) either
don’t satisfy our boundary conditions or are subdominant when minimizing (4.1).

We hope to return to some of these issues in the future. Recently holography has per-
mitted a refined understanding of the physical consequences of entanglement and anomalies
both: we hope that it may have something to say also about the interplay of these two
fundamental ideas in quantum field theory, and that our work may be viewed as a small
step in that direction.

14We thank A. Wall for discussions on this point.
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A Conventions

Our conventions for the epsilon tensor €., in Lorentzian signature with coordinates

(t,z,z) are:
€tar =\/—g, €% = —\/1_79 ) (A.1)
Some other useful properties of the tensor are
e = 3987 4+ 6368, Veun =0 (A.2)
When analytically continuing from Euclidean time 7g to Lorentzian time t we use
TR =it . (A.3)

This means that if ever we need to compare a Euclidean epsilon tensor with a Lorentzian
one, they are related as
e‘“’p’E = ieMP|p . (A.4)

We define symmetric and anti-symmetric tensors with factors

1 1
a[#,,] = i(awj — a,,u) s a(m,) = i(a,w + al,,,) . (A5)

We define the Christoffel symbol and spin connection as

1
F;Oju = §ga6 [a,ugl/,é’ + aug,uﬁ - a,é’g,uu] ) (AG)
wabu = eay <8ueby + FZ/\ebA) . (A?)
The Riemann tensor is
R, =00, — 0,0, + TN\ T), —T7,Th, (A.8)
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Locally AdSs spaces satisfy

1
Ruupa = _ﬁ(gupgua - gl/pgua) (Ag)

with ¢ the AdS radius.

The covariant derivative along a curve X*(s) is

dvt CoA
VVH# = -t XV, (A.10)

which, in terms of the one-form spin connection w, is

dv
VY=tV V=Vl Ve Vel (A.11)
where J, € sl(2,R) and
w = w“uJa XH w“u = —eabcwbcu . (A.12)

When we introduce a Lorentzian normal frame (n,7n) to a spacelike curve with tangent
vector v¥, we pick the following handedness:

nt = e"Pu,n,, (A.13)

2:

where n —1 and 7% = v? = 1. The spin tensor s*” is defined as

st =s (nf'n” —n"n!) = —s Py, . (A.14)

B Details of cone action

In this section we compute the gravitational Chern-Simons action

17 ag 2 g T
Scs = /d?’x\/—gg)‘ﬂ FS’\G (@LFPV + 31“MFVP) (B.1)

on a regularized cone, given by the metric (3.14), which we write as
ds? = 9§, do%do® + (gyy + Kao® + - ) dy? + e OU, (0, y)dody . (B.2)

Here the 0% are flat Cartesian coordinates on the space transverse to the cone. We denote
the total opening angle of the cone by 27n, where we parametrize small deviations near
n ~ 1 with e = (n — 1) and we will compute the action to first order in €. ¢(o) is a
regulatory function that smoothens out the tip of the cone.

There is an important subtlety in this parametrization that is relevant for TMG: we
would like the information regarding the opening angle of the cone to be stored in the
periodicity of the coordinates %, and not in the metric components. If we go to complex
coordinates z := o' +i0?, then we have the following identification pattern

2~ ze?™n (B.3)
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Operationally, this means that the regulator function ¢(o) falls off exponentially outside
a small core that can be taken to have size a. From the point of view of computing a
holographic partition function the asymptotic periodicity of the coordinates z ultimately
determines the periodicity of the coordinate system describing the dual CFT. To compute
the entropy we should compute the CFT partition function given an identification such
as (B.3) and then take a derivative with respect to n. In a diffeomorphism-invariant bulk
theory we are allowed to change coordinates, storing the information regarding the opening
angle instead in the metric components (for example, see (D.2) in appendix D). In TMG this
is not actually physically equivalent, and such a procedure may result in different answers.

We now discuss the explicit form of the regulator function. The coordinate w := 2n

211

has the usual periodicity w ~ we*™, and so the metric dwdw ~ (ZE)%_IdZdE is regular at

the origin. We seek to interpolate between this metric and dzdz far from the tip of the
cone: a suitable 2d metric that does this is

dzdz (((zz)%—l - 1) F(Vz2) + 1) (B.4)
with f(r) := exp (—L). To first order in € this takes the form (B.2) with the identification

6(2,2) = —f (\/ﬁ) log (2%) . (B.5)

We now directly compute the action. The piece which survives in the a — 0 limit
takes the form

Semecs = § [ oy ((~6"0,00)"0,Uy + 0,000 00(0.UD) . (B0)

In evaluating this we have neglected terms nonlinear in U,: this is because there is no loss
in generality in taking U,(c = 0) = 0, and thus these terms vanish when evaluated at the
tip of the cone. We now integrate by parts on the second term, to find

€

Scone,CS = _2/d20'dy ((5ab8aab¢)€abaan> . (B7)

This integration by parts is justified only if ¢(o) is taken to have compact support, which
means that the e variation actually involves a variation of the periodicity of the coordinates
as in (B.3).

