THE ALGEBRAISATION OF HIGHER DELIGNE-LUSZTIG
REPRESENTATIONS

ZHE CHEN AND ALEXANDER STASINSKI

ABSTRACT. In this paper we study higher Deligne—Lusztig representations of reductive
groups over finite quotients of discrete valuation rings. At even levels, we show that these
geometrically constructed representations, defined by Lusztig, coincide with certain explicit
induced representations defined by Gérardin, thus giving a solution to a problem raised
by Lusztig. In particular, we determine the dimensions of these representations. As an
immediate application we verify a conjecture of Letellier for GL, and GLs.
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1. INTRODUCTION

In [Lus79] Lusztig proposed a geometric (cohomological) construction of representations
of reductive groups over finite rings O, = O/n", where O is the ring of integers in a non-
archimedean local field with residue field F,, 7 a uniformiser, and r > 1 a positive integer (the
asserted fundamental properties were later proved in [Lus04] for function fields and in [Sta09]
in general). This generalises the construction of Deligne and Lusztig [DL76] corresponding
to the case r = 1, which is the only known way to realise all irreducible representations
of a general connected reductive group over a finite field. This generalised Deligne-Lusztig
theory is a unified way to deal with all » > 1. However, for » > 1, besides the geometric
construction, there is also a Clifford theoretic algebraic construction of representations of
these groups. This algebraic method depends on the parity of r, and can be traced back to
Shintani (see [Shi68]), and then Gérardin (see [Gér73] and [Gér75)), who use this construction
to study the representations of split p-adic groups.

Let G be a reductive group scheme over O,. For r > 1, the geometrically constructed
representations and the algebraically constructed representations of G(O,) share the same
set of parameters, namely, the pairs consisting of a maximal torus in G, and a character
of the O,-points of the torus satisfying some regularity conditions (see Definition 2.2 and

2.3). So a natural question, suggested by Lusztig in [LLus04, Section 1], is whether the two
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representations coincide. In Section 4 we give a positive answer to this question when 7 is
even.

In the special case of GL,, over F [[r]]/7", note that (e.g. by Weil restriction) the group
GL,(F,[[7]]/7") admits a natural algebraic group structure over F,, together with a Frobenius
endomorphism F such that

GLy (B [[r]]/7")" = GLy(F,[[x]]/7").

Moreover, we can talk about the reduction morphisms of these algebraic groups (on points
they are the natural reduction maps GL,, (F,[[7]]/7") — GL,(F,[[7]]/7*), where i € {1,...,7}),
whose kernels are closed subgroups.

By applying the Greenberg functor technique, the above description goes through for a
general reductive group G over a general O, (where O can be of any characteristic), namely,
there exists an algebraic group G over Fq, together with a Frobenius endomorphism F', such
that

GF =~ G(0,)
as finite groups. Moreover, we can talk about reduction maps G — G; and the corresponding
kernels G%; see Section 2 for more details. For a maximal torus of G, there exists a closed
F-stable subgroup T of G with the same property regarding its F-fixed points.

We now describe our main result. Assume that r is even and write r = 2[. Let 6 be a
character of T'7; it admits a pull-back 0 to (T'G')F" (see Section 3). Our main results (The-
orem 4.1 and Corollary 4.7) say that, under either Gérardin’s conditions (see Remark 3.4)
or the genericity condition (see Definition 3.5), one has an isomorphism between irreducible
representations

(1) R 2 Tnd%r g0,

where RY. is the higher Deligne-Lusztig representation (see Definition 2.1). As a consequence,
under the conditions of Gérardin’s construction, the higher Deligne-Lusztig representations
coincide with Gérardin’s representations for r even, hence we get an affirmative answer to
Lusztig’s question. Another consequence is that, from the above isomorphism, we obtain a
dimension formula for R%. As far as we know, this dimension formula was not known earlier
for r > 1, except in the principal series case where R is Harish-Chandra induced.

The strategy of the proof is to first realise IndgpFGl) r0 as the cohomology of the Lang pre-
image of a unipotent algebraic group (see Proposition 3.3), and then show that the inner
product of these two representations equals 1 (this is the most difficult part). The argument
for the computation of inner product is generalised from the GL,, case in [Chel7].

We remark that: a) In the principal series case the above isomorphism (1) follows easily
from the Mackey intertwining formula, b) the isomorphism (1) can fail when 6 is not regular
(as can be seen from the example computed by Lusztig in [Lus04, Section 3]), and c) we
expect that a similar result holds for odd r, but this case requires further considerations and
is work in progress.

Finally, we use our main result to deduce some consequences for the invariant characters
of Lie algebras over finite fields. Let g be the Lie algebra of the reductive group G;. For

O, = F[[x]]/7?%, by restricting the higher Deligne-Lusztig characters to the kernel (G')" =
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g’ one obtains invariant characters of finite Lie algebras. This was studied by Letellier in
[Let09], where he proposed several conjectures. One of them says roughly that any irreducible
invariant character of g appears in the restriction of some Deligne-Lusztig character. We
verify this conjecture for GLy and GL3 in Section 5. Previously this was only known for GL,
under the condition that |F,| > 3.

During a summer school in Jul-Aug 2015, when we communicated with Lusztig about
our methods and results, he told us that at the time when he stated the expected relation
between the algebraic and the geometric constructions, he had found a proof in the type A,
case with 7 = 2 (unpublished), by a method very different from ours.

Acknowledgement. We are grateful to A.-M. Aubert and E. Letellier for helpful discus-
sions, and are thankful to G. Lusztig for his encouragement. During the preparation of this
work, ZC was partially supported by CSC/201308060137, and AS partially supported by
EPSRC grant EP/K024779/1.

