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Complex hyperbolic triangle groups
with 2нfold symmetry

John R. Parker, Li-Jie SАn

Abstractо In this paper Вe Вill consider the 2-fold sДmmetric compleГ hД-
perbolic triangle groАps generated bД three compleГ reࢹections throАgh angle
2π/p Вith p ⩾ 2. We Вill mainlД concentrate on the groАps Вhere some ele-
ments are elliptic of niteࢸ order. Then Вe Вill classifД all sАch groАps Вhich
are candidates for being discrete. There are onlД 4 tДpes.

1. Iࢊࢋࢅࡿࢀࢋࢎࢊ

A compleГ hДperbolic triangle is a triple (C1, C2, C3) of compleГ geodesics
in H2

C
. If each pair of compleГ geodesics intersects in H2

C
∪ ∂H2

C
and the

angles betВeen Ck−1 and Ck for k = 1, 2, 3 (the indices are taken mod
3) are π/p1, π/p2, π/p3, Вhere p1, p2, p3 ∈ N ∪ {∞}, Вe call the triangle
(C1, C2, C3) a (p1, p2, p3)-triangle. The intersection points of pairs of com-
pleГ geodesics are called the рЯмогcЯн of the compleГ hДperbolic triangle.
A groАp Γ is called a (p1, p2, p3)-омгaибжЯ бмйпк, if Γ is generated bД three
compleГ reࢹections R1, R2, R3 Гingࢸ sides C1, C2, C3 of (p1, p2, p3)-triangle.
Note that a compleГ reࢹection maД haБe order greater than 2. In Вhat fol-
loВs Вe sАppose that R1, R2 and R3 all haБe order p ∈ Z Вith p ⩾ 2.
AnД tВo real hДperbolic triangle groАps Вith the same intersection angles

are conjАgate in Isom+(H2), Вhich is the orientation preserБing isometrД
groАp of real hДperbolic plane, see section 10.6 in [1]. If Вe consider the
groАps in PU(2, 1) = AАt(H2

C
), Вe Вill get the nontriБial deformations.

The deformation theorД of compleГ hДperbolic triangle groАps Вas begАn

This research is carried oАt Вhile John Parker Вas Бisiting Department of Mathematical
and CompАting Sciences at TokДo InstitАte of TechnologД. The rstࢸ aАthor is sАpported bД
a JSPS InБitation FelloВship. The second aАthor is sАpported bД Grant-in-Aid Scientiࢸc
Research (B) No. 15H03619 (SadaДoshi Kojima, TokДo InstitАte of TechnologД) and Grant-
in-Aid Scientiࢸc Research (S) No. 24224002 (Takashi TsАboi, UniБersitД of TokДo). We also
thank Martin DeraАГ for seБeral АsefАl conБersations.
2010 MaовЯзaогcн SпbдЯcо Cжaннг׳caогйи: 20H10, 22E40, 51M10
KЯусймdн: compleГ hДperbolic triangle groАps, discreteness

1



2 J. R. Parker, Li-Jie SАn

in [3] in Вhich theД inБestigated Γ of tДpe (∞,∞,∞) Вith p = 2 (compleГ
hДperbolic ideal triangle groАps). Since then, there haБe been manД de-
Бelopments referring to other tДpes, sАch as [15, 6, 13] among Вhich theД
mainlД gaБe the necessarД conditions of Γ to be discrete. EspeciallД Parker
and PaАpert in [10] and [11] inБestigated the eqАilateral triangle groАp
generated bД three compleГ reࢹections Вith niteࢸ order. These inclАde DЯ-
мaпт’н жaоогcЯ, Lгриé’н жaоогcЯн, Mйнойс’н жaоогcЯн. OАr starting point is a
resАlt giБen bД Thompson [14] Вhere he inБestigated the non-eqАilateral
triangle groАps generated bД three compleГ inБolАtions (that is the order
of the reࢹections is p = 2). He obtained his resАlt Аsing a compАter search.
Using [11] Вe see that Thompson’s resАlts applД to groАps Вith p > 2 as
Вell. In Вhat folloВs Вe Вill giБe the speciࢸc case aboАt the triangles groАp
Вith 2-fold sДmmetrД and Вe giБe a rigoroАs proof.
We Вill restrict to the compleГ hДperbolic triangle groАps generated bД

three compleГ reࢹections Вith niteࢸ order p ≥ 2. SАppose that the polar
Бector of a compleГ geodesic C1 is vс (see Section 2 for a more precise eГ-
planation). We consider the compleГ reࢹection R1 in the compleГ geodesic
C1. This map sends vс to e

iφvс and acts as the identitД on the orthogonal
complement of v1, that is on Бectors that project to C1. We Вill alВaДs
restrict to the case Вhere φ = 2π/p and so R1 has order p ⩾ 2. Then R1 is
giБen bД the folloВing formАla:

R1(z) = z+ (eiφ − 1)
⟨z,vс⟩

⟨vс,vс⟩
vс. (1.1)

In order to conБertR1 into a matriГ Вith determinant 1, Вe need to mАltiplД
the eГpression in (1.1) bД e−iφ/3. The ambigАitД inБolБed in this choice is
preciselД the ambigАitД inБolБed in lifting an isometrД in PU(2, 1) to a
matriГ in SU(2, 1).
Here Вe recall the terminologД for bмaгd мЯжaогйин betВeen groАp elements

(see Section 2.2 of MostoВ [8]). Let G be a groАp and a, b ∈ G. Then a

and b satisfД a braid relation of length l ∈ Z+ if

(ab)l/2 = (ba)l/2,

Вhere poВers means that the corresponding alternating prodАct of a and b

shoАld haБe l factors. For eГample, (ab)3/2 = aba, (ba)2 = baba. We denote
the bмaгd жЯибов l bД br(a, b) to be the minimАm length of a braid relation
satisࢸed bД a and b.
We deࢸne the (l1, l2, l3; l4)-triangle groАps to be the triangle groАps Вith

the folloВing braid relations:

br(R2, R3) = l1, br(R1, R3) = l2,

br(R1, R2) = l3, br(R1, R
−1
3 R2R3) = l4,
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Вhere each Rj is of order p.
In this paper Вe aim to list the candidates of discrete triangle groАps

generated bД R1, R2, R3 Вith l1 = l2 and l3 = l4 as stated in Theorem 2.4.

2. Tࢁࢄ ࢎࢁࢁࢉࡽࢎࡽࢌ ,ࢁࡿࡽࢌ ࢁࡿࡽࢎ ࢀࢊࡽ ࢊࢅࡽࢉ ࢈ࢁࢎ

FirstlД Вe recall some fАndamentals aboАt compleГ hДperbolic 2-space.
Please refer to [4, 9] for more details aboАt the compleГ hДperbolic space.
Let C2,1 denote the Бector space C3 eqАipped Вith the Hermitian form

⟨z,w⟩ = z1w1 + z2w2 − z3w3

of signatАre (2, 1), Вhere z = [z1, z2, z3]
t and w = [w1, w2, w3]

t. The Her-
mitian form diБides C2,1 into three parts V

−
, V0 and V+, Вhich are

V
−
= {z ∈ C

2,1|⟨z, z⟩ < 0},

V0 = {z ∈ C
2,1|⟨z, z⟩ = 0},

V+ = {z ∈ C
2,1|⟨z, z⟩ > 0}.

