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1 Introduction and summary of results

The AdS/CFT correspondence [1-3] relates correlation functions of the boundary CFT

to on-shell AdS amplitudes of bulk fields.

While there has been much study of tree-

level bulk processes [4-12], until recently there had not been much work on loop cor-

rections (see [13, 14] for some recent work in this direction). Essentially this is because

such loop computations are extremely challenging from the bulk approach. Recently how-

ever, another approach based on the OPE structure of the boundary CFT has been ini-
tiated [15-17]. In [17] we used the OPE structure of N’ = 4 super Yang-Mills theory to



bootstrap the one-loop correction to the AdSs scattering of four-graviton multiplets, or
equivalently the 1/N* correction to the four-point correlator of four energy-momentum
multiplets in the large N limit.

A crucial ingredient in the analysis is the resolution of a large degeneracy among
the spectrum of double-trace operators which occurs in the strict large N limit. The
relevant explicit formulas for the anomalous dimensions and three-point functions of double-
trace operators were obtained by considering multiple correlators which exhibit the same
exchanged operators in their OPE decompositions [18]. Such data is available due to a
remarkably compact formula [12] for all four-point tree-level scattering processes of graviton
multiplets or their associated Kaluza-Klein modes which are present in the five-dimensional
bulk due to the reduction from ten dimensions on S°.

Here we will summarise the results obtained in [17, 18] which allowed for the boot-
strapping of the one-loop four-graviton amplitude. Firstly we may consider the following
set of double-trace operators Ky, ;, labelled by ¢ which runs from 1 to (t —n — 1),

{01207 720 019, O 30730 Opis, ..., 0,0°0' O} im0 (1.1)
n,0,n
At large N the above operators are degenerate; they all have large N dimensions A = 2t+1,
spin [ and SU(4) labels [n,0,n]. However, by considering the correlation functions of the
form (0,0,0,0,), we can extract the order 1/N? anomalous dimensions and resolve the
degeneracy. The large N expansion of the dimensions takes the form

2
A =241+ Sgmy + O(/NY), (1.2)

with the anomalous dimensions given by

@ 20t —n— 1))t +n+2)(E+1—n)t+1+1)s(t+1+n+3)
nt,l,n,i == . _ , (13)
(l+21+n 1)6

where we used the notation (z), = z(x +1)...(x +n — 1) for the Pochhammer symbol.
To bootstrap the one-loop graviton amplitude the dimensions in the singlet channel

(i.e. the case n = 0 above) were needed together with the results for the leading order three-

point functions (020K 0.:), for which we also gave a closed form expression in [17, 18],

8(t+ 1+ 1)1+ 1)(2t +1+2)
(2t)!(2t + 21 4 2)!

(0202K,10,4)° = Regiat,i (1.4)

where

217020+ 3+ 4i) (I 4+ 4+ 1)1 (E+ 1+ 4)1
(g +141)—1
2070 (2 + 24)I(t — 2)!(2t — 2i 4 2)!
3i—DIGE+DIE+2)(t—i— DIt —i+ 1)

Rii =

)

am- = (15)

These results allowed us to predict the double discontinuity of the the correlator at
order 1/N*. We were then able to construct a crossing symmetric function with the correct



double discontinuities. Remarkably the function we obtained was expressed in terms of the
four-dimensional one-loop and two-loop ladder integrals. Having obtained such a result we
were then able to extract from it a closed form for all spins for the next correction to the
anomalous dimensions for the twist-four singlet operators (expanding in a = 1/(N? — 1)),

A=4+1+ 26”71(1) + 2a2nl(2) +0(a®), (1.6)

where
@ 1344(1 — 7)(1 + 14) 230420+ 7) w7
T U DU+ D2+ 6)2(1+8)  (I+13(1+6)3 '

The cases of the above formula for [ = 2,4 were also quoted in [16].

In the present work we would like to generalise our analysis to include scattering of
multiplets of Kaluza Klein states. The simplest case of such an amplitude is the one for
the scattering of two graviton multiplets and two Kaluza Klein states of the next level.
This corresponds to the CFT correlator (O2020303). This generalisation introduces a
number of new challenges. Firstly we must deal with a correlator which has less cross-
ing symmetry. This necessitates an OPE analysis in more than one crossing channel, or
equivalently we must consider the crossed correlator (O2030203). Secondly, in pursuing
such an OPE analysis, we must obtain information about operators with non-trivial SU(4)
representation labels, unlike the case of (O2020202) where all exchanged long operators
are singlets. We are then led to consider a new mixing problem involving correlators of the
form (OpOp+1040¢+1). Finally such correlators have both even and odd spin sectors in
their OPE decomposition and we need to deal with both in order to construct the leading
discontinuities for the one-loop amplitude.

Once these technical obstacles are overcome we are able to proceed very similarly to
the case of the (O2020203) correlator and resolve the associated mixing problem. In
particular we obtain an explicit result for the anomalous dimensions of the double trace
operators Ky ; in the [0,1, 0] representation given by (for i =1 to (t — 1))

{Kii1, Kig2, - K1} ~ {020'07205,050'0' 30y, ..., 01001 Mo 10)- (1.8)

We find
A=2t+1+1+ 2an§,lz?i +0(d?), (1.9)
with
_2(8= 1)y (842) (141, (H4-£43), 1=0,2
W _ 5D, o (110)
LR 2(t=1)y (t42)5 (14+8) y (141+3), 1=1.3 '
(+20), T

With the solution to the mixing problem to hand we are able to explicitly construct
the leading discontinuities in both channels. We may then construct a function which
reproduces the leading discontinuities in all channels. From this we can then extract new
information about the dimensions of the twist-five operators in the [0, 1, 0] representation



analogously to (1.7)

A=5+1+ 26”71(1) + 202"71(2) +0(a?), (1.11)
320(914+681%—115112—57381—3688) 1—94
(2) =D (+1)3([+4)3(1+8) o
Moy = (1.12)
’ 320(91%+1401% — 48712 —112621—29400) 1—35

1043 (1+7)3(1+9)
The layout of the paper is as follows. In section 2 we review the general structure
of four-point correlators of half-BPS multiplets, focussing on the cases relevant here,
(02050303) and (02030203). Then in section 3 we review the OPE and superblock
expansion of these correlators, relevant for our purposes, highlighting the need to solve a
mixing problem. In section 4 we go on to solve the mixing problem by analysing the corre-
lators (0,0,0,0,) and (O,O0p110,0441) at leading and next to leading order in large V.
In section 5 we collect together this unmixed data to first derive the double discontinuity of
the 1/N* (030,0303) correlator in all channels, before uplifting the double discontinuity
to the full result. In section 6 we use this uplifted function to derive new O(1/N*) anoma-
lous dimensions for operators in the [0, 1, 0] representation of SU(4). In section 7 we point
out a symmetry displayed by all the results derived here and previously at strong coupling.
In two appendices we give details of the superblocks and the tree-level correlators used in
the main body of the paper.

Note added. During the preparation of this paper, [19] appeared which also introduces
the Casimir operator (5.20) for the singlet channel in resumming the double discontinuity
in the (020205052) case.

2 Four-point correlators of half-BPS operators

The basic objects we wish to consider are the single-trace half-BPS operators given by

Op(z,y) =y ...y Tr (¢5,(2) ... ¢i,(x)), y-y=0, (2.1)

where 3¢ is a complex null vector parametrizing the coset space SU(4)/S(U(2) x U(2)). For
p = 2 the above operator is the superconformal primary of the energy-momentum multiplet
which is dual to the graviton multiplet in the AdS5 supergravity theory. For higher p the
operator is dual to Kaluza-Klein modes associated to the S° factor of the ten-dimensional

background.
To discuss four-point functions is it helpful to introduce the propagator
2
y, .

ij

and conformal cross ratios for both the z and y variables

2 .2 2 .9
L30T 2z
u=a2z =123 v=>1-2)(1-z)="22 (2.3)
Li3To4 Ti3To4
1 _ yhyi T oyl
—=yy= ; —=1-y(1-9) = : (2.4)
o Yi3Yas o Yi3V34



Let us now consider the correlators (O2020303) and (O2030203), corresponding to
AdS amplitudes of two graviton multiplets and two Kaluza-Klein modes. We write each
correlation function as sum of its free theory contribution and an interacting term,

(02030203) = (02030203) free + (02030203) it

(02020303) = (02020303) fr6c + (02020303) 1yt - (2.5)
Due to the property of partial non-renormalisation [20] the interacting parts have the
following structure

(02030903)int = g%zg§4gg4 Z(u,v;0,7) u2G(u, v), (2.6)

(02050503)int = Giag54 Z(u,v;0,7) u?F(u,v), (2.7)

where 7 is given by

= ()G )G )G ) -

The dependence of the correlators on the gauge coupling is entirely through the functions
F(u,v) and G(u,v).
Crossing transformations relate the two correlators and hence the two functions F'(u, v),

Flu,v) = 1410(1 ”) . (2.9)

9
u u'u
Since we have pairs of identical operators in the correlator we have the symmetry

1
G(v,u) = G(u,v), F(“ > = v F(u,v). (2.10)

v v
The perturbative expansion in string theory or supergravity corresponds to an expan-
sion of the correlators for large N. As in [17], we choose for convenience the expansion

parameter

1
NT -1

With the above choice, the free theory correlation function then has exactly two terms

a= (2.11)

which we express as follows,

(0020403 )i1e0 = A((020:0505){0), + a{020:0303){.),)

free free
<02030203>free = A<<02030203>§2§e + a<02030203>§r1ge) R (2.12)
where the N-dependent factor
2 1\2/N2
A W oDV (2.13)

N



has been extracted so that the remaining factor is finite in the large N limit. Explicitly
we have

(02020303) free = 6A (9%295;’4 + 6a(912931913924 + 912954914923 + 2934913924914923))
(2.14)

with (O2030203)e obtained by crossing. The interacting parts, or equivalently the
functions F'(u,v) and G(u,v), have expansions of the form

o0 o0
(020,0505)ine = A a™{020,0505)7) Flu,0) =AY a"F(u,0),

int
n=1 n=1

(02050:05)im = A a™(0:050,05)00) . Glu,v) =AY a"GM(u,v).  (2.15)

int
n=1 n=1

In terms of the string loop expansion the order a” terms constitute the disconnected con-
tributions to the amplitudes, the order a terms correspond to tree-level connected contri-
butions while order a? terms correspond to one-loop corrections and so on. In terms of the
decomposition (2.5) the order a terms are special, in that they receive contributions from
both free theory and from the interacting part of the correlator.