2. HIGHER DELIGNE-LUSZTIG THEORY

Here we recall the main results developed in [Lus04], and [Sta09].

Throughout this paper we fix an arbitrary positive integer » > 1. Let O"" be the ring
of integers in the maximal unramified extension of the field of fractions of O, and put
OF = O"/n". Denote the residue field of O™ by k = Fq. For H a smooth affine group
scheme over O, we have an associated algebraic group H = H, = FH over k = F,, where F
is the Greenberg functor; see [Gre61], [Gre63], [Sta09], and [Stal2] for its further properties.
This H is an affine smooth algebraic group over k such that H(k) = H(O").

From now on, let G be a reductive group scheme over O, (in other words, G is an affine
smooth group scheme whose geometric fibre (G5 is a connected reductive algebraic group in
the classical sense; see e.g. [DG70, XIX 2.7]). Let G be the base change of G to O, then

G =G, :=F(G)

is a smooth affine algebraic group over k such that G(k) = G(OM). Let F: G — G be a
surjective algebraic group endomorphism such that the fixed points G form a finite group;
we call such a morphism a Frobenius endomorphism. A closed subgroup H C G is said to be
F-rational (or rational when F'is fixed), if F(H) C H. In this paper we will only be concerned
with the following typical situation: The Frobenius element F' in Gal(k/F,) extends to an
automorphism of O, and by the Greenberg functor this gives a rational structure on GG
over F,; we denote the associated geometric Frobenius endomorphism again by F'. In this
case we have an isomorphism of finite groups G = G(O,). We write L: g — g~ 'F(g) for

the Lang map associated to F.

For any integer ¢ such that » > ¢ > 1, let p,;: G — G; be the reduction map modulo
7', Note that this is a surjective algebraic group morphism; denote the kernel by G* = G.
We also set G° = G (this is not the identity component G°). Similar notation applies to
closed subgroups of G. Note that if O = F [[n]], then there is a natural semi-direct product
G = G x G'; however, if char(Q) = 0, this product does not hold in general: For example,
if O = Z,, then O, = W,(F,) is the truncated Witt vector ring and G(O}") = G(W,(k))
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(this is why G(OF) admits an algebraic group structure over & in this case), but in general
there is no group embedding from G(k) to G(W,.(k)).

Let T C G be a maximal torus such that T' = FT is F-rational, and let B be a Borel
subgroup of G containing T. Consider the Levi decomposition B = UT, where U is the
unipotent radical of B. The functor F gives a semi-direct product B = FB = UT of closed
subgroups of G, where U = FU. Let ¢ # p := char(F,) be a fixed prime number. We are
interested in the higher level Deligne—Lusztig variety associated to T and U

Sty ={9€G|g'F(g) € FU} = L"'(FU),

where here, and in what follows, we often write FU for F(U). Note that GI' x T acts
on Sty by (¢,t): © + gxt, which induces an action on the compactly supported ¢-adic
cohomology groups H:(Srp) := H{(Sru, Q).

For any f € TF = Hom(T*,Q, ), we denote by H'(S1.)s the f-isotypical part of Hi(Syp).
This is a G¥-submodule of H!(S77). We use the notation H*(—) for the alternating sum

Hi(=) =Y (~1)'Hi(~Q).

>0

Definition 2.1. The higher Deligne-Lusztig representation of G associated to 6 € TF is
the virtual representation
RYy =Y (=1)'HSru)s.
>0
In the situation we are interested in (see Theorem 2.4), R%U is independent of the choice of
U, and when this is the case we denote R?F’U by RY.

The higher Deligne-Lusztig representations considered in this paper are the irreducible
ones, or more precisely, the ones associated to the characters of T which are regular and in
general position. We explain these notions.

For any root « € ® = ®(G,T) of T, denote by T the image of the coroot &, and let
T = FT*. We write U, for the root subgroup of «, and write U, for its Greenberg functor
image. For simplicity, we write 7% for (7*)"~!, the kernel of T* along p,,_1. Note that B
determines a subset of negative roots = C & of T by the condition —a € ¢~ iff U, C B.
From now on we fix an arbitrary total order on ®~.

Definition 2.2. Let a be a fixed positive integer such that F*(7*) = T for every root
a € ® of T. Consider the norm map NE"(t) :=t- F(t)--- F*1(t) on T*". Then 0 € T* is
called regular if it is non-trivial on NE“((T)F") for every root a € ®. One knows that a
regular character is regular with respect to any such a; see [Sta09, 2.8].

Since O)" is a strictly henselian local ring, the reductive group scheme G is split with
respect to every maximal torus (see [Sta09, 2.1]), therefore we can identify the Weyl group
W(T):= N(T)/T = W(Ty) := N(T3)/Ty; see [DGT70, XXIT 3.4].

Definition 2.3. 0 € T¥ is said to be in general position if no non-trivial element in W (T)!" =
N(T)E /T stabilises 6.
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The following is one of the main results of [LLus04] (in the function field case) and [Sta09]
(in the general case).

Theorem 2.4. If 0 € TF js reqular, then R%U = RY. is independent of the choice of U, and
if moreover 0 is in general position, then RY is an irreducible representation up to sign.

Proof. See [Lus04] for the function fields and [Sta09] for the general situation. O

3. THE ALGEBRAIC CONSTRUCTION

From now on we assume r = 2l is even (note that [ is not the fixed prime ¢). Let
By = ToUy (resp. Ty, Uy) be the Greenberg functor image of a Borel subgroup By (resp.
maximal torus Ty, unipotent radical Uy) of G, such that By is F-rational. Let A € G be
such that B = ABoA™! and T' = ATyA™'. Note that A F(\) = w € N(Tp) is a lift of some
Weyl element w € W(Tp).

