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Abstract

Over the last fifteen years, phylogenetic networks have become a popular
tool to analyse relationships between species whose past includes reticula-
tion events such as hybridisation or horizontal gene transfer. However, the
space of phylogenetic networks is significantly larger than that of phylo-
genetic trees, and how to analyse and search this enlarged space remains
a poorly understood problem. Inspired by the widely-used rooted subtree
prune and regraft (rSPR) operation on rooted phylogenetic trees, we propose
a new operation—called subnet prune and regraft (SNPR)—that induces a
metric on the space of all rooted phylogenetic networks on a fixed set of
leaves. We show that the spaces of several popular classes of rooted phy-
logenetic networks (e.g. tree child, reticulation visible, and tree based) are
connected under SNPR and that connectedness remains for the subclasses of
these networks with a fixed number of reticulations. Lastly, we bound the
distance between two rooted phylogenetic networks under the SNPR opera-
tion, show that it is computationally hard to compute this distance exactly,
and analyse how the SNPR-distance between two such networks relates to
the rSPR-distance between rooted phylogenetic trees that are embedded in
these networks.
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1. Introduction

Searching through tree space is a key ingredient to many popular algo-
rithms that reconstruct an optimal phylogenetic tree from a set of molecular
sequence data. With the ever-increasing size of available data sets and given
that the number of possible trees grows exponentially with the size of the
leaf sets, analysing the mathematical properties of tree space continues to be
an active area of research (e.g. Allen and Steel (2001); Bordewich and Sem-
ple (2004); Bryant (2004); Gordon et al. (2013); Owen and Provan (2011);
Sanderson et al. (2011); Whidden and Matsen (2015)). This began at least in
the early seventies when Robinson (1971) laid the foundation for the popular
graph-theoretic nearest neighbour interchange (NNI) operation that induces
a metric on the space of phylogenetic trees. Together with the local tree
rearrangement operations of subtree prune and regraft as well as tree bisec-
tion and reconnection (Swafford et al., 1996), NNI was indispensable to the
successful development of leading tree reconstruction methods (Bouckaert et
al., 2014; Guindon et al., 2010; Ronquist and Huelsenbeck, 2003; Stamatakis,
2006).

In contrast, the space of phylogenetic networks remains poorly understood
although it is now widely acknowledged that rooted leaf-labeled digraphs
with underlying cycles are better suited to represent complex evolutionary
histories that include reticulation events such as hybridisation and horizontal
gene transfer (Gusfield, 2014; Huson et al., 2010). While several metrics on
different classes of rooted phylogenetic networks have recently been developed
(e.g. see Cardona et al. (2009a,b); Nakhleh (2010)), almost none of these
metrics imposes a natural structure on the space of phylogenetic networks.
It is precisely the structure on tree space and the efficient computation of a
so-called tree neighbourhood that the above-mentioned tree reconstruction
methods take advantage of in order to search tree space. To date, the only
available metric that induces some structure on the space of phylogenetic
networks and that can therefore be used to traverse phylogenetic network
space in search of an optimal (rooted) phylogenetic network is rather ad
hoc and based on a search that works in layers from trees to networks of
increasing complexity (Yu et al., 2013, 2014). Indeed, the mathematical
properties of this search (e.g. does it find each network within each layer) are



unknown. Additionally, for unrooted phylogenetic networks, two operations
have recently been developed that generalise the NNI operation from trees
to networks (Huber et al., 2016a,b). While the first operation (Huber et al.,
2016a) induces a metric on a relatively simple class of phylogenetic networks
that do not have any overlapping cycles, the operation presented in (Huber
et al., 2016b) draws its inspiration from the cubic graph literature and can
be used to transform any unrooted phylogenetic network into any other such
network.

Given the lack of biologically-motivated and well-studied rearrangement
operations on phylogenetic networks, it is consequently unsurprising that
many algorithms that reconstruct a rooted phylogenetic network from se-
quence data under some optimisation criterion (e.g. parsimony (Fischer et
al., 2015; Jin et al., 2009) or likelihood (Jin et al., 2006a)) refrain from
searching phylogenetic network space. Instead, they often employ a two-step
workaround (Jin et al., 2006a,b) that consists of reconstructing a phyloge-
netic tree and adding a fixed number of internal edges to the tree such that
the resulting network is in some sense optimal.

This paper contributes to filling the lack of methods to reconstruct phy-
logenetic networks directly from molecular sequence data. In particular,
we introduce a rearrangement operation—called subnet prune and regraft
(SNPR)—on rooted phylogenetic networks that has its motivation in the
popular rooted subtree prune and regraft operation on rooted phylogenetic
trees (Bordewich and Semple, 2004). In comparison to the operations intro-
duced in Huber et al. (2016a,b), a SNPR operation can move a subnetwork
across a greater distance (i.e. an arbitrary number of edges) in a network. As
we will see, generalising rearrangement operations from phylogenetic trees to
networks opens up a set of interesting and novel questions for further investi-
gations. For example, we not only show that SNPR induces a metric on the
space of all rooted phylogenetic networks but also that several well-studied
classes of rooted phylogenetic networks are connected under this operation,
that is, starting at any network in the class, we can ‘move’ to any other
network in the class by applying a sequence of SNPR operations such that
the resulting network after each operation is also in the class.

The paper is organised as follows. The next section contains notation
and terminology that is used throughout this paper. Section 3 introduces the
SNPR operation and establishes several of its properties. The main result
of this section is that SNPR induces a metric on the space of all rooted
phylogenetic networks on a given leaf set. In Sections 4-6, we show that the



spaces of tree-child, tree-based, and reticulation-visible networks with a fixed
number of reticulations are connected as well as the space of networks that
embed a given set of rooted phylogenetic trees. For two given phylogenetic
networks A/ and N’ on X, we then turn to computing their SNPR-distance,
i.e. the minimum number of SNPR operations that transform N into N’. In
Section 7, we show that, in general, computing this distance is an NP-hard
problem and bound the minimum number from above. We also analyse how
the SNPR-distance between two rooted phylogenetic networks relates to the
rSPR-distance between rooted phylogenetic trees that are embedded in these
networks. Throughout the paper, we allow for a general rooted phylogenetic
network to have edges in parallel. There are compelling reasons for this and
we described them in Section 8, where we also present a modified SNPR
operation that does not allow for parallel edges. We end the paper with
some concluding remarks.

2. Preliminaries

This section provides notation and terminology that is used in the re-
mainder of this paper. Throughout the paper, X always denotes a finite set.
A (rooted) phylogenetic network on X is a rooted acyclic directed graph with
the following properties:

(i) the unique root has out-degree two;

(ii) vertices with out-degree zero have in-degree one, and the set of vertices
with out-degree zero is X; and

(iii) all other vertices have either in-degree one and out-degree two or in-
degree two and out-degree one.

For technical reasons, we allow a single-root vertex to be a phylogenetic
network. The observant reader will have noticed that we allow edges to be in
parallel, i.e. we allow two edges to join the same pair of two distinct vertices.
Allowing parallel edges is atypical. However, in the context of this paper,
there are compelling reasons for this allowance as we explain in Section 8.
For a phylogenetic network N on X, the vertices of out-degree zero, that
is the elements in X, are called leaves and X is the leaf set. Furthermore,
the vertices of in-degree one and out-degree two are tree vertices, while the
vertices of in-degree two and out-degree one are reticulations. An edge (u,v)



Figure 1: Two rooted binary phylogenetic trees on five leaves. Both trees are displayed
by the phylogenetic network that is shown in the middle of Fig. 2.

in N is a reticulation edge if v is a reticulation; otherwise, (u,v) is a tree
edge. Note that, for a reticulation v, we do not distinguish between the two
reticulation edges directed into v. Moreover, for two vertices u and v in N,
we say that u is a parent of v and v is a child of u precisely if there is an edge
(u,v) in N.

A rooted binary phylogenetic X -tree is a phylogenetic network on X with
no reticulations. Let 7 be a rooted binary phylogenetic X-tree. For a subset
X' of X, we denote by 7| X’ the rooted binary phylogenetic X'-tree obtained
from the minimal rooted subtree of 7 that connects all leaves in X’ by
contracting non-root degree-two vertices.

Let N be a phylogenetic network on X. Let u and v be vertices in N,
and let e be an edge in N. We say that v (respectively, e) is a descendant of
u or, equivalently, below u if there is a directed path in N starting at u and
traversing v (respectively, both end vertices of €). Also, a directed path in
N starting at a vertex u and ending at a leaf ¢ is called a tree path if every
vertex, other than v and /¢, is a tree vertex. Now let T be a rooted binary
phylogenetic X-tree. We say that N displays T if, up to contracting non-
root degree-two vertices, 7 can be obtained from N by deleting edges and
vertices, in which case, the resulting digraph (which has no underlying cycles)
is an embedding of T in N. To illustrate, Fig. 1 shows two rooted binary
phylogenetic trees that are both displayed by the phylogenetic network that
is depicted in the middle of Fig. 2.

