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1 Introduction

The study of supersymmetric quantum field theories on curved manifolds often leads to ex-
act non-perturbative results, by effectively isolating interesting supersymmetric sub-sectors.
One of the simplest examples of this approach is the (A- or B-type) topological twist in two



dimensions [1], defined by “twisting” the spin by the (vector-like or axial-like) R-charge.
It preserves two scalar supercharges O, é such that Q2% = é2 = 0, on any orientable Rie-
mann surface 3. The supersymmetric sector it isolates corresponds to the twisted chiral
operators! in the case of the A-twist (or to the chiral operators in the case of the B-twist).

Let us consider two-dimensional N/ = (2,2) theories with a vector-like R-symmetry,
U(1)g. Any supersymmetric background on a closed orientable Riemann surface ¥ can be
understood as an off-shell supergravity background [2, 3]

(E 3 Gu A/(,LR) ) CM7 éu) ) (1-1)

where, in addition to a metric g,, on X, we have a background R-symmetry gauge field
AE,,R) and a complex graviphoton C,,, C~’“ coupling to the conserved current for the central
charge Z, Z. Supersymmetry imposes particular relations between the fields in (1.1) [3].
In this work, we study the €2-deformed sphere, which we denote Sé. It corresponds to

¥ = CP! with a U(1) isometry generated by the Killing vector
V= ’iZ@z — 2285 (12)

using the usual complex coordinate on the sphere. Note that V' has fixed points at the
north and south poles, z = 0 and z = oo, respectively. The supergravity background is
further characterized by one unit of flux for the U(1) g gauge field,

1
— [ dAW) = 1, (1.3)
2 S2
and by the following background for the graviphoton:
C, = i%ﬁvu, G, =0, (1.4)
with en € C a constant of mass dimension 1. The supersymmetry algebra on ng is

Q*=0, Q°=0, {QQ}=-2(Z-ely), (1.5)

where Z is the holomorphic central charge of the flat-space N' = (2,2) algebra that com-
mutes with U(1)g, and Jy is the generator of rotations along (1.2). The S3 background is
a Jy-equivariant deformation of the A-twist on the sphere — the A-twist itself corresponds
to eqg = 0.

In this paper, we consider general gauged linear sigma models (GLSM) [4] on the
)-deformed sphere. A GLSM is a two-dimensional gauge theory consisting of a vector
multiplet for some gauge group G and of some matter fields in chiral multiplets charged
under G. The chiral multiplets can interact through a U(1)g-preserving superpotential. If
G includes some U(1) factors,

Go[JUu@):, 1<n<rank(G), (1.6)
I=1

'Note that there are two distinct uses of the term “twisted” here. The first one refers to the A-twist and
the corresponding “twisting” of the spin by the R-charge, while the other refers to the “twisted multiplets”,
which are representations of the A = (2, 2) supersymmetry algebra. We shall distinguish between the two
acceptations by writing “A-twisted” and “twisted”, respectively.



we can turn on Fayet-Iliopoulos (FI) couplings and f-angles:?
i ,
L1 = —Z]:fltr](D) + 27_‘_21:9['61‘[ (2if7) - (17)

Here tr; denotes the generator of U(1); inside G. The couplings &7,67 are paired by
supersymmetry into the complex combination
91
— ot il (1.8)
The Lagrangian (1.7) descends from a twisted superpotential W(o) linear in o, with ¢ the
complex scalar in the vector multiplet:

=> 7/ (o) . (1.9)
=1

Much of the interest in this class of theories is that it provides renormalizable ultraviolet
(UV) completions of interesting strongly-interacting field theories in the infrared (IR). In
particular, GLSMs can UV-complete non-linear sigma models (NLSM) on Kéhler — and in
particular Calabi-Yau (CY) — manifolds, as well as superconformal field theories (SCFT)
with no geometric description.

The computable quantities of interest on S3 are the correlation functions of gauge-
invariant polynomials in o inserted at the fixed points of the isometry (1.2). Consider the
two operators ON) () and O () inserted at the north and south poles, respectively.
The main result of this paper is an exact formula for their correlation function, of the
schematic form

<0<N>(UN)0<S> (0s) > ‘W| Zq Z.(O (1.10)

where 0 = o, 0 = 0g stands for the north and south pole insertions, and

rk G) dé k k
a 1-loop/ ~ . N) [~ ~ S (45 —
Z:(0) = f 5uv) 1 2m> Z,7""(6;€q) O <O’ EQ2> O <U+692> . (1.11)

The sum over fluxes k in (1.10) runs over the weight lattice I'gv of the GNO (or Langlands)
dual group GY of G,? weighted by an instanton factor of the form ¢ = e?™" for the
couplings (1.8). |W| is the order of the Weyl group of G. The k-instanton factor (1.11) is
a multi-dimensional contour integral on the “Coulomb branch” spanned by the constant

vacuum expectation values (VEV) o = diag(d,). More precisely, the contour integral
in (1.11) is a particular residue operation known as Jeffrey-Kirwan (JK) residue [7-9], the
definition of which depends on the effective FI parameter in the UV, é”gcfv. Finally, the

loop(

integrand of (1.11) consists of a one-loop determinant Z, 7; €q) from massive fields on

2In the notation of this paper, the actual FI Lagrangian is given in (2.46), which includes an idiosyncratic
redefinition of the D-term.
3GV is the group whose weights k satisfy the Dirac quantization condition e?™* = 1g [5, 6].



the Coulomb branch, and of the operator insertions themselves (including an important
eg-dependent shift of 5,).* An executive summary of this formula is provided in section 4.1.

While we shall spend much time deriving and explaining (1.10)—(1.11) in the following,
a few important remarks should be made from the outset:

e The result (1.10) is holomorphic in the parameters ¢ and €n. In the presence of a
flavor symmetry group, it is also holomorphic in any twisted mass m that can be
turned on. The ¢ parameters have the interpretation as coordinates on the Kéhler
moduli space of the geometry the GLSM engineers. They are referred to as “algebraic
coordinates” in [10], and are identified with complex coefficients of superpotential
terms in the mirror theory [11-13].

e This “Coulomb branch” formula is obtained by supersymmetric localization in the
UV. Thus the term “Coulomb branch” should be taken with a grain of salt, as we
do not sum over flat-space infrared vacua. Rather, we use the 5522 supersymmetry to
force the path integral into saddles that mimic a Coulomb branch. As we will show
in section 9 (in the abelian case), a different localization computation can lead to a
complementary understanding of (1.10) as a sum over “Higgs branch” configurations,
which are supersymmetric vortices corresponding to the residues picked by (1.11).
This point of view is closer in spirit to the seminal work of Morrison and Plesser [10].

e The formula is valid in any of the chambers in Fl-parameter space — the famous
GLSM phases [4] — except on the chamber walls. The JK residue prescription only
depends on a choice of chamber. In any given chamber, only some particular set of
fluxes k contributes to the JK residue, and the sum (1.10) is convergent.

e One should be careful about the meaning of (1.10)—(1.11) when the FI-parameters
run under RG flow. In that case, one can write the formula in a RG-invariant way
in terms of dynamical scales. Moreover, many of the classical GLSM chambers are
lifted at one-loop. This is reflected in the JK residue prescription in (1.11), which

depends on the one-loop UV effective FI parameter gfv'

e The formula (1.10)—(1.11) provides a direct way of computing various correlators
in the eq-deformed theory. The A-model correlators can be recovered from these
correlators by sending €q to zero. For example, we obtain

(o) =0 (n=0,1,2)

o) = 1o

(k) = ool (1.12)
(o8 = e T3 50

4We determine the integrand up to an overall sign ambiguity. We shall give an ad-hoc prescription to
fix this sign, consistent with all the examples.



for the quintic threefold, where o is the lowest component of the unique twisted
chiral field in the theory. Notice that the celebrated triple-intersection formula [11]
is reproduced.

e The formula (1.10)—(1.11) applies straightforwardly to non-abelian gauge theories.
In particular, it is applicable to the computation of correlators constructed out of
higher Casimir operators of twisted chiral fields. We are thus able to compute some
correlators in (submanifolds of) non-abelian Kéhler quotient manifolds that have not
been computed before, to our knowledge (see section 8).

e Setting €n = 0, we obtain a simple formula for (genus zero) correlations functions
(O(0))o in the A-twisted GLSM:

rk(G)

— L k @ 1-loop & &
(O(0))0 = ‘W@qu ng(ggﬁv)(}'[l 2m.) Z,7%(6) 0(5) . (1.13)

This includes in particular the holomorphic Yukawa couplings of CY string phe-
nomenology, and some non-abelian generalizations thereof. The results we obtain
from (1.13) can be compared to various results in the literature, whether obtained
from mirror symmetry or from direct GLSM computations [10, 14-17]. When G is
abelian, the “Coulomb branch” formula significantly simplifies the toric geometry
computations of [10]. In fact, this particular use of the JK residue was first intro-
duced in [9] from a mathematical point of view. In a different approach, a related
Coulomb branch formula has also been introduced in [15, 17], which can be recovered
from (1.13) in the appropriate regime of validity.

e The formula (1.13) can be viewed as a generalization of Vafa’s formula for A-twisted
Landau-Ginzburg theories of twisted chiral multiplets [18] to the case of gauge fields.

e In the eq = 0 case, it is relatively easy to show from (1.13) that the quantum chi-
ral ring relations (also known as quantum cohomology relations) are realized by the
correlation functions, given a technical assumption about the integrand. This as-
sumption corresponds physically to the absence of certain dangerous gauge invariant
operators which could take any VEV. (In geometric models, such a situation oc-
curs on non-compact geometries with all mass terms set to zero. This clarifies some
observations made in [15].)

e For eq # 0, one can derive recursion relations for the ep-dependence of correlations
functions, generalizing the quantum cohomology relations of the A-twisted theory.
These recursion relations simplify many explicit computations, and have deep rela-
tionships to enumerative geometry.” It is interesting to observe that the one-loop

5The recursion relations have been derived for the computation of Gromov-Witten invariants of com-
plete intersections inside toric manifolds in the mathematical literature, for example, in the works of Given-
tal [19-21]. These recursion relations and their relation to Picard-Fuchs equations have been noticed [22, 23]
in the context of correlators on the supersymmetric hemisphere [22, 24, 25] and two-sphere [26, 27]. Some
related relations, that translate into difference equations of “holomorphic blocks” [28, 29] have been stud-
ied in [30].



determinant Z171°°P we have computed can be identified with the densities computed
in [19-21, 31] that are integrated over moduli spaces of curves to obtain certain
geometric invariants, once €q is identified with the “equivariant parameter” A of
these works.

To conclude this introduction, let us briefly compare our setup to similar localization
results for N' = (2,2) theories obtained in recent years. The authors of [26, 27] localized
N = (2,2) gauge theories on a different S? background with vanishing U(1)r fluz and
some unit flux for the graviphotons C,,, 5#. Thus, in that background the R-charges can
be arbitrary while the central charge Z is quantized. That S? background corresponds
to a supersymmetric fusion of the A- and A-twists on two hemispheres [32-34], while this
work considers a deformation of the A-twist on S?. (See [22, 24, 25] for the localization of
2d N = (2,2) theories on hemispheres.)

Another closely related localization result is the computation of the N' = (2, 2) elliptic
genus [35-37] — the T? partition function — which was found to be given in terms of a
JK residue on the space of flat connections [37]. Finally, the recent computation of the 1d
supersymmetric index in [38] was very influential to our derivation of the Coulomb branch
formula (1.10). Some other partially related recent works, in the context of topologically
twisted 4d N = 2 theories, are [39-41].

This paper is organized as follows. In section 2, we expound on supersymmetry on
5(22. In section 3, we give some relevant background material on GLSM and we discuss
the supersymmetric observables we are set on computing. We present the derivation of
the Coulomb branch formula in sections 4 and 5. Section 5 is more technical, and might
be skipped on first reading. In section 6, we discuss the quantum cohomology relations
and their en-deformations. In sections 7 and 8, we present several instructive examples.
In section 9, we discuss the Higgs branch localization. Several appendices summarize our
conventions and provide some useful technical results.

Note added. As this paper was being completed, a related work [42] appeared on the
arXiv which contains some overlapping material.

2 Supersymmetry on the {2-deformed sphere

In this section we study off-shell supersymmetry on the 5522 background, we discuss vari-
ous supersymmetric Lagrangians which will be used in the following, and we present the
equations satisfied by any supersymmetric configuration of vector and chiral multiplets.

2.1 Supersymmetric background on 5522

In the “curved-space supersymmetry” formalism we are using, a general supersymmetric
background is an off-shell supergravity background (1.1) which preserves some generalized

SMore precisely, the imaginary part (or real part, depending on conventions) of Z is quantized. This
leads to a Coulomb branch integral over the real part of o, as opposed to our integral formula which is
holomorphic in o.



Killing spinors (4 or Ei [3]. We have the following generalized Killing spinor equations
for (4,

(V. —iA)¢ =0, (V:—ids)¢ = sHel ¢y,
- 2 (2.1)
(V. —iA)C = 3H el ¢, (V:—iA:)¢y =0,
and for Ei,
(V. +id)C =0, (Vs +ids)l = SHT
o N (2.2)
(V. +iA)¢ = 3H el ¢, (Vz4+iA:)¢ =0

Note that ¢+ and Zi have U(1)g charge £1, respectively. Here we introduced the gravipho-
ton dual field strengths

H = —ie"9,C, H = —ie"9,C, (2.3)

1 T T 1
and the canonical complex frame {e! = eldz = gidz,e! = eldz = gidz}.
Let us consider a sphere with metric

ds? = 2g.:(|2|*)dzdz = \/gdzdz = e'e' (2.4)

with a U(1) isometry generated by the real Killing vector V in (1.2). The supersymmetric
background S3 is given by (2.4) together with

1 -

Ay=cwu, A= %Q o,V . H=0, (2.5)
where w), is the spin connection. The graviphotons are given by (1.4). The supergravity
fluxes are: ) ] 1

= | dA® = 1, — dC—/ dC =0. (2.6)
2 S2 21 S2 2 S2

In consequence, the R-charges of all the fields must be integer by Dirac quantization,
while the value of the central charge Z, Z is unconstrained. One can check that the back-
ground (2.4)—(2.5) gives a solution of (2.1)—(2.2) with the Killing spinors

(¢ fieaWr - (¢ (1
) () e

In the language of the A-twist, and in keeping with the formalism of [3], the components

¢4+ and (_ transform as scalars while (_ and (, are naturally sections of O(2) and O(2),
respectively.

The Killing spinors (2.7) can be used to provide an explicit map between the usual
flat-space variables and the more convenient A-twisted variables — see appendix A. By
construction, A-twisted variables are fields of vanishing R-charge and spin s = so + 3,
where sg and r are the original flat-space spin and R-charge. By abuse of terminology,



we always refer to r as the R-charge even when the field is technically U(1)g-neutral after
the A-twist.

Denoting by ¢ and 5 the supersymmetry variations along ¢ and Z , respectively, the S?l
supersymmetry algebra (1.5) is realized on A-twisted fields as [3]:

=0, =0, {6,0}=-2i(Z+iealy), (2.8)

where Ly denotes the Lie derivative along V. This gives a U(1)-equivariant deforma-
tion of the topological A-twist algebra with equivariant parameter €q, also known as €)-
deformation [43-45].

A more familiar description of the 2-background is in terms of a fibration of space-time
over a torus [44]. An N = (2, 2) supersymmetric theory on 5(22 can be naturally uplifted to a
4d N = 1 theory on an S? x T? supersymmetric background.” As explained in [46-48], one
can consider a two-parameter family of complex structures on S? x T2 while preserving two
supercharges of opposite chiralities. The complex structure moduli are denoted by 7SXT?
and O.SQXTQ S2xT?
gSPxT?

in [48], where T is the complex structure modulus of the T2 factor, while
governs a (topologically but not holomorphically trivial) fibration of S? over T2.
One can show that the supersymmetric uplift of 5522 to S% x T? is precisely the background
of [48] with the identification

eq = 05X (2.9)
This relationship to 4d N' = 1 is another motivation to study 5’522 in detail. The 72 x S?
partition function should be given by an elliptic uplift of our S3 results (see [42, 49] for
some recent progress in that direction).

2.2 Supersymmetric multiplets

Let us consider the vector and chiral multiplets, which are the building blocks of the GLSM.
We shall also discuss the twisted chiral multiplet, which is important to understand the
vector multiplet itself. We discuss all multiplets in A-twisted notation, as summarized in
appendix A.

2.2.1 Vector multiplet V

Consider a vector multiplet V with gauge group G, and denote g = Lie(G). In Wess-
Zumino (WZ) gauge, V has components:

V:(awa,?i,/\l,)\,/N\i,X,D) . (2.10)
All the fields are valued in the adjoint representation of g. Let us define the field strength
fi1 = 0iag — Orar —ilar, ag] (2.11)

The covariant derivative D, is taken to be gauge-covariant, and we denote by E@ the
gauge-covariant version of the Lie derivative along V. The supersymmetry transformations

TAt least classically; 4d gauge anomalies forbid many matter contents that are allowed in 2d.



of (2.10) are

da1 =0,
dai = iKi ,
oo = 2i€Q‘/iKi ,
56 = —2X,
5/~\1 = —eqVi(4ifi1) + 2iD1o (2.12)
A7 =0,
AN=1 (D —2if11 — %[a, 5]) —2eqV1Dyo
SA=0,
6D = —2D1 A1 + dieqViDiX — [0, N] + ieqVi[7, Ay] |
for the supersymmetry Q, and
5~a1 = —iAq,
5~a1 =0,
S0 = —2ieqViAy,
5G = —2\,
oM =0, (2.13)
0A; = —eqVi(4ifi1) — 2iDjo,
SA=0,

~—~ 1 " .
o= —i <D —2ifi17 + 5[0‘, 0‘]) —2eqViDyo,
6D = —2D;A; — dieqViDiA + [0, \] + ieqVi[a, A1,

for the supersymmetry Q. These transformations realize a gauge-covariant version of the
supersymmetry algebra (2.8). One has

62p =0, o =0, {9, g}(p = -2 <—[J, o]+ iegﬁgf)ap) (2.14)
on every g-covariant field ¢ in V, while for the gauge field a, one has
{9, g}a“ =2eqLlva, —2eqV" (Oua, — ilay, a,]) +2D,0 . (2.15)

Note that o enters the supersymmetry algebra similarly to a central charge Z = —o, as
a result of the WZ gauge fixing. This is expected from the dimensional reduction of 4d
N =1 to 2d N = (2,2) supersymmetry, where Z o P35 +iP; and o x a3 + iay.

2.2.2 Charged chiral multiplet ®

Consider a chiral multiplet ® of R-charge r, transforming in a representation R of g. In
A-twisted notation (see appendix A), we denote the components of ® by

®=(A,B,C,F). (2.16)



They are sections of appropriate powers of the canonical line bundle:
A,Bel(K2), C,Fel(KzeK). (2.17)

The supersymmetry transformations are given by

JA =B, JA=0,

SB=0, 0B = —2i( — o +ical\") A, (2.15)
iCc=F, 0C = 2iD; A,

§F =0, 0F = =2i(— 0 +ieql\V)C — 2iD.B — 2ih- A,

where D), is appropriately gauge-covariant and o and Az act in the representation fR.
Similarly, the charge-conjugate antichiral multiplet ® of R-charge —r in the representation
R has components

5:(%,5,5,?), A, Ber(ks), C,FelKioK). (2.19)
Its supersymmetry transformations are

sA=0, dA =B,

6B = —2i(o+ieQ£$)).Z, SB=0, (2.20)

6C = —2iD, A, 5C=F, '

§F = —2i(0 + ieqL)C + 2iD.B + 2iA, A SF=0.

Using the vector multiplet transformation rules (2.12)—(2.13), one can check
that (2.18)—(2.20) realize the supersymmetry algebra

2=0, =0, {60} =-2i (—a n ieQ£§?)) , (2.21)
where ¢ and £$ ) act in the appropriate representation of the gauge group.

We introduced the chiral and antichiral multiplets in complex coordinates to mani-
fest the fact that their supersymmetry transformation rules are metric-independent. In
concrete computations, however, it is useful to use the frame basis (see appendix A).
One translates between the coordinate and frame bases using the vielbein. For instance,

Aframe — (ef)%.Acoord and Cframe — (ef)%e%ccoord. In the frame basis, the fields A, B and
C, F have spin 5 and %, respectively.

2.2.3 Twisted chiral multiplet 2

Another important short representation of the N’ = (2,2) supersymmetry algebra is the
twisted chiral multiplet 2. This multiplet has vanishing vector-like R-charge and vanishing
central charge. Its components in A-twisted notation are

Q= (w,H., Hz, G), (2.22)

~10 -



where w and G are scalars. The supersymmetry transformations of (2.22) are

2i ~ ~ 24
dw = ——eqV.Hs, b = ——eqViH.
V9 V9
M, = ieqV.G + 2idw, M, =0,
~ o (2.23)
57‘[2 = O, (57‘[5 = —ZGQ‘/EG + 2285(4] y
4i . ~ ~ 44
5G - 782%5, (SG - —782%z .
v V9
Similarly, the twisted antichiral multiplet has components
Q=(w,h,h,G), (2.24)

where the four components are scalars, and their supersymmetry transformations are

55 = —2h, 50 = 2h,

~ — -2
6h =0, Sh=G — ——eqV:0,0,

\/EQ

§h =G + 2 V.0 Sh=0 (2.25)

= —E€QV,0zW, = U,

\/§Q

5G= L evioh 5G= Y evion

= ——€qV.0zN, = ——€qlVz0n .

N Vo

These multiplets realize the supersymmetry algebra (2.8) with Z = 0. The comment of the
previous subsection about coordinate versus frame basis applies here as well. Note that
the supersymmetry transformations do depend on the metric except when e = 0.

2.2.4 Twisted chiral multiplets from the vector multiplet

Important examples of twisted chiral multiplets are built from the vector multiplets V.
More precisely, let us consider U(1); an abelian factor in G, and denote by V; = tr; V the
corresponding abelian vector multiplet.® We can build the gauge-invariant twisted chiral
multiplet

-~ EI < . .
E[ = (w, Hl, ’Hi, G) = (trj(a), tI‘[(Al), —tr[(Aj), 22tr1(2zf11)) . (2.26)
We also have the twisted antichiral multiplet

S = (a hoh, é)zl - (m(&) Cter(V), — trr(\), —itrp(D — 2z‘fﬁ)) . (227
More generally, we can build a twisted chiral multiplet with any gauge-invariant function
of o as its lowest component, w® = O(0).

Note that the G-term in (2.26) is slightly non-standard. The components (2.26) follow
from our redefinition of o described in appendix A, which is natural in the presence of the
eq-deformation. One can also build another twisted chiral multiplet ¥/ from V,

2 = (m(a — €a?ViVi5), try(Ay + ieqViN), —trj(A; — ieqViN) GE'I) . (2.28)

81f G = U(N), trr denotes the usual trace.
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with
G¥1 = itry (D + 2if11 + 0H + 2ieq (ViDy — ViD1)5) , (2.29)

where # is the background supergravity field (2.3). Importantly, ¥; and ¥/ differ by their
G-term even in the € = 0 limit. The fact that there exist distinct choices of twisted chiral
multiplets inside V is a consequence of S?z only preserving two supercharges. (In flat space
with four supercharges, only (2.28) with e = 0 would be twisted chiral.)

2.3 Supersymmetric Lagrangians

One can easily construct supersymmetric actions on S3 [3],

S = /de\/jZ, (2.30)

with 6.2 = 6.2 =0 up to a total derivative. Here we present the standard renormalizable
actions and we study their §-, §-exactness properties.

2.3.1 D-terms

From the vector multiplet (2.10), one can build a gauge-invariant general multiplet of lowest
component ﬁ tr(co). The corresponding D-term action reads
0

1 1 . .
fiz = %tr <2D#0D“J —+ (2Zf11)2 — QZfHD

+2iA; Dy )\ — 2iA DX — iA{[5, Al]) . (2.31)

Here 2 is the dimensionful Yang-Mills (YM) coupling. Note that (2.31) is linear in D and
independent of €q. This non-standard choice of supersymmetric Yang-Mills (SYM) term
is on a par with our non-standard choice of G* in (2.26). The Lagrangian (2.31) is also -
and d-exact (up to a total derivative):

1 ~

Equation (2.31), however, is not a good starting point because it is degenerate. The more
standard SYM Lagrangian can be obtained by adding another dd-exact term to (2.32):

1 ~ ~ I+
Lon = 500 tr <afﬁ - 2>\)\> : (2.33)
This gives
1 1 1 . 1 1.
v = %tr [2DMUD“U + 2 (21f1i)2 - §D2 + g["’ a?

+2iA1 Dy A — 2iA DiX — iAg[5, Ay] + iX[o, A] + e A L\P A
1€Q

—iGQ(D — 2ifﬁ)(V1Di — V1D1)5 - T[Up &/]EE?)&

—26Q2v1V1D1&D1&} . (2.34)
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In particular, the first line of (2.34) is the same as the bosonic part of the N' = (2,2) SYM
Lagrangian in flat space.

The standard kinetic term for the chiral and antichiral multiplets ®, ® coupled to V
reads:

L5y =—AAD\D1A— A5 (=0 +ieal|) A~ FF +2iBDiC — 2CD1B
. %E&B —2%C (—a + z‘egﬁ(v‘”) C + iBAA + ANB — 2i AN C (2.35)
— ~ 1. _
+ 2iICA; A+ A (D —2ifi17 + 5[0, g — 2ieQV1D10) A .
Here the vector multiplet fields are $R-valued, and an overall trace over the gauge group is

implicit. The components of ®, ® are written in the frame basis. The Lagrangian (2.35) is
0-, S-exact:

Lrp =00 tr (;/BA + Ec) : (2.36)

Another important D-term Lagrangian is the “improvement Lagrangian” described
in [3]. Let f(w) be an arbitrary holomorphic function of w’, the bottom components of
some twisted chiral multiplets 2°. The improvement Lagrangian on S?Z is given by

& = _%Rf(w) - %H (Giaif(w) + 2H§ﬁ§aiajf(w)) : (2.37)

which is marginal if f(w) is dimensionless. (Any anti-holomorphic dependence drops out
on S3.)

2.3.2 Superpotential

Given a gauge-invariant holomorphic function W (A) of the chiral multiplets ®, of R-charge
r = 2, one can write down the superpotential term

Ly = FOW + (BC + 2ieqViCic?) 9,0,W (2.38)

Note that W = W (A?) is a section of K — or a field of spin 1, in the frame basis. Similarly,
the conjugate superpotential W (.A) leads to

L = f"@lﬁ? — (@gj — 2269‘/1515]) 81‘3]‘/‘/17 . (2.39)

These Lagrangians are JF- and ﬁ—terms, and they are therefore J-, S-exact due
to (2.18), (2.20).

2.3.3 Twisted superpotential

Given a twisted chiral multiplet (2.22) and its conjugate (2.24), one can build the G' and
G-term Lagrangians
Lo=G, L5=G+iHb, (2.40)
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which are supersymmetric by virtue of (2.23), (2.25). One can also see from (2.25) that
Zg is 4- and S-exact. Importantly, the G-term is not é- or b-exact. However, if €q # 0,
.L”G only fails to be exact at the fixed points of V. Using (2.23), one can show that

SG:/d2\/§G:467:(wN—OJs)+5(---). (2.41)

Here wy, wg denote w inserted at the north and south pole, respectively. s
Given a gauge-invariant holomorphic function O(c) = W (o) and its conjugate W (),
we define the twisted superpotential terms

1 1 i =
Ly + L= =GV + <GW + z”HW) : (2.42)
w2 2
In this case (2.41) implies that

:/42\/§$W 2mi " (Vi = 1Ws) + () (2.43)

Of particular importance is the linear superpotential for an abelian factor U(1); of the
gauge group, -

W =7rtr;(0), W =7 tr;(5), (2.44)
where try is defined like in section 2.2.4. Here 7,7 is the complexified Fayet-Iliopoulos
coupling constant defined by

0[

= 7 +iel, 7= 24l (2.45)
The Lagrangian (2.42) becomes
N . I -
L1 = Z% try (2if17) — & trp (D —Ho) . (2.46)

The non-standard choice of 7 in (2.45) is a result of our choice of $!, %7 in (2.26)—(2.27).

2.4 Supersymmetry equations

Let us discuss the necessary and sufficient conditions for a particular configuration of
bosonic (dynamical or background) fields to preserve the two supersymmetries of S3. For
a vector multiplet V, setting to zero the gaugini variations in (2.12), (2.13) gives:

Lo =0, Dio +ieqVi (2if11) =0, .
eal(5 +i[0,5] = 0, D — 2ifi1 +ieq (ViDy — ViD1)5 =0 .