Definition 3.1. Along with the above notation, we denote by U* the commutative unipotent
group (U7)'U!, and call it the arithmetic radical associated to T'.

Note that T" = FT is usually not a torus, but we sometimes still call it a torus. For
convenience, we similarly say “Borel subgroup” for B = FB.

Lemma 3.2. U* is normalised by N(T), and it is F-rational.

This easy result follows from the fact that both N(7") and F' act on the root subgroups
U,, hence they permute the groups U! and preserve the group U=.

The variety L=1(U*) admits a left GF-action and a right TF-action, so H(L~Y(U%)) is a
G x TF-module.

Proposition 3.3. For every 0 € TF we have HX (L Y (U*))y = Ind(G;Ui)Fg, where 0 is the
trivial lift of 0 from TF to (TU%)Y (that is, 0 is the pull-back of (TU*)F — TF).

Proof. This is an argument analogous to the last paragraph in [DM91, p. 81]. Consider the
natural morphism L~} (U*) — G/U® given by g — gU*. Note that F(qU*) = gL(g)U* =
gU®, so its image is (G/U*)F = GF/(U*)F. Note that its fibres are isomorphic to an
affine space (=2 U*), therefore H*(L~(U%)) = Q,[G¥ /(U*)¥] by basic properties of f-adic
cohomology. Finally, Q/[G"/(U*)"] @g,irr) 0 = Qu[G"] @g,(rv+yr) 0 as Q,[G"]-modules,
thus HZ (L™Y(U*))g = IndGry < r0. O

Remark 3.4. The representations Ind(GTFUi) 0 have been considered by Gérardin [Gér7s] in
a more restrictive situation. To be more precise, he assumed G(O,) is the O,-points of a
split reductive group over the field of fractions of O, whose derived subgroup is assumed
to be simply connected, and he assumed the maximal tori to be “special” in the sense of
[GérT5, 3.3.9]; see [Gér75, 4.1.1]. Under these conditions, Gérardin proved that Ind(GTFUi)pa
is irreducible if 6 is regular and in general position; see [Gér75, 4.4.1]. Note that Gérardin
denoted Ind(%,FUi)Fg by kg, and defined the regularity of 6 in the language of conductor of

Galois orbits (see [Gér7h, 4.2.2 and 4.2.3)).
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We formulate a similar irreducibility condition for a general G. First, note that one has
(TUH)E C StabGF(6’] ayr), and by Clifford theory, if equality holds, then Ind TUi 0 is

irreducible. In the following definition, we consider a condition on StabGF(9|(Gl)F) which is
weaker than equality, but still implies irreducibility (see the proof of Corollary 4.7).

Definition 3.5. A character § € TF is generic if it is regular, in general position, and
StabgF (‘9|(Gl)F) = (TUi)F . StabNG(T)F(m(Gl)F).
Remark 3.6. We explain how the genericity in the above definition appears in a natural way:.

Let v : O — @Z be a character which is not trivial on 7'~10;, and let g be the O}*-points
of the Lie algebra of G. Identify g*" with (G')¥ via z + 1+ 7lz. For 8 € Homp, (g"", O;) we
have a character 15 of (G')¥, defined by

Yp(1+ 7'z) = P(B(x)).
Any character of (G')" is of the form 15 for a unique § and Stabgr(v3) = py (CGF</B))

where G acts via the co-adjoint action. In many situations, for example when G = GL or
p is a very good prime for G, there exists a G'-equivariant bijection g = Homo, (g%, O,),
and then [ can be taken in the Lie algebra rather than in the dual. Let 8 be such that
0(cyr = 5. Then, by taking quotients modulo (G')", we see that the stabiliser equality in
Definition 3.5 is equivalent to

Car(B) = Cng,m)r (B)-

Note that, analogously, regularity of a semisimple element [ in g(Fq) (or in the reductive
group () is equivalent to the equality Cg, (8) = Cig, (11)(B), for some maximal torus 7}.

It seems that in some cases, regularity and general position together imply genericity.
It is an interesting problem to determine exactly when this is the case. Moreover, in some
situations the equality Stabgr (0(gyr) = (TUF)" is equivalent to regularity of 6, and implies
the general position condition. In the following result, we verify this for the Coxeter torus
in a general linear group.

Proposition 3.7. For G = GL,, over O,, let T C G be a maximal torus corresponding to

the Cozeter element w = (1,2,...,n). Then for 0 € 7/”}, The following two conditions are
equivalent:

(i) (TU*)F = Stabgr (8] (cnyr),

(ii) 0 is reqular.
Furthermore, under these conditions, 6 is in general position.
Proof. We have (GY)f' 22 M,,(0;), and as in the above remark, its irreducible characters are of
the form ¢s(1+7'z) = ¢ (Tr(Bx)), where 8 € M,,(O;). Let 8 be such that g] @yr = ¥p. Then,
by taking quotients modulo (G')¥, the condition (TU*)¥ = Stabgr (6] (yr) is equivalent to
Ccf (8) = TzF~

Since 6 is trivial on (U*)F and since (GY)F = (TH)F x (U*)F, we have 8 € TF, so
50 = )\_lﬂ/\ = diag(ﬁl, .. 7671) S Mn((’)lur)

(here the image of A modulo 7! is again denoted by \); here we can write 8, = 8/ € (O})F"

and 3; = F"=Y(3) (for i € {1,...,n}) since w is the Coxeter element (1,...,n). As we are
6



concerned with the general linear groups, we can assume A\"'F()\) = @ € N(Tp), a lift of w,
is the standard monomial matrix. Denote by v the image of w in G}, and still view it as the
monomial matrix.

