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1 Introduction

The dynamics of five-dimensional supersymmetric gauge theories has many interesting fea-
tures. From the Lagrangian perspective these field theories are not renormalisable. How-
ever, by using string theoretic methods along with field theory analysis, it was demonstrated
that a number of such field theories can be considered as flowing from certain non-trivial
superconformal field theories in the ultraviolet (UV) [1-4]. Such UV fixed points at infinite
gauge coupling may exhibit an enhancement of the global symmetry. In particular, in the
seminal work [1], it was pointed out that the UV fixed point of 5d N' = 1 SU(2) gauge
theory with Ny < 7 flavours exhibits E, 1 flavour symmetry, which enhances from the
global symmetry SO(2N) x U(1) apparent in the Lagrangian at finite coupling. Since then
a large class of five dimensional supersymmetric field theories have been constructed using
webs of five-branes [5-7] and the enhancement of the global symmetry of these theories has
been studied using various approaches, including superconformal indices [8-19], Nekrasov
partition functions and (refined) topological string partition functions [20-28].

In five dimensions, instantons are particles charged under the the U(1) global symmetry
associated with the topological conserved current J = 8% Tr (FAF); this global symmetry
is denoted by U(1); in the rest of the paper. In the UV superconformal field theory, the
instanton particles are created by local operators known as instanton operators, that insert
a topological defect at a spacetime point and impose certain singular boundary conditions
on the fields [29-31]. These operators play an important role in enhancing the global
symmetry of the theory. For 5d /' = 1 field theories at infinite coupling, it was argued
that instanton operators with charge I = +1, form a multiplet under the supersymmetry
and flavour symmetry [31]. In 5d N' = 2 Yang-Mills theory with simply laced gauge group,
it is believed that the instanton operators constitute the Kaluza-Klein tower that enhances
the Poincaré symmetry and provides the UV completion by uplifting this five dimensional
theory to the 6d N = (2,0) CFT [29, 32, 33].

Standard lore says that the Higgs branch of theories with 8 supercharges in dimensions
3 to 6 are classically exact, and do not receive quantum corrections. In 5 dimensions, this
statement turns out to be imprecise, and should be corrected. In fact, one of the main
points of the paper, is that there are three different regimes, given by 0, finite, and infinite
gauge coupling. The hypermultiplet moduli space, which we always refer to as the Higgs
branch, turns out to be different in each of these regimes, and hence our analysis corrects
and sharpens the standard lore. The main goal of the paper is to understand how, at infinite
coupling, instanton operators correct the chiral ring relations satisfied by the classical fields
at finite coupling.

In order to perform such an analysis we start from the known Higgs branch at infi-
nite coupling and write the Hilbert series of such a moduli space for various 5d N = 1



theories. We mostly focus on the SU(2) gauge theories with Ny flavours, for which string
theory arguments show that the Higgs branch at infinite coupling is the reduced moduli
space of one Ey, 11 instanton on C? [1, 6]. The Hilbert series counts the holomorphic func-
tions that parametrise the Higgs branch, graded with respect to the Cartan subalgebra
of the (enhanced) flavour symmetry and the highest weight of the SU(2) R-symmetry of
the theory:

Hit,y) = Ty (27 {1 (L.1)

where H is the Hilbert space of chiral operators of the SCFT, R the SU(2)g isospin and
H 4 the Cartan generators of the enhanced global symmetry.

Such a Hilbert series can then be expressed in terms of the global symmetry of the
theory at finite coupling — the latter is a subgroup of the enhanced symmetry at infi-
nite coupling:

H{(t,y(x.q)) = Ty (1" ll") (1.2)

where I is the topological charge and H, the Cartan generators of the SO(2Ny) flavour
symmetry. This decomposition allows us to extract the contributions of the classical fields
and the instanton operators to the Higgs branch chiral ring and explicitly write down the
relations they satisfy.

The paper is organised as follows. In section 2 we study the Higgs branch of SU(2)
gauge theories with Ny < 7 flavours, spell out the relations in the chiral ring in terms of
mesons, glueball and instanton operators, and discuss the dressing of instanton operators.
We generalise the analysis to pure USp(2k) Yang-Mills theories with an antisymmetric
hypermultiplet in sections 3 and 4, and to pure SU(NN) Yang-Mills in section 5. We close
the paper with a discussion of our results and an outlook in section 6. Several technical
results are relegated to appendices.

2 SU(2) with Ny flavours: one En;4; instanton on C?

The dynamics of 5d N' = 1 SU(2) gauge theory with Ny < 7 flavours was studied in
detail in [1]. In there it was argued that, despite being power counting non-renormalisable,
these theories possess strongly interacting UV fixed points. Moreover a classification was
proposed where the global symmetry, which at finite coupling is SO(2N¢) x U(1);, with
U(1); the global symmetry associated with a topologically conserved current, enhances
to En,+1, where Ey = U(1),E; = SU(2), E» = SU(2) x U(1), B3 = SU(3) x SU(2),
E; =SU(5), E5s = SO(10) and Eg, E7, Eg are the usual exceptional symmetries.

The analysis presented in this paper focuses on how the Higgs branch of these 5d
theories changes along the RG flow. In particular we take care in distinguishing three
different regimes for these theories, the operators that contribute to the chiral ring on the
Higgs branch! and the defining equations that these operators satisfy:

'Even though we discuss theories with minimal A" = 1 supersymmetry (that is 8 Poincaré supercharges)



e In the classical regime, where fermions are neglected, these 5d theories have the usual
Higgs branch which is just given by M 1,50(2N})> the centred (or reduced) moduli space
of one SO(2Ny) instanton. The gauge invariant operators that generate this space
are mesons M, constructed out of chiral matter superfields in the bifundamental
of the SU(2) gauge group and SO(2Ny) flavour group. The relations that these
generators satisfy on the moduli space can be extrapolated from its description as
the minimal nilpotent orbit of SO(2Ny) [34]. They are the usual Joseph relations [35]
and their transformation properties can be read off from the decomposition of the
second symmetric product of the adjoint, the representation in which the generator
transforms. Let V() denote the adjoint representation. The decomposition

Sym?V () = V(20) + T (2.1)

prescribes that the relations transform in the representation Js.

For SO(2Ny)
Jo = Sym?[1,0,...] + A*[1,0,...] . (2.2)

We can construct these representations from the adjoint mesons M as follows. Take
M to be an antisymmetric 2Ny x 2Ny matrix, M® = _Mb aqb=1,..., 2Ny. Then
the two terms of (2.2) correspond respectively to:

M? =0 (2.3)
Mabpred = ¢ (2.4)

We call the last equation the rank 1 condition, since for an antisymmetric matrix it
is equivalent to the vanishing of all degree 2 minors.

e When the coupling is finite, one needs to take into account the contribution from the
gaugino sector. In particular, the glueball superfield S, which is a chiral superfield
bilinear in the gaugino superfield W, is now no longer suppressed and will de jure
appear in the chiral ring. This operator satisfies a classical relation in the chiral ring
as in four dimensions [36], namely

S$?=0, (2.5)

hence S is the only extra operator that one needs to consider at finite coupling.
At first sight it might seem counterintuitive that S contributes to the Higgs branch
as it is a bilinear in the vector multiplet. In fact in 5d the Higgs branch is the
only complex branch of the full moduli space. As such, any chiral operator, and in

in 5 dimensions, we are interested in the chiral ring as defined in terms of a subsuperalgebra with 4 su-
percharges, and the Higgs branch as a complex algebraic variety. We therefore use 4d A/ = 1 notation
and terminology throughout this paper. Even though this formalism is not consistent with Poincaré super-
symmetry in five dimensions, it is necessary to discuss chiral operators and holomorphic functions on the
Higgs branch.



particular the glueball superfield S, belongs to the class of Higgs operators. This will
become even clearer later, when we recover the finite coupling Higgs branch from the
one at infinite coupling.

Geometrically we interpret the operator S as generating a 2-point space, which by
a slight abuse of notation we denote by Zs. Algebraically the Hilbert series for this
space is simply written as

HS(Zy;t) =1+ t* (2.6)

where 1 signifies the identity operator and the t? term is associated to the quadratic
operator S. The fugacity t grades operators by their SU(2)p representation and the
normalisation is chosen so that the power is twice the isospin. The meson M% and
the glueball superfield S obey the chiral ring relation [36, 37]

SM® =0 . (2.7)

This signifies that the spaces MLSO(Q Ny) and Zs intersect only at the origin.

From an algebraic perspective, when two moduli spaces X and Y intersect, the Hilbert
series of their union is given by the surgery formula

Hxyy = Hx + Hy — Hxny, (2.8)

where the subtraction is done to avoid double counting [38]. Thus, when Zs is glued
to Ml,so(ng), the net effect on the Hilbert series is simply that of adding a t? to the

Hilbert series of My so(2n;)-

The plethystic logarithm? of this newly obtained expression is interesting: it shows
that at order t* there are two extra relations compared to the classical regime, one
transforming in the singlet and one transforming in the adjoint of SO(2Ny). The
singlet relation is (2.5). For the adjoint relation the only possible extra operator that
one can construct in such a representation is SM?. The adjoint relation is then
precisely (2.7).

e At infinite coupling, the moduli space is a different space altogether. Instanton oper-
ators, carrying charge under U(1);, contribute to the chiral ring and are responsible
for prompting symmetry enhancement: the Higgs branch in this regime becomes iso-
morphic to the reduced moduli space M LEN 41 of one En, 1 instanton on C?2[1]. In
order for this to happen a crucial event on the chiral ring takes place: instanton and
anti-instanton operators I and I of U(1); charge 1 correct the relation (2.5).3

2The plethystic logarithm of a multivariate function f(z1,...,2,) such that f(0,...,0) =11is

p(k)log f (1, ..., ay) (2.9)

ol

PL[f(z1,...,zn)] = Z
k=1
where u(k) is the Moebius function. The plethystic logarithm of the Hilbert series encodes generators and
relations of the chiral ring.
3We call the instanton operator T of topological charge —1 “anti-instanton operator”, even though it is
mutually BPS with the positively charged instanton operator I.



This is the most dramatic dynamical mechanism happening at infinite coupling: the
operator S is no longer a nilpotent bilinear in the vector multiplet and it becomes,
for all intents and purposes, a chiral bosonic operator on the Higgs branch. The con-
tribution of S to the chiral ring will no longer amount to (2.6), but instead an infinite
tower of operators will appear generating a factor (1 —#2)~! in the Hilbert series.

The purpose of this paper is to explore these statements quantitatively for known cases
of UV-IR pairs of theories. We do this as follows. We start from the UV theory at infinite
gauge coupling, which has Ey, 11 symmetry acting on the hypermultiplet moduli space.
As soon as the dimensionful gauge coupling becomes finite, a term is added to the scalar
potential which is proportional to the norm squared of the moment maps of the broken
symmetries in the breaking En, 11 — SO(2Ny) x U(1);. Consequently, the broken moment
maps must vanish on the Higgs branch of the theory at finite coupling. In terms of the
chiral ring, this sets to zero the instanton operators I and I4

Computationally, one starts with the Hilbert series of the reduced one E, 1 instanton
moduli space written in terms of representations of Ey, 1 [39] and decomposes them into
representations of SO(2Ny) x U(1);. For all theories of our interest, the Hilbert series
after this decomposition admits a very simple expression in terms of the highest weight
generating function [40]. This allows us to analyse the generators of the moduli space in
terms of instanton operators and classical fields, and in many cases the relations between
such generators are sufficiently simple to be written down explicitly.