Three particular classes of networks are becoming increasingly prominent
in the literature. We describe these next. Let A be a phylogenetic network
on X with root p. A vertex v in N is wisible if there is a leaf ¢ in N such
that every directed path from p to ¢ traverses v. Visibility is an attractive
property as it allows the present to ‘see’ the past. For example, the three
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Figure 2: Left: A tree-child and, hence, reticulation-visible and tree-based network. Mid-
dle: A reticulation-visible and, hence, tree-based network that is not tree child since u
has two reticulation children. Right: A tree-based network that is not reticulation visible
since v is not visible and, hence, not tree child.

reticulations vy, v9, and w3 of the network that is shown in the middle of
Fig. 2 are visible since each directed path from the root to 5 traverses vy,
each directed path from the root to 2 traverses vy and, similarly for 3 and
vs. On the other hand, the reticulation v of the network that is shown in
the right of the same figure is not visible because there exists a directed path
from the root of the network to the only leaf 1 that does not traverse wv.
Now suppose that N has no edges in parallel. We say that N is tree child if
every vertex in N is visible. Furthermore, N is reticulation visible if every
reticulation in N is visible. Lastly, up to allowing parallel edges, N is tree
based if there is an embedding S of a rooted binary phylogenetic X-tree T
in AV that covers every vertex in A, in which case, S (as well as T) is a base
tree for N'. Note that the phylogenetic tree that is shown in the left of Fig. 1
is a base tree of the network that is shown in the middle of Fig. 2 while the
tree that is shown in the right of Fig. 1 is not a base tree of that network. It
immediately follows that every tree-child network is reticulation visible, and
it can be shown that every reticulation-visible network is tree based (Francis
and Steel, 2015). Among the aforementioned three classes of phylogenetic
networks, only tree-based networks were introduced in a way that explicitly
allows for parallel edges to be present (Francis and Steel, 2015). Examples of
tree-child, reticulation-visible, and tree-based networks are shown in Fig. 2.

Finally, let e = (u,v) be a reticulation edge in a phylogenetic network
N on X, and suppose that u is not a reticulation. The deletion of e in
N, denoted N \e, is the operation of deleting e, and contracting u and v.
Observe that A\e is also a phylogenetic network on X.



Lemma 2.1. Let N be a tree-child, reticulation-visible, or tree-based net-
work, respectively, on X with at least one reticulation. Then there is a retic-
ulation edge e in N such that N'\e is a tree-child, reticulation-visible, or
tree-based network on X, respectively.

Proof. We prove the lemma for when A is a reticulation-visible network on
X. The proof for when N is tree child is simpler and omitted. Furthermore,
the proof for when N is tree based follows from the fact that tree-based
networks are allowed to have parallel edges (Francis and Steel, 2015).

Let v be a reticulation in ' with the property that there is no reticulation
in N that is an ancestor of v. As N is acyclic, such a choice is possible. Let
u be a parent of v, and let e denote the edge (u, v). Suppose that A'\e has a
pair of parallel edges. Then these edges arise as a result of the contraction of
wor v. Let f and g denote the edges in A'\e resulting from the contraction
of u and v, respectively. Since A has no parallel edges, f and g are distinct.

If ¢ is in parallel to another edge in M'\e, then the unique child of v in
N is a reticulation; a contradiction, as otherwise, v is not visible in . So
g is not in parallel with another edge in A'\e. Therefore f is in parallel in
MN\e. This implies that the child vertex of u that is not v, say v/, in N is
also a reticulation. Furthermore, as f is in parallel in A\e, it follows that
(t,v') is an edge in N, where ¢ is the unique parent of u. Moreover, as v has
no ancestor that is a reticulation, v" has no such ancestor either. It is now
easily seen that A'\(¢,v’) has no parallel edges and is reticulation visible.
This completes the proof of the lemma. O

Suppose that N is a tree-child, reticulation-visible, or tree-based network.
In view of Lemma 2.1, there is an ordering (vy, vo, . .., vg) of the reticulations
of N such that, setting N' = N, for all i € {1,2,...,k}, if N;_; is a tree-
child, reticulation-visible, or tree-based network, then there is an edge, e;
say, directed into v; with A; = N;_;\e; being tree child, reticulation visible,
or tree based, respectively. We call (eq,ea,...,ex) a deletion ordering of N.

3. Subnet Prune and Regraft

In this section, we introduce the subnet prune and regraft operation on
phylogenetic networks and establish some of its basic properties. Let A be a
phylogenetic network on X. For the convenience of defining this operation,
view the root p of N as a vertex of in-degree zero and out-degree one adjacent
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Figure 3: A phylogenetic network A/ and two phylogenetic networks N7 and A5 that can
be obtained from A by applying (III) and (I), respectivley, to N'. Note that neither N}
nor N is tree child.

to the original root of NV, that is, view p as a pendant root. Let e = (u,v) be
an edge in NV, and consider the following three operations acting on N:

(I) If w is a tree vertex (and not equal to p), then delete e, contract u,
subdivide an edge that is not a descendant of v with a new vertex u/,
and add the new edge (u/,v).

(IT) If u is a tree vertex and v is a reticulation, then delete e, and contract
u and v.

(III) Subdivide e with a new vertex v, subdivide an edge in the resulting
network that is not a descendant of v' with a new vertex «/, and add
the new edge (v, v").

It is easily seen that applying any one of (I)~(IIT) to N results in a phylo-
genetic network on X. We say that a phylogenetic network on X has been
obtained from A by a single subnet prune and regraft (SNPR) if it can be
obtained by applying exactly one of (I)—(III) to . To illustrate, Fig. 3 shows
two phylogenetic networks N; and AN, that can be obtained from the phylo-
genetic network A that is shown in the same figure by applying (IIT) and (I),
respectively. The well-known operation of rooted subtree prune and regraft
(rSPR) is a certain application of SNPR. Specifically, this application is the
restriction of N to a rooted binary phylogenetic X-tree and only allowing
operation (I). Lastly, while applying (I) to a phylogenetic network A results
in a phylogenetic network with the same number of reticulations, applying
(IT) (resp. (III)) to N results in a phylogenetic network whose number of



reticulations is decreased (resp. increased) by one.

Remarks.

1. The convenience of viewing p as a pendant root in the definition is so
that we do not have to make a special case of the operation that undoes
“pruning” an edge that is incident with the root.

2. As mentioned in the introduction, Yu et al. (2014) have recently described
an operation to search phylogenetic network space in layers. Although the
authors did not mention how to deal with parallel edges that may arise
as a result of their operation, it is clear that their operation is similar to
SNPR, which was developed independently and with the main motivation
of generalising rSPR to phylogenetic networks. In fact, their operation
can be regarded as a generalisation of an SNPR operation since they not
only allow for the switching of a parent (as we do in (I)), but also for the
switching of a child reticulation. Roughly speaking, such an operation
replaces a reticulation edge (u,v) with a reticulation edge (u,w). As we
will see in the following, the three possibilities in the definition of an
SNPR operation are sufficient to establish that SNPR induces a metric on
the space of phylogenetic networks as well as on several popular network
classes.

It is natural to want each of the operations (I)—(III) to be reversible, that
is, if a phylogenetic network N’ on X can be obtained from N by a single
SNPR, then A can be obtained from N’ by a single SNPR. The following
proposition shows that this is indeed the case.

Proposition 3.1. Let N and N’ be two phylogenetic networks on X. Sup-
pose that N is obtained from N by a single SNPR. Then, up to isomorphism,
N can be obtained from N’ by a single SNPR.

Proof. If N' is obtained from N by applying one of (I), (II), and (III), then
it is easily seen that, up to isomorphism, A can be obtained from N’ by
applying (I), (III), and (II), respectively. O

To illustrate Proposition 3.1, observe that the two phylogenetic networks N
and N; that are shown in Figure 3 can be obtained from one another by
applying a single SNPR and, likewise, the two phylogenetic networks A and
N5 that are shown in the same figure.

9



Now, let AV and N’ be phylogenetic networks on X. A SNPR-sequence
for N and N is a sequence

N:NU7M7N27"'7M:N/

of phylogenetic networks on X such that, for all i € {1,2,...,¢}, we have
is obtained from N;_; by a single SNPR, in which case, we say that there is
a SNPR-sequence connecting N' and N”. The length of the SNPR-sequence
is t. Now, let C be a class of phylogenetic networks on X. We say that C
is connected (under SNPR) if, for all N, N’ € C, there is a SNPR-sequence
connecting N and N’ whereby every network in the sequence is in C. If C
is connected, then the SNPR-distance between two phylogenetic networks N
and N’ in C, denoted dsxpr, (N, N’) or simply dsxpr(N,N”) if the context
is clear, is the minimum length of a SNPR-sequence connecting N and N,

where every network in the sequence is in C. Furthermore, the diameter of
the space of C (under SNPR) is the value

max{dsxpr, (N, N") : N ,N" € C}.