For a pair of chiral and antichiral multiplets ®, d coupled to V, the supersymmetry equa-
tions correspond to setting the variations of the fermionic fields B,C and C,C to zero, in
addition to (2.47):

(—o+ieall)A=0, D:A=0, F=0, 2.18)
(0—{—2’69£$L)).Z:O, Dzﬁ:(), F=0. ‘
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This implies, in particular, that a supersymmetric background for A is a holomorphic
section of the vector bundle with connection ay,.
For a twisted chiral multiplet €2, the supersymmetry equations following from (2.23) are
L 0 G 4 0 (2.49)
yw=0, €enG = ———0,pw, .
\/g ||

while for the twisted antichiral multiplet Q we have
ealyw =0, G =ieq|z]?0ppw . (2.50)

This applies in particular to the gauge-invariant twisted chiral multiplets built out of the
gauge field. Consider the multiplet (2.26) for an abelian factor U(1); C G. Assuming

€q # 0, it follows from (2.49) that
. 2
tI‘] (2Zfli) = —ma‘zp tl“](O‘) . (251)

Let us denote by k! the quantized flux of the U(1); gauge field through the sphere,

1t /
—1r
27 IS

The supersymmetry relation (2.51) implies that, for any supersymmetric configuration of
try V, the flux (2.52) is related to the values of tr;(o) at the poles:

1
da = 2/d2x¢§ trr (=2if17) =k €Z . (2.52)
T

2
Q

1
k= —atr[ (on —05) - (2.53)

This simple relation will play an important role in the following.

3 GLSM and supersymmetric observables

The theories of interest in this paper are N’ = (2, 2) supersymmetric GLSMs in two dimen-
sions, consisting of the following ingredients:

e A gauge group G with Lie algebra g. The corresponding gauge field a, sits in a
g-valued vector multiplet V.

e Charged matter fields in chiral and antichiral multiplets ®;, &)i, transforming in rep-
resentations R;, R; of G, and with integer vector-like R-charges, r; € Z. We further
assume that G has no decoupled factor, that is, for every element of the maximal
torus H of G there is at least one charged chiral multiplet. The chiral multiplets can
also be coupled to twisted masses whenever there is a flavor symmetry (see section 3.1
below).

e A superpotential W (®;), which must have R-charge 2 in order to preserve the R-
symmetry. Once we put the theory on S3 and use the A-twisted variables, the
requirement that R[W(®)] = 2 is equivalent to W (A;) being a holomorphic one-
form, as explained in section 2.3.2.
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e If G contains some U(1) factors, denoted U(1)7, I = 1,---,n with n < rk(G), we
consider the linear twisted superpotential (1.9),

W(o) =1ltrs (o), (3.1)
for o the g-valued complex scalar in V.

While the complexified FI couplings 7/ in (3.1) are classically marginal, they can run
at one-loop.” Their 3 functions are given by

b
2w’

gl =

= Ma by = ;tr%i (tr), (3:2)

where the sum is over all the chiral multiplets ®;, and ¢; € ibh is the generator for the
subgroup U(1);. For instance, if G = U(1) we have by = ). Q;, where the Q;’s are
the U(1) charges of the chiral multiplets ®;. Similarly, if we take G = U(N) with Ny
fundamental and N, anti-fundamental chiral multiplets, we have by = Ny — N,.

If b} # 0, one defines the RG-invariant scale Ay,

rirl).

i (3.3)

Ap=pexp (
This dynamically generated scale is very small when the bare FI parameter &/ is very large
and positive, ¢/ > 0. If b{) = 0, instead, the coupling 7/ is truly marginal and we define

the dimensionless parameter
g =¥ (3.4)

(Recall that o~ 4 1.) In practice, it is often convenient to use the parameters gy
even when bé # 0. The correct statements in term of the RG invariant quantities (A I)bé =
ub{] qr(u) can be recovered by dimensional analysis.

Classically, our GLSM with linear twisted superpotential (1.9) possesses an axial-like
R-symmetry U(1)4, whose charge we denote by R4. The Ry4-charges of the fields in the
vector multiplet are given in table 1. In particular, we have

Ralo] =2. (3.5)

A twisted superpotential W (o) preserves U(1)4 if and only if it has R4-charge 2, which
is the case of (3.1). The U(1)4 charges for the components of the chiral and antichiral
multiplets (2.16), (2.19) are given in table 2. The supercharges themselves are charged
under U(1) 4:
[R4,Q]=0Q, [R4,Ql=0. (3.6)

Therefore the cohomology of Q, Qs graded by R4, sometimes called the ghost number.

If b # 0 for at least one U(1)7, U(1) 4 is gauge-anomalous at one-loop. The anomalous
transformation of the path integral measure under ¢ — e*4[?le, can be compensated by
an anomalous shift of the §-angles:

07 — 0! + 2ab} . (3.7)

9The 8 functions of the holomorphic couplings 77 are one-loop exact by a standard argument.
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Rq} 0 2 -2 1 -1 1 -1 0

Table 1. U(1)4 charges for the (A-twisted) fields in the vector multiplet.

A B ¢ F A B C F
Ri]O 1T -1 0 0 1 -1 0

Table 2. U(1)4 charges for the (A-twisted) fields in the chiral and antichiral multiplets.

The dynamically generated scales (3.3) thus transform under U(1)4 with Ra[A;] = 2.
Gauge anomalies thus break the axial R-symmetry U(1)4 to Ny Loy in the UV (further
breaking to the Zs fermion number is expected to occur in the IR [50]). Whenever b} = 0
for all U(1);, the axial R-symmetry survives quantum-mechanically, and the theory is
expected to flow to a non-trivial CFT in the infrared. By abuse of terminology, we call
this situation the conformal case.

Upon coupling the GLSM to the curved-space background ng, U(1) 4 also suffers from
a gravitational anomaly due to the twisted spins of the fermionic fields [10]. In the GLSM
under consideration, the anomalous transformation of the path integral measure [Dy| under
U(1)4 is

[Dg] — e~ [Dy] dgeay = —dim(g) = > J(ri = dim(R) . (3.8)
In other words, a correlator (O) has a U(1)4 charge

RA[(O)] = RA[O] — 2dyray, - (3.9)

When the GLSM is in a purely geometric phase, dgray coincides with the complex dimen-
sion of the target space.'” For instance, for G = U(N) with N; fundamentals of R-charge
r, we have dgray = —N? — (r — 1)NfN. When r = 0, the target space is the Grassman-
nian G(N, N¢), which has complex dimension N(Ny — N). When the GLSM flows to an
interacting fixed point, 3dgrav is the central charge of the IR N = (2,2) SCFT [51].

In addition to this anomaly, the Q-deformation parameter itself carries R 4-charge

Ruleq) =2 . (3.10)
Therefore the S% background with eq # 0 breaks U(1) 4 explicitly [3].

3.1 Coupling to flavor symmetries

In general, the GLSM might enjoy a non-trivial flavor symmetry, that is, a non- R, contin-
uous, global symmetry group acting on the chiral multiplets, which we denote by F. It is

10This is true assuming that the theory flows to a non-linear sigma model (NLSM) on that target space
X4, such that all the NLSM chiral multiplets — which correspond to local coordinates on X; — have
vanishing R-charge. We have dgrav = d in the NLSM, and this must be equal to the GLSM anomaly by the
't Hooft anomaly matching condition.
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natural to turn on a background vector multiplet V¥ for F. To preserve supersymmetry
on S?z, the background vector multiplet must satisfy the conditions (2.47). When €q # 0,
this implies that we can turn on any V-invariant profile for o', 7 in the Cartan subgroup
of F, with the accompanying background fields 2: fﬁ and DY that satisfy (2.47). (When
€q = 0, 0,0 must be constant while any flux can be turned on independently.)

For simplicity, we will mostly restrict ourselves to the simpler case'!

ol =mt", o' =ml, mt mf] =0, 2iff =DV =0, (3.11)

with mf, mf some constant background values for o', o¥. These parameters are called
twisted masses. More precisely, if we have a family of chiral multiplets R » which realize
some representation Y of of the flavor Lie algebra, with p! the weights of %%, then the

holomorphic twisted mass of R, is simply
mt) . (3.12)

In the following we will denote by m; the holomorphic mass (3.12) of a given chiral multiplet
®;, with the understanding that m; = 0 if ®; is F-neutral.

3.2 The Coulomb branch

Consider the Coulomb branch 9t = hc/W of the theory in flat space, corresponding to
turning on constant expectation values for o,c. Here b is the Cartan subalgebra and W is
the Weyl group of G. The two fields can be diagonalized simultaneously:!'?

(o) = diag(oyg,), (o) = diag(da) , a=1,--- rank(g) . (3.13)

At a generic point on 901, the gauge group is broken to its Cartan subgroup H,

rank(G)
G-H= [] U, (3.14)

a=1

and all the fields are massive except for the H-valued vector multiplets V,. The effective
twisted superpotential on the Coulomb branch is [52]

Weff = W + Wmat + erc y (315)

where the first term is the classical term (3.1), the second term is the contribution from
the chiral multiplets ®; with twisted masses m;,

Wanat = =53 3 (o) +m0) log (pi(o) + ) — 1] (3.16)
T pi€ER;

1YWe will comment on how this assumption can be relaxed in the next section.
12WWe will often use ¢ to denote both a Coulomb branch parameter and the actual field. This should
cause no confusion.
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(there is a renormalization scale implicit in the logarithm), and the last term is the contri-
bution from the W-bosons, i.e. the vector multiplets for G/H:

Wee = QLM 3 (o) [loga() — 1] = —% S alo) . (3.17)

acg\h a>0

The only effect of this last contribution is to induce a subtle shift of the effective 6-angles
by a multiple of 7. The vacuum equations coming from (3.15) are [4]

627riagaVVe{-r =1, a=1,--- ,dlm(g) . (318)

In the case of massive theories, these equations have come under great scrutiny in recent
years in the context of the Bethe/gauge correspondence [52]. For future reference, let us
also define the effective T-couplings on the Coulomb branch:

. 1 1

7o = Og,Wegg = 7% — 3 Z a® — 5 Z Z p3log(pi(o) + m;) (3.19)
a>0 1 p;ER;

where 7 = &,aVAV. Finally, let us note that the flat space axial R-symmetry anomaly is seen

on the Coulomb branch as a monodromy of (3.19) under o — ¢*“g, which is compensated

by the f-angle shift (3.7).

3.3 Correlation functions on ng

The interesting supersymmetric observables on S3 are the correlation functions of non-
trivial supersymmetric operators, that is, operators that are non-trivial in the cohomology
of the supercharges Q, @ The only such local operators one can build out of the GLSM
fields are functions of the complex scalar field o. In the presence of the en-deformation,
§o = 0o = 0 if and only if V' = 0. Therefore the operators must be inserted at the north
and south poles of ng,

OWMoy),  09(y). (3.20)

Here O, 05 denote two arbitrary gauge-invariant functions of o. The subscripts N, S
stand for the point of insertion at the north or south poles, z = 0, 00, respectively. We
therefore consider the correlation functions

<(9<N> (on) O (as)> : (3.21)

Note that the operators (3.20) are not, in general, the only non-trivial supersymmetric
local operators in the GLSM, but they are the only such operators one can build out of the
elementary fields. More general supersymmetric operators, generally known as disorder
operators, can be defined in term of singular boundary conditions in the path integral. In
this work, we restrict our attention to the operators (3.21).

If eo = 0, a gauge-invariant operator O(o) can be inserted anywhere on the sphere.
Moreover, any correlation function

(O(0))g = <(9(1)(0(21,21)) S o<n>(o(zn,zn))>0 . 0=0,--0,, (3.22)
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is independent of the insertion points, since the derivatives 0,0, 0s0 are §- or S-exact. By
a standard procedure [53], one can construct the so-called descendant of the local operator

O = 0(o),
J 1 . o
X(0) = _;r/d%\/gGO - %/d%\/g (—2zfﬂaao —iAiA 830) . (3.23)

which is supersymmetric in the A-model.'® The normalization of (3.23) has been chosen
for future convenience. A general supersymmetric observable in the A-model includes such
descendants.

The operator (3.23) is also supersymmetric with €q # 0. In that case, however,

equation (2.41) gives
X5(0) = O(UN)G; Olos) 4 .. (3.24)

where the ellipsis denotes a §-, S-exact term. Therefore, the insertion of any descendant
X5 into a supersymmetric correlation function on 5’% is accounted for in (3.21), being
equivalent to the insertion of % (O(on) — O(0g)).

3.4 Parameter dependence and selection rules

The correlation function (3.21) only depends on the supergravity background through the
complex parameter €. For €q = 0, it is well-known that the theory is topological [1, 54].
In the general case, one can argue that any small deformations of the hermitian metric
preserving the Killing vector K is 6-, d-exact, similarly to the analysis of [47].

The correlation function also depends on the complexified FI parameters 7! through
their exponentials g; defined in (3.4) (or through the RG-invariant scales (3.3) if 7/ runs).
This dependence is holomorphic, since the conjugate couplings 7! in (2.45) are 4-, S-exact.
We can also have a dependence on the twisted masses m! for the flavor symmetry, and
one can similarly argue that this dependence is holomorphic. In total, we therefore have a
function

<O<N>(0N)o<5>(as)> = F(q,m" eq) (3.25)

which is locally holomorphic in all the parameters.

On general grounds, (3.25) might suffer from ambiguities, corresponding to supersym-
metric local terms one can add to the UV description. Allowed local terms of dimension
two are severely restricted by supersymmetry (and by gauge and supergravity invariance).
The parameters ¢; and m’ are the lowest components of background twisted chiral mul-
tiplets of dimension 0 and 1, respectively, with all higher components set to zero. For a
conformal ¢y, the only allowed term is the improvement Lagrangian (2.37), which gives
Ly = —%R f(q) on the supersymmetric locus. Note that this term is topological due to the
Gauss-Bonnet theorem:

Sy = / d*x\/g %L = A1 f(q) . (3.26)

13Strictly speaking, the last equality in (3.23) only holds for G = U(1), but X2 takes this schematic form
for any G.
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For the twisted masses m®

, we can only turn on a linear twisted superpotential, which
vanishes on the background (3.11). For a non-conformal 7/, the dependence is through the
scale A; and no local term is allowed either. Finally, €n can also be seen as the lowest
component of a twisted chiral multiplet, of dimension 1, built out of the supergravity
multiplet. No local term in €q is allowed by dimensional analysis. In conclusion, the
only ambiguity in the definition of (3.25) is through an entire holomorphic function of the

conformal couplings ¢/,
F (q[ ,mF,eQ) ~e O (QI,mF,GQ) . (3.27)

Such local terms often appear as renormalization scheme ambiguities; see in particular [55]
for a discussion in a related context. On Sgl, however, all the one-loop determinants that
will appear in the localization computation are actually finite, and f(q) can be chosen
in a scheme-independent way. We shall choose f(q) = 0 in the following. When the IR
description is in terms of a NLSM on a CY manifold X, the ambiguity (3.27) corresponds
to a Kéhler transformation on the Kahler structure moduli space of X.

Dimensional analysis and the U(1)4 axial R-symmetry lead to simple selection rules
for (3.25). Note that ¢ for a conformal 7/ has vanishing R4-charge, while A; for a non-
conformal coupling, the twisted masses m! and eq all have R4 = 2. Without loss of
generality, consider the insertion of operators of definite R4-charge in (3.25),

RA[OM] =r4(N),  RA[O®] =74(8),  ra(O)=ra(N)+7r4(S).  (3.28)
Taking into account the gravitational anomaly (3.8) of U(1)4, we have
RA[F (q1,m", €q)] = 74(0) — 2dgray - (3.29)

Consider first the case of a conformal GLSM flowing to a non-singular CF'T, that is, bé =0
VI and m® = 0. Then we must have

F(ar,0,eq) = (eg)2 (@~ de F(qp), (3.30)

with the condition 74(0) > 2dgay because the answer should be smooth in the eg — 0
limit. In particular, we recover the usual ghost number selection rule r4(0) = 2dgray for
eq = 0. More generally, we have

bl k!

F (qI,Ap ,mF,eQ) ~ (eq) <H A} I’) (mF)lFC(qI), (3.31)
I

where I and I’ denote conformal and non-conformal gauge couplings, respectively, and
j+bf Ky +1= %r A(O) — dgray with 7 > 0. This is of course schematic. Interestingly, we
can have negative powers of the twisted mass m!". (A slightly finer selection rule can be
obtained by realizing that the m! term should appear as a singlet of the flavor group F,

which can disallow some values of [.)
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4 Localizing the GLSM on the Coulomb branch

In this section, we outline the derivation of the Coulomb branch formula (1.10)—(1.11).
Some of the more technical steps are presented in section 5 and in appendix. We also
discuss the specialization (1.13) to the A-twisted GLSM (the €q = 0 limit).

4.1 The Coulomb branch formula

Our main result is that the correlation function (3.21) can be computed exactly by a sum
of Jeffrey-Kirwan (JK) residues [7-9]:

(OM(ox)0 (o) =
:(—“};N* S db Y JKRes[Q(6n), €] 1(0™), 09)), (4.1)

kelgv  &,cmk

sing

of the differential form

I,(0M), 0)) = Z;'IOOP((;)()(N) (& _ 6§22k> 0 (6’ + €§22k> déy A=+ Ndbwgy, (4.2)

on M = C™*(&)  in each topological sector k.

Let us explain (4.1) in more detail. We denote by k € I'gv C ih the magnetic fluxes
that label the topological sectors [5], where § is the Cartan subalgebra of the gauge algebra
g. The lattice Tgv = Z™(®) is the integral lattice of magnetic fluxes, which can be obtained
from I'g, the weight lattice of electric charges of G within the vector space ih*, by [6, 56]

F(;v:{k‘:p(k‘)ez Vperg}, (4.3)

where p(k) is given by the canonical pairing of the dual vector spaces, which we elaborate
on shortly. Let us also introduce the notation k£ € Z™ to denote the fluxes in the free part
U(1)™ of the center of G. We have

¢ = exp(2mi Y (7)1(k)r) = exp(2mir(k)) . (4.4)
I=1

The complex FI parameter 7 € C" lies in the central sub-algebra ¢, C b C g¢ of the dual
of the Lie algebra g, but is also an element of h. by the embedding of the center into the
Cartan subgroup H — thus the equality of (4.4). The pairing 7(k) is the canonical pairing
between elements of b, and hc. In particular, for elements V' € hr and W € he of the
vector spaces over C, we write V(W) = Zflk:(?) VeW,, where the label “a” is used to index
the basis t, of ih, as well as elements of the dual basis ¢} of ih*. The parameter & = (G,) is
the complex coordinate on M = he = C™G) | which is the cover of the “Coulomb branch
moduli space” 9 = ﬁ/ W, where the quotient is taken with respect to the Weyl group
W = Weyl(G). The “one-loop” factor Z;'IOOP(C}; €q) is the product of all the one-loop

determinants of charged fields on the Coulomb branch:

Z;_IOOI)((AT; €q) = Z];/ector(a_; €a) H Zg)z' (6;€q). (4.5)
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For each chiral multiplet ®;, we have

(6)+mE Ti—pPi
L S
F(Pi(&)Jme _ ri—pi(k) +1)

€Q 2

, (4.6)

Di(~. — i—pi(k)—1
Z),' (05 €q) = H eq"i Pk
pPi€R;

where p; denote the weights of the representation R; of G in which ®; transforms, whereas
m!" and r; are the twisted mass and the R-charge of ®;. The result (4.6) has a R-charge-
dependent sign ambiguity, which we could not determine. This leads to the sign ambiguity
(—=1)N« in (4.1). We propose a prescription to fix this sign in subsection 4.5 below. The
vector multiplet factor Zye*r(4; eq) receives contribution from all the W-bosons and their
superpartners V(@ indexed by the roots a of the gauge group. These W-boson multiplets
contribute like an adjoint chiral multiplet of R-charge 2.

It is convenient to collect together the labels (i, p;) for the component of weight p; of
the i-th chiral multiplet ®; and the label « for the W-boson multiplet V(@) into a collective
label Z for all the components of the charged fields in the theory. In this notation,

Z;'IOOP(&; €q) = H Z,%(&; €),
T

Q (ﬁ)—i—mF r _Q k '
ZE(6;€q) = €q T Qz(k)-1 F< ) w T 21( )> (4.7)
’ &)+mE - )
F<QI(G)Q+ I _ Tz Q221(k) +1>

where Q7 € ih* is the charge of the field component Z of the theory, and rz its R-charge.
That is, Q7 equals p; for the component of labels (i, p;) of a chiral multiplet ®;, and it
equals « for a W-boson multiplet V(@) associated to the root «, and similarly for rz.

In each flux sector labelled by k, the singular locus of the one-loop determinant Z;'IOOP
arises from codimension-one poles located on hyperplanes in DNJT, and the intersections
thereof in higher codimension. Using the collective label Z, these hyperplanes are given by:

R R rT — k
H} = {a . Qr(6) = —mE — €q (n + I2QI()> } , n€0,—rr+ Qz(k)|int - (4.8)
We use the notation [A, Bliy to denote the set of integers

[A,Blit ={n : n€Z and A<m<B}, (4.9)

which is empty when A > B. These singular hyperplanes are due to all the components
of the charged chiral and vector multiplets. However, any hyperplane H[ coming from
a W-boson multiplet V(® is actually non-singular, because of additional zeros in the de-
terminant of the oppositely charged multiplet V(=® 4 In (4.1), we denote by ﬁfing the
collection of complex-codimension-rk(G) singularities of Z,i_bc’p(&; €q), which come from
the intersection of s > rk(G) hyperplanes Hz',---, H7*. Finally, Q(6.) denotes the col-
lection of charges Qz,,- -, (7, determining the orientations of the singular hyperplanes

which intersect at J,.

1YWe do not introduce additional indices that label only the hyperplane singularities coming from modes
of the chiral fields, since we lose nothing by treating the hyperplanes H) as codimension-one poles of
Z71°°P(5; €q) with residue zero.
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The Coulomb branch formula (4.1) gives the correlation function (O™N)(ax5)0®) (5g))
as a sum of Jeffrey-Kirwan (JK) residues of the codimension-rk(G) poles of the meromor-
phic rk(G)-form (4.2) on M. To define the JK residue, one needs to specify an additional
vector n € ih*. In particular, for non-degenerate codimension-rk(G) poles, where exactly
rk(G) hyperplanes are intersecting, we have

doy A -+ A déby = ifneC ;
JK-Res [(Qi), 7] =2 Irk(G) :{ldet@n if 1 € Cone(Q;) (4.10)

G=6, Q1(6) -+ Qu(c)(5) 0 if n ¢ Cone(Q;),

by definition, where (Q;) = (Q1, -, Qu(g)), and Cone(Q;) is the cone in ih* spanned
by the Q;’s. We give the complete definition of the JK residue in subsection 4.7 below.
In (4.1), the vector n must be set to §Eﬁv € ib*, which is defined as follows. Let us first
note that the coupling 7 in (2.45) is Q-exact. It could thus be taken arbitrary as

~ 20~

2 is a dimensionless pa-

independent of the physical complexified FI parameter 7. Here e
rameter which will appear in the supersymmetric localization computation, and & € th* is

finite and otherwise arbitrary. We define:

~ 1
uv _ = :
e =&+ 2ﬂ_b0 Rh_r}rloo log R (4.12)
with
b= Qr. (4.13)
s

Note that this definition of by € ih* is equivalent to the one given by equation (3.2). For
theories with conformal IR fixed points, by vanishes and fgv = &. When by # 0, the vector

56%\/ € ib* is defined to lie within the cone Cone(Q1,--- ,Q)p) spanned by Q1,---,Q) if
there exists an Ry > 1 such that

~ 1
&+ ?bo log R € Cone(Q1, -+ ,Qp) forall R > Ry. (4.14)
T

Thus there exists a large enough R that can be used to define fgf_fv for all practical purposes.
The value of { is arbitrary, but we shall always choose it to be parallel and pointing in the
same direction to the physical FI parameter & which appears in 7. This is because, even
though the result (4.1) is formally true for any choice of £, the g series in (4.1) might not
converge otherwise. Discussion on this issue is presented at the end of section 5.2.

This concludes the executive summary of our main result (4.1). For the remainder
of the section, we explain how we arrive at this result and we present some important
background material. More technical aspects of the derivation are presented in section 5.

4.2 Localization on the Coulomb branch

The exact computation of the correlation function (3.21) in (4.1) is possible because of
supersymmetry. By a standard argument — see e.g. [54], we expect the path integral to
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localize on the subspace Mgysy of supersymmetric configurations {¢} such that ¢ = g(p =
0, where ¢ runs over all the fields in the path integral. In the present case, Mgysy is given by
the solutions to the supersymmetry equations (2.47)—(2.48) for the bosonic fields, together
with their fermionic counterparts. However, Mg,y is still too large and complicated to be
of much use. In particular, it includes arbitrary profiles of o = o(|z|?). Another potential
issue is that there are fermionic zero modes on ng, which must be treated carefully before
localizing to Mgysy-

Both of these issues can be addressed by introducing a localizing action, Sie.. This is a
0-, S-exact action for all the fields in the theory, which plays two roles. First of all, it further
restricts Mg,sy to a more manageable subset given by its supersymmetric saddles. Secondly,
it introduces a convenient kinetic term for the fluctuations around the localization locus.
For the GLSM, one can consider two distinct localizing actions, leading to two different
localization schemes [26]. By construction, the final answer is independent of such schemes,
but the explicit formula resulting from one or the other localization procedure can be more
or less wieldy. In this section, we consider the “Coulomb branch” localization, which leads
to the simplest answer. The so-called “Higgs branch” localization is discussed in section 9.

Let us consider the localizing action

1 ~ . - 1
Fioe = (zYM _ (D~ 2if;7 — aH)) 2% (4.15)

Consider first the limit e> — 0, so that we localize the vector multiplet using the the YM
action (2.34):

1 1 1, 1 1.
Lrm = % tr |:2DuO'D“0' + 5 (2if17)? — §D2 + §[U’ %+ - ] , (4.16)

where the ellipsis denotes the fermion contributions plus some terms of higher order in
€q."” The gauge-fixing of this action is considered in appendix C. For future convenience,
we also introduced a 8, d-exact coupling € in (4.15), which we defined in (4.11).

To perform the path integral over the vector multiplet, one should specify reality
conditions for the bosonic fields. We choose

ol =5,  (2ifi) =2if17 . (4.17)

In particular, we take the gauge field to be real. The proper contour for D is rather

R

more complicated, as we shall discuss. Let us denote by Mg,

with (4.17). On Mgsy, we must have

the intersection of Mgysy

D =2if1 (1 - 2lea*ViV7) , [0,0] =0. (4.18)

The “Coulomb branch” localization locus is the intersection of M?usy with the sad-

dles of (4.16). Naively, one would integrate out the auxiliary field D to find D =

5The YM coupling e? is a mass scale that we keep fixed while we send the dimensionless coupling e? to
Zero.
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—ieq (ViD; — ViDy)o. Plugging into the supersymmetry equations (2.47), this would
imply the supersymmetric saddle

o = constant , 2ifi7=0. (4.19)

However, this cannot be the whole story. For consistency, the path integral should include
a sum over all allowed G-bundles.'® This implies, at the very least, that some saddles have
non-vanishing fluxes (2.52) for the U(1); factors in G.

To accommodate the proper sum over topological sectors, we should consider more

R

susy> and worry about the auxiliary field D a posteriori.

general field configurations in M
Thanks to (4.18), we can use the gauge freedom to diagonalize o and & simultaneously on

MR

susy- Lhe localization locus is the “Coulomb branch”,

o = diag(o,), o = diag(cd,), a=1,---,1k(G), (4.20)

for some 0, = 0,(|2|?) to be determined. A generic expectation value (4.20) breaks G to
its Cartan subgroup,

rk(G)
H= [] va).. (4.21)
a=1

Upon choosing the diagonal gauge for o, the path-integral generalization of the Weyl inte-
gral formula leads to a sum over all H-bundles [62, 63]. (It is in keeping with a Coulomb
branch intuition that we should be able to deal with an abelianized theory throughout.)
Such bundles are the line bundles ®,L, characterized by the first Chern classes

cr(La) = — /5 (da)o = o (4.92)

"o

The fluxes k, are GNO quantized [5, 6, 56, 62] and lie in a discrete subspace k = (kq) € I'gv
of ¢h. In any k-flux sector, supersymmetry imposes the relations

ky = (7a)s = (Ta)y (4.23)

€Q

which can be derived like (2.53).