Using the explicit form of (B.5) we now evaluate the integral over the ¢ to find

Scone,CS = _277—6/dy (6abaan> . (B'8)
This is the result quoted in (3.17).

C Details of variation of probe action

In this appendix we vary the action of the spinning particle (3.31) with respect to the
position of the particle worldline X#(s) and demonstrate that the resulting equations of
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motion are equivalent to the Mathisson-Papapetrou-Dixon equations of motion for a spin-
ning particle in general relativity. The action is

Sprobe = Pgeod + Sanom + Sconstraints 5 (Cl)

Sgeod = m/CdS\/gWXﬂXV,

Sanom :5/ dsn-Vn,
e}

with

Sconstraints = / ds [Am i don - X 4 Mgt X+ A(n? + 1) + A5 (A2 — 1)} . (C.2)
C

We will work work in a parametrization always where s measures proper distance and so

we have v = dfii, ~ v? = 1. To simplify our results we will use the equations of motion from

the variation of the action with respect to (n,n), which were worked out to be:

—sVnH + X\nt + dgoH +224n* =0 (03)
sVnt + A\int 4+ Azv* + 2 577 =0, (04)

We vary first with respect only to the explicit dependence on the coordinates. The contri-

bution from the geodesic is the usual one'®

5nge0d = m/ dsdx <\/g,u,,X“XV>
C
= —m/ ds (Vvg)o X7 . (C.5)
C
For the terms involving the normal vectors we have
5XSanom = 5/ ds 5X(gWﬁ”Vn”)
C
- 5/Cds [(809#,,)71”71“ + (&,Fgﬁ)naﬁ#vﬁ — 8S(Fganaﬁ#)} 56X
= s/cds [(agg;w)ﬁ”Vn“ + R”wﬁnaﬁuvﬂ - V(naﬁu)f‘go} IX°  (C.6)
The variations of the constraints with respect to z#(s) gives
0 x Sconstraints = / ds by (gw, |:)\2n“XV + Agﬁ“XV 4+ Aantn? + )\5ﬁuﬁui|>
C
= / ds D5 g [AQnﬂX” + A3t XY + Antn? + Ag,ﬁ“ﬁ”] 8X°
C
d ~ o
—/ ds Ts (Aang + Asng) 06X
C S

= / ds [Aav” (N 09 — nal'y,) + A3v” (1069 — 1al'y,)] 6X7  (C.7)
C

—|—/ ds [0ggu(Aanfn” + Asntn”) — V (Aang + A3ig)] 6.X°
C

5 . . . . . .
15WWe ignore total derivatives in this section.
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Here we have used the fact (following from (C.3) and (C.4)) that on-shell we have A\; = 0.

In (C.6) and (C.7) there are some non-tensorial terms which we may be justified in
labeling ‘unwanted’. Let us now gather together these terms and show that they add up
to zero:

‘unwanted' = 5/ dS [(8Ugul/)ﬁyvn“ - v(naﬁu)rga} 6XG
C

+/ ds [Aav” (N 0,9 — nal'y,) + A3v” (71059 — 1al'y, )] 6.X°

c

+ / s [0y g ar'n” + Asit" )] X . (C.8)
c

Next we use (C.3) and (C.4) to replace Vn, Vi for linear combinations of (n,n,v); the
terms proportional to A3 cancel automatically and the remaining terms are

‘unwanted’ = / ds (Agntn” + >\5ﬁ“ﬁ”)(2ga,,f‘ga — 009 )0 X7
C

+ /C ds Agv¥nt (aggw — Gaul'y, — gayfg‘ﬂ) 0X°
=0. (C.9)
To obtain the second equality we used the definition of the Levi-Civita connection in terms

of the metric (A.6).
We thus have

5XSprobc = 5X Sgood + 5X Sanom + 5XSconstraints

= /Cds [—vag +5R“Mﬁnaﬁ#v’3 -V (Aang + A3ne)| 6X7 . (C.10)

Our final step is to write the terms involving normal vectors as functions of the spin tensor
s*. As in (3.38) we define
s =g (ntn” —nkn") . (C.11)

Using (C.3) and (C.4) with the above definition, we find the following relations:

g ~0 __ g
Aon? 4+ A3n? = v, Vs7H,

1
sRy,08 nhi P = —§Rgﬁuus“”vﬁ, (C.12)

and hence setting dx Sypp = 0 gives us the final equation

1
V [mv? 4 v, Vs = —ivﬁs“l’R”BW , (C.13)

which is the Mathisson-Papapetrou-Dixon equation.