Proposition 3.2. Under SNPR, the spaces of all phylogenetic networks,
tree-child networks, reticulation-visible, and tree-based networks on X are
connected. Moreover, the diameter of the space of all phylogenetic networks
and tree-based networks on X is unbounded, while the diameters of each of
the spaces of tree-child and reticulation-visible networks on X is O(n), where
n = |X|, and this is sharp.

Proof. Let N' and N’ be two networks in C, where C is one of the classes
in the statement of the proposition. First suppose that C is the class of
all phylogenetic networks on X. Let (vy,v,...,v;) be an ordering of the
reticulations in N so that, for all distinct 4,5 € {1,2,...,k} with ¢ < j, the
reticulation v; is not a descendant of v;. Since N is acyclic, such an ordering
exists. Now, taking this ordering, start with N and apply (II) to a reticu-
lation edge incident with v;, then apply (II) to a reticulation edge incident
with vy, and continue in this way for vs, vy, ..., v,. After k applications, we
obtain a phylogenetic network with no reticulations, that is, a rooted binary
phylogenetic X-tree 7. Similarly, let 7' be a rooted binary phylogenetic
X-tree obtained from N’ in an analogous way. Since the rSPR operation on
trees induces a metric on the space of all rooted binary phylogenetic X-trees
(Bordewich and Semple, 2004), there is an SNPR-sequence connecting 7 and
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T'. Thus, by Proposition 3.1, the proposition holds for when C is the class
of all phylogenetic networks on X. If C is the classes of either tree-child,
reticulation-visible, or tree-based networks on X, then the same approach
works using a deletion ordering of A/ and N’. Thus the spaces of tree-child,
reticulation-visible, and tree-based networks on X are also connected.

For the proof of the second part of the proposition, the size of the leaf
set of a phylogenetic network does not, in general, bound its total number of
reticulations. However, it is shown in Cardona et al. (2009b) and Bordewich
and Semple (2016) that tree-child and reticulation-visible networks on X have
at most n — 1 and 3n — 2 reticulations, respectively, and these bounds are
sharp. The second part of the proposition now follows by noting that a single
SNPR can remove at most one reticulation and each of the classes under
consideration contains the class of rooted binary phylogenetic X-trees. [

The following corollary is an immediate consequence of Propositions 3.1
and 3.2.

Corollary 3.3. The SNPR-distance is a metric on the classes of all phylo-
genetic networks, tree-child networks, reticulation-visible, and tree-based net-
works on X.

4. Tree-Child Networks

In this section, we consider tree-child networks and start with a definition
that generalizes the notion of a tree-child network. A phylogenetic network
on X is almost tree child if either N is tree child or N has exactly one pair
of parallel edges and the phylogenetic network obtained from N by deleting
one of these edges and contracting the resulting degree-two vertices is tree
child. Now, let C be the class of tree-child networks on X, and let C’ be the
class of almost tree-child networks on X. We say that C is weakly connected
(under SNPR) if, for all NN € C, there is an SNPR-sequence connecting
N and N’ whereby every network in the sequence is in C’. Note that if V' is a
tree-child network on X, then N has at most | X| — 1 reticulations (Cardona
et al., 2009b). The focus of this section is to prove the following theorem.

Theorem 4.1. Let k be a fized non-negative integer. If k < |X| — 2, then,
under SNPR, the space of tree-child networks on X with exactly k reticula-
tions is connected. Otherwise, if k = |X| — 1, then, under SNPR, the space
of tree-child networks on X with exactly k reticulations is weakly connected.

11



Figure 4: Two tree-child networks A" and N’ on X = {1,2} with exactly |X| — 1 retic-
ulations. Note that there is no SNPR-sequence connecting A/ and A’ such that every
network in the sequence is tree child and has exactly | X| — 1 reticulations.

Moreover, in both of these spaces, the SNPR-distance between any pair of
tree-child networks on X is at most O(n), where n = | X|.

The discrepancy in Theorem 4.1 when k& = | X| — 1 is that, under SNPR,
the space of tree-child networks on X with exactly | X| — 1 reticulations may
not be connected. For example, there is no SNPR-sequence in this space
connecting the two tree-child networks shown in Fig. 4.

Loosely speaking, we prove Theorem 4.1 by showing that, for each tree-
child network A on X, there is an appropriate SNPR-sequence connecting N
and a particular type of tree-child network which we call a ‘strict caterpillar
network’.

Let A be a phylogenetic network. If e = (u,v) is an edge in N that has
no reticulations below v, then the subgraph containing v that is obtained
from N by deleting e is called a pendant subtree of N'. We say that e induces
a pendant subtree. Now suppose that N has no edges in parallel. We call N/
a caterpillar network if the following two properties are satisfied:

(i) the outgoing edge of each reticulation induces a pendant subtree of N,
and

(ii) there exists an ordering (vy,vs,...,vg) of the reticulations such that
there is a tree path starting at p whose first 2k + 1 vertices are

P, P1,41,P2,92; - - - Pk, Gk,

where, for each 7, the parents of v; are p; and ;.

12
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Figure 5: A caterpillar network AN on k reticulations with reticulation ordering
(v1,v2,...,vk). Small triangles indicate pendant subtrees while the filled triangle cor-
responds to the tail of N.

Observe that a caterpillar network is tree child. We call the ordering in
(i), the reticulation ordering in N'. Also, the pendant subtree induced by
the outgoing edge of g that is not (qx,vg) is the tail while, for each i €
{1,2,...,k}, the pendant subtree induced by the outgoing edge of v; is the
subtree below v;. A caterpillar network is strict if the subtree below each
reticulation consists of a single leaf. To illustrate, a caterpillar network with
reticulation ordering (vy,vg, ..., v,) is shown in Fig. 5.

Let N be a caterpillar network. Let v be a reticulation in N such that
the subtree below v consists of at least two leaves, and let £ be one such leaf
whose parent is u. Furthermore, let ¢’ be a leaf in the tail of N. By the
definition of a caterpillar network, note that ¢ always exists. Now consider
the caterpillar network A/ obtained from N by applying (I) that deletes
(u,?), contracts u, subdivides the edge directed into ¢ with a new vertex
u', and adds the new edge (u/,¢). We say that N has been obtained from
N by moving £ to the tail. Note that N and N’ have the same number of
reticulations.

In the proof of the next lemma, we implicitly use the following character-
isation of tree-child networks. The equivalence of (i) and (ii) is well known,
while the equivalence of (i) and (iii) is shown in Semple (2016).

Proposition 4.2. The following statements are equivalent for a phylogenetic
network N on X with no parallel edges.

13



(i) N is a tree-child network.
(ii) Each non-leaf vertex in N has a child that is a tree vertex or a leaf.

(iii) No reticulation of N has a child reticulation, and no tree vertex of N
has two child reticulations.

Lemma 4.3. Let k be a fized non-negative integer, and let N be a tree-child
network on X with exactly k reticulations. Then there is a SNPR-sequence

/ / /
N:-/\/E)a 17N17 27N27"‘JNk7Nk7Nk+17Nk+27"'7M7

where t < n + k, with the following properties:
(i) each network in the sequence is tree child with exactly k reticulations;
(ii) N; is a caterpillar network for all i € {k,k+1,...,t}; and

(iii) N, is a strict caterpillar network.

Proof. Let w be the unique child of p in N'. Furthermore, let (vi,vo, ..., vx)
be an arbitrary ordering of the reticulations in N and note that, for all 7, the
parents of v;, say w; and u}, are both tree vertices.

We begin by describing algorithmically a SNPR-sequence connecting N
with a caterpillar network on X. Setting N' = N, i = 1, and ¢y = p, repeat
the following 2-step process k times:

1. Apply (I) to (u;,v;) that results in subdividing the non-reticulation edge
directed out of ¢;_; with a new vertex p;, and adding a new edge (p;,v;).
Let N/ denote the resulting phylogenetic network on X.

2. Apply (I) to (u},v;) with u, # p; that results in subdividing the edge
directed out of p; that is not (p;,v;) with a new vertex ¢;, and adding a
new edge (g;,v;). Let N; denote the resulting phylogenetic network on X .
If © = k stop; otherwise, increment ¢ by one and repeat.

Furthermore, if, for some i € {1,2,...,k}, we have w = u; or w = u, then,
after contracting w, rename the child tree vertex of w as w in the resulting
network.