Finally at each perturbative order in a we may expand F(™ and G in powers of
log v multiplied by coefficients analytic at u = 0,

F™ (u,v) = Z log" u F{™ (u,v), G (u,v) = Z log" u G™ (u,v). (2.16)
r=0 r=0

This then makes the branch cut structure around » = 0 manifest. In particular from OPE
considerations we expect that the leading discontinuity at order a™ is of the form log" u.

3 Overview of the OPE and double-trace spectrum

Let us consider the contribution of a conformal primary operator K ; of dimension A and
spin [ to the OPE of two half BPS operators Op, and O,,. It is given as

Aa)—1

OP1 (371)0132 (xQ) ~ Cplp%KA,l(a)(x%?) 2 e 37[12KAJ o (3'1)

where the dots denote contributions from descendant operators. In the above we have
suppressed the representations of the SU(4) global symmetry but we have made explicit
the fact that the dimension A and OPE coefficients Cy,p,.k, , depend on our expansion
parameter, in this case a. The quantities A and C therefore admit perturbative expansions,

Aa) = A 4+ 2an® + 24253 4 .

0 1
Cpipaska, (@) 0,513,2;@ + “Cz(n;g; PRI (3.2)

The OPE (3.1) is a fully non-perturbative relation, but when expanded perturbatively in
a it implies that at O(a) the operator contributes to the discontinuity in 23, as follows,
A(0)—1

O, (11)Opa(w2) ~ aC0) e W loga?y (#3) 52" PP aloKay+.... (33)




while at O(a?) it contributes to the double discontinuity as,

A(0)—1

0 —pi—
Opl (xl)om(x?) ~ a2 CI(JI;’%KAJ %(77(1))2 10g2 x%Z (x%Q) 2 prope $l12KAJ +eo. (3'4)

In the context of four point correlation functions we see that at order a? the double discon-
tinuity in 22, (and hence in the conformal cross-ratio u) comes entirely from zeroth order
OPE coefficients and first order anomalous dimensions (") of K A, These same quantities
are already present in the single discontinuity at order a.

In the supergravity regime of N' = 4 SYM, we wish to bootstrap the correlator
(02020303) at one-loop level, from known lower order results. To achieve this we use
the fact described above that the double discontinuity in u at order a? depends entirely
on the zeroth order OPE coefficients and first order anomalous dimensions. We take into
account the contributions of all superconformal descendants by making use of the super-
conformal partial wave (SCPW) expansion of the correlation function. Doing so we find
the double discontinuity of the correlator at order a? is given by

(020,0505)" log?u 2934 L(u, v;0,7) U2F2(2) (u,v)

1 1)\2 7 ~(0 0
= 91295 B > (nt(l)l) (0523Kt,l,i0§3?m,l,i) Lo (& 1) - (3.5)
tli

Here Ly o,0)(t,1) are long superconformal blocks (for the precise definition see eq. (A.7))
corresponding to the exchange of long double trace multiplets with SU(4)-singlet super-
conformal primary operators K ;,

(K11, Kip2,- - Kij—1} ~ {020'0720,,030'030s, ..., 0:0' O }0.0,0] - (3.6)
[0,0,0]

These operators are degenerate in the large N limit with dimension A® = 2¢ + [ but
(1)

b0
In principle more operators could contribute to the OPE, but in the supergravity limit

acquire non trivial anomalous dimensions 7,,’. at subleading order in a.

the space of operators is significantly simplified.! The double discontinuity in 22, then

comes entirely from zeroth order three-point functions and the anomalous dimensions. In

order to determine this data, we have to take into account an important subtlety: we can
(0) (0) (1)

not determine ng- Ky Csg! Koo and 7, ;/; individually from a superconformal partial wave
expansion of (02050303)) and (02020303)(V | but only

0 0
> Ok, O, (3.7)

and
(1) ~(0) 0)
Z Mg Cazire, ), Ossire, - (3.8)

i
However, this problem can be overcome and in fact it has been explicitly solved in [18]
by considering the more general family of correlators (0,0,0,0,). For more details, we

LA key assumption we make is that triple (or higher) trace operators do not contribute to the leading
order (in a) OPE coefficients.



refer the reader to that paper. We will recall the formulas obtained from that analysis
in section 4.3 as we will need them to explicitly construct the double discontinuity of
(0203020s3).

In the case of (02050303), the double discontinuity in the channel 23, — 0 is not
enough to attempt to determine the full correlator. For illustration, let us consider the one
loop result for the correlator (O;020203), which has been obtained in [17]. In that case,
we found that the part of the correlator of transcendental weight four is determined by the
sum of the double box function in three different orientations. One of these orientations
contains no double discontinuity in the limit x5 — 0. When the external operators have
equal charges, like (020302053), crossing symmetry relates the three orientations, but for
(02020303) we would never detect its coefficient. Therefore, we need to consider double
discontinuities in all possible channels, in particular we need to consider an inequivalent
OPE limit :1:%3 — 0. This is the same as considering the correlator (O2030203) in the limit
22, — 0. The study of the OPE in this channel will be slightly more involved compared to
(O2050303). The long double trace operators which we need to consider are given by

(K11, Kip2s - Kipgo1} ~ {020'07203, 0300304, ..., 040" Ops1 010 (3.9)
[0,1,0]

where the basis of operators on the Lh.s. is characterized by having odd twist and both
even and odd spins. Expanding their dimensions and three point function coefficients
(0203, ;) as follows,

Apgj=2t+14+1+ 2an§’ll?j + 2(12?73?]. +... (3.10)

0 1
C23;Kt,l,j = 053?Kt71,' + CLC§3?,CLZJ + Tt (311)

J

we readily obtain the result for double discontinuity at order 1/N*, i.e.

(02050205)?)| = ghg3igm T, vi0.7) w’GE (u,0)

g u
1
_ 2 2 (1) y2(~(0) 2 2323 1
= 9ta93a921 5 > (M15)" (Casie, ) Loty (¢ + 31) (3.12)
tl,j
where the long superblocks now correspond to the operators in (3.9). These operators are

again degenerate in the large N limit, thus in order to bootstrap the double discontinuity
in (3.12), we have to solve a new mixing problem.

4 Unmixing in [0, 1, 0]

The problem of operator mixing in the [0, 1, 0] representation is similar but not completely
analogous to that of the [0, 0, 0] representation. The correlators we have to consider are of
the form (OpO0p4+10404+1). The relevant terms in the SCPW expansion, restricted to the
exchange of long multiplets, are

(0p0p11040441)1omg = N gfzgg4gz4< > ARD ey LD (¢+ L)1)

t 1R
+Ltog(u) S MO (e LD (4 1) + > (4.1)
N2 R R 2 t :

t 1, R



where ¥ = p+ ¢+ 1 and the dots refer to terms analytic at © = 0 as well as terms of higher
order in 1/N?2. The coefficients Ag{;’q} (t|1) and Mgg’Q} (t|l) are obtained from disconnected
free theory and tree level supergravity, respectively. The corresponding long superblocks
L{P%} will be given explicitly in the next section. From the OPE and the knowledge of the
spectrum of double trace operators K;;; described in (3.9), we deduce the two equations,

{ } (0)
Al 1o (D) = Z p+1ICzlz G g1k, (4.2)

{ } (1) (0)
M[éjl‘{o] t‘l 277 CppH ’Ctlquq+1;’Ct,l,i : (4'3)

In the following we will drop the superscript (0) and (1) since there is no ambiguity at
this order. We now prove that the set of OPE coefficients Cpp41.k,,, and anomalous
dimensions 7; is uniquely specified by the solution of these two equations. In fact, for given
twist and spin, Cppt1;k, ,; is non-zero only when 2 < p <, and by taking into account the
p <> q symmetry, we conclude that the 1.h.s. of (4.2)—(4.3) determines ¢(¢ — 1) independent
pieces of data. The number of unknowns, on the other hand, is given by ¢ — 1 anomalous
dimensions 7; together with (t —1)? OPE coefficients Cppi1;x,,, (because i runs from 1 to
t — 1 and p from 2 to t). Thus there are a total of ¢(¢ — 1) unknowns, exactly the same as
the number of independent CPW coefficients.

As we mentioned, the SCPW expansion (4.1) contains both even and odd spins,
and furthermore the sum over twist runs over odd integers. Compared to the study of
(0p0,0,0,) we then expect some differences, and we will show that the unmixing is
modified in an interesting way.