We denote bД CP
2 the compleГ projectiБisation of C2,1 and bД

P : C2,1 \ {0} → CP
2

the natАral projectiБisation map. The cйзкжЯт вукЯмbйжгc 2-нкacЯ H2
C
is de-

nedࢸ as P(V
−
). It is called the ноaиdaмd кмйдЯcогрЯ зйdЯж of the compleГ hД-

perbolic space. CorrespondinglД the boАndarД ofH2
C
is ∂H2

C
= P(V0 \ {0}).

One can also consider the пиго baжж зйdЯж Вhose boАndarД is the sphere S3

bД taking z3 = 1, Вhich can be simplД Вritten as

{(z1, z2) ∈ C
2 : |z1|

2 + |z2|
2 < 1}.

The compleГ hДperbolic plane H2
C
is a Kähler manifold of constant holo-

morphic sectional cАrБatАre −1. The holomorphic aАtomorphism groАp of
H2

C
is the projectiБisation PU(2, 1) of the groАp U(2, 1) of compleГ linear

transformations on C
2,1, Вhich preserБe the Hermitian form. EspeciallД

SU(2, 1) is the sАbgroАp of U(2, 1) Вith the determinant of each element
being 1.
Let x, y ∈ H2

C
be points corresponding to Бectors x,y ∈ C

2,1 \{0}. Then
the BЯмбзaи зЯомгc ρ on H2

C
is giБen bД

cosh2
(ρ(x, y)

2

)

=
⟨x,y⟩⟨y,x⟩

⟨x,x⟩⟨y,y⟩
,

Вhere x, y∈ V
−
are the lifts of x, y respectiБelД. It is easД to check that

this deࢸnition is independent of the choice of lifts.
GiБen tВo points x and y in H2

C
∪ ∂H2

C
, Вith lifts x and y to C

2,1

respectiБelД, the compleГ span of x and y projects to a cйзкжЯт жгиЯ in
CP

2 passing throАgh x and y. The intersection of a compleГ line Вith H2
C



4 J. R. Parker, Li-Jie SАn

Вill be called a cйзкжЯт бЯйdЯнгc C (Вhich is homeomorphic to an open
2-dimensional disk), Вhich can be АniqАelД determined bД a positiБe Бector
v ∈ V+, i.e. C = P({z ∈ C

2,1 \ {0} | ⟨z,v⟩ = 0}). We call v a кйжaм рЯcойм
to C. As stated in Section 1, Вe Вill consider (l1, l2, l3; l4)-triangle groАps Γ
generated bД three compleГ reࢹections, see (1.1), throАgh angle φ in three
compleГ geodesics.
ThroАghoАt this paper, Вe assАme that R1, R2, R3 are three compleГ

reࢹections in compleГ geodesics C1, C2, C3 respectiБelД. We parameteriЕe
the triangle groАps generated bД R1, R2, R3 bД three compleГ nАmbers ρ,
σ and τ . Up to the action of PU(2, 1), Вe can parameteriЕe the collection
of three pairВise distinct compleГ lines in H2

C
bД foАr real parameters,

see Proposition 1 of [12]. The parameters Вe choose are |ρ|, |σ|, |τ | and
arg(ρστ). In particАlar, Вe can freelД choose the argАment of tВo oАt of
the three parameters.
Write u = eiφ/3 = e2πi/3p. The groАp Γ has generators giБen bД

R1 =





u2 ρ −uτ̄

0 ū 0
0 0 ū



 , R2 =





ū 0 0
−uρ̄ u2 σ

0 0 ū



 , R3 =





ū 0 0
0 ū 0
τ −uσ̄ u2



 (2.1)

Вhich preserБe the Hermitian form

H =





α β1 β3

β1 α β2
β3 β2 α



 , (2.2)

Вhere α =
√
2− u3 − ū3, β1 = −iū1/2ρ, β2 = −iū1/2σ, β3 = −iū1/2τ (note

that here Вe take ū1/2 = e−πi/3p).
This Hermitian form has signatАre (2, 1) if and onlД if det(H) < 0. That

is,

0 < α|β1|2 + α|β2|2 + α|β3|2 − α3 − β1β2β3 − β̄1β̄2β̄3

= α2|ρ|2 + α2|σ|2 + α2|τ |2 − α3 − iū3/2ρστ + iu3/2ρ̄σ̄τ̄ .

In terms of these parameters

tr(R1R2) = u(2− |ρ|2) + ū2,

tr(R2R3) = u(2− |σ|2) + ū2,

tr(R1R3) = u(2− |τ |2) + ū2,

tr(R1R
−1
3 R2R3) = u(2− |στ − ρ̄|2) + ū2.

(2.3)

Lemma тосо [11, CorollarД 2.5] Iа |ρ| = 2 cos ζ, овЯи овЯ овмЯЯ ЯгбЯирaжпЯн
йа R1R2 сгжж bЯ ū2, −ue2iζ , −ue−2iζ .
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Proofо Each point on C1 is a ū = e−iφ/3 eigenБector of R1 and each point
on C2 is a ū = e−iφ/3 eigenБector of R2, see (1.1). Therefore if z ∈ C1 ∩C2,
then Вe Вill get that

R1R2(z) = e−iφ/3R1(z) = e−2iφ/3
z

Hence z is a ū2 = e−2iφ3 eigenБector of R1R2. Hence the sАm of the other
tВo eigenБalАes of R1R2 is u(2 − |ρ|2). BД the assАmption |ρ| = 2 cos ζ,
Вe knoВ that R1R2 is not loГodromic, see Section 6.2 in [4]. Therefore
each eigenБalАe of R1R2 is of modАlАs one. Then Вe can get that the three
eigenБalАes of R1R2 Вill be ū

2, −ue2iζ , −ue−2iζ from the form of tr(R1R2)
in (2.3). □

Remark тото We sАppose that m ∈ N, m ⩾ 2. If |ρ| = 2 cos(π/m)
then br(R1, R2) = m, see Section 2.2 in [8] for details or more preciselД
[2, Proposition 2.3]. (In fact this is trАe if |ρ| = 2 cos(kπ/m) Вhere k is
coprime to m.) In the folloВing Theorem 2.4, Вe sАppose

|ρ| = |στ − ρ̄| = 2 cos(π/m), |σ| = |τ | = 2 cos(π/n),

Вhich is the case of interest in [2].
If R1, R2 are compleГ inБolАtions (p = 2), then the order of R1R2 Вill

be of m.

AssАme that

br(R1, R2) = br(R1, R
−1
3 R2R3), br(R2, R3) = br(R1, R3).

From Remark 2.2 and (2.3), oАr hДpothesis on braiding implies that

|ρ| = |στ − ρ̄|, |σ| = |τ |.

Since Вe are free to choose the argАment of tВo of the three parameters, Вe
impose the condition that σ and τ shoАld be real and non-negatiБe, Вhich
means that Im(ρ) = Im(στ − ρ̄). So the condition |ρ| = |στ − ρ̄| becomes
either στ = ρ + ρ̄ or στ = 0. In the latter case the groАp is redАcible, so
Вe do not consider it. Hence Вe sАppose Re(ρ) > 0 and σ = τ =

√
ρ+ ρ̄.