2.1 Eq

The Ey theory is the trivial case. There is no hypermultiplet moduli space. Consequently
the Hilbert series for this theory is just given by 1, corresponding to the identity operator.
The theory has no RG flow. Its interest lies in it being the limiting case of all the theories
we consider in this section since none of the operators (M,S,I, I ) makes an appearance.

2.2 Ny=0

A pure SU(2) SYM theory with N' = 1 supersymmetry in 5d can be obtained by flowing
from two UV fixed points which have different global symmetry. The existence of these
two theories is dictated by a discrete § parameter taking value in m4(Sp(1)) = Zg [2]. For

the non-trivial element the global symmetry at infinite coupling is £; = U(1) whilst for
the identity element the global symmetry is E; = SU(2).

2.2.1 The El theory

For the theory with § = 7 no enhancement of the global symmetry occurs: the global
symmetry at finite and infinite coupling is the instanton charge symmetry U(1);. Here
instanton operators are absent and the generator of the moduli space is just S obeying
S2 =0, both at infinite and finite coupling. The moduli space generated by this operator
is simply Zo. Classically the moduli space is trivial.

4 Although this argument applies to most of the theories we study in this paper, it is in general not useful
for theories where instanton operators have SU(2)r spin higher than 1, e.g. as in section 5.



2.2.2 The E; theory

For the theory associated to the trivial element of the Zy valued € parameter the U(1);
topological symmetry is enhanced to SU(2) by instanton operators at infinite coupling. In
this regime the Higgs branch of the theory is isomorphic to the reduced moduli space of
one-SU(2) instanton /T/IJLSU(Q), which is the orbifold C?/Zy. This theory is the prototypical
example of the class we study. Since there is no flavour symmetry, we can understand the
three regimes by means of simple physical arguments.

As we flow away from the UV fixed point, the Higgs branch is lifted and its only rem-
nant is a discrete Zs space generated by S. Classically, even this contribution can be ne-
glected and the Higgs branch is completely absent. This is a remarkable effect whereby from
no Higgs branch in the classical regime a full Higgs branch opens up at infinite coupling.

Algebraically we start from the Hilbert series for C?/Zy and decompose it in represen-
tations of U(1); so that we can identify the contribution from instanton operators, as well
as the finite coupling chiral operators, and their relations.

The Hilbert series for C2/Zy can be written as

— e 1—¢4
H[Ml,SU(Z)Kt§5U) = ;[QTL]wt% = (1 —222)(1 — tt2)(1 — 272)° (2.10)

where ¢ is the fugacity for the SU(2)r symmetry, x is the fugacity for the SU(2) global
symmetry acting on C?/Zy, and [2n], stands for the character, as a function of z, of the
representation of SU(2) with such a Dynkin label. Identifying the Cartan subalgebra of
the SU(2) symmetry with U(1)7, we obtain

1—t*
(1 —-t2q)(1 —2)(1 —t2¢~1)

1 o
olil 4
:1—t2 E tmq].

j=—00

HIM, syt q/?) =
(2.11)

2.2.3 The generators and their relations

Eq. (2.11) has a natural interpretation in terms of operators at infinite coupling:

e Each term in the sum t2l¢/ corresponds to an instanton operator Iy for j >0
and an anti-instanton operator I_; for j < 0 that is the highest weight state of the
SU(2) g representation with highest weight 2|j|.> ¢ is the fugacity for the instanton
number U(1);. The plethystic logarithm of the Hilbert series shows that the instanton
operator I ; is generated by Ehe charge~1 operator I;; = I through the relation
Iy ;= (I)?. Similarly I_; = ()’ where I =1_;.

e The tower of operators generated by S can be identified with the factor (1 — #2)71.
This enhancement in the number of operators constructed from powers of .S is crucial:

®Notice how the SU(2)r spin of an instanton operator of charge 4j is |j|. Whilst we can easily extract
the SU(2)r spin as a function of instanton number, it is not clear how to do so for the representation under
the global symmetry, as will be seen for the cases with higher number of flavours.



at infinite coupling S is a full-on operator on the Higgs branch and, together with
the instanton and anti-instanton operators I, I, forms a triplet of the SU(2) that
generates C2/Z.

From this form of the Hilbert series we can also give another interpretation to the Higgs
branch at infinite coupling. Instanton operators on the Higgs branch in 5d A/ = 1 theories
play a similar role to monopole operators in 3d A" = 4 [41] and N = 2 theories [42, 43]: in
this sense (2.11) can be interpreted as the space of dressed instanton operators, where the
factor # is the dressing from the operator S and it is freely generated.

The numerator in the rational function of (2.11) signifies a relation quadratic in the
operators which can only be given by

S? =11, (2.12)

the defining equation for C?/Zs.

At finite coupling, where I, I = 0, we recover the known chiral ring relation (2.5), i.e.
the nilpotency of the operator S. As we have explained, the only remnant of C?/Zs is a
residual Zy generated precisely by S.

Classically, we can set S = 0 and lift the Higgs branch entirely.

23 Ny=1

For Ny = 1 and Ny = 2 the infinite coupling Higgs branch is the moduli space of one
instanton for a product gauge group. In such cases the moduli space is given by the
union of the one instanton moduli space for each factor. For the case of Ny = 1, ie
Ey; = SU(2) x U(1), the Higgs branch at infinite coupling is thus the union of the one
SU(2) and the one U(1) instanton moduli spaces.

For the U(1) instanton moduli space, there are two possible ADHM constructions that
one may consider: (1) USp(2) gauge theory with one flavour, and (2) U(1) gauge theory
with one flavour. As analysed below, the Higgs branch of the former is Zo whereas the
Higgs branch of the latter is a point. A priori it might not be apparent which option is the
correct one but consistency with the finite coupling regime points out that the right choice
is the former. We provide an independent argument below.

Let us begin with the first option. The Higgs branch of the ADHM gauge theory given
by USp(2) with one flavour describes the moduli space of one SO(2) instanton.® There is
only one operator in the chiral ring, P, subject to a quadratic nilpotency relation, P? = 0.
The moduli space of one SO(2) instanton is thus Z,.”

On the other hand, one may consider a U(1) gauge theory with one flavour, whose
Higgs branch is often referred to as “the moduli space of one U(1) instanton”. The gauge
invariant quantity is QCNQ but is set to zero by the F-terms. The moduli space is thus trivial:
it consists of one point only rather than two.

5To be precise, the flavour symmetry of the quiver gauge theory is O(2), not SO(2). (We thank the
referee for raising this point.) However the moduli space of instantons in question is insensitive to the

difference between the two groups.
"Note that as rings C[P]/(P?) # C[P]/(P).



The reduced moduli space ./K/lvl, B, of one E»y instanton is thus either isomorphic to the
space C2/Zy U Zy or to C%/Zsy U {1}, depending on which of the above options is correct.
With the first option, the Hilbert series of M g, can be written using (2.8) as:

H[My g,](t:2) = H[M, gua)] + H[Zs] — 1

- 2 (2.13)
I R T

where H[Z5] = 1 + t? is generated by P.
With the second option, the Hilbert series of M g, is

H[Mu,g,)(t;2) = H[ﬂl,SU@)]
11—t (2.14)

(1—222)(1 —2)(1 —x=2¢2)

The generator of the C?/Zy factor is ®¥, i = 1,2, with ®¥ = ®/¢ and it obeys the
quadratic nilpotency:
de;dM =0 (2.15)

where ¢;; is defined by its antisymmetry property and €2 = 1.
The extra generator, P, is there only in the case of a union of C2/Zy with a two point
moduli space. In its presence, beside (2.15), two further relations hold:

P?=0
g (2.16)
P®Y =0

(2.15) is the usual Joseph relation for the SU(2) minimal nilpotent orbit C?/Zs. The last
equation encodes the fact that the two spaces, C?/Zy and Zs, only intersect at one point,
the origin of the moduli space.

Let us proceed without making any assumption on whether M 1,E, 1s given by C2%/Zsy U
Zs or C%/Zy U {1}. In the next subsection, we show that consistency with the finite coupling
result tells us that the correct choice is the former.

2.3.1 The generators and their relations

The theory at finite coupling has a Higgs branch which is isomorphic to the union of
./f\/lvl,so(g) with Zo, the former generated by a meson, M, subject to a quadratic nilpotency
and the latter by the glueball superfield S, itself quadratically nilpotent. The finite coupling
chiral ring is thus defined by:

M?=5>=8SM=0 (2.17)

where the last equation signifies that the two spaces, MLSO(Q) generated by M and Zs
generated by S, are orthogonal to each other and intersect only at the origin. Moreover
since M gs0(2) = Zs, the Higgs branch at finite coupling is given by Zg U Zs.



The goal is to reproduce the set of equations (2.17) from the ones at infinite coupling
by setting the instanton operators appearing there to zero. This can be achieved as follows.
Decompose the generators ® of M g, by letting

Pl =7 (2.18)
P12 = M (2.19)
PP =T (2.20)

where M is the SO(2) mesonic operator and [ ,I are the instanton and anti-instanton
operators respectively. The relation in (2.15) can then be rewritten as:

M?=1T . (2.21)

It is clear that, by setting the instanton operators to zero, only one of the three equations
in (2.17) can be recovered for the finite coupling limit. However, if the extra operator P
and the extra relations in (2.16) are also taken into account, the classical regime can be
precisely recovered. To this avail, let P be decomposed as:

P=S—-M, (2.22)

i.e. a linear combination of the meson M and the glueball S. Then (2.15) and (2.16)
together can be rewritten as:

M? =11 (2.23)
S2 =11 (2.24)
SM =1I (2.25)
MI = ST (2.26)
IM=1S. (2.27)

This time, setting I, = 0, the finite coupling relations (2.17) are finally recovered.

In the classical regime, where we neglect the contribution from S, we recover the space
Zs, the reduced moduli space of one SO(2) instanton generated by M, such that M? = 0.

This is the required consistency that we mentioned above: M 1.5, is indeed C?/Zy U Zo,
the latter being given by the ADHM construction of USp(2) with 1 flavour.

Let us provide a complementary argument based on symmetries that supports the iden-
tification of /\711 B, with C2/Zgy U Zy. The ADHM construction for U(1) with N ¢ flavours
provides the moduli space of U(Ny)/U(1) instantons, which for Ny = 1 corresponds to an
empty symmetry group and thus a trivial moduli space. Furthermore, in the presence of a
flavour symmetry, an SU(2) g spin-1 operator is a necessary requirement for the existence
of a linear hypermultiplet containing the conserved current. For a U(1) gauge theory with
1 flavour, there is no flavour symmetry and hence no associated generator. Identifying
./K/le g, with C?/Zy U{1}, there would be only three generators transforming in the adjoint
representation of SU(2) associated with C?/Zy but no extra generator associated with the
aforementioned U(1) symmetry, as in (2.14). On the other hand, for a USp(2) gauge theory

~10 -



with 1 flavour, there is an SO(2) = U(1) flavour symmetry; hence there is a generator at
order t? associated with this symmetry. We see that only when we identify MVI,EQ with
C2/Zy U 7o there are four generators transforming in the adjoint representation of the
global symmetry SU(2) x U(1) = E5 as one can see explicitly in (2.13).