4.1 Disconnected free theory

In the first instance we are interested in the leading large N contribution in the corre-
lators (OpO0p11040g41). The leading large N contribution comes from the disconnected
diagrams, i.e. the contribution to the four-point function which factorises into a product
of two-point functions. Since the operators are protected, the two-point functions are
independent of the 't Hooft coupling and take their large N free-field forms.

We can therefore consider the various free-field propagator structures in
(0p0p1+1040441) and isolate the disconnected one. Such terms are only present for p = ¢
while the case p # ¢ is subleading at large NN,

(0p0p10,0;1) = N7 (8gp(p + Dghaghi” + O(1/N?)) . (4.4)

The general expression for the superconformal partial wave expansion at leading order for
large N is then given by

<Op0p+lop0p+l> = POPE Z Ay Sl ) (4.5)
7,2

where P OPE = P gP g0y and S*72 are superconformal blocks [8, 21-24]. We follow the
notation introduced in [24], where the superblocks are specified by three integers «, 3,7



and a Young tableau A. For the specific case under consideration, a = VTH, 6= 7771, and

the superconfomal block is given by the following determinantal formula

afBy;A T %(’Y*l) afByA

SHPA = | — Ferna y=1,3,...,2p+1
- X

pos — (cypr SBD 00 y’y))det (FA i ) )

s(@,Z,y,9) = (v —y)@ -y (T —y)(@—7), (4.6)
Precise definition of the determinantal formula can be found in appendix A. Here we are
interested in the coeffiecients Asgp,y1 ) corresponding to long multiplets with twist 2¢ + 1,
spin [ and SU(4) representation [0, 1, 0].

This translates to a Young tableau with row lengths A\ = [t—p-+I+2,t—p+2,2P72], as
can be read off using the table in the appendix, eq. (A.4). Inputting the correlator (4.4)
and the superblocks (4.6), with the relevant value v = 2p+ 1, the equation (4.5) reduces to

N2 p(Ltp) = Y Agpyr pFPPEI2PHA (4.7)
x

Here, the left hand side is a constant, where as the right hand side is a function of x, Z, vy, 3.
There is a unique solution, yielding the values of the coefficients Ao, 1 .

In fact, there is a conceptually simpler way to solve this equation. As outlined in [18]
the entire superblock formalism can be bosonised. Since the Young tableau has height p
we can use bosonised GL(p,p) blocks described in [18, 24] for which?

det (a;jj+”‘j2F1(Aj+1—j+a, Aj+1—j+B; 2)\j+2—2j+’y;xi)>
det (:Ufﬁ)
1<i,5<p

The advantage here, is that on does not have to deal with the different cases needed for

1<i,j<p

FoP(g) = (4.8)

short superblocks, but can use one formula to deal with all the blocks.

With either method (superblocks or bosonised blocks) the resulting block coefficients
are consistent with the formula

A{Pp+1pp+1} _2(EHDN2 (4 4) p—2 (t—p+ 1) p— 2 (1Ht+2)N2 (1+1) (1+2t+3) (I+t+5) p— 2 (I—p+t+2)p—2 (4.9)
[0,1,0] - (—2)/((p—1)")2(p+2)"(2t+1)!(20+2¢t+3)! N

For given twist 2¢t 4+ 1 and spin ¢, we can finally assemble the data into the diagonal matrix

~ : 2,3,2,3 A1+
A(t|l) = diag ("4[{0,1,0] }, . A[{&fg] bt }) . (4.10)

2In this formula (only) we use z; where i = 1...p to represent generalised cross-ratios in the GL(p,p)
theory. These should be thought of as generalisations of the two independent cross-ratios x, Z of a conformal
theory in 4d, corresponding to p = 2. They should not be confused with space-time coordinates.

~10 -



4.2 Tree level supergravity from Mellin space

The supergravity amplitude for correlators of the form (0,0,110704+1) can be obtained
from the general result of Rastelli and Zhou [12]. Their formula extends in a consis-
tent way the very few explicit computations of Witten diagrams known in the litera-
ture [10, 11, 25, 26], and gives access to correlators with arbitrary configuration of charges.
These are precisely the correlators we need in order to obtain M{PP+1.¢:¢+1} and solve the
mixing problem. As an example, in appendix B.2 we compute the Mellin amplitude cor-
responding to ¢ = 2,3,4,5 with p > ¢ generic, and we rewrite it in a standard basis of

E51525354 functions. The simplest case is,?
p 2 s(x,:i‘;y,ﬂ) int
(OpOp110203)sugra = 912934924@7 Npp+1,2,3 Hppi1,2,3 (4.11)
int uf —
Hppr123 =  Dprspsz- (4.12)

In general, Hp p+1,4,4+1 s a polynomial of degree p — 2 in the SU(4) variables.

At order 1/N? the full (0,0,4+10,0,+1) correlator contains two contributions: super-
gravity and connected free theory. The knowledge of the Mellin amplitude does not fix the
supergravity correlator completely, and we will have to determine the relative normalisa-
tion Np pt1,9,¢+1 by an independent argument. For correlators of the form (0,0,0,0,) we
obtained the corresponding normalisation by considering the absence of twist 2 long oper-
ators in the spectrum of supergravity [18]. For equal charges, these results can be used to
predict the normalisation of (O,0p410,Op+1) and show that twist 3 long conformal partial
waves cancel between free theory and supergravity. Then, we can obtain the normalisation
Np.p+1.q.4+1 by imposing the absence of twist 3 long operators at order 1/N2.

The absence of twist 3 long operators is not immediately transparent, since the twist
3 short (half-BPS) operator remains, and so its conformal block is present. A very simple
way to avoid this technicality is to project onto the large spin limit of the twist 3 operators.
The twist 3 operators correspond to the v — 0 limit of the correlator. Further taking v — 0
then projects onto the large spin limit. The advantage of this is that then one doesn’t have
to deal with the twist 3 short operator but can simply insist on the vanishing of the two
contributions in the limit v, v — 0. Note that this limit corresponds to taking the light-like
polygonal limit relevant for the duality with Wilson loops and amplitudes in A' = 4 SYM.

The free theory propagator structure at subleading order in N contains

(Op Opi1 O O, = N2 (229(19 +1)q(q+1)gty g%, 92914923 + - .. ) (4.13)

where ¥ = p + ¢+ 1, and we omitted propagators structures contributing to higher twist

3We recall the identity

s(z, 2z y,79) /() =v+octuw+Tu+ov(w—1—u) +7(1 —u—v) +oru(u—1—1v).
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CPW, i.e not leading in the v — 0 expansion.* The limit v — 0 with u/v fixed gives

. (0p Ops1 O Ogy1)V _ 2p(p+1)q(g+1) grages _ 2p(p+1)g(g+ 1) Tu
u,v—0 gf2gg4gg4 free N2 912934 N2 v
(

14)

Notice that we factorized POFF in the denominator on the Lh.s. Given the generic form of
the supergravity correlator with p > ¢,

s(x, Z;y,7) i
<O OpHO Oq+1>sugra - 9129349247@1/)2 N:D,p+1,117q+1 Hﬁ)ﬂ,q,qﬂ (4~15)

we would like to take the limit u,v — 0 as we did in the corresponding free theory.
The dynamical function ’H;‘?}D +1.4,4+1 has in general non trivial dependence on the SU(4)
variables, however we find that lim,, ,—0 s(z,Z,y,%)/(yy)? = 7, therefore in order to match
the r.h.s. of eq. (4.14), it is sufficient to consider the leading term in w/v of Hppi1,q.9+1
restricted to 0 = 7 = 0. It can be inferred from the expression of its Mellin amplitude, and
explicitly checked in the examples (B.8)7(B.1O) and (B.11), that

(-2 p—q)k~ 11 ,—
Hpprrgetr| _ = W kj; U’ Dyi3p3+k,2+k(Us ) (4.16)

The representation of Dy, p, ps p, contains three different analytic contributions,

- sing analytic —=log
Disy655560 = U7 Diyip536 + Divogass + 108(w) Diyg,6,5, » (4.17)
and it is useful to consider them separately. The precise form of these functions is given

in appendix B.1. Here it is enough to recall that for the relevant values of d;—1 234 the

—~analytic lo, = sin .
functions Dy, 52§35 " D51§2535 , and Dg 55535 , are analytic in u and therefore

analytic . p —log -
qlg%u Ds, 5,556, = qlg%u logu Dy 5,5.5, = 0. (4.18)

Since o = (01 + 02 — 03 — 04)/2, the limit of u~ D;ﬁ% p3+k2+k 1S more interesting. In our

specific case, o = p — k — 1, and when k = 0 we obtain the following non trivial result,’
uP —si ul'[p —1]
7D5f§,p,3,2 =, 3 2F1[1,3,5;1] + O(u). (4.19)
By requiring twist 3 long cancellation at large spin, we obtain from (4.14) and (4.15), the

relation
' 2p(p+1glg+1)  2(¢—2)!(p—9)
N2 (p—2)!