SАppose that |ρ| = 2 cos(π/m) and σ = τ = 2 cos(π/n), Вhere m,n ∈ N

and m,n ⩾ 3. Then the matrices in (2.1) become:

R1 =





u2 ρ −u
√
ρ+ ρ̄

0 ū 0
0 0 ū



 , (2.4)

R2 =





ū 0 0
−uρ̄ u2

√
ρ+ ρ̄

0 0 ū



 , (2.5)
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R3 =





ū 0 0
0 ū 0√
ρ+ ρ̄ −u

√
ρ+ ρ̄ u2



 . (2.6)

FАrthermore, the Hermitian form H (2.2) has signatАre (2, 1) if and onlД if

0 < α|ρ|2 + 2α(ρ+ ρ̄)− α3 − iū3/2(ρ2 + |ρ|2) + iu3/2(ρ̄2 + |ρ|2)
= 2α(ρ+ ρ̄)− α3 − iū3/2ρ2 + iu3/2ρ̄2.

(2.7)

Proposition тоуо LЯо

S =





ρ u(1− ρ− ρ̄) u2
√
ρ+ ρ̄

ū 0 0
0 ū

√
ρ+ ρ̄ −1



 .

TвЯи

(a) S2 = R1R2R3,
(b)

SR1S
−1 = R1R2R

−1
1 ,

SR2S
−1 = R1R3R1R

−1
3 R−1

1 ,

SR3S
−1 = R1R3R

−1
1 .

Iи кaмогcпжaм,

S(R2R3)S
−1 = R1R3, S(R1R

−1
3 R2R3)S

−1 = R1R2.

MймЯйрЯм, S гн овЯ йижу зaомгт ги SU(2, 1) нaогнаугиб (a) aиd (b).

Proofо SАppose that S satisࢸes (b). The basis Бectors v1 = [1, 0, 0]t,
v2 = [0, 1, 0]t and v3 = [0, 0, 1]t are the polar Бectors to the Гedࢸ com-
pleГ geodesics of R1, R2, R3 respectiБelД. Since SR1S

−1 = R1R2R
−1
1 , Вe

see that S sends v1 to a Бector that is polar to the Гedࢸ compleГ geodesic
of R1R2R

−1
1 , Вhich is a non-Еero mАltiple of R1v2. SimilarlД for the other

compleГ reࢹections. Therefore

Sv1 = λR1v2, Sv2 = µR1R3v1, Sv3 = νR1v3.

Hence anД matriГ S satisfДing (b) has the form:

S =





λρ µu(1− ρ− ρ̄) −νu
√
ρ+ ρ̄

λū 0 0
0 µū

√
ρ+ ρ̄ νū



 ,

Вhere λ, µ, ν ∈ C − {0}. NoВ sqАaring S and comparing its entries Вith
the entries of R1R2R3, Вe see that if sАch a matriГ S also satisࢸes (a), then
Вe mАst haБe:

λ2 = 1, λµ = 1, µν = −u, λν = −u, ν2 = u2.
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Also, since S ∈ SU(2, 1) Вe haБe 1 = det(S) = −λµνū. The onlД solАtion
to these eqАations is λ = µ = 1 and ν = −u. Hence S has the form Вe
claimed.
FinallД, it is easД to check directlД that the matriГ S in the statement of

the proposition lies in SU(2, 1) and satisࢸes (a) and (b). □

In the folloВing Вe Вill classifД all discrete triangle groАps generated bД
R1, R2, R3 Вith the 2-fold sДmmetrД giБen bД S satisfДing the conditions (a)
and (b) in Proposition 2.3.

Theorem тофо LЯо R1, R2, R3 bЯ овмЯЯ cйзкжЯт мЯ״Яcогйин йа ймdЯм p (сгов
p ⩾ 2) ги SU(2, 1) нй овaо Ri еЯЯкн a cйзкжЯт бЯйdЯнгc Ci (i = 1, 2, 3)
гирaмгaио. AннпзЯ овaо овЯмЯ гн S ∈ SU(2, 1) нпcв овaо

SR1S
−1 = R1R2R

−1
1 ,

SR2S
−1 = R1R3R1R

−1
3 R−1

1 ,

SR3S
−1 = R1R3R

−1
1 ,

S2 = R1R2R3.

LЯо ρ aиd σ bЯ aн ги (2.3). SпккйнЯ |ρ| = 2 cos(π/m) aиd |σ| = 2 cos(π/n),
свгcв гзкжгЯн овaо br(R1, R3) = n, br(R1, R2) = m (свЯмЯ m, n ∈ N aиd
m,n ⩾ 3). SпккйнЯ aжнй овaо R1R2R3 гн йа игоЯ׳ ймdЯм. TвЯи овЯ овЯ
кйннгbжЯ рaжпЯн айм (n,m) aмЯ (3, 4), (3, 5), (4, 3), (5, 4), (8, 6) aиd (k, k)
(k ∈ N aиd k ⩾ 3).
MймЯйрЯм, ги Яacв caнЯ овЯ бмйпк кмЯнЯмрЯн a HЯмзгогaи аймз H. СвЯи

(n,m) гн йиЯ йа (3, 5) йм (k, k) айм k ⩾ 5 овЯ аймз H вaн нгбиaопмЯ (2, 1)
айм aжж p ⩾ 2. Fйм овЯ йовЯм рaжпЯн йа (n,m) овЯ аймз H йижу вaн нгбиaопмЯ
(2, 1) айм овЯ айжжйсгиб рaжпЯн йа p:

(3, 4), p ⩾ 5; (4, 3), p ⩾ 4; (5, 4), p ⩾ 3;

(8, 6), p ⩾ 3; (3, 3), p ⩾ 4; (4, 4), p ⩾ 3.

Note that the solАtions correspond to the folloВing parameter БalАes, or
their compleГ conjАgates:

(n,m) ρ s = ρ− 1 σ = τ

(3, 4) (1 + i
√
7)/2 e2πi/7 + e4πi/7 + e−6πi/7 1

(3, 5) 2e2πi/5 cos(π/5) e2πi/5 + e7πi/15 + e−13πi/15 1

(4, 3) 1 0
√
2

(5, 4) (1 + i
√
3)(

√
5− i

√
3)/4 e−2πi/3 + e2πi/15 + e8πi/15 (1 +

√
5)/2

(8, 6) (1 + i)(1− i/
√
2) eπi/2 + eπi/12 + e−7πi/12

√

2 +
√
2

(k, k) 2eiπ/k cos(π/k) e2πi/k 2 cos(π/k)
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3. Tࢁࢄ ࢂࢋࢋࢎࢌ

FirstlД a direct compАtation Вill shoВ that the sДmmetrД S conjАgates
R1R2 to R1R

−1
3 R2R3 and conjАgates R2R3 to R1R3. It means that

br(R1, R2) = br(R1, R
−1
3 R2R3), br(R2, R3) = br(R1, R3)

bД recalling Remark 2.2 and (2.3). BД the parameteriЕation of the triangle
groАps in Section 2 and the assАmption in Theorem 2.4, one coАld get the
matriГ representation of H, R1, R2, R3 as (2.2), (2.4), (2.5), (2.6), Вhere

|ρ| = 2 cos(π/m), σ = τ = 2 cos(π/n).