As a final remark, one may be concerned that to demonstrate the covariance of the
equations of motion we had to use the on-shell equations of motion for (n,n), as surely
the full set of the equations of motion should be covariant even off-shell. In fact we have
been a bit quick. In reality a variation of the particle path also induces a variation of the
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normal vectors n#, n: they should be parallel transported to the new location by demanding
0X¥V,n =0, ie.
oxnt = —Th m*6 X7 . (C.14)

By including this variation we can find a set of equations of motion that is covariant off-
shell and reduces to the MPD equations on-shell. However a quicker route to the MPD
equations is to note that if the equations of motion (C.3) and (C.4) are already satisfied,
then the action is already stationary with respect to any variation of n, and thus the
variation (C.14) may be neglected.

D Details of backreaction of spinning particle

In this section we spell out some details on the relation between the Mathisson-Papapetrou-
Dixon equations and the construction of bulk solutions to topologically massive gravity with
a conical defect.

1. Singular terms in TMG equations of motion: boundary condition method.
As discussed in detail in section 3.2, to compute entanglement entropy we are attempting
to construct solutions to the Euclidean TMG equations of motion

1 1 l
RMV — ig“VR — ﬁguy + ;CHV = gl“/ =0 (Dl)

that contain a conical defect along a curve C. If we pick coordinates so that C lies along
(2,%Z) = 0 then the most general metric near C' is of the form [61, 62]:

ds® = 62A[dzd7 + QZAT(gdZ _ zeﬁ)ﬂ
+(gyy + 2K,z + 2K57 + QZZZ2 + Q%éQ + 262AQZEZ§)dy2
+2i€2A(U +Voz + VEZ) (de — de)dy +oe, (DZ)

where all of the functions appearing here are allowed to depend on y, the direction per-
pendicular to the cone. A(p) is a function which regulates the tip of the cone, i.e.

Alp) = =5 log(p* +a*) . (D.3)

We would now like to show that if we examine these equations of motion, they will
generically contain divergences as p — 0; these divergences cannot be canceled by matching
on to the rest of the geometry and we should demand that their coefficients vanish. This
constrains the set of C' that can support such a singularity. In the case of pure Einstein
gravity, this procedure requires the vanishing of the traces of the extrinsic curvature and
thus requires that C' be a minimal surface [6]. In TMG, we will show that it instead requires
that C satisfy (the Euclidean analytic continuation of) the Mathisson-Papapetrou-Dixon
equations (3.37), which follow from the extremization of the entanglement functional (3.24).

First we understand the geometric properties of C' as encoded in the metric (D.2). The

velocity vector v along C is v = \/%, evaluated at p = 0. From this we may construct
the acceleration vector
1
a' =PVt = — (K30, — K.0%) (D.4)
Gyy
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and its covariant derivative, sometimes rather unfairly called the “jerk”:

KzK

jH =0V, = V) ((—8yKZ+ 2iUK3) 0, + (-0, K, — 2iK,U) 8z — — Z6y> . (D.5)
Gyy 9yy

These expressions require us to evaluate A(0) = —eloga — 0 where the last equality is

valid as ¢ — 0. We may set ¢ — 0 here with no loss of information as the geometric
properties of C' do not depend on the strength of the singularity.

Next we note that in terms of the acceleration and the jerk the Euclidean continuation
of the MPD equations (3.37) take the form

1
ma’ + is <e"“”vujp + ZUﬁe“VpRUBWU,,> =0 (D.6)

The factors of 7 arise from the fact that the epsilon tensor used here is the Euclidean
signature version and our previous definition of the spin tensor was in Lorentzian signature.
Using (D.4) and (D.5) we find these equations become

(—m1 [Gyy Kz + is 8ng) +2s (KzU — 3gy,Vz) =0 (D.7)

and the corresponding equation with z <> Z. Note if the spin is taken to 0 this simply
states that K, = Kz = 0, i.e. the geodesic equation.

Next, we simply directly evaluate the left-hand side of the equations of motion (D.1)
using the cone ansatz. The zz and Zz side of the equations of motion contain 1/p diver-

gences, e.g.
€ e 1 2 5
Gz ~ —27)7; Kz\/9yy — ZﬁayKE - ; (KU = 3gy,Vz) | +O(€7) (D.8)
Yy

This divergence will vanish precisely when the MPD equation (D.7) is satisfied, provided
the ratio of the mass to the spin of the probe satisfies the relation

5 1
—=—. (D.9)
mou
Thus we conclude that if the curve C satisfies the MPD equations, then the singular part
of the bulk equations of motion vanish and a geometry can be constructed with a conical

defect along C.