To gain some intuition, it is useful to minimize

1 ~
3 / d*1+/9 0,5,0"0, (4.24)
on M?usy, with the constraint (4.23). One finds:
0o — eg%‘l if z=0,
Oa = 04 if z#0,00, (4.25)
g + eg%‘l if z=o00,

16 Although sometimes a restricted sum over topological sectors can be consistent [57-61], we take the
simplest approach of summing over all such sectors, weighted by the 67-angles.
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with 6, € C a constant. This obviously satisfies (4.23). By supersymmetry, the profile of
the field strength (2if;7)q is determined precisely in terms of o,:

2
€0,/
Plugging (4.28) into (4.26), we see that the flux is given by Dirac d-functions at the poles,

21 kg,
—2ifi7), = =2 (5 + Js) . 4.27
(<2ifit)a = 258 (b +59) (1.27)
The field configurations (4.25)—(4.27) are thus equal to (4.19) away from the the fixed

points of the Killing vector V', and they thus solve the equations of motions that follow

(Qifﬁ)a ==

8|Z‘2 Oq - (426)

from (4.16) away from the poles. Their singular behavior at the poles is itself rather mild;
in particular, these “singular saddles” have vanishing action by construction (since the field
configuration is supersymmetric and the SYM action is d-exact).

More generally, let us conjecture that there exists a proper “saddle” of the localizing
action (4.15) — that is, a vector multiplet configuration which minimizes the real part of
the action, in a given topological sector. (By supersymmetry, this minimum is in fact a
configuration of zero action.) Such a saddle always has a bosonic zero mode, which shifts
o by an arbitrary constant . Since we also know that (4.23) holds by supersymmetry, this
determines the value of ¢ at the north and south poles:

R k. .
(Ua)N = 0q — EQ?a , <Ua)S =04+ GQ?G s (428)

where the constant mode & is here defined as the average, & = %(O'N + 0g). We further
assume that the saddle o is unique up to the shift by &, in any given flux sector. This is
all we need for everything that follows. Ultimately, we regard the final answer we obtain
and the agreement with the Higgs branch localization scheme of section 9 as the most
convincing arguments in support of our conjecture.

Let us now comment on the integration contour of the auxiliary field D. The naive
contour obtained by analytic continuation from flat space takes D to be purely imaginary.
Instead, we should take

D, = D™ +iD,, (4.29)

where D3 is the supersymmetric saddle solution, which is related to the gauge field flux
by (4.18). That is, the D contour is taken to pass through the supersymmetric saddle (at
D= 0). The contour for D itself will be discussed more thoroughly in the following. Let us
just note that it should go to +00 on the real axis to provide a damping factor in the path
integral, and that it should be such that it does not introduce any tachyonic instabilities
for the chiral multiplets to which it couples.

Finally, let us remark that we have implicitly considered a limit where e? — 0 before
taking g2 — 0, so that we can discuss the vector multiplet saddles and worry about the
matter contribution later. In fact, this procedure turns out to be incorrect [35, 37]. At
some special values of &, extra massless modes from the matter sector can appear in the
g? — 0 limit, leading to singularities which invalidate the localization argument. The
proper treatment of these singularities shall be discussed at length in section 5.
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4.3 (Gaugino zero-modes

We denote I == ﬁ/ W the Coulomb branch, and M = C(G) jtg cover, spanned by &, 5a
in (4.28), for any k. Here, W is the Weyl group of G. It is clear from (2.34) that the
scalar gauginos )\G,Xa have constant zero modes on 9. (The gauginos Al,Ki, on the
other hand, have no zero modes on the sphere.) The vector multiplet path integral then
reduces to an integral over the constant modes &, ga, Aa, Xa in each flux sector. However,
the integral over 901 has singularities at points where some of the chiral multiplet scalars
become massless. To regulate them, it is convenient to keep some constant modes D, of
the auxiliary fields D, as an intermediate step [35, 37]. The field D was defined in (4.29),
and in the rest of this paper D will simply denote its constant mode. It is clear from (2.35)

that this gives an extra mass squared p;(D) to the chiral multiplet scalars.
The consideration of D is especially useful because the constant modes

VO = (&a, Fas Aas Mas Da) (4.30)

a
transform non-trivially under a residual supersymmetry
§64=0, 660a=-2 s, OXa=-D,, X=0, 6D, =0,
— - (4.31)
064 =10, 0G4, = —2A,, 0N =0, 0Aa = Dg 0D, =0,

which follows from (2.12)—(2.13). The full path integral can be written as
1 = g -~ —~ A
W] /~ ZHdQ&“/ HdDa/HwadAa) Zp(6,6,A, A, D), (4.32)
My a r-, a

where Z, is the result of the path integration over all modes other than the zero-mode mul-
tiplets (4.30), including the matter fields in chiral multiplets. Note that the equation (4.32)
can be obtained by first taking the integral over M and identifying the integration variables
Ga, ga, Aa, Xa and D, up to actions of the Weyl group. The integrand of (4.32), however,
is invariant under the Weyl group, and hence the integral fm may be replaced by ﬁ fﬁ
The supersymmetry (4.31) implies that

~ 0 A 0
(5Z - _2)\QT - Dai Z - 5 4
g < 85@ 8)\a> g 0 ( 33)

and similarly for 62, = 0. In section 5.2, we show that the path integral (4.32) can be

1 . ) o )
Il Z/ﬁtHdQ%/FHdDa dbgt(hb ) 2k(6,6,0,0, D) (4.34)
k a a

upon integrating out the gaugino zero modes, thanks to supersymmetry. Here, h% is a

written as

symmetric tensor that satisfies

_ ~ R 1 . ~ .~
02,(6,6,0,0,D) = 5D het 2,(5,6,0,0,D) déy, (4.35)

and the relation
D*hb — 9Phc =0 . (4.36)
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As we explain in detail in section 5, closely following similar computations in [35, 37, 3§],
the integration cycle I" for the D integration is determined by requiring that the modes of
the chiral multiplet scalars not be tachyonic.
Note that, on the localization locus, D = 0 and the integrand Zj, in (4.34) is holomor-
phic in ¢ due to (4.33):
2(6,6,0,0,0) = Z4(5) . (4.37)

4.4 Classical action

On the supersymmetric locus Mgysy, all 6- or d-exact actions vanish. The only classical
contribution to (4.34) thus comes from the twisted superpotential W (o). Due to (2.43),

we have i o R o
e=Sa(k) _ o5 (W(o+5ea)-W(6—3ea)) (4.38)

)

for a generic superpotential W. In our case, we have (3.1) and thus

e—Scl(k?) — H q};rl(k) = qk', (439)
I=1

with g7 defined in (3.4). Note that (4.39) is independent of €, and topological.

4.5 One-loop determinants

Here we introduce the fluctuation determinants for all the massive fields around the local-
ization locus, which enter into (4.37). Their computation is relegated to appendix C. Let
us define the function

(&G +3) r 2-r

Z0) (z1eq) = € r-1__ee 2/ _ -l 4 , 4.40
AT N

€q

o]

where € C, r € Z, and (y), denotes the extension of the Pochhammer symbol to n € Z.
Since r is integer, the function can be written as a finite product:

r_1q .
Hﬁn:_i_;_l(‘r + eQm) if r>1,
2

Z) (z;e0) = { 1 if r=1, (4.41)

Ir|

H; (z + eqm) ! if r<1.

I
2

On a supersymmetric saddle with flux k, one finds that the one-loop determinant from a

chiral multiplet ® of R-charge r, gauge charges Q® under H, and twisted mass m? is

72 =200 (Q(5) + mT;eq) | (4.42)

where 6 = %(O'N + 0g). Note that Z® has Q(k) — r + 1 simples poles if Q(k) —r > 0,
and no poles otherwise. The poles corresponds to zero-modes of the bottom component
A of the chiral multiplet, which are holomorphic sections of O(Q(k) —r). We will discuss
those modes in more detail in section 9. Similarly, the zeros of (4.42) for Q(k) —r < —1
correspond to zero-modes of the fermionic field C in the chiral multiplet.
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There is a sign ambiguity in the determination of (4.42). Following a similar discussion
in [10], we propose to assign +1 to chiral multiplets of R-charge 0 and —1 to chiral multiplets
of R-charge 2. This introduces the overall factor (—1)V* in (4.1), where N, is the number
of field components of R-charge 2 in the GLSM. This prescription is consistent with all
the examples worked out in sections 7 and 8. It would be interesting to derive it, and to
generalize it to any integer R-charge.

The total contribution from the matter sector is

Zmatter H H ZTz pi(k)) ( )_‘_mZ’ Q) . (4.43)

i piER;

So far, we have assumed for simplicity that the background gauge field for the flavor sym-
metry F has no flux, see (3.11). This assumption can be relaxed in the obvious way,
treating the background vector multiplet on the same footing as a dynamical vector mul-
tiplet: the only effect is to shift 7; — pi(k) — r; — pi(k) — pF'(k¥') in (4.43) and to change
the Dirac quantization condition for the vector-like R-charge to r; — pf (k') € Z. One can
then gauge a subgroup of the flavor symmetry F by summing over the associated fluxes
k¥ and integrating over the associated complex scalars m?".

As argued in appendix C, a W-boson multiplet V(@) for the simple root « has the
same one-loop determinant as a chiral multiplet of R-charge » = 2 and H-charges a®. The
massive fluctuations along H itself are completely paired between bosons and fermions,

leading to a trivial contribution. Thus, the total contribution for the vector multiplet reads:

ZZeCtor(é';ég) — H Z(Z—Q’(k))(a(a'),GQ)
aca\h (4.44)

where a > 0 denotes the positive roots, and we introduced the function

z) =[] al»), (4.45)

a>0

which is the Vandermonde determinant of G. Note that there is no sign ambiguity in this
case, since the roots come in pairs «, —a.
The one-loop determinant of all the fields around the localization locus with flux k is
then given by
Z;'IOOP((%; €0) = ZyN (65 €0) 2N (55 €q) - (4.46)

As explained in subsection 4.1, it is convenient to collect all the labels of the components
(i,pi) of the chiral multiplets ®; and « of the W-boson multiplets V(®) into a collective
label Z. Taking Q7 to be the charge of the component, mg to be its twisted mass and rz
to be its R-charge, i.e.

iy Tl 5 T h 1= i) )
(Qz,mf,r7) = (pismy’mi)  when (G- ) , (4.47)
7
(a,0,2) when 7 =«
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we can simply write:

2700 e0) = [T 7 Grea) = [ 204 Q2(0) + i) (149)
z

1-loop

The analytic structure of Z, plays an important role in the computation of cor-

relators. The singular loci of Zl loop

can be specified by the oriented hyperplanes (4.8).
All singularities of Z, 1199P 136 at hyperplanes and at their intersections. In particular, any
codimension-p singularity lies at the intersection of p or more hyperplanes. When the
charges Q7 of the hyperplanes intersecting at the singularity lie within a half-space of
ih*, the singularity is said to be projective. If a codimension-p singularity comes from p

linearly-independent hyperplanes intersecting, the singularity is said to be non-degenerate.

4.6 The Jeffrey-Kirwan residue

From the previous discussion, upon integrating out all the constant modes of the theory
save for &, we expect the correlator <O(N)(O'N)O(S)(0'5)> to be of the form:

Zk:q’“f <H d0a> 2,7 (65 €0) O <0 — €z > o) <&+eg§> : (4.49)

The contour of this integral is, for now, an unspecified rk(G)-(real)-dimensional cycle within
2. Note that the operator insertions at the north and south poles depend on &, F aeg,

since they are evaluated on the saddle (4.28). From the analytic structure of Z, '°°P

, it is
thus natural to expect the correlators to be a sum of residues of codimension- rk(G) poles

of the integrand,

I, (0<N>O<S>) = Z,71°°P(5; €q) O (& — m’;’) o) <c7 + GQk> dé1 A+ A dbgg) -

(4.50)
We prove in section 5 that the final answer for the correlation function is in fact given by
(V) (5) _ (=DM . Y (N) (1 (S)
O (o3)0P) (0g)) = W > ¢"IK-Res (7] T, (0M0O . (4.51)
k€l gv

The symbol JK-Res [fe%fv] I in (4.51) is a short-hand for a sum over the Jeffrey-Kirwan
residues at all the codimension-rk(G) “poles” of Ij:

JK-Res | = 3 JK-Ressos, [Q6.), 6] T (0<N>(9<5>) . (4.52)

& emzmg

Recall that iﬁzing denotes the location of all the codimension-rk(G) poles of Z,~ 0P " and
Q(6.) denotes the set of all charges Q7 of hyperplanes HZ crossing through .. We shall
explain the JK residue prescription in the following subsection.
The sum over fluxes k in (4.51) is weighted by the classical factor (4.39). In examples,
it is useful to formally generalize it to
rk(G)

e~ Salk) H gke = exp(2mit(k)), (4.53)
a=1
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where the complexified FI parameter 7 is now taken to be a generic element of .. In order
for this term to be gauge invariant, 7 must be restricted to the subspace c¢. C b spanned
by the generators of the center of G. For instance, for G = U(V) we should take ¢, = ¢,
a=1,---,N. Nevertheless, it is often convenient and sometimes necessary to keep 7 to
be general until the end of a computation. We follow [64] and refer to the auxiliary theory
with generic 7 € b as the Cartan theory associated to the non-abelian GLSM. In cases in
which some of the FI parameters run, one should replace ¢, in (4.39) by the RG invariant
scale (3.3),

g =A%, if BE#£0. (4.54)

Note that we have implicitly set the RG scale p to 1 throughout.

The formula (4.51)—(4.50) is the more precise form of the Coulomb branch for-
mula (1.10)—(1.11) promised in the introduction. Incidentally, one can easily see that the
anomalous U(1) 4 transformation of the path integral in (3.8) and the R4-gauge anomaly
are explicitly realized by (4.51)—(4.50), using the 1-loop determinants (4.7).

4.7 GLSM chambers and JK residues
Any set of rk(G) distinct charges (Qz,, - , @1, g,) defines a cone in ih*, denoted by

Cone(Qz,, - - ,erk(G)) . (4.55)

The union of all such cones spans a subspace K C ih*. K can be subdivided in minimal
cones (chambers) of maximal dimension rk(G), that meet on codimension-one walls. The
phases [4, 10] of the associated Cartan theory are determined by the chamber which the
FI parameter (£%) belongs to. The phase diagram of the Cartan theory refines the phase
diagram of the non-abelian GLSM [51], that is obtained by the projection (£2) + (£7) from
ih* to the physical FI parameter space ic*.

The effective FI parameters on the Coulomb branch were defined in (3.19). We denote
by §gﬁv the effective FI parameters on the Coulomb branch at infinity on 9%, that is, the
effective coupling in the limit |o| — oo:

~ 1
uv .

=&+ lim log R 4.
off =& 27rbo i log fv, (4.56)

with by € ic* C ib* as in (4.13). The chamber that 5(%\/ lies in determines the phase of
the Cartan theory. More rigorously, &gcfv is defined to be in a chamber € of K, or for that
matter any rk(G)-dimensional cone € C ih*, if

~ 1
3 Ry >1 such that for all R > Ry, &+ Tbo logR € €. (4.57)
T

When by # 0, the finite piece E is irrelevant unless by lies at the boundary of multiple
chambers. That is, when by lies safely within a chamber €y of I, the Cartan theory has
only one phase €y. When by lies at the boundary of multiple chambers €, ---,&,, the
Cartan theory can be taken to be in any one of these chambers by turning on a finite
E. When by = 0, i.e., when the theory flows to a conformal fixed point in the infrared,
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oV of = § can span the entire ih*-space and can be in any chamber of K. As we discussed
in subsection 4.1, we always choose to align § with the physical FI parameter £.

Let us now define the JK residue at a singular point, or codimension-rk(G) singularity,
Gy of Zl 9P (5 €g). Recall that all such singularities come from intersections of rk(G)
or more hyperplanes H. ”11, e ,H%:.” Let us assume that 6, = 0, so that the singular
hyperplanes are given by the equations

Qn(6)=0, -, Qr,(6)=0. (4.58)

This can be achieved by shifting 6 appropriately. We have defined

Q(6.) = {QI17 T 7QI$} ) 52 rk(G) ) (4'59)

the set of H-charges defining the hyperplanes (4.58). We further assume that this arrange-
ment of hyperplanes is projective — that is, the vectors Q(d) are contained in a half-space
of ¢h*. This important technical assumption is satisfied in “most” cases of interest. We
comment on the non-projective case below.

Let us denote by Rq(s,) the ring of rational holomorphic rk(G)-forms, with poles on
the hyperplane arrangement (4.58). Let us also define Sq(;,) C Rq(s,) the linear span of

H dal A AN dbgay (4.60)
jEQs

where Qg denotes any subset of rk(G) distinct charges in Q(d4). (There are thus (rk(sG))
distinct Qg.) There also exists a natural projection [§]

T RQ(&*) — SQ(&*) s (461)

whose exact definition we shall not need. The JK residue on Sqs,) is defined by

1 if cC
JK-Res =0 [Q(6+), 7] wsz{'det@s” i & Cone(Gs), (4.62)

0 if n ¢ COHG(Qs) s

in terms of a vector n € h*. More generally, the JK residue of any holomorphic rk(G)-form
in Rq(s,) is defined as the composition of (4.61) with (4.62). This definition, along with
equation (4.57) is enough to compute the correlation functions with (4.51).

In general, there are (rk(SG)) homologically distinct rk(G)-cycles that one can define on
the complement of the hyperplane arrangement (4.58), and the definition (4.62) determines
a choice of cycle for any n € h* (or rather, for any chamber). It has been proven that (4.62)
always leads to a consistent choice of contour [8, 9].

Finally, let us comment on the case of a non-projective hyperplane arrangement. In
that case, one can often turn on twisted masses to split the non-projective singular point

"Recall that the hyperplane HZ is a singular locus of Z,°°® only when Z is an index for a component of
the chiral field, i.e., Z = (i, p;). The hyperplanes H{, with vector labels can be thought of as codimension-one
poles of Z,°°P(4; eq) with residue zero.
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into a sum of projective singularities. The occurrence of a non-projective singularity typi-
cally signals the presence of a non-normalizable vacuum, for instance in the case of GLSMs
for non-compact geometries. To be more precise, the existence of a non-projective sin-
gularity implies that there is a point in M where s > rk(G) hyperplanes qull, e ,H%j
collide, where

aQz + -+ cQz, = cipiy +--+cspiy =0, (4.63)

for some positive integers c,. We have made the components of the involved chiral fields
explicit. In order for the hyperplanes to have poles at this point, it must be the case that
sz(k) >, for all r7,. This implies the existence of the gauge invariant chiral operator

s

0= w|[[@i,)7"] . (4.64)
weW p=1
with R-charge
ro = Zcprip < Zcppz-p(k:) =0 (4.65)
P P

which is allowed to take a vacuum expectation value by the D-term equations.
Given the choice of n = gﬁy’ only a subset of the flux sectors k € I'qv contribute to the
computation of the correlation function. In particular, let us define the set of rk(G)-tuples

of components

RCS(T]) = {S : S = {Il, cee 7Zrk(G)}7 n S COHG(QIU Tt 7QIrk(G))} (466)

(the set of “relevant component sets”) that contribute to the JK residue for the vector
n € th*. The k-flux sectors that contribute to the correlators for the choice of gfv are
given by Ty (£5Y) C Tgv for

Taux(n) =Tgv N U {k:Qz(k)—rz>0 forall Te S} | . (4.67)
SERCS(n)

Note that I'qux(n) only depends on the chamber of X in which 7 lies, and not on 7 itself.
This is true also of the JK residue.
4.8 A-model correlation functions

The €n = 0 limit of the Coulomb branch formula (4.51) computes the A-model correlation
function (3.22). We find:

-1 N -loop/ ~ ~ ~ ~
(O(0)) = ( IWEI > " IK-Res [€1Y] 2,7°P(610) O (6) doy A+ Ndbygy . (4.68)
k
with
2(5:0) = (-1 %@ [Ta@)? [T T (o) +md)™ " (409)

a>0 i piER;

~ 34—



This Coulomb branch formula can be favorably compared to many known results for the
A-twisted GLSM. In particular, in the abelian case G = U(1)", the exact correlation
functions were first obtained by Morrison and Plesser using toric geometry [10]. The JK
residue formula (4.68) for such theories was first obtained in [9] from a more mathematical
perspective. Both references focussed on the case of a complete intersection X in a compact
toric variety V', which is realized by an abelian GLSM with chiral multiplets of R-charge
0 (corresponding to V) and some chiral multiplets of R-charge 2 (corresponding to the
superpotential terms which restrict V' to X). We comment on such models using the
Coulomb branch formula in section 6.
One can also write (4.68) as

1M .
(0(a)) = ( HBI > JK-Res [¢5fY] e2mmen B 270 (6:0) O (6) doy A+ - A - (4.70)
k

where the classical and one-loop contributions have been recombined into the Coulomb
branch effective couplings 75 (&) defined in (3.19), with 7eg(k) = ), 7%(6)kq, and

Zé_IOOp(a';O) _ (_1)%dim(g/f)) H a(a.)Q H H (pZ(OA') +mf)n‘*1 . (471)

a>0 i piER;

Let us assume that 56%\/ lies within a chamber € of K such that Fﬂux(ggﬂv), as defined
in equation (4.67), is entirely contained within a discrete cone A C I'gv that satisfies the
following properties:

e A is given by
A={k: k:ZnAI{A—F’I“(O), na € Z>o } (4.72)
A

1 k(

for some (¥ € Tqv, where k!, --- , k™) € ip is a basis of Tgv.

e ANTqux(n) =0 for n ¢ €.

The second assumption implies that for & € A, all the poles of Z;'IOOP (6;0) are counted in

the JK residue and thus

JK-Res [4Y] 2,7°P(650) O (6) doy A -+ A déga

Lo (4.73)
— NZk: p(a';O)O(a')dOjA---Adé’rk(g).
om

where &9 is the rk(G)-torus at infinity. In particular, the contour is the same for all
k € A, which lets us sum over all £ € A to arrive at

k(G) da.a 627ri7“é0>8[7a West

(_1)N* % 1-loop / ~ ~
Oo)), = — —Z,7%P(6;0)0(6) , (4.74
< ( )>0 |W| 62}5? aH1 271 HrA}(iC]:})(l _ 627@&2‘8&““@5) 0 ( ) ( ) ( )

with ch as defined in section 3.2. The sum over the repeated indices a in the formula
is understood. This instanton-resummed expression makes it obvious that the A-twisted
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correlations functions are singular on the “singular locus” defined as the set of values of ¢,
for which some of the vacuum equations

62wiﬂfagaWeﬁ(aA’;q) =1 (475)
are trivially satisfied (for any &). (Note that (4.75) is the proper form of (3.18) in general,
with xZ' = 67 for unitary gauge groups.)

When the theory is fully massive, i.e., when the theory has a finite number of distinct

ground states and a mass gap, the critical points of Weg become isolated, and the integral
simply picks the iterated poles at the critical points. Let us denote:

j {(313 | e2miil9oaWerr5) — 1 for all A=1,--- ,1k(G) } . (4.76)
The formula (4.74) becomes

(=DM 1 2P (6p;0) O (6p)
W (—2mi)™(©S) H(op) ’

(O(9))o = (4.77)

opeP

with H(6) = detap (/ﬁf/@bB 05,05, Weff) the Hessian of Weg. The exact same formula has
been recently derived in [17], using different methods. In the abelian case and in the
special case when all the chiral fields have vanishing R-charge, the formula (4.77) was also
found earlier in [15]. It is also a natural generalization of the formula of [18] for A-twisted
Landau-Ginzburg models of twisted chiral multiplets.'®

5 Derivation of the Coulomb branch formula

We derive the formula for the partition function in the Coulomb branch in this section.
The techniques used in the derivation are equivalent to those used in arriving at the elliptic
genus [35, 37| or the index of supersymmetric quantum mechanics [38]. Our situation has
more similarity with the latter case, as the integral over the Coulomb branch parameter is
taken over a non-compact space. Let us first summarize the overall picture of getting at
the partition function by replicating the arguments of [35, 37, 38].

As explained before, the partition function, upon naive localization on the Coulomb
branch, can be written as the holomorphic integral

Zg = q" f{ (H d&a) Z7P (5, (5.1)
k a

where the contour of integration is an unspecified real dimension-r cycle in 9. In this
section, and only in this section, we use

r =rk(G) (5.2)

8More precisely, [18] considered B-twisted LG models of chiral multiplets, which is the same thing by
the Zs mirror automorphism of the A/ = (2,2) supersymmetry algebra.
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for sake of brevity. We also make the eqn-dependence of the one-loop determinant im-
plicit, i.e.,
1-1 A | .
2,7°%(6) = 2,7 (63 €q) (5.3)

to shorten equations.
We follow [35, 37, 38] to evaluate the partition function. Decomposing the action of
the gauge theory into

1 1
£ = ?XYM—Fgg&)q)—FXW + L s (5.4)

the path integral of the theory can be formally written as
1 A T L x
Zg = Wi /ﬁl:[(daadaa)F&g(a,a). (5.5)

While the twisted superpotential W is given by that of equation (2.44), the ¢ and S-exact
term XW is set to be

£

as explained in the previous section. The e — 0 limit of the partition function then can be
obtained by the integral

1 .
Zg = Ilek: lg%/mt\A H (d64d64)F, (a &) (5.7)

in a double scaling limit of € and e, which we soon explain. F¥ e 1s obtained via an integral

over the gauginos A,, Xa and the auxiliary fields D, along the Coulomb branch localization
locus. A is a union of tubular neighborhoods of the codimension-one poles of Z(5), i.e.,

the hyperplanes HZ, of size e. The parameter € is to be distinguished from the omega

7‘[,7
deformation parameter €g. The tubular neighborhoods are carved out precisely around
points of the “Coulomb branch” where massless modes of the chiral fields may develop.

M.+1 a5 e is taken to zero,

The radius € is taken to scale with respect to e so that € < e
where M, is the maximal number of modes that become massless at any of the poles.!?
In this limit, the integral (5.7) becomes the contour integral (5.1) along a particular

middle-dimensional cycle in 91, whose value is summarized by the formula:

ng:( 87°) Z > JK- Res [Q(5.), %] 27°(5). (5.8)

L ‘
FLeME

19 As pointed out in [35, 37], it must be assumed that at any point 6., the charges of the field components
whose modes become massless at 6. lie within a half plane of ih*, i.e., the configuration of hyperplanes
intersecting at 6. must be projective. Throughout this section, we assume this is always the case, and
refer to this property as “projectivity.” Furthermore, a theory for which at every &. there are at most
r singular hyperplanes intersecting is said to be “non-degenerate” [37]. When there is a non-projective
hyperplane configuration responsible for a pole of the integrand, it can be made projective by formally
giving generic twisted masses to all the components to the charged fields involved — the path integral of
the original theory can be obtained by evaluating the partition function (or operator expectation values)
in this “resolved” theory and taking the twisted masses to the initial values.
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In this section, we omit the factor dé1 A --- A do, in this expression. The result for the
physical correlation functions follows straightforwardly, once the contour of integration is
understood for the partition function:

(OM (g0 (5g)) =
(|W| 2.4 % TK-Res [Q(2), '] 2,7 (6 >0<N>( —3’“) o) <a+g’f)

sing

(5.9)
Here we have fixed the overall normalization constant (—1)"* of the physical correlators.
There are two sets of data going into the overall normalization. An overall proportionality

~" is introduced, coming from the normalization of the Coulomb branch

constant (—872)
coordinates. The coefficient has been fixed empirically to match geometric computations.
The sign (—1)"* originates from the sign ambiguity of the one-loop determinants of the
chiral fields, as explained in the previous section. Our prescription for N, is explained in
section 4.5.