2.3.2 Expansion in the instanton fugacity

It is instructive to rewrite (2.13) as an expansion in ¢, the U(1); fugacity. Replacing x, the
fugacity for SU(2), by ¢'/? we have that:

o0

—~ 1
HIMig,)(ty,q?) = S gl g2 (2.28)

(- =
Hence a bare instanton operator with U(1); charge n is the highest weight state of the spin
|n| representation of the SU(2)z symmetry. For n # 0, the tower of states originating from
the glueball (1 —t2)~!, i.e the space C, acts as a dressing for the instanton operators. For
n = 0, the dressing is a different space, due to the presence of an extra piece of the moduli
space unaffected by instantons. It is in fact the space generated by S and M, subject to
the relations SM =0 and M? =0, i.e C U Z,.

24 N;p=2

The reduced moduli space of one E3 = SU(3) xSU(2) 4 instanton® is isomorphic to the union
of two hyperKéhler cones, the reduced moduli space of one SU(3) instanton, MLSU(g), and
the reduced moduli space of one SU(2)4 instanton MLSU(Q) ., meeting at a point. As
an algebraic variety it is generated by operators transforming in the reducible adjoint
representation subject to the Joseph relations, which can be extracted from (2.1). The
Hilbert series can again be written using the surgery formula (2.8) as

[M1E3](t$y) [ ](t w)+H[M18U ](t'y)—l
i ml, ml t2m1 + Z 2m SU(Q)At2m2 1, (229)
1=0 m2=0

where @ = (21, z2) are the fugacities for SU(3) and y is the fugacity for SU(2) 4.

The SU(3) factor of the enhanced global symmetry FEj5 is broken to SU(2)p x U(1);
when one flows away from the fixed point. The U(1) factor is identified with the topo-
logical symmetry U(1)7, up to a normalisation of charges that is explained below. The
SU(2)p factor instead combines with the SU(2)4 factor in Fs3, which acts as a spectator
for the breaking, and together they form a global symmetry SO(4). Hence, we decompose
the representations of SU(3) in (2.29), whilst keeping the representations of SU(2) 4, i.e
we break:

SU(3) x SU(2)4 O SU2)5 x SU(2) 4 x U(1); = SO(4) x U(1); (2.30)

8The subscript A is used to differentiate from SU(2)p which is defined in the next paragraph.
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A possible projection matrix that maps the weights of SU(3) to SU(2)p x U(1) is
given by

01
Psu3)-su2)sxu) = <2 1) ; (2.31)

Let @ = (x1,x2) be the fugacities of SU(3); z and w be those of SU(2)p and U(1) respec-
tively (the fugacity w for the U(1) factor will be related to the fugacity ¢ for U(1); shortly).
Under the action of this matrix, the weights of the fundamental representation of SU(3)
are mapped as follows:

(1,0) = (0,2),  (=1,1) — (1,-1). (2.32)
In other words, we have
1 = w?, xQxfl = 2w ! & T =w?, xy=zw. (2.33)

The character of the fundamental representation of SU(3) is mapped to that of SU(2)p X
U(1) as

[1,0] =21 + 2oz 4+ 25t = w? + 2w+ 27wt = [00] + [14], (2.34)
while the adjoint representation decomposes as
[1,1] = [0o] + [20] + [13] + [1-3] - (2.35)

The U(1) charge is a multiple of 3 for states in the root lattice. To obtain integer instanton
numbers I € Z, we set w® = ¢, where ¢ is the fugacity for U(1);.

Under this map, the Hilbert series of the reduced moduli space of one SU(3) instanton
becomes

HM,suel(tizg) =D > > [ +nal.q™ "2t (2.36)
m=0n1=0n2=0

where z is the SU(2)p fugacity and ¢ is the U(1); fugacity.
The highest weight generating function” [40] associated to this Hilbert series is

GIM su)(t; 11,9) = PE[(1+ pg + pg~' + p?)t? — 2] (2.38)

where (1 is the fugacity for the highest weight of SU(2)p.

9The highest weight generating function for group of rank r is defined as follows:

Gt 1) = by 4o £ (2.37)
n;,k

where {p;}i—; are highest weight fugacities s.t. [n1,...,n,] = pt ... u7" and {bn,, . n, x} are the series
coefficients.
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Thus, the highest weight generating function for (2.29) becomes

GIMpo](ts 1 v,q) = PE [(1+ g + pg ™" + p?)t* — pt']

2.39
+PE[*?] -1, (2.39)

where p and v are the fugacities corresponding to the highest weights of SO(4) = SU(2) 4 x
SU(2)p.

The highest weight generating function (2.39) provides five dominant representations
that generate the highest weight lattice in a simple way. The information can be read as
follows. Inside the first PE we can identify the SU(2) g spin 2 generators: the singlet S, the
instanton operator ©g which we denote by I = Iy, the anti-instanton operator jg~!' which
we denote by I = I_1, and the meson transforming in the adjoint of SU(2)p, u?, which
we denote by T and is subject to the traceless condition 72 € = 0. We also identify
a relation quadratic in the generators and transforming in the adjoint representation of
SU(2), the term —p?t*. The second PE is the contribution from the spectator SU(2)4,
with the only representation v, the inert meson that we denote by Tés,

Eq. (2.39) is an expression that carries information about the representation theory
more concisely than the Hilbert series and furthermore the lattice it encodes is a complete
intersection. However in order to write the relations between the operators on the chiral
ring explicitly, we consider what the Joseph relations for M 1,E5 1mply.

2.4.1 The generators and their relations

For the MLE;a case, the generators are @ij, with ¢ = 1,2,3 and ®’; = 0, transforming in
the [1,1;0] of SU(3) x SU(2) 4, and T with T%¢,; = 0, transforming in the [0,0;2] of
SU(3) x SU(2) 4. The relations can be read off from (2.1):

Sym?([1,1;0] + [0,0;2]) = Sym?[1, 1; 0] + Sym?[0,0;2] 4 [1,1;2] where
Sym?([1,1;0]) = [2,2;0] + [1,1;0] + [0, 0; 0] (2.40)
Sym?([0,0;2]) = [0,0;4] + [0, 0; 0]

Hence the generator &° j obeys a quadratic relation transforming in the reducible represen-
tation [1,1;0] + [0, 0; 0] whilst T8 obeys a singlet relation. This is to be expected, since
the minimal nilpotent orbit of traceless 2 x 2 matrix is the subset of matrices with zero
determinant. There is also a quadratic relation mixing ®’; and T8 transforming in the

[1,1;2]. We can write these relations as follows:!?

[1,1;0] +[0,0;0] :  ®%;®7, =0
[0, 0; 0] : Tr(’.ff’?)' = fdﬁedde[;}pf’j"’ =0 (2.41)
[1,1;2] D LT =0,

where the indices of T are contracted by the epsilon tensor, e.g. (Tv2)d"’ — ToBe BPTVW .

OFor T a symmetric 2 X 2 matrix, i.e. Tdsedg = 0, the following statements are equivalent: T2 = 0,
detT = 0 and Tr T2 = 0.
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The glueball operator, the instanton and anti-instanton operators and the meson are
embedded into the generator <I>ij since this is the one transforming nontrivially under the
SU(3) factor that breaks into SU(2)p x U(1). We choose the following embedding:

5 = T3 — $56%3 o, f=1,2

Py = [

o . T (2.42)
a = €ap

P33=9

where T is a traceless 2 x 2 matrix, 7% €ap = 0. Notice that the choice of ®“g ensures
that @ij is traceless since ®¢; = &%, + ®33 = 0.

The aim is to decompose the relations in the first and third equations of (2.41). Under
SU(3) x SU(2)4 D SU(2)p x U(1); x SU(2) 4 the representations decompose as

[1,1;0]+[0,0;0]  — [20;0] + [11,0] + [1-1,0] + 2[00, 0] (2.43)
[1,1:2] = [20:2] 4+ [11;2] + [1-152] + [005 2] - '
Thus the relations in the first equation of (2.41) decompose into the five relations
[20;0] : ST = 178 4 %(Ipepgfa)eaﬁ
[11,0] : {ﬁeﬁ'YTﬂya = %IO:S (2.44)
1.0,0):  Peg, 170 =~ 1o
2[00,0] :  S? = I%,p5l” =2Tr(T?) .
The relations in the second line of (2.43) can be explicitly written as:
[20:2]:  ToAT8 =0
[11;2] : 10T = ( 5 45
[1_1;2]: 1oT%8 = 0 (2.45)
[00;2]: ST =0 .
Recall also from (2.41) that
[00;0] :  Tr(T?) =0. (2.46)

In total there are thus 10 equations, namely (2.44), (2.45) and (2.46).!

The finite coupling result that S be nilpotent is obtained by virtue of the last equation
of (2.44) when we set [ I =0. Consequently we also restore the condition Tr(T?) =
0, which, for a traceless 2 x 2 matrix, is equivalent to 72 = 0, the classical relation.
Moreover (2.7) is also recovered.

UNotice that the meson 7¢2 , the generator for the spectator SU(2) 4, is made up of the same fundamental
fields (quarks) as the meson T#. Before considering gauge invariant combinations, the quarks Qa‘j‘a,
with a,& = 1,2 and a = 1,2, transform in the vector representation of the global symmetry SO(4) =
SU(2)a x SU(2) 5 and in the fundamental representation of the gauge group SU(2). Out of these quarks the
following gauge invariant mesons can be constructed: T°# = Qo‘daQﬁﬂbe“hedB and T = Q¢ Q7P * P,
The difference between these two mesons is in the relations they satisfy at infinite coupling, one being

quantum corrected whilst the other being unaffected: Tr(T?) = 0 vs 2Tr(T?) = 2 =1 - 1.
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Another approach to see these 10 relations between the operators at infinite coupling
is to rewrite (2.29) in terms of characters of representations of SO(4) x U(1) and compute
its plethystic logarithm. For reference, we present such a Hilbert series up to order t*
as follows:

HIEs) (621,22, q) = 1+ (142,04 [0,2] + (g +¢7)[1,0])
(112,014 4,00+ [0,4]+ (a+¢7")([1,0] + [3,0]) + (¢ +q2)[2,0] ) #*
T (2.47)

The plethystic logarithm of this Hilbert series is

PLIH[E)(t 01,22, 9) = (14 2,0+ 0,2] + (g + ¢ ))[1,0]) 2
— (342,004 0,21+ 2,21+ (a+¢7)([1,2] + [1,0) )+ (248)
+ ... .

Indeed, the 10 relations listed in (2.44), (2.45) and (2.46) are in correspondence with the
terms at order t* in (2.48). We emphasise here that the computation of the plethystic
logarithm provides an efficient way to write down the relations that are crucial to describe
the moduli space. This method is applied for the cases of higher Ny in subsequent sections.

We can rewrite these relations in terms of a 4 x 4 adjoint matrix M, with a,b,¢,d =
1,...,4 vector indices of SO(4), such that

M® = b (2.49)
as follows:
2,21 4+ [0,0] :  MPM = (eqpI*1P)5%° (2.50)
[0,0] :  €qpeaM®P M = 517 (2.51)
0,0 : 8% = eqpI®T? (2.52)
2,0] :  SM®(y)eb = aﬂ” (2.53)
[0,2] : SM®(y*),5 = (2.54)
q([1.2 + [1,0]) : M®I7(y")56 = Sﬂ% “pa (2.55)
¢ (L2 +[1,0) . MPIP(Y)ga = STP(v)pa - (2.56)
The gamma matrices v* for SO(4) take the following index form:
(7)aa (2.57)
and the product of two gamma matrices is defined as:
(1)as = (1aa (1) g5e™ and - (1%)55 = (1)aa (7)) g™ ; (2.58)

where the spinor indices are raised and lowered with the epsilon tensor.
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2.4.2 Expansion in the instanton fugacity

It is useful to rewrite (2.39) in terms of an expansion in g¢:

M 1 = ny2|n|, |n
g[Ml,ESKt;/'L7V7Q): Z q tz‘ |M| |+

(= &)1 - 2?) b

= 1— 22
From here, we can extract the transformation properties of instanton operators of charge n
under the U(1);. They transform as spin |n| highest weight states for SU(2)r and as spin
|n|/2 representations of SU(2)p.