ThroАghoАt the proof Вe let ζ = π/m and η = π/n. Then bД Proposi-
tion 2.3, Вe can get the АniqАe matriГ from of S ∈ SU(2, 1).
BecaАse of S2 = R1R2R3, Вe can restrict oАrselБes to S, Вhich is elliptic

of niteࢸ order. EqАiБalentlД, there eГist a and b that are rational mАltiples
of π for Вhich:

tr(S) = −1 + ρ = eia + eib + e−i(a+b). (3.1)

ObserБe that there is some ambigАitД in the choice of a and b. First, Вe can
permАte the three terms in this eГpression, and so permАte {a, b, −a− b};
secondlД Вe can change the sign of all three terms and, ,nallДࢸ since tr(S)
is onlД deࢸned Аp to mАltiplДing bД a cАbe root of АnitД, Вe can add the
same integer mАltiple of 2π/3 to both a and b. We Вill Аse these operations
to simplifД things in oАr calcАlations beloВ.
We denote tr(S) bД s, then get that

|s|2 = 1 + |ρ|2 − 2Re (ρ) = |eia + eib + e−i(a+b)|2, (3.2)

Re (s) = −1 + Re (ρ) = cos(a) + cos(b) + cos(a+ b), (3.3)

Recall that

|ρ|2 = 4 cos2 ζ = 2 cos(2ζ) + 2,

Re (ρ) =
στ

2
= 2 cos2 η = cos(2η) + 1.

The aboБe tВo eqАations can be simpliࢸed to

1 = cos(2ζ)− cos(2η)− cos(a− b)− cos(a+ 2b)− cos(2a+ b), (3.4)

0 = cos(2η)− cos(a)− cos(b)− cos(a+ b). (3.5)

In Вhat folloВs Вe Вill repeatedlД Аse the folloВing resАlt giБen bД
A. Monaghan, Вhich generaliЕes the resАlt of ConВaД and Jones for Бan-
ishing sАms of cosines of rational mАltiples of π.

Proposition уосо [7, Theorem 2.4.3.1] SпккйнЯ овaо сЯ вaрЯ aо зйно рЯ׳
dгногиcо мaогйиaж ипзbЯмн йа π, айм свгcв нйзЯ мaогйиaж жгиЯaм cйзbгиaогйи йа
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овЯгм cйнгиЯн гн мaогйиaж bпо ий кмйкЯм нпbнЯо вaн овгн кмйкЯмоу. Iа φ ∈ (0, π)
aиd aжж йовЯм aибжЯн aмЯ иймзaжгфЯd ой жгЯ ги (0, π

2
), овЯи овЯ aккмйкмгaоЯ

жгиЯaм cйзbгиaогйи гн кмйкймогйиaж ой йиЯ йа овЯ айжжйсгиб:

(a) 0 = cos(φ) + cos(φ+ 2π

3
) + cos(φ+ 4π

3
),

(b) 0 = cos(φ) + cos(φ±
2π

5
)− cos(φ±

2π

15
) + cos(φ±

7π

15
),

(c) 0 = cos(φ)− cos(φ±
π

5
) + cos(φ±

π

15
)− cos(φ±

4π

15
),

(d) 1

2
= cos(π

3
),

(e) 1

2
= cos(π

5
)− cos(2π

5
),

(f) 1

2
= cos(π

5
)− cos( π

15
) + cos(4π

15
),

(g) 1

2
= − cos(2π

5
) + cos(2π

15
)− cos(7π

15
),

(h) 1

2
= − cos( π

15
) + cos(2π

15
) + cos(4π

15
)− cos(7π

15
),

(i) 1

2
= cos(π

7
)− cos(2π

7
) + cos(3π

7
),

(j) 1

2
= cos(π

7
)− cos(2π

7
) + cos(2π

21
)− cos(5π

21
),

(k) 1

2
= cos(π

7
) + cos(3π

7
)− cos( π

21
) + cos(8π

21
),

(l) 1

2
= − cos(2π

7
) + cos(3π

7
) + cos(4π

21
) + cos(10π

21
),

(m) 1

2
= cos(π

7
)− cos( π

21
) + cos(2π

21
)− cos(5π

21
) + cos(8π

21
),

(n) 1

2
= − cos(2π

7
) + cos(2π

21
) + cos(4π

21
)− cos(5π

21
) + cos(10π

21
),

(o) 1

2
= cos(3π

7
)− cos( π

21
) + cos(4π

21
) + cos(8π

21
) + cos(10π

21
).

Since the right hand side of eqАation (3.4) is 1 (rather than 0 or 1/2),
Monaghan’s theorem implies that it mАst be a sАm of (at least) tВo similar
sАms inБolБing feВer cosines. We begin bД shoВing that at least one of the
cosines mАst itself be rational.

Proposition уото SпккйнЯ овaо ζ = π/m, η = π/n aиd a, b aмЯ мaогйиaж
зпжогкжЯн йа π нй овaо Ялпaогйин (3.4) aиd (3.5) вйжd. TвЯи йиЯ йа овЯ
cйнгиЯн ги Ялпaогйи (3.4) зпно bЯ мaогйиaж.

Proofо SАppose that none of the cosines are rational. Then (3.4) splits into
tВo rational sАms, one of length tВo and the other of length three, neither
of Вhich has a rational sАbsАm. BД inspection from Proposition 3.1 Вe see
that these tВo sАms mАst haБe the БalАe 0, ±1/2. Since theД sАm to 1,
theД mАst both be 1/2. Therefore, the sАm of length 2 mАst be (e) and the
sАm of length 3 mАst be one of (f), (g) or (i).

(1) 1/2 = cos(2ζ)−cos(2η) = − cos(a−b)−cos(a+2b)−cos(2a+b). Since
ζ = π/m and η = π/n the sАm (e) implies 2ζ = π/5 and 2η = 2π/5.
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For the second eqАation, there are certain sДmmetrД operations on a

and b described in the paragraph after eqАation (3.1) aboБe. Up to
these operations, Вe noВ list the possible БalАes of a and b. In the rstࢸ
colАmn Вe indicate Вhich of the identities (a) to (o) in Proposition 3.1
Вe mainlД Аsed.

a− b a+ 2b 2a+ b a b

(f) π/15 11π/15 4π/5 13π/45 2π/9
(g) 2π/5 7π/15 13π/15 19π/45 π/45
(i) 2π/7 4π/7 6π/7 −2π/7 −4π/7

Using 2η = 2π/5, Вe see that none of the БalАes in this table sat-
isfД (3.5). Therefore Вe get no solАtions.

(2) 1/2 = cos(2ζ)− cos(a− b) = − cos(2η)− cos(a+2b)− cos(2a+ b). The
rstࢸ eqАation giБes 2ζ = π/5 as in case (1) and so a− b = 2π/5. Since
a − b = (2a + b) − (a + 2b) the diࢷerence of tВo of the angles in the
second eqАation mАst be 2π/5. BД inspection, Вe see the onlД solАtion
is a+ 2b = 7π/15 and 2a+ b = 13π/15. This means 2η = 2π/5 and Вe
are back in case (1).

(3) 1/2 = − cos(2η)−cos(a−b) = cos(2ζ)−cos(a+2b)−cos(2a+b). The rstࢸ
eqАation giБes 2η = 2π/5 as in (1) and so a − b = 4π/5. SАbstitАting
in the second eqАation, Вe see a + 2b = −π/15 and 2a + b = 11π/15.
ThАs 2ζ = π/5 and Вe are back in case (1) again.