To arrive at this result, we follow the tradition of [35, 37, 38] and examine the rank-
one path integral in detail to gain insight. We subsequently generalize to the theories with
gauge groups with higher rank. The main outcome of this section is that the methods
of [35, 37, 38] generalize with minimal modification to the problem at hand. We apply

these methods to arrive at the final answer.
5.1 U(1) theories

Let us write the path integral of the rank-one theory in the form

Zgy = / d6dedNdNdD Ze4(5,6,\, 1, D), (5.10)
where the integral is taken with respect to constant modes &, 5, A, X and the auxiliary field
D on the Coulomb branch localization locus. As explained before, these constant modes
form a supersymmetric multiplet for a supersymmetric integration measure Z.,. While
for e,g # 0 we do not know the exact value of Z.,, supersymmetry implies that for any
supersymmetric function Z of the constant-mode supermultiplet,

Da,\(?XZ]/\:X:O = 2852’)\:X:0 . (5.11)

Hence, upon integrating the gaugino zero modes, the integral (5.10) must take the form

2 _ .1 .
Zo = — d&d&@r/dDAZ, (6,0,D), (5.12)
Sé ‘W| {ﬁt\As o D e,g
where we have denoted
Z0g(6,6,D) = Z.4(5,5,0,0,D). (5.13)

Note that 9 = C in the rank—one case. We have imposed the reality condition (4.17) on
the integration contour to take 6=6.
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Let us now examine what the contour for D should be. To do so, let us begin with
taking the limit?°

N 47rz§ N
li 20,(6.5.0) = Y- ol (e 5550 56.5.0) ) (5.14)
g—0 keZ

Z(6,6, 15) is given by the product of one-loop determinants of the components of the
charged fields of the theory in the flux-k sector:

24(6,6,D) = [[ 2f(6.6,D). (5.15)

The computation of these determinants is presented in appendix C. It is useful to split the
contribution from the component Z of the charged field into two pieces

Tir = 7)) _ 70 3
Zi;(6,6,D) = ZTI QIk(Z, )y ,D) - Zpos (Zv 2, D)|z:Q13+mg7 D=Q:D> (5.16)
where N
r/2—1 .
) ) Hm:_r/2+1(2 +egm) if r>1,
729, 2,D)={1 if r=1, (5.17)
[r[/2 ) .
Hm——|r\/2 3 (S+eqm)+iD if r<l1,
and N
72*(s,8,0) = [] S teom) +iG+1) 56— 1) , (5.18)
r i< iD+35(S+eqm)+i(+1)—5(5—1)
J>Jo(r)
where | 0o
r —
; = 1 __. 1
Jo(r) 5 5 (5.19)

We have split up the chiral fields into individual components with charge Q7. When D is
set to zero in Z (6,6, D), we recover the holomorphic one-loop integral Z(6):

,D =0) = 2,(6) (5.20)

Q>\

Zi(0,

since ZZ(5,6,0) = ZE£(6).
From the denominator of Z,f , we can see that the contour of integration for D is rather
subtle. Examining the eigenmodes of the chiral fields of effective R-charge

rrzr =7r7 — sz (521)

around a constant background field &, ¢ and D, we find that there exist complex bosonic
eigenmodes ¢;, of the chiral fields ®; with eigenvalues

A{)gg iQrD + (Qz6 + mE)(Qz6 + my +eqm) +j(j+1) — % (% — 1) , (5.22)

20We have set the dimensionful Yang-Mills coupling to 1/vol(S2) for simplicity. As can be seen in latter
parts of this section, this choice is not important, as the classical contribution of the Yang-Mills Lagrangian

to the action does not affect the final answer.
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for j > jo and |m| < j in general, and

AO™ — Q7D + (Qz6 + mE ) (Qz6 +mE + eam),  |m| < jo (5.23)

bos

when rz < 1, that are uncanceled by fermionic ones in the flux sector k. Now this implies
that when g is very small, the action of the theory contains the term:

1 . N

When the real part of A{;’;Z is negative, the Gaussian integral is unstable, and the saddle
point approximation is unreliable. In more physical terms, the limit g — 0 is the limit
where perturbation theory is exact, but the perturbation theory is not well-defined when
Re Aljo’g; is negative for some j, m. Hence the D integration contour must be such that

~ P Y L. r r
QzImD < Re [(QI& +mE)(Qz6 +mL + eqm) +j(j +1) — ?Z (?Z - 1)] ,  (5.25)
for all allowed values of j and m. More precisely, the contour I'" of D must satisfy the
following conditions:

e [' asymptotes from —oo to real 4oc0.

e All poles of Z¥ (6,6, D) with positive charge Q7 (“positive poles”) lie above T

D
e All poles of ZZ (5,6, D) with negative charge Q7 (“negative poles”) lie below T'.
The latter two conditions can be stated more “covariantly” as the following:

e All poles of Z£ (5,0, ﬁ) must lie above I' in the Q7D plane.

Since the integration measure of (5.12) in the localization limit is (locally) holomorphic
with respect to D, the integral is completely determined if the asymptotics of I and its
position with respect to all the poles are specified. Hence there is one more crucial choice
in completely specifying the choice for I'. We see from (5.12) that the fermion integral
yields an additional pole of the integrand at D = 0. T can be chosen to be on either side
of this pole. Hence we define two contours 'y and I'_ so that

e The pole D = 0 lies below I';.
e The pole D =0 lies above I'_.

The contours 'y are depicted in figure 1.

The poles of Z; behave more erratically than the poles of the integrands studied
in [35, 37, 38]. For the elliptic genus and the Witten index, poles of Zj coming from
positively/negatively charged fields with respect to D stayed strictly in the upper/lower-
half plane of 15, respectively. In our case, some poles cross the real ﬁ—axis, as depicted in
figure 2.

The contours I'_ and 'y are nevertheless well defined for generic values of & — they
are not, only for the following real codimension-two loci:
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Figure 1. Two different choices of contours I'_ and I' for the D-integral depicted on the D-
plane. The poles of the integrand coming from positively charged fields are marked by ®, while
the those coming from negatively charged fields are marked x. The pole at the origin D=0is
marked by a *.

Figure 2. Schematic depiction of behavior of poles of Z4(5, 4, D) in the D—plane with respect to
variation of &.

e [, is ill-defined when a positive pole collides with the origin.
e ['_ is ill-defined when a negative pole collides with the origin.

Upon such collisions, a positive or negative pole unavoidably crosses the contour, leading to
a possible singularity of the D—integral, as we see shortly. One may worry about positive or
negative poles swooping to the other side of the real D axis from their half-plane, but this
can be dealt with. In particular, at small €, the only poles that cross the real D axis are
poles D, (6,6) of the Z( factor of the one-loop determinants of the charged fields. In par-
ticular, this only happens when D, (6,6) ~ O(eq), and the imaginary part of the location
of the pole is of order O(en?). Hence these poles can be kept from crossing the contour of
integration by a small deformation of this order. The path integral for macroscopic values
of €n can be obtained from the ones with small eg by analytic continuation. Additional
complications ensue as certain poles may circle around the origin, but this can also be
accommodated. The appropriate maneuvers for I'_ are depicted in figures 3 and 4. The
final worry might be that a positive pole may coincide with a negative pole at some value
of &. Such a situation can be avoided by taking eq to be very small, computing the path
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Figure 3. Deformation of the contour I'_ in the ﬁ—plane as a positive pole swoops below the
real axis. When negative poles are far enough away (which can always be made the case by taking
small € due to the assumption of projectivity), the contour I'_ can be taken to be parallel along
the real axis by taking the imaginary part of I'_ to be —id for § > K|eq|? for an order-one constant
K.

integral, and then analytically continuing for macroscopic values of €n. Throughout this
section, we thus work with the convenient assumption that eq is very small. We discuss
the contours I'_ and I'y in further detail at the end of this subsection.

It is worth emphasizing that the only poles D, (6,6) that collide with the origin and
can make the integrand

g [apLte Bt bz 5 5 5.26
e,0 — Y5 - 56 © € k(0’07 ) ( )

of the d-integral singular, are the poles of the Z (©) piece of the one-loop determinants. We
have made the contour-dependence of F; o implicit. For macroscopic values of € the poles
of ZP% can collide with the origin, but their effects are benign, and does not give rise to
any singularities. In fact, when €q is taken to be very small compared to other masses of
the theory, the imaginary part of the poles of the ZP° piece has magnitude of order O(1)
— thus for small enough €q, the poles of ZP% never even come near the real axis of D.
The integral (5.26) at macroscopic values of €q can be obtained via analytic continuation
from small values of €q.

The poles of the Z() piece of the one-loop determinant of charged field component Z,
as can be seen from equation (5.17), collide with the origin D =0 when

Q0 = —mg — €0 (n + %) for n € [0, —rz]int, or Q6+ mg =0. (5.27)

It is simple to see that the singularity is absent when Q76 + mg = 0 unless r7 is even,

due to the factor (Qz6 + m¥) vt present in the numerator of Zﬁg). We hence find that
the values of 6 at which Fe’fo can become singular narrows down to precisely the poles
of Z,(6) = Z,(6,6,D = 0), as expected. Recall that A, is defined to be a tubular
neighborhood of these points. For future purposes, it is useful to split the poles of Zi(5),
or rather, the potentially singular loci of Fe’fO, into two groups — the “positive” loci H
at which the positive poles of Z(4,5, D) with respect to D collide with D = 0 and the
“negative” loci H_ at which the negative poles of Z (4,5, D) do. Let A" / A~ denote
the tubular neighborhoods around the positive/negative loci respectively.
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Figure 4. Two homologically equivalent ways of deforming of the contour I'_ in the D-plane
as a negative pole circles around the origin. One can either split a small portion of the contour
and move it around with the pole, or pass it through the origin to obtain I'y + Cy, where Cj is
a tight contour around the origin. When all positive poles are far enough away, the contour I'
can be made parallel to the real axis, with imaginary part id with § > K|eq|? for a constant K of
order-one.

Let us now, for definiteness, take the contour of integration to be I'_ and evaluate the
path integral (5.12) in the localization limit where e, g — 0. The integral is given by

K A 0%k
Zg |W\ E ég% A, dodo by
k = +47r1.§[) R ’
lim dodods dD—e i Zi(6,0,D).
- 7 20l [ 9% | 4D #(6:6:0)

The path integral is a total derivative in &, and hence it is important to understand the
boundaries of M\ A :

OM\ Acg = OM — AT — O . (5.29)

The boundary of A}, consists of counter-clockwise contours encircling the potentially sin-
gular loci of F, 0 Meanwhile, the boundary of M = C can be obtained by first constructing
a large circular counter-clockwise contour of radius Rg;,, which encircles all the singular loci,
and taking the limit Rg — oco.

Let us first examine the integral

2 T2, — A~
7ot = —/ d&/ dDLe 225Dz, 5 5. D). (5.30)
A r. D

The ﬁ—integral is bounded and well-defined within A€7k+. This is because the pole of
Z(6,6, 15) with respect to D that collides with D = 0 does not cross I'_, as depicted in
the left panel of figure 5, thereby making the integrand of the I'_ integral to be smooth
across the integration contour. We therefore see that

lim Zy" =0. (5.31)

e—0
e—0
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Figure 5. The behavior of poles of Z(4,4, ﬁ) in the D-plane as & varies inside Ac . The left
panel depicts a positive pole colliding with the origin as ¢ is taken to a singular point within Ae,;ﬁ.
The I'_-contour integral is smooth and bounded. The right panel depicts a negative pole colliding
with the origin as & is taken to a singular locus within A¢ ;™. The I'_-contour integral is singular
— the singular element can be isolated as the contour integral around Cj.

The integral

o R ~ 1 7f)72+4wigb = A
Zy = — dé dDBe 2272 Y Z1(6,06,D) (5.32)
8A5’k7 _

is more interesting. Since a pole of Z;(5, &, D) necessarily crosses the contour I'_ to collide
with the pole of the integrand at D =0, the integral along I'_ is expected to be singular
at some point within A.;~. An efficient way to deal with this singularity, as pointed
out in [35, 37, 38|, is to deform the contour I'_ = I'y + Cj, where Cj is a small contour
encircling the origin in the counter-clockwise direction. The D integral over 'y, as argued
before, is smooth and bounded as a function of & and & in Ac k.~ as e is taken to be very
small. The contour integral around Cj can be evaluated explicitly, due to (5.20). We thus

arrive at 1 5
_ ~ 1 D2 amep - .
lim Z3~ = — lim d&/ dD—e 22t Pz, (5,6, D)
30 07080 G
— —omi /8 d6 2P (5) (5.33)
Ae,k7

1-loop [ ~
= 47? g Res Z,7°%(0).
G=6.
6.€H_

Finally, let us examine the integral along the boundary at infinity:

~ ~ 1 _ﬁ+4wi§ﬁ = o
n= _do dD—e 227 2 Y Zy(6,0,D). (5.34)
oM r_ D

To evaluate this integral, one must understand how to control the behavior of the parameter
E as the coupling e is taken to infinity. We choose to keep E constant. This is called the
“Higgs scaling limit” in [38].2! This is because we wish to compute correlators of the
IR theories obtained by flowing from various Higgs phases of the GLSM. To make the

2INote that our gcan be identified with e2¢ of [38], where ( is the FI parameter of the one-dimensional
“gauge” theories studied therein.
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discussion more concrete, let us first restrict to values of E that lie in a chamber of a
“geometric phase.” We then see that the classical “Higgs phase” field configurations of the
localization Lagrangian (5.4) engineers the IR geometry whose Kéhler structure is given
by 5 Hence in order for the Coulomb branch path integral to compute correlators which
eventually are to be identified with those of the non-linear sigma model of an IR geometry,
this value must be kept macroscopic as e is taken to be small. An equivalent argument
holds for all phases of the GLSM.
We therefore arrive at

62 b/2

~ 1 Ty S ~
zo = /~ do dD,Aie_ 2 HamicD Zk(a-’ OA_’ QQD,) ' (535)
om Jro D

by the reparametrization D = ¢2D’. The contour of the integrand of (5.35) is depicted in
figure 6. Before going further, we must acknowledge an order of limits issue here. This
integral depends on whether the boundary of O is taken to infinity faster than e is taken
to zero. We assume that R must grow much faster, as the domain of integration should
in principle span the entire m regardless of the coupling. To be more precise, take the
|6| = oo and e — 0 limit so that

2

R=16" = . (5.36)

|o
In other words, log |4| is taken to grow faster than e% The behavior of the determinant
Z,% (6,0, ﬁ) has been studied in detail in appendix C.2.1. There, we provide strong evi-
dence that

iiig(l] Zk:;Z(a_’ 5,’ €2D/) — ‘1% Zl%'(&)eQi(l+€Q’a€Q/)(logR)QID/ . (537)
R—o0 R—o0

Here, €’ is defined to be B
, O
€ = —€q, (5.38)
6]
while ae, is a function of €q’ that is smooth and bounded in a small enough neighbor-
hood of eg’ = 0. This limit comes from estimating the (-function regularization of the
determinants ZP defined in equation (5.18). We thus find that

. _ D2 D! A~ = ~ . A7i €4+ L bo(14€q’ o log R| D' _1-1 ~
il_rf%) e 5— +4milD Zk(U,J, eZD’) — (131_I)I(1) e [f 5. bo( Q EQ/) g ] Zk oop(a) ) (539)
R—o0 R—o0

Recall that by = >, Q7. We can absorb the real part of the factor (1 + €q’c,,) in front
of log R in the equation (5.39) into R. Then, defining

~ 1
Car =&+ 5 -bolog R, (5.40)

we arrive at the integral

Q>
\.QH
=]
N—
—~
ot
I
—
N—

hm ZZO — llm - da_/ dblﬁl/e4ﬂl(€gﬁv+;ﬂboo(lenl)logR)DlZ,g())(
om "

e—0 R—o0
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Figure 6. The D’ integration contour in the e — 0 limit. When & < 0, the contour I'_ can be
deformed away in the lower half plane. When ¢ > 0, the contour must be deformed away to the
upper half plane, thus forcing the integral to pick up the pole at the origin.

where we have indicated that the exponent develops a real part parametrically smaller
than fgﬂv. In the presence of this real part, i.e., when by # 0, the contour I'" needs to be
slightly bent downward in the D-plane by an angle of order O(leql) to exhibit desirable
asymptotic behavior. This does not alter the position of the contour with respect to any
of the poles of the integrand. Now when é-gcfv < 0, the contour can be deformed away in
the lower half of the complex D-plane. On the other hand, when fe%v > 0, the contour
must be deformed away in the upper half plane. In this process, the contour Cy around
the origin is picked up. In conclusion, we arrive at

> — 271i0(Y) / d62(6,6,0) = 210 (D) / A6z (), (5.42)
om om
where ©(&) is defined to be

1 £€>0,
o(¢) = (5.43)

0 ¢£€<0.

Since Z(¢) is a holomorphic function on ﬁ\ A, it follows that
2mi / _d5Zp(6) =47 > Res Z,7°(5). (5.44)
om GocHUH_° F

Putting everything together, we arrive at the result:

Zg = ’W‘ Zq lim (z + 2zt +Z°°> (5.45)
_ _5[;[.2 qu Z ReS Zl loop( ) ( Z O]::{e Zl 100p(6_)

| | keZ 0*6H+ J*EH,

In doing the integral (5.28), we could have chosen the D-contour to be I';:

_ D2 47”{ — A

— § lim Drle 2t 5Dz (5 5 Dy,

52 ‘W‘ ngq el_>0 WI\A kdadaaa F+d ©F k(0—70’ ) (546)
e—0 €
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This would not have made a difference in the final result. Since 't —T'_ = —Cy,

.1 D%, amiE p N .1 i}
/ dD—e 22t P2u(6,6,D)=— | dD= = —21iZ () (5.47)
r,-r. D Co
and thus A
o __il ko1: Agxg 1-loop —
2 Zg = Wi Zq ’11_12% A dode0z 2, """ (0) =0, (5.48)
kEZ e—0 &k

: 1-1
since Z,7°P

(o) is smooth and holomorphic on m \ Ak

Let us conclude this section by commenting on the geometry of the contour of integra-
tion for b, to prepare ourselves for moving on to gauge theories with higher rank. In the
rank-one case, the topology of the D-plane and contours is simple enough to visualize, so
that the consistency of the prescription for the contours I'y is manifest. When the D—space
is multi-dimensional, it appears rather tricky to keep track of the topology of the contour.
In order for us to apply the machinery of [37, 38], we need to describe the contours as
hyperplanes. For the rest of the section, we demonstrate that this can be done, as we take
€q to be

e<Leqg < <1, (5.49)

where pg is the minimum of all other mass scales present in the theory:
o = min(1, fimin) (5.50)

where fimin is the lightest twisted mass. Following the usual strategy, the contour I for the
ﬁ-integral is defined via hyperplanes as we take €n to be very small compared to pg. The
path integral for macroscopic €n can be obtained by analytically continuing the result for
small €q.

Recall that the poles of ZZ(&) lie at the “hyperplanes” (4.8):

Q»

= &*Im = [—mg —€q (n + %)} /Qz, n €0, —rzlint . (5.51)

Assuming the separation of scales (5.49), all the poles of ZZ(6,6, D) with respect to Dz
lie above the contour
ImD7 = —rZ|eq|? (5.52)

in the DI-plane where we have defined
Dr=QzD. (5.53)
Meanwhile, all poles of ZZ(&,8, D) (with respect to D7) lie above the contour
ImD7 = 22|eq)? (5.54)

in the ﬁz—plane when
Q76 — Q767,| > (2 + 1) eq] (5.55)

for all poles &i n of ZE(&). The poles of ZF(5) all lie close to each other at a distance of
O(eq).
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Figure 7. Distribution of poles of Z;(&,4, D) in the D plane as 6 is varied. A / C is an O(uy)-
neighborhood of poles of Z7 (6) with @z > 0 / Q7 < 0, respectively. The poles of Z(6) themselves,
within A and C' are separated by a distance of order €. In B, the positive poles lie above I'; 5 and
the negative poles lie below I'_s, where § is of order O(|eq|) — there are no poles of Z(6,6, D)
between the two contours, as they are all away at a distance O(u%;) from the real axis. In A, while
some negative poles cross the real ﬁ—axis, "4 s still can be used to divide the positive and negative
poles. This is because the negative poles that cross D = 0 still lie within a range O(eq?) of the
real line, while the positive poles are far away from the real line at distances of O(u%). In C, T'_;
divides the positive and negative poles.

Let us take a small connected open set N7 that contains the domain

{6 :1Qz6 — Qz61,| <y}, (5.56)

for
€q < Pk < un < po < 1. (5.57)

Nz is of size O(uy) < po in the D-plane. Outside of Uz Nz, the positive poles of
Z1,(6,6, D) with respect to D lie above

Is={D:ImD=45} (5.58)

and negative poles lie below

Il s={D:ImD=-0} (5.59)
for any § of O(|eq|). Meanwhile, inside Nz with Q7 > 0, positive poles may swoop down
below the real f)—axis, but do not go below I'_5. Due to the separation of scales, all negative
poles of Z(5, 6, 15) stay far below I'_s within such N7. Likewise, inside N7 with Q7 < 0,
negative poles may go above the real axis of D, but do not go over ', s. All positive poles
of Zy(5,6, ﬁ) are far above I', 5 within such Nz. The situation is depicted in figure 7.

The upshot is for any point in m \ A, there exists a real line of the complex D—plane
that lies below all the negative poles, and that lies above all the positive poles. One can use

48 —



these hyperplanes to represent the topological prescription of the contour. Let us denote

Ne=|J N, No= | Mg, (5.60)
I,QI>0 I,QI<0

which consist of regions of size O(uy). I's, which we have defined topologically can be
redefined in the following way:

e '} is given by I'y5 in ﬁ\ (AcUNy), and by (T'_s — Cp) in Ny \ A.
o T'_is given by I'_s in M \ (A UN_), and by (I's + Cp) in N_ \ A..

An important point to emphasize is that this is true as long as J is of order O(eq). This
provides a nice handle on the D-contours that proves useful as we move on to computing
the path integral in the general case.

5.2 The general case

Let us now prove the formula (4.1) for gauge theories with general gauge groups. The
result follows from the analysis of [37, 38] straightforwardly — in this section, we explain
why that analysis can be extended to our case. To be more precise, we show that:

(1) The partition function can be written in the form

1
Zgz = — ) ¢"lim [ 5.61
% I s, (61
with ~
1 _ﬁ+4«igD N AN\ AP
p=—-e 222 7 Z(6,6,D)d"6 A (v(dD)) (5.62)
,

where v is defined such that
v(V) = h®dé, A V. (5.63)

for any form V valued in he. h® is given by equation (5.84) and satisfies the proper-
ties (5.68). Z,(6,6, D) satisfies

Z1(6,6,D = 0) = Z7°(5). (5.64)
(2) The D-contour of integration is equivalent to that of [37, 38].

(3) The asymptotics of p are such that when the covector n [37, 38] that defines the D
contour is aligned with

~ 1
uv :
= —bp lim 1 .
Sof. =&+ 5 bo lim log 2 (5.65)
as defined in section 4.1, the contribution from the cells adjacent to the boundary of

M at infinity vanishes.??

These conditions are enough to arrive at (4.1).

22 As is evident from various examples presented further into the paper, the parameter E, when restricted
to the dual of the center of the lie algebra ic® C ih* may not be generic enough. In this case, £ is to be
deformed within ¢h* slightly to a generic value, and then taken to its initial value by analytic continuation.
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In this section, we choose to follow the notation of [37, 38|, without much alteration.
Since our result follows rather straightforwardly from the methods of [37, 38|, we do not
rehash all the steps taken in those papers with the level of rigor of their presentation.
Instead, we simply review their notation and results relevant in the present setting and
explain why they can be re-run for our computation.

Condition (1) follows from supersymmetry. Repeating previous arguments, the parti-
tion function is obtained by the integral®?

47r7,§

, I
Zg = — khm/ (d64d54dDadaddg)e 52+ 5D 2,55\ X, D).
56 ]W% TxIM\ A H o 2 (

e—0

(5.66)
Here, D? is understood to be the inner-product of an element of hc defined by the Lie
algebra, while E (D) is the pairing between elements of hi. and hc. Note that E in this term
is not to be taken as the n-dimensional vector in the free subalgebra of g, but rather as
an element of hg with r components. Recall that 2 (¢, G, )\,X, ﬁ), which we denote Z, for
sake of brevity, satisfies the supersymmetry equations

0 A0 0 0
2)\ - D, Z -2, Da — | Z,=0. .
< 8(7(1 8)‘ ) " < 80& * 8)\a> =0 (5 67)

Let us assume that there exists a symmetric tensor A% satisfying
. 1. .
95. 21(6,6,D) = 5D,,hbaz,k(&, 6,D), 05 h™ =05 h?. (5.68)

Then we find that
21(6,6, D) exp(h* M\ (5.69)

is a solution to (5.67). This implies that
Z4(6,6,\ N, D) = 24(6,6, D) exp(h*XpAe) + C(6,6, M\ A, D) (5.70)
where C is a solution of (5.67) whose bottom component is zero:

Co=Cly_5_,=0. (5.71)

Let us now show that the top component Cl|5 , .5 5 of C vanishes. The HQ(XQ)\G)
component of C can be written as

. 1 s
<H Da> Clipnr = o KH D“a/\,ﬂX ) c] R (5.72)
a b a A

=A=0

Meanwhile, the supersymmetry relation implies that

DyC = 24:,C, (5.73)

Z5Note that the definition of Z in this section differs from that of section 4.3 by an exponential factor
only dependent on D. This does not affect the supersymmetry relations or properties of h’, as D, are
invariant under supersymmetry transformations, as can be seen from equation (5.67).
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where we have defined the operators

. 0?2 0 0?2
Dy = D, — = A 5.74
’ NNy A= 55, T M B, (5.74)

The commutation relation between these operators are given by

Das D] = [Aas Ay =0, [Das Ay] = _Qaip"‘ (5.75)

We therefore see that
1 T 2 r—1
5 (H D,,) C=1 (H Db> AC = (5.76)
b=1 b=1

can be ultimately written as a linear combination of terms of the form

0 2 4. Ay, C. (5.77)

064, 064,

The lowest components of these terms vanish, since they must be multiples of derivatives
of Cp, which is zero. We therefore arrive at

C|X1Al"‘Xr)\r =0, when C’)\:X:(] =0. (578)

Hence we find that the highest component of Z (4,4, A, X, 15) is given by

25050, = 2k(6,6, D) exp(B" MMl v, 5, = db%t(hbc)Zk(&,é, D). (5.79)

It follows that

1 47r1§ = =~
ZS?z = qu hm/F A, H doadaadD e~ 2e2+ (D )det(hbc) 2:(6,5,D)
k

e—0

1 (5.80)
k
= — lim .
W Ek: 29 Jrxam\A.
The function Z(o, g,D) is obtained by multiplying all the one-loop determinants of
Charged field components in the theory labeled by Z when the background zero modes
04,0, and D are turned on:

24(6,6,D) =[] 2f(6.6,D). (5.81)

Recall that the determinants of a component of a charged vector field is equivalent to that
of a charged chiral field with R-charge 2. The one-loop determinant of a charged field
component Z, whose computation is presented in appendix C, is given by

Z56,6,D) =2 1)(5.5.D)- 22", (.5, D) (5.82)

Qz(k) |E=Qz(&>+m§ , D=Qz(D)">
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where Z\” and ZP have been defined in equations (5.17) and (5.18), respectively. It
follows that
Z.(6,6,D = HZI Z7% (5, (5.83)

as claimed. We find that the symmetric tensor h% given by

ab . S
h® = 2i Z QfQ%FrI—QI(k) (E? 27 D) ‘EZQZ(&)+mII:7D:QI(ﬁ) ) (584)
T

satisfies the conditions (5.68). Here, F;.(X, 3, D) is defined to be
Ir[/2

= 1
Fu(3,5,D)=0(r < 1 -
( )=06(r < )mg;ﬂ %(iD + B(Z + eqm))
1 (5.85)
+ Z _ .
L2 Bina(5,5) (1D + A e(2, D))
J>jo(r)
with
< S oy r/r
Ajme(2,8) = B(E +eqm) +5( +1) - 5 (5 -1). (5.86)

In particular, it can be explicitly verified that

ab cb . LT S
95,h® = 95 h :ZzZQaQchﬁzFrI—QI(k)(E,Z,D)]E:QI(&)ME’D:QI@). (5.87)
T

Note that the poles of h% with respect to D are a subset of the poles of Z.(5, 6, ﬁ) Now
defining

(-2 _Bimen Lo o nos) QD) dQu(D)
Qs = e 227 T Z ,D)d"6 A (v(dD))MNr=9) A ARRRWA ;
(5.88)
we find that .
i@, = Y (=1 g, 5,0, (5.89)

1=0
where ~ implies omission. Note that for generic values of &, the only singular loci of pq,...q,
with respect to D when D is real are given by the hyperplanes

QD) =0. (5.90)

The inclusion of operators in the path integral does not alter these relations. Recall
that the operator insertions O(o) at the north/south pole of the sphere corresponds to

EQk) of &, in the integral. Since this polynomial only depends

inserting a polynomial O(6+
on G, this does not affect any of the relations the integration measure p satisfies.

Now taking an appropriate cell-decomposition of the integration domain m \ A, we
find that the integral (5.80) can be written as [37, 38]:

T

/ ou=-3 3 / Moz -0p, s (5.91)
M\ A FXS(Ilml)“'(Ips"p)

p:1 (Il)n1)<"'<(IP’nP)
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due to (5.89). Some notation needs to be explained. Denoting the e-neighborhood of a
hyperplane H as A(H), we define

Szn) = 0ANOA(HT). (5.92)
We also define the “contour at infinity”
Seo = —(8MM) \ A, (5.93)

where 090 is understood as the infinite radius limit of a (2r — 1)-dimensional sphere en-
closing a 2r-dimensional ball inside 9t. Let us denote the set of indices (Z,n) by Zg, and
S = FsU{oco}. We order the indices so that (Z,n) < oo for all (Z,n) and

(Z,n) < (Z',n') if ZT<Z or I=7 andn<n'. (5.94)

Then S(z, ny)--(z,.n,) 15 defined as

p
S(Il,nl)-"(fp,np) = ﬂ S(Is,ns) . (5.95)
s=1

Hence in order to compute the integral, one must define the D-contour T' for 1Qz, Q1
when ¢ take values on Sz, n,)...(z,n,)- The vector Qoo, for now, is taken to be arbitrary.
Now let us show that condition (2) holds true. In particular, we construct the D
contour I fibering over the domain of integration for & and &, i.e., m \ A, and find that
it is equivalent to the D-contour used in [37, 38]. What we show is that the manipulations
shifting the D-contours carried out in those references can be carried out equivalently in
our case as well. Before doing so, let us extend upon the discussion at the end of the
previous section. Due to the rather erratic behavior of poles of the integrand with respect
to D, it is rather difficult to describe the geometry of the contour I' for macroscopic €q.
Upon assuming the separation of scales (5.49), we gain enough control over the behavior of
poles to describe the contours using hyperplanes, as demonstrated at the end of section 5.1.
Following the process presented there, we can show for all charged field components Z that
there exists a tube
Nz = NI X KerQI, (5.96)

such that

e N7 is a disc of radius O(uy) encircling all the hyperplanes HI, where

€q < P < pun < o (5.97)

e When & ¢ N7, all poles of Z# (5,6, D) with respect to Qz(D) lie above the contour

To,s={Qz(D) : ImQz(D) =4} (5.98)

on the Qz(D)-plane if § is a positive number of O(|eq|).
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e Even when & € N7z, all poles of Z,%(&,ff, ﬁ) with respect to Qz(ﬁ) lie above the
contour

Lor -5 ={Qz(D) : ImQz(D) = -5} (5.99)

on the Qz(D)-plane if § is a positive number of O(|eq]).