The classical dressing for each ¢" instanton operator, the factor outside the sum, is, for
n # 0, a space generated by the SU(2) g adjoint meson T = M (7%)2 and the glueball

operator S obeying the relation:
Tr(T?) = 52 (2.60)

For n = 0 there is a contribution coming from the SU(2) 4, the second term in (2.59),
which modifies the classical dressing entirely. The latter is in fact, for this charge zero
sector, generated by M® and S subject to the following relations:

2,2] 4 [0,0] - MPMroe = §259¢ (2.61)
[0,0] :  €aqpeaM® Mt = 2 (2.62)
[0,2] : SM®(y®). . =0 (2.63)

ap

These relations are a subset of (2.50) - (2.56) constructed in the following way: we take
the first two equations and we substitute the instanton bilinear on the right hand side with
the glueball operator by means of (2.52). Moreover we keep (2.54) as it is a relation not
corrected by instanton operators.

2.5 Nf=3

The moduli space of the reduced one E4 = SU(5) instanton, ./K/IVLEFSU(L:,), is the nilpotent
orbit generated by the adjoint representation of SU(5). Its associated Hilbert series can
thus be written as

[e.9]

H[//\\A/I,SU(B)](t; $) = Z[na 0,0, n]thn ) (264)
n=0

where [1,0,0, 1], is the character of the adjoint representation of SU(5) with fugacities
x = (x1,x2,x3,24). In order to proceed with a decomposition from weights of SU(5)
representations to those of SO(6) x U(1), we choose the projection matrix

0010

0001
Py, spsxua) = 0100 |’ (2.65)

4321
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which gives the fugacity map

4 -1 -1 -1 B — -1 -1 -1
Ty =w, €T2Xx = yYsw -, T3y =Y1Y3 wW -, TaZg =Yg Yow -,

= X1 = 11)4 s T2 = y3w3 s T3 = y1w2 s T4 = YW .
(2.66)
States in the root lattice carry a charge multiple of 5 for the U(1) associated to the fugacity
w, hence we set w® = ¢ in the following, where ¢ is the fugacity for the integer quantized
instanton number U(1);. Then (2.64) can be written in terms of the character expansion

of SO(6) x U(1) D SU(5) as

HMisuel(ty.a) =Y > > [0:n1nalyg™ 6", (2.67)

n=0n1=0n2=0

where [p1, p2, p3ly is the character of a representation of SO(6) as a function of fugacities
y = (y1,y2,y3). The information contained in this equation can be carried compactly by
means of the associated highest weight generating function

GIM sues)(t: 2, 133 q) = PE [2(1 + piog + paq ™" + paps) — t*pops) (2.68)

where at t2 we can again recognise the contribution of S, a singlet of SO(6), the instanton
and the anti-instanton operators in the spinor [0, 1, 0] and cospinor [0, 0, 1] representations,
and the meson in the adjoint representation [0,1,1], while at order #* is the basic rela-
tion between the operators. Notice that (2.68) is a generating function for a lattice with
conifold structure.

2.5.1 The generators and their relations

The generators and the relations can be extracted from the plethystic logarithm of the
Hilbert series. The Hilbert series of the reduced moduli space of 1 E4 instanton can be
written in terms of characters of SO(6) x U(1) up to O(t?) as:

H[E4(t;x,q) =1+ (1+[0,1,1] + ¢~ 1[0,0, 1] + ¢[0, 1,0])¢2
+ (1 +10,1,1] +1[0,2,2] + ¢~ 1([0,0,1] + [0, 1,2))

+q([0,1,0] + [0, 2,1]) + ¢2[0,0, 2] + ¢2[0, 2, 0])t4 o

(2.69)
The plethystic logarithm of this Hilbert series is
PL [H[E4](t: 2, q)] = (1 + [0,1,1] + ¢1[0,0, 1] + [0, 1, 0])
- (2 +2[0,1,1] + [2,0,0] + ¢([1,0,1] +[0,1,0]) (2.70)

+q¢ 1([1,1,0] +[0,0, 1]))754 o

Below we write down the generators corresponding to the terms at ¢ and the explicit
relations corresponding to the terms at order t* of (2.70).

17 -



For SO(6), we use a,b,c,d = 1,...,6 to denote vector indices and use «,f,p,0 =
1,...,4 to denote spinor indices. Note that the spinor representation of SO(6) is complex.
The delta symbol carries has one upper and one lower index:

03 - (2.71)
The gamma matrices v* can take the following forms:

("as  and  (7%)*, (2.72)

where the «, 8 indices are antisymmetric. The product of two gamma matrices has one

lower spinor index and one upper spinor index:

(7702, = (119 (7P g, . (2.73)

From (2.70) the generators of the moduli space are M, a 6 x 6 antisymmetric matrix, the
instanton operators I* and I, and the gaugino bilinear S. The relations corresponding to
the terms at order t* of (2.70) can be written as follows:

[2,0,0] +[0,0,0] :  M®MY = (I°1,)6% (2.74)
0,1,1] :  e®edef predpgel = Ta(20)8 12 (2.75)

0,0,0]:  S%=1II, (2.76)

0,1,1] SM® = T5(~y)8 1 (2.77)

¢([1,0,1] +[0,1,0]) :  M®I*(v")ag = SI*("")as (2.78)

¢ *([1,1,0] 4 [0,0,1]) M®T, (v = SI,(y*)* . (2.79)

As can be seen, the classical relations are corrected by instanton bilinears and this is a
recurrent feature for all number of flavours. These relations can also be rewritten in terms
of an SU(4) matrix M€ using the following relation

M = M%(y*)’, . (2.80)

2.5.2 [Expansion in the instanton fugacity

We rewrite (2.68) as an expansion in ¢ as follows:

g[ﬂl,SU(S)](t§M2;M37 Q) = =) 1 2 1iap13) <Zq +Zq"(t2ﬂg)”>. (2.81)

n>0 n<0

Two very interesting features emerge from the ¢ expansion. Firstly, an instanton oper-
ator of charge n has SU(2) g spin |n| and it transforms as an |n|-spinor — a representation
with |n| on a spinor Dynkin label — of the global flavour group SO(6). Whilst in [31] it
was found that this result holds for n = 1, here we find a prediction for all n.

Secondly the instanton operators are dressed by a factor, the one in front of the sum,
which is generated by S and M@, subject to the following relations:

[2,0,0] +[0,0,0] :  M®MP = §25%¢ (2.82)
0,1,1] :  e®bedef predprel = gppeb (2.83)
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Interestingly, such relations can be extracted directly from (2.74) - (2.79) by keeping only
those relations that are not corrected by the instanton operators. This feature is a recurrent
theme for higher number of flavours.

2.6 Ny=4

The Higgs branch at infinite coupling for an SU(2) theory with Ny = 4 flavours is isomor-
phic to the reduced moduli space of one E5 = SO(10) instanton M, g._so(10), Which is
given by the minimal nilpotent orbit of SO(10). Its Hilbert series is

[e.9]

H[le,SO(lU)Kt; ZB) = Z[O,H,0,0,0]mtzn ) (284)
n=0
where [0, 1,0,0, 0] is the character of the adjoint representation of SO(10).

At finite coupling the theory has a global symmetry SO(8) x U(1). Hence we rewrite
this Hilbert series in terms of an SO(8) x U(1) character expansion as

— 1
HMisonol(tiy,a) = 1= D [0:m1,0,ma +nglyqm "ae2m 20t - (2.85)
ni,n2,n3>0

where we decompose representations of SO(8) x U(1) C SO(10) using a projection matrix
that maps the weights of SO(10) representations to those of SO(8) x U(1) as follows

000 0 1
00 1 00

Pp, spxuy=] 0 0 0 1 0 (2.86)
0 1 00 0

—-2-2-2-1-1

Under the action of this matrix, the fugacities  of SO(10) are mapped to the fugacities y
of SO(8) and w of U(1) as follows:

—1 —1 —1 —1 —2 -1 —1 —1
(z1, mowy w32y, wawsay L wsxy ) = (W2, ya, Y2ys S YLYs Y3 Y1Ys )

1 2.87
= ($1,$2,$3,$4,x5) = < % & ysvyl) . ( )

In (2.85) we set w? = ¢ to have integer instanton numbers, rather than even.

The corresponding highest weight generating function is

GIMsoa0)(t: 2, pa; @) = PE [£2(1 + po + paq + puag™ )] (2.88)

where we recognise the usual SU(2) g spin-2 generators: the glueball superfield S, a singlet
of SO(8), the instanton operators I, and I, associated to paq and p4qg~ ", both transforming
in the same spinor representation of SO(8) with opposite U(1) charge, as well as the meson
M associated to ps. The highest weight lattice is freely, generated as we see from the
lack of relations at order ¢4.
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2.6.1 The generators and their relations

The expansion of (2.85) up to order * is given by
HIBs)(t:@,q) = 1+ (14 [0,1,0,0] + (g +¢7)[0,0,0, 1))

+ (1 +10,1,0,0] + [0,0,0,2] + [0, 2,0, 0]

2.89

+ (g + ¢ H([0,0,0,1] 4 [0,1,0,1]) + (¢*> + ¢~ )[0,0,0, 2])t4 )
+....
The plethystic logarithm of this Hilbert series is
PL [H[Es|(t; %, q)] = (1 +10,1,0,0] + (g + ¢~ 1)[0,0,0, 1])t2
— (2+ [2,0,0,0] + [0,1,0,0] + [0,0,2,0] + [0,0,0,2]
+ (g + ¢ )([1,0,1,0] +[0,0,0,1]) + (¢ + q_Q))t4 o
(2.90)

From this collection of representations we can write the defining equations for the Higgs
branch at infinite coupling by constructing the relevant operators. For SO(8), we use
a,b,c,d =1,...,8 to denote the vector indices, «, 8,p,0 = 1,...,8 to denote those in the
spinor representation [0,0,0,1] and d,B,p',d = 1,...,8 to denote those in the conjugate
spinor representation [0,0,1,0]. The delta symbol has the following forms:

5% or  S.5 or 5% or 6 (2.91)

ap -

The gamma matrices v* can take the following forms:

(Yaa  or (). (2.92)
The product of two gamma matrices has the following forms:

ab)

()as = ()05 gs and (v 45 = (V1)aa (1) g (2.93)

and similarly for both upper indices; the indices «, 5 and &, B are antisymmetric. The
product of four gamma matrices has the following forms:

ade)aﬁ = (,Y[a)a/g(fyb)pg(’}/c)pd<7d])ﬁé

(a6 (1)ap(1) (1)) 15

& (2.94)

and similarly for both upper indices; the indices «, 8 and ¢, f are symmetric.

The generators of the moduli space are M, which is a 8 x 8 antisymmetric matrix;
the instanton operators I, and fa; and the glueball superfield S.