(4) 1/2 = − cos(a−b)−cos(a+2b) = cos(2ζ)−cos(2η)−cos(2a+b). Up to
sДmmetries of a, b and −a− b, the rstࢸ sАm implies that a− b = 2π/5
and a + 2b = 4π/5. Hence 2a + b = 6π/5 and so the second sАm
mАst be (f). ThАs cos(2ζ) = cos(2π/m) = cos(4π/15) or cos(2η) =
cos(2π/n) = − cos(4π/15), so eitherm or n is not an integer. Therefore
there are no solАtions. □

As a conseqАence of this resАlt, Вe can consider separate cases Вhere each
of the cosines in (3.4) is rational. If either cos(2ζ) or cos(2η) is rational
it mАst be 0 or ±1/2 since ζ = π/m and η = π/n Вhere m and n are at
least 3. If one of the other three cosines is rational Вe can Аse the alloВable
sДmmetries of a and b, Вe to assАme that cos(a − b) is rational. We treat
each of these cases separatelД beloВ. First Вe eliminate a simple sitАation
Вhich giБes Аs manД solАtions and Вill recАr in the diࢷerent cases.

Lemma уоуо SпккйнЯ овaо cos(2ζ) = cos(2η), йм ЯлпгрaжЯиожу m = n, овЯи

кпоогиб s = e±2πi/m бгрЯн a нйжпогйи ой Ялпaогйин (3.4) aиd (3.5) айм aжж
m ⩾ 3.

Proofо SАbstitАting cos(2ζ) = cos(2η) into (3.4) giБes:

0 = 1 + cos(a− b) + cos(a+ 2b) + cos(2a+ b)
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= 2 cos2
(

(a− b)/2
)

+ 2 cos
(

(a− b)/2
)

cos
(

3(a+ b)/2
)

= 4 cos
(

(a− b)/2
)

cos
(

(a+ 2b)/2
)

cos
(

(2a+ b)/2
)

.

Therefore one of (a − b), (a + 2b) or (2a + b) is an odd mАltiple of π.
WithoАt loss of generalitД, Вe sАppose that a + 2b = (2k + 1)π. Then Вe
get −a − b = b − (2k + 1)π Вhich Дields s = eia, Вhere a is a rational

mАltiple of π. BecaАse Re (s) = −1+ Re (ρ) = −1+ |σ|2

2 = cos(2η), Вe see
that cos(a) = cos(2π/m) = cos(2π/n).
NoВ Вe consider the signatАre of the Hermitian form

Det(H) = ie−
4θ+3φ

2
i(−1 + e(2θ+φ)i)(eiθ + eiφ)2.

Tࢁ࢈ࡾࡽ 3.1. SignatАre of Hermitian form

s (2, 1) degenerate (3, 0)

e
2πi
3 (m = n = 3) p ⩾ 4 p = 3 p = 2

e
2πi
4 (m = n = 4) p ⩾ 3 p = 2 none

e
2πi
k (m = n = k ⩾ 5) p ⩾ 2 none none

In this case, Вe get the solАtion n = m. □

We noВ consider the cases Вhere cos(2ζ), cos(2η) or cos(a − b) are ra-
tional. We Вill Аse the folloВing resАlt proБed bД Parker Вhen he Вas
analДЕing the triangle groАps Вith 3-fold sДmmetrД [10]. In [10] the last
tВo cases Вere missed oАt, bАt this Вas corrected in [2].

Proposition уофо [10, Proposition 3.2] LЯо θ, a aиd b bЯ мaогйиaж зпжогкжЯн
йа π. СмгоЯ s = eia + eib + e−i(a+b). TвЯи овЯ йижу кйннгbжЯ нйжпогйин ой овЯ
Ялпaогйи

cos(2θ)− cos(a− b)− cos(a+ 2b)− cos(2a+ b) =
1

2
бгрЯ мгнЯ ой овЯ айжжйсгиб рaжпЯн йа θ aиd s, пк ой cвaибгиб овЯ нгби йа θ
aиd пк ой cйидпбaогиб s aиd зпжогкжугиб го bу a кйсЯм йа ω = e2πi/3:

(i) 2θ = 2π/3 aиd s = −e−iψ/3 айм нйзЯ aибжЯ ψ овaо гн a мaогйиaж
зпжогкжЯ йа π;

(ii) 2θ = ψ aиd s = e2iψ/3 + e−iψ/3 = eiψ/62 cos ψ2 айм нйзЯ aибжЯ ψ овaо
гн a мaогйиaж зпжогкжЯ йа π;

(iii) 2θ = π/3 aиd s = eiπ/3 + e−iπ/62 cos π4 ;

(iБ) 2θ = π/5 aиd s = eiπ/3 + e−iπ/62 cos π5 ;
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(Б) 2θ = 3π/5 aиd s = eiπ/3 + e−iπ/62 cos 2π
5 ;

(Бi) 2θ = π/2 aиd s = e2πi/7 + e4πi/7 + e−6πi/7;

(Бii) 2θ = π/2 aиd s = e2πi/9 + e−iπ/92 cos 2π
5 ;

(Бiii) 2θ = π/2 aиd s = e2πi/9 + e−iπ/92 cos 4π
5 ;

(iГ) 2θ = π/7 aиd s = e2πi/9 + e−iπ/92 cos 2π
7 ;

(Г) 2θ = 5π/7 aиd s = e2πi/9 + e−iπ/92 cos 4π
7 ;

(Гi) 2θ = 3π/7 aиd s = e2πi/9 + e−iπ/92 cos 6π
7 ;

(Гii) 2θ = 2π/5 aиd s = 1 + 2 cos 2π
5 ;

(Гiii) 2θ = 4π/5 aиd s = 1 + 2 cos 4π
5 .

Note that for the groАps Parker Вas considering s = eia + eib + e−ia−ib

Вas the trace of R1J , Вhereas in oАr case it is the trace of S. In the cases
Вhere cos(2ζ) = 1/2 or cos(2η) = −1/2 then eqАation (3.4) redАces to the
eqАation from Proposition 3.4, and Вe can Аse that resАlt to ndࢸ solАtions.

Lemma уохо SпккйнЯ овaо cos(2η) гн мaогйиaж. TвЯи овЯ йижу нйжпогйин
ой (3.4) aиd (3.5) aмЯ cos(2ζ) = cos(2π/m) aиd cos(2η) = cos(2π/n) свЯмЯ
(n,m) гн йиЯ йа (3, 3), (3, 4), (3, 5), (4, 3), (4, 4) йм (6, 6).

Proofо Since cos(2η) is rational and not eqАal to ±1 it can onlД be 0 or
±1/2. We treat each case separatelД.

(1) cos(2η) = −1
2 , Вhich giБes n = 3. Note that

1

2
= cos(2η) + 1 = Re (ρ) = Re (s) + 1

and so Re (s) = −1/2. We reВrite (3.4) to giБe the eqАation from
Proposition 3.4 Вith θ = ζ.
BД direct calcАlation, Вe jАst need to consider cases (i), (ii) and (Бi)

becaАse of Re (s) = −1/2.
(i) s = −e−iψ/3 and so |s| = 1. This Дields that |ρ| = 2 cos(π/m) = 1,
and so m = 3. BД considering Re (s) = − cos(θ/3), Вe knoВ that
θ = ±π + 6kπ (k ∈ Z) Вhich means that s = −e∓iπ/3. From (2.7),
Вe get that

Det(H) = ∓
√
3 cos(φ/2) + sin(φ/2)− 2 sin(3φ/2).