We first show by induction that, for all i« € {1,2,...,k}, both N/ and
N; are tree-child networks with exactly k reticulations. By definition, N

14



is a tree-child network with exactly k reticulations. Now suppose that N_;
is a tree-child network with exactly k& reticulations, where ¢ > 1. By con-
struction, N/ has exactly k reticulations. Furthermore, as N;_; is tree child,
u; has exactly one child reticulation, namely v;. Thus, deleting (u;, v;) and
contracting u; does not result in any pair of parallel edges, and so N/ has
no edges in parallel. Lastly, as N;_; is tree child, the only plausible non-leaf
vertices in AV that may not have a child that is a tree vertex or a leaf are p;
and the parent, say ¢; of u; in N;_;. But w, a tree vertex, is a child of p; in
N!. Also, the child of u; in N;_; that is not v; is either a tree vertex or a leaf,
and this child is now the child of ¢; in N/. Hence N/ is a tree-child network
with exactly k reticulations. Using N and a similar argument shows that
N is also a tree-child network with exactly k reticulations.

We now show that N}, is a caterpillar network. By construction, for all
i€{1,2,...,k}, there is no reticulation below v; in N}, and so the outgoing
edge of v; induces a pendant subtree in Nj. Further, since N is tree child,
there exists a tree path p,w,...,¢ in N for some leaf ¢ and so, again by
construction,

pap17q17p27Q27'"7q197qk7"'7€

is a tree path in V. It follows that N is a caterpillar network.

To complete the proof, we describe an appropriate SNPR-sequence con-
necting NV, and a strict caterpillar network on X. If A}, is strict, we are done;
otherwise, there exists a reticulation v; in N} such that the subtree below v;
has at least two leaves. Let ¢’ be one such leaf. By moving ¢’ to the tail of
N%, we obtain a caterpillar network Ny, on X with exactly k reticulations
whose subtree below v; has one leaf less than the subtree below v; in N;. We
can repeatedly apply this process at most n — k times to eventually obtain
a strict caterpillar network A, on X with exactly k reticulations by mov-
ing all but one leaf of each subtree below a reticulation to the tail, thereby
completing the proof of the lemma. n

Lemma 4.4. Let k be a fized non-negative integer, let N and N’ be strict
caterpillar networks on X with exactly k reticulations, and let n = | X|. Then
there is a SNPR-sequence connecting N and N of length at most 2(n+3k—1)
such that each network in the sequence is almost tree child and has exactly
k reticulations. Moreover, if k < |X| — 2, then there is a SNPR-sequence
connecting N and N of length at most 2(n+ 3k — 1) such that each network
i the sequence 1s tree child and has exactly k reticulations.
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Proof. First observe that if k& < |X| — 2, then the tail of a strict caterpillar
network on X contains at least two leaves; otherwise, it contains exactly one
leaf. This observation is used throughout the proof. Let (¢1,¢s,...,¢,) be an
ordering of the elements in X. Now, up to isomorphism, let M be the strict
caterpillar network on X with reticulation ordering (vy, vs, ..., vx) such that,
for all 7, the leaf below v; is ¢; and whose tail is the caterpillar tree

(grm gnfla s 7£k+1);

that is the rooted binary phylogenetic tree in which ¢, and ¢, ; have the
same parent and, for each j € {n —2,n —3,...,k+ 1}, the parent of ¢;;;
is a child of the parent of ¢;. To prove the lemma it suffices to show, by
Proposition 3.1, that there is a SNPR-sequence connecting N and M of
length at most n + 3k — 1 such that each network in the sequence is almost
tree child with exactly k reticulations if £ = |X| — 1 and, otherwise, each
network in the sequence is tree child with exactly k reticulations.

We begin by describing a SNPR-sequence N7, Ns, N3, where each net-
work has leaf set X and exactly k reticulations, N7 and N3 are both strict
caterpillar networks, and N5 is almost tree child if £ = | X | —1 and tree child
if k <|X|—2. The sequence allows us to interchange a leaf in the tail of A}
with a leaf below any one of its reticulations.

Let N be a strict caterpillar network on X with exactly k reticulations.
Let ¢ be a leaf in the tail of N and let ¢ be the leaf below a reticulation v’ in
Ni. Suppose that (u,?) is the edge in N that is directed into ¢. Let N3 be
the phylogenetic network on X obtained by applying (I) to (u, £) that results
in subdividing (v, ¢') with a new vertex ', and adding a new edge (v, /).
Since N is a strict caterpillar network on X with exactly k reticulations, N5
is a caterpillar network on X with exactly k reticulations unless k = | X | — 1.
In the exceptional case, the last reticulation in the reticulation ordering of
N is the end vertex of two edges in parallel in Ny. However, it is easily
checked that there are no other parallel edges in N3, and that deleting one
of the these edges and contracting the resulting degree-two vertices gives a
caterpillar network on X with k — 1 reticulations. Thus N, is almost tree
child.

To obtain N3, move ¢ to the tail if N5 is a caterpillar network; otherwise,
apply (I) to (¢, ¢') that results in subdividing one of the parallel edges with a
new vertex u”, and adding a new edge (u”, ¢'). Regardless of the construction,
it is easily checked that N3 is a strict caterpillar network on X with exactly
k reticulations.
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Now we can repeatedly apply the above SNPR-sequence of length two
to obtain a SNPR-sequence connecting N and, up to isomorphism, a strict
caterpillar network M’ on X with reticulation ordering (v}, v}, ..., v,) such
that, for all 4, the leaf below v} is ¢;. This can be done with a sequence of
length at most 4k. Moreover, each network in the sequence is almost tree
child with exactly k reticulations if £ = | X| — 1 and, otherwise, each network
in the sequence is tree child with exactly k reticulations. Extending this
sequence, we can apply (I) at most n — (k + 1) times, with each application
subdividing an edge within the tail and so each network in the sequence is
a strict caterpillar network on X with exactly k reticulations, to eventually
obtain M. This completes the proof of the lemma. O

We now combine Lemmas 4.3 and 4.4 to prove Theorem 4.1.

Proof of Theorem 4.1. Let N and N’ be two tree-child networks on X with
exactly k reticulations. Let M be a strict caterpillar network on X with
exactly k reticulations. By Lemmas 4.3 and 4.4, and the fact that £ < n,
there is a SNPR-sequence connecting N and M of length at most O(n) such
that each network in the sequence is almost tree child with exactly k reticu-
lations if & = | X| — 1 and, otherwise, tree child with exactly k reticulations.
An analogous sequence connects N and M. The theorem now follows from
Proposition 3.1. O

5. Tree-Based and Reticulation-Visible Networks

Tree-based and reticulation-visible networks were defined as subclasses of
phylogenetic networks with only the former class allowing for parallel edges.
However, there is no reason not to include parallel edges in the definition
of reticulation-visible networks as well. For the purposes of this section, we
take this viewpoint. In particular, we will allow tree-based and reticulation-
visible networks to have edges in parallel. The main results of this section
are the next theorem for tree-based networks and the analogous result for
reticulation-visible networks at the end of this section.

Theorem 5.1. Let k be a fized non-negative integer. Then, under SNPR,
the space of tree-based networks on X with exactly k reticulations is con-
nected. Moreover, if T is a fived rooted binary phylogenetic X -tree, then,
under SNPR, the space of phylogenetic networks on X with base tree T and
exactly k reticulations is connected. Moreover, the diameter of both of these
spaces is at most O(kn), where n = | X|.
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Note that, unlike tree-child networks, the size of the leaf set does not
bound the total number of vertices, and therefore the number of reticulations,
of a tree-based network N even if N has no parallel edges. Thus, as a
consequence, quite a different approach is used to prove Theorem 5.1 in
comparison with that used to prove Theorem 4.1.

We begin with two lemmas. A reticulation v in a phylogenetic network is
said to be in parallel if the two reticulation edges incident with v are a pair
of parallel edges.

Lemma 5.2. Let k be a fized non-negative integer, and let N be a tree-based
network on X with exactly k reticulations. Suppose that T is a base tree for
N. Then there is a SNPR-sequence

N =Ny, N1, No, .. N,
where s < k, with the following properties:

(i) for each i € {0,1,2,...,s}, we have N; is a tree-based network with
base tree T and exactly k reticulations; and

(i) each reticulation in Ny is in parallel.

Proof. Let S be an embedding of 7 in N with vertex set V/(S) and edge set
E(S). Let v be a reticulation in N that is not in parallel, and let e and f
be the reticulation edges incident with v. Furthermore, let u. and us be the
end vertices of e and f not equal to v, respectively. As v is not in parallel,
ue # uy. Since S is a base tree for NV, precisely one of e and f is an edge in
S. Without loss of generality, we may assume that e is an edge in S. Then
uy is a tree vertex; otherwise, uy is not a vertex in §. Let g; be the edge
directed into uy and let g be the edge directed out of u; that is not incident
with v.