Llp - 1]Np,p+1,q,q+l =0 (4.20)

“Note that one might expect a term proportional to g¥,g%,g24 which would contribute to lower twist,
but its coefficient vanishes due to properties of SU(N) vertices.
"We repeat for quick reference the expression given in appendix B.1 (B.2)

o—1 n
79 5ing (—w) 836 da—o+n|dz+
D51525354 Z n! F[J - n] Aé? 4052 o'(n) F§32+(§;+T;‘n3 n(l - U) )
n=0 '

where we defined, Ff‘b(:r) = o Fi[a,b; c](x), and Ag;gi (n) = T'[61+n]T[02+n|T[03+n]T[d4+n]/T[01+02+2n].
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which fixes the value of the normalisation to

p(p+1glg+1) -
Npp+1qQ+1 = (q — 2)'(p — q)| Np+q ! . (421)

We can now proceed, and compute the superconformal partial wave expansion of the long
sector of (Op Opt1 Oy Ogs1)sugra-

The factorized form of the supergravity correlator implies that only long multiplets
contribute. Thus, the corresponding Young tableau have two or more rows and two or more
columns. For an expansion in purely long operators there is no great advantage in using
bosonised blocks and we will use directly the determinantal formula for the superblocks
given in appendix A. As mentioned before, if p > ¢ the function Hg 441, p+1 is a polynomial
of degree p — 2 in the SU(4) variables. Therefore, when p > 2 we will project onto the
[0,1,0] representation. Results for [n,1,n] will be presented elsewhere. For given twist
2t + 1 and spin ¢ we construct the matrix

M{2’3’2’3} M{3’4’2’3} o M{t,t+1,2,3}

J\A/[(t]l) — w3434 gyltt+1.3,4} (4.22)
[07170}
vt L1}
where we have just given the independent entries in the upper triangular part explicitly.
The coefficients, M{PPTLa:4+1} have different behaviour for even and odd spins. For exam-
ple, the t and [ dependence in the first three cases is,

_6(t=1)a(t42)2 ((t+DN2(I+t+1) ! (14+242)1(1+2t43)

[ even

(2323} _ (2t+1)!(21+2t+3)!
M _6(t=1)2(t42)2 (DD (DI04 7 (49 429)
(2t+1)1(20+2¢+3)!
_ 3(t=2)3(t42)s (DN (Ut DIt DN 4 2643) 7 (oo
A({34.2.3) _ (LI S)! (4.24)
_3(t=2)s(t42)s (DD (A DI+ D) o4 '
(2t+1)1(20+2¢+3)!
and
_ 3(t=2)3(t42)s (1)) (bt D14 t+2) (142643) (12 +1(3t+T) +10124+23t-75)

N{3:434) _ 20(2t+1)1(21+2t+3)!

3(t—2)3(t+2)3(#+D)D2(I+t+ D)1 (I+t+2)1(1+1) (22 +1(5¢+9) + 122 +29¢—T71) 1 odd
- 20020+ D)1 (20+2t13)! o

(4.25)
Therefore we will study J\A/[(t\l) for even and odd spins separately.

4.3 Anomalous dimensions and OPE coefficients

Once the matrices A(t]l) and J/\;E(t|l) have been found, we can solve for the OPE coefficients
and the anomalous dimensions. As in [18], it is convenient to introduce the matrix of

normalized three-point coeflicients,
Cosicryy  C28Kyy o C23K, 0

aey = A3 | O Ookigs o (4.26)

Ct7t+17Kt,l,1
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and rewrite equations (4.2) and (4.3) in matrix form. The first set of equations becomes the
orthonormality condition ¢é7 = Id,_;, the second one reduces to the eigenvalue problem,

~ 1 ~

c-diag (1, ...,m—1)- ¢ =A"2.- M- A=, (4.27)

-

Then, anomalous dimensions are eigenvalues and the corresponding eigenvectors columns
of ¢(t]l). We look at the first few cases explicitly.

4.3.1 Twist 5

This case is straightforward as there is only one long operator for each spin, and only one
correlator to be considered, namely (2323). The result for the anomalous dimensions is

80
—m [ even

m = (4.28)

80
@A) (7H) [ odd

and ¢(2|!) is trivial. The only three-point function coefficient is given by plugging p =t = 2
into equation (4.9), giving
I+ 1)1+ 7)1+ 4?2

2 _
0231(2,[71 = 1002 +7)! . (4.29)

4.3.2 Twist 7

In this case we have a two-dimensional space of long operators. The relevant correlators
are (2323), (2334), (3434). Considering even spins, we find

\/ 7((l+2)) \/ 5((l+8))

ven _ J_ __ 360(+7) 360 ~ . 6(20+9 6(20+9

77?;172—{ ((EDEREE (l+5)(l+8)}’ ¢ (3]l even) = \/5(l+8) ) , (4.30)
YV 6(2049) 6(2149)

whereas for odd spins we obtain

\/ 5(1+2) \/ 7(1+8)
odd _ J_ __ 360 _360(1+3) ~ . 6(20+11) 6(20+11)
=12 = { ((+2)(1+5)” (l+5)(l+8)(l+9)}v ¢ (3|l odd) = \/ D) HES)
—V 6@H+1D) 'V 6(21+11)

(4.31)

It is interesting to consider how the transformation | — —I — 10 acts on the anoma-

lous dimensions. Given the set {n$ve®,nsver, n9dd

15, Y ,ngdd} the transformation exchanges
nsver s p3dd and nSve® «» ndd. As a consequence, the square root structure in the
columns of ¢(I even) is related to that of the columns of ¢(I odd) in the same way. (The
signs +1 are fixed by orthogonality independently of the symmetry). Compared to the
singlet channel [18], where a similar transformation acted separately within each spin sec-
tor, even and odd, the exchange property here is novel, and the generalization of ¢(¢|¢) is
actually less trivial than what we could have naively guessed. We discuss this symmetry

in more detail in section 7.
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4.3.3 Twists 9 and 11

Before presenting general results for the anomalous dimensions 7; and ¢(t|l), we give two

more examples, twist 9 and 11. In the first case, the space of long operators is three
dimensional. For even spins we have

even 1008(1+7)(148) 1008 1008(I+4)
i =\ T D@+ (+3)(+6)° — (+3)(I+6)° — (+6)(1+9)(I+10)

3(1+2)(1+3) 5(1+3)(1+9) 5(1+10)(1+9)
\/2(2l+9)(21+11) \/3(21+9)(2l+13) \/6(2l+11)(21+13)

(4.32)
~ _ 15(1+2) (149 18—1 49(14-3)(I+10
c(4]l even) = | — 8(2l(+9)()2(l+1)1) - \/12(2(l+9)()2,+13) 24(2(l+11))((2l+1)3) ’

5(49)(1+10) [/ 9(+2)(I+10) 9(1+2)(I+3)
\/8(2l+9)(21+11) \/4(2l+9)(2l+13) \/8(21+11)(2l+13)

and for odd spins, n°dd is consistent with n{ve"

and the exchange symmetry | — —[ — 12,
and correspondingly

5(142)(1+3) 5(1+3)(1+9) 3(1+10)(I19)
6(11+20)(13+20) 3(11+21)(15+20) 2(13+20) (15+20)

~ _ 49(1+2)(1+9) (1430) 15(143) (i+10)
c(4|l odd) = | — A (32D~ [i2(11r2l (1612 V SIF2)I5+2) | (4.33)

\/ 9(14+9)(I+10) _\/ 9(14+2)(I+10) 5(14+2)(1+3)

8(11+21)(13420) aA1420)(15+20) '\ B(13+20)(15+20)

At twist 11, we have found

even _ [ 2240(148)(14+9) 2240(14+9) 2240 _ 2240(1+5) (146)
i T D+ (+3)(1+4) ~ () (+ 017~ G+7)(+10)° (4N (+10)(+11)(I+12)
(4.34)
For higher twists the solution of ¢(¢|l) becomes quite lengthy and it is helpful to introduce
a more compact notation. We define

(n)=Vi+n, [n] =v2+n. (4.35)
Then,

2(34 3)(4)(10 4)(10)(11 12
VRemg  Viewsms  Vhmmm Vi mimse

(2)(3)(10) (14+32)(3) -y /7 @)(10)(12)

- —\ S Vs~V e\ 16 i
el even) = 3O  /1@-1)0) /63 (224)(3) 7 (3)(4)(12)
16 [0][11][13] 80 [o][13][15] 80 [11][13][17] X TI3][15][17]

7 10)(N(12) 231 (AN2) (297 @QB)12) /77 (2)B)E)

16 [O][11][13] 80 [9][13][15] 80 [L1][13][17] \/ [1 T8I [17]

The solution in the odd sector is given in the obvious way by the exchange symmetry
Il — —1—14.
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4.3.4 General results

The anomalous dimensions follow a simple pattern as we vary t,

=1 2t = 1)y (t+2)y (L4 )y (I +1+3),

() -1 (I+2i—1) (4.36)
o =1 2(t— 1)y (E+2)y (I +1)y (I +1+3)
) -1 ; (1 3— 2i)g } ) (4.37)

which has been explicitly confirmed up to ¢ = 12. Formulas (4.36) and (4.36) can be
immediately compared with the anomalous dimensions of K;;; in the [0,0,0] channel,
which we rewrite in the form,

2(t — 1)2(t + 1)2(l + t)2(l + t + 2)2
(I+2i—1)

Medi = — , leven (4.38)
Experimentally, we see that going from [0,0,0] to the [0, 1, 0] representation can be ac-
counted by introducing a gap in the Pochhammer structure. Looking instead at the struc-
ture of ¢(t|l) we obtain the following generalizations. For even spins,

i=1..t-1 \/21‘t(2l F34+4) (+1+1) i prip) (A p+E+3)ipr1) 7
pP=2,...

