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Abstract We give a generalisation of Shimizu’s lemma to complex or quaternionic
hyperbolic space in any dimension for groups of isometries containing an arbitrary
parabolic map. This completes a project begun by Kamiya (Hiroshima Math J 13:501—
506, 1983). It generalises earlier work of Kamiya, Inkang Kim and Parker. The
analogous result for real hyperbolic space is due to Waterman (Adv Math 101:87-
113, 1993).
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1 Introduction
1.1 The Context

The hyperbolic spaces (that is rank 1 symmetric spaces of non-compact type) are
%, where F is one of the real numbers, the complex numbers, the quaternions or
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the octonions (and in the last case n = 2); see Chen and Greenberg [5]. A map in
Isom(Hy,) is parabolicif it has a unique fixed point and this point lies on 9 Hy,. Parabolic
isometries of Hé and H%, that is parabolic elements of PSL(2, R) and PSL(2, C), are
particularly simple: they are (conjugate to) Euclidean translations. In all the other
cases, there are more complicated parabolic maps, which are conjugate to Euclidean
screw motions.

Shimizu’s lemma [23] gives a necessary condition for a subgroup of PSL(2, R)
containing a parabolic element to be discrete. If one normalises so that the parabolic
fixed point is oo, then Shimizu’s lemma says that the isometric sphere of any group
element not fixing infinity has bounded radius, the bound being the Euclidean transla-
tion length. Equivalently, it says that the horoball with height the Euclidean translation
length is precisely invariant (that is elements of the group either map the horoball to
itself or to a disjoint horoball). Therefore, Shimizu’s lemma may be thought of as an
effective version of the Margulis lemma in the case of cusps. Shimizu’s lemma was
generalised to PSL(2, C) by Leutbecher [17] and to subgroups of Isom(Hg,) contain-
ing a translation by Wielenberg [25]. Ohtake gave examples showing that, for n > 4,
subgroups of Isom(Hp) containing a more general parabolic map can have isometric
spheres of arbitrarily large radius, or equivalently there can be no precisely invariant
horoball [19]. Finally, Waterman [24] gave a version of Shimizu’s lemma for more
general parabolic maps, by showing that each isometric sphere is bounded by a func-
tion of the parabolic translation length at its centre. Recently, Erlandsson and Zakeri
[6,7] have constructed precisely invariant regions contained in a horoball with better
asymptotics than those of Waterman; see also [22].

It is then natural to ask for versions of Shimizu’s lemma associated to other rank
1 symmetric spaces. The holomorphic isometry groups of Hi, and Hy are PU(n, 1)
and PSp(n, 1), respectively. Kamiya generalised Shimizu’s lemma to subgroups of
PU(n, 1) or PSp(n, 1) containing a vertical Heisenberg translation [ 13]. For subgroups
of PU(n, 1) containing a general Heisenberg translation, Parker [20,21] gave versions
of Shimizu’s lemma both in terms of a bound on the radius of isometric spheres
and a precisely invariant horoball or sub-horospherical region.This was generalised
to PSp(n, 1) by Kim and Parker [16]. Versions of Shimizu’s lemma for subgroups of
PU(2, 1) containing a screw parabolic map were given by Jiang et al. [10,14]. Kim
claimed the main result of [10] holds for PSp(2, 1) [15]. But in fact, he failed to
consider all possible types of screw parabolic map (in the language below, he assumed
@ = 1). Our result completes the project begun by Kamiya [13] by giving a full version
of Shimizu’s lemma for any parabolic isometry of H, or Hyj for all n > 2.

Shimizu’s lemma is a special case of Jgrgensen’s inequality [12], which is among
the most important results about real hyperbolic 3-manifolds. Jgrgensen’s inequality
has also been generalised to other hyperbolic spaces. Versions for isometry groups of
Hé containing a loxodromic or elliptic map were given by Basmajian and Miner [1]
and Jiang et al. [9]. These results were extended to H]%I by Kim and Parker [16] and Kim
[15]. Cao and Parker [3] and Cao and Tan [4] obtained generalised Jgrgensen’s inequal-
ities in Hyy for groups containing a loxodromic or elliptic map. Finally, Markham and
Parker [18] obtained a version of Jgrgensen’s inequality for the isometry groups of
H%) with certain types of loxodromic map.
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1.2 Statements of the Main Results

The purpose of this paper is to obtain a generalised version of Shimizu’s lemma for
parabolic isometries of quaternionic hyperbolic n-space, and in particular for screw
parabolic isometries. In order to state our main results, we need to use some notation
and facts about quaternions and quaternionic hyperbolic n-space.