With the above notation, the condition Cgr(8) = TF is equivalent to Cr1ara(Bo) =

AITEN. However, as AT\ is a group consisting of some diagonal matrices, this happens
if and only if 5; — f; is invertible for all ¢ # j € {1,...,n}: Indeed, note that 8, — ; =
F=Yp3' — Fi~*(8")) is invertible if and only if it is non-zero modulo 7; now, if §; — 8; mod 7
is zero for some 4,7, then 8/ mod m € F_ . for some n' < n satisfying n' | n, and so the
non-diagonal matrix I + v™7!~' (if [ = 1, replace I 4+ v™7!=' by v™') stabilises 3, (note
that v € A"'GI')), a contradiction; the other direction is immediate. In particular, in this
situation @ is in general position.

For any t € T, we have F(t) = AWF (A %\)v!A7!. Denote by F’ the endomorphism
F'(g) = vF(g)v™!, then for any root o, and any positive integer m such that F™(7®) = T,
we have

NET(t) = Mo F (tg) -+ F'™ M)A,
where t € (T*)F™ and to = A~'tA. Thus, since Y(Tr(BNE™(t))) = (Tr(BoNE ™ (to))), the
regularity of 6 is equivalent to: For each given root o and integer m,
D(Te(BoNp " (to))) # 1
for some to € (ATETON)F.

Note that for any g € G such that gT'g~! = T, we have gT%g~! = Ty, for some root
corresponding to the torus T(y. Hence we can write

to = diag(0,...,0,s,0,...,0,—s,0,...,0) € M, (O}")

for any to € A"1T\, where s € 7! 1O 2 k is at position (a,a) and —s is at position (b,b).
As v is a Coxeter element, we can take m = n, and thus

THBNE (10)) = 3 (Butey — But) FU(s) = 3" FU(F (8 — F=(8))s)
d=0 d=0

(here v acts on a,b € {1,...,n} by permutation). Therefore the regularity of # is equivalent
to that, for any b —a € [1,...,n — 1], the element ' — F*~%(3') € O} is invertible, that is,
B; — B; is invertible for all i # j € {1,...,n}, and we see from the above this is equivalent to
the stabiliser condition. 0

4. THE MAIN RESULT

As before, G is a reductive group scheme over O,, F' is the corresponding Frobenius on
G and T is a maximal torus in G such that 7" is F-rational. Moreover, U is the Greenberg
functor image of the unipotent radical of a Borel subgroup B of G containing T. For
any v € W(T), we fix a lift ® € N(T). Recall that (see Lemma 3.2) F(U*) = U* and
oU*0~! = U*. Given two elements x and y in a group, we sometimes use the shorthand
notation z¥ := y~lzy and Yx := yxy ! for conjugations.
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We now present our main result. We start with the computation of inner products of
Deligne-Lusztig representations and the representations produced from the arithmetic radi-
cals.

Theorem 4.1. Suppose that r = 2l is even and 6 € TF js reqular, then
(IndSysr 0, RS ar = #Stabyryr (6).
In particular, if 0 is moreover in general position, then <Ind(GTFUi)F§, R)er = 1.
Proof. We want to compare the cohomology of Sy = L™ (FU) with the cohomology of the
Lang pre-image L~*(FU%) of the arithmetic radical (see Proposition 3.3). One has
(HI(LTHFU®))g, Ry)gr = dim H (S)g-1,
where
Y= {(x,2',y) €U x FU x G | oF(y) = ya'}.

This follows from the TF x T*-equivariant isomorphism

G'\L™NU*) x LN FU) 2%, (9,9) = (9 'Fl9),¢' F(¢),97'9)
and the Kiinneth formula; here TF x T acts on ¥ by (¢,t): (x,2/,y) — (2, ('), t  yt’).

In the following we will compute the cohomology following a general argument of Lusztig
(for the orthogonality of Deligne-Lusztig representations) by first decomposing ¥ into pieces
according to the Bruhat decomposition, and then computing the cohomology of each piece.

The Bruhat decomposition G| = HUGW(T) By0B; of Gi = G(k) gives the finite stratifica-
tion (see, e.g. the proof of [Sta09, Lemma 2.3]) G = [,y (1) Go, Where
G, = (UNaU o (U)o HoTU,

and hence a finite partition into disjoint locally closed subvarieties

where
Y, = {(z,2',y) € U* x FU x G, | 2F(y) = yz'}.
For each v, consider the variety
Z, = UNU ) xo(U ) o

this allows us to consider

S, = {(z, 2/ v, u,ru) €U X FU x Z, x T x U | oF (v'ud1u) = v'v d7uz’},
This is a locally trivial fibration 3, — ¥, by an affine space (2 UNHU )oY, on which
TE x TF acts as

(t,t): (w2 o/ u™, 7, u) — (¢, W T =t t/flut’).

By the change of variable 2/ F(u)~! — 2/ we can rewrite 3, as

S, = {(z,2", v/, u”,7,u) EUX x FU x Z, x T x U | 2F (W/u"971) = v'u"01uz'},
on which the TF x T*-action does not change (therefore H j(iv) and H(X,) afford the same

virtual T* x TF-representations).
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For i = 0,1,...,7 — 1 let Z,(i) be the pre-image of (06U ¢~ 1)" = o(U~)"~" under the
product morphism

Z,=(UNdU o ) xo(U )0t —oU o7,
Recall that for i = 0 we always let G° = @ for an algebraic group G. For each v consider
the partition ¥, = 3 U X! of locally closed subvarieties, where

S = {(z 2 um, ) € 5y | (W uT) € 2y \ Z,(1)}
and R
Yo={(z,2 v\ uT,mu) € By, | (W uT) € Z,(0) -
In order to compute the inner product, an Euler characteristic, our goal is to compute
dim H}(X")g-1 9 and dim H}(X)e-1 ¢ explicitly, for all v.