Now consider the phylogenetic network N; on X obtained from N by
applying (I) to f that results in contracting us to create a new edge g,
subdividing e with a new vertex v/, and adding a new edge in parallel with
(u,v). Now, in Ni, the reticulation v is in parallel. Moreover, as N is a
tree-based network with exactly k reticulations and S is a base tree for N,
it follows that N; is a tree-based network with exactly %k reticulations and
S; with vertex set (V(S) — {uy}) U {u}} and edge set (E(S) — {e, g1,92}) U
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{(ue, u}), (uf,v), g}, is a base tree for ;. Moreover, as S is an embedding
of T in N, it is easily seen that S; is an embedding of T in N;.

Choosing a reticulation that is not in parallel in A, and repeatedly ap-
plying this iterative process beginning with N} and S;, we eventually obtain,
for some s < k, a SNPR-sequence

N:N07N17N27"'7-/\/;7

where N is a tree-based network with a base tree 7 and exactly k reticula-
tions for all 7, and N, has the additional property that each reticulation is
in parallel. O

Let A be a phylogenetic network on X. For k& > 0, consider the phylo-
genetic network A/ on X obtained from N by subdividing the unique edge
that is directed out of p with 2k vertices

Uy, V1, U, V2, U3, ..., Uk, Vg
such that p,uy, vy, ug, va, us, . .., ug, vy is a directed path in N7 and then, for
each i € {1,2,...,k}, adding an edge in parallel with (u;,v;). We say that
the reticulations vy, vs, ..., v; are in series at p in N”.

Lemma 5.3. Let k be a fized non-negative integer, and let N be a tree-based
network on X with exactly k reticulations each of which is in parallel. Let
n = |X|. Suppose that T is a base tree for N'. Then there is a SNPR-sequence

N = No, N1, Ny, N,
where t is at most O(kn), with the following properties:

(i) for each i € {0,1,2,...,t}, we have N; is a tree-based network with
base tree T and exactly k reticulations; and

(ii) each reticulation in Ny is in series at p.

Proof. Let S be an embedding of 7 in N, and let V(S) and E(S) be the
vertex set and edge set of S, respectively. If each reticulation is already in
series at p, we are done. Therefore assume that not all reticulations in A are
in series at p. Recalling that each reticulation in N is in parallel, it is easily
checked that there exists a reticulation, v say, in A/ that is not in series at
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p such that each directed path from p to v only traverses reticulations that
are in series at p, tree vertices, as well as p and v themselves. Note that
the unique grandparent, w say, of v is a degree-3 vertex that is incident with
three tree edges. Now, let e and f be the reticulation edges directed into v.
Without loss of generality, we may assume that f is not contained in E(S).
Furthermore, let u be the unique parent of v. By the choice of v, the parent
of uis w. Let g = (w,y) be the edge directed out of w with y # u. We next
apply (I) twice that, taken together, intuitively move v above w.

For the first application of (I), let N7 be the phylogenetic network on X
obtained from N by deleting f, contracting u and thereby creating a new
edge (w,v), subdividing g with a new vertex v/, and adding a new edge
(', v). Clearly, as N has exactly k reticulations so does N;. Furthermore,
as N is a tree-based network with base tree S, it follows that A is a tree-
based network and S; with vertex set (V(S) — {u}) U {«/} and edge set
(E(S) — {(w,u),e,g}) U{(w,v), (w,u), (u,y)} is a base tree for M. Also,
since S is an embedding of 7 in NV, it is easily checked that S; is an embedding
of T in N 1-

For the second application of (I), let N3 be the phylogenetic network on
X obtained from Nj by deleting (v, y), contracting v’ and thereby creating
a new edge (w,v), subdividing the edge that is directed out of v with a new
vertex z, and adding a new edge (z,y). As (w,v), (w,u), and (u/,v) are
edges in NV}, we have v being in parallel in A5. Again, as at the end of the
last paragraph, Nj is a tree-based network with base tree 7 and exactly k
reticulations.

Now, in comparison to A, the reticulations in series in N are still in
series in Ny, but the number of edges on the shortest path from p to v has
decreased by one. Since there are no reticulations on any directed path from
p to v except for (possibly) reticulations in series at p, it follows that at most
O(n) operations are sufficient to put v in series at p. Hence, by repeatedly
applying this 2-step process, we can eventually obtain, for some ¢ of at most
O(kn), a SNPR-sequence

N:N07N27"'7~/\[t7

where N is a tree-based network with base tree 7 and exactly k reticulations
for all ¢, and N; has the additional property that each reticulation is in series
at p. This completes the proof of the lemma. n

Proof of Theorem 5.1. Let N be a tree-based network on X with exactly k

20



reticulations. Let 7 be a base tree for N'. By Lemmas 5.2 and 5.3, there is
a SNPR-sequence of length at most O(kn) connecting N and a tree-based
network M with base tree T and exactly k reticulations each of which is in
series at p such that each network in the sequence is tree based with base
tree T and exactly k reticulations. Observe that, up to isomorphism, M is
unique.

Now let N’ be a tree-based network on X with exactly k reticulations.
If 7 is a base tree for A/, then, as in the last paragraph, there is a SNPR-
sequence of length at most O(kn) connecting N/ and M. It now follows
by Proposition 3.1 that, for a non-negative integer k£ and a rooted binary
phylogenetic X-tree T, the space of tree-child networks on X with base tree
T and exactly k reticulations is connected under SNPR and the diameter of
this space is at most O(kn).

To complete the proof of the first part of the theorem, let 7' be a base
tree for N’. By Lemmas 5.2 and 5.3, there is a SNPR-sequence of length
at most O(kn) connecting N’ and a tree-based network M’ with base tree
T’ and exactly k reticulations each of which is in series at p such that each
network in the sequence has exactly k reticulations. Consider M and M'.
Ignoring the reticulations in series at p, we can apply a sequence of at most n
operations of type (I) (essentially rSPR operations) to connect M and M'.
The first part of the theorem now follows from Proposition 3.1. O

We end this section with a connectedness result for reticulation-visible
networks. It is easily checked that Lemmas 5.2 and 5.3 hold with “tree-based
networks” replaced by “reticulation-visible networks”. The same proofs work
as reticulation-visible networks are tree based. However, one does have to
additionally check that, for each network in the SNPR-sequence, all retic-
ulations are visible. The proof of the next theorem is similar to that used
to prove Theorem 5.1 and omitted. Note that if A/ is a reticulation-visible
network with n leaves and without parallel edges, then N has at most 3n — 3
reticulations (Bordewich and Semple, 2016).

Theorem 5.4. Let k be a fixed non-negative integer. Then, under SNPR,
the space of reticulation-visible networks on X with exactly k reticulations
1s connected. Moreover, the SNPR-distance between a pair of reticulation-
visible networks on X without parallel edges is at most O(n?), while for a
pair of arbitrary reticulation-visible networks this distance is at most O(kn),
where n = | X|.
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6. Networks that Display a Given Set of Trees

Let P be a given set of rooted binary phylogenetic X-trees. In this section,
we show that the class of phylogenetic networks on X that display each tree
in P, that is, the class of phylogenetic networks on X that display P, is
connected.

Let T be a rooted binary phylogenetic X-tree, and let A" be a phylogenetic
network on X. Obtain a phylogenetic network N’ from A by subdividing
(p, w) with a new vertex u, joining the root of 7 with u via a new edge and,
for each leaf ¢ in T, subdividing the pendant edge of N ending in ¢ with a
new vertex v, and identifying the vertex labeled ¢ in 7 with v,. We say that
N’ extends N by T.

Lemma 6.1. Let T be a rooted binary phylogenetic X -tree, and let N be a
phylogenetic network on X. Let n = |X|. Then there is a SNPR-sequence

N = NOaNlaN27 s aNn
such that the following hold:

(i) If T' is a rooted binary phylogenetic X -tree displayed by N, then, for
alli € {0,1,2,...,n}, we have that N; displays T".

(ii) The phylogenetic network N, extends N by T.

Proof. Let X = {{1,0s,...,¢,}. Consider the following iterative process:

1. Apply (III) to the edge, e; say, incident with ¢; that results in subdividing
e; with a new vertex vy, subdividing the edge incident with p with a new
vertex up, and adding a new edge (uy,v1). Let N7 denote the resulting
phylogenetic network on X. Set Ey = {(u1,v1)} and i = 2.