The relations corresponding to terms at order t* of (2.90) can be written as

[2,0,0,0] +[0,0,0,0] : MM = (I,1,)8% (2.95)
0,0,2,0]: MM ("), 5 =0 (2.96)
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0,0,0,2):  MPM (") 0 = Io]g) — é(fpfp)éaﬁ (2.97)

0,0,0,0]:  S§% = 1,136 (2.98)

0,1,0,0:  SM® = I,T5(v"")us (2.99)
g([1,0,1,0]+[0,0,0,1)) :  M®I5(")ga = ST5(v*)pa (2.100)
“H([1,0,1,00+[0,0,0,1)) :  M“Ts(v")ga = STs(1*)pa (2.101)
(®+¢72[0,0,0,0] 1 InIsbap = Inlpdop =0 . (2.102)

2.6.2 Expansion in the instanton fugacity

In terms of an expansion in ¢, (2.88) can be written as

— 1 al 2l
g[Ml,SO(lo)](t§M27ﬂ4§Q) = (1= 2)(1 = t?)(1 — 2% Z q Ml lp2ln| (2.103)

n=—oo
Here again we find that instanton operators of charge n are spin |n| of SU(2)r and transform
in |n|-spinor representations of SO(8).

However the interpretation of the classical dressing is more subtle than in previous
cases. The prefactor in the ¢ expansion signifies a space which is algebraically determined by
some of the conditions that define the moduli space of one SO(8) instanton; in particular it
is a space generated by two operators, M2, in the adjoint representation [0, 1,0, 0] of SO(8),
and S, in the singlet [0, 0,0, 0], subject to relations that transform in the representations
[2,0,0,0], [0,0,0,0] and [0,0,2,0]. Explicitly these relations are:

[2,0,0,0] +[0,0,0,0] :  M®MPe = §259¢ (2.104)
[0,0,2,0] : Machd(yabcd)dB =0. (2.105)

The following features can be observed. Whilst the classical moduli space of one SO(8)
instanton is generated by (2.3) and (2.4), here the anti-self-dual 4th rank antisymmetric
representation is missing.'> Such a space has complex dimension 13 and, by adding the
dimension originating from the sum over the instanton number, the correct 14 dimensional
moduli space of one SO(10) instanton is recovered. Again, the classical dressing can be
guessed from the set of equations in (2.95)-(2.102) by keeping only the relations that are
not corrected by the instanton operators.

2.7 Nf =5
The Hilbert series of M 1,E can be written as
oo

HIM; gl (t; ) Z{OO 0 00] 2 (2.106)

12Recall that for SO(8), A*[1,0,0,0] = [0,0,2,0] + [0,0,0,2] is a reducible representation.
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A projection matrix that maps the weights of Eg to those of D5 x U(1) is given by

Prs s psxu(1) (2.107)

o O O O O
= o O O O
O = O O O
O O = O O
o O O = O
o O O O

—4 =3 =5 —6 —4 —2

Under the action of this matrix, the fugacities of « of Eg are mapped to the fugacities y
of SO(10) and w of U(1) as follows:

-1 -1 -1 -1 N I w ys ys wys
($1,3«"11‘2 y L1Lg ~, L2Tg , T3Ly , T3Ty )— —

Ve ) 3 3 ’
we WwyYs Y4 WY1 wWy2 Y3

1 ys vya Y3 W2 y1> (2.108)

g (xl,x2,$3,$4,135,$6) = ( Ty T EY 6y 4 o

The fugacity of U(1); is ¢ = w®. Thus, the Hilbert series H[le,E(;] can be written in terms
of characters of representations of SO(10) x U(1); as

—~ 1
H[MLE(S](t; Y, q) = 1= t2 Z [0, ni, 0, na, n3]yqn2—n3t2m+2n2+2n3 , (2‘109)

ni,n2,n3>0

The corresponding highest weight generating function is
GIM 5o (ts iz, 15 q) = PE [£2(1+ pa + paq + psg™)] (2.110)

2.7.1 The generators and their relations

The expansion of (2.109) up to order ¢* is given by

HI[Eg)(t:®,q) = 1+ (1 +[0,1,0,0,0] + ¢~ 1[0,0,0,0, 1] + ¢[0, 0,0, 1,0])£2+
+ (1+ [0,1,0,0,0] + [0, 2,0,0,0] + [0,0,0,1, 1]
+¢7%([0,0,0,0,1] +[0,1,0,0,1]) 4+ ¢([0,0,0,1,0] + [0,1,0,1,0])
+q*2[o,o,0,o,2]+q2[0,0,0,2,0})t4+... .
(2.111)

The plethystic logarithm of this Hilbert series is

PL [H[Eq)(t; . q)] = (1+[0,1,0,0,0] + ¢~[0,0,0,0,1] + [0,0,0, 1, 0])¢>
- (2 +10,1,0,0,0] + [2,0,0,0,0] +[0,0,0,1,1]
+q([1,0,0,0,1] +[0,0,0,1,0]) + ¢~ *([1,0,0,1,0] + [0,0,0,0,1])
+(q2+q*2)[1,0,o,0,0})t4+... .
(2.112)
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For SO(10), we use a,b,c,d = 1,...,10 to denote vector indices and «,f,p,0 =
1,...,16 to denote spinor indices. Note that the spinor representation of SO(10) is complex.
The delta symbol has the following form:

95 - (2.113)
The gamma matrices v* can take the following forms:

(e and (347, (2.114)

where the «, 8 indices are symmetric. The product of two gamma matrices has the follow-
ing form:

()% = ()P (M) - (2.115)

The product of four gamma matrices has the following form:

()% = () (P horo (1) (1) (2116)

The generators of the moduli space are M, which is a 10 x 10 antisymmetric matrix;
the instanton operators I* and I,; and the gaugino superfield S.
The relations appearing in the plethystic logarithm (2.112) are as follows:

[2,0,0,0,0] + [0,0,0,0,0] : MM = (I°1,)5°¢, (2.117)
0,0,0,1,1] :  Mlaazppasaal — [y(naras)f ro (2.118)

[0,0,0,0,0] :  S%=1°I,, (2.119)

0,1,0,0,0] :  SM® = I5(v*)8 1%, (2.120)

q([1,0,0,0,1] +[0,0,0,1,0]) :  M®1(»*)8, = S1%(v*)?,, (2.121)

¢ 1([1,0,0,0,1] +[0,0,0,1,0]) :  M®Iz(v*)3, = STs(v*)",, (2.122)
(®+ ¢ H[1,0,0,0,0] :  ITP(4y)ag = Lnlg(y)*P =0 . (2.123)

2.7.2 Expansion in the instanton fugacity

The highest weight generating function (2.110) can be expanded in the instanton number
fugacity ¢ as

1
1 —12p2)(1 — t4paps)

% (an(t2u4)n + an(t2ﬂ5)_n

n>0 n<0

g[-//\-/lvl,Eﬁ](t; M2, pa, 7”5;Q) = (1 — t2)(

> (2.124)

From this formula we see that the instanton operators of charge n are spin |n| highest
weight states under SU(2)g and transform in the n-spinor representation [0,0,0,n,0] of
SO(10) for n > 0 and the conjugate |n|-spinor representation [0, 0,0, 0, |n|] for n < 0.
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The dressing factor has the features previously encountered in that is generated by the
classical operators M2 and S, subject to the relations

[2,0,0,0,0] +[0,0,0,0,0] :  M®MPe = §259¢ (2.125)

Comparing this space to the moduli space of one SO(10) instanton given by (2.3) and (2.4),
it is clear that here the rank-1 condition (2.4) is missing altogether. As we have explained in
the previous case, this can be at once read off from the relations (2.117)-(2.123), by keeping
only the ones which are not corrected by instanton bilinears. The classical dressing is a
space of dimension 21 and again, by adding the contribution from the sum over instantons,
we recover the correct 22-dimensional moduli space of one FEjg instanton.

28 N;y=6
The Hilbert series of le, B, can be written as
oo

H[Myg](tz) = [n 0 8 00 0} . (2.126)
n=0 T

The E7; representations can be decomposed into those of SO(12) x U(1) using the projec-
tion matrix:

P, spexu(1) = (2.127)

O O O O O O
= o O O O O
o = O O O O
O O = O O O
O O O = O O
O O O O = O
O O O O O

-2-2-3-4-3-2-1

Under the action of this matrix, the fugacities & of E7 are mapped to the fugacities y of
SO(12) and the fugacity g of U(1) as

1
o= (B L4 LY. (2.128)

We then have the following highest weight generating function:

GIMy g, ) (t; p2, pas 153 Q)

=PE [(1 ot ps(a+a )+ (@ + q’z))t2 + u4t4} : (2128)
where at order t? we recognise the contributions of: S, which is a singlet of SO(12); the
instanton and the anti-instanton operators with U(1); charge 1 in the spinor represen-
tation [0, 0, 0,0, 1,0]; the instanton and the anti-instanton operators with U(1); charge +2
which are singlets of SO(12); the meson in the adjoint representation [0,1,0,0,0,0]. In
addition there is a fourth-rank antisymmetric tensor of SO(12) at order t%.
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2.8.1 The generators and their relations

The expansion up to order t* of (2.129) is given by

HIEr](t@,q) = 1+ (1+1(0,1,0,0,0,0] + (g +q71)[0,0,0,0,1,0 + (¢* +¢7) )
T (2 +10,2,0,0,0,0] + [0,0,0,0,2,0] + [0,0,0,1,0,0] + [0, 1,0,0, 0, 0]

+ (¢ + ¢ ")(2[0,0,0,0,1,0] + [0,1,0,0,1,0])
+(®+ ¢ H(1+[0,0,0,0,2,0] + [0,1,0,0,0,0])
+(¢® +¢9)[0,0,0,0,1,0] + (¢* + q—4))t4 Fo (2.130)
The plethystic logarithm of this Hilbert series is given by
PLIH[E|(5.q)) = (1+10,1,0,0,0,0]+ (g +¢7)[0.0,0,0,1,0] + (¢ + ¢72) )
— (2 +10,0,0,1,0,0] + [0,1,0,0,0,0] +[2,0,0,0,0,0]
+ (¢4 ¢ 1)(]0,0,0,0,1,0] +[1,0,0,0,0, 1])

(@ g0, O,O,O,O]>t4 T (2.131)

For SO(12), we use a,b,c,d = 1,...,12 to denote vector indices, «, 3,p,0 = 1,...,32
to denote indices of the spinor representation [0,0,0,0, 1,0], and d,B,p,d =1,...,32 to
denote indices of the conjugate spinor representation [0,0,0,0,0, 1]. The spinor represen-
tation of SO(12) is pseudoreal, hence all contractions of the spinor indices are made with
the epsilon tensor, which takes the forms

€ag Or €F or €45 OF 4P (2.132)
Gamma matrices v* take the forms
(7 )ag - (2.133)
The product of two gamma matrices has the following forms:
(1®)ap = (190 () 53¢ and (1) 5 = (19)aa (1) 53¢, (2.134)

where the spinor indices are symmetric. The product of four gamma matrices has the
following forms:

abed )a

(v

(o2

(Va6 (1) 35 ()05 (VD ge e PP (2.135)
(V)0 (1) 35 (1) 0p(7 D) rs e PP e | (2.136)

oo

(,Yabcd)

where the spinor indices are antisymmetric.
The generators of the moduli space are M, which is a 12 x 12 antisymmetric matrix,
the instanton operators I, , I7* and I2y, o, and the glueball superfield S.
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From (2.131), we have the following sets of relations:

[2,0,0,0,0,0] +[0,0,0,0,0,0] : MM = (I{, eppll )5 (2.137)
0,0,0,1,0,0] :  Mlmazpgasadl — g 2 (yor-as) o (2.138)
0,0,0,0,0,0 : 2+ o Iy = I{ 0V enp (2.139)
0,1,0,0,0,0 :  SM® = I¢ 17 (%) 45 (2.140)
(¢?+¢72)[0,1,0,0,0,0] : Lo M® = I{ 17 (%) ap (2.141)

(+4 )([1,0,0,0,0,1] +[0,0,0,0,1,0]) :  M®I{ ("), 5 = (SITy + Lo+ I7) (7)o 5 -
(2.142)

To aid computations it is useful to rewrite (2.130) and (2.131) in terms of characters of
SO(12) x SU(2). The reader can find the relevant formulae in appendix B.