For the first one, we have the following lemma:

1, ZfU S Stabw(T)F (9)

Lemma 4.2. One has dim H(X!)g-19 = .
’ 0, otherwise.

As one can see from its proof, this lemma is true for any 6, regular or not.
For the second one, we have the following lemma:

Lemma 4.3. One has dim H}(X])p-19 = 0, for all v.
It is in the proof of this second lemma that the regularity of 0 is required.

By the above two lemmas, dim H}(X)g-19 = ) ) 1 = #Staby(r)r(0). Thus we
get the desired result.

veStaby, 7 r (0

It remains to prove Lemma 4.2 and Lemma 4.3.
Proof of Lemma /.2. Note that for any (z,2',u',u™,7,u) € X we have
wuT € o(U )t CU* = FU,
so we can apply the changes of variables (v'u™)"'z — z, and then zF(v/u~) — x. This
allows us to rewrite X! as

= {(z, 2 0w, mou) € UT X FU x Z,(1) x T x U | 2F (7)) = drua’},
on which TF x T acts in the same way as before.
Consider the algebraic group
H={tt)eTyxT, |tFt ) = F){F{) " 'F(o)}.

Note that the action of T} x T on i;’ extends to an action of H (the torus 77 is always a
subgroup of T') in a natural way. The identity component H® is a torus acting on ¥, and

thus by basic properties of f-adic cohomology (see e.g. [DM91, 10.15]) we have
dim H:(ig)gfl’g = dim H: ((ZN]Z)HO )971’9.
The Lang-Steinberg theorem implies that both the first and the second projections of H° to
Ty are surjective. Therefore (z, 2 v/, u=,mu) € (B onlyifr =2' =v' =u" =u =1
Thus ()2 = {(1,1,1,1,7,1) | F(o7) = 97}"°. The set (9T)F is empty unless 9~ F(¢) € T
9



(i.e. unless v € W(T)"), in which case {(1,1,1,1,7,1) | F(97) = 07} is actually stable under
the action of H, so it is also stable under the action of H°. We only need to treat the non-
empty case. As a finite set (07)!" admits only the trivial action of the connected non-trivial
group H°, thus
(M ={(1,1,1,1,7,1) | F(or) = o7 }° = (oT)".

Therefore H*(X") = Q,[(0T)F], on which TF x TF acts via (t,¥'): o7 — 8(t*)"'7¢’; note
that this is the regular representation of both the left T and the right 77 in 7% x T*. In
particular, the irreducible constituents of H(X}) are of the form H(X) 4)-1 4, where ¢ runs

over TF. Hence H :(ig)g—l’g is non-zero if and only if #° = 6, in other words, if and only if v €
Staby(ryr (0). Now, for v € Staby(7)r (), we have dim H}(37)@goy-19 = dim H; (X])g-19 = 1
for any 6 € TF, since |T¥| = |T*| = |(¢T)¥|. This proves the lemma. O

The proof of Lemma 4.3 is more difficult than that of Lemma 4.2, and we need two extra
inputs; the first input is a general homotopy result from [DL76]:

Lemma 4.4. Let H be a connected algebraic group over k, and Y a separated scheme of
finite type over k. Suppose there is a morphism f: H XY — Y such that f(1,—) is the
identity map and (h,y) — (h, f(h,y)) is an automorphism on H x Y. Then for any h € H,
the induced endomorphism of f(h,—) on H'(Y,Q,) is the identity map.

Proof. The same argument as in [DL76, p. 136] works here. U

The second input is a variant of [Lus04, Lemma 1.7]. For general linear groups this can
be done in an ad hoc way explicitly (see [Chel7]); for general reductive groups we will prove
the following lemma. We first fix several pieces of notation:

Definition 4.5. Let ®* and ®~ be a choice of positive and negative roots of T, respectively.
For 5 € &, let ht(53) be the largest integer n such that 8 = gy + -+ 3, for 5; € &~ (note
that this is the negative of the height function defined with respect to the positive roots ®1).
(1) Suppose @~ is equipped with a total order refining the natural order given by ht(—).
For 2 € U™ and 8 € @7, define zj € Ug = FUp by the decomposition z = Hﬁeq)_ TG,
where the product is with respect to the following order: If ht(3) < ht(3'), then z7}
is to the left of x3,; and if ht(8) = ht(8') and 8 < (', then 7 is to the left of 2.
(2) For a fixed @ € &+ and ¢ € {0,...,l — 1}, denote by Z%(i) C U~ the subvariety
consisting of all z such that:
iz e (UT)\(UT)Th
. 2%, #1;
iii. 5 =1 for V3 € = such that 8 < —a.
Recall that 7 := (FT*)"! is a 1-dimensional affine space.

Lemma 4.6. Suppose o € ®* and i € {0,...,1 —1}. Then for z € Z°(i) and & € U. 1
one has

[€,2] == &267 27 = 7w,
where ¢, € T* and we, € (U™)"" are uniquely determined. Moreover,

—i—1
v — T, Er— Te s
10



is a surjective morphism admitting a section W such that W2(1) = 1 and such that the map
Z() x T® — UL (z,7) — V(1)

18 a morphism.