2. Matching delta functions. Here we consider a different route. Consider sourcing
the TMG action with a spinning particle by studying the combined action

S = STMG [g] + 6Sprobe[gv X7 n} (DlO)

This results in the Euclidean equations of motion

1 1 1 i ,
e (R’“’ ~ 39" R— 5"+ MC’“’) eI =0, (D.11)
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where we have defined the stress tensor of the probe by

J—_
5Sprobe = /d?’x\/g <2T&Obe5gﬂy> . (D.12)

In this section we will show that the resulting spacetime sourced by the spinning probe
is the desired conical defect studied extensively above. The resulting equations are then
consistent only if we minimize the action of the probe over the dynamical variables X#
and n’. To understand this consider taking the divergence of (D.11); the geometric terms
vanish as an identity, and so we find

v, T, =0 (D.13)

probe

This conservation law is equivalent to the MPD equations.'® Thus we need only verify that
the backreaction of the probe creates the desired singularity in the spacetime.

We will do this in two steps: first we compute the Euclidean stress tensor arising from
the probe. In Euclidean signature Spope takes the form

Sprobe = Pgeod + Sanom + Sconstraints ; (D14)

with

Sgeod = m/ dsy/gm,XﬂX”, (D.15)
C
Sanom = z's/ dsng-Vny, (D.16)
C
Seconstraints = Z/ ds [)xlnl ‘N9 + Aang - X + A3ng - X-f—)q(n% — 1)+ )\5(71% — 1)] . (D.17)
C

In this appendix some of the A; have been redefined with factors of ¢ relative to other
sections of this paper. This metric variation can be divided into two parts, as Sprobe
depends on the metric both explicitly and through the definition of the Christoffel symbol
I'77,. Thus consider first variations that treat them separately

1
5Sprobe = / d*y\/g <2t“”59w, + L‘“’adfﬁy> . (D.18)
Taking into account the relation between I'},, and the metric

o 1 o o ey
5P,ul/ = 5 (g Bv,u(sgl/ﬁ +9 ﬁvufsguﬁ -V 59W) R (Dlg)

we find that the full stress tensor is

T v g, ( prles) 4 puler) 4 La(uV)> , (D.20)

probe

16While we have checked it explicitly in this case, the fact that the stress-tensor of a brane is conserved
if the action of the brane is extremized with respect to all dynamical variables follows from bulk diffeomor-
phism invariance. In this context it helps us to understand why we must vary with respect to the normal
vectors as well as with respect to the particle trajectory.
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We now need to actually construct this variation. For convenience we define the notation

_ [ 00— X))
/ds_/cd 7 , (D.21)

and begin by constructing the tensor t,, as defined in equation (D.18):
= /ds _mv“v” +i (25ng“VnZ{) + 2)\2n§“v”) + 2)\3ng“v”) + 2 \qnfny + 2)\571‘2%5)}

= /ds moto? + i <5V(n§“n;)) + )\Qnguv'j) + Agng“v"))}

= /ds ot <5V(n§”n;)) + vav(“Vs”)“ﬂ (D.22)

From the first to the second line we used the Euclidean analogs of (C.3) and (C.4) arising
from the variation of the action with respect to n;; from the second to the third line we
used (C.12) but with the spin tensor defined as

s* =5 (nfny —nhnY) . (D.23)

The contribution to the variation of Sprope coming directly from explicit dependence
on the Christoffel symbol is

" = is/ds vinina, . (D.24)
In particular we find that ‘
LHlvel — ;/ds vH s . (D.25)

We want to evaluate the contribution of L to the total stress tensor as given by (D.20).
To start, consider the term

VoL = 0oL + Tgg L T L2 + Tig Lo (D-26)

The first term is

0 5(3)(y*x(s))
O L™ = is / dsv®nt'nY . D.27
! 28ya ( \/g ( )

Using the following identities

B

equation (D.27) simplifies to
0 1
i = —r, 1 s [ asngn 2 (890 — a(e)) -
B 15/ SN 5 (y — x(s)) 7
d
= —I‘gﬁL“’“’ +7L5/ds £(n’fn5) : (D.29)
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Combining this result with (D.26) gives
Vo L) = g / ds V(n{n?)) . (D.30)
After the dust settles, we find
Vo (L7100 4 prler] 4 [200)) — s / ds V(n{"ny) — iV, < / dsv(“sl’)o‘> . (D:31)
Adding (D.22) and (D.31) gives us for the total stress tensor:

Tlfrl;be = /ds {mi)“i)” + ivav(“Vs")o‘} +iVa (/ ds v(“s”)a> . (D.32)
The conservation of this stress tensor is equivalent to the MPD equations, as one expects
on general grounds. Note that the normal vectors themselves have vanished, and the full
answer can be written in terms of the spin tensor.