2.8.2 Expansion in the instanton fugacity

The highest weight generating function (2.129) can be expanded in powers of the instanton
number fugacity ¢ as

GIMy g, (t; p2, pas 155 q)

1
_ (Eps) g™y 2l
0 (20 2 2

= PE[(43 + 1+ p2)t* + pat* + p3t%]

, (2.143)

1+ p3t! (tus)
e S D
H5

m even m even

(1+t2)/.L5t tﬂ5)2 m| m
P Ot S g = s 57 i)

_#4 _ 4
1 t m odd 1 'u5t m odd

The first equality is a ¢ expansion in terms of a double sum. This separates the classical
dressing from the one and two instanton contributions. It is precisely the presence of both
types of instantons as quadratic generators that, for Ny > 5, complicates the features of
the g expansion in terms of a one sum only. We still write such an expansion in the second
equality, splitting it into odd and even terms.

2.9 Nf=7

The Hilbert series of Ml, Eg can be written as

H[Mi g(tz) = [0 0 8 000 n] £ (2.144)

n=»
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The Eg representations can be decomposed into those of SO(14) x U(1) using the projection

matrix
O 0 0 0O 0 0 o0 1
O 0 0 0 0 o0 1 o0
o 0 0 0 O 1 0 o0
O 0 0 0O 1 0 0 o0
Pge p,xuq) = 000 1 00 0 0 (2.145)
O 01 0 O 0 0 O
O 1.0 O O 0 0 O

-4 -5 -7-10 -8 =6 —4 -2

Under the action of this matrix, the fugacities  of Eg are mapped to the fugacities y of
SO(14) and the fugacity g of U(1) as

We then have the following highest weight generating function:
GIMi, g, (t; s q) = PE [tQ (14 p2 + poq + prg™ ' + 1 (* +¢72))
+t (L4 po + pa + poq + prg” ' + pa(@® +q72))  (2.147)
+ % (s + ps(a® +q72)) } :
2.9.1 The generators and their relations

The Hilbert series of the reduced moduli space of 1 Eg instanton can be written in terms
of characters of SO(14) x U(1) as

H[Es|(t; z, q)

— 14 ((1 +10,1,0,0,0,0,0]) 4 [0,0,0,0,0,1,0]g + [0,0,0,0,0,0,1]g~*
+[1,0,0,0,0,0,0](¢> + q_2)>t2 + (2 +0,0,0,0,0,1,1] + [0,0,0,1,0,0,0]
+2[0,1,0,0,0,0,0] + [0,2,0,0,0,0,0] +[2,0,0,0,0,0, 0]
+(2[0,0,0,0,0,1,0] 4 [0,1,0,0,0,1,0] + [1,0,0,0,0,0,1])g

2[0,0,0,0,0,0,1] +[0,1,0,0,0,0,1] 4 [1,0,0,0,0,1,0])g"*

0,0,0,0,0,2,0] +[0,0,1,0,0,0,0] + [1,0,0,0,0,0,0] 4 [1,1,0,0,0,0,0])q>
0,0,0,0,0,0,2] +[0,0,1,0,0,0,0] + [1,0,0,0,0,0,0] + [1,1,0,0,0,0,0])g>
+1[1,0,0,0,0,1,0](¢* + %) + [2,0,0,0,0,0,0](¢* + q*4))t4 o (2.148)

+
+(
+

The plethystic logarithm of this Hilbert series is given by

PL [H|[Es|(t; @, q)]
= ((1+0,1,0,0,0,0,0]) + [0,0,0,0,0,1,0]g + [0,0,0,0,0,0, 1]"*
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[1,0,0,0,0,0,0](¢> + q_2))t2 - (2 +12,0,0,0,0,0,0] +[0,0,0,1,0,0,0]
[0,1,0,0,0,0,0] + ([0,0,0,0,0,1,0] +[1,0,0,0,0,0, 1])q

([0,0,0,0,0,0,1] 4 [1,0,0,0,0,1,0])q""

(10,0,1,0,0,0,0] 4 [1,0,0,0,0,0,0])(¢*> + ¢ 2)

+0,0,0,0,0,0,1]¢* + [0,0,0,0,0,1,0]¢~% + (¢* + q_4)>t4 +on (2.149)

+
+
|
+

It is also useful to write the Hilbert series written in terms of characters of represen-
tations of SO(16):

H|Es](t; 2)
=1+ ([0,0,0,0,0,0,0,1] +[0,1,0,0,0,0,0,0])#>

+(1+10,0,0,0,0,0,0,1] + [0,0,0,0,0,0,0, 2]

+10,0,0,1,0,0,0,0] + [0,1,0,0,0,0,0,1] + [0,2,0,0,0,0,0,0))t*... . (2.150)
The plethystic logarithm of this Hilbert series is
PL[H[Es](; z)]
= ([0,0,0,0,0,0,0,1] + [0,1,0,0,0,0,0,0])t* — (1 +10,0,0,1,0,0,0,0] (2.151)
+[1,0,0,0,0,0,1,0] + [2,0,0,0,0,0,0,0])254 +....

Note that the spinor representation [0, 0,0, 0,0, 0,0, 1] of SO(16) branches to those of
SO(14) x U(1) as

[0,0,0,0,0,0,0,1] —s [0,0,0,0,0,0,1]_1 + [0,0,0,0,0,1,0]41 , (2.152)

corresponding to the charge 41 instanton operators I;_ and I;;, whereas the field X in
the adjoint representation [0,1,0,0,0,0,0,0] of SO(16) contains the charge +2 instanton
operators Io, I5_, the glueball superfields S and the meson M.

Thus, one independent singlet at order ¢* of (2.150) implies that I;, I;_ is proportional
to the singlet formed by Io4, Ir—, S and M in X. The adjoint field X of SO(16) satisfies
the matrix relation

X2=0, (2.153)

transforming in the rank two symmetric representation [2,0,0,0,0,0,0,0] +
[0,0,0,0,0,0,0,0] of SO(16). This representation branches into those of SO(14) x U(1) as

[2,0,0,0,0,0,0,0] — 14 [0,0,0,0,0,0,0]_4 + [0,0,0,0,0,0,0] 44 (2.154)
+1[1,0,0,0,0,0,0]_3 + [1,0,0,0,0,0,0]42 + [2,0,0,0,0,0, 0.

Upon expanding (2.153) in components, we see that the vanishing components (X 2)15715,
(X2)16,16 and (X2)15716 imply that

5,18, =0, IS I8 =0, S*+I5.15 =0. (2.155)

These relations are collected in (2.165) and (2.175).
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For future reference, the branching rule of the representation [1,0,0,0,0,0,1,0] of
SO(16) to those of SO(14) x U(1) is

[1,0,0,0,0,0,1,0] — [0,0,0,0,0,0,1]_3 + [0,0,0,0,0,0,1]+; +[0,0,0,0,0,1,0]_4

+10,0,0,0,0,1,0]13 + [1,0,0,0,0,0,1]_1 + [1,0,0,0,0, 1,041 ,
(2.156)

and the branching rule of the representation [0,0,0,1,0,0,0,0] of SO(16) is

0,0,0,1,0,0,0,0] —> [0,0,0,1,0,0,0]o + [0,0,1,0,0,0,0]_5 + [0,0,1,0,0,0,0]
+10,1,0,0,0,0,0]o . (2.157)

For SO(14), we use a,b,c,d = 1,...,14 to denote vector indices and «,3,p,0 =
1,...,64 to denote the spinor indices. Note that the spinor representation of SO(14) is
complex. The delta symbol has the form

95 - (2.158)
The gamma matrices v* can take the following forms:
(Y")ap or (y4)*8 (2.159)
where the «, 8 indices are antisymmetric. The product of two gamma matrices is
()% = (1) (1)g - (2.160)
The product of three gamma matrices has the forms
(V"Vap = (1)as(") (1 N)op  and (1) = ()P (V) gs (vT)7P . (2.161)
symmetric in the spinor indices. The product of four gamma matrices is
(% = (1% (P (1) (D) - (2.162)

The generators of the moduli space are M, which is a 14 x 14 antisymmetric matrix; the
instanton operators I“ and [,; and the gaugino superfield S.
The relations corresponding to order t* of (2.149) are as follows:

[2,0,0,0,0,0,0] 4 [0,0,0,0,0,0,0] : MM + [ 15 = I{ (I, )8 (2.163)
0,0,0,1,0,0,0] : Ma1a2ppasaal — (1, )g(y@-a)B 12 (2.164)

[0,0,0,0,0,0,0] : S*+ 1§ I5 =0 (2.165)

0,1,0,0,0,0,0] : SM® + I\ 15 = 19, (I, _)5(v*®)%,  (2.166)

q([0,0,0,0,0,1,0] + [1,0,0,0,0,0,1]) : M®I% (7")p
=SIYy (V)ap + 13, (11-)p (2.167)
¢1(0,0,0,0,0,0,1] 4 [1,0,0,0,0,1,0]) : M1 _)o(*)*?

= S(h-)a(r")* + 151}, (2.168)
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¢%[0,0,1,0,0,0,0] : MU, = 12, (42%) 510, (2.169)
¢2[0,0,1,0,0,0,0] : M1 = (I,_) o ()2 (1, )5 (2.170)
¢*[1,0,0,0,0,0,0] : M1%, = SIS, (2.171)

¢ 2[1,0,0,0,0,0,0] : M®15 = ST$ (2.172)
¢*[0,0,0,0,0,0,1] : IS, I, (Y")ap = 0 (2.173)
¢2[0,0,0,0,0,0,1] : I$_ (I;_)a(y)** =0 (2.174)

(¢* +¢)[0,0,0,0,0,0,0] : I$, I8, = T¢I =0. (2.175)

2.9.2 Expansion in the instanton fugacity

The highest weight generating function (2.147) can be rewritten in terms of an implicit
expansion in ¢ involving 5 sums:

G[M g)(t; m; q) = PE [(1 + u) 2+ (1 + p2 + pa) t* + u4t6}

x PE [(uam + Dt + (uepr + 3)t° + u%tm}

x ( > (ust* )™ + (M7t2)‘"1qm> > (uat?)mlg?r

n1>0 n1<0 no€Z (2.176)
y ( S et + 3 (u7t4)_”3q"3)
n3>0 n3<0
x> (uath)™lg?e Y (ust®)"elg?
NQEL n5€Z

3 USp(4) with one antisymmetric hypermultiplet

In this theory, we pick the trivial value of the discrete theta angle for the USp(4) gauge
group. The Higgs branch at infinite coupling of this theory is identified with the reduced
moduli space of 2 SU(2) instantons on C? [4], whose global symmetry is SU(2) x SU(2).
The Hilbert series is given by (3.14) of [44]. For reference, we provide here the explicit
expression of the Hilbert series up to order t%:

H[Mossue)(ty,x) =1+ ([0;2] + [2;01)¢% + [1;2063 + (1 +[0;4] + [2;2] + [4; 0])¢*
+ ([1;2] + [1;4] + [3; 2)t° + ([0; 2] + [0; 6] + [2; 0]
+2[2;4] + [4;2] + [6;0])% + ... . (3.1)

The plethystic logarithm of this expression is

PL [H My s00) (9, 2)] = (0:2) + 250D + 12168 — ¢ — ([1;2] + [1;0])2°

(3.2)
—([2;0] + [0;2)t5 + ... .
The corresponding highest weight generating function is (see (4.25) of [40])
GIMasu(@)(t: a1, p2) = PE [(1F + ) + ppipt® + 64+ pupst® — pdpst'®]) . (3.3)
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where p1 and pg are respectively the fugacities for the highest weights of the SU(2) acting
on the centre of instantons and the SU(2) associated with the internal degrees of freedom.