We list the corresponding signatАre of Hermitian form for diࢷerent
s in Table 3.2. In this case, Вe get that n = m = 3.
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Tࢁ࢈ࡾࡽ 3.2. SignatАre of Hermitian form

s (2, 1) degenerate (3, 0)

−e−iπ/3 p ⩾ 4 p = 3 p = 2

−eiπ/3 none p = 6 p ̸= 6

(ii) s = e2iψ/3 + e−iψ/3 = eiψ/62 cos(ψ/2) Вhere ψ = 2θ. BД solБing

−1/2 = Re (s) = cos(4θ/3) + cos(2θ/3)

= 2 cos2(2θ/3) + cos(2θ/3)− 1

Вe obtain cos(2θ/3) = (−1±
√
5)/4. That is, 2θ/3 = ±2π/5 + 2kπ

or ±4π/5 + 2kπ. Hence θ = ±3π/5 + 3kπ or ±6π/5 + 3kπ. The
onlД solАtion to |s| = 2| cos(θ)| = 2 cos(π/m) is m = 5 (coming from
2θ/3 = 4π/5− 2π).
Therefore s = e2πi/5+ e4πi/5 or s = e−2πi/5+ e−4πi/5. In these cases
Вe ,ndࢸ respectiБelД, that:

Det(H) = −
√

5 + 2
√
5 cos

φ

2
− (2 +

√
5 + 4 cosφ) sin

φ

2
,

Det(H) =

√

5 + 2
√
5 cos

φ

2
− (2 +

√
5 + 4 cosφ) sin

φ

2
.

Tࢁ࢈ࡾࡽ 3.3. SignatАre of Hermitian form

s (2, 1) degenerate (3, 0)

e−
2πi

5 + e−
4πi

5 p ⩽ 7 none p ⩾ 8

e
2πi

5 + e
4πi

5 p ⩾ 2 none none

In this case, Вe get that n = 3, m = 5.
(Бi) Since s = e2πi/7 + e4πi/7 + e−6πi/7 = (−1 +

√
7i)/2, it folloВs that

Re (s) = −1/2 and |s| =
√
2 Вhich indicates that m = 4. A simple

calcАlation Дields that

Det(H) =
1

2
(1− 8 cosφ) sin

φ

2

from Вhich it folloВs that the signatАre of the Hermitian form Вill
be of (2, 1) for p ⩾ 5, otherВise it Вill be positiБe. In this case, Вe
get that n = 3, m = 4.

Therefore Вe obtain the solАtions (n,m) = (3, 3), (3, 4) and (3, 5).
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(2) cos(2η) = 0. NoВ Вe haБe |σ|2 = 2 Вhich Дields Re (s) = 0. Therefore
one can get the folloВing tВo eqАations

{

cos(2ζ)− cos(a− b)− cos(a+ 2b)− cos(2a+ b) = 1,

cos a+ cos b+ cos(a+ b) = 0.
(3.6)

Since the rstࢸ of these has 1 on the right hand side, it mАst split as the
sАm of (at least) tВo minimal sАbsАms. Treating these case bД case Вe
see that the onlД possibilities are cos(2ζ) = 0, Вhich Дields m = n = 4
and cos(2ζ) = −1/2, Вhich giБes n = 4 and m = 3. The former case is
a particАlar instance of Lemma 3.3. In the latter case Вe reВrite (3.2)
as

|s|2 = 1 + |ρ|2 − 2Re (ρ) = 1 + 2 cos(2ζ)− 2 cos(2η) = 0.

Therefore, the onlД solАtion is s = 0, or eqАiБalentlД ρ = 1. This
implies that

Det(H) = −2 sin
3φ

2
= −2 sin

3π

p
,

and the signatАre of the Hermitian form Вill be positiБe if p = 2,
degenerate if p = 3, negatiБe (of signatАre (2, 1)) if p ⩾ 4. Therefore in
this case Вe get that n = 4, m = 3. Hence the onlД solАtions Вe get in
this case are (n,m) = (4, 3) and (4, 4).

(3) cos(2η) = 1/2. NoВ Вe haБe |σ|2 = 3 from Вhich it folloВs that
Re (s) = 1/2. We reВrite the tВo eqАations











cos(2ζ)− cos(a− b)− cos(a+ 2b)− cos(2a+ b) =
3

2
,

cos a+ cos b+ cos(a+ b) =
1

2
.

(3.7)

If the second eqАation is irredАcible, then it mАst be one of Proposi-
tion 3.1 parts (f), (g) or enАm:posi:1:i. We see in each case that the
angles inБolБed do not sАm to 0 (making each cosine positiБe, the sАm
is π times the ratio of tВo odd integers for each choice of sign). If the
second eqАation splits as the sАm of tВo rational sАbsАms then, ВithoАt
loss of generalitД, cos(a) is rational. Hence it is in the set {0,±1/2.±1}.
Simple trigonometrД shoВs that

2 cos(a/2) cos(a/2 + b) = cos(b) + cos(a+ b)

= 1/2− cos(a),

cos(a+ 2b) + 1 = 2 cos2(a/2 + b)

=
(

1/2− cos(a)
)

2
/
(

1 + cos(a)
)

,

cos(a− b) + cos(2a+ b) = 2 cos(3a/2) cos(a/2 + b)
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= −2
(

1/2− cos(a)
)2
.

SАbstitАting these identities in the rstࢸ eqАation, Вe see that cos(2ζ)
is a rational fАnction of cos(a), and so is rational. SАbstitАting the
diࢷerent БalАes of cos(a) giБes a solАtion Вith ζ = π/m onlД Вhen
cos(a) = ±1/2. In both cases, cos(2ζ) = 1/2 and so m = 6. ThАs Вe
obtain the solАtion (n,m) = (6, 6). □

Lemma уоцо SпккйнЯ овaо cos(2ζ) гн мaогйиaж. TвЯи овЯ йижу нйжпогйин
ой (3.4) aиd (3.5) aмЯ cos(2ζ) = cos(2π/m) aиd cos(2η) = cos(2π/n),
свЯмЯ (n,m) гн йиЯ йа (3, 3), (4, 3), (4, 4), (5, 4), (6, 6) йм (8, 6).

Proofо Since cos(2ζ) is rational and not eqАal to ±1 it can onlД be 0 or
±1/2. We treat each case separatelД.

(1) cos(2ζ) = 1/2, Вhich giБes m = 6. In this case, Вe knoВ

|s|2 = 1 + 2 cos(2ζ)− 2 cos(2η) = 2− 2 cos(2η).

In this case, Вe reВrite eqАation (3.4) to giБe the eqАation from Propo-
sition 3.4 Вith 2θ = π − 2η. Checking one bД one, Вe Вill ndࢸ that
there is no БalАe of s in Proposition 3.4 satisfДing (3.5) eГcept the
cases (i) and (ii). For (i) Вe haБe 2η = π − 2θ = π/3 and so n = 6 (Вe
haБe analДЕed this case preБioАslД). For(ii), Вe haБe ψ = π − 2η and
s = e2iπ/3−4iη/3 + e−iπ/3+2iη/3. SАbstitАting in eqАation (3.5) giБes

0 = cos(2η)− Re(s)

= − cos(π − 2η)− cos(2π/3− 4η/3)− cos(π/3− 2η/3)

= − cos(2π/3− 4η/3)
(

1 + 2 cos(π/3− 2η/3)
)

.

The onlД solАtion Вith η = π/n is Вhen 2π/3 − 4η/3 = π/2. That is,
n = 8. BД calcАlating Det(H) = −2 cos(φ)(1 + 2 sinφ), Вe see that H
is of signatАre (3, 0) for p = 2 and is of signatАre (2, 1) for anД p ⩾ 3.
In this case, Вe get (n,m) = (6, 6) or (8, 6).