We will show in Sect. 2.3 that a general parabolic isometry of quaternionic hyper-
bolic space Hy; can be normalised to the form

no =2t (—llT)? +0p
T=|0 U V2t , (1)
0 0 %

where 7 € H"~!, ¢ is a purely imaginary quaternion, U € Sp(n — 1) and w is a unit
quaternion satisfying

Ut =put, Ut =T, ut 1t ift #0and pu # £1,
Ut =put, Ut =1t if T £ 0and u = +1,
ut £t if t =0and u # #£1,
t#0 ift=0and u = =%1.

@)

We call a parabolic element of form (1) a Heisenberg translation if 4 = %1 and
U = ul,_1, and we say that it is screw parabolic otherwise. We remark that even for
n = 2 it is possible to find screw parabolic maps with u # £1 and t # 0. This is the
point overlooked by Kim [15].

If /4 is a unit quaternion and ¢ € H"~!, the map ¢ — u¢7r is linear. For U and
u as above, consider the following linear maps:

BU,M: (— Ut —2p, Bu: > ug —<¢u.
Define Ny, and N, to be their spectral norms, that is

Ny, = max{|By ,¢ll: ¢ € H" 'and ||¢|| = 1}, 3)
N, = max{||B,¢ll: ¢ € H" " and ||I¢] = 1} = 2[Im(p)]. 4

Notethat U*¢ — ¢ = U S pupn —U*U¢w = —U*(U¢ — ¢ u)je. Therefore, Ny» =
Ny,,. We remark that N, = 0 if and only if 4 = %1, and Ny, = 0 if and only if
both 4 = 1 and U = pl,_1, that is Ny, = 0 if and only if T is a Heisenberg
translation.

We may identify the boundary of Hf; with the 4n — 1-dimensional generalised
Heisenberg group with 3-dimensional centre, which is My, = H"~! x Im(H) with
the group law

(€1, v1) - (&2, v2) = (&1 + &2, v1 + v2 + 2Im(85°81)).
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There is a natural metric called, the Cygan metric, on Y4,_1. Any parabolic map T
fixing oo is a Cygan isometry of My, 1. The natural projection from Ny, to H"~!
given by I1: (¢, v) — ¢ is called vertical projection. The vertical projection of T is
a Buclidean isometry of H" !

An element S of Sp(n, 1) not fixing oo is clearly not a Cygan isometry. However,
there is a Cygan sphere with centre S™!(00), called the isometric sphere of S, that
is sent by S to the Cygan sphere of the same radius, centred at S(oco). We call this
radius rs = rg-1. Our first main result is the following theorem relating the radius of
the isometric spheres of S and S~!, the Cygan translation length of 7' at their centres
and the Euclidean translation length of the vertical projection of T at the vertical
projections of the centres.

Theorem 1.1 Let T be a discrete subgroup of PSp(n, 1) containing the parabolic map
T givenby (1). Let T1: Ny, —> H""! bevertical projection given by I1: (¢, v) —>
¢. Suppose that the quantities Ny, and N, defined by (3) and (4) satisfy N, < 1/4
and Ny, < (3 —2,/2+ N,)/2. Define

1
K = §<1 2Ny, + \/1 — 12Ny, +4NZ, — 4NM). )

If S is any other element of T not fixing oo and with isometric sphere of radius rsg,
then

£ (S71(00))er (S(00))
K
4MT S~ (00) — TS~ (00) || [ITIT S (00) — T1S(c0) |
+ K(K — 2Ny ) )

2

(6)

If & = 1 then Theorem 1.1 becomes simpler and it also applies to subgroups of
PU(n, 1).