Proof. Write z = 27 2/, then

(2) (€, 2] = €226 71T (aZ,) T = (6, a2, - el 2.
We need to determine [, 2% ] and *=[¢, 2] separately.

Following the notation in [DG70, XX] we write pg: (G,)ow = Ug for every € ® (and we
use the same notation for the isomorphism F(G,)ow = Ug induced by pg via the Greenberg
functor). Then there exists a € G,,(OF) such that, for all z,y € G,(O), we have

. - Y
—a o — Pa 1 ! —a\7T 7 )s
(3) P=a(y)pa() = paly— axy)a(( +axy) T )p-al{T axy)
see [DG70, XX 2.2]. Let z,y be such that p,(z) = & and p_,(y) = 2%, (note that in our
case x? = 0, so that (1 + ary)™' =1 — axy). By applying (3) to p_o(y)pa(—2), we see that
[§,220] = Pa(@)p-a(y)Pa(—7)p-a(—Y)

(4) = pa(x)pa(m)d(l +azy)p-aly _ywy )P—a(=Y)

= a(1 + azy)p-a(azy®).
Note that since £ € G""! and 27, € G* (in other words, #"~"! | z and 7 | y), we have

p_olazy?®) € U, . We will see below that ¢(1 + azy) is the required 7¢ ..

Now turn to [¢,2']; we want to show that [¢, 2] € (U)""!. First, the relation [G', G’] C
G implies that [¢, 2] € G", so we only need to show that [£,2/] = (52/)2/"1 € U™, or
equivalently, that ¢z’ € U~. Write

= IJ =3

ped—

according to Definition 4.5, and let y3 € G,(OF) be such that pg(ys) = xé’. By the Chevalley
commutator formula (see [Dem65, 3.3.4.1]), we have

[faxﬁ H Pjp+j a(au/yﬁm ) H U;ﬁja "

7,321 J.g=1
iB+j acd iB+j acd

for some a; ;€ G,(O). Since z € Zo‘('), we have ht(8) > ht( «). In the above formula,
if yﬁaﬂ # 0 and j3 + j'a € ®* with 4,5’ > 1, then j' = 1 (as 2> = 0) and j ht(8) < ht(—a),
so j < 1; contradiction. Hence, if yﬁxj # 0, then j8 + j'a € ®~. Thus [S,xﬁ] e (U1,
and hence ¢ (:Ug/) € U™, for every 8. Therefore ¢2' =[], $(z3) € U, as required.

By (2) and (4) we have

[5, Z] = [57 xz—a] - *a [57 Z/] = d<1 + axy) ’ p_a((l[)?y2> - "%a [57 Z,]‘

From this expression, put

Te. = &(1 + axy)
11



and

wes = poalazy?) - o€, 2],
Note that 7¢, € T and we, € (U7)"! (since [¢,2'] € (U7)"!). The elements 7¢ , and we .
are uniquely determined because of the Iwahori decomposition.

Now, as 7¢, is defined to be &(1 + ap;(&)p=L(2*,)), the map & + 7, whose target is

a connected 1-dimensional algebraic group, is a surjective algebraic group morphism (note
that z — 27 is a projection, hence a morphism). The section morphism ¥¢ can be defined
in the following way: The isomorphism of additive groups
(r) = O, wat (1) —a+ (1)
induces an isomorphism of affine spaces (by the Greenberg functor)
pit (F(Ga)ow)" — (F(Ga)opr)r—i
Note that this isomorphism depends on the choice of w. Meanwhile, let

' (F(Go)ow)ri = F(Ga)ow /(F(Ga)ow) ™ — F(Ga)ow

be a section morphism to the quotient morphism such that p’(0) = 0 (u® exists because
F(Gq)ow is an affine space). For 7 € T* we put

V(1) = pa (a’l ! (m (@)= 1) i (pii(wia))_l)) :

Here &' is defined on 7@ = (FT*)" ! = (F(G,,)om) " as the inverse to &, and we view
& !(7) as an element in F(G,)ow by the natural open immersion (G,,)ow — (G,)our, s0
the minus operation & !(7) — 1 is well-defined. On the other hand, by our assumption on
z (see Definition 4.5 (2) i), p; (p~a(2%,)) is an element in F(G,,)ow , so its multiplicative
inverse exists. Moreover, the product operation is by viewing (Gg)ow (resp. F(Gg)owr)
as a ring scheme (resp. k-ring variety). Thus W¢ is well-defined as a morphism.

(132

Finally, by the definition of y; and pf, for 7 € T%(k) we have

Ta(r),s = & (1+apo (P2(1))pa(a7,))
& (1 pt (s (67 () = 1) s (h(e?) ) - p7ae)
a(l+a-pp(a(r) =1)) =7

(for the last equality, note that & !(7) is of the form 1 + s7"~! for some s € O¥, as an
element in G,,(O}")), thus 7 — V(7) — Tye(s). is the identity map on the k-points 7 (k)
of the 1-dimensional affine space 7 = Al hence it is the identity morphism. So ¥¢ is a

section to  — 7¢ ., and the other assertions in the lemma follow from its definition. O

Now we proceed to prove Lemma 4.3 itself.