2. Apply (I1I) to the edge, e; say, incident with ¢; that results in subdividing
e; with a new vertex v;, subdividing one of the edges in F;_1, say (w,w’),
with a new vertex u; such that once the new edge (u;,v;) is added the
edges in

(Eifl_{(u% w’)})U{(w, ui)? (ui7 w/)> (uiv Ui)}U{<U1, 61)7 (U27 62)7 Tt (viv gl)}

and the leaves (1, (5, ..., ¢; form an embedding of T|{f1, ¢, ..., ¢;} in the
resulting network N;. If ¢ = n, stop; otherwise, increment ¢ by one, set
E; = (Eio1 — {(w,w")}) U{(w,u;), (us, w'), (u;, v;)}, and repeat this step.
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By construction, N, extends N by 7. Furthermore, as no edge is ever
deleted in this process, for alli € {0,1,2,...,n}, we have N; displaying every
rooted binary phylogenetic X-tree displayed by A. This completes the proof
of the lemma. O

Now let P be a set of rooted binary phylogenetic X-trees, and let N be a
phylogenetic network on X that displays P. Suppose that O = (T, Tz, ..., T;)
is an ordering on the trees in P. Setting N’ = N, for each i € {1,2,...,t},
let V; be the phylogenetic network on X that extends N;_; by 7;. We say
that N; extends N by O. For a fixed O, observe that, up to isomorphism,
N, is unique.

Theorem 6.2. Let P be a set of rooted binary phylogenetic X -trees. Then,
under SNPR, the space of all phylogenetic networks on X that display P s
connected. Moreover, the distance between any two networks N and N’ in
this space 1s at most

2+ )n+k+ K,

where t = |P|, n = |X]|, and k and k' are the number of reticulations in N
and N, respectively.

Proof. Let n = |X|, and let O = (71,73, ...,7T¢) be an ordering on the trees
in P. Furthermore, let N be a phylogenetic network on X that displays P,
and, up to isomorphism, let A; be the extension of N' by O. By repeated
applications of Lemma 6.1, there exists a SNPR-sequence of length tn con-
necting N and N; such that each network in the sequence displays P. Also,
by definition, if e = (u,v) is an edge in N that is not directed into a leaf,
then e = (u,v) is an edge in N;.

Now, let (v1, v, . .., v;) be an ordering on the reticulations in A" such that,
if v; is a descendant of v; in NV, then v; precedes v;. As N is acyclic, such an
ordering exists. Under this ordering, take N; and apply (II) to a reticulation
edge directed into vy, then apply (II) to a reticulation edge directed into
v, and continue in this way for ws,vy4,...,vx. Note that, because of O,
these operations are allowable. Also, observe that after each application, the
resulting network displays P. Let N, denote the phylogenetic network on
X obtained at the end of these k applications, and note that we have now
constructed a SNPR-sequence of length ¢tn+k connecting N” and Ny, where
each network in the sequence displays P.
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Consider Ny, and say X = {l1,0y,...,¢,}. For all i € {1,2,...,n},

there is a directed path
wi,w?, ... wk

in Niyx such that each of w},w?, ... w! is a reticulation that was added
when extending N by O to obtain N,. For each 7, exactly one of the
two parents of w}, say p;, is a vertex in N. Now starting with N4,
apply (II) to (p1,w}!), then apply (II) to (p2,w?l), and repeat for each of
(p3, w3), (pa,wy), ..., (pn,w}). After each application, the resulting network
displays P. Let M denote the phylogenetic network on X obtained at the
end of these n applications of (II). It is easily seen that, up to isomor-
phism, M is the phylogenetic network on X that is the extension of 7; by
(T2, Ts, ..., T;). Moreover, we have constructed a SNPR-sequence of length
(tn+k)+n = (t+1)n+k connecting N' and M, where each network in the
sequence displays P.

We complete the proof by noting that if N is a phylogenetic network on
X that displays P, then there is a SNPR-sequence of length (¢ + 1)n + &’
connecting N’ and M, where k' is the number of reticulations in A/. The
proof now follows from Proposition 3.1. O

7. Computing the SNPR-Distance

In this section, we show that computing the SNPR-distance between an
arbitrary pair of phylogenetic networks on X is NP-hard, as well as establish-
ing a related upper bound and analysing the relationship between the SNPR-
and rSPR-distances. We begin with a proposition whose proof makes use of
the notion of agreement forests, a well known and valuable tool in the context
of the rSPR operation for rooted binary phylogenetic trees.

Let 7 and 7' be two rooted binary phylogenetic X-trees. As with phy-
logenetic networks, we view the roots p of 7 and 7" as a vertex of in-degree
zero and out-degree one adjacent to the original root of 7 and 7', respec-
tively. A forest is a partition {L,, L1, Lo, ..., Ly} of X U{p} with p € L,
such that the trees in

{T(L:):i€{p.1,2,....k}}

are vertex-disjoint subtrees of 7. Furthermore, a forest {£,, L1, Lo, ..., Ly}
for 7 and T is an agreement forest for T and T if, for alli € {p,1,2,... k},
we have

TIL = T'|L..
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A mazimum agreement forest for T and T’ is an agreement forest in which
k is minimised. The minimum possible value for & is denoted m(7,7"). It
is shown in Bordewich and Semple (2004) that

dispr (T, T') = m(T, T"). (1)

Furthermore, it is also shown in Bordewich and Semple (2004) that comput-
ing the rSPR-distance between an arbitrary pair of rooted binary phyloge-
netic X-trees is NP-hard. We utilise these two results in the proofs of the
next proposition and the subsequent theorem.

Proposition 7.1. Let T and T be two rooted binary phylogenetic X -trees.
Then
drSPR(T7 T/) = dSNPR(Ta T/)

Furthermore, if there is a SNPR-sequence connecting T and T of length k
and dyspr(T,T') = k, then every network in the sequence is a rooted binary
phylogenetic X -tree.

Proof. Since a rSPR operation is a certain instance of a SNPR operation, we
have

drspR(T, T/) 2 dSNPR(T7 Tl)

To establish the converse, let
T =No,Ni, Noy ... ;. N =T

be a SNPR-sequence connecting 7 and 7, and consider the following 2-
colouring of the edges of each network in the sequence. Colour each of the
edges in T = Ny blue. For each i € {1,2,...,k}, we preserve the edge
colouring of NV;_; to colour the edges in N; except for those edges changed by
the SNPR operation applied to NV;_; to obtain ;. In particular, if a vertex is
contracted, the resulting edge is coloured blue if both edges incident with the
contracted vertex immediately prior to the contraction are blue, otherwise
the resulting edge is coloured red. Furthermore, the resulting two edges of a
subdivision are coloured the same colour as that of the edge being subdivided,
and if a new edge is added, this new edge is coloured red.

Ignoring empty sets, for all i € {0,1,2,...,k}, let F; be the partition of
X U{p} induced by the components of the directed graph obtained from N
by deleting each red edge. Clearly, F, is a forest for 77. We now show that,
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for all 7, the partition F; is a forest for 7 and consists of at most 7 + 1 parts.
The proof is by induction on 7. Evidently, F; consists of one part and is a
forest for 7. Now suppose that ¢ > 1 and F;_; is a forest for 7 and consists
of at most i parts. First assume that N is obtained from N;_; by applying
either (I) or (II), and let e denote the edge deleted in this operation. Then
Fi is the partition of X U {p} induced by the components of the directed
graph obtained from N;_; by deleting each red edge as well as e. Since F;_;
is a forest for 7 and consists of at most ¢ parts, it follows by induction that
F; is a forest for 7 and consist of at most 7 + 1 parts. Now assume that
N; is obtained from N;_; by applying (III). Then, it is easily checked that
F; = F;_1 and so, by induction, F; is a forest for 7 and consists of at most
1+ 1 parts.

Since F}, is a forest for 7 and 77, it follows that Fj, is an agreement forest
for T and T’. Also, by the induction argument, |F;| < k+ 1 and so, by (1),

diser(T,T') < k.

To complete the proof of the proposition, suppose that there is a SNPR-
sequence connecting 7 and 77 of length k and d,spr(7T,7’) = k. We next
show that, for all i € {1,2,...,k}, the phylogenetic network N; is a rooted
binary phylogenetic X-tree, i.e. N; is obtained from N;_; by applying (I)
without creating a pair of parallel edges. Assume the contrary. Then, for
some j € {1,2,...,k}, the phylogenetic network N is obtained from N;_;
by applying (II). In turn, this implies that, for some i € {1,2,...,7— 1}, the
phylogenetic network A; has been obtained from N;_; by applying (IIT). But
then, F; = F;,_1 and so

despr(T,T") <k —1;
a contradiction. This completes the proof of the proposition. n

The next theorem follows immediately from this result and the earlier-
mentioned fact that computing the rSPR-distance between 7 and 77 is NP-
hard.

Theorem 7.2. Computing the SNPR-distance between an arbitrary pair of
phylogenetic networks on X is NP-hard.

We next establish an upper bound on the SNPR-distance between two
phylogenetic networks on X. We begin with two lemmas. The first is an
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immediate consequence of the fact that a rooted binary phylogenetic tree
has no vertex with in-degree two and a single SNPR can delete at most one
reticulation edge.