We would now like to show that the backreaction of this stress tensor on the geometry
(as dictated by the TMG equations) creates a conical singularity:

1 1 1
s

— gt EC’W T =0 D.33
87G3 2 29 +,u e (D-33)

probe

As it is well known that the part proportional to m sources a delta function in the Einstein
tensor, we must show that the new spin-induced delta function sources the corresponding
delta function structure in the Cotton tensor. To that end we consider the regulated cone
ansatz (D.2), expanded only to first order in (z,%):

ds? = 242 dzdz + (gyy + Koz + Kz7)dy? (D.34)

In this calculation we will construct local equations of motion evaluated at a fixed value
of y, and we can use the gauge freedom (3.19) to set U to 0 at that point. Computing its
Cotton tensor we find that the singular terms take the form

4 _ _ _
o= (KgﬁﬁA + gyy882A) b O _(cvy (D.35)
ity
where we have neglected terms that are regular at the tip of the cone or are higher order in e.

Furthermore, constructing the velocity v and the spin tensor following from (D.34) and
evaluating the stress tensor (D.32), we find after considerable algebra

. 2is — —2 z 2 *
T (@)pnabe =~ (K004 + 9, 00°A) T30, = (T:0,,) (D.36)
Ty

Here for ease of comparison with the Cotton tensor we have chosen to represent the two-
dimensional delta function using the function A(z,%) defined in (D.3), i.e. we have

lim 99A = —emd?(z,%) (D.37)

a—0
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Comparing these with the equations of motion (D.11) we see that the delta function struc-

ture agrees provided that we have
1

o= 4uG3’

in agreement with the previous results.

(D.38)

It is interesting to note that a spinning particle in TMG creates a pure (i.e. non-
spinning) conical defect, provided that its spin is tuned to the Chern-Simons coupling
appropriately. Conversely, a spinless particle in TMG actually creates a spinning conical
defect geometry [85].

E Chern Simons formulation of TMG

In this appendix we will construct the effective action for the spinning probe in Chern-
Simons language using the techniques developed in [7].!” In doing so we will show explicitly
how the Chern-Simons and gravitational prescriptions are equivalent. This will give a
different perspective on how to construct a spinning particle and, for some readers, may
clarify certain properties of the metric-like construction.

We start by writing the TMG as a Chern-Simons theory with a constraint [34, 87].
Define'®

b (b ) e (L) 0 )

where Ap g € sl(2,R)r r. The TMG action (3.1) can be rewritten as [88]

St = (1= - )ScslAu] — (14 - )ScslAnl = oy [TBA (L~ F),  (B3)

with F' = dA + A A A, and the Chern-Simons action is
k 2
SCS[A]:Z Tr A/\dA+§A/\AAA ) (E.4)
T

The Chern-Simons level k is related to the gravitational Planck length and AdS3 radius via

l

k=—.
4G'3

(E.5)

It is convenient to define left and right levels,

_w_ (1 _CR _ 1
k== <1 M)’ kR_G—k(H—M), (E.6)

where (cr, cr) are the Brown-Henneaux central charges (3.6).

17See also [86] for an different (but compatible) approach to this subject.
B0Our conventions for s1(2,R) are [Ja, Js] = €apeJ¢ and in the fundamental representation

12 0 Joo o1
JO_[O —1/2}’ J+_[—10]’ J‘[oo]' (E.1)
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In this notation, 8 is a one-form that enforces the “torsion free” condition Fj =
Fr. The addition of this constraint is not just a matter of aesthetics: the Lagrange
multiplier (8 is the massive degree of freedom that characterizes TMG. Without it, the
theory remains a topological, parity-odd Chern-Simons theory of gravity with no local
degrees of freedom [89, 90].*°

1. Wilson lines. Following the work of [92-94], in [7] it was argued that the Wilson line

Wr(C) = trr <Pexp /C A) . (E.7)

correctly captures the dynamics of a massive particle in AdSs when A € so0(2,2) ~
sl(2,R)r, x sl(2,R)g, with an appropriate choice of representation R for the gauge group
G =850(2,2).

Our goal is to construct a massive and spinning probe in the Chern-Simons language
and show that it captures the same physics as the MPD equations. We specialize to flat
connections, i.e. locally AdS3 geometries. For present purposes we highlight the following
properties of (E.7):

1. We need a representation that carries the data of a massive and spinning particle in
AdSs3. The natural unitary representations for the probe are infinite-dimensional. In
particular the highest-weight representation of SL(2,R), defined in the via a highest-
weight state |h, h) satisfies

Jilh,h) =0,  Jolh,h) = h|h,h), Ji|h,h) =0, Jo|h,h) = hlh,h), (E.8)

Here Jo 41 € sl(2,R)z and Jy +1 € sl(2,R)g. There is an infinite tower of descendants
created by (J_1)"(J_1)". In this notation, the mass and spin of the probe are

fm=h+h, s=h—h. (E.9)

The construction in [7] took § = 0. One of the purposes of this appendix is to show
how to account for non-trivial spin in the representation.