Proof of Lemma /.3. By the changes of variables 970! + 7, 77 'u"7 +— v, and 77 'u'7 —
u’, we can rewrite X! as

Y= {(x, 2 v, u, mu) € UT x FU x Z,\ Z,(1) x T x U | 2F (tv'u™9) = 7v/u” tua'},
on which (t,') € TF x Tt acts by sending (z,2',u',u~, 7,u) to

(tat, 2 (@) (), () () (), ).
12



To show dim H:(i;)g—l’g = 0, it suffices to show

dim H* () =0,

9_1|(Tr71)F
for the subgroup (T 1! = (T""1)F x 1 CTF x T*. Note that the (771)F-action on i; is
given by
t:(z, 2w u, mou) e () u ).
Recall that we fixed an order on ®~. For g € &, let F(3) € ® be the root defined by
F(U)p@) = F(Us), then the order on ®~ produces an order on F(®7); similarly we can
define F on ®*, and hence get a bijection on ® = &~ LU PT = F(P~) U F(PT), and then a

bijection on {Us}gee; it is clear that F/(—a) = —F(«) for any o € ®. Following the notation
in Definition 4.5, let Z(i) be the subvariety of Z,(i) \ Z,(i + 1) consisting of (u/,u~) such
that, in the decomposition F(z) := F(0~"/u™9) = Iper@ {Bg,(z) the following conditions
hold: (ht(—) is defined on F(®7))

(1) 25 =1 whenever ht(8') < ht(F(8)),

(2) xg,(z) = 1 whenever ht(f") = ht(F(8)) and ' < F(B),

F(z

(3) 2y # 1.

(This means that
2)(1) ={(\u”) € Z,(i) \ Z,(i +1) | F((u'u")?) € 2779 (i)}

according to the notation in Definition 4.5 (2), after formally replacing a by —F(3) and &~
by F(®~)). We then obtain a finite partition

z0 20 =11 [T 26

1=0 Bed—

And hence a partition of i; into locally closed subvarieties
-1

=11 IT =),

=0 Bed—
where
YP() = {(z, 2/, v, u”, 7,u) € U x FU x ZP(i) x T x U | 2F (/v %) = 1u/u"tua'}.
Each subvariety Y7 (i) inherits the (77~1)¥-action:
t:(z, 2w u, mou) e (0 u u T ),
so it suffices to show:
H(2(2))
for every i € {0,...,0l — 1} and every § € ®~.

=0

971|(T7‘71)F

From now on we fix an o € ®*. Consider the closed subgroup
H:={teT | F@) 'Ft)t 'F(0) e TF}
of T, For any t € H, define g,: FU — FU by

g 2’ e 2 UL (F(0) T F(t )L (0))
13
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with the parameter z := 0~'vw/u~0, where (v/,u~) € Z,;(i). This is well-defined because

F(z) satisfies the conditions in Lemma 4.6, with respect to F(U~) and F(®~). Note that if
F(t) =t, then g(2') = '
Moreover, for any t € H, define the morphism f,: U — U* by
foommx T (47 FOD (g, () F (1),
with the parameters 2’ € FU, 7 € T, and 2z = 9~ '/u™9 (where (v/,u™) € Z,%(i), as for g;).
To see this is well-defined one needs to check the right hand side is in U*: By the definition
of \If ) ) and the first assertion of Lemma 4.6 we see

F(2)a' g (2)F(=71) = Upe) (F(0) TPt (8)) - F(0) T F()EF(0) - w

for some w € U""!. Hence by definition of f, we get

(I—lft<$>>F(r) _ (F(@)\Ij)t . (F(f;)w)F(t) e H Ug—z‘—l C U:t,
Bed
where ¥ := \Iligj))(F(f))*lF(tfl)tF(@))*l. Thus 27! fi(x) € U*, and f; is therefore well-
defined. Moreover, if F(t) =t, then fi(z) = .
For any t € H, the above preparations on f; and ¢; allow us to define the following
automorphism of X *(i):
he: (2,2 0 u™, 7u) = (fi(), go(2), v/, u™ t7 07 ),

where the involved parameter z is 9 'v/u~9. To see this is well-defined, one needs to show

the right hand side satisfies the defining equation of ¥, %(7), in other Words satisfies
fi(2)F(t ru'u0) =t 'ru'u” dug(o');
this can be seen by just expanding the definition of f;: (note that ¢ € T"~! commutes with
r € U*, and 2F(tv/u™9) = 7v/u~dux’)
@) Pt ruu=o) = o - 7O (71 PO (7 2g, (")) F (1)) - F(t ' ru'u™0)
=t 'wF(rd/u” U)l‘, Lg. (")
=t ru'u dug(2).
Moreover, it is clear that in the case F(t) = ¢, the automorphism h; coincides with the

(TT—1)F-action, so by Lemma 4.4, the induced endomorphism of h; on H(X;%(i)) is the
identity map for any ¢ in the identity component H° of H.

Let @ > 1 be an integer such that F*(F(0)TF@F(0)7!) = ( )TF@F(%)7, then the
image of the norm map NL“(t) = t- F(t)--- F* () on F(d ) Q)F(A) 1is a connected
subgroup of H, hence contained in H°. Moreover NE“((F(0)T @ F(o)~H)F) C (T""H)F n
He°. Thus, as 0 is regular,

HZ(27()), = 0.
0 1‘ Fa N F(a 1\
NE ((F(U)T (@) p(s) 1) )
Therefore H:(Zf(i))9_1|m_l)p = 0. 0
This completes the whole proof of the theorem. O
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Theorem 4.1 leads to an affirmative answer to Lusztig’s question mentioned in the intro-
duction, for r even:

Corollary 4.7. Let r = 2l and suppose 0 € TF s reqular and in general position. Denote
by O the trivial lift of 0 to (TU*)Y = (TGHF, then
R} 2 Ind sy 00
if at least one of the following two conditions is satisfied:
(i) 0 is generic,
(i) GT and T satisfy Gérardin’s conditions (see Remark 3.4).
In particular, in these situations RS has dimension |GF|/|T]].