¢(t|l even) = (i+0+ %)t,l

min(i—1,p—2,—i+t—1,t—p)

X > Fa®ven(p —1,i,k) . (4.39)
k=0

For odd spins,

Ztll oddyizk-t-1 = 25 FA) (T ) iprsn) (L P+ L+ 3)ipin) 7
=2t (i+1+2)
2/t—-1
min(i—1,p—2,—i+t—1,t—p)
X > a4 (p — 1,1, k). (4.40)
k=0

The sign functions o1 and o2 in both case are given by,
o1 =sgn(—i—p+t+1), op =sgn(i —p+1). (4.41)

Imposing orthonormality remarkably fix the unknown constants a®v**(p — 1,7,k) and
aOdd(p — 1,4, k) uniquely. Let us remark that the difference in the two cases only comes
from the form of the denominators. For p = 2, which is relevant to Ca3;, we have been
able to find the following general formula,
21-1(242)1(t—2)!(2t—2i+3)!
3G—DIG+D)I(t+3) (t—i—D)I(t—i+ 1)

217t(2443)!(t—2)! (2t —2i+2)!
3(¢_1)1(z’(+1)!(24£3)!(2_(¢_1)!(t_)¢+1)! [ odd

[ even

a(1,i,0)% = (4.42)

We thus have all the data we need in order to bootstrap the double discontinuity of
(02030203) at one loop.
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5 One loop

We would now like to use the data we have obtained from the solution to the mixing
problem considered in the previous section to bootstrap the order a? contributions to the
correlators (020203503) and (O2030203). We must first perform the summations which
describe the double discontinuities and then try to construct the full function F®)(u,v)
(or equivalently G®) (u,v)) which has those discontinuities.

5.1 Constructing the double discontinuities

Let us first consider the double discontinuity of (O2020303), or equivalently the function
F2(2) (u,v) from the expansion (2.16). Let us also recall that the OPE predicts,

1 2
B2 (u,0) = 5(ogw) Y (11" (O8Ol L (1) (5.1)
t,l,j

(1)

t,l,10
{Kt,m} In this case, the sum over [ runs only on even spins, namely [ = 0,2, ..., cc.

The result for the OPE coefficients C;g?Kt ., and Cég?Kt ,, can be obtained from [18] and
we repeat it here for convenience:

where the anomalous dimensions 7 given in (1.3), refer to the double trace operators

(0) 8D (1) (2t 2 22
Conk,r = \/ ( (235)!(2t8r2142(2)! : RY7, < aii (5.2)
(0) . 9(t4+-14+1)12812 (14+1) (2t +14+2) (t—2) (t4+3) I+t —1) (I+t+4) p* 33
33 K1, \/ : — )52(2t)!(2)t(—i-2l—i)-(2)! E X )Rffii X ayy (5.3)
where®
R2 _ 21—t (QU4-34-44) (I4i+1)p g1 (E4-144);— 322 — 2(1-1) (24 24)1(£—2)! (2t —2i+2)! (5.4)
tli — (g l“)t ) > 9t T\ 3G-DIGHD)IE+2)(t—i—D!I(t—i+1)! ° :
33 _ 2V QU3 (i), o (HHAD), 33 _ 6 e . 22
Ry = (%+Z+Z)Z 1 2 =, a1 =\ )y (322 -20—2) 4 2i-0)]) A
(5.5)

By using the explicit form of the long superblocks (A.5) we can rewrite (3.5) as

Z Z Z 771,,1,1 Coo, Ktllcf(}g?Kt’l’l)uéLBQ—"_tll? (5.6)

t 2 leven i=1

where
¢ 2 F g (2)Fy o (2) — 27 Fro (0)F g (2)
r—

B = (=1)! (zz) (5.7)

and Fy(z) = oF} (t,t,2t;z) for the case at hand.

In parametrizing C’ég? K, We used slightly different conventions for R?%l and afi- compared to [18].
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Similarly we may consider the double discontinuity of (O2030203). From the OPE
analysis in (3.12), we recall

t—1
D) = 530 S (0l ) g 53)
) =5 t,l,] 23lct,,,j . .
=0 t=2 i=1

(1)

where now the anomalous dimensions 7, , given in (4.36)—(4.37), refer to the operators in
the [0,1,0] channel, K ;, with both even and odd spins, (i.e not to be confused with K ;
in the singlet channel.) The explicit expression for the three-point functions is

(c© )2_ (l+t+2)!2(t+1)!2(l+1)(l+2t+3)R (5.9)
Bikewg/ 2(26)!(2t + 21 + 3)! Lt '
where for even spins
23 21— t(21+3+4l)(l+1+1)t i—1 (I+t+5)i— 23 _ 2171(2i+42)1(t—2)!(2t—2i+3)! (5.10)
tli = < +l+l) ’ ALi = B+ D) (t—i— ) (=i \0"
t—1

whereas for odd spins the values of Rf?z and af’%i can be obtained upon using the symmetry,
i —t—iandl — —]—2t—4. The conformal block B! is again given by (5.7) but now Fy(z)
has non trivial dependence on the external charges, i.e. Fy(z) = oF} (t + %, t— %, 2t; a:)

In order to perform the sums in (5.6) and (5.8) it is very useful to consider the action
of certain Casimir operators, related to those considered in [27] which simplify the sums
considerably. First we introduce the second order operators,

D = 2%0,(1 — )9, — abx — (a + b)z*0,, (5.11)
D = 720;(1 — )0z — abZ — (a + b)z20z, (5.12)
where a = —%Alg and b = %A34. From these operators we construct the Casimirs,
Dy = — ((1 —2)0, — (1 —)05) , (5.13)
Dy = 2(D—D) v _2(D—D) (5.14)
T\ =z x—Z ' '

On the conformal blocks Bt2! these operators have the following eigenvalues,
1
Ay = §(l(l+2)+(7+l)(7+l—4)),
M=Ill+2)(t+1-1)(T+1-3), (5.15)

where 7 is even (7 = 2t + 4) in the [0,0,0] channel and odd (7 = 2t 4+ 5) in the [0, 1,0]
channel. Finally we construct the Casimir combinations

AW =D, — D} + Dy +d, (5.16)
AW =D, — D2y eDy+ f, (5.17)
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where the constants ¢, d, e, f depend on the OPE channel we are considering. For the
cases at hand we need the [0, 0, 0] channel for the (O2020303) correlator (and also for the
(02020203) correlator considered in [17]) and the [0,1,0] channel for the (O2030203)
correlator. In these cases we have

0,0,0: ¢=6, d=0, e=-2, f=0, (5.18)
105 15
[071,0]: 02137 d:—T, 621, f:Z (519)

If we now consider the product
4) A (4
A® = ADAD (5.20)
we find that it factorises into holomorphic and antiholomorphic parts,
A® = (z — )" DPDPDDPDP (1 — 2), (5.21)

where in the two channels under consideration here we have

[0’ 0’ 0] : D(—2) = —2x3(9x(1 - 'I)al?x_l ’ DS-Z) = D(_Z) + 47
1
0,1,0: PP =S(G-200)(1-2)1-200,), DY =DP-6. (522

Moreover we find that A®) has the following eigenvalue in each channel

[O, 0, O] : Ag = 16(t — 1)2(t + 1)2(l + t)Q(l +t+ 2)2 (5.23)
0,1,00:  As = 16(t — D)a(t + 2)a(l + £)2(l + ¢ +3)o. (5.24)

Up to a factor of (—8) these reproduce exactly the numerators of the anomalous dimensions
given in (4.38) for the [0,0,0] channel and (4.36), (4.37) for the [0,1,0] channel. This
suggests that the sum may simplify if one pulls out factors made from the operator A(®).
Indeed we find this is the case. More precisely, for the leading discontinuities F2(2) and
G’g), one should pull out the operator

_ éA(Eﬂ) = u IA®) e (5.25)

where ¢ = 4 for the [0,0,0] channel and ¢ = § for the [0,1,0] channel. This leads us to
simple explicit results for the leading discontinuities.

For the first correlator of relevance here, (02020303), we find the result for F2(2) takes
the form

1~ . Liy ()% —Liy(7)2 . (u 1\ Lis(z)—Lis(Z
P ,0) = 580 300 I o, 0) 4 o7 ( 2, 1) [ He) =20l

v (x —x)?
M(U’U)Lu((:;) :L;;;(:c) M(u’v)Lu((:z;)_—;lgl(x) (i(i’;;s} (5.26)

~19 —



The coefficients above are given by the following expressions,

3
pu,v) = 5u02 [3u2 +uv — 6u — 40 + v + 3] ,

-1
G(u,v) = UT [5u* + 620 (1 4 v) — 6u*(9 + 220 + 9v?) — 14u(l — v)*(1 +v) + (1 —v)*],
U

#(u,v) :8% [4u® — 210 (1 + v) — 3u®(11 — 42v + 110?) + 4w’ (1 + v)(25 — 49v + 250%)
—120*(1 —v)*(3 4+ v)(1 + 3v) — 15u(l —v)* (1 +v) + (1 —v)°],
$(u,v) = i [9u* — 43u3(1 + v) — 4u?(6 — 41v + 60%) + 5Tu(l — v)*(1 +v) + (1 —v)*].
(5.27)

We remark that the double discontinuity of the correlator (O2020202) computed in [17]
can similarly be simplified by using the same singlet channel A®) operator.
For the other correlator, (O3030203), the double discontinuity is given by