2. One can interpret R as the Hilbert space of an auxiliary quantum mechanical system
that lives on the Wilson line. This auxiliary system can be constructed as a path
integral over some fields U which have a global symmetry group G: we will pick the
dynamics of U so that upon quantization the Hilbert space of the system will be
precisely the desired representation R. More concretely, we replace the trace over R
by a path integral,

Wi (C) = / DU exp|—S(U; A)c] (E.10)

where the action S(U; A)¢ is design that G is a local symmetry of the probe U along
the curve C.

19There exist proposals for theories of topologically massive higher spin gravity, see e.g. [88, 91] . These
furnish a dual description of the currents in holographic CFTs with ¢;, # cr and an extended conformal
symmetry. Higher spin TMG actions are known in closed form only in first-order formulation: namely, they
are identical to the first-order action (E.3) of ordinary TMG, only with fields now valued in a higher spin
algebra G D sl(2,R). The analysis in this appendix in principle extends in a straightforward manner to
compute holographic entanglement entropy for these theories.
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For more details on this construction, we refer the reader to [7].
To construct a Wilson line in the representation (E.8) it is useful to treat the connec-
tions Ay, and Apg separately, i.e.

W (C) = Wi, (C)Wr(C) (E.11)

where

Wi(C) = trr (PeXP/CAL) = /DUL exp[—SL(Ur; AL)c] (E.12)

and an analogous definition for Wr(C'). The effective actions for each Wilson line are as

follows. The action for our “left movers” in W (C) is*

Sp = / dsTr (PLDLULULY) + Ap(Tr (P7) —c2), DpUp =0Ur + AU, (E.13)
C

which is invariant under
Up — L(s)Up, Pp— L(s)PLL™Y(s), Ap — L(s)(Ap +d)L™(s), (E.14)
with L(s) € SL(2,R). The action for the “right movers” in Wr(C) is
Sk = /Cds Tr (PRUR'DRUR) + Ag(Tr (P3) — &), DgUg = 9,Ur — UrAr, (E.15)
and the local symmetries are given by
Ur — UgR(s), Pr— R (s)PrR(s) Ar — R '(s)(Ar+d)R(s), (E.16)

where R(s) € SL(2,R). Here Pg and Py, are elements of the algebra and correspond to the
conjugate momenta to Ur and Uy, respectively. The information about the representation
R is encoded in the quadratic Casimirs via

co=2h(h—1), e =2h(h—1). (E.17)
And for P = P,J%, we have
Tr(P?) = 2P¢ — (P_1P, + PLP_y) . (E.18)
From the actions (E.13) and (E.15), the equations of motion are

Up'DRUR + 20\rPr =0, 0sPg+ [Ag, Pr]=0 (E.19)
DLULU Y + 20 PL =0, OsPp+[AL, Pl =0 (E.20)

Integrating out Pr, and Ppg gives the following equations for Uy, and Ug

d - -

- (Vz'Ur = Ar) - [UR'Ur. Ag] =0, (E.21)
d /- —

— <ULUL Ly AL> —[ULUS, AL =0 (E.22)

20Tn what follows Az g are understood to be the pullback of the connections along C, i.e. A = A,d".
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A. Wilson lines and MPD equations. To see that the dynamics of Uy, g are equivalent
to those of the MPD particle, it is convenient to write the MPD equations in a way that
makes explicit the SL(2,R) structure. We start by rewriting the MPD equations in terms
of the momenta of the particle,

1
Vpt = 5v”s'”"R“Z,pO., (E.23)
Vs P —oPp™ =0, (E.24)
where the canonical momentum is given by p* = mv* + v,Vs#?. Next, define
c 1 abc c
5= €™ sap S = Jes, (E.25)

where J, € SL(2, R) and 5% = eZelb,s“”. Then contracting (E.24) with €gp.J¢ we get

VS + eqpeJ v’ =0, (E.26)
and using [Jq, Jp] = €4peJ€ gives
VS+ e, Pl=0, (E.27)
where we introduced the notation
P:=Jwp*, e:=Jpu*= Janj:” . (E.28)

Next, consider (E.23) for spacetimes that are locally AdSs. We find

1
Vpt = —iv”s’wR“ =o"s", | (E.29)

vpo
where we used (A.9). An equivalent rewriting of (E.29) using tangent space indices is
Vp? + vPe%,5¢ =0 . (E.30)
Multiplying by J, we get
VP +e,S]=0. (E.31)

Summarizing, the MPD equations (E.23) and (E.24) are equivalent to
VP+1e,S]=0, VS+]e,P|=0. (E.32)

Emphasis should be placed on the fact that this is only valid for spacetimes that are
locally AdSs.