By assumption of projectivity, we can make €n and, accordingly, uy sufficiently small so
that for any set of indices

T={Ti, T}, (5.100)
the intersection
(N Nz=0 (5.101)
Tel
when Qz,, - ,Qz, do not lie within a half-plane of ih*. Note that
S(Z,n) C Nz. (5.102)
Let us denote
Niot =Mz (5.103)
i

We see that for values of & € 9 \ Ntot the contour
F'={D:ImD=4¢} (5.104)

for an r-dimensional vector ¢ of magnitude of O(|eq|) divides all the poles of the theory cor-
rectly, and thus defines a valid contour of integration for the integration density 1Qz, Q1
for any Z,--- ,Z,. More precisely, the poles of Z,f(&, G, D) lie above the projection of I' to
the Qz(ﬁ)—plane for all Z. The construction of N7 along with projectivity enables us to
make a stronger statement. Let & be a point in m \ A and let

I6)={T :6€Nz}. (5.105)

Then, I of equation (5.104) is a valid contour of integration for D at 6 — i.e., divides up
the poles correctly — if § is a vector of magnitude O(|eq|) and

Qz(5) <0, forall TelI(5). (5.106)

At this point we can define the ﬁ-integral of any 1Qz, ~Qz, by specifying a contour I' with

respect to d on m \ Niot, computing the ﬁ—integral there, and analytically continuing to
regions within Az. This provides an existence proof for the appropriate “deformation” of
I" into all points in m \ A.. In order to evaluate (5.91), however, we need to provide more
details about the ﬁ—integration contours on Sz, n,)...(z,n,), Which lie inside b Nz,
We now have the necessary tools for consistently assigning contours I' for the integra-
tion (5.91). The main difference of our situation compared to [37, 38| is that in order for
the contour of integration to be defined as a linear combination of products of hyperplanes

and tori, the contour I' must be defined via the shifted ﬁ—contours, even before considering
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the integral (5.91), for points & that lie inside any N7. As we show shortly, the “shifting”
is equivalent to that introduced in those works, as long as the shifts ¢ are taken to be of
size O(|eq|). Note that pug,, .., vanishes unless the charges Qz,,---,Qz, are linearly
independent. Also, in evaluating equation (5.91) we only need to specify the integration
contour I' for the integral of pq;, .., within No_, Nz,.

Let us construct a D-contour I' for some covector n € ih*. Here n is a book-keeping
device that specifies the topology of the integration contour. In the previous section, ih*
was one-dimensional, and n > 0 / n < 0 for the choice of contour I'y. / I'_ there. We
assume that 7 is generic so that it cannot be written as a sum of less than r vectors (7.
Given such a 7, and a set of indices {Zy,--- ,Z,, 1, - - , Jy} for which the charges

QIU"' 7@1;;7@]17"' anq (5107)

are linearly independent, we define the vector dz,..7, 7,.. 7, that satisfies the following
conditions:

e It is orthogonal to Qz,:
Ql'l (511'“117]1“‘/11) == QIP (511'“110]1“‘/11) =0. (5108)

e For any J such that

Njﬂ(ﬁNJS> #0, (5.109)

s=1
the following holds:
Qj((sl’l...zpjl...]q) < 0. (5.110)

e Its magnitude is of order O(|eq|), i.e., for any 7,
Qs0r..1,70-7,)=0, oo Qy(r.1,7, .7, ~Oea). (5.111)
® 07,..7,, with no slashed indices, satisfy the condition

n(é) > 0, n(éz,..z,) > 0. (5.112)
Using these vectors, we define the contours
I'rz g, ={D€bc : ImD =677 7. 7. Qr.(D)=0forall s}xlr..z, (5.113)
where (z,...7, is a small p-torus encircling (_,{ Qz, (D) =01}. As before,
F={D:ImD=4¢}. (5.114)

We see that I'z, ..z, 7,... 7, has the topology R"™7 x T?.
Now let us consider a point & on 53?\ Ag. Let

.y, L, € I(5). (5.115)
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Then, for any Zy,--- ,Z,,J1, -+ , Jy such that

{Iia e ’I;/} C {Zla o 7Ipu.717 te 7«7(1} C I(a') y (5116)
with linearly independent
QI17'” 7@1;;7@[717"' 7Q.,7q7 (5117)
the contour
V'yy.z, 717, (5.118)

divides the poles of ug o Qp correctly at o, by construction. Hence it is a valid contour
1 p/

of integration for ug_, ..., at the point 4.
1 !

Meanwhile, in & € m \ Niot, the contours for the integral of BQx, +Qx, satisfy the
relation

le...zp gFIl---Zp/fl---/q + @(le (5I1"”?Zp))FII"'ijl,ZQ"'/q R

k
+[10@a0n, )5 2,5., 5 7y iy + (5.119)
t=1 -
p p
+][0Qa.6m - 21,7, 7, 500, + | | ©Q. (611, 2 111,51 753,
§=2 s=1
for
{Ks} CH{Z:} U{Ts}- (5.120)

The right-hand side of (5.119) is a sum over 27 terms where each index 7, appears either
slashed or not. The congruence (5.119) is at the level of homology on the “punctured”
complex D-space where hyperplanes of poles of BQx,~Qi, With respect to D are removed.
Hence, any contour, once split up in the manner (5.119) can be continued to a point &
within

ge () M. (5.121)

Te{ZsYU{Ts}
An important property of the contour Fz‘l..,zp\jsl.‘.jsk/j’s,l.../S;7 in (5.119) is that if

k
Ks € {Ty}, (5.122)

i.e., if any of the indices Ky show up as a slashed index in the contour, then

gg%/ HQic,Qx, = 0. (5.123)
e—0 FII"'I;Djsl"‘jsk/js/l"',i/s/ . XS(K1,m1) (K me)
oy

This is because equation (5.122) implies that the contour of (5.123) for the D integral is
such that Qx, (D) < 0 and Qx, (D) ~ O(|eq|) on the contour. This means that all the poles
of BQx, +Qx, in the Q;gt(f))—plane, including the one at the origin, lie above the contour,
and no poles cross the contour as € is taken to zero. Hence the integrand vanishes in the

limit € — 0.
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We can now describe the integration contour I' for BQx, +Qx, for points & inside
ﬂizlj\/'s. This in particular implies that s € I(d) for all s. Therefore, from previous
discussions, the contour I' can be continued to such a point ¢ by the decomposition:

D=Tj ., +0(@Qc(0) 'k, sy, +

t t
+ [ ©Qk. ()T s x5k, + ] O(Q (6)T i1k, -
s=2

s=1

(5.124)

This is precisely the contour used in [37, 38] to evaluate the integrals of BQx, Qi, - Tak-
ing (5.91), and using (5.123) we arrive at the expression

r

/miime p=—y_ > 11 @(st(d))/ HQy, Q- (5.125)

=1 (Ty,n1)<<(Tpnp) s=1 P22y XS(zy n1) - (Zpomp)

Equation (5.89), the decomposition rule (5.119), and the vanishing rule (5.123) enable
us to replicate the manipulations of [37, 38] further to arrive at

/~ = (5.126)
'\ A

=(-1)" > IT ©@s6. 5.2)) | Pz @) + B
(Z1n1) << (Zrnr)<oo \T€{I1,,Ir}

where Pz, n,)...(Z,,n,) 18 defined by

P(Ilml)'"(f[r,nr) = lim HQ1 Q1z, (5127)
2:))8 FIl"'I’I‘XS(Ilgnl)"'(IT‘vilT‘)

and B is the “boundary term” which we soon discuss. As noted in [37],

1 lf 77 E Cone(Q117 e 7QIr)

(5.128)
0 otherwise.

O -zin= |1 ©Qs(. 5.2)) = {

Je{Th, I}

Meanwhile, by definition, T'z,..7, is an r-torus surrounding the point (),{Qz,(D) = 0} in
complex D-space. Recalling the definition of BQz, Q1. (5.88), and the relation (5.83), i.e.,

Z,(6,6,D = 0) = 2°P(5), (5.129)
we arrive at
/ 1Oy -0y = (—4mi)" lim Z7P(G)d 6 (5.130)
I'z...z xS Iy 1 " e—0 S Ty np
1 T (Z1,m1) - (Zr,mr) e—0 (Z1,m1) - (Zr,mr)

when Zg # co. Therefore we find that

— (47m')7" k : 1-loop / A\ g7 a
Zg = i >a > Opylim A (6)d"o +B. (5.131)
k P={Ty, Ir};goo e—0 "2 (Z1,m1)(Zrmr)
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It has been shown in [37] that the first term in the previous line can be identified with the
Jeffrey-Kirwan residue:

> O, lim 2,(6)d"6 = (2mi)" > JK-Res[Q(6.),7] 2, °P(5).
WAL, Tigoo  em0 ) ST poemb,

sing

(5.132)
are the collection of codimension-r singular points of Z."°°P() on M. We use

amrk
9ﬁsing
Q(5+) to denote the charge of the singular hyperplanes Qz,,--- ,Qz, (s > r) colliding at
0« Note that when S(z, ,,,)...(, n,) is surrounding a non-degenerate codimension-r pole &

of Z,7°°P(5), we get the iterated residue:
/ 2,71 (5)d 6 = (2mi)" Res Z,7°P(6). (5.133)
S(@y.m1)-+(Zrnr) o=

To arrive at the final result, let us show that condition (3) holds. As explained in [38],
the boundary term ‘B is given by a linear combination of integrals of the form

lim Qg Q1. 1Qu (5.134)
0 lemrqflXS(II,n1>~-<zq_1,nq_11>oo !
We take 1
Qoo =% and n=¢%Y =€+ —by lim logR. (5.135)
2T~ R—oo

The precise definition of the R — oo limit is elaborated upon in sections 4.1 and 4.7. As
before, upon taking the limit e — 0, we also take the boundary radius to grow faster than
exp(e%) so that

R=16" = . (5.136)

Now when restricted to the contour S(z, 5,)... o0, We find that

Zg-1,mg-1)

o252 P B R
lim o3 D) 2, (5,6, =
R—
h 47ri[g+iQI 7., (1+eq’al )logR](ﬁ’) 1-loo (5137)
— il_rf(l) e 27 1, tg—1 €Q Zk_ p(a.)
R—o00
where
Q1 1y = > Qs (5.138)

QJ%P(Qllf" 7QZq_1)
P(Qz,, -+ ,Qz, ) is the plane in ib* spanned by Qz,,---,Qz,_,. This is because if Q7 €
P(QIN to aQqul)a

(Qr(6) +mf)(Qr(6) +mf + ea)| < Olho) (5.139)

where pg is the macroscopic scale set by the masses of the theory. We thus find, for such
indices J that
lim Z7(5,6,¢’D) = 27 (5). (5.140)
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Meanwhile, for Q7 ¢ P(Qz,,---,Qz, ;)

(Qr(6) +m)(Qs(8) +mf + eq)| ~ O(|6]) (5.141)
and thus
il_% ZJ( 5,’ 62[)) _ ll_r)l(l) €2i(1+59/a/59)(10g R)QJDZ;Z(&) ’ (5.142)
R—o0 R—o00

from the behavior of the (-regulated piece ZP° of the determinant explained in ap-
pendix C.2.1. We hence arrive at the result (5.137).
From (5.137), the D-integral of the terms (5.134) in 9B is of the form

) . ngV D/
lim f@@%@mwlwﬂ>
ng)oo FIl"'qul geﬂ‘ (D)

(5.143)
= 1 .
exp [4m <§ + %QZI_..qul(l + €0/ aey) log R> (D’)} :

where f is a form that does not affect the asymptotics of the £eUﬁV(lA))—integral. Let us
denote

5’ = P}lm <§+ ﬂ,QIl"‘qul log R) . (5.144)

By definition of the contours I'z,... the integration contour for the variable £ (D ) lies

Zg-1>

within the plane
Qr(D)=---=Qz, ,(D)=0 (5.145)

in hc. We therefore find that on I'z,..7,_,,
& (D) = €'(D), (5.146)
since
Q7(61,..7,)(D)=0  for Qs € P(Qz,, - Qz,.,) when DeTz.z7,,. (5147)

Thus the integral (5.143) may be rewritten as

. / 2 dgl( )
lim co 82D
A% /F11-~1q1f( s (D) (5.148)

- exp [4772' (5' + %bo(’)(kg\)log R> (ﬁ’)] .
As before, we have absorbed the real part of (1 + €n’ae,,) in to the definition of R, and

indicated the existence of a parametrically small real part to the exponent in (5.148).
Meanwhile, I'z,..z,_, is situated within the plane (5.145) so that

Im¢' (D) =Im &R (D) = €% (67,-7,-,) > 0, (5.149)
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and thus the contour of integration is above the pole 5/( D') = 0 and the &(D’')-integral
and can be deformed away to posmve infinity in the &(D) plane.?* Therefore the integral
at boundaries of 5m\ A, touching oMm vanish, given the choice (5.135) of n and Q:

lim/ " vy = 0. (5.150)
Qz,- QZ 1 (Qoo=¢;
eIy 2y 0o X STy ny ) (g1 mg )00 i

As demonstrated in the previous section, the integral (5.91) does not depend on the
choice of 1) or Qoo [37, 38]. Thus setting = Qoo = £} and combining (5.131) with (5.132)
and (5.150), we arrive at:

zg = o) Z > JE-Res[Q(8.). 6] 2,7°(6). (5.151)

FLEME

sing

The physical correlators straightforwardly follow, leading to the main result (4.1).

The derivation given in this section does not rely much on the details we have assumed
about the localization saddles parametrized by the Coulomb branch coordinates & and 5,
and the determinants Z7 (6,6,D). In fact, much of the effort in this section has been
geared toward proving that Z,% (0, 5’, ﬁ) satisfy certain desirable properties. The properties
needed to arrive at the formula (5.151) are given by the following;:

e & and & are independent coordinates on the moduli space of Coulomb branch saddles.

o 71 (5, G, D) factors into the function Z(© defined in equation (5.17), and a function
ZP% whose poles with respect to D safely lie in the upper-half of the complex D
plane for any ¢ and & for small enough €q.

pos

e The asymptotics of Z

Let us end this section with a remark on the JK vector §EHV. Note that while 5 is not
the physical FI parameter, as explained below equation (5.34), it acts as a FI parameter
for the localizing Lagrangian (5.4). More precisely, the fictitious UV FI parameter égfv
determines the “phase” of the Higgs branch of the localizing Lagrangian. We thus expect
that the main formula (4.1) for the correlators to be a convergent series in ¢ only when ¢
and 56%\/ are aligned, i.e., when the phase of the localizing Lagrangian coincides with the
phase of the physical theory. Even when the physical FI parameter £ is taken so that these
phases do not match, equation (4.1) still should produce a formally correct series expansion
of the correlators, although the series is not expected to be convergent for such values of &.

6 Quantum cohomology and recursion relations in €q

In this section, we investigate relations that expectation values of operators must satisfy
from a general perspective, while the correlators of specific theories are computed explicitly

**When by # 0, the definition of I'z,...z,_, must be such that its projection to the ¢'(D) plane is bent
slightly upwards with angle O(|eq|). This slight modification to the definition of I'z,...z,_, does not affect
its position with respect to any of the poles of the integrand.
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in the following sections. In particular, when the e parameter is turned on, the correlators
of the theory satisfy certain recursion relations that can be used to efficiently compute them.
Such relations are more easily derivable in abelian theories — for each gauge group factor
U(1), of an abelian theory, we find that

Q-1
<(9<N>(UN)0<S>(US) I 11 [Qi(aN) +ml + eq (% + z)]> (6.1)

i, Q>0 1=0

Q-1
= a <0<N>(JN— ead(@)09(os) [T I |@ion)+mf +ea (5 + z)}> ,

§,QI<0  1=0

assuming that all the singularities of Z;'IOOP are projective.?> We have defined the vector
d(a) € ih by
(5(a)b = 5ab . (62)
As before, the index ¢ labels the chiral fields of the theory. The product on the left-hand
side of this equation is over the chiral fields ¢ with positive charge under U(1),, while the
product over ¢ on the right-hand side is over chiral fields that have negative charge. For
sake of brevity, we focus on recursion relations for operator insertions at the north pole,
with the south pole insertion @) (o) in (6.1) as a spectator (relations for operators at the
south pole are obtained by replacing N <> S and €g +» —€q). It is immediate to see that
the identity (6.1) reduces to the quantum cohomology ring relations in the limit e — 0,
where we obtain the A-twisted theory.
The relations (6.1) can be summarized efficiently by considering the generating function

F(z) = <ezb‘fb|N> (6.3)

for the operator insertions at the north pole. Equation (6.1) can be straightforwardly
translated as a set of differential equations for F'(z):

Q-1

II 1I [Q?@zb +m! +eq (% + l)} F(2)

i, Q¢>0 =0
B Q-1 ., . , (6.4)
= gue 7" |:'b m; e(— l)}Fz.
We investigate abelian GLSMs in section 6.1 and present a proof for the formula (6.1).
This relation follows from the structure of the function Z;'IOOP. We verify the quantum
restriction formula of [10, 13], and derive its eq-deformed version in a similar fashion.
An elegant presentation of the recursion relations for non-abelian theories is still lacking,
although expectation values of gauge invariant operators of the theory can be computed
using the associated Cartan theory. In section 6.2, we restrict ourselves to discussing how
to verify the quantum cohomology relations of correlators of the A-twisted variables for
U(N.) theories with fundamental and anti-fundamental matter.

ZThese relations can be violated, given that there exist non-projective singularities of Z;’IOOP in the
theory. Explicit examples are presented in the following sections.
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6.1 Abelian GLSMs

Let us consider abelian GLSMs with G = U(1)"™*(%) and matter ®; carrying charge Q¢
under the gauge group U(1),. We normalize the gauge fields so that the charges, and
hence the fluxes, are quantized to be integers. Let us now derive some relations between
vacuum expectation values of operators that follow from the properties of the one-loop

determinant 2" (6

g;€q). We focus, for sake of simplicity, on the case when operators
are inserted at the north pole of the sphere. Insertions on the south pole can be treated in
a similar fashion.

For abelian theories, the one-loop determinant may be written as

p(QEmE | rQuk))

Z]i loop( G Q) H EQTz‘*Qi(k)*l — €Q 2 (65)
i r(mL _ n=g) 1)
One may explicitly verify the identity
1 loop . b Eka F i
05 €Q) H H [Q < >+mi+eg<2+lﬂ
1,Q¢>0 1=0
1 EQ(S(CL)
=z G 5 i€0) (6.6)
lQg|-1
5ab Q(ka - 5ab) F T
- 11 H [ <ab+692—2 +mf +eq <5+l>
,QI<0 =
for each a, where we have defined the vector §(a) € i by
5(a)y = Oap - (6.7)
Now the JK residue
Zq JK-Res [f ] zk 10°p( ceq)OW) <6 - EQ];> o®) <6 + EQI;>
(6.8)

- QHM «—:akb>+m;+m(g+z)]

i, Q>0 1=0

yields the vacuum expectation value

<O(N)(UN)0(S)(US) H Qﬁl [Qi(aN) +m! +eq (% + l)}> . (6.9)

i, Q>0 1=0

We choose to neglect the volume form doy A - -+ A dby(g) in the residue formulae such
as (6.8) to avoid clutter. Meanwhile, the sum

k UV] ~ldoop [~ , €2d(a). M [ - k s (. k
Zk:q JK-Res [feﬂ ] Zk;—é(S) <O’ + —5 €Q) ow) (o— - 695 oY) (& + 695
Q%11 (6.10)

1 H [ <ab + GQ% - eﬂ(k“; 5“”)> +mf +eq (% + l)}

1,Q%<0 1=
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can be massaged into

Ga quJK—Res [ Eﬁv] Z;_IOOP(&; €q)OW) <& — ng — 695(a)> o) <& + GQ];)
k
Qzl-1 (6.11)

. H [Qf <&b — eQ;“) +mf +eq (% —i—l)]

,QI<0  1=0

by shifting & — & — 2€qd(a) and k — k + §(a). This expression is equal to

Q211 ,
qa-<0<N>(0N—695(a))0<3>(as) T 1I [Qi(UN)-f—mf—i-eQ (’"+z)}> (6.12)

. 2
i, QI<0 1=0
We thus arrive at the desired relation:

<(’)(N>(UN)@<S>(O—S) I1 Qﬁl (Qilow) +mf +ea (5 + z)]> (6.13)

§,QI>0 1=0
Q7|1 .
g <(9<N>(UN ed(@)0®(os) T] I [Qi(o—N) +mf +eq (5 + z)} > .
i, Q<0 1=0
Using these relations, the correlation functions involving operators of degree
max | Y QF, Y Q] (6.14)
,Q9>0 1,Q9<0

in o inserted at the north pole of the sphere can be written in terms of correlators with
operators of lower degree. In special cases, the relation (6.13) may simplify further, by
replacing O (an) by O™ (ax)/f(on) for some polynomial f, given that f(ox) divides

Qi1 |
[T II |Qion)+mf +ea (5 +1)] (6.15)
,QI>0 1=0
and f(on — €qd(a)) divides
lQ7I-1 .
[T II |@own)+mf+ea(5+1)]. (6.16)
1,Q¢<0 =0

This applies, for example, to the quintic GLSM studied in section 7.3.

Now in deriving (6.13) we have assumed that the operation JK-Res [ge%v] is well-
defined. Thus, the formula (6.13) may fail in the presence of non-projective singularities
of the differential forms of (6.8) or (6.10). In those cases, the non-projective singularities
must be tamed by introducing additional twisted masses to the theory and expectation
values must be computed by first doing the computation in the deformed theory and by
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gradually turning off the twisted masses. The expectation values with vanishing twisted
masses obtained this way are not guaranteed to satisfy the recursion relations (6.13).

Let us conclude the discussion of abelian theories by showing that the quantum re-
striction formula of [10, 13] for abelian GLSMs is naturally realized as a property of the
one-loop determinant Z;'IOOP . The quantum restriction formula is relevant to computing
quantum correlators of complete intersections in compact toric varieties. Let us review the
presentation of the formula following [13]. A compact toric variety X is engineered by an
abelian GLSM with gauge group G = U(1)™ (&) with chiral fields ®; whose charges QY
lie within a half-plane of ¢h*. We would like to understand the GLSM that engineers the
non-linear sigma model of a complete intersection manifold M defined by the equations

in the toric variety in the infra-red limit. The G(®;) are charge dj-operators. We now
introduce the fields Pg with charge —dg to the theory, and add the superpotential

¢
W =) PsGp(®;). (6.18)
B=1

In this theory, which we denote 73, the R-charges of the ®; fields are taken to be 0, while
those of the P-fields are taken to be 2. This theory engineers the desired manifold M in the
IR in the £ > 0 phase [4]. Meanwhile, we can also consider the theory .7, that engineers
the non-compact toric variety defined by the fields ®; and Py together. In this theory, all
the R-charges of the fields are set to zero. The quantum restriction formula relates the
expectation values of A-twisted operators of theory 73 and theory .73, (with vanishing
twisted masses) by

‘
(0(0)) 720 = (1) <0(0) 11 d6(0)2> : (6.19)
p=1 Ty 0
The subscript “0” in equation (6.19) signifies that the expectation value is taken in the
A-twisted theory.

The relation (6.19) is a natural consequence of the properties of Z,°%(6; €q). Let us
denote the one-loop determinant in flux sector k of the theory Zy; and Fy as 2,5 (5; €q)

and Z‘lf' }:Op(&; €q), respectively. It then follows that

¢
-loop / -loop / ~ dg(k)?
2 im(sen) = 200 Gren) T (dslo)? - ™) (6:20)
B=1

We thus arrive at the deformed quantum restriction formula:

(O(on)O(05)) 7, = (—1)" <O(UN)O(US) H(dﬁ(UN)dﬂ(Us))> 7 (6.21)
B T

where the sign (—1)Z follows from the prescription of section 4.5. This equation reduces to
the relation (6.19) in the A-twisted theory.
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6.2 Non-abelian GLSMs

Let us now discuss the quantum cohomology of theories with non-abelian gauge symmetry.
While the correlators of gauge invariant operators of the theory can be efficiently computed
using the recursion relations (6.13) by utilizing the associated Cartan theory, these relations
have not yet been written in an elegant way comparable to the quantum cohomology
relations that can be found, for example, in [50, 52, 65, 66].

We can check in certain examples that the correlation functions computed using local-
ization techniques satisfy the required quantum cohomology relations. The representative
example is a U(N.) theory with Ny fundamental and N, antifundamental chiral fields. Let
us also make the technical assumption that the R-charges of the fields are favorable, so

that equation (4.74) is applicable. Turning on generic twisted masses —mf o mff for
the fundamentals and mi’, - - mﬁ for the antifundamentals, the A-twisted correlators of

the theory can be written as

dé o e
(O(a))o =N - H 2;1‘[ Y [[(~6 + mf)51

i=1 (6.22)
627ri7‘88&a Wesr

60— 60)* ——.0(5).

ash Ha(l _ 6271'7,8&(1 Weﬂ)

for some integers 7. We can be cavalier about the overall normalization constant .4~ for

the purposes of this section, as we are interested in verifying the quantum cohomology
relations.

Now let us insert any quantum cohomology relation of the form
flo)=0 (6.23)

in the expectation value, where f can be written as a Weyl-invariant polynomial of the vari-
ables o,. For generic twisted masses, the quantum cohomology relations are the relations
that the isolated solutions (og) to

2100 Werr _ 1, oq Fop for a#b (6.24)

satisfy [52]. That is, f(o¢) = 0 for any solution og of (6.24). Assuming that generic twisted
masses are turned on, the integral (6.22) is given by the sum of residues of the integrand
located precisely at the solutions of equation (6.24). Note that the non-degeneracy condi-
tion of the solutions is enforced by the Vandermonde determinant in the integral (6.22).
Thus we find that

(f(0)O(0))o =0 (6.25)
for any quantum cohomology relation f. This proof is expected to extend to a large class
of examples, including quiver gauge theories. It would be interesting to lift some of the

simplifying assumptions we have made in this section and see if the quantum cohomology
relations still can be derived.
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7 Examples: correlators with (2-deformation

In this section, we apply the Coulomb branch localization formula (4.51) to some abelian
gauge theories and we compute correlators with all the insertions at the north pole. (This
is for simplicity of presentation. Considering insertions at both the north and south poles
is straightforward.) These correlation functions satisfy the finite difference equations (6.1),
that may be used to compute them recursively. We also study generating functions of
north pole correlators, which satisfy differential equations of Picard-Fuchs type [11] due to
the finite difference equations (6.1).

7.1 The abelian Higgs model

The abelian Higgs model is a U(1) gauge theory with a single chiral multiplet ® of charge
(), which we assume to be positive in the following with no loss of generality. The effective
FI parameter in the UV is §EV = 400, forcing a non-vanishing VEV for ®. The vacuum
moduli space consists of () points related by a residual Zg gauge symmetry. In the UV
geometric phase where ® takes VEV, the JK residue JK-Res [ G%V] is a sum of residues at

the poles of the 1-loop determinant of ®,

Qk
HO(Q6+ (p— Q%)eq) ™! Qk >0
p:
Z2(67€q) = 1 Qk=-1 . (7.1)
—Qk—2
[l (@o+(+ Q% +plea) Qk < -2
\ P=

fo has poles only for k& > 0 if @ > 0, therefore the sum over k in (4.51) reduces to
k > 0. This is the first instance of a general phenomenon that we explained in section 4.7
and that we will encounter repeatedly: the summation over k effectively reduces to the
closure (4.67) of the cone dual to the cone in FI parameter space that defines the UV
phase of the GLSM, up to finite shifts due to the R-charge. This general structure arises
naturally in the approach of [10] to the sum over instantons and it is satisfying to see it
appear also in our formalism. In the case of the abelian Higgs model, the GLSM is in the
phase £ > 0 in the UV: correspondingly, the sum over k reduces to k > 0.