- iy ()% — Liy(z)? io(2) — Lig(Z
G (1,) = ~ A5 o) = i, o P2 =)
+q(u,U)Ln((9;) :riL)i;(a‘c) +T(U’U)Lil((a;)_—;i;(£) N (i(ﬁ,;f;s (5.28)

The coefficients above are given by

3 2
p(u,v) = — %[3—6u+3u2 —6v+8uv+3v2] ,
p(u,v) = — 3[u3 + 3u?(1 — v+ v?) —u(l —v)(2 + 50 + 8?) — (1 —v)3(2+3v)} )

1
q(u,v) = 5 [u? + 20 (15 — 4v) + 2u?(9 — 24v — 37v?) — 2u(1—v)?(23 + 42v) — 3(1—v)*],
U

r(u,v) = — % [0 — u*(15 — v) + 2u®(6 + 190 — 190?) + 2u?(1 — v)(8 — 23v — Tv?)
—u(l —v)*(13 + 21v) — (1 —v)°],

s(u,v) = — é[u‘* +2u3(3 — 2v) — 6u?(21 — 2v — v?)
+ 2u(1 — v)(31 4 1490 + 20%) + (57 — v)(1 — v)?] . (5.29)

Given the explicit forms of the A®) operators in each case we may simply compute
the full result for F2(2) and GgQ). They take the form,

FO (u,0) = Plu, v)Lil (m); - I%il(ﬂ_c)? ) [Uliip<u 1) Pl U)} Lig(xi - I;Q(;z»)

+ Q(u,v) (Liy(2) + Lit (7)) + R(u,v)Lil(x) — }jil(j) .

and

xr—2x

68 (u0) = Py 2L ZIEE 5 Lp (24 4 ppy, | Helt) = L)
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The coefficient functions P,Q, R, S and similarly the hatted quantities are rational

16 and are symmetric under

functions of x and z with denominators of the form (z — Z)
z <> Z. Note that the symmetry of the full correlation function, G® (u,v) = G (v,u), is
visible in the double discontinuity ng) for the term proportional to log? ulog? v. Indeed we
can verify that P(v,u) = P(u,v). On the other hand, we are able to express the coefficient
function of Lip in terms of P(u,v) and P(1/v,u/v). This non trivial fact will be important

when we will uplift the double discontinuity to a full correlation function.

5.2 Uplifting to the full function

The structure of the double discontinuities (5.30) and (5.31) is very similar to the dou-
ble discontinuity found in [17] for the correlator (O2020202). This suggests that the
transcendental functions appearing in the full one-loop contributions of (O2020303) and
(02030203) will also be given by the same one-loop and two-loop ladder functions which
arise in the case of (02020203). We recall that they take the form [30],

B (4, v) = —— ¢<l>< o7 ) , (5.32)

T —Z r—1"z—-1

where the pure transcendental part is given by
!

oW (z,7) = Z(—WM log" () (Lig_ () — Lig_,(Z)). (5.33)

— rl(l —r)il!

We recall also the crossing symmetry of the ladder functions,

0 (1, 3) = —40(z,%). (5.34)
The one-loop function also obeys
N1 —2,1-7)=—¢W (7). (5.35)

We proceed very much as in the case of the correlator (O2020202) investigated in [17].
We make an ansatz for F?) (u,v) (or equivalently G®)(u,v)) in terms of single-valued har-
monic polylogarithms with coefficients wich are rational functions of z and Z with denom-
inators of the form (z — #)'7, to match the double discontinuities (5.30) and (5.31). We
demand that our ansatz reproduces correctly both double discontinuities and furthermore
that the resulting function does not have any poles at x = Z. This set of constraints pro-
duces a particular solution with four free parameters. To express the dependence we first
quote the particular solutions, G](f) and F1§2), and then describe the four remaining degrees

of freedom. For convenience we quote first the form of G}(f) (u,v),

G (u,v) = A1(2,2)p P (2!, &) + As(z,2)¢P (2,7) + As(1 — 2,1 — )P (1 — 2,1 — 1)
+ [As(z,2)z(1 — 2)0,0P (¢, T) + (x <> T)]

+ [As(2,2) 20,6 (2,7) + (2 + )] (5.36)

— [As(1 = 2,1 = 2)(1 — 2)0,¢P (1 — 2,1 — 7) + (z +> )]

+ As(x,z) log?(u/v) + Ag(x, Z) log? u + Ag(1 — x,1 — &) log? v

+ A7(z, 7)) (2, 2) + Ag(z, Z) logu + Ag(1 — x,1 — ) log v + Ag(z,Z),
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where we have used the notation z’ . The explicit expressions for the coefficient func-
tions Aq,..., Ag are rather curnbersome but we provide them in a Mathematica notebook
attached to the arXiv submission of this article. These functions obey,

Al(sf,a:) Al(x,i;), A1(1 —3:,1—:?) = —Al(.%,.i‘),
Ag(Z,x) = —As(x, ),
As(z,x) = +As(z, T), As(1—z,1—%) = +A3(z,7),
As(z,x) = +A5(z, T), As(1— 2,1 —7) = +A5(z, T),
Ag(z,x) = +Ag(z, T),
A7(.f, a:) A7(a:, (E) s A7(1 —z,1— .f) = —A7(J}, .f) s
Ag(z,z) = +Ag(z, ),
Ag(z,x) = +Ag(2,T), Ag(l —x,1 —2) = +Ag(z, 7).

(2)(

The properties above are necessary for G},
crossing property Gz(f) (v,u) = Gl(f) (u,v) to hold. Part of the weight four function in the
first line of (5.36) can be immediately related to ng). In particular, we recognize

P(u,v)  Ay(z,7) 1p<1 “) (u, ):_Al(f”’fHAQ(I’j) (5.37)

u,v) to be symmetric under = <+ Z and for the

T —7 4 7 3

=

whereas the remaining coefficient functions q(u,v) r(u,v) and s(u,v) enter non trivially
into the set of A;(x,T).

The particular solution FéQ)(u,v) is given by applying the crossing transforma-
tion (2.9), F(u,v) = 1/u*G (1/u,v/u), to the function (5.36),

FP(u0) = [ Ag(x' .«z')¢<2> (2',7) — As(2,5)6P (2,7) — Ai(2,5)D(1 - 2,1 — 7)
F [Adle, 2021 - 2)0,60( F) + (65 )]
e, >xax¢> (o, 2) + (x5 7)]
— [As(2,7)(1 — 2)8,0P (1 — 2,1 — ) + (z ¢ 7)]

+ Ag(2', 7) log?(u/v) + Ag(x, ) log? u + As(x, ) log? v
7(m, ) ( z) — [Ag(az :f:)—i—Ag(x,;i)] log u
+ Ag(2, 7)) logv + Ag(x, :c)] (5.38)
where the functions Aq, ..., Ay are related to Ay, ..., Ay via Az(m,iz) =A;(1/x,1/z).

Now let us describe the four ambiguities. We find that they can be described in terms
of the following four D-functions,

G (u,v) = GI(,Q) (1, v) +aDagaa(u, v) + BDysa5(w, v) +vDagas (u, v) +6vDyses(u, v) . (5.39)

5.3 Twist 4 sector of (2233)

Within our ansatz we have obtained a one loop solution for (02020303) with 4 free
coefficients. Can we further constrain these coefficients? The answer is affirmative, and in
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fact there are further consistency conditions that our one-loop result must satisfy: consider
the expansion of the correlator up to second order in a,

(020,0503) = A <02020303>(0) + a<02020303>(1)

free free

int int t

+ a(0,0,0305) ) + 62(0,0,0505)2) + } . (5.40)

Above we have highlighted the fact that some contributions are the same as in free theory.
In the long sector there exists a single twist 4 double trace operator Ko ; ~ 090'O5. The
3-point function (O303K3;) vanishes at leading order, and therefore

CQQ;KQ,ZC:;&KQ,Z = A2233(2‘l) + a32233(2]l) + O(CLQ), (5.41)
starts at subleading order, i.e. 42233(2|l) = 0. Then, it follows from the OPE that,

(020,050, 1 (0,0,0505)(V

free int

= BERELY, (5.42)
l

2l
= log u Z 77K2J32233(2|l) L[ol,o,O} o
1

(5.43)

] twist 4 long

(050,0305)2)

int

twist 4 long

where 7y,, = —48/(l + 1)(I + 6) has been computed in [18] and the dots stand for terms
analytic at u = 0 which are not relevant here. The coefficients B#233(2|l) can be obtained
from u355$g2 of the corresponding supergravity amplitude, and are given by

(1+3)9>

B?233(2]1) = 240N3
) (20 + 6)!

(5.44)
Thus the twist 4 sector of the log u part of the one-loop correlator is fully determined by the
knowledge of (5.44) and the anomalous dimension, 7, ,. It is interesting to notice in (5.44)
that the contributions from free theory and supergravity have the same [ dependence but
differ in the overall coefficient, 24N and 216 N3, respectively. Very nicely we find that this
OPE constraint is consistent with our one-loop result and fixes two of the four remaining
constants, namely

a=0, 6=0. (5.45)

We thus have a solution with 2 remaining free parameters.