With this notation it is straight forward to compare with the Chern-Simons formula-
tion. The equations of motion for the left and right moving momenta are given by (E.19)
and (E.20). In terms of covariant derivatives, as defined by (A.11), we can write these
equations as

VPr —[e,Prl=0, VPr+]e,P]=0 (E.33)
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where we used (E.2). Comparing (E.33) with (E.32) we identify?!
P=Pr+P,, S=Pr—PFr. (E.34)

This proves that the conservation equations of the left and right moving momenta associ-
ated to the Wilson lines are equivalent to the MPD equations, provided the connections
Ar g are flat.

B. Backreaction of Wilson lines. To fix the Casimirs relevant for computing entan-
glement entropy, we consider the backreaction of our probe on the gravity background. We
switch to Euclidean signature and consider the action

. 1 . 1
S =i (1 - M) Scs[AL] —i (1 + M) ScslAr] + SL(Ur; Ar)c + Sr(Ur; Ar)c, (E.35)

where Scg is given by (E.4), and the probe is described by the actions Sp g in (E.13)
and (E.15). If we vary the action (E.35) with respect to the gauge fields Ay and Apg
we obtain

k 1 dz”
B 2 F@) =i [ dsSe,,, 00 (x — 2(s))P,
o < ,uﬁ) L,p (v) z/ds ds €uvp0 (v —x(s))Pr,

k 1 dz?
- Bl — i il Gy —
5. (1 + ,u€> Fr () z/ds 7 €upd"” (x — x(s))Pr . (E.36)

In Fuclidean signature it is convenient to introduce complex coordinates z and z for
the field theory coordinates ¢ and ¢ by

z=¢+itg, Z=¢—itp. (E.37)

In this appendix we use p as the Fefferman-Graham radial cordinate. Our probe should
be parameterized (at least close to the boundary) by p(s) = s. Thus Pr(s) and Pgr(s) are
independent of s which have to satisfy

Tr(Pi(s)) =c2,  Tr(Pa(s)) = ¢, (E.38)
which is, for example, achieved by
Pr(s) = v2¢2Jo, Pgr(s) = V2¢e2Jy . (E.39)
In order to solve (E.36) we introduce ar, source and a g source by

AL = Lag souwce L' + LdL ™", L=erhe Nz,
Ar = R 'apsomee R + R™YdR, R=e 1%l (E.40)

2INote that this identification is not unique; the normalizations and relative signs are not fixed. This is
simply because we have not specified how the Chern-Simons variables map to spacetime variables.
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where the gauge functions (L, R) generate the asymptotics, whereas the coupling to the
source is taken into account by

" [co 1 (dz dz> J
L,source — - I 0 >
2 (1 _ ﬁ) z z
AR source — Cj# (dz - dZ) JO (E'41)
| V2r(i+4) N2
m

This is indeed a solution to the equations (E.36) because

2. (i) — 0. (i) = 6 (2, %) = 76(tR)5(0). (F.42)

Moreover, the antisymmetric epsilon tensor in the coordinates (p,z,Zz) is normalised

such that )
1

€pzz = 3 (E.43)
Let us now calculate the metric associated to the solution. It is convenient to write
1 1
V2o =ak(1—-—)=a%, Vig=ak(1+—)=ast, (E.44)
wl 6 wl 6

For the purpose of computing entanglement entropy (and hence mimicking the correct
replica geometry at the boundary), the effect of the Wilson line should be to create a
conical defect on the boundary metric. This is simply achieved by setting oo = &: this sets
ar source = AR source and the corresponding conical metric reads

ds* 2 20 (7.2 2 2 192

e—dep + € (dr* + r*(a — 1)°d0?) . (E.45)
Here we have introduced polar coordinates (r,0) on our Euclidean CFT spacetime by
z = re? and z = re . The strength of the conical singularity is governed by « which
should be identified with n (or €) in the main text. In the limit » — 1 we find

m:%(n—1)+0(n—1)2, \/ﬁz%(n—1)+o<n—1)2. (E.46)

This fixes the Casimirs. As expected, they reproduce the values of mass and spin in (3.41)
upon using (E.9).

2. Holographic entanglement entropy. Having constructed independent left and
right Wilson lines, we can compute holographic entanglement entropy. Following the logic
in [7] we postulate that

Seg = lim T, o8 (Wr(C))
= lim o——log (Wr(C)) + lim —— - log (Wr(C)) , (E.47)

when the endpoints of the curve C' are at the boundary of AdSs. In the following we will
explicitly evaluate (E.47) in a semiclassical approximation.
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A. Open path. Consider first evaluating the action of the probe for an open interval
in any locally AdS3 background.?? The path x#(s) = (p(s), 2 (s)) that characterizes C
satisfies the following boundary conditions

p(s=s¢)=p(s=0)=po, t(s = sp) — 2t (s = 0) = Azt (E.48)

Here s is the parameter along the path, varying from s = 0 to s = s;.
We start by solving for the dynamics of Uy, in (E.13). The solution with Ay, = 0 is