Inserting twisted chiral operators only at the north pole and shifting the integration
variable 6 — & + %EQ (in other words, the new & is o), the localization formula (4.51)

becomes
0o Qk PO 00 P
n\ __ k _ k
W= FY e o e S Re (1
0 ST T Qo bpen) i T T1(Q0 + peo)
p=0 p=0

From the latter expression in (7.2) it is straightforward to obtain the first few expectation

values

(%) =0 (n=1,....Q 1), <a§3>:Q;Hq. (7.3)
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Higher correlators can be computed from the first expression in (7.2), which yields

wy_ (Ce)" SR ggn (DT -
or alternatively using the identity (6.1)
Q-1
(O(on) ] (Qon + pea)) = ¢(O(on — €q)) , (7.5)
p=0

which follows directly from (7.2). Eq. (7.5) is the eq-deformed version of the twisted chiral
ring (or quantum cohomology) relation (QO‘)Q = ¢, and allows to compute recursively the
higher correlators (%) with n > @ from the lower ones.?

The finite difference equation (7.5) can be recast into a differential equation in z for
the generating function

[e.9]
Z’I'L

F(z) = () =) rlon) (7.6)
n=0

of twisted chiral correlators inserted at the north pole:

Q-1
[ (Q0: + peq) — ge=* | F(z) =0. (7.7)

p=0
Changing variable at non-vanishing €q from z to

a: = ge " (~€a) ™, (78)
the differential equation (7.7) can be written in the standard Picard-Fuchs form

Q-1
[T@6-p) —a.| F(z) =0, (7.9)

p=0

where O = Qz%- In this case the generating function F(z) has the simple closed form

Q
1 [ R
F(2) = gz D e (2r (Wn(@2) = Win(a0)) ) (7.10)
m=1
in terms of the on-shell twisted effective superpotential in the m-th vacuum

N 1 2mim
W(q) = —q"/Qe” @ =1,...,Q. 7.11
(@) = 5—¢/%e 2, m=1..Q (7.11)

Here {exp(27rﬂ/T/m(qz))}g:1 is a basis of solutions of (7.7) or (7.9), and the coefficients are
fixed by the initial condition F(z) = % + O(29) around z = 0, according to (7.3).

26 A similar formula holds for insertions at the south pole, with o — o5 and eq — —eq. More generally,
one can consider insertions at the north and south pole. Then operators inserted at one pole are spectators
in the recursion relation for operators inserted at the other pole.
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In the A-model limit €q — 0, the generating function reduces to

Q
1 2wim
F(2)eq=0 = (€77)0 = Q2 Z exp <Qe Q ¢'/9z ) (7.12)
while the correlators (7.2) are most easily computed from
n
>~ & [7 % (qlgg) n € QZ
=> ¢ (GayaRH = . (7.13)
k=0 0 n ¢ QL
or equivalently by resumming the instanton series:
> 5N ~\Q—1:n
n k g (Q ) g
@"o==2_ ¢ Res tziamt =~ B (a0 g
7.14)
Q \Q—15n l(ql/Q)n n € QZ (
-y Res (Qe)*~ o™ gl 'g Q
0

7.2 CPNs1

The gauged linear sigma model for the projective space CPY7~1 is a U(1) gauge theory
with N chiral multiplets X; of charge 1 [4]. We will consider Ny > 2 in the following. The
effective FI parameter £, — +00 in the UV, where the vacuum moduli space is precisely
CPNr~1 with homogeneous coordinates X;. If twisted masses m; are introduced for the
matter fields, with Z 'y m; = 0, the vacuum moduli space reduces to the N; fixed points
of the toric U(1)Ns~1 action (the maximal torus of the SU(Ny) flavor symmetry).

In the UV geometric phase where X; take VEV, the JK residue is a sum of residues
at the poles of the 1-loop determinants of X,

k

Ho(& —mi+(p— %)eq)™! k>0
p:
ZX(6,mizeq) = { 1 k=—1 . (7.15)
—k—2
[T (6—mi+(1+5+pe) k<2
p=0

Due to the pole structure of (7.15), the sum over k reduces to the closure k > 0 of the cone
dual to £ > 0.

Inserting twisted chiral operators only at the north pole and shifting the integration
variable & — & + Yeq as before, the localization formula (4.51) becomes

00 k An

D O 3 M

o= mlfl €Q

20 i HH( —mj +ljeq)
Jj=11;=0

(7.16)

SN

——Zq (Bes - 7 .
H I1 (6 —m; + ljeq)

Jj=11;=0
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From the latter expression in (7.16) we easily obtain the lowest expectation values
Ny
(G%)=0 (n<Np—2), (og D=1, <axf>:2mi:0. (7.17)
i=1

Higher correlators can be computed from the first expression in (7.16), which yields

- (1) (m; — Lieo)”
(oR) = (aea™)" D ) N, R © o (7.18)
k=0 i=11;=0 (k — ll)'lzl H H (ml —my — (lz — l]’)EQ)lf‘S”

j=11;=0
or alternatively using the identity (6.1), that in this case reads

Ny
(O(on) [ [(on = m))) = a(O(on — €q)) (7.19)

j=1

and that allows to compute the correlators (o) with n > Ny recursively from lower ones.
More explicitly, writing the characteristic polynomial

Ny Ny
[1(c—my) =™ +> " si(m)o™r* (7.20)
j=1 k=2

in terms of the symmetric polynomials of the twisted masses

se(m) = (=% > mi.oomi, k=2, Ny, (7.21)

1 <--<ig

the finite difference equation (7.19) determines iteratively

Ny T
on ™y == swm) oy T + 0y (n) (—ea)" (o} ") - (7.22)
k=2

h=0

The difference equation (7.19) can again be recast into a differential equation for the
generating function F'(z) = (e*?|y) of twisted chiral correlators inserted at the north pole:

Ny
[0 —mj) —qe | F(z) =0 (7.23)

j=1
Changing variable at non-vanishing €q from z to
q. = g > (—eq) V7, (7.24)

the differential equation (7.23) takes the Picard-Fuchs form

I1 <® n ZZ) —q.| Fz) =0, (7.25)
j=1
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where © = qza%z. The general solution of this Picard-Fuchs equation is given in terms of
generalized hypergeometric functions as

Ny _mj mi —m; Ny
ch(_qz) @ 0F N1 {1 + E}il q- (7.26)
i=1 R

but it seems difficult to determine the coefficients c¢; as functions of the twisted masses and
Ng—1

€q such that F(z) = ﬁ + O(2N7) in accord with (7.17). We leave this problem to

future work.

In the A-model limit € — 0, correlators are given by the formula

o0 ~n ~n

o) G
Zq Res —— =— Res —— (7.27)
=1 7= T121 (6 — ma)P o= [[;:21(6 —mi) —q

and can be computed recursively from (7.17) using the twisted chiral ring operator relation
vaf1(0 —m;) = ¢, which implies

("o = =3 s(m) (™ N K)o + g(0™)o - (7.28)

If the twisted masses m; vanish, the only non-vanishing correlators are
(N D=1y — b p=0,1,2,..., (7.29)

and the generating function is

ZNf—l ] Ny—1 ZNf
F(Z)EQ:O = m OFNf_l 1+ Ff )quNf . (730)

7.3 The quintic

The quintic Calabi-Yau threefold can be engineered using a U(1) GLSM with 5 fields
X; of gauge charges @ = 1 and R-charges r = 0, and one field P of charge = —

and r = 2, subject to a superpotential W = PF(X), with F(X) a homogeneous quintic
polynomial in X; [4]. The GLSM flows to a nontrivial CFT, and correspondingly the FI
parameter £ is marginal, therefore fgfv = £. The detailed form of the Coulomb branch
localization formula (4.51) is sensitive to the phase of the GLSM, even though the final
result is independent of the phase, being analytic in ¢q. Before discussing the two phases of
the GLSM, corresponding to positive or negative FI parameter &, we list for future reference
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the 1-loop determinants of the matter fields:

ZYi(65€q) = 1 k=-1  (i=1,...,5) (7.31)

—k—2
[1 6+0+5+pea) k<-2
\ p=0

( 5k

I1 (=56 + (3k — j)ea) k>0

~ =0

Z/f(O';EQ) = J,5k,2 (732)
[T (=56 +Ck+1+j)eq)™t k<-1.

j=0

7.3.1 Geometric phase

For £ > 0 the GLSM is in the geometric phase: the positively charged fields X; are forced
to take VEV by the D-term equation, whereas the vev of P vanishes by the F-terms
provided F'(X) is generic. Modding out by the U(1) gauge symmetry, X; are homogeneous
coordinates of CP?. Finally, the F-term equation F (X) = 0 associated to P cuts out the
quintic hypersurface in CP*.

In the geometric phase £ > 0 where X; take VEV, the JK residue JK-Res [{] is a sum
of residues at the poles of the 1-loop determinants of X;. We see from the poles of (7.31)
that the sum over k reduces to the dual cone k > 0. Inserting twisted chiral operators
only at the north pole and shifting the integration variable o — o + %69, the localization
formula (4.51) becomes

) k 0(_50 - .]EQ)
_ k J= an
(of) ==>_¢" > Res =
k=0 =0 H (5’ + pEQ)5
p=0
. . (7.33)
o 0(—50 — Jjeq) o0 O(—5Z —J)
:quieoij—k 51 = eq" SquZl;ieO%J—k Zn7
=T 16+ pen)? R (R0
p=0 p=0

where we inserted an overall minus sign because of the field P of R-charge 2, as explained
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in section 4.5. By explicit computation, we find the correlators

<O'K7>: (n:O,l,Z)
5
3\
2. 5%

4\
(on) = 69(1 1 55)2
o) — 22 UC1T 13- 5%) (7.34)

N (1+5°¢)?

6 32 -5%¢(13 — 125000q + 68359375¢2)
(on) = €

(14 5%¢)*

In the A-model limit €g = 0, the only non-vanishing correlator is the Yukawa coupling
(03)o = ﬁ computed using the GLSM description in [10] and originally in [11]. The
higher correlators, which become non-trivial with the Omega deformation, can again be
computed recursively using the identity (6.1), which here reads

5
(O(on)oR) = q(O(on — €q) [ [(=Bow + jea)) - (7.35)
j=1

In fact, since division by oy does not introduce extra poles, we can safely substitute
O(on) — O(on)/on to obtain the more general identity

4

(O(on)oN) = —5¢(O(on — €a) [ [(~5on + jea)) (7.36)
j=1

which allows to compute the higher correlators <O’?V+j ) recursively from (%) = (6)o and
the vanishing lower correlators.

The difference equation (7.36) translates into a differential equation for the generating
function F'(z) = (e*?V) of twisted chiral correlators inserted at the north pole:

4
07 + 5ge 7 [ [ (50. — jea) | F(2) =0. (7.37)
7j=1

Changing variable at non-vanishing €q from z to
q. = —ge “, (7.38)

the differential equation (7.37) becomes the celebrated Picard-Fuchs equation

4
O'F =5q. [[(50 + j)F, (7.39)
j=1

for the mirror of the quintic [11].

79—



7.3.2 Landau-Ginzburg phase

For £ < 0, the charge —5 field P is forced to take VEV by the D-term equation, whereas the
charge 1 fields X; vanish by the F-term equations. The low energy physics is described by
a Landau-Ginzburg orbifold for the 5 X; fields, with a homogeneous quintic superpotential
W(X) = (P)F(X) and a residual Z5 gauge symmetry. For this reason this non-geometric
phase is called Landau-Ginzburg phase.

In the £ < 0 phase, JK-Res [¢] is a sum of residues at the poles of the 1-loop determinant
of P. We see from (7.32) that the sum over k reduces to the shifted dual cone —5k —2 > 0,
hence k < —1. Inserting twisted chiral operators only at the north pole and shifting the
integration variable o — o + gEQ, the localization formula (4.51) becomes

k-2
751@ 2 [T (6+(@+k+1)eq)®

p=0 ~n o
-y ¢ 2, Re S o=

k=—oo st T (Ch6 4 ( 4+ 1)en)
1
e ! (7.40)
IT (6+(@+k+1)eq)®
=0 “n
= Z q (Be; —— 7

k=—o0 [I (=56 +(+1)eq)

j=0

where we adopted the short-hand notation that H;jo_ ?(...) = 1 for k = —1. We have
checked explicitly at low n that the correlators (7.40) computed in the LG phase match
those (7.33) computed in the geometric phase, giving (7.34). Note that while correlators
computed in the geometric phase & > 0 are given by a Taylor series in ¢, correlators
computed in the LG phase £ < 0 are given by a Taylor series in ¢~'. Showing that the
two computations agree requires resumming the Taylor series to an analytic function as
n (7.34). In fact, it is easy to see that the correlators (o};) computed in the two phases
are equal for any n. This follows from the equality for n = 0,1, 2, 3 together with the fact
that the identity (7.36) holds for correlators computed in any of the two phases.

7.4 The resolved WCIP"I{LM’Q

The last example of this section is a U(1)? GLSM with six chiral fields: X; (i = 1,2), Y;
(j =1,2,3), and Z. All the chiral multiplets have vanishing vanishing R-charge, and their
gauge charges and twisted masses are given in table 3. This abelian GLSM was studied in
detail in [10]. For & > 1, & > 0, it engineers a toric variety of dimension 4, obtained by
blowing up the curve of Zy singularities inside WCP} 1222 (the size of the blown-up curve
is given by &9). For 2&; +& > 0 and & < 0, we obtain the unresolved space instead. These
so-called geometric and orbifold phases are depicted in figure 8, in FI parameter space. We
have b} =4 > 0 and b = 0, so that £ = (400, &).

The flavor symmetry group is SU(2) x SU(3) x U(1). For simplicity, we only turn
on twisted masses in the SU(2) x SU(3) subgroup, which we denote by m; and m] (see
table 3). It is also convenient to define the Casimirs u,(m~) = Z?zl(mzx )" up(mY) =
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X1 Xs Yy Y, Y3 Z | F1

U(1)1 0 0 1 1 1 1 | &

U(1)2 1 1 0 0 0 -2 ] &
mE | -m —mf -mY -md -ml 0

Table 3. U(1)? charges and twisted masses of the chiral multiplets in the GLSM for the (resolved)
projective space WCIP’;{LQ’Q?Q.

EA

Geometric

X (0,1)
A

> Gi

Y (1,0)

Z(1,-2)
Orbifold

Figure 8. The two phases of the (resolved) W(CIP’%)LQ,Q,Q toric variety.

Z?Zl(m}/)", with ui(m™) = uy(mY) = 0. Let us introduce the notation:

— m1 _ms2
thmz = <01 09

)N - (7.41)

The subscript N denotes a north pole insertion. By the selection rule (3.31), we have

Fpnymy ~ (€0)? AT (mE) Fi(qa) my+mg =4k +4+j+1, (7.42)

with j > 0. Here A] = ¢, setting the energy scale u = 1 as in the rest of the article.
Because the target space is compact, the massless limit is nonsingular and we must also
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have [ > 0. The one-loop determinants of the matter fields are:

¢ ko -1
H(c?z—m;-’“r(p—%)m) ; ko >0,
p=0
7} (67€0) =4 1, ky=—1, (i=1,2)
—ko—2
I1 <&2—mZX+ (1+%+p>69>7 ko < =2,
p=0
k1 k -1
I (a-m+(-4%)ea) .  H>0,
p'=0
70 (6;e0) = {1, by =—1, (j=1,2,3)
—k1—2
11 (al—m}”Jr (1+’;—1+p’>eg), by < -2,
p'=0
k1—2ko
(61 =262+ (0" = % + o) €a) . ky — 2ky > 0,
p/'=0
Zkz(&;eﬁ): 1, ki —2ko = —1,
—k1+2ko—2
(61-202+ (1+5 ko +p") en), hi—2k < 2.
p'=0

The singular hyperplanes from (7.43)—(7.45) are:

. k
Hé&px:{&szf+(p>f22>€ﬂ=0}v px =0, ko,

| ) k
H{/le:{O'l—m}/"F(pY_;)eQ:O}’ pY:O,-.-,klv

L k
H§Z={01—2ag+(pz—21+k:2)6sz:0}, pz =0, k1 — 2k .

The elementary singularities that contribute to the JK residues are

do, N\ dog do N doo do1 N\ doo

wQXQY = 5_1&2 wQXQZ = &2(6’1 _ 26’2) ’ wQYQZ = 5’1(5’1 _ 2&2) ’

(7.43)

(7.44)

(7.45)

(7.46)

(7.47)

from the intersections Hx N Hy, Hx N Hz, and Hy N Hyz, respectively. From the defini-

tion (4.62), one finds:

JK-Ress—o [é’g}y € Geometric] f(6)déy A déa = Res Res f(6),

1=0 62=0

JK-Ress— [€ € Orbifold] f(6)dé1 Adés = Res Res f(5) .

62=0 61=262

(7.48)

Note that the order of the residues in (7.48) is crucial. Each residue is taken with the
remaining integration variable generic and away from the hyperplanes. The JK residue at

any of the singularities in M is given by (7.48) after a translation. The singularities are

always projective. For generic twisted masses, they are also all regular.
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7.4.1 The geometric phase with m’ #0

In the geometric phase, the only fluxes that contribute to the JK residue are in the window
k1 >0, ko > 0, and we have

Fyimy = Z ql q22Uk1,k2,m17m2 : (7.49)
k1,k2=0

X

Consider first the case of generic twisted masses m; ,m}f. Each factor Uy, kymq,m, splits

into contributions from Hx N Hy and Hx N Hy:

Uk17k27m1,m2 Uk‘1 kz,ml mo Ukl kg,ml,WLQ . (750)

The Hy N Hz singularities do not contribute to the JK residue in the geometric phase, in
line with the absence of vacua where Y and Z take VEV while X vanishes.
The contribution from Hx N Hy reads:

Xy
Uk17k2,m1,M2 - (7.51)
3 ko
Z Z Z Res Res (IXy)ixka’ (61 + m) — pyeq)™ (62 + m;* — pxea)™,

=0
i1 j=1 px=0py=0"'=" 7>=

where we shifted the integration variables &, in each summand so that the singularity is
always at 6, = 0. Here we defined

2 ko
1
(IXy)PX7PY7 7.] -
k1 k2 };‘[OZE) G2 — (mix —m) + (p — px)eq
3 k 1
X - (7.52)
]HlpHO g1 — (my, —mY) + (¢ — py)ea
k1—2ko v <
(61— 262 +m) —2m* + (p" — py + 2px)eq)
p//_
X <1
—k14+2ko——2
(61— 269 + m}f — szX + (p// —py + 2px + k1 — 2ka + 1)eq),
p/'=0

where the three cases in the third line are like in (7.45). The contribution from Hx N Hyz
reads

Uﬁmm = (7.53)
ko k1—2ks
Z Z Res Res (Ixz)ﬁi;gz’ (61 +mX —(pz + 2px )eq)™ (52 + mi — pxeq)™,

=0
i=1 px=0 pz=0 61=0 &2=

with (IXZ)ng;Z’ an expression similar to (7.52).
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From the expression (7.49)—(7.50), one can compute the correlation functions Fy,, m.,
explicitly, at least at low order in mi, ms and ¢». Let us define L = my + mo, the “level”
of Fy,, m,- The first non-trivial correlation functions occur at level 4:

Foyms =0, VYmi,mg @ mip+mg < 3,
' ’ ’ ’ 7.54)
o 20 _ a2(1 +4g2) PR (Ch )
2,2 1_ 4q2 ) 1,3 (1 — 4q2)2 y 0, (1 — 4q2)3

These exact resummed expressions are more easily obtained in the m = 0, eq = 0 limit
of the Coulomb branch formula, which we discuss below.

7.4.2 Recursion relations

The explicit expression (7.49)—(7.50) is unwieldy but perfectly general.?” Fortunately,
the recursion relations (6.1) discussed in the previous section allow us to compute (7.41)
recursively. In our model, (6.1) reads

3
(0?0122 (o1 — 209) H o1+ m NN = qi{(o1 — eg)l1 SN (7.55)
3
(008 [[(o2 + m)) v = @2((01 — 202) (01 — 202 + €)o7} (02 — €0))w
=1

with {y,ly > 0. it is easy to check that (7.54) indeed satisfies these relations. At any level
L = my + mg, (7.55) provides 2L — 4 linear relations between the level L and lower level
correlators . (We have L — 3 relations from the first line of (7.55), and L — 1 relations
from the second one.) This gives an overdetermined set of recursion relations for the
L > 5 correlators (at each level, there are 2L — 4 equations for L + 1 undetermined
correlators). Therefore, any correlation function can be determined recursively with the
initial data (7.54). This is easily implemented on a computer. At level L = 5, one finds:

3q2€q
Fso=F;1 =F32=0, Fy3 = (1_(]274(12)2,
Py  2¢2(1 + 12g9)eq Fos— 30g5(1 + 4g2)€q
’ (1 — 4QQ)3 ’ ’ (1 — 4QQ)4

These correlators are proportional to €q, in agreement with (7.42). At level L = 6, we find:

Y
Fi o = Suz(m™) + 2us(m”) = 2F5 1, Fyo = 2up(m™) — W
—2q2
q2(1 4 4g2)uz(mY)
Fys = ug(m™
53 = ug(m™) i ig)?
Fy _4(12(1 — 2612)“2(7”)() _ 2(1%(3 + 4q2)u2(my) +2¢2(2 + Tqo)eq
’ (1 —4g2)? (1—4go)? ;

2TThat is, given that the twisted masses are generic. For special values, some singularities from Hx N Hy
and Hx N Hz can coincide, and one must be careful not to over-count.
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2q2(1+6¢3 —8¢3)ua(m™) N @3 (1+24¢2+16¢3)ua(mY) + q2(3+95¢2 +140¢3 ) eq?

Fi5= :
b (1 — 4go)3 (1~ 4gp)"

g 2a3(9+1692—16¢3)us(m™)  2g3(5+40g>+1643) + 243 (51+51592+420g3)€q’
00 (1 —dg)* (1 —4g2)? '

At this order, we have €q? terms and the first appearance of the mass terms, as expected.
One can continue this process level by level indefinitely. The dependence on ¢; = A‘lL kicks
in at level 8.

7.4.3 Geometric and orbifold phases in the eq = 0 and m’ = 0 limit

In the eq = 0 limit, we have some considerable simplifications. In order to compare to [10],
we also take m:X = m}/ = 0. Consider first the geometric phase. We have (7.49) with:

AT A2
_ 91 99
Uk hamama = Eiso g%i% G20 D) B (o okt (7.56)
2 1 1 2
This expression is very easy to evaluate analytically, to obtain:%®
—k1+ 2k — 1
2ky—ma+1 1 2
Uky kaymi,ma = (=2)7 mat <2k2 +1— m2> 5m1+m274k1+4 : (7.57)

This matches precisely the results of [10]. Summing the g2 series for m; + may = 4, we
obtain (7.54). In the orbifold phase, instead, we have the expansion

_ k1 kayrorb
leme - Z ql q2 k1,ka,m1,m2 > (758)
k1>0, k1 —2k2>0

where the sum is over the fluxes in the dual cone to Cone(Qy,Qz). The JK residue (7.48)
gives
orb &Inl 6—312

= Res Res
Go=0 G1=26 Ug(kﬁl)ail%(kﬁl)(gl — 20y )k1—2ka+1 ’

_ _ —3k1 —34+m1
= 22k2 4k1+m1—3 ( Ky — 2ks > 6m1+m2,4k1+4 :

U,

k1,k2,m1,ma

(7.59)

The correlation functions agree as analytic functions across the phases, as expected. For
instance, upon resumming

— ka7 rorb
Fm174*m1 - Z q 2U0,k2,m1,47m1 ) (760)
k2<0

in the orbifold phase, we recover (7.54).

m
28Here the binomial coefficient ( > is understood to be equal to zero if n < 0.
n
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X, Xo Y Z W [FI
Ull| 1 1 1 -N —1]§&
Ul 0 0 1 1 =2|&

Table 4. Gauge charges of matter fields and FI parameters in the CS/Z(QNH)(Q,QJ) GLSM.

8 Examples: correlators of A-twisted GLSMs

In this section we switch off the Omega-deformation parameter € and compute correlators
in some interesting examples of A-twisted gauged linear sigma models. The correlation
functions no longer depend on the location of the operators on the sphere and thus the
subscripts denoting the insertion points are dropped.?’

In the abelian case, we consider a GLSM for a non-compact orbifold studied in [15].
The authors of [15] found some puzzling violations of the quantum cohomology relations
in that model. In our formalism, this is expected due to the presence of non-projective
singularities in the Coulomb branch integrand. Physically, this signals a singular behavior
of some correlation functions as the twisted masses are sent to zero.

In the non-abelian case, we restrict for simplicity to unitary gauge groups, although
our formalism applies generally. We compute twisted chiral correlators involving Casimir
invariants of the form Tr(o7), where o is an adjoint matrix of a unitary gauge group factor.
For correlators involving only dimension-one Casimirs (j = 1), which lead to Yukawa
couplings in the Calabi-Yau models, we successfully compare our formulas with available
results obtained using Picard-Fuchs equations and mirror symmetry [67]. Our formalism
also allows us to compute correlators involving higher Casimir invariants, which, to our
knowledge, could not be computed with previous techniques.

8.1 C¥/Ziani1y221)

Here we consider the GLSM for the non-compact orbifold C3/ Z(an+1)(2,2,1) studied in [68].
We will compare genus zero topological correlators computed in our formalism with the
results of [15, 68|, fixing an ambiguity for certain constant correlators that violate the
quantum cohomology relations of the theory with vanishing twisted masses.

The GLSM in question has U(1)? gauge group and 5 chiral multiplets of zero R-charge
and gauge charges as in table 4. We consider N > 2, so that the axial R-symmetry has a
mixed anomaly with the U(1); gauge group: consequently the effective FI parameters in
the UV are £y = (—o0, &).

The classical phase diagram of the model is shown in figure 9 [15]. Recall that in our
formalism we are only interested in the phases that are probed by the GLSM in the UV,
once quantum corrections to the FI parameters are included. Since fg_—fv = (—00,&2), the
GLSM only probes the so called geometric phase —2&; + &2 > 0, =& — N& > 0 in the UV,
out of the four classical phases. In the geometric phase the fields Z and W are forced to

2In this section, we thus utilize the variables N and S to denote numerical parameters of the theory.
These variables should not be confused with subscripts indicating the insertion locus of operators.
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&

"Mixed A"

Z(N1) "Mixed B"

&

"Geometric"

Figure 9. The classical phase diagram of the C3/Z(2N+1)(2’2’1) GLSM.

acquire VEVs by the D-term equations, breaking the gauge group to Zon41 and leaving a
(C3/Z(2N+1)(272’1) orbifold, with C? parametrized by X;, X, and Y.

Let 01 and o9 be the complex scalars in the vector multiplets associated to the gauge
groups U(1); and U(1)2. We wish to compute the correlators

Fyp = (0f0b)o (8.1)

of this GLSM for vanishing twisted masses and compare to the results of [15, 68]. The
selection rule for the anomalous axial R-symmetry implies that the topological correlator
F, vanishes unless a + b = 3+ (2 — N)k;, where k; is the flux of the U(1); gauge group.
Therefore F5 o nyn—pp X q7-

In defining and computing the Jeffrey-Kirwan residue, we face the technical complica-
tion that the arrangement of hyperplanes meeting at o1 = g2 = 0 is not projective. We
remedy this as in [37, 69] by turning on a small common twisted mass m for the mat-
ter fields. This splits the multiple intersection at the origin into 6 simple intersections of
pairs of hyperplanes at separate points, which are projective arrangements. We will define
JK-Res [fgfv] in the presence of the twisted mass m, which we take to zero at the end of
the computation. With m turned on, the 1-loop determinants of the matter fields are

ZYX = (61 +m)~(+D ZY = (61 + 6o + m)~(athe+D)

(8.2)
ZkZ = (=Né1 + 692+ m)—(—Nk1+k2+1) ZIZV = (=61 — 262+ m)—(—k1—2k2+1) )

The Jeffrey-Kirwan residue in the UV geometric phase is a residue at the intersection

of the hyperplanes associated to Z and W, namely the point (61, d2) = (ﬁm, 2NN—_+11m)

It takes the form

JK-Res [&'] f(61,62,m)d61 ANdos = Res Res f(61,69,m) .  (8.3)

o1= m 5’2:%(—5’1-{-?%)

2N+1
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Since the residue only picks the poles of Z kZ and Z/V, the summation over k is effectively
reduced to the dual cone —Nkq + ko > 0, —k1 — 2ko > 0. The localization formula for the
topological correlators in the vanishing twisted mass limit is therefore

. k1 k rarbrX17Xo 7Y 77 W
Fop = lim > aqltgh? Res Res (616521222 2 Z})) . (8.4)

~ 1 ~
kez2 01:mm 02:5(—01+m)

Using (8.4), we can compute all the correlators of non-negative axial R-charge, R4 =

a+b=3 " Instead,

2(a 4+ b—3) > 0. The correlators of negative R4-charge diverge like m
correlators of non-negative R4-charge have a finite m — 0 limit. As we now explain,
correlators of positive axial R4-charge behave differently from correlators of zero axial
R 4-charge.