6 Twist 5 anomalous dimensions at one-loop

We now extract twist 5 anomalous dimensions from our one loop correlator (O2030203).
We focus on Ky; because this is the only case in which there is a single operator for each
spin, and we thus have enough information to determine its anomalous dimension. For
higher twist there is a higher order mixing problem to undo, and we expect further mixing
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with triple-trace operators to spoil predictability. The expansion of the correlator up to
order a? takes the form

(02050,03) = A[(02030,03)) + 0(0,030,05)1)

free free
+ a(02050,05)Y) 1 62(0,0,0,05)2) + } , (6.1)
where
(02050,05) (), = + 6 91393, (6.2)
<O2030203>§re)e =+ 36 (913934912934 + 9139%4914923 + 2924912934914923) (6.3)
Xz

(02050,05)Y) = _ 36 912934924((yy)y2y) —Ds2. (6.4)

and our new result, given in (5.36), is
(02050,05)2) = gha03194 T (w, v;0,7) w2 G (u,v) (6.5)

In order to extract twist 5 anomalous dimensions it is enough to restrict ourselves to the
superconformal partial wave expansion in the long sector. The OPE at twist 5 implies the
identity,

(0:0:0:0)) "
= As L l
AgPr934924 lewists Z 20 0,1 O] 20 +

a Z KAQZU logu + Bl) L1050 + A2l"7£ )8t1[,,2§%30] (3 |l)}
3 (Aol L )
((Azy n§ z) + Bm(l))L[Q(i%?o] (317) + 2A21(77§11)) atﬂ*‘[%)’%go] (31) ) logu + .. } (6.6)

(i=1,2) (i=1,2)

where 7, Ni,, = and we defined,

023§’C2,l023;K2,l = A27l + CZBQJ + O(CLQ). (67)

Therefore, we also have Ag; = A{2323}(2[1), and Agjméll) = M{2323}(2|1), which are known
from (4.9) and (4.23), respectively. We repeat them for convenience:

80
Ay, = A DEEDL A+ 4)1)? 0 = ) TTED [ even 68)
e 1 J 20 = %0 )
1020+ 7)! e Todd

We will now equate the expansion (6.6) with a superconformal block expansion of the
correlator in the long sector, and determine the one loop correction to the anomalous
dimension, 77( ) from the last line.

— 24 —



We proceed by first computing the coefficients By ;. It is convenient to separate the
contribution to By in free theory and tree level supergravity. The conformal partial wave
analysis of the free theory gives

36((1+4))2 [ (L+7) [even
B2,l;free = ﬁ (69)
5(20+8)! | (14+1) 1odd
Next, we can expand both (9,5L[25’%30](g|l) and ﬁ;;;zlytic in superblocks, and keep only the

coefficients at twist 5. We then obtain values for the correction to the normalisation due
to supergravity, B, which together with the free theory yields the result

((1+3)N2 (144(1+4) (14+7) (Hy 43— Har 1)+ 22 (71249714296 )

Q@I+ [ even
B2,l = B2,l;free + B2,l;int = 2 18
((1+3))2(144(1+1) (14+4) (Hy4 5 — Hapr)+ 23 (141)(2114+104) )
Q7! [ odd
consistent with the relation [28, 29]
By = Qm{m}(tu) : (6.10)
’ ot t=2

Note that in interpreting (6.10) we used the full ¢ dependence of M{2323} and treated the
even and odd spin formulae as completely independent formulae. We can finally consider
the one loop result at order a?. The coefficient multypling 9,232 (g\l) is

[0,1,0]
47
2 BT60((L+3))?% | 57 [ even
Ani(n”) R IR (6.11)
: =7 [ odd

Rearranging, we obtain nf) directly

( 320(91*+6813—115112 573813688 ) =94
(=D (+1)3(1+4)3(1+8) B
320(914+1401% — 48712 — 112621 —29400) 1=3.5 ..
7731) _ 10+4)3(+7)3(1+9) T (6.12)
2305 — 203 — 20 1=0
_% + %7 =1

As in the twist-four case studied in [17] we note that it is possible to make the anomalous
dimensions analytic functions of spin, including for [ = 0, 1, by imposing

=0, =0, (6.13)

although we do not have an independent argument for the values of these parameters.
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7 A symmetry of the CFT data

In recent months a wealth of new strong coupling data for double trace operators in N' = 4
SYM has been computed (see [16-18] as well as above) both at tree level and one loop in
supergravity. We here make the observation that all this new data possesses a nontrivial
Zy symmetry. Define T'(l;a) = A(l;a) — I as the full anomalous twist for an operator, as
function of [. The double trace operators in question form natural families. A single family
consists of all such operators which at leading order in a have fixed twist, 7°(1; 0), fixed SU(4)
quantum numbers, and fixed label 7 distinguishing operators with identical twist 7'(;0)
and SU(4) quantum numbers. The spin [ is allowed to vary within the family, although it
is also useful to separate even and odd spin cases into different families. The anomalous
dimensions and appropriately normalised OPE coefficients for a family of operators, are
then given as an analytic function of the spin [. The statement of the Zs symmetry is then
that under the map

symmetry: | - —1—T(;a)—3 (7.1)

the data for one family of operators maps onto the data for another (possibly the same)
family of operators. Note that T'(I;a) here refers to the latter.

We illustrate this with a number of examples. The anomalous dimensions of the
operators in the [n,0,n] rep with twist T'(1;0) = 2t and additional label i =1...t —n —1
were computed in [17] and reproduced in (1.3). The Z3 symmetry (7.1) at leading order
in a becomes | — —I — 2t — 3. One can check that the anomalous dimension in (1.3)

transforms as

nwgll)nz - 7715,17)172#3,71,1' = nlgll)nz’ i=t—i-n. (7.2)
Under the symmetry the family of operators with labels ¢,n,¢ maps to the family with
labels t,n,7 =t — i — n: the symmetry reverses the list of operators with the same value
of T'(1;0).

For the anomalous dimensions of [0, 1, 0] operators given in (1.10) there are two analytic
formulae, one for odd spin operators and one for even spin. The Zy symmetry (7.1) swaps
the formula for even spin into that of odd spin and vice versa as well as reversing the label
i (note that in this case T'({;0) = 2t 4+ 1 so the symmetry is [ — —[ — 2t — 4)

(1),even spin
il

(1),0dd spin
t,l,i

(1),even spin __  (1),odd spin ¢ .
t—1—2t—4i — el =11

(1),0dd spin __ (1),even spin g .
b —1—2t—4,4 — Ml =t (7.3)

— 1
— 1

The symmetry also acts on three point functions (after a universal factor is taken out).
For example, consider the 3-point functions of the long singlet operators in (1.5)

- t+1+1)12
Ctli = <0202Kt,l,0,i>2/((2t+2l+)2)' . (74)
These transform under the symmetry as:
Ctli = Ct,—1—2t—3,i = CtLif i'=t—i. (7.5)
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Thus far the examples involved data (anomalous dimensions or OPE coefficients) which
were all leading in the coupling a, and thus the symmetry (7.1) only involved T'(1;0). But
the symmetry should really be thought of in terms of an expansion in a. Remarkably, we
find the symmetry remains intact even at one loop where the dimension or twist becomes
anomalous. For example consider the one-loop twist 4 singlet anomalous dimensions (1.7)
computed in [16, 17]. The full anomalous twist of these operators is given by

T(l;a) =4+ 26”71(1) + 2a2nl(2) + O(a®)

1 _ () ___
Wi 77t:2,l,n:0,i:1 (l + 1)(1 —1—6)
@ 1344(1 — 7)(1 + 14) 2304(21 + 7)

WS DU+ 120462048 (+1)P(1+6) (7.6)

and the symmetry (7.1), to the relevant order in a, becomes | — ——7— 2a771(1). Under this
transformation, the twist itself should be invariant. One can check that this is indeed true.

T(l;a) = T(~1 =7~ 2an);a) = 4+ 2‘"7(_11)—7—2
1)

=44 2an"; . +4a’n, 3" (721)77 +0(a®)
=T(l;a) + O(a®) . (7.7)

2
() + 261277(_1)_7 + O(a3)
m

)
2 =) + 207

The latter equality arises from the identities

1 2 9y O
= = S ) (7.8)

Indeed the first term in the expression for 771(2) (7.6¢) is symmetric under the lowest order
symmetry [ — —l — 7. The second term in (7.6¢) is antisymmetric under the lowest order
symmetry. However it is completely determined from the 1 loop anomalous dimension
by the full symmetry, given by 2%(7]}1))2. The full symmetry allows us to predict this
antisymmetric part.