Let us use the indices a,b,c,d = 1,2 for the first SU(2) and 4,75, k,l = 1,2 for the
second SU(2). The generators of the moduli space are as follows.

e Order t*: the rank two symmetric tensors P, and M;; in the representation [2;0]
and [0;2] of SU(2) x SU(2):

Py = Py, , M;; = Mj; . (3.4)

e Order t3: a doublet of rank two symmetric tensors (Ag);;, with
(Aa)ij = (Aa)ji s (3.5)
in the representation [1;2] of SU(2) x SU(2).
The singlet relation at order t* can be written as
[0;0]t* : Tr(P?) = Tr(M?) . (3.6)
The relations at order t° are

(10067 €V (Ay)ijMyj =0, (3.7)
152167 € Poy(Ap)ij = € M (Ao i + (i <5 5) - (3.8)

2;00t5:  Te(P?)Pay = €77 (An)ij(Ap)iryr (3.9)

0;2]65 0 Te(M?)My; = e (A)in(Ap)w; - (3.10)

Let us now rewrite the above statements in SU(2) x U(1) language. Up to charge
normalisation, we identify the Cartan subalgebra of the latter SU(2) associated with e
with the U(1); symmetry. More precisely, if w is the fugacity associated to the Cartan

generator of the latter SU(2), then ¢ = w? is the fugacity for the topological symmetry.
The highest weight generating function can then be written as

G[Mosu()(t; 3 q) = PE [(1 + i+ (g+ q_l))t2 + (m + (g + q—l))tf’) -
— mt — u%tﬂ .

This can be written as a power series in ¢ as

1
(=) (1= ) (1 — ) (1 — 122) (1 — )

« ((1 _M%tﬁ) i qjt2|j| _ (1 —t4) i qjt2|j|(,u,1t)|j|+l> )

j=—o0 j=—o0

GIMasu](t: i q) =

(3.12)
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The Hilbert series up to order t® can be written explicitly as follows:

HMosue)(ty,q) =1+ (1+ 2+ (g +¢7) 2+ (I + Mg +47))#

+ (2 H+ O+ 2D+ a) + (a7

+ (24302 + [4] + [6] + (2 +2(2) + [4])(g +¢ )

+ (2 + B+ N+ B)a+a )+ 1@ +a2)E (3.13)
(422D D)+ ()

The plethystic logarithm of this Hilbert series is given by
PL[H[Mysueltiya)] = (14 2+ (@+a)2+ (1] + Mg+ = ¢t

= (2] + Mg +a ™)) = (12 + (g +q7H)t°
+... (3.14)

The generators. At order 2, the generators are

[2] : P, with Py = Py, (315)
q, ¢ 1: I,I,S. (3.16)

The generators P, are identified as a product of two antisymmetric tensors:
Py = Tr(X,Xp) - (3.17)
At order 3, the generators are denoted by
alll, ¢ ', M Jay Jay T (3.18)

where the generators T, are identified as a product of two gauginos and one antisymmetric
tensor

T, = Tr (X, WW) . (3.19)
The relations. The relation at order t* can be written as
oj¢t:  Te(P?)+82=1IT. (3.20)

The relations at order t° can be written as

M ST,=1J,+1J,, (3.21)
gt°:  Puydye® + 1T, 4+ SJ, =0, (3.22)
[1)t°:  PuTye® +28T, =0, (3.23)
¢ Pudye? + 1T, +SJ,=0. (3.24)
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The relations at order t% can be written as

2]t S*Py + TuTy = Jop) + I1Pus,
gt ST =g, Ty, + 11,
t6 3 = e g Ty + SIT,
g 1C: S2T = e J, Ty, + I°T .

4 USp(2k) with one antisymmetric hypermultiplet

As in the previous sections, we pick the trivial value of the discrete theta angle for USp(2k)
gauge group. The Higgs branch of the conformal field theory at infinite coupling is identified
with the moduli space of k& SU(2) instantons on C? [4]. Below we consider the moduli space
of the theory at finite coupling.

For k =1, the Higgs branch at finite coupling is

(C2 X ZQ , (4'1)

where C? is the classical moduli space of a USp(2) gauge theory with 1 antisymmetric
hypermultiplet and Zs is the moduli space generated by the glueball superfield S such that
S2 = 0. The Hilbert series is then given by

Hy—y (t 2, w) = H[Zo)(t; w) H[C?)(t; )
1+ w?t? (4.2)
(1—tx)(1—ta 1)’

= (1+w*?)PE [t(z+271)] =

where the fugacity w corresponds to the number of gaugino superfields.

For higher k, the theory in question can be realised as the worldvolume theory of k
coincident D4-branes on an O8~ plane. Hence, the moduli space is expected to be the k-th
symmetric power of C? x Zo, whose Hilbert series is given by

Hyt ) 7{ dv > umH (£ 2™ ™)
T, W) = ————— X E —H;_ ;™ w
k\by =1 27T2Vk+1 p m k=1

m=1
. (4.3)
= (wt)? H[Sym/C?|(t, 2) H[Sym" I C?|(t, x),
§=0
where H[Sym"™C?|(t,z) is the Hilbert series for the n-th symmetric power of C%:
H[Sym"C2(t, z) — ]{ _ i - ! S @A
’ =1 2mivn Tl A=om (1—tmam)(1 —tma=m)

We tested the result for k& = 2 directly from the field theory side using Macaulay?2; the
details are presented in appendix A.

Note that this result also holds for USp(2k) gauge theory with 1 antisymmetric hy-
permultiplet and 1 fundamental hypermultiplet. This is because the classical moduli space
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of this theory is the moduli space of & SO(2) instantons on C? — this space is in fact the
k-symmetric power of the moduli space of 1 SO(2) instanton on C2, which is identical to C?.

Since the symmetric product Sym”*(C? x Zy) has a C? component that can be fac-
tored out, it is natural to define the Hilbert series H k(t; x,w) of the reduced moduli space

as follows:

(1-— ta:)(ll — ta:fl)ﬁk(t;x’w) : (4.5)

Hy(t; 2, w) = H[C?)(t; 2) Hy (t; 2, w) =
Examples. For k = 2, we have
Hj—o(t,z,w) = (1 + w1 — tY PE[(2® + 1 + 2 2)t?] + (wt)? PE[(z + 2~ )]
=14 (2] + ) + 1wt + ([4] + [2]w? + wh)t* + ([3]w?)t°
+ (6] + [4]w? + [2]w")t5 + ... . (4.6)
The plethystic logarithm of this Hilbert series is
PL[Hp—s(t, z,w)] = ([2] + w?)t® + [1w?t® — t* — 1) (w? + w*)t® — ([2Jw* + S + ... .

(4.7)
For k = 3, we have
Hy—s(t,z,w) = 1+ ([2] + w)t® + (3] + [w?)t® + (1 + [4] + 2[2)w? + w*)t
+ (3] + 5] + ([1] + 28)w* + [uw*)t® + ([2] +2[6] (4.8)
+ (1 + [2] + 3[4 w? + 2[2w’ + w6>t6 TR
The plethystic logarithm of this Hilbert series is
PL[Hp=s(t, 2, w)] = ([2] + w*)£* + ([3] + [1w?)#* + [2u’t* — [1]¢° 19)

- ([2] + (14 [2)w? + [2]w4)t6 o
General k. For general k, we have two sets of generators transforming in:

1. representation [p] at order ¢¥, for all 2 < p < k;

2. representation [plw? at order #**2 for all 0 < p < k — 1;

these follow from the generators of the moduli space of two instantons, given by section
8.5 of [45]. Explicitly, these generators are

Te(Xa, Xay ), Te(Xay Xag Xag)s - -+ > Te(Xas Xay - - Xa), (4.10)
TrOWW), Tr(Xo, WW), Tr(X (g, Xap) WW) ..., Te(X(q, - - Xqp ) WW)

where a1, as,...,ar = 1,2. The set of relations with the lowest dimension transform in the
representation [k — 2] at order t*+2,

In the limit k& — oo, the moduli space is thus freely generated by (4.10).'% A similar
situation was considered in [46], where it was pointed out that the generating function of
multi-trace operators for one brane is equal to that of single trace operators for infinitely
many branes.

13We would like to express our thanks to Nick Dorey for his nice presentation at the Swansea workshop
and especially for discussing this point.
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5 Pure super Yang-Mills theories

For 5d N/ = 1 pure Yang-Mills theory, the Higgs branch at infinite coupling takes a
simple orbifold structure. Field theoretic and stringy arguments can be provided for
this statement.

In [31] it was argued by counting zero modes that for an SU(N) gauge group the
instanton operators transform in the spin—% representation of SU(2)g. In [17] the result
was generalised to arbitrary gauge groups. Using the observation of [9] that the instanton
contribution to the superconformal index is given by an “SU(2)-covariantized” version of the
Hilbert series, the SU(2)g spin of instanton operators in pure Yang-Mills theories is given
by %hv, where h/), is the dual Coxeter number of the group G. It is then straightforward
to construct the relation between the instanton operators and the glueball operator:

Shé = IT . (5.1)

which reduces to the standard nilpotency for S [36] at finite coupling where the instanton
operators are set to zero. The Higgs branch at infinite coupling is thus the orbifold C?/ Zhg .

For SU(N) pure Yang-Mills a stringy construction provides a complementary view-
point. For this therory, an SL(2,Z) transformation on the 5-brane web can be exploited to
set the charges of the external 5-brane legs to (p1,q1) = (IV,—1) and (p2,q2) = (0,1). In
this basis, the web can be depicted as follows (this example is for N = 3):

\ 52

At infinite coupling, the two 5-branes intersect and move apart, giving a one quaternionic
dimensional Higgs branch, which has a cone structure. Using the classification of hy-
perKéahler cones of dimension 1, the space has to be an ADE singularity. The existence in
the chiral ring of the operator S, which has spin-1 under SU(2)g, rules out the D and E
cases, implying that the Higgs branch has to be C2/Z,,, for some m. The value of m can
be deduced by considering the intersection number, which is given by:

p1g2 —p2q1 = N . (5.3)

The Higgs branch at infinite coupling is therefore C2/Zy.!4

The generators of the Higgs branch at infinite coupling are I, S, I , singlets under
SU(N), and with U(1); charge +1, 0 and — 1 respectively. For N > 2, the isometry group
of C?/Zy is identified with U(1);. For N = 2, the isometry of the Higgs branch is enhanced
to SU(2) and the operators form a triplet (1,5, I).

The construction can be generalised by means of orientifold planes [6] to give analogous
results for the case of classical gauge groups.

14We thank Cumrun Vafa for discussions about this point.
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6 Discussion

A coherent picture of the Higgs branch of 5d A/ = 1 theories for all values of the gauge
coupling emerges from this paper. In particular, we have presented explicit relations that
define the chiral ring at infinite coupling and are consistent with those at finite coupling.
A crucial result of this paper is the correction to the glueball superfield, S, which at finite
coupling is a nilpotent bilinear in the gaugino superfield and at infinite coupling becomes
an ordinary chiral operator on the Higgs branch.