Lemma 7.3. Let N be a phylogenetic network on X, and let T be a rooted
binary phylogenetic X -tree. Then

dsner(N, T) > k,
where k is the number of reticulations in N .

Lemma 7.4. Let N be a phylogenetic network on X, and let T be a rooted
binary phylogenetic X -tree. If N displays T, then

dsxer(N, T) = F,
where k is the number of reticulations in N .

Proof. Suppose that N displays 7. By Lemma 7.3, it suffices to show that
dsnpr(N,T) < k. The proof is by induction on k. If £ = 0, then N = T,
and so dsxpr(N, T) = 0, that is,

dsnpr(NV, T) < 0.

Now suppose that £ > 1 and that the lemma holds whenever a phylogenetic
network on X displays 7 and has fewer reticulations than k. Let S be an
embedding of 7 in N, and let v be a reticulation in A such that no other
reticulation in N is an ancestor of v. Since N is acyclic, such a reticulation
exists. Let w and v’ be the parents of v in A/. Note that v and ' are both
tree vertices but may not be distinct. As 7 contains no vertex of in-degree
two, at least one of (u,v) and (u/,v) is not in the edge set E(S) of S. Without
loss of generality, we may assume that (u,v) € E(S).

Let N’ be the phylogenetic network on X obtained from N by a single
application of (II) that deletes (u,v) and then contracts w and v. As N
displays T and (u,v) ¢ E(S), it follows that N displays 7. Thus, as N’ has
k — 1 reticulations, we have by induction that

dsner(N', T) <k — 1.
In turn, this implies that
dsxer(N,T) < k

as required. O
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Proposition 7.5. Let N and N” be two rooted binary phylogenetic networks
on X. Then

dsnpr(N,N') < min{d,spr(T,T") : N displays T, N" displays T'} + k + k',
where k and k' are the number of reticulations in N and N, respectively.

Proof. Let T and T’ be two rooted binary phylogenetic X-trees displayed by
N and N’ respectively, such that, amongst all such pairs of trees, the rSPR-
distance is minimised. By Lemma 7.4, dsxpr(N, T) = k and dsnpr (N, T') =
k'. Therefore, by Proposition 3.1,

dsner(N,N') < dsxpr(N, T) + dispr(T, T') + dsxer (T, N7)
=k + drSPR(T7 T/) + k,7

thereby completing the proof of the proposition. O
The next corollary is an immediate consequence of Proposition 7.5.

Corollary 7.6. Let N and N be two phylogenetic networks on X . If there
is a rooted binary phylogenetic X -tree displayed by both N and N, then

dsner N, N') < k4 F,
where k and k' are the number of reticulations in N and N, respectively.

We end this section by establishing one further result relating the SNPR-
distance for phylogenetic networks to the rSPR-distance for rooted binary
phylogenetic trees.

Proposition 7.7. Let N and N be two phylogenetic networks on X such
that dsxpr (N, N7) = k. Suppose that T is a rooted binary phylogenetic X -
tree displayed by N'. Then there is a rooted binary phylogenetic X -tree T’
displayed by N such that d,spr(T,T’) < k.

Proof. Let T be a rooted binary phylogenetic X-tree displayed by A. The
proof is by induction on k. If £ = 0, then the proposition trivially holds as
N =2 N’ and so N’ also displays T. Suppose that &k = 1. If T is displayed
by N, then choose T to be T, and we have d;gpr(7,T’) = 0. Thus we may
assume that 7 is not displayed by A, in which case, dsxpr(N,N’) = 1 and
N has been obtained from A by applying either (I) or (II). If (IIT) had been
applied, then 7T is displayed by N”; a contradiction.
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Say N has been obtained from N by applying (I). Let e = (u,v) denote
the edge in AV that is deleted in performing this operation, and let f denote
the edge that results from contracting u. Let S be an embedding of 7T in
N. Since N’ does not display T, it follows that e € E(S). Let S’ denote
the directed subgraph of N7 with vertex set V(S) — {u}, and whose edge
set is E(S) — {e} if E(S) does not include each of the edges incident with
win N and (E(S) — {e}) U{f} otherwise. Let P’ be a directed path in N’
starting at a vertex in &', ending at v, and containing no other vertices in §’.
Note that such a path exists. It is now easily seen that the minimal directed
subgraph of the subgraph of A/ induced by the union of the vertex sets of &’
and P’, and the union of the edge sets of S’ and P’ contains X and the root
of N7 and is an embedding of a rooted binary phylogenetic X-tree 77 in N”.
Furthermore, by construction, d,spr(7,7") = 1. A similar argument works if
N has been obtained from N by applying (II). Hence the proposition holds
for k = 1.

Now suppose that £ > 2 and the proposition holds whenever the SNPR-
distance between two phylogenetic networks on X is at most £ — 1. Since
dsnpr(N, N) = k, there is an SNPR-sequence

N:M7N17N27"'>Nk :N/'

Consider ./\/’kfl. Now dSNPR(N,Nkfl) =k — 1 and dSNpR(./\/‘kfl,N,) = 1;
otherwise, dsxpr(N,N’) < k. Thus, by induction, there are rooted binary
phylogenetic X-trees 7” and 7' displayed by N,_1 and N’, respectively,
such that dspr(7T,7") < k — 1 and dwspr(7”,7') < 1. It follows that
dispr(T,T') < k, thereby completing the proof of the proposition. O

8. Not Allowing Parallel Edges

As mentioned earlier, it is natural to restrict phylogenetic networks to
have no edges in parallel. After all, edges represent lines of descent and
two edges in parallel are simply representing the same lines. However, in
the context of this paper, imposing this restriction would mean that either
(i) we can only apply an operation to a phylogenetic network that does not
result in any edges in parallel or (ii) if we apply an operation and edges in
parallel result, then we have to modify the resulting directed graph so that it
becomes a phylogenetic network with no parallel edges. Option (i) appears
too restrictive.
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Figure 6: Two phylogenetic networks on two leaves. The right phylogenetic network is
obtained from the left phylogenetic network by deleting e and, repeatedly, deleting one of
two edges in parallel and contracting the resulting degree-two vertices.

Consider (ii). The canonical way to make this modification is to repeat-
edly do the following until there are no edges in parallel: delete one of two
edges in parallel and contract the two resulting degree-two vertices. But then
the deletion of a single edge has the potential to collapse much of the topol-
ogy of a phylogenetic network. For example, if we delete the edge e of the
phylogenetic network shown in the left of Fig. 6 and then, repeatedly, delete
one of two edges in parallel and contract the resulting degree-two vertices, we
obtain the phylogenetic network shown in the right of the same figure. The
simple switching of a topological parent, the motivation for subnet prune
and regraft, is completely lost under such a collapse. As we will shortly see,
it is possible to specify exactly an operation that reverses these collapses,
thereby enabling one to work with this restriction. But the reverse opera-
tion of deleting an edge would allow us to start with a phylogenetic network
with no reticulations (that is, a rooted binary phylogenetic tree) and, in a
single operation, obtain a phylogenetic network with an arbitrary number of
reticulations.

Despite these possible sudden changes in the structure of a phylogenetic
network, an operation that does not allow for parallel edges is likely to be of
interest. In this section, we describe one way in which one can proceed when
working under (ii).
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Let N be a phylogenetic network on X, and let e = (u,v) be an edge in
N. Consider operations (I)—(III), which we repeat here for convenience:

(I) If u is a tree vertex (and not equal to p), then delete e, contract u,
subdivide an edge that is not a descendant of v with a new vertex o/,
and add the new edge (v, v).

(IT) If u is a tree vertex and v is a reticulation, then delete e, and contract
u and v.

(IIT) Subdivide e with a new vertex v’, subdivide an edge f in N with e # f
that is not a descendant of v" with a new vertex «’, and add the new
edge (u/,v").

Note that (IIT) has been slightly modified in comparison to the definition
given in Section 3. This modification is so that no pair of parallel edges
can be created by applying (III). Now, of the three operations, only (I)
and (II) may result in a pair of parallel edges, in which case, as above, the
canonical way to recover a phylogenetic network without parallel edges is
to repeatedly delete one of two edges in parallel and contract the resulting
degree-two vertices until there are no parallel edges. We refer to this iterative
process as unravelling parallel edges. However, as it stands, these operations
together with this process are not reversible. To resolve this issue, we need to
understand how the unravelling of parallel edges can occur. The next lemma
details what happens.