To understand the difference, let us consider a naive version of the localization formula
with vanishing twisted masses, where the order of the m — 0 limit and the residue in (8.4)
is reversed. When applied to F3 (o n),—pp with n < 0, this naive formula reproduces the
result of [15].3° For n < 0 we find that our formula (8.4) gives the same result: limit and
residue commute.?! It was also argued in [15] that their naive formula is incorrect for the
n = 0 correlators F3_p . Note that the formula follows from n < 0 correlators and quantum
cohomology relations at vanishing twisted masses. Instead, the F3_;; correlators must be
quantum cohomology violating constants (with respect to ¢; and g2), that could not be
determined using their methods. Applying our localization formula (8.4) to the correlators
in question, we indeed obtain the constants:

32t (N —1)
4 (N+1)(N+2)22N+1)’

F3_ 4y = b=0,1,2,3. (8.5)
We are led to conclude that the m — 0 limit and the residue do not commute even for the
finite and R s-neutral correlators F3_py,.

Let us emphasize that the proper quantum cohomology relations do hold in the massive
theory, in agreement with the discussion of section 6. The violation of the naive relations
in the massless theory are a symptom of the fact that the theory is singular (albeit in a
mild fashion: only a finite number of correlators diverge) when we send the twisted mass
to zero.

8.2 Calabi-Yau complete intersections in Grassmannians

In [51], Hori and Tong studied a U(NN) gauge theory with N chiral multiplets ®; in
the fundamental representation and S chiral multiplets P® transforming in the det™@«
representation of the gauge group, with @, > 0 (see table 5). We will focus on the case
Ny =3, Qa, so that the axial R-symmetry is anomaly-free and the vacuum moduli space
is a noncompact Calabi-Yau manifold of complex dimension (N —N)N +S. For £ > 0 the

30Tn particular, the contour integral formula for correlators in the geometric phase presented in [15] can
be obtained by summing the instantons in the naive version of our formula (8.4).

31The statement extends to all F,» correlators of positive axial R-charge (a+b > 3). Those which violate
the m = 0 selection rule for the axial R-symmetry vanish in the m — 0 limit.
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®¢  P* | FI
U(N) | N det @ | ¢
Ulgr| O 2

Table 5. U(N) gauge representations and vector R-charges of the chiral multiplets in the GLSM
for complete intersections in Grassmannians.

vacuum moduli space is the total space of ©,O(—Qa) — G(N, Ny). To obtain a compact
Calabi-Yau, the superpotential

S
W =Y P°Ga(B), (8.6)
a=1

is introduced, where G, are generic degree (), polynomials in the baryons
Biy iy = €ay.an®i) - @f}fvv . (8.7)

The vector R-symmetry assigns charge 2 to P, and 0 to ®,.

For ¢ > 0, the fundamentals acquire VEV and the F-term equations are solved by
P = 0 and G4(B) = 0. The GLSM is in a geometric phase: the low energy theory
is a nonlinear sigma model on a compact Calabi-Yau Xq, .o, C G(INV, Ny), which is the
complete intersection of the hypersurfaces G (B) = 0 in the Grassmannian G(INV, N¢). The
compact Calabi-Yau has complex dimension N(Ny — N) — S. Excluding abelian examples
which give hypersurfaces in projective spaces, there are six threefolds in this class, which
were studied from a geometric viewpoint in [67] and from a physical viewpoint in [51]. We
will list them and compute their topological correlators below. In the ¢ < 0 phase, P*
acquire VEV while the fundamentals vanish, leaving a residual PSU(N) gauge group.

Let us now focus on the geometric phase & > 0. As we will explain better in sec-
tion 8.2.1, there is no need to use the associated Cartan theory to define the localization
formula in this case. The reason is that the non-abelian gauge group is completely broken
in this phase, and the instanton sums are absolutely convergent. Hence the topological
correlators in the geometric phase are simply given by

[e.9]

No-y g 1 e
(O@)o =125 D () g
.ka=0
S N
N ds (—Qa 3 84)1 2 Taka (8.8)
P . A - = )
7{ H2 = [ Ga—6)? =—5= 06),
(6a=0) g1 2T | "oy I 5 Ns ()
a=1

where we inserted the sign (—1)° due to the S fields of R-charge 2, to obtain positive
intersection numbers.

In the CY case Ny = 22:1 Qq, the selection rule for the axial R-symmetry implies
that the correlator vanishes unless O(o) is a homogeneous polynomial of degree equal to
the complex dimension d = N(N;y — N) — S of the CY. This result is also easily derived
from the previous formula.
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The instanton series in (8.8) can be resummed to give

(0(0))o = (—1) X2 L f H d”“ (60— 63)?

1<a<b<N

a=1

i1 Q. % ) (8.9)
=
0 110

o
uMz
SL
O
Q
| I

N
I [o + (1%
a=1
where the contour integral is now around poles in &, proportional to positive powers of
q. The contour picks all the zeros of the denominator, namely all the solutions of the
vacuum equations e270saWerr(9) — 1, (We will be more precise about the details at the
end of the section.) This expression manifests the connection with the twisted chiral ring
relations and the quantum Coulomb branch vacua of the theory. Note in particular that the
correlators diverge along the singular locus in moduli space where a noncompact Coulomb
branch arises [10, 51, 70], because then the poles in o (i.e. the quantum Coulomb vacua)
are no longer isolated. We will indeed see that the correlators are rational functions in ¢
with poles along the singular locus A(g) = 0.

We now list the twisted chiral correlators for the Hori-Tong GLSM that engineer C'Y3
complete intersections in Grassmannians, and compare our results to the Yukawa couplings

obtained in [67] using mirror symmetry. In the following we use the notation
uj(o) = Tr(o?) (8.10)
for the Casimir invariants of o.

o X4 C G(2,4): the correlators are

(w(0)?) = —

T gm0, (uz(o)ur (o)) =0 . (8.11)

The denominator shows that the singular locus is ¢ = 271°.

e X312 C G(2,5): the correlators are

15
(ur(0)?) = L
1+11(33q) — (33q)
(8.12)
3(1 — 54¢)
(uz(o)ur(o)) = 3 52
1+ 11(33q) — (33q)
(u1(0)3) agrees with the Yukawa coupling computed in [67], with ¢ = —z.
e X921 C G(2,5): the correlators are
20
(1 (0)?) = 0
1+ 11(24q) — (24q) (8.13)
4(1 - 329) ‘

(ug(o)ur(0)) =

1+ 11(24g) — (2'g)°

(u1(0)3) agrees with the Yukawa coupling computed in [67], with ¢ = —2.
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e X514 C G(2,6): the correlators are

28
3
ui(0)’) =
o) = ey 1w @) 1)
141 '
(o )ur(o)) = e
(1+2%¢) (1 - 27(229))
{(u1(0)3) agrees with the Yukawa coupling computed in [67], with ¢ = z.

o X7 C G(2,7): the correlators are

14(3 4 q)

3y _
14(1 — 9¢) ‘

<U,2(O')'LL1(O')> = 1+ 57q — 289q2 _ q3 :

(u1(0)3) agrees with the Yukawa coupling computed in [67], with ¢ = —z. This is
the celebrated Rgdland Calabi-Yau [71].

e X6 C G(3,6): the correlators are

o 42
(@) = =g —eig)
(uz(o)ui(o)) =0 (8.16)
6(1 — 8q)

uz\o)) = —
W) = T - odg

(u1(0)3) agrees (up to a typo) with the Yukawa coupling computed in [67], with
q=z.

8.2.1 The associated Cartan theory and the £ < 0 phase

As we have explained, the proper way to deal with a non-abelian GLSM, which has fewer
FI parameters than the rank of the gauge group, is to consider the associated Cartan
theory [64] (see also [33]). This procedure is necessary to discuss phases of the non-abelian
GLSM where the gauge group is not Higgsed to a finite group, as is the case in the £ < 0
phase of the models of Hori and Tong.

The Cartan theory associated to the non-abelian U(N) GLSM is a GLSM with gauge
group the maximal torus U(1)", with the same chiral matter as in the U(N) theory plus
extra chiral multiplets of vector R-charge 2 associated to the W-bosons of U(N). As we
have explained, the chiral multiplets originating from W-bosons do not contribute poles
to the 1-loop determinants, because of a cancellation between opposite roots +a. They
are spectators in the following analysis of the phase diagram, the pole structure of the
integrand and the JK residue.

The advantage of the Cartan theory is to have FI parameters ({1, ...,&x) belonging
to the dual of the Cartan subalgebra of U(N). The presence of as many FI parameters
as the rank of the gauge group ensures that in the interior of each chamber in FI space
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that defines a phase, the gauge group is Higgsed completely (up to a finite group) and
the instanton sums are absolutely convergent. We will therefore formulate the localization
formula in the associated Cartan model with FI parameters E = (&,...,&N) in the dual
of the Cartan subalgebra and correspondingly instanton factors ¢ = (q1,...,qn), and take
the physical limit ¢ = (q1,...,qn5) — ¢q(1,...,1) at the end of the computation:

N
O = tim ()55 S T () )

gﬁf(l,,l) o =1
(j_ﬂl(lvvl) ke @

S N

H <_Qa &a)lJrQa Za N
a=1 a=1 O(é’) )
Nf(k:a+1)

JK-Res [E} o [ (60— 6)? —
1<a<b<N 1:[1

Q>

To specify the JK residue, we need to discuss the phase structure of the Cartan theory.
The charge vectors of the chiral multiplets that originate from the fundamentals ¢ and
the determinant fields P define N 4+ 1 rays generating N + 1 chambers in FI space RV .
Therefore the Cartan theory has N 4 1 phases, which we now discuss.

If £, >0 foralla=1,...,N, then all the fields ®*, a =1,..., N, take VEV. The JK
residue is an iterated residue at the poles of the 1-loop determinants of fields %, namely
0, = 0 for all a:

JK-Res [5_] f(6)dNe = AReso Reso flo) . (8.18)
oN= 1=
The instanton sum reduces to the dual cone k, > 0 for all @ = 1,..., N, therefore it is a

Taylor series in ¢, o, ..., qn. We call this phase the 0-th phase.

If =& >0and §, — & > 0 for all a = 1,..., N different from a, then the fields P“
and all the fields ®¢ except for ®® take VEV. There is a total of N phases of this kind,
depending on the choice of a. The JK residue is a residue at the poles of the corresponding
1-loop determinants, given by

L A
TK-Res €] ()" = = Res, .. Res, Res .. Res  Rey  f@). (g
a#a

Taking into account that R[P®] = 2, the instanton sum reduces to the shifted dual cone
defined by — Zévzl ky > 1 and k, > 0 for all a # a: it is therefore a Taylor series in 1/q5
and in q,/qg for all a # a. We call this phase the a-th phase.

Note that thanks to the R-charge 2 of the determinant fields P%, for any dual cone in
E—space only N types of 1-loop determinants out of N + 1 can simultaneously have poles,
reflecting the previous phase structure. The corresponding arrangement of hyperplanes is
therefore projective in each phase.

Let us now discuss the physical limit ¢ = (¢1,...,qn5) — ¢(1,...,1). If |g| < 1, that is
if we are in the geometric phase £ > 0, the FI parameter £(1,...,1) is in the interior of the
0-th phase described above. Correspondingly, the instanton sum is absolutely convergent.
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Phase 1 Phase 0
@ (0,1)
&
@' (1,0)
Phase 2
P (-4,-4)

Figure 10. The phase diagram of the Cartan theory associated to the X; C G(2,4) GLSM.

This explains why we did not need to use the Cartan theory to discuss the geometric phase
of the Hori-Tong GLSM.

If instead |g| > 1, that is if we are in the phase £ < 0, the FI parameter £(1,...,1)
lies along a generator of the cone of the Cartan theory, the common boundary of phases
1, 2, ..., N. At this boundary only P% and none of the ®% fields acquire VEV. In the
non-abelian theory, U(N) is only broken to PSU(N). In the Cartan theory, N — 1 out of
the N U(1) gauge factors are not broken. Correspondingly, N —1 out of N instanton sums
in the Hori-Tong GLSM are at the radius of convergence. Moving to the Cartan theory
and perturbing the FI parameter (£1,...,&y) away from £(1,...,1) so that it enters one
of the N phases above, the instanton series falls within its radius of convergence and can
be safely resummed. We can finally take the physical limit ¢= (q1,...,q5) — ¢(1,...,1),
which is non-singular.

Let us exemplify this discussion in the case of Xy C G(2,4), which is based on a U(2)
gauge theory. The phase diagram of the associated Cartan theory is shown in figure 10.
The correlators (8.17) are given by a Taylor series in ¢1, g2 in the 0*® phase & > 0,& > 0,
by a Taylor series in ql_l, qul_l in the 1% phase —& > 0,—& + & > 0, and by a Taylor
series in q2_1, qqu_1 in the 22 phase —& > 0,&; — & > 0.

Resumming the Taylor series in any of the three phases, the correlators of Casimir
invariants in the Cartan theory (the arguments of the limit in (8.17)) are found to be

8(1 + 1536(q1 + g2) — T20896(¢} + g3) — 2752512q142)

3
ui(o artan —
o) can Aar ) 520)
({0 )un(0))c _ 2097152(q1 — 42)%(—3 4+ 256(q1 + ¢2))
artan A(q1, QQ) ’
where
A(q1,q2) = Resultant, (1 + 2561 (1 + :1:)4, 2t + 25642(1 + J:)4) (8.21)
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is a quartic polynomial whose vanishing gives the singular locus of the Cartan theory. The
independence of the correlators on the phase is due to their analyticity in q1,¢2. In the
physical limit (¢1,q92) — ¢(1,1), (8.20) reduce to the correlators (8.11) that we computed
previously in the geometric phase of the non-abelian theory.

8.2.2 Resumming the instantons and phase independence of correlators

The correlators (8.17) can be argued to be independent of the phase of the associated
Cartan theory by resumming the instanton series as follows. We first rewrite
s N Qa7 Fa
N H < - Qa Z &a> N . .
I(&, q) = Z H (_l)N_lqa a=1 a=1 _ Z 627”2(1:1 kaOaWes (6) (822)
i a=1 L

N
Uaf P

where Weg (o) is the effective twisted superpotential

N N
Weg(6) = 2mi Z TaGa — T Z(N +1—2a)6,+
a=1 a=1
N S N N (8.23)
SNy ulog, 1) - Y (—Qa Zﬁa> <1og <_ QG foa) _ 1> .
a=1 a=1 a=1 a=1
In the 0-th phase where £, > 0 for all a = 1,..., N, the instanton sum is over k, > 0
for all a =1,..., N. Performing the summation, (8.22) becomes
N 1
Io(6,q) = H1 ) (8.24)
a=

In the a-th phase where —&; > 0 and £, — &z > 0 for all a = 1,..., N different from
a, the instanton sum is over Zz];V:1 ky < —1 and k, > 0 for all a # a. Performing the
summation, (8.22) becomes

e—zmaavi/cff(&) 1

N
(6.9 = 1 — e—2mi0aWes (6) H 1 — e2mi(9a—08a)We (6) N

(8.25)

B 1 al 1
T o2midaWer(6) (11_‘[1 1 — o2mi(Oa—0a) Wert (&)
a#a
After resummation, the JK residues (8.18) and (8.19) become iterated residues at the

poles of the previous expressions, which are the quantum Coulomb branch vacua that solve
{6+ e2miaWer(®) = 1 Yq =1,..., N }.52 Even though (8.24) and (8.25) are different, they
coincide at their poles, i.e. on-shell in the twisted chiral ring.3* This shows the equality of
the correlators across all phases.

32We are glossing over a subtlety here: when quantum Coulomb vacua exist, they are not isolated but
instead form a non-compact one-dimensional Coulomb branch [51]. This happens when ¢ is at the singular
locus. We will be more precise on the definition of the residue in the next subsection.

33The relative minus sign between (8.25) and (8.24) is compensated by the relative minus sign be-
tween (8.18) and (8.19) when computing the residue.
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8.2.3 Resumming the instantons and the general residue formula

In this section we elaborate on (8.9) and the previous discussion, and present a simple
residue formula that allows to compute the topological correlators in all Hori-Tong models.
We consider the physical limit g, = ¢ for all a = 1,..., N to simplify some of the following
formulas. The generalization to the associated Cartan theory is straightforward, though
no longer necessary after resumming the instanton series.

We have seen that after resumming the instantons the quantum Coulomb branch vac-
uum equations naturally appear in the integrand. (We will refer for definiteness to for-
mula (8.25) and take @ = N with no loss of generality.) It is important to note that the
quantum Coulomb branch vacua, when they exist, are not isolated [51]: given a solution
(61,...,0nN) to the vacuum equations, the rescaled A(d1,...,dn) is also a solution for any
A € C. This is a general property of R -anomaly-free GLSM, that flow to non-trivial fixed
points: the quantum Coulomb branch vacuum equations are invariant under complexified
U(1) 4 transformations, that is a common rescaling of all the ¢ variables. In the case at
hand, the vacuum equations are therefore N equations for N — 1 variables, which only have
solutions if ¢ is at the singular locus A(q) = 0 where the equations become dependent. In
that case the rescaling mode parametrizes a non-compact Coulomb branch and the CFT

is singular.

Let us then change variables from (61,...,0n) to (21,...,2Nn-1,Y), Where
5 N
~1/N
xa—&; (a=1,...,N—1), yzli[aa/ , (8.26)
so that the rescaling (61,...,0n) +— A(01,...,6nN) translates to y — Ay with z, ﬁxed
In these new variables, using the notation zx = 1 and keeping 6 = yH 1/ N
temporarily to shorten some formulas, we obtain
1 =
In(z,q) = — T o (8.27)
L= (VN I QR () et T
a=1 a=1

ZI_IOOP(x,é'N; 0) = (_1)N(N 1) H (ta — xb)2 . H Qo - WJ‘N , (8.28)

1<a<b<N a=1

where d = N(Ny — N) — S is the complex dimension of the compact Calabi-Yau. Finally,
the dimension d inserted operator is

0(6) = 6%0(x) (8.29)
and the integration measure is
N—
Vo = NYTT da (8.30)
Yy a=1

Collecting all these ingredients together, we see that the factors of & cancel out. Next,
we see that the integral over the non-compact mode y decouples, giving ¢ % = 1. This is
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because the quantum Coulomb branch vacuum equations do not involve the rescaling mode
y, as is visible from (8.27). The integral over y simply imposes the U(1)4 selection rule.

We are left with NV — 1 contour integrals over x,, a =1,..., N — 1. The contour encircles
the poles that solve the independent vacuum equations xévf =1foralla=1,...,N —1,
which are given by
ma:w;’};’, me=0,...,N;—1 (8.31)
foralla=1,...,N —1, where wy, = e2™i/N; denotes an Ny-th root of unity. In summary,
the correlators of the Hori-Tong GLSMs are given by the residue formula
S ( 1) N(N-1)
— 2
©@ho=[1@"—F— 2 Re .. Re
a=1 (m17-~-7mN—1)EZ%;1 N—-1= Ng N
N S 8.32
0 Gaeap|(Sn) 0w (8:32)
1<a<b<N a=1
Nt N NoNg T Qe [ S a
T =) [+ e [ 09 (£ o)
a=1 a=1 a=1

where again x = 1 is understood.

Formula (8.32) immediately reproduces the correlators computed using formula (8.8)
and presented in section 8.2 for Calabi-Yau threefolds. It can also be easily applied to
GLSMs that engineer higher-dimensional Calabi-Yau manifolds.

The residue formula (8.32) for twisted chiral correlators is closely related to the analysis
of the quantum Coulomb branch carried out in [51] using the effective twisted superpo-
tential that arises from integrating out all massive fields at a generic Coulomb branch
vacuum.**  The authors of [51] therefore considered all the quantum Coulomb branch
vacua around which all matter fields and W-bosons are massive, that is 6, # 0 for all a,
Zivzl 64 # 0, and 6, # 73 for all a # b. These conditions are implemented automatically
in (8.32): there are no poles at x, = 0, 00, whereas poles such that 25:1 Tqe =0o0r z, = 1y
for some a # b have vanishing residue thanks to the numerator.

8.3 The Gulliksen-Negard CYj3

The computations of the previous subsection can be repeated for the PAX/PAXY gauged
linear sigma models introduced in [70] to describe determinantal Calabi-Yau varieties.
PAX and PAXY models are related by the duality of [72]. In this subsection we compute
topological correlators in the PAX model of the Gulliksen-Negard Calabi-Yau threefold [73].

The matter content of the PAX model for the Gulliksen-Negard CY3 of [70] is listed
in table 6. The gauge group is U(1) x U(2), with complex scalars ¢ and X in the adjoint
representation of U(1) and U(2) respectively. There are 8 chiral multiplets ®, of charge
+1 under U(1), 4 chiral multiplets P* in the bifundamental representation of U(2) x U(1),
and 4 chiral multiplets X; in the antifundamental representation of U(2), subject to a
superpotential

W = tr(PA(®)X), (8.33)

where A(®) = 32%_, A*®,, and A® are 8 constant 4 x 4 matrices.

34The integers n, introduced in [51] are related to ours by (n1,...,ny—-1,nn5) = (M1,...,mn—-1,0).
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o, P X, |FI
Ul), [+1 -1 0 | &
U2 | 1 2 2 ¢
ULg| 0 0 2

Table 6. Gauge representations and vector R-charges of the chiral multiplets in the PAX GLSM
for the determinantal Gulliksen-Negard CYs3.

For simplicity we will work in phase I of the GLSM of [70], corresponding to the cone
& +2£ >0, & > 0in FI space. Here & and £ are FI parameters for the U(1) and U(2)
gauge groups respectively. In this phase the fields ® and P, acquire VEV, whereas X% do
not (a = 1,2 is a U(2) gauge index). In the associated Cartan theory, with FI parameters
(&1,&2) for the Cartan of U(2), the phase where ® and P, acquire VEV is given by the
chamber £ 4+ & 4+ & > 0, & > 0, & > 0. Phase I of the non-abelian GLSM is obtained
when £ = & = £ > 0 and lies in the interior of this cone. Therefore the instanton sum
over the closure of the dual cone kg > 0, k1 — kg > 0, ko — kg > 0 is convergent even for
physical values of the instanton expansion factor for U(2), ¢1 = g2 = ¢, to which we restrict
in the following.

The topological correlators are given by

(O(o Z Z Z gko k1+l~c2 Res Res Res %(21 22)2.

0
—0 k1 —=ko ka=ko 0=0 =0 $1=6

) (8.34)
5—8(ko+1) H [(_ia)4(ka+1)(_&+ $,) kot D] 05, %)
a=1
To compare with the notation of [33], we introduce z = gog* and w = —¢, so that the

above formula expresses the correlator as a Taylor series in z and w. By the selection rule
for the axial R4-symmetry, only correlators cubic in o, ¥ do not vanish.

We can obtain a simple alternative formula for the correlators by resumming the
instantons as in the previous section. Changing variables to x; = 531/6', To = f]g/&,
Y= (2‘1 iga)l/ 3 and resumming the instanton series, we reach the residue formula

3
1 — x9)? 10(1
(O@D=-5 > Res (21 = 2) gxl“"?) (1,2) . (8:35)
m1me=0 “ T mawl /A 1 — z(z129)4] [] [(24 — 1)* — wad]
a=1
Using the notation
os =0, o =tr¥ — 20, (8.36)

for the linear combinations of o, tr ¥ conjugate to 79 + 27 and 7, the correlators read

=T e =T el =T el =T
NS N, N
(osu2(X)) = A2 , (orun(X)) = Tﬂ’ (u3(2)) = Ki%’ (8.37)
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where the denominator
Alz,w) = [(1 — w)4 —2(1+4 6w+ w2)z + ZQ] (1= w)8 —4(1 - w)4-
(1 = 34w + w?)z 4+ 2(3 + 372w + 1298w? + 372w> + 3w?)) 22+ (8.38)
—4(1 — 34w + w23 + z4)]
determines the singular locus, in agreement with [33, 70], and the numerators are
Niss =4(1 — 2w + w? — 2)(1 — 2w + w? + 2)-
- (5 — 20w + 30w?* — 20w + 5w + 54z + 212wz + 5dw?z + 52°)
Nist =4(5 — 20w 4 140w — 350w + 420w° — 280w’ + 100w” — 15w+
+ 122 + 380wz — 480w?z — 840wz 4 1420wtz — 372wz — 120w° 2+
— 3422 — 60wz 4 60w’z + 34w*2? + 122° 4 212w23 + 96w? 23 + 52)
Nitt =16(1 4 2w — 22w? + 34w? + 20w* — 106w® 4 118w’ — 58w " + 11w+
— 22 4 62wz + 476wz — 564wz — 474wz + 438wz + 64wl 2+
— 3dwz? — 94w?2? — 94w 2% — 34wt 2? + 22° — 30wz> — 40w?2? — %)
Nitt =8(1 + 16w — 20w? — 112w + 230w — 16w° — 276w° 4 240w" +
— 63w® — 4z — 64wz + 1380w?z + 4224wz — 2332wz — 2944wP 2+
— 260wz + 622 4 80wz? + 564w?2? + 688w2? + 198w 22+
— 423 — 32w23 + 1240?23 4 2*)

(8.39)

and

Nz =4(19 — 52w — 88w? + 556w — 970w 4 836w® — 368w’ + 68w+
—w® + 1362 4 1412wz — 604w’z — 2904wz + 1296w 2 4 660w° 2+
+ 4wz — 7422 4+ 148w2? + 688w?22 + 268w32? — 6w+
— 8023 4 28w2® 4 4w?23 — 2%)

Niz =8(9 + 16w — 124w? + 64w® 4 350w* — 624w’ + 404wS — 96w™ 4+ wS+
+ 4z + 768wz + 3604w’z — 96wz — 3476wz — 800w’z — 4wbz+
— 3422 — 304wz? — 532w%2? — 160w3 2% + 6wt 22+
+ 2023 + 32wz — 4w?23 + 21

N3 =4(21 + 132w — 912w? + 1844w — 1630w + 524w® 4 88w® — 68w +
+ w® 4 160z + 3596wz + 6668w’z — 4776wz — 5160wz — 484w’ 2+
— 4uwCz — 12622 + 220wz? + 1032w%2? + 404w?2? + 6w 22+
—562°% 4 148wz> — 4w?2® + 2*) .

(8.40)

The cubic correlation functions given by the first line of (8.37) and (8.39) are Yukawa cou-
plings, which can be computed from mirror symmetry using standard techniques [11, 74].
In order to provide an independent check of our results, we performed that computation
using the Picard-Fuchs operators in [33], and we found perfect agreement. The correlation
functions given by the second line of (8.37) and (8.40) are intrinsically non-abelian, and,
to the best of our knowledge, their computation is a genuinely new result.
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9 Higgs branch localization and vortices

In this final section, we consider an alternative localization argument. For simplicity, we
only consider the special case of an abelian gauge group,

G=H=]]U®)., (9.1)

with chiral multiplets ®; of R-charges r;, gauge charges @Y, and twisted masses mZF . We
shall also assume that theory has isolated Higgs vacua. None of these assumptions are
strictly necessary. The generalization to a non-abelian G could be carried out similarly,
using the auxiliary Cartan theory, while the case of a continuous Higgs branch could be
dealt with like in [10]. Our main objective, here, is to explain how the structure of the
Coulomb branch formula can be understood as a more familiar sum over vortices [10].
Along the way, we introduce a simple en-deformation of the vortex equations, which might

be of independent interest.

9.1 Localizing on the Higgs branch

Consider the localization Lagrangian:

O%OC = eﬁ(gYM + og/pf-l) + ?35{) ) (92)

where we introduced the (§ + §)-exact term [26]:3°

iy = (5+3) (A“;Z,)\“H“(X,A))

= (D —2ifi; +ieq(ViD; — ViD1)&), H*(A, A) + (fermions)

(9.3)

with H “(fT, A) some gauge-invariant function of the matter fields A, A. Note that this
localizing action is invariant under J + § instead of § and & separately, but this does not
cause any difficulty. The equation of motion for ¢ is simply D,D!o = O(g—z). We take a

double scaling limit where e?, g2 — 0 and z—z — 0, so that & is constant on any saddle. The
D integral is Gaussian and imposes

D + ieq(ViD; — ViD1)6 = 2 H(A, A) . (9.4)

We denote by My,sy, the field configurations that satisfy the supersymmetry equa-
tions (2.47) and (2.48), as before. On the intersection with (9.4), we obtain

o = constant , 2if11 = e%H(ﬁ7 A), ©5)
(Qi(0) +mE) A = ieq L9 A, D:A=0, '
and
Lyo =0, Dio +ieqVh (2if17) =0 . (9.6)

35See also [75-77] for further generalizations.
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Here eg is the “bare” dimensionful YM coupling appearing in (2.34), to be distinguished
from the dimensionless e? in (9.2). One can check that any solution to (9.5)—(9.6) also
solves the equation of motion of ¢. From now on, we choose

HY(AA) =) QEAA — & . (9.7)

1

Note that ¢ is not constant on the supersymmetric saddles, which allows for contribu-
tions from nontrivial topological sectors. The parameters E@ in (9.7) are naturally identified
with the 7 couplings entering in (2.45), with 7% = —2i§“/e2 like in (4.11). Unlike the phys-
ical FI parameters £%, we can fix the couplings Ea to our convenience. Their purpose is to
localize on supersymmetric configurations similar to the Higgs branch vortices in flat space.
We choose Ea in a specific cone so that the vortex configurations, with A # 0, Higgses the
gauge group to a finite subgroup.