For pure SU(2) theories with Ny < 7 flavours a nice pattern was established. The finite
coupling relations involving mesons and the glueball operator are corrected at infinite cou-
pling by bilinears in the instanton operators, in the obvious way dictated by representation
theory. New relations also arise which exist uniquely at infinite coupling.

By expanding the highest weight generating function of the Hilbert series at infinite
coupling in powers of ¢, we have analysed the dressing of instanton operators by mesons
and gauginos. For Ny < 5 the defining equations for the space associated to the dressing
can be obtained by keeping the relations at infinite coupling which are not corrected by
the instanton operators. For Ny = 6,7, the presence of charge +2 instanton operators as
generators independent from the charge +1 ones complicates the picture and leaves the
interpretation of the classical dressing in a preliminary and unsatisfactory stage.

The techniques developed in this paper could also be applied to other 5d N/ = 1 theories
with known Higgs branch at infinite coupling. We leave this to future work. The long term
goal is to better understand supersymmetric instanton operators and their dressing from
first principles and use such knowledge to derive a general formula for the Hilbert series
associated to the Higgs branch at infinite coupling. We hope that the results of this paper
can shine some light in this direction.
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A Hilbert series of chiral rings with gaugino superfields

In this appendix we present a method to compute the Hilbert series of the Higgs branch
at finite coupling. In this computation we include the classical chiral operators as well as
the gaugino superfield W.

In five dimensions, the gaugino A\f' carries the USp(4) spin index A = 1,...,4 and the
SU(2)g index I = 1,2. Since we focus on holomorphic functions, which are highest weights
of SU(2)g representations, we restrict ourselves to I = 1. In 4d N' = 1 language, which
we adopt throughout the paper, the fundamental representation of USp(4) decomposes
to [1;0] + [0;1] of SU(2) x SU(2). These are usually denoted by undotted and dotted
indices, respectively. Since the latter correspond to non-chiral operators in the 4d N =
1 holomorphic approach, we adhere to the undotted SU(2) spinor index. The gaugino
superfield is henceforth denoted as W,.

We will see that the 4d N’ = 1 formalism adopted in this appendix yields results for
the Hilbert series that are consistent with the chiral ring obtained by setting instanton and
anti-instanton operators to zero in the five dimensional UV fixed point, which is discussed
in the main body of the paper.

A.1 SU(2) gauge theory with Ny flavours

Let us denote the chiral matter fields appearing in the Lagrangian by Q!, with i =
1,...,2N; and @ = 1,2. The F-terms relevant to the classical Higgs branch arel®

e®eQi Qi =0 . (A.1)

These relations are symmetric under the interchange of the indices b and c.
Now let us discuss the inclusion of the gaugino superfield (W, )ap- W is adjoint valued
and is chosen to be a traceless symmetric 2-index tensor:

€’ Wa)ap =0 . (A.2)

Moreover, we impose the following conditions (see section 2 of [36]):

Each component of (W, ) is an anti-commuting variable , (A.3)
*Wa)asWg)ea + (B a) =0 Ya,B=1,2,a,d=1,2, (A.4)
P Wa)apQ = 0 Va=1,2,a=1,2i=1,...,Ns . (A.5)

The condition (A.3) follows from the fact that the lowest component of the gaugino super-
field is fermionic. The relation (A.4) follows from gauge invariance and supersymmetry.
The relation (A.5) indicates how the gaugino superfield acts on fundamental fields.

The Hilbert series of the ring of variables QY, (Wa)a subject to the condi-
tions (A.1), (A.2), (A.3), (A.4) and (A.5) can be computed using Macaulay2. For reference,
we provide the Macaulay2 code for the case of Ny = 3 in source code (SC) 1.

15Here and in the main body of the paper, our relations are valid in the chiral ring. As operator relations,
they hold up to a superderivative.
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After integrating over the SU(2) gauge group and restricting to the scalar sector under
the Lorentz group, we obtain the Hilbert series of the space

MVLSO@Nf) UZs, (A.6)

where M 1,50(2Ny) 18 the reduced moduli space of one SO(2Ny) instanton on C? and Zs is
the moduli space generated by the glueball superfield S such that S? = 0

H[Ml,so@Nf) U Zo|(t; , w) = H[Zs](t;w) + H[/Wl,somzvf)](t; z)—1

> A7
:w2t2+2[0,p,0,...,0]t2p, (A7)
p=0

where the fugacity w counts the number of gaugino superfields VW and x are the fugacities
of SO(2Ny). The plethystic logarithm up to order ¢* of this is

PL [HWLSO@N” U Zso)(t; 2, w)| = (0,1,0,...,0] + w?)t2 — (1 +1[2,0,...,0]

—l—[0,0,0,1,0,...,0]+w2[0,1,0,...,0]+w4)t4

o (A.8)

This shows that the generators are the meson M% = —MJ?  in the adjoint representation
of SO(2Ny), and the glueball S = —32% Tr W, W?, subject to the relations

MIMIF =0, MMM =0, SMY=0, S%2=0. (A.9)

A.2 USp(2k) gauge theory with one antisymmetric hypermultiplet

The analysis is similar to the previous subsection. Let us denote the antisymmetric fields
by Xo, where a = 1,2 and i,5 = 1,...,2k are the USp(2k) gauge indices. The F-terms
associated to the classical Higgs branch is

Jii/Jjj/JkkleabXéjXéC/i/ = 0, (Al())

where J;; is the symplectic matrix associated with USp(2Fk).
For the gaugino superfield Wy (with a = 1,2), we impose the conditions [36]

Wl =W,

each component of W% is an anti-commuting variable,
TWEWE =0,

T VI XH — X3y = 0.

After integrating over the USp(2k) gauge group and restricting to the scalar sector
under the Lorentz group, we obtain the Hilbert series of the space

Sym” ((C2 x Z3) , (A.15)

In particular, for k = 2, we recover the Hilbert series (4.6).
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R=0QQ[Q11,012,013,014,015,016,021,022,023,024,025,026,wl111,wl21,w211,
w221,wll2,wl22,w212,w222,SkewCommutative=>{wlll,wl2l,w211l,w221,wll2,
wl22,w212,w222},Degrees=>{{1,0,1,0},{(1,0,1,0},{1,0,1,0},{1,0,1,0},{1
,0,1,0},{1,0,1,0},{1,0,-1,0},{1,0,-1,0},{1,0,-1,0},{1,0,-1,0},{1,0,-
1,0},{1,0,-1,0},{1,1,2,1},{1,2,0,1},(1,1,0,1},{1,1,-2,1},{1,1,2,-1},
{1,1,0,-1},{1,1,0,-1},{1,1,-2,-1}}]

I-ideal (wl2l - w2ll, wl22 - w212,-2%x021x024 - 2+Q022xQ25 - 2+023+026,
2#Q14x021 + 2xQ15%x0Q22 + 2xQ16x023 + 2xQ11xQ24 + 2xQ1l2+Q25 +
2xQ13x026, 0, -2xQ11xQ14 - 2xQ12%Q15 - 2xQ13+Q16,2+wlllsw2ll
- 2%wWl21sxwlll, 2+wlll+w221 - 2+wl2lxwl2l, 2+w21llsxw2ll -
2xw221xwlll, 2»w21lsxw221 - 2»w221swl2l, wlllsw2l2 + wll2xw2ll
- wl2ls»wll2 - wl22xwlll, wlll+w222 + wll2+w221 - wl2lxwl22
- wl22+wl21l, w2llxw21l2 + w21l2+w2l1ll - w22lswll2 - w222xwlll,
w211lxw222 + w212sxw221 - w221sxwl22 - w222xwl2l, wlllsw21l2 +
wll2xw21ll - wl2lswll2 - wl22+wlll, wlllsw222 + wll2»w221 -
wl21lsxwl22 - wl22»wl2l, w21l»xw212 + w21l2sw2ll - w221l»wll2 -
w222xwlll, w21ll+w222 + w212xw221 - w221xwl22 - w222+wl21,
2xwll2+w212 - 2+wl22xwll2, 2+wll2xw222 - 2:xwl22xwl22,
2xw212+w212 - 2xw222xwll2, 2+w212xw222 - 2xw222+wl22,021xwlll
- Q11xwl2l, Q21+xw21ll - Qll»w221, Q21+wll2 - Qllsxwl22, Q21xw21l2
- Q11xw222, Q22+wlll - Ql2+wl2l, Q22+w2l1ll - Ql2+xw221, Q22xwll2
- Ql2xwl22, Q22xw212 - Q1l2xw222, Q23+wlll - Q1l3xwl2l, Q23xw2ll
- Q13xw221, Q23xwll2 - Q13xwl22, Q23+xw212 - Q1l3xw222, Q24swlll
- Ql4xwl2l, Q24+»w21l - Ql4»w221, Q24»wll2 - Qld»wl22, Q24xw21l2
- Ql4xw222, Q25xwlll - Q15»wl2l, Q25+w2l1ll - Q1l5xw221, Q25xwll2
- Q15xwl22, 025xw212 - Q15+w222, Q26+wlll - Ql6+wl2l,

Q26+w21l — Ql6xw221, Q26+wll2 - Ql6xwl22, Q26xw212 - Ql6xw222)

toString hilbertSeries (R/I, Reduce=>true)

Figure 1. A Macaulay?2 code to compute the Hilbert series of the ring of variables Q%, (W, )ap, with
N = 3, subject to the conditions (A.1), (A.2), (A.3), (A.4) and (A.5). Here we write Q% as Qai
and (Wy)ap as waba. The ring R is multi-graded with respect to the following charges (in order): 1.
the R-charge associated with the fugacity ¢, 2. the number of gaugino superfields associated with
the fugacity w, 3. the weights of the SU(2) gauge group, and 4. the weights of the SU(2) symmetry
associated with the index a.

B N; = 6 in representations of SO(12) x SU(2)

Here we rewrite (2.130) and (2.131) in terms of characters of representations of SO(12) x
SU(2):

H[E7](t; 2, y)
=1+([0,0,0,0,0,0;2] + [0,0,0,0,1,0; 1] + [0,1,0,0,0, 0; 0] )¢*
+(1+10,0,0,0,0,0;4] + [0,0,0,0,1,0; 1] + [0,0,0,0,1,0; 3] + [0,0,0,0,2,0; 2]
+1[0,0,0,1,0,0;0] + [0, 1,0,0,0,0;2] + [0,1,0,0,1,0; 1] + [0,2,0,0,0, 0; 0])¢*
+.... (B.1)
The plethystic logarithm of (B.1) is
PL [H[E7](t; ,y)]
— ([0,0,0,0,0,0: 2] + [0,0,0,0,1,0: 1] + [0, 1,0,0,0,0: 0])¢2 — (2 +1[0,0,0,1,0,0;0]
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+[2,0,0,0,0,0;0] + [0,0,0,0,1,0; 1] + [1,0,0,0,0,1; 1] + [0, 1,0, 0, 0, 0; 2])t4
+... . (B.2)

The representation [0, 0, 0,0, 0, 0; 2] corresponds to Io4, Ir— and S, [0,0,0,0,1,0; 1] to

I+ and [0,1,0,0,0,0;0] to M. In the Hilbert series (B.1) there is only one independent
singlet at order t*: this means that the singlets coming from these three sets of operators

must be proportional to each other. These indeed correspond to the trace part of (2.137)
and the relation (2.139).
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