As our final example we consider the one loop anomalous dimensions, computed in
this paper, for operators in the [010] rep with twist 7°({,0) = 5. At tree-level the formulae
split into two pieces for even and odd spin, respectively (1.10) and (1.12). Nevertheless
one can check that the symmetry in the form (7.3) extends to the one loop case, swapping

the even and odd family. Namely we have

Teven(l;a) N Teven(_l o TOdd(l;a);a) — TOdd(l;a)
T°Y(1; a) — T (=1 — T (I;a);a) = TV"(; a) (7.9)

These arise from the following order by order relations which can be readily checked

1)even odd 2)even 2)odd 0 1)odd
;—( l)—7 771(1) /—( l)—7 ‘l( ) al (“l( ) )2

1)odd 1)even 2)odd 2)even 0 1)even 710
77(_1)_7 — 771( ) 77(_5)_7 - ]71( ) ol (771( ) )2 . ( 1 )
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As we have seen in the above examples the symmetry often transforms quantities for
one family of operators to other families. In the special cases where the symmetry leaves
the family invariant, this has already been seen in the context of large spin CFT analysis
in which it has been observed that anomalous dimensions can be expressed in terms of a
certain Casimir J2 [31, 32]. To see the equivalence with the above symmetry, first note
that if we re-express quantities in terms of a shifted spin, J instead of [, where

T+3
J=l+—2=, (7.11)
then the symmetry (7.1) becomes simply
symmetry: J—=—J. (7.12)

Thus any quantity which is invariant under this symmetry will clearly be a function of J2.
This is essentially the statement made in previous studies [31, 32] except that the closely
related quantity J? rather than J? was used, where

T+3\? 1 T T
J’2:J2—1/4:<l+_2'_> —4=<z+2+1> <l+2+2). (7.13)

Finally, we stress once again, that the symmetry transforms many objects non-trivially.
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A SCPW

We briefly review the basics of a superblock expansion in N = 4 following [24].
The OPE implies the following decomposition of a four point function,

OPE i i
(0 0p,0p, Opy) = POTE S~ AR ety s (el (A1)
{t,1,R}
where ¢ is half twist of the exchanged operator, t = (A —1)/2,

OPE —d _pa—d p: )
P({pi} )= gt gb gk with  p2 > p1, pa > p3, p2—p1 < pa—p3 , (A.2)

and Sgi}(tll) are given by the GL(2|2) determinantal formula,

) 23\ 2(7Patpa) N
Sy = <yy) FOP2 oy =py —pg,ps—pa +2,...,min(py + pa,ps + pa)
R X
(z—2)(y —¥) Ky F
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where p = min(«, ), with (using the notation x; = z and z2 =  and similarly for y)

a=35(y—pi+p2) B=3(yv+p3—ps)
Xj—j . . .
(F/\X)U = ([:I}Z] szl()\j—i-l—j +a,\j+1— +B;2)\j+2—2]+’y;xi)])1§i§2

1<j<p
(FY)ij = ((yj)iflﬂﬂ(i —o,t— ;20— 7; yj)) 1<i<p
1<5<2
(KA)U = ( — 03y >\j) 1<i<p
1<j<p
11
T—y Ty

The notation [...] in F¥X indicates that only the regular part should be taken, i.e. if \; < j
one has to subtract off the first few terms in the Taylor expansion of the hypergeometrics.
As written above, the determinantal formula for Sg i} deals with all cases in the table,

GL(2|2) rep A (A=1)/2 l R multiplet type
(0] /2 0 [0,7,0] half BPS
[1#] v/2 0 [, Y—24, ] quarter BPS
A 1H] (A >2) v/2 A—2 [, Y—2u—2, p] semi-short
[A1, A, 202, 1] (Mg > 2)[17/24+ A2 =2 | A1 — A |[p1, v—2p1 —2p2—4, 1] long
(A4)

Long multiplets are particularly simple, since the determinantal formula factorize. The

associated Young tableaux contains a 2 x 2 block, and it is convenient to define X, = pg +2

and \] = p; + N, i.e. the first and second columns have height A}, A, respectively, with
1, Ay > 2. The explicit expression of the superblock is

P (@) Fly (@) = (¢ & @)

A / ! _ _ A
FOO = (1) Nithes (2, 7,y, ) x

r—2x
G () G (7) — (y <> )
o M Ay—1 7 (A.5)
y—y
F:\)"Bv(x) =2 P AN+ o, A+ 3520+ ;)
GO () ==V TR (N — a, X = Bi2X —y3y) (A.6)

Alternatively we can rewrite S{Qgi%ong — L in terms of conformal blocks B! and SU(4)

harmonics Y;,;, commonly introduced in the literature,
w,a’c,y,?j) B2+t|l (n+ 1)"m'
P43
g)? W2 (n+ 2+ pag)nar(m+ 1+ paz)m

L () = 2 Yo . (AT)
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where

tHAL At =\t -
Bt‘l — (_1)l £ z Ft+l<m)Ft—1(‘rL£ _; T Ft—l(x)Ft+l<m) (AS)
v, — _Pn+1(y)Pm(y; - ;_)m(yﬂ)n—i—l(y) (A.9)
Fi(z) = oF} (t—p;,t—kp%,%;x), (A.10)
put) = sappn (Y a
Yy

The corresponding SU(4) representation translates to [n — m, 2m + py3,n — m|, with m =
p3a/2 + /2 — N, and n = p3s/2 4+ /2 — N,

B On supergravity correlators

B.1 Anatomy of D functions

Any Dg, 5,556, With integer o = (61 + d2 — 83 — 64)/2 > 0 can be written very explicitly as

- _o 5 sing —= analytic —log
D51526364 =u ? 61525354 + ‘D61525364 + 10g(u) D51525354 Y (B]‘)
The first two functions are,
o—1
75 8ing ()" 830 d2—o+n|d3+
Ds\aiass = D~ Dlo —n] A% o (n) F2 70050 (1 —0), (B.2)
n=0 ’
Elog _ (_\o+1 i u” A6152 F§2+n|63+o+n 1— B.3
01020304 — ( ) m 534—0’(54—}—0'(”) 01+02+2n ( U)7 ( : )
n=0

where we defined”

I'[61 + n|T[02 + n]T[03 + n]T'[04 + n] .

a\b _ . 5152 e
Felb(z) = yFifa,bic(x), A% (n) = T[01 + 62 + 21]

(B.4)

. -5 analytic . .
The expression for Dy, s, §3 5, is given by

—~analytic p u” 516 (52 + n)m(53 + o+ n)m (1—1})m
Diibanos = 2, ooyt itosee (5 gy pamy ot (B9

n,m>0

where

[ [+¢(n—|—1)+¢(a+1+n)+2w(51+5g+2n+m)

—(0s+0+n) =01 +n)—Y(©s+o+n+m)—(d+n+m)

sing

-
D51525354 =0 when 0 = 0.
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The representation (B.1) is very useful in an OPE expansion. On the other hand, any
Ds, 5,555, can be obtained as operators acting on D1111. The set of operators is

D, +1.69+1,65,00 = —OuDs, 6563645

Ds, 5555 11,61+1 = (03 4 04 — X — 1) D5, 5,556

Dy, 5341,854+1,80 = —00Ds, 556454

Dy, 41,65.65,60+1 = (01 + 64 — E — 08y) Ds, 5,655+

Dy, 5341.65,00+1 = (02 + u0y + v0y) Dy, 5,655

E51-1-1,52,53-&-1,54 = (Z — 04 + udy + Uav)ﬁ51525354 . (B'G)

Defining Dy, 5,555, in this way provides a resummation of the series expansions in (B.1). In
fact, D1111 admits the following representation in term of polylogarithms [30]

Liy(z) — T_Jh(if) 49 Liy(z) — I_Jiz(f)

31111 = — log(u) ) (B-7)

where v = 2z and v = (1 — z)(1 — Z).

B.2 Examples of supergravity correlators

In (18] section 2.2, an algorithm was given to provide a Dg,s,s,5, representation of the
supergravity amplitude of Rastelli and Zhou [12]. Following the same implementation it is
simple to get results for the family of correlators (OpOp4+10,04+1). We list the first few
cases here below:

Hpp+1,23 = U’ Dppy3o3 (B.8)

1 _ _
Hppt1,34 = uP [20Dp—1,p+3,2,4 +7Dp-1p+3,33 +

1

P 5 Dppt323 + ( + 04T ) Dp,p+3,3,4] (B.9)

p—2 2

Hppt1,45 = u” [UT (Dp-2.g4334+ Dp-144335 + Dp-1pt344+ Dppizas) +

1 — _ _
602 (2Dp-2p1325 + 2Dp1p1335 + Dppi3as) +
1 _ _ _
57 *(2Dp-2p+343 + 2Dp_1p344 + Dppr3as) +
. 37 (Dp-1pt324+ Dp-1p1335 + Dppr33a+ Dppisas) +

9 _ _ _ _
b3’ (Dp-1p+333+ Dp-1p1344+ Dppi3za~+ Dppizas) +

1 _ _ _

— (2D p+3,23 2D p+3,3,4 + D p+3,4.5 (B.IO
(p_z)(p_g)( p,p p,p p,p ) )
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and finally

37 3

3
g
Hpp+1,56 = p[ E T Dy 34k p+32+k6 T gDp—3+k,p+3,5,3+k +
k=0 ’

2 1 9
37’ O’— o°T —
E : E Dg—stktm,g+3,4+matk + I 5 Dg—3+k+m,q+3,3+k5+m T

2 1 37_2 -
Z = 4 Dy—o4k,p+32+k+m, 5+m+WDp—2+k,p+3,4+m,3+k+m+
m
1
Z p—2+kp+3 3+m Atk T Dp—11kpt3asmdrmk) +
0m=0
1 2
30 1 -
7 — Dy -
SR o) oS S
(p—4)(p—3) = = m!
67 L2 1 5 i
O S Dp—14kp+33+m3+k+m
(p—4)(p 3)k i
21
(p— 4)(]9 3)(p—2) ZHDPJH—&?-HG,S—% . (B.11)

The expression of the supergravity amplitude in Mellin space assumes an ordering of
the charges. Thus in the last step of the algorithm we obtained the correlators of in-
terest by acting with symmetries. We also used the reflection property E51’52,53’54 =

Dy, 56556555, Where ¥ = dt0atdsts

Other identities among ﬁ51525354 can be
used to represent the final result in equivalent ways. For example, in the proof of (4.19)

we considered the identity, Dj, 5,555, (4, v) = v Dy s 5.5, (u, v).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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