If A = A = 0, however, the localizing action (9.2) with (9.7) is the same as the
Coulomb branch localizing action (4.15), and one should worry that some Coulomb branch-
like configurations with the zero mode & turned on might contribute. We expect that these
additional configurations can be suppressed by sending E — o0 before taking the e? — 0
limit. This scaling limit is also necessary to allow for vortices of arbitrarily large topological
number, as we review below.

The fluctuation determinants of massive chiral multiplets in the vortex background
can be computed by an index theorem (see appendix C and references therein). Note that
we are taking a double scaling limit (9.2), first sending > — 0 to localize on the vortex
saddles, and then sending g — 0 to compute the fluctuations determinants.

9.2 Vortex equations on S%

It is instructive to first study the vortex equations (9.5) in the special case G = U(1) with
a single chiral multiplet ® of charge @, R-charge r and twisted mass m’. The vortex
equations read3%

2ifiy = e (QLA? —€) .

(85 . igwg . iQag) A=0, (9.8)
(QJ +mb + gEQ) A =ieqV* (0, —iQay) A,

together with the remaining supersymmetry equations (9.6). Let us consider a given topo-
logical sector with flux:

1
k=g |, dova=2ifi), (9.9)

for the gauge field a,. The field A can be viewed as a holomorphic section of

Kz @Ok =0Qk—r1), (9.10)

36Note that we take A and its complex conjugate A= A" in the frame basis.
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by virtue of the second equation in (9.8). Such sections exist if and only if Qk —r > 0, and
they have Qk —r+ 1 simple zeros. On the ng background, these zeros must be partitioned
between the north and south poles by rotational invariance. The section A has a non-trivial
transition function, with

AN (2)5@’“—” A®)

z
between the northern and southern hemispheres.?” (We write A = AN, by default.)

Let us choose @ > 0 and §~ > 0, for definiteness. Then, k£ is bounded from above
according to Qk —r < Qe%g vol(S2)/2r. We consider a formal limit £ — oo such that all
vortex numbers are allowed. Consider the ansatz

: (9.11)

A =efttifz (9.12)

where fi, fo are real functions. Let us introduce the azimuthal angle ¢ with z = |z|e’®. By
rotational symmetry, we have f; = f1(|z|?), and f5 a linear function of ¢. From (9.11), we
see that fz(N) = fg(s) + (Qk — r)¢. Using the second equation in (9.8), we can solve for a
real gauge field,

Qadat + gwudx“ = i(d20, — dz0s) f1 + dfs . (9.13)

Plugging back into (9.8), we find an ordinary second order differential equation for f;(|z|?),
4

Qegy/a

Solutions of this equation are known to exist [78]. The two integration constants can be

022 (!Z|23\z|2 (fl + glogg)) =Qe*h —¢. (9.14)

taken to be the orders of the zeros of A at the poles. Due to the topological constraint (9.11),
we really have a single integer parameter p:

1 *p“er*T‘
AN 2P A(S)fv(Z) , p=0,---,Qk—r. (9.15)
This is equivalent to
—Qk+
AV =Slog P+, AP = Wlogm? TN (9.16)

We therefore find a wvortex configuration, schematically pictured in figure 11. There are
Qk — r + 1 distinct solutions for each flux k, labelled by the integer p in (9.15).
Finally, the third equation in (9.8) determines the profile of ¢ = &(|z|?) in terms of

fi(l=?):

r r
Qo = —m¥ — Leq — 2eq|2?0).p (fl + < log g) . (9.17)
We are only interested in the values of ¢ at the poles, which follow from (9.16):
Qon +mf = eq (—%—p) , Qos +m' = eq (—%—p+Qk) . (9.18)

Of course, (9.18) satisfies the supersymmetry relation (2.53), g — oy = €qk.

3TRecall that a section ¢ of O(n) transforms as V) = 2"¢(®) between patches. Thus, more precisely,
A is a section of the U(1) line bundle, with first Chern class Qk — r, canonically associated to O(Qk — ).
Correspondingly, the gauge field a, can be chosen real.
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Figure 11. The profile of Q|A|?> and of the gauge field flux (—2if;7) on the sphere (with
e3 = 1). The flux is localized near the poles (|z|> = 0 and |z|?> = o), where |.A|? vanishes, with size
proportional to 1/(eg€'/?).

9.3 Higgs branch localization formula

Consider an abelian GLSM with gauge charges Q, as above. We denote by (H) a solution
of the equations

S QAP =& (o), (Qilo)+mf +Tea) Ai=0 (W),  (9.19)
7
such that at least n distinct fields A;, with linearly independent charges Q; € b*, get a
VEV, fully Higgsing the gauge group to a discrete subgroup. We further restrict ourselves
to the case when the “Higgs vacua” (H) are isolated: that is, the VEVs of A; cannot be
varied continuously. This can be achieved by turning on generic twisted masses m®, if there
are no chiral fields with the same quantum numbers. In that case, exactly n fields A; get a
VEV in a given Higgs vacuum. Let us introduce J = {j1,--- ,jn} labeling the n fields A;
that get a VEV in (H). For each such (H), there exist n distinct types of vortices behaving
like in (9.15) — that is, one has a tower of vortices indexed by (kg pgr) for each j € J, with
Qj(kg) —r; > 0Vj e J. Here kg = (kn,q)i—, are the fluxes of the vortex configuration,
and pg = (pHj)jes with 0 < pg; < Qj(kg) — rj are the orders of zeros of A;N).
The values of on and og on the Higgs vacuum (H) are determined by (9.18). More
precisely, one needs to solve the linear system
F Ty .

Qj(onlm) +mF = eq (—5 —png)  Vied (9.20)
to determine oy |y in terms of the twisted masses, R- and gauge charges, and py. Then
os|lg = on|g + kmeq by supersymmetry.

From the previous discussions, it is clear that the Higgs branch localization formula
takes the form of a sum over vortices:

<O(N)(UN)O(S)(US)> = qukZlezr,fﬁzl???;zeo(m(UN’H)O(S)(US|H) . (9:21)
(H) kn PH
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Here, we have defined the vortex contribution

r (W + 2)
Zvortex — Res GQTj_l_Q]' (kmr) , 9.22
km.py UN—WN'H]EJ r (Qj(crNJrkHeQ)erf + 2rj> ( )
€qQ 2

which correspond to the fluctuations of the chiral multiplets A;, j € J, with the mass-
less modes indexed by pp ; removed. We used the one-loop determinant (C.7) and the
supersymmetry condition og = o + kp€eq, and removed the massless modes by taking the
(multi-dimensional) residue. Eq. (9.22) depends on py through the solution oy |g to (9.20).

The remaining contribution is from all the chiral multiplets which do not participate
in the vortices of (H):

(o F )
assive 1-Qi(km) r (Ql( ng)+ml + %)
gast ve __ ri—1—=i(RH
ZkH,pH - H €Q 1-‘ Qi(O'N|H+k’H€Q)+mf 2—r; ’
idJ . + =

(9.23)

As expected, the residues picked up by the Coulomb branch formula (4.51) correspond
precisely to the vortices discussed here. The singularities of the integrand (4.50) occur
wherever some chiral multiplet has a massless mode, corresponding to the existence of
holomorphic sections for A. By our assumption of isolated Higgs vacua, these singularities
correspond to regular hyperplane arrangements, and the JK residue becomes an iterated
residue.

9.4 Elementary examples

Let us illustrate (9.21) with some elementary examples. The simplest example is the
abelian Higgs model discussed in section 7.1. In that case, there is a single field with a
single Higgs vacuum with residual Zg gauge symmetry, and the vortex solutions are the
ones of subsection 9.2, with » = 0. The Higgs branch formula (9.21) reads

Qk
<0<N) (oN)O<S>(as)> =S¢ e o) <ge§z) 0 <(g + k:) eg> . (9.24)

k>0  p=0
with the vortex contribution

Zvortex _ 1 (_1)p
B2 T Qeq@ pl(Qk —p)!

This obviously agrees with (7.4). The “S3 vortex partition function” (9.25) can be under-

(9.25)

stood as a simple gluing of flat-space vortex partition functions computed in [79].
Another simple example is the CPY~! model discussed in section 7.2, with generic
twisted masses m! = —m;. We have N distinct vacua (H) labelled by i, with a single A,
taking VEV in each. Therefore, (9.21) gives a sum over n vacua, where in each vacuum
vortex

@ we have a contribution Z;?7¢* equal to (9.25) with @ = 1, and on|g = m; — pi€q,
os|m = m; + (ki — p;)eq. This precisely reproduces (7.18).
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A Notations and conventions

We closely follow the notations of [3], but we shall make a few convenient field redefinitions.
Moreover, we have €q equal to —ie[g “in [3], and the sign of our FI parameter £ is opposite
to the one of [3].

Let us consider the Riemann sphere with complex coordinates z, zZ, which cover the
whole S? except for the south pole at z = Z = co. We consider a metric

ds® = 2g.5(2, 2)dzdz (A.1)
with a real Killing vector V' = iz0, — iZ0z, but otherwise arbitrary. We work in the
canonical frame

1 T 1
el =gidz, e''=gidz, (A.2)

with /g = 2g.z by definition. Throughout the paper, we generally work with fields of
definite spin, which can be obtained from geometric objects by multiplication with the
vielbein. For instance, an holomorphic one-form X, will be written as a spin 1 field
X1 = ejX;, in term of the inverse vielbein e = g_%. The spin connection is given by

W, = —i@z logg, wz = %82 logg . (A.3)

Note that, in our conventions, the Ricci scalar R is negative on the round sphere. The
covariant derivative on a field of spin s € %Z is

D) = (Op — iswp)@(s) - (A.4)

We generally write down derivatives in the frame basis as well: D1,y = efD, () and
D1y = e%D;np(S). The Lie derivative along V' of a field of definite spin reads:

Ly = [VFDyu+ 25(D1V1)] o) - (A.5)

One can check that it is independent of the metric. Note that D;1V; = —D7V; by the Killing
equation. We refer to appendix A of [3] for more details on our curved-space conventions.
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A.1 A-twisted fields

It is very convenient to use field variables adapted to the supersymmetries of S%. These
variables are the so-called “A-twisted” variables (or rather an eg-deformation thereof).
They are given by a simple field redefinition in terms of the “physical” variables discussed
in [3].

Let us denote by ¢!°C! any physical field ¢ in the notation of [3]. For the bosonic
components of the vector multiplet V, we define:

1
a, = aLCC} + §€QU[CC}VM,

1
_ _[CcC] - 2~[CC]
oc=0 —|—4€QU ViV, , (A.6)

&=l

D = DI —jeq(ViDy — ;D)5 C9 .

This eg-dependent redefinition simplifies many formulas. For the fermionic components of
V, we define®®
A =8 (A i) |

(A7)

in terms of the Killing spinors (2.7). By construction, the A-twisted fields have vanishing
R-charge and “twisted spin” s = sg + 5. (For instance, the gaugino )\[EC] has r = 1 and
S0 = —%, giving us the scalar gaugino \.)

Similarly, for the chiral multiplet ® of R-charge r and the antichiral multiplet ® of
R-charge —r, we introduce the A-twisted variables

A = (5:)? 99, A= (ps)31°,
B=v2(.)5 (%) — ¢ ylfY), B =—Vaps)E (¢ 99 - oY),
C= é(@)é‘pz C i, C= Z(w)z@; ¢, A
F = (p2)2ps IO, F = (p2)2p: FIO9.
Here we defined
pe=—gi(¢)?. B =910, (A.9)

which are nowhere vanishing sections of KX ® L? and K ® L2, respectively, with L the
U(1)g line bundle for fields of R-charge 1.
For the twisted chiral multiplet €2, we define

1 1~ ~ 1 1
_ lcal H, = —gic_nl€C H. = —gic, g G =G (A0
w=w™™, == 759 cn=", F= 59 Cmy , (A0)

38 All these definitions of the A-twisted fields are written modulo powers of E, (+ = 1, which do not affect
the discussion of the spin and vector R-charge, but matter if we want to keep track of the axial R-charge.
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while for the twisted antichiral multiplet Q:

Gola g \}5 L0 fc_ WO, Godlod . (aa

Note that all these “A-twisted fields” are given by a simple change of variables on a

particular supersymmetric curved-space background. As emphasized in [81] in a closely

related context, the “topological twist” and “rigid supersymmetry” approaches to super-
symmetry on curved space should be considered as two faces of the same coin.

B More about supersymmetry multiplets

For completeness, let us discuss the case of a general multiplet whose lowest component is
a scalar C of vanishing R- and Z, Z-charges, A-in twisted notations:

S = <67X>%7Xiakvl7Miv Mlva,ua O—ab—vaA17 )‘7]\/1’}:’ D) : (B'l)
The lower components of (B.1) are related to the ones of [3] by'
¢ = cled x =G =X = xRt
cC ~ ~[CC 7
=Y =R = IRV IV (B2)

and the higher components are defined as in (A.6)—(A.7). The supersymmetry variations
are given by

5C =iy, 6C = —iy,
ox =0, gx = —o0+eqV¥a, —ieqlyC,
6X = —0 + eqV"a, + ieq Ly C, 65X =0,
Sy = My, ox1 = 2D;C + 2iag (B.3)
51 = 2D1C — 2iay ox1 = M,
M; =0, oM = 2A; — 4iDjx + 2e0Ly X7
SM; = 2A1 + 4iD1X + 2eqLv X1, SM; =0,
da; = D1y, gal = —iA + D1X,
da; = iA1 + Dy, dai = DiX,
do = 2ieqViAy, oo = —2ieqViA,
55 = —2X, 65 = —2),
§Ay = —dieqVi(Dia; — Diay) + 2iDio,  0A; =0,
01 =0, 6A; = —dieqVi(Dra; — Diay) (B.4)
— 2iDio,
6\ = iD + (Diag — Diay) — 2eqViDi5, OA=0,
SA=0, oA = —iD — 2(D1ag — Diay)
— 2eqViD1G ,
§D = —2D1 A7 + dieqVy DA 6D = —D;A; — dieqViDs A,

which realize the algebra (2.8) with vanishing central charge.
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The vector multiplet V is a particular instance of (B.1), with the gauge invariance
parameterized by chiral and antichiral multiplets of vanishing charges. In WZ gauge, it
reduces to (2.10). As one can readily check, the twisted chiral multiplet (2.22) is also em-
bedded in (B.1), by the constraint x = x¥ = 0, while the twisted antichiral multiplet (2.24)
is embedded in (B.1) by the constraint x7 = x1 =0 [3].

A D-term supersymmetric Lagrangian is obtained from any neutral general multi-
plet (B.1):

Yp=D—cH . (B.5)

This is supersymmetric by virtue of (B.4). Note also that (B.5) is always 6-, é-exact, since
Lp =60 <;5> : (B.6)

up to a total derivative. The equations (2.33) and (2.33) are instances of this relation. The
FI parameter term in (2.46) is not in this class because the vector multiplet is not gauge

invariant.

C One-loop determinants

In this appendix, we collect some details on the computation of the needed one-loop deter-
minants, for the chiral and vector multiplets in the background of a supersymmetric vector
multiplet configuration.

C.1 Chiral multiplet determinant

Consider a chiral ® of R-charge r and gauge charge @) under a U(1) vector multiplet V.
(The generalization to the general case is immediate.) On any supersymmetric configura-
tion (2.47) of V (and setting all the gaugini to zero), the chiral multiplet Lagrangian (2.35)
becomes

g@@ = .ZA]DOS.A + (g, 5)Afer (?) - .7?.7'—, (C.1)

Apos = —4D1 D5 — QF (—QU n ieQz‘V")) :
105 -D

Ap = —2i 197 L] (C.2)
Dy —Qo +ieqly,

Due to supersymmetry, the bosonic and fermionic operators are related by’

_ PG Apos 4D
—2 Afer QU + ZEQLV 0 = ’ 1- (a) : (C3)
—Ds3 1 0 —4 (—Qa +ieqLy, )

The operator Dj naturally maps between two Hilbert spaces for the fields of spin 5 and

5 — 1 (with r =r — QF):
Di : Hg — 7‘[% . (C.4)

390ne needs to use [Di , —Qo + Z'EQ£§/H‘)} = 0, which can be proven using (2.47).
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With some linear algebra, one finds

d det Ager . detcokerDI (_QJ + ZGQEE;l))
det Avos — detyerp, (—Qo +ieqlls))

(C.5)

up to an overall normalization. The kernel of (C.4) on S? is spanned by holomorphic
sections of O(—r). Not coincidentally, this pairing between bosonic and fermionic modes
works exactly like in [48].
Consider first the case of a constant supersymmetric background for V, so that o = &,
5 =6 are constant, and a, = 0 with £ = 0. Then (C.5) can be computed very explicitly
and one finds
Z* =21 (Qo;en), (C.6)

with the function Z defined in (4.41). More generally, consider a supersymmetric back-
ground with U(1) flux k and a non-trivial profile of o(|z|?), with values o and og at the
poles. Following [26, 82], we can use the equivariant index theorem to show that

Q(on)

s H c + r
7% _ H Qos + ( 3 +n) €9 — e "1 ( Q 2) ’ )
n=0 Qon + (5 + n) €Q r (Q(US) + 22;1”)

€q

where we used that og — oy = €qk on a supersymmetric background. On the Coulomb
branch saddle (4.28), this leads to (4.42).

Note that only a finite number of modes ever contribute to (C.5). Consequently, the
one-loop determinant (C.7) is perfectly finite. The only regularization ambiguity is a sign
ambiguity, which we have fixed in agreement with [10].

C.2 Chiral multiplet determinant with D #0

In the Coulomb branch localization approach with saddle (4.28), we also need to consider
the case of a chiral multiplet in the background of a zero-mode multiplet (4.30). In such a
background, the Lagrangian (2.35) reads

g = A(Bbos +iQD) A+ (B,C)Ave (?) —FF+iBXA+ANB,  (C8)

with the kinetic operators defined in (C.2). The Gaussian integral with Lagrangian (C.8)
is supersymmetric, and leads to a superdeterminant Z% (4, g, A, X, ﬁ) We are really inter-
ested in

7%6,6,\,\, D) = 2%(6,6,0,0,D) . (C.9)
This has to be computed without the help of supersymmetry, unfortunately. We will thus
consider a round metric of unit radius and restrict ourselves to the vanishing flux sector,
r = r, with constant background ¢ = &, 0 = . On the round 52, we find:

Abos = A + g — Q5 (~Q6 +iealy) |

(e 0 (C.10)
=Wt | Ty Ly (~@6 +ieall?) ) -
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Here A%, is the scalar Laplacian in a monopole background of charge r:

2

o 229 9. — & 5 _so._ Y _ B
r, = —(1+ 22)20.0: 2(1+zz)(zaz 20 2) ~ . (C.11)

and —iY's, is the Dirac operator in that same background, acting on (B,C)T:40

0 (1+22)0: + 3(r — 2)2) ' (C.12)

— W2 = —1 ((1—|—z2)8z—ér§ 0

The spectrum of these operators is well-known — see [48] and references therein. Let us
define

. r—1] 1
=— 5 1
Jo(r) 5 5 (C.13)
The generic eigenvalues of Apyg are
Ajm—J<J+1)_§(§—1)+QU(QU+m€Q) (C.14)

with j = jo+ 1,50+ 2,---, and m = —j,—j + 1,--- , 4, for any r. Similarly, the generic
eigenvalues of Ag, come in pairs, )\52 and )\;7 ) with )\5 nz)\gnz = Aj;m. For r # 0, there
are unpaired eigenvalues corresponding to zero modes. If r < 1, there is some additional
bosonic mode of momentum j = jg, which is only partially paired with a single fermionic
zero mode. If r > 1, there is an unpaired fermionic zero mode with j = jo.

The final answer for the one-loop determinant is the infinite product:

= = Q0(Q5 +eqm) +j(j +1) — 5(5 — 1)

Z%6,6,D)=296,6,D) [ ——— - . (©15)
mi<; 1QD +Q5(Q5 +eam) +j(j +1) — 5(5 —1)
J>Jo(r)
where
Hrm/i—_lr/2+l (Qo +eqgm) if r>1,
706,6,D)={ 1 if r=1, (C.16)
Ix]/2 ; :
"2 5@aremrrs 1 T <1

is the zero-mode contribution. Note that (C.15) holds up to a possible sign ambiguity.
For D = 0, this reproduces the holomorphic result (4.42). For en = 0, it is easy to
see that (C.15) also holds in the presence of flux, whose only effect is to shift r = r to
r = r — Qk. From there, it is a small leap of faith to our claiming that (C.15) is the correct
answer in the general case.

C.2.1 The large ¢ limit of the one-loop determinant

In section 5, we consider the large |G| limit of the determinant (C.15). Let us consider the
large-|o| limit of

AQ ~ . .
(6. ic? H H |6 + eqmo +C+j(5+1) (.17)

ome €D +16]2 + eqmé + C +j(j +1)

40We are closely following appendix A of [48], to which we refer for more details. Beware that the analog
of our fermionic fields B and C is denoted there by C and B, respectively.
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where C is an arbitrary constant. We are interested in the limit where |5| is taken to
infinity as e is taken to zero so that

e—0, R=|6/"" > . (C.18)
Here, we provide evidence that
lin%] f(6,i€*D’") ~ exp (2i(1 + eq'a)D'log R) , (C.19)
R0
where e, is function of B
o
GQ, = ‘6‘ €N (0.20)

that is well behaved in a neighborhood of € = 0. In particular, c., is regular at eg = 0
and thus
lim f(&,ie2D)|eq—o ~ exp (fzz'f)’ log R) . (C.21)

e—0
R—o00

The symbol = is used to imply that the proportionality constant of the left and the right
hand side of the equation asymptotes to unity.
We use the fact that the asymptotics of f(5, ie2D’ ) is well estimated by

_ A 0 7 ~12 L5 C o/ 1
f(&,iezD'):H H : A|U| —|:€Q.70'+.: +.7(.7+ )
i0m=— ie?D' + |62+ eqjo + C+j(j + 1)
R = . 2j+1
_ﬁ 162 + €qjo + C + j(j + 1)
oo \i€2D" + (62 + eqjo + C + j(j +1) ‘

This follows from the fact that for A much smaller than |5|, and small eq,

9(=7) < g(m) < g(j) (C.23)

for _
|62 + eqmé + C + §(j + 1)

m —
9(m) A+6)2+egmo+C+j(j+1)

(C.24)

when €6 is real and (Adeq) is a positive real number.
f(a, ie2D’ ) can be computed using (-function regularization. In particular, it is simple
to obtain

log f(6,ie?D') =2¢' (=1,a4) — 2¢'(~1,a4) + 2¢'(-1,a-) — 2¢'(~1,a_)
+ (1= 2a4)¢(0,a4) — (1 = 2a4)¢’(0,a4) (C.25)
+(1-2a_)¢"(0,a_) — (1 —2a_)'(0,a_).

where ((s,a) is the Hurwitz zeta function:

C(s,a) = Z(l C'(s,a) = 0,C(s, ). (C.26)

9
—(n+ a)s
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We have defined

€qo +1 €no +1 2 .
ai:—Qi\/<2> — ()2 4+ C)

(C.27)
€nd +1 €and +1)\2 )
ay = e + (2) —(|6>4+ C +ie2D).
Using the asymptotic expansions of the Hurwitz zeta function,
/ 1 -1
¢'(0,a) = a—3 loga—a+0O(a™ "),
(C.28)
('(-1,a) = 1a2 — 1a— 1 loga — 1(12—i- L +0(a™?)
’ 2" T2 T 12) % T T ’
we find that
- . . /
log f(5,ie2D") ~ 2ie?D [1— —2 ) 1|5 (C.29)
\/ 69/2 —4

up to terms that vanish in the limit (C.18). Thus

e—0
R—o00 €0

— R . !/
lim f(&,ie*D’) ~ exp <2iD (1 - 624) R) . (C.30)

Since (eq’ 2 4)~1/2 behaves regularly in a small enough neighborhood of eq’ = 0, assuming
that the asymptotic behavior of f(&,ie2D’) approximates that of f (&,ieQﬁ’ ) well, our
assumption (C.19) is justified.

C.3 Gauge-fixing of the SYM Lagrangian

Consider a non-abelian vector multiplet on S3 with the SYM Lagrangian (2.34). It is
invariant under the gauge group G. We can introduce BRST ghosts and auxiliary fields
¢, ¢, b in the adjoint of g = Lie(G), in the standard way. The BRST transformations on
ordinary fields are

say = Dyc,  spp=ile,pp],  sppr=i{c,or}, (C.31)

where s denotes the BRST symmetry generator, and ¢ s stand for the bosonic and
fermionic fields in the vector multiplet except a,. We also have

sc = %{c, c}, sc = —b, sb=0. (C.32)

One easily checks that s? = 0 using the Jacobi identity for g. Moreover, s anticommutes
with supersymmetry:
{s,6} =0, {s,6} =0, (C.33)

given that 5,5 act trivially on ¢,c and b. One can then define the new supersymmetry
transformations 0 = 6 + s and ¢’ = § + s. All gauge invariant Lagrangians are still
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invariant under ¢’ ,g’ . The standard gauge-fixing action is a BRST-exact term. More
precisely, we take

Lof = %(5’ +) <E(Ggf + 5~"2fb)) =5 (E(Ggf + g;fb)> + %E’(é +0)Gyp,  (C.34)

for some gauge-fixing function G4y of the physical fields. The additional term in the
r.h.s. of (C.34) is needed for supersymmetry but does not affect the one-loop answer [82].
Integrating out b, we obtain

Lpp = (Gyf)? + DyeDle - . (C.35)

1
2841
On 52, the ghost c itself has a shift symmetry, which can be gauged-fixed as in [82]. (We

will be glib about it and simply remove the constant mode of ¢ by hand.) We shall consider
a convenient gauge-fixing function,

Cog = Dyt + Legslo. )+ 1/ eal5 (C.36)
which is particularly adapted to the Coulomb branch.

C.4 Vector multiplet one-loop determinant

Let us consider the algebra g in the Cartan-Weyl basis E,, H,, where a runs over the
Cartan subalgebra and a denotes the non-vanishing roots. We have

2

[Hy, Eo] = agEo , [H,, Hy) =0, [Ea, E_o] = WaaHa . (C.37)
One can expand the gauged-fixed Yang-Mills Lagrangian,
Lym + Ly, (C.38)

in this basis, with ¢ = @, Hy + o Fq for every field. For simplicity, consider a background
where o,c take constant values, o, = 6, and o, = ga. Expanding at second order in
the fluctuations around &, g, a straightforward computation shows that, if we choose the
gauge-fixing function (C.36) and the Feynman-like gauge &, = 1, the kinetic term be-
comes diagonal between a, and 0,0, up to terms that do not contribute to the one-loop
determinant. We then obtain a simple contribution

1 - -
LB mr —i-ggf D §DH0'D“O' + DMCDMC, (C.39)

so that the ghost determinant completely cancels the determinant from o, 5. The fluctu-
ations along the Cartan of g can be shown to give a trivial contribution. The remaining
terms come from the W-bosons and their fermionic partners, leading to:

—Q [ o 1 AN(—a) ¥ « (@)
Loy + Ly D> T <2a§ A () 4 3 (2Ag ). A(—a)) Al (2AA&) )) ., (C.40)
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up to terms which cannot contribute to the one-loop determinants. Here we defined

A® 4D D ol E) () 4 1 (@) _ _ .<“<‘}) ~Dy )
bos = 1D1—a(0) (a(6) +ieqly) , Ap =—-2i( 4 A . . (C41)
Di —a(6)+ieqly
This shows that the supersymmetric W-boson contributes exactly like a chiral multiplet
of R-charge r = 2 on S3, with a1, aj playing the role of the fields .A,.Z in the chiral and
antichiral multiplets (in particular, A = a; has the correct spin § = 1). To generalize this
argument, we just note that the fermionic kinetic term for the fluctuations, as computed
from (2.34), is of the same form as Ag, in (C.2) (with » = 2) for any supersymmetric
background V. This leads to (4.44). (More precisely, it strongly suggests it. One can also

check that answer with an index theorem computation.)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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