Proof. 1f (i) is satisfied, then

(TU*)F Stab

vy Ol
(TU%)F

GF n G*
Ind(TUi)Fe - Ind(TU:t F StabN(T)F (g‘ (GZ)F)Ind

TU*)F Stab
is irreducible by Clifford theory (note that IndETUi ' 9 is irreducible by the

Mackey intertwining formula and the assumption that 6 is in general position). If (ii) is

N(T)F( (GHF

satisfied, then Ind(GTFUi)Fg is irreducible according to Remark 3.4. Now the result follows
from Theorem 4.1. 0

In the case of G = GL,, the above result implies that, if  satisfies Stabgr (0]cyr) =
(TU*)¥ | then the Deligne-Lusztig representations are regular semisimple in the sense of Hill
[Hil95] (note that, following the notation in the proof of Proposition 3.7, § is semisimple,
and the genericity of # implies 3 is regular; see [Hil95, 3.6]).

5. AN APPLICATION TO FINITE LIE ALGEBRAS

In this last section we assume O = F,[[r]] and r = 2. Note that the kernel group G'
is isomorphic to the additive group of the Lie algebra g of G, and the adjoint action of
GI on g is the conjugation action under this isomorphism. Since TF = T x (TH)¥ any
character 0" of t* 2 (T")F extends (trivially) to a character  of T*. Thus, viewing RY; as
a gf' = (GYH¥-module by restriction, we can view R?il = R%U as a Deligne-Lusztig theory
for the finite Lie algebra g (here u is the Lie algebra of Uy).

An invariant character of g is a Q,-character of the finite abelian group g’ that is
invariant under the adjoint action of GI", and it is said to be irreducible if it is not the sum
of two non-zero invariant characters (these functions have interesting relations with character
sheaves; see e.g. [Lus87] and [Let05]). Letellier studied this construction in [Let09], where
he compared it with a different construction he considered earlier in [Let05], and made a
conjecture that every irreducible invariant character ¥ of g!" “appear” in some Rfil in the

sense that

"y e o (
(U, RY,)gr = GF|Z‘I’ 9)R(—9) #0
geg”
(note that the bracket (,) is different from the usual inner product (,) because of the de-

nominator GI'). Letellier showed that this conjecture is true for GL, with the assumption
15



that |F,| > 3. Here, as a simple application of our main result, we prove it for GLy and GLs3,
without assumptions on the residue field.

Proposition 5.1. Along with the above notation, if G = GLy or GLs, then for any irre-
ducible invariant character ¥ of g¥', we have

1
(W, R{,)gr # 0,
for some Rf;.

Proof. Firstly note that (\IJ,Rf;)gF # 0 if and only if (¥, Rfil)(@)p # 0. Also note that a
g’ -representation is invariant if and only if it is G¥-invariant as a (G!)¥-representation, so

we can focus on characters of the group (G')¥. Suppose y is an irreducible character of

(GHF, then
XO — Z Xs
s€GF /Stab,r (x)

is an invariant character of (GY)¥', and any invariant character containing y contains y¢
(so x? is the unique irreducible invariant character containing y). On the other hand, any
GF-module is an invariant (G')F-module, thus we only need to show that any irreducible
character x of (G')¥" is “contained” in some Rfj1 in the sense that (y, REL>(G1)F # 0.

For G = GL; (resp. GL3), the irreducible characters of g’ are of the form y = ¢(—) =
Y(Tr(B - (=))), where 1 is some fixed non-trivial Q,-character of F, and 3 € My(F,) (resp.
B € M3(F,)). The conjugacy classes of § € My(F,) are of the following two types:

(1) 8 ﬂ, where * is 0 or 1;

(2) _OA ﬂ, where 2? — sz + A is irreducible over F,.

And the conjugacy classes of 5 € M3(F,) are of the following three types:

-(1 *q 0
(I') 10 b =*9|, where *; and %9 are 0 or 1;
0 0 ¢
[0 10
(2') |-A s 0|, where 22 — sz + A is irreducible over F,;
0 0 a

(27) N, where det(z - I — N) is irreducible over F,.

For types (1) and (1’), the corresponding x = 13 is trivial on the rational points of the
Lie algebra of the unipotent radical Uy of some rational Borel subgroup Bgy. Let T = T be
a rational maximal torus contained in By, and following the previous notation we denote by
' the restriction of x to t = (T")¥. Then we have

GF GFxy F Ns—1
<Resgp Il’ldBére, X>(G1)F = Z <Ind?s(B0)l)F (0 (S(Bo)l)F> 7X>(G1)F
seBE\GF /gF
by the Mackey intertwining formula. Note that
gF ’Vs—l o "“871
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by the Frobenius reciprocity, which is non-zero in the case s = 1. Therefore y appears in
IndgFe = RY,

For type (2) (resp. types (2’), and (2”)), the § is a semisimple regular element in My(F,)
(resp. M3(IF,)), in particular the corresponding 6 is in general position and Stabgr (6| (qiyr) =
(TU*)E. For GL, (resp. GL3) conjugate 3 to be a diagonal matrix in My(k) (resp. M3(k)),
and view T"! as the set of diagonal matrices in My (k) (resp. M3(k)) with Frobenius endomor-
phism being the canonical one conjugating by an element in the Weyl group, then the same
argument of Proposition 3.7 shows 6 is regular. So thanks to Corollary 4.7 we only need to
show x = 13 appears in Ind$ TUi 0. Actually, again by the Mackey intertwining formula we
have

GF GF n . ~—1
<ReSQF IlQd(TUi)Fe’X>(Gl)F B 2 <0 |9F’X>(Gl)F’
sE(TU+)F\GF /gF
which is non-zero (take s = 1). O
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