Corollary 1.2 Let T" be a discrete subgroup of PU(n, 1) or PSp(n, 1) containing the
parabolic map T given by (1) with u = 1. Suppose Ny = Ny 1 defined by (3) satisfies
Ny < (v/2 = 1)2/2. Define

1
K = §<1 LNy + \/1 — 12Ny +4N§,).
If S is any other element of I not fixing co and with isometric sphere of radius rg then

£r(S1(00))er (S(00))
K
4ITIT S~ (00) — IS~ (00) || [ TIT S(c0) — T1S(c0) ||
+ K(K —2Ny) '

2
rsi

As we remarked above, T is a Heisenberg translation if and only if Ny, = 0,
which implies N, = 0 and K = 1. In this case

@ Springer



Shimizu’s Lemma for Quaternionic Hyperbolic Space 163

INT S (c0) — IS~ (o0) || = TIT S(00) — M1S(00)| = |||

and so Theorem 1.1, or Corollary 1.2, is just Theorem 4.8 of Kim—Parker [16]. If in
addition T = 0 then £7 (S~ (00)) = £7(S(c0)) = |¢|!/2, and we recover Kamiya [13,
Thm. 3.2].

For a parabolic map T of the form (1), consider the following sub-horospherical
region:

" tr(2)?
Ur = {(;,v,u) e Hy:u > KT——ZNM
N 42K — NIITIT (z) — M (2)]? } D
(K — NM)((K — NM)(K — 2NU,,L) — 2NU’MK) ’

Also, using the definitions of Ny ,, N, and K one may check
(K — N)(K —2Ny) — 2Ny, K = (K — 4Ny ,)2Ny, + K (K — 2Ny )2,
which is positive since K — 4Ny , > (1 — 6Ny ,)/2 > 0. Note that when u = £1,

including the case of PU(n, 1), then we have the much simpler formula, generalising
[21,eq. 3.D]:

2 _ 2
Ur = {(C, vy € Hy: > 17 8IMTQ — @) }

K K(K —4Ny,.)

If H is a subgroup of G, then we say a set U is precisely invariant under H in G if
TU)=UforallT € Hand SU)NU = P forall S € G— H. Our second main result
is a restatement of Theorem 1.1 in terms of a precisely invariant sub-horospherical
region.

Theorem 1.3 Let G be a discrete subgroup of PSp(n, 1). Suppose that G« the sta-
biliser of oo in G is a cyclic group generated by a parabolic map of the form
(1). Suppose that Ny, and N, defined by (3) and (4) satisfy N, < 1/4 and
Ny, < 3—2/2+ N,)/2 and let K be given by (5). Then the sub-horospherical
region Ur given by (7) is precisely invariant under G in G.

1.3 Outline of the Proofs

All proofs of Shimizu’s lemma, and indeed of Jgrgensen’s inequality, follow the same
general pattern; see [10,13,16]. One considers the sequence Sj 1 = S jTSj_l. From
this sequence one constructs a dynamical system involving algebraic or geometrical
quantities involving §;. The aim is to give conditions under which Sy is in a basin of
attraction guaranteeing S; tends to 7 as j tends to infinity.

The structure of the remaining sections of this paper is as follows. In Sect. 2, we give
the necessary background material for quaternionic hyperbolic space. In Sect. 3, we
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prove that Theorem 1.3 follows from Theorem 1.1. In Sect. 4, we construct our dynam-
ical system. This involves the radius of the isometric spheres of §; and § ~! and the
translations lengths of 7" and its vertical projection at their centres. We establish recur-
rence relations involving these quantities for S; 1 and the same quantities for S;. This
lays a foundation for our proof of Theorem 1.1 in Sects. 5 and 6. In Sect. 5, we rewrite
the condition (6) in terms of this dynamical system (Theorem 5.1), and show that it
means we are in a basin of attraction. Finally, in Sect. 6, we show this implies S; con-
verges to T as j tends to infinity. Thus, our proof follows the existing structure; but it is
far from easy to construct a suitable dynamical system and to find a basin of attraction.

2 Background
2.1 Quaternionic Hyperbolic Space

We give the necessary background material on quaternionic hyperbolic geometry in
this section. Much of the background material can be found in [5,8,16].