Lemma 8.1. Let N be a phylogenetic network on X, and let e = (u,v) be
an edge in N such that u is a tree vertex. If v is a reticulation, let {z,2'} =
{u,v}; otherwise, let = = u. Consider the directed graph D, obtained from N
by deleting e, contracting z (but not 2’ if it exists), and applying the iterative
process of unravelling parallel edges. Then

(i) at each iteration i, at most one edge is deleted, in which case, two
vertices, w; and w, say, are contracted, where w; is a tree vertex and w,
is a reticulation in N'; and

(ii) the contracted vertices including z induce the directed path
/

/ /
Wk, Wi—1, -+ ., W1, 2, Wy, Wo, ..., Wy

in N, where k is the number of iterations.
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Furthermore, if z' exists and we consider the same iterative process applied
to the directed graph obtained from D, by contracting z', then (i) and (ii)
hold analogously but with the induced path in D, and not N .

Proof. We establish (i) and (ii) for z. The proof of the second part of the
lemma is similar and omitted. Let Dy denote the directed graph obtained
from N by deleting e and contracting z. For all i € {1,2,...,k}, let D;
denote the directed graph at the end of iteration 7. First observe that, as
N has no parallel edges, the directed graph obtained from N by deleting
e and contracting neither u nor v has no edges in parallel. Thus any pair
of parallel edges in Dy must include the edge resulting from the contraction
of z. Therefore Dy has at most one pair of parallel edges, in which case,
denoting the end vertices of these edges by w; and w}, it follows that

/
wy, 2, Wy

is a directed path in A with w; a tree vertex and w] a reticulation.

Now consider D;. If D; has no parallel edges, the process stops and the
lemma is established. Suppose D; has a pair of parallel edges. Since the
directed graph obtained from Dg by deleting one of the two edges in parallel
and contracting just w; has no edges in parallel, it follows that any pair of
parallel edges in D; includes the edge resulting from the contraction of w;
and w|. Therefore D; has at most one pair of edges in parallel, in which
case, denoting the end vertices of these edges by wy and wj, it follows that

/ /
Wz, W1, 2, Wy, Wy

is a directed path in AV with wy a tree vertex and w) a reticulation. If Dy
has no edges in parallel, the process stops. Otherwise, we can continue this
argument. The process can only continue while we have an underlying cycle
and so it eventually stops, and we establish the lemma. O

With Lemma 8.1 in mind, we next describe extensions of (I)-(III) that
do not allow for parallel edges but, as we will show, are reversible. To this
end, let D be a directed graph and suppose that w is a vertex with in-degree
1 and out-degree 1, and with incident edges (u,w) and (w,v). Let D" be
the directed graph obtained from D by subdividing (u,w) with the vertices
Uy, Us, . .., U SO that

Uk, Ug—1, ..., U
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is a directed path, subdividing (w, v) with the vertices vy, vs, ..., vy so that
V1, V2, ..., Uk

is a directed path and, for each i € {1,2,...,k}, adding the edge (u;,v;).
Note that u; has in-degree one and out-degree two whereas v; has in-degree
two and out-degree one in D’. We say that D’ has been obtained from D by
adding k edges in parallel to w or, simply, adding edges in parallel to w if the
number of edges does not play a particular role.

Now let A/ be a phylogenetic network on X. Let e = (u,v) be an edge in
N. The above-mentioned extensions of (I)—(III) are (I)*—(IIT)*, respectively:

(I)* If w is a tree vertex (and not equal to p), then delete e, contract v and
unravel parallel edges, subdivide an edge that is not a descendant of
v with a new vertex v/, add a (possibly empty) set of new edges in
parallel to «’, and add the new edge (v, v).

(I)* If w is a tree vertex and v is a reticulation, then delete e, contract u
and v, and unravel parallel edges.

(III)* Subdivide e with a new vertex v’ and add a (possibly empty) set of
new edges in parallel to v, subdivide an edge that is not a descendant
of v' with a new vertex v’ and add a (possibly empty) set of new edges
in parallel to «/, and add the new edge (u',v").

It is easily seen that applying any one of (I)*~(IIT)* to A results in a phylo-
genetic network on X. We say that a phylogenetic network on X has been
obtained from A by a single SNPR with unravelling if it can be obtained by
applying exactly one of (I)*—(III)*.

The next proposition shows that each of the operations (I)*—(II1)* is
indeed reversible.

Proposition 8.2. Let N and N’ be two phylogenetic networks on X. Sup-
pose that N' is obtained from N by applying exactly one of (1)*~(I11)*. Then,
up to isomorphism, N can be obtained from N’ by applying exactly one of
(I)*—(TIT)*.

Proof. We prove the proposition for when A/ has been obtained from A by
applying (IT)*. If A has been obtained from N by applying either (I)* or
(IIT)*, then similar proofs show that, up to isomorphism, A/ can be obtained
from N’ by applying (I)* or (IT)*, respectively.
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Let e = (u,v) be an edge in N such that u is a tree vertex and v is
a reticulation. Suppose that A has been obtained from N by using e in
an application of (IT)*. Without loss of generality, we may assume that N’
has been obtained from A by deleting e, first contracting u (but not v) and
unravelling parallel edges, and then contracting v and unravelling parallel
edges. Let D, denote the directed graph obtained immediately prior to
contracting v in this sequence of operations. Furthermore, including u, let U
denote the set of contracted vertices in obtaining D, from N and, including
v, let V denote the set of contracted vertices in obtaining N from D,,.

By Lemma 8.1, we can order the vertices,

/ / /
Uy Up—Ty - ooy Uty Uy Upy Usy ooy U
say, in U so that the ordering induces a directed path in N. Furthermore,
by the same lemma, we can order the vertices,

/ / /
Ury Ui—1y -+ U1, Uy, Ugy Ug,y ooy U

say, in V' so that the ordering induces a directed path in D,,. Let e, denote the
edge in N that resulted from the contraction of v; and v}, or v if contracting
v resulted in no parallel edges. Then the directed graph obtained from N’ by
subdividing e, with a new vertex v' and adding [ new edges in parallel to v’
is isomorphic to D,. Now let e, denote the edge in D, that resulted from the
contraction of uy and uj, or w if contracting u resulted in no parallel edges. It
is easily seen that e, is not a descendant of v in D,. Then the directed graph
obtained from D, by subdividing e, with a new vertex «/, adding k edges in
parallel to v/, and adding the new edge (u’,v’) is isomorphic to N. It now
follows that, up to isomorphism, N can be obtained from AN’ by applying a
single application of (III)*. ]

The definition of a SNPR-sequence using (I)*—(III)* instead of (I)—(ILI)
is defined in the obvious way. The proof of the next proposition is similar to
that of the proof of Proposition 3.2 and is omitted.

Proposition 8.3. Let N and N be two phylogenetic networks on X. Then
there is a sequence of operations (1)*~(I11)* connecting N' and N .

We define the SNPR with unravelling distance between two arbitrary phy-
logenetic networks N' and N’ on X, denoted by dsxpr«(N,N”), to be the
minimum length of a SNPR-sequence with unravelling connecting A" and N”.
The next corollary follows immediately from Propositions 8.2 and 8.3.

34



Corollary 8.4. The distance dsnpr* s a metric on the class of all phyloge-
netic networks on X.

9. Concluding Remarks

In this paper, we have presented a new rearrangement operation on rooted
phylogenetic networks—called SNPR—that can transform any phylogenetic
network into any other such network by a sequence of SNPR operations. The
operation has a similar flavour as the rSPR operation on rooted binary phy-
logenetic trees in that a single SNPR moves a subnetwork across an arbitrary
distance (i.e. an arbitrary number of edges) in the network, thereby switch-
ing, deleting, or inserting precisely one parent of the subnetwork. Indeed,
SNPR on phylogenetic networks is a generalisation of the commonly-used
rSPR operation on phylogenetic trees that is used in searching an optimal
tree in practice. We have shown that several spaces of phylogenetic networks
(e.g. tree child, reticulation visible, and tree based) are connected under
SNPR regardless of whether or not the number of reticulations is fixed in
such a space. Moreover, phylogenetic networks that display a given set of
phylogenetic trees are also connected under this new operation. Related re-
sults for other classes of networks can be found in Klawitter (forthcoming).
For example, for a fixed number of reticulations, the biologically relevant
class of temporal networks (Moret et al., 2004) that impose several time
constraints is also connected. Consequently, in reconstructing phylogenetic
networks from molecular sequence data, it is possible to search through sub-
spaces instead of the vast (infinite) space of all phylogenetic networks; in
particular if one has some information on how frequent reticulation events
happened for a given data set. Hence, our connectedness results are likely
to play an important role in the development of new methods to analyse
complex evolutionary histories that are more realistically represented by a
network rather than a tree under a maximum likelihood or Bayesian-type
framework. In future work, it would be interesting to extend the current
SNPR framework so that it allows for a distinction between the two reticu-
lation edges that are directed into a reticulation as it would, for example, be
desirable in the context of horizontal gene transfer (Cardona et al., 2015).
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