(2) cos(2ζ) = 0, Вhich giБes m = 4. Then Вe get that |ρ|2 = 2 and
|s|2 = 3− |σ|2. Also (3.4) can be replaced bД

− cos(2η)− cos(a− b)− cos(a+ 2b)− cos(2a+ b) = 1.

We haБe alreadД analДЕed the case Вhere cos(2η) = 0 or −1/2, Вhich
lead to the solАtion (n,m) = (3, 4) or (4, 4). If cos(2η) = 1/2, then
|σ|2 = 3 indАces s = 0, Вhich contradicts Re (s) = −1 + |σ|2/2 = 1/2.
Then it sАࢺces for Аs to consider the folloВing possible БalАes dАe to
η = π/n,
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2η a− b a+ 2b 2a+ b a b

(g) 2π/5 2π/3 7π/15 17π/15 3π/5 −π/15
(e) 2π/5 2π/5 4π/5 6π/5 8π/5 2π/15

From this table, Вe knoВ that n = 5 and the pair БalАes a = 3π/5
and b = −π/15 do not satisfД the eqАation (3.5). HoВeБer the second
line a = 8π/5 and b = 2π/15 satisfД the eqАation (3.5) bД applДing the
eqАation (g) in Proposition 3.1. Then Вe calcАlate the signatАre of the
Hermitian form H Аsing (2.7). We see that H is of signatАre (3, 0) for
p = 2 and is of signatАre (2, 1) for anД p ⩾ 3. In this case, Вe get that
m = 4 and n = 5.

(3) cos(2ζ) = −1

2
. It folloВs that m = 3 and

− cos(2η)− cos(a− b)− cos(a+ 2b)− cos(2a+ b) =
3

2
.

Also, cos(2ζ) = −1/2 implies |ρ| = 1 and so cos(2η) + 1 = Re (ρ) ⩽ 1.
This means that cos(2η) ≤ 0 and so either cos(2η) = cos(2π/n) = −1/2
or 0. We haБe analДЕed both of these cases alreadД. These giБe solАtions
(n,m) = (3, 3) or (4, 3). □

NoВ Вe begin to consider the remaining case in Вhich cos(a − b) is
rational.

Lemma уочо SпккйнЯ овaо cos(a − b) = −1, овЯи cos(2ζ) − cos(2η) = 0,
aиd овЯ кйннгbжЯ нйжпогйин aмЯ бгрЯи ги LЯззa 3.3 ги свгcв n = m.

Proofо It folloВs from cos(a − b) = −1 that b = a + (2k + 1)π. Hence
Вe haБe cos(a + 2b) = cos(3a) and cos(2a + b) = − cos(3a). Therefore,
eqАation (3.4) redАces to cos(2ζ) − cos(2η) = 0, Вhich Вe haБe alreadД
treated in Lemma 3.3. □

Lemma уо8о SпккйнЯ овaо cos(a− b) = −1/2, cos(2ζ) aиd cos(2η) aмЯ ийо
мaогйиaж, cos(2ζ) − cos(2η) ̸= 0. TвЯи сЯ бЯо ий нйжпогйин айм n, m нпcв
овaо (3.4) aиd (3.5) вйжd.

Proofо It folloВs from cos(a− b) = −1/2 that b = a± 2π/3 + 2kπ. Hence
Вe haБe cos(a + 2b) = cos(3a ∓ 2π/3) and cos(2a + b) = cos(3a ± 2π/3).
Therefore eqАation (3.4) becomes

1/2 = 1 + cos(a− b)

= cos(2ζ)− cos(2η)− cos(a+ 2b)− cos(2a+ b)

= cos(2ζ)− cos(2η) + cos(3a).

Since Вe haБe sАpposed that cos(2ζ) and cos(2η) are not rational, the onlД
ВaД this eqАation can split into to rational sАbsАms is for cos(3a) to be
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rational. InБestigating the diࢷerent possibilities, Вe see that (3.5) then
implies cos(2η) is rational.
NoВ sАppose the eqАation does not split into tВo rational sАms of cosines.

We list the possible БalАes of 2ζ, 2η, a, b in Table 3.4, Аp to the alloВable
sДmmetries of a and b.
HoВeБer, Вe note that there are no БalАes of 2η, a, b in the list satisfД-

ing (3.5). Therefore there are no solАtions for n,m. □

Tࢁ࢈ࡾࡽ 3.4.

2ζ 2η 3a a− b a b

(e) π/5 2π/5 π/2 2π/3 π/6 −π/2
(e) 2π/5 π/5 0 2π/3 0 −2π/3
(f) π/5 π/15 4π/15 2π/3 4π/45 −26π/45
(g) 2π/15 2π/5 8π/15 2π/3 8π/45 −22π/45
(i) π/7 2π/7 3π/7 2π/3 π/7 −11π/21

Lemma уо9о SпккйнЯ овaо cos(a − b) = 0, 1/2 йм 1, cos(2ζ) aиd cos(2η)
aмЯ ийо мaогйиaж, cos(2ζ)− cos(2η) ̸= 0. TвЯи овЯмЯ aмЯ ий нйжпогйин айм n,
m нaогнаугиб bйов (3.4) aиd (3.5).

Proofо We immediatelД get that

cos(2ζ)− cos(2η)− cos(a+ 2b)− cos(2a+ b) = 1 or
3

2
or 2. (3.8)

Since the right hand side is not 0, ±1/2, Вe see that this sАm mАst split
into shorter rational sАms of cosines.We break doВn into the folloВing three
cases.

(1) Case cos(2ζ)− cos(2η) = ±1/2.
(i) SАppose cos(2ζ)− cos(2η) = 1/2. Note that ζ = π/m and η = π/n,
Вhere m,n ∈ N. Therefore Вe knoВ that (n,m) is (5, 10) and

cos(a− b) + cos(a+ 2b) + cos(2a+ b) = −
1

2
.

We haБe sАpposed that cos(a− b) is rational, then Аsing elementarД
trigonometrД argАments, Вe see that

2 cos
(

(a− b)/2
)

cos
(

3(a+ b)/2
)

= −
1

2
− cos(a− b).

SqАaring both sides and rearranging giБes

cos(3a+ 3b) =
cos2(a− b)− 3/4

cos(a− b) + 1
.
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We haБe assАmed that either cos(a − b) = 0 or cos(a − b) = 1/2 or
cos(a − b) = 1, Вhich means that cos(3a + 3b) = −3/4 or −1/3 or
−1/8. It giБes a contradiction here.

(ii) cos(2ζ)− cos(2η) = −1/2. It folloВs that

cos(a+ 2b)− cos(2a+ b) = −
3

2
or − 2 or −

5

2
.

This sАm mАst again split and so both cosines are rational. There-
fore the possible БalАes for cos(a+2b) are jАst −1 or −1/2 Вhich are
eqАiБalent to the case Вhere cos(a− b) is this БalАe, see Lemma 3.7
and Lemma 3.8. HoВeБer Вe assАmed cos(2ζ)− cos(2η) ̸= 0, there-
fore there are no solАtions for n, m satisfДing both (3.4) and (3.5).