We begin by recalling some basic facts about the quaternions Hl. Elements of H have
the form z = z1+z2i+2z3j+ 24k € Hwherez; € Randi? = j2 =k?= ijk = —1.Let

7 = 71 — 22i — 23] — 24k be the conjugate of z, and |z| = /Zz = \/Z% +Z3 43+
be the modulus of z. We define Re(z) = (z + z)/2 to be the real part of z, and
Im(z) = (z — 2)/2 to be the imaginary part of z. Two quaternions z and w are similar
if there is a non-zero quaternion ¢ so that w = gzg~'. Equivalently, z and w have
the same modulus and the same real part. Let X = (x;;) € Mpxq4 be a p x g matrix

over H. Define the Hilbert—-Schmidt norm of X to be | X|| = /Zi’j |x; |2. Also the

Hermitian transpose of X, denoted X*, is the conjugate transpose of X in M .
Let H™! be the quaternionic vector space of quaternionic dimension n + 1 with the
quaternionic Hermitian form

(z,w) =w'Hz = W1Zpt1 +W222 + -+ - + WyZy + Wpt121, (8)
where z and w are the column vectors in H™! with entries zi,..., Zn+1 and
wi, ..., Wyt1, respectively, and H is the Hermitian matrix

0o 0 1
H=|10 I,_1 0
1 0
Following [5, Sec. 2], let
Vo={zeH" —{0}): (z,z) =0}, V_={zeH"': (z,2) <0)}.
We define an equivalence relation ~ on H™! by z ~ w if and only if there exists
a non-zero quaternion A so that w = z\. Let [z] denote the equivalence class of z.

Let P: H™! — {0} —> HP" be the right projection map given by P: z — [z]. If
Zn+1 # O then P is given by
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Shimizu’s Lemma for Quaternionic Hyperbolic Space 165

P21y 2 Zns 1) = (21254 gs - 2nZpyy) T € H
We also define
P(z1,0,...,0,0)T = cc.

The Siegel domain model of quaternionic hyperbolic n-space is defined to be Hf, =
P(V_) with boundary 0Hp; = P(Vp). It is clear that co € 9Hp;. The Bergman metric
on Hy; is given by the distance formula

COShZ p(zv w) — <Z, W) (W7 Z)

Z.Z)(w.w)’ where z, w € Hij, z€ P~/ (2), w € P~ (w).

This expression is independent of the choice of lifts z and w.

Quaternionic hyperbolic space is foliated by horospheres based at a boundary point,
which we take to be co. Each horosphere has the structure of the 4n — 1-dimensional
Heisenberg group with three-dimensional centre 14, 1. We define horospherical coor-
dinateson Hﬁ —{oo}asz = (¢, v, u), whereu € [0, 0o) is the height of the horosphere
containing z and (¢, v) € 4,—1 is a point of this horosphere. If # = 0 then z is in
oHp; — {oo} which we identify with 914, by writing (¢, v, 0) = (¢, v). Where nec-
essary, we lift points of H_]’}’]I written in horospherical coordinates to Vy U V_ via the
map ¥ : (Map—1 X [0, 00)) U {oo} —> Vy U V_ given by

—lI¢I? —u +v
V(& v.u) = V¢ . Y(o0) =
1

0

The Cygan metric on the Heisenberg group is the metric corresponding to the norm
@0l = 1P+ o2 = At + 4,

It is given by

dr (21, v1), (2, v2)) = |(&1, v) ' (&2, v2)|m
= lllg1 — &l> = vi 4 va — 2Im(5 ¢ V2.

As in [16, p. 303], we extend the Cygan metric to H_ﬁ — {oo} by

dy (L1, v1, u1), (82, v2,u2)) = [I161 — &alI* + |u1 — ua| — v1 + v2 — 2Im(&5En)| Y2

2.2 The Group Sp(n, 1)

The group Sp(n, 1) is the subgroup of GL(n + 1, H) preserving the Hermitian form
given by (8). That is, S € Sp(n, 1) if and only if (S(z), S(w)) = (z, w) for all z and
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166 W. Cao, J. R. Parker

w in H" !, From this we find S~! = H~!S*H. Thatis S and S~! have the form:

a y* b d g* b
S=|a A B|, s'=|s5 A% y |, )
c & d c of a

where a, b,c,d € H, Aisan (n — 1) x (n — 1) matrix over H, and «, 8, y, § are
column vectors in H" !,
Using the identities 1,11 = SS™! we see that the entries of S must satisfy:

| =ad +y*s + be, (10
0=ab+ |y|*+ ba, (11
0 = ad + AS + fc, (12)
I = af* + AA* + Ba™, (13)
0=ab+ Ay + Ba, (14)
0 = cd + ||8||* + de. (15)

Similarly, equating the entries of I, ;| = S~!S yields:

1 =da+ B*a + be,
0=dy* + B*A + bs*,
0 =db+ |B|> + bd,
0=28a+ A%+ yc,

L1 =8y + A*A+ y8",
0 =ca + ||la|* + ac.

An (n — 1) x (n — 1) quaternionic matrix U is in Sp(n — 1) if and only if UU* =
U*U = I,,—;. Using the above equations, we can verify the following lemma.

Lemma 2.1 (cf. [16, Lem. 1.1]) If S is as above then A — ac~'8* and A — b~ y*
are in Sp(n — 1). Also we have

B—ac'd =—(A—ac 8%,
y =8¢ 'a=—(A—ac '8 ac!,
a—Bbla=—(A—Bb lyHyh ',

5—yb 'd=—(A—Bb~ 'y g\
It is obvious that Vjy and V_ are invariant under Sp(n, 1). This means that if we
can show that the action of Sp(n, 1) is compatible with the projection IP, then we can
make Sp(n, 1) act on quaternionic hyperbolic space and its boundary. The action of

S € Sp(n, 1) on Hy; U dHy is given as follows. Let z € V_ U Vj be a vector that
projects to z. Then

S(z) =PSz.
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Note that if Z is any other lift of z, then Z = zX for some non-zero quaternion A. We
have

PSZ = PSz) = PSz = S(2),

and so this action is independent of the choice of lift. The key point here is that the
group acts on the left and projection acts on the right, hence they commute.

Let S have the form (9). If ¢ = 0 then from (15) we have ||8]| = 0 and so § is the zero
vector in H"~!. Similarly, « is also the zero vector. This means that S (projectively)
fixes 0o. On the other hand, if ¢ # 0 then § does not fix co. Moreover, S~ (c0) and
S(00) in Nyp—1 = E)Hﬁ1 — {oo} have Heisenberg coordinates

S oo) = (87" /2, Im(d ")), S(00) = (ae™'/V/2, Im(ac™ ).

For any r > 0, it is not hard to check (compare [21, Lem. 3.4]) that S sends the
Cygan sphere with centre S ~1(00) and radius r to the Cygan sphere with centre S(00)
and radius ¥ = 1/|c|r. The isometric sphere of S is the Cygan sphere with radius
rs = 1/|c|'/? centred at S~ (00). It is sent by S to the isometric sphere of S~ which
is the sphere with centre S(oco) and radius rs. In particular, if » and 7 are as above,
then7 = r3/r.

We define PSp(n, 1) = Sp(n, 1)/{£1l,+1}, which is the group of holomorphic
isometries of Hy;. Following Chen and Greenberg [5], we say that a non-trivial element
g of Sp(n, 1) is:

(i) elliptic if it has a fixed point in H;;
(ii) parabolic if it has exactly one fixed point, and this point lies in dHpy;
(iii) loxodromic if it has exactly two fixed points, both lying in o H.

2.3 Parabolic Elements of Sp(n, 1)

The main aim of this section is to show that any parabolic motion 7" can be normalised
to the form given by (1). We use the following result, which we refer to as Johnson’s
theorem.

Lemma 2.2 (Johnson [11]) Consider the affine map on H given by Ty: z —— vzi+7t
where T € H — {0} and n, v € Hwith |u| = |v| = 1.

(1) If v is not similar to u then Ty has a fixed point in H.
(i1) Ifv = w and p # =£1 then Ty has a fixed point in H if and only if nt = ti.

We now characterise parabolic elements of Sp(n, 1) (compare [2, Thm. 3.1 (iii)]).

Proposition 2.3 Let T € Sp(n, 1) be a parabolic map that fixes oo. Then T may be
conjugated into the standard form (1). That is

n =2 (—llT)? +p
T= 0 U \/ET[,L )
0 0 0
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168 W. Cao, J. R. Parker

where (t,t) € Nap—1, U € Sp(n — 1) and n € Hwith || = 1 satisfying (2). That is

Ut=ut, U't=ut, ut #tww ift #0and n # +1,

Ut =urt, Ut =71t ift #0and n = %1,
ut #tp ift =0and p # +£1,
t#0 ift =0and pn = +1.
Recall that if U = I,_jand u = 1 (or U = —I,_yand o = —1),then T is a

Heisenberg translation. Otherwise, we say that U is screw parabolic.

Note that if Ut = ut = tiwand u # £1,then ¢ = (1 — 5! is a fixed
point of { —— U¢u + t. Furthermore, if t = 0, ut = tw and u # =+1, then
€,v)=(0,1(1 — ﬁz)_l) is a fixed point of T (note that, when ut = tz, if ¢ is pure
imaginary then so is # (1 — ﬁz)_l).

Proof Suppose that T', written in the general form (9), fixes co. Then it must be block
upper triangular, thatis c = 0 and @ = § = 0, the zero vector in H”~!. This means that
Y (00) is an eigenvector of 7" with (left) eigenvalue a. Thus, if T is non-loxodromic,
we must have |a| = 1. From (10) we also have ad = 1. Using |a| = 1, we see that
a=d.Wedefine u :=a =d € Hwith |u| = 1.

If o = (0, 0) is the origin in 4,1, then suppose T maps o to (z, t) € N4p,—1. This
means that

bd™' = —|t|®+1, Bd' =2t

Hence b = (—||t||*> + ) and B = V2t Also, A € Sp(n — 1) and so we write
A = U. Itis easy to see from (14) that Uy + /27 = 0. Hence, T has the form

w =20 (=t +Hp
T=1o0 U V2t
0 0 %

Since T fixes co and is assumed to be parabolic, we need to find conditions on U, p
and 7 that imply T does not fix any finite point of 94,1 = 0Hp — {o0}.

Without loss of generality, we may suppose that U is a diagonal map whose entries
u; all satisfy |u;| = 1. Writing the entries of ¢ and v € H"! as ¢ and 7; for
i=1,...,n—1, we see that a fixed point (¢, v) of T is a simultaneous solution to
the equations

—IZI? + v = u(—lII? + vE - 20*U¢E — Izl +1,
Gi = uililt + 1,

fori = 1,...,n — 1. If any of the equations {; = u;¢; it + t; has a solution, then
conjugating by a translation if necessary, we assume this solution is 0.
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If all the equations ¢; = u; ¢ + t; have a solution, then, as above, ¢ = 0 and so
7 = 0. The first equation becomes

v=puvpm+t.

By Johnson’s theorem, Lemma 2.2, if u 7% =1 this has no solution provided ut # t.
Clearly, if & = =1 then it has no solution if and only if # #~ 0.

On the other hand, if there are some values of i for which ¢; = u;¢;it + 7; has
no solution, then by Johnson’s theorem, Lemma 2.2, for each such value of i, the
corresponding u; must be similar to u (and r; # 0 else O is a solution). Hence,
without loss of generality, we may choose coordinates so that whenever 7; # 0 we
have u; = p. In particular, u;7; = ut; and so Ut = put. Furthermore, again using
Johnson’s theorem, Lemma 2.2, if & # %1 then ut # tu.

Observe that u;t; = ut; and 7; # 0 imply

UiTi = u; (Mfi)(fflﬁfi) = ﬁi(uifi)(fflﬁfi) = 7.
Hence U*t = ut, or equivalently 7*U = t*u and so T has the required form. O

The action of T on H_ﬁ — {oo} is given by
T, v,u) = USR+ 7, t + poi — 2Im(t* ug @), u).

Observe that T maps the horosphere of height u € [0, co) to itself. The Cygan
translation length of 7 at (¢, v), denoted £7(¢,v) = dy(T(,v), (&, v) =
da(T (g, v,u), (£, v,u)),is:

r(¢,v) = Ut +71 =& t+ pvp —v+2Im((* = T)ULE+ 1)|n
= IU¢E+7 = £IP +1 + pvi — v+ 20Im(C* = UL+ )|'/?
= 20 UCE = 20" e+ 28" — |l + 1 = 20|17 + pog — o2,
(16)
The vertical projection of T acting on H" ! is ¢ — U¢ + . Its Euclidean
translation length is |[I17 (¢, v) —[1(¢, v)|| = [|U¢m+1t —¢ |- The following corollary

is easy to show.

Corollary 2.4 Let (¢,v) € MNyp—1 and let T1: Nypp—1 —> H"~! be the vertical
projection given by I1: (¢, v) —> ¢. If T is given by (1) then

ITIT (¢, v) = (G, v)|| < £r (L, v).

The following proposition relates the Cygan translation lengths of 7' at two points
of Myy,—1. It is a generalisation of [21, Lem. 1.5].
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170 W. Cao, J. R. Parker

Proposition 2.5 Let T be given by (1). Let (¢, v) and (§, r) be two points in MNa,—1.
Write (¢, v) Y&, r) = (1, 5). Then

er (&, 1) < (¢, v)? +4ITIT (¢, v) — T, V)| 0]l + 2Ny, . Inll* + Nylsl.
Proof We write (§,r) = (¢, v)(n,s) = ( +n, v+ s+ n*¢ — ¢*n). Then

2EFUET — 2T* R + 26" T — ||Tl|> + 1 — 201> + wrm — r
=20 +m*UE + I — 21 + ME+2¢ + )t — Tl* +1
=2l +nlP + n@+s+n* = I —v—s5 — 1"+
= 20U — 20" I + 28 % — ||| + 1 — 201¢1I° + poim — v
+20*(Usm+1—¢) =2 U+ = ¢Uni + 20" (Un — nu)ix
+ (s — s

Therefore, using (16),

Cr (&, r)? = 2E*UER — 2T* g + 26%T — ||T||* + 1 — 20|&[1° + writ — r|
< 20*UCE — 20" e + 2¢% T — ||T)* + 1 — 202 11* + pom — vl
F27* (US4 T — O]+ 21(ke*U* + T — £ HUn|
+2n IUnw — 0l + s — sul
< er& v + 4 IUCE + T = ¢l + 2Ny lInll* + Nyls|.

The result follows since U¢t + 1 — ¢ = TIT (¢, v) — T1(¢g, v). O

3 A Precisely Invariant Sub-horospherical Region

In this section, we show how Theorem 1.3 follows from Theorem 1.1. This argument
follows [21, Lem. 3.3, Lem. 3.4].

Proof of Theorem 1.3 Letz = (¢, v, u) be any point on the Cygan sphere with radius r
and centre (o, vo, 0) = ({0, vo) € N4y C IH} and write (1, 5) = (£, v) ™' (Lo, vo).
Then we have

r? = dy (¢, v, u), (Zo, vo, ) = [InlI* +u + s = (I +u)* + |sH)2.

In particular, r2 > |Inll®> +u and r? > |s|. We claim that the Cygan sphere with centre
(o0, vo) and radius r does not intersect U7 when r satisfies:

2 b v)® | 4ITT (o, vo) — Mo, vo) >
- K K (K —2Nyp.) '

(17)

To see this, using Proposition 2.5 to compare £7 (£, vo) with £7(¢, v) = £1(z), we
have
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2 2
u=r-—|nl
K 5, N,

2 2
= rt— % — |inl
K—N, K—N,
__K (ZT(CO, v0)2+4||HT(C0, vo) — (%o, v0)||2) N is] = [n]12
~ K-N, K K(K —2Ny,,.) K—N,
< (U7 (2)* + 4ITIT (2) — TL@)|| Inll + 2Ny, Inll* + NylsD)
K—N,
4
+ (07T (z) — T@) + Nullnl)?
(K — N,)(K —2Ny.,.) Ui
N
- “N Is| = lInll?
— NV
07(2)? 4|TIT (z) — M(2)]|? 4K |TT (z) — ()|l

= + + il
K—N, (K—-Nu)K-2Ny,) (K—Nu)K—2Ny,)

_ (K =N =2Ny,) = 2Ny . K il
(K — N)(K — 2Ny )
tr(2)* 42K — NIINT (2) - N@)|*
“K—-N, (K—N)(K—Ny(K —2Ny,)—2Ny.K)’

where the last inequality follows by finding the value of ||| maximising the previous
line. Hence, when r satisfies (17) the Cygan sphere with centre (o, vg) and radius r
lies outside Uy .

Now suppose that the radius rg of the isometric sphere of S satisfies the bound (6).
Consider the Cygan sphere with centre S~!(c0) = (o, vo) and radius r with equality
in (17). That is

2 er (%o, v0)>  4|ITIT (Lo, vo) — T1(%0, vo)II?
- K K(K — 2Ny )

(18)

We know that S sends this sphere to the Cygan sphere with centre S(co0) = (EO, 0)
and radius 7 = r§ /r. We claim that 7 satisfies (17). It will follow from this claim that
both spheres are disjoint from Uz . Since S sends the exterior of the first sphere to the
interior of the second, it will follow that S(Ur) NUr = @.

In order to verify the claim, use (18) and (6) to check that:

72 =i/t
1 (em;o, w0)er (G0, %) 4INT (o, vo) = Mo, vo)ll ITIT o, Bo) — n(Eo,’Jmn)2
—r? K K(K —2Ny,,)
erGo. T)* 4107 G, %) — NG, 1)1
- K K(K —2Ny ) '

Thus 7 satisfies (17) as claimed.
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172 W. Cao, J. R. Parker

Therefore, if S € G — G then the image of Ur does not intersect its image under S.
On the other hand, clearly T maps U7 to itself. Thus every element of G, = (T') maps
Ur toitself. Hence Uy is precisely invariant under G in G. This proves Theorem 1.3.

O

4 The Dynamical System Involving S and T
4.1 The Sequence Sj41 = S; TSJT1

Let T be a parabolic map fixing co written in the normal form (1) and let S be a general
element of Sp(n, 1) written in the standard form (9). We are particularly interested in
the case where S does not fix co. We define a sequence of elements {S;} in the group
(S, T)by So = Sand Sj 41 = SjTSj_l for j > 0. We write S; in the standard form
(9) with each entry having the subscript j. Then S; is given by:

ajr1 ¥Yip bjw aj vi bi\ [n —V2t'n (=t +0pu
jr1 Ajrr Bjrr | =i Aj Bi |0 U V2t
Cj+1 5;+1 dj+1 cj 5? dj 0 0 "
dj B; bj
X 5]' A; Y . (19)
Ej O{;-( Ej

Performing the matrix multiplication of (19), we obtain recurrence relations relating
the entries of S with the entries of S;:

ajp1=yjUS; —~2a;T*us; + 2y tuc; — a;(|tl* — Huc;

+ajud; +bjuc;, (20)
yi+1 = AjUy; — V24 0ita; + N 2am7ty; — o (T + 0)a;
+a;bj + Bma;, 2n
biy1 = viUy; —~2a;t*ny; + V2yftua; — a;(It)? — ua;
+ajub;+bjua;, (22)
@jp1 = AjUS; — 20, 7°us; + V24 tue; — (Tl — e,
+ajudj + Bjuc, (23)
Aj1 = AjUAY — V2a;T* nA% + V2A 5t e — aj(|Tl* = et
+aj b + B, (24)
Bi+1 = AjUyj — N2a;t*nyj + V2Atua; — () — Hua;
+Olj/LEj + Bjuaj, (25)
ciy1 = 81U —N2ciT* us; + V283t — ci(IT|* — Hug;
+cjpdj+djpc;, (26)
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Sjv1 = AjU*Sj — \/EAjﬁTEj + \/E(Xjﬁ‘f*(sj' — Oljﬁ(”l’”z +1)c;

+Bj1C) +ajid), 27)
djy1 =8 Uyj — 2t nyj + V285 tpa; — cj(7))* — Hpa
+Cj[,LE/ +djua;. (28)

We also define §j+1 = Sj_lTS ; and we denote its entries @41 and so on. We will
only need

T = oafUaj — V2e;mpaj + V2ot e — ¢ (|7l1* = Huc;
+cjuaj +ajuc;. (29)

These recurrence relations are rather complicated. We want to simplify them by extract-
ing geometrical information. Specifically, we want to find relations between the radii
of the isometric spheres of Sj.t] and Sﬁ 1» the Cygan translation lengths of T at the
centres of these isometric spheres and the Euclidean translation lengths of 7" at the
vertical projections of these centres.

Suppose Sj_l(oo) and §;(c0) have Heisenberg coordinates (¢}, r;) and (wj, s;),
respectively. So:

|
| —llg; 1> +rj djc;
S;(00) = V2¢; = |8 |
1 1
-1
—llw;|I* + s; aje;