Uro(s) = exp (—a(s)Pr,o) uo (E.49)

with PL70 = 0, and the on-shell action is given by

SL.on—shell = —/ ds c(s) Tr Pf g = —ca(a(sy) — a(0)) = —c2Aar . (E.50)
C

Since Ay, is a flat connection, to construct solutions with Ay, # 0 we can gauge-up
from A;, =0 to

Ap = LdL™Y, L(z*, p) = exp (—pJy) exp (—/ dmiai) . (E.51)
0

We have made a particular and conventional gauge choice for the p-dependence. Un-
der (E.51) our probe will transform as

UL(s) = L(s)UL,o(s) , (E.52)

where L(s) = L(z*(s), p(s)), which is a solution to the equations of motion (E.22). The
appeal of this approach is that (E.50) is still a valid expression when Ay, # 0, so the task
at hand is to compute A« for the set of backgrounds (E.51).

To do so we impose boundary conditions on (E.52); in particular, combining (E.52)
with (E.49) we find

e8P0 — [(sp) T UL(sf)UL(0) 1 L(0) (E.53)

where Aa = a(sy)—a(0). Equation (E.53) determines A« in terms of A7, and the boundary
data for Ur. More explicitly, taking the trace of (E.53) gives

2 cosh (Aaﬁ) = Try (L(0)L(sf) ' Ur(sf)UL(0)7") . (E.54)

For the right invariant action the logic goes exactly the same with the appropriate
replacements: provided a background connection of the form

Ar =R YR, R(z*,p)=exp (/ dmiai> exp (—pJo) , (E.55)
o
a solution to the equations of motion (E.21) is
UR(S) = UR70R(8) , UR70 = ug exp (—O_J(S)PR@) , TI"PJ%O =Ca . (E.56)

22We remind the reader that we will be rather brief here. Details of the technique can be found in [7].
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The right moving action (E.15) is simply
SR,on—shell = —/ ds d(S) Tr P}QZ,O = —GAx . (E57)
C

Analogously to (E.53)—(E.54), we solve for Aa from the equation

2 cosh <Aa\/§> = Try (R(0) ' R(sp)Ur(sf) "'Ur(0)) . (E.58)

To summarize, given a pair of flat connections in the gauge (E.51), (E.55), one com-
putes the single interval entanglement entropy as follows. Equations (E.54) and (E.58) can
be solved for Aav and Aa. Combined with the Casimirs (E.46), these define the on-shell ac-
tions via (E.50) and (E.57). In the semiclassical limit Wi r(C) ~ exp (—=SL,Rr,on—shenl(C)),
the on-shell actions in turn yield the entanglement entropy (E.47).

It may be verified that when applied to the backgrounds treated in the main text
(Poincaré AdS and the rotating, planar BTZ black hole), with the appropriate choice of
boundary conditions on Ur, g at s = sy, 0, this prescription reproduces our earlier results.

B. Thermal entropy. To end this appendix, we will compute Wy, r(C) for a closed
spatial curve; using (E.46) and (E.47) the closed Wilson loop will reproduce the thermal
entropy of the solution. Again, most of the derivations here follow from [7].

The main difference with respect to the open interval derivation is that U(s) has to be
a periodic function, U; = Uy, and we take A¢ = 2mw. Then using (E.49) and (E.52) we have

exp (AaPr ) = L(sy) tL(0)
= exp(2may) (E.59)

where we used that for a closed loop the combination L(0)~!L(sy) is the holonomy around
the spatial cycle ¢ ~ ¢ 4 27. Defining A7, and A4 as the diagonal matrices whose entries
are the eigenvalues of P, and ag we find

— AO[/\L = 27T)\¢ . (E.GO)

And using try(ApJo) = \/F gives

2
Ao = —27n/c—trf()\¢J0) (E.61)
2

On the right, one proceeds analogously; the result is

Aa = 2, /_ztrf(S\¢J0) : (E.62)
C2

where 5\4, is the diagonal matrix whose entries are the eigenvalues of a4. The total action
is the sum of (E.50) and (E.57),

Sthermal = SL,on—shell + SR on—shell
= QW%trf(A¢Jo) - 2w%trf(5\¢Jo) (E.63)

For ¢y, = cp this yields the formula for the thermal entropy in [95].
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We can apply this formula for the BTZ black hole. The connection in this case is
E E
a= <J1 — LJ_1> det, a=-— (J_l - kRJ1> dz~ (E.64)
R

where ky, g are defined in (E.3)-(E.6). The identification of Ej, and Er with the mass M
and angular momentum J of the black hole receives corrections from the Chern-Simons
term [38]. Using the relations (E.6), the charges can be written neatly as

M—J M+ J
EL: 2 ) ER: 2

where (Er, ER) are the Virasoro zero mode energies. Upon combining (E.63)—(E.65), one

(E.65)

recovers the correct BTZ thermal entropy (3.8) for arbitrary (cr, cg).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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