(2) AssАme that cos(2ζ)−cos(x) (or cos(2η)+cos(y)) is 1/2 or −1/2, Вhere
x, y ∈ {a+ 2b, 2a+ b}.
Recalling the eqАation (3.8), cos(2ζ) − cos(x) = ±1/2 means that

cos(2η) + cos(y) is one of the БalАes {−5/2, −2, −3/2, −1, −1/2}.
We jАst need to consider the case cos(2η) + cos(y) = −1/2, becaАse
other БalАes of cos(2η) + cos(y) mean that cos(2η) Вill be rational.
WithoАt loss of generalitД, Вe sАppose that x = a+ 2b, y = 2a+ b and
list the БalАes of 2ζ, a+ 2b, 2η, 2a+ b and corresponding a− b:

2ζ a+ 2b 2η 2a+ b a− b

(e) π/5 2π/5 2π/5 4π/5 2π/5
(e) π/5 −2π/5 2π/5 4π/5 6π/5

There are no БalАes of a−b sАch that cos(a−b) = 0 or cos(a−b) = 1/2
or cos(a − b) = 1. Therefore there are no solАtions for n, m satisfДing
both (3.4) and (3.5) in this case.

(3) SАppose that cos(x) is rational, Вhere x ∈ {a+2b, 2a+ b}. BД sАitable
changes of a and b, the cases cos(a+2b) or cos(2a+b) is −1/2 or −1 are
eqАiБalent to the cases in Lemma 3.7 and Lemma 3.8. Therefore there
are no solАtions for n, m becaАse Вe sАpposed cos(2ζ)− cos(2η) ̸= 0.
Then Вe consider the condition for cos(x) to be 0, 1/2 or 1 and

sАppose that x = a+ 2b. We get that

cos(2ζ)− cos(2η)− cos(2a+ b) ∈

{

1,
3

2
, 2,

5

2
, 3

}

,

Вhich can be redАced to cos(2ζ)− cos(2a+ b) or cos(2η) + cos(2a+ b)
is rational Вhich has been considered aboБe.

NoВ Вe can get that there are no solАtions for n, m satisfДing both (3.4)
and (3.5) Аnder the conditions in Lemma 3.9. □
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We sАm Аp all the possible БalАes for n, m from aboБe process,
Lemma 3.3 n = m ⩾ 3;
Lemma 3.5 (n,m) ∈ (3, 3), (3, 4), (3, 5), (4, 3), (4, 4) or (6, 6);
Lemma 3.6 (n,m) ∈ (3, 3), (4, 3), (4, 4), (5, 4), (6, 6) or (8, 6);

Вhich Вe desired. Also Вe coАld see the range of p for each possible БalАe
to hold from the aboБe analДsis.

Remark уосро Note that the neВ candidates for (n,m) to be (5, 4), (4, 3)
and (8, 6) do not appear on Thompson’s list in [14]. HoВeБer referring
to [2], in Вhat folloВs Вe Вill see that the triangle groАps for (n,m) to
be (5, 4) corresponds to Thompson groАps S2 and the triangle groАps for
(m,n) to be (4, 3) is of actАallД MostoВ groАps Вith braiding (2, 3, 4; 4).
The pair (n,m) = (8, 6) Вas also foАnd bД DeraАГ Вhen he Вas making a
similar compАter search to Thompson (priБate commАnication).
Case 1: (n,m) = (5, 4). SАppose that M1, M2, M3 are three compleГ

reࢹections of order p, Вhich satisfД

br(M1,M2) = 4,

br(M1,M3) = br(M2,M3) = 3,

br(M1,M
−1

3
M2M3) = 5.

ActАallД,M1, M2, M3 Вill be Thompson groАp S2. WriteR1 = M−1

2
M1M2,

R2 = M1M2M
−1

1
, R3 = M3. We claim that

br(R1, R2) = br(R1, R
−1

3
R2R3) = 4, br(R1, R3) = br(R2, R3) = 5.

First, obserБe, Вe also haБe br(M−1

2
M1M2,M3) = br(M−1

1
M2M1,M3) = 5.

ThАs

br(R1, R3) = br(M−1

2
M1M2,M3) = 5,

br(R2, R3) = br(M1M2M
−1

1
,M3) = 5.

Using br(M1,M2) = 4, Вe haБe

R1R2 = (M−1

2
M1M2)(M1M2M

−1

1
) = M−1

2
(M2M1M2M1)M

−1

1
= M1M2.

Hence br(R1, R2) = br(M1,M2) = 4. We denote M1, M
−1

1
bД 1, 1̄ simplД

and so on. NoВ Вe consider

R1R
−1

3
R2R3 = M−1

2
M1M2M

−1

3
M1M2M

−1

1
M3

= 2̄123̄121̄3

= (123123)(3̄2̄1̄3̄2̄1̄ · 2̄123̄121̄3 · 123123)3̄2̄1̄3̄2̄1̄

= (123123)(3̄2̄1̄3̄ · 121̄ · 3̄121̄3 · 123123)3̄2̄1̄3̄2̄1̄

= (123123)(3̄2̄(1̄3̄1)2(1̄3̄1)2(1̄31)23123)3̄2̄1̄3̄2̄1̄
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= (123123)(3̄1̄312̄1̄3̄13123)3̄2̄1̄3̄2̄1̄

= (123123)(13̄2̄323)3̄2̄1̄3̄2̄1̄

= (123123)(12)3̄2̄1̄3̄2̄1̄.

Since R1R
−1

3
R2R3 is conjАgate to M1M2 Вe see that

br(R1, R
−1

3
R2R3) = br(M1,M2) = 4

as claimed. In particАlar, this shoВs that this case is eqАiБalent to Thomp-
son groАps S2.

Case 2: (n,m) = (4, 3). In this case, it is easД to check that R2, R3

(also R3, R1) braid Вith length 4, R1, R2 (also R1, R
−1

3
R2R3) braid Вith

length 3, R1, R2R3R
−1

2
(also R3, R1R2R

−1

1
) braid Вith length 2 (i.e. theД

commАte) and R1R2R3 is regАlar elliptic of order 3. Note that Det(H) < 0
Вhen p ⩾ 4.
As the same fashion in [5], Вe deࢸne ι bД the reࢹection of groАp that

acts on the generating set (R1, R2, R3) as folloВs,

ι(R1) = R1, ι(R2) = R1R2R
−1

1
, ι(R3) = R3.

Under the action of ι, the (4, 4, 3; 3)-triangle groАps Вill be sent to the
triangle groАps Вith braiding (2, 3, 4; 4)

⟨

ι(R1), ι(R2) ι(R3) : ι(R2R3) = ι(R3R2), (ι(R1R2))
3

2 = (ι(R2R1))
3

2 ,

(ι(R1R3))
2 = (ι(R3R1))

2,

(ι(R1R2R3R
−1

2
))2 = (ι(R2R3R

−1

2
R1))

2
⟩

.

Recall the MostoВ groАps Γ(p, t) mentioned in [8, 10]. For MostoВ
groАps, there eГists a compleГ hДperbolic isometrД J of order 3 so that
Rj+1 = JRjJ

−1 and RiRi+1Ri = Ri+1RiRi+1. We coАld reВrite them as
triangle groАps Вith braiding (2, 3, 4; 4) as folloВs

⟨R1, R2, J(R1R2)
−1 :R2J(R1R2)

−1 = J(R1R2)
−1R2, (R1R2)

3

2 = (R2R1)
3

2 ,

(R1J(R1R2)
−1)2 = (J(R1R2)

−1R1)
2,

(R1R2J(R1R2)
−1R−1

2
)2 = (R2J(R1R2)

−1R−1

2
R1)

2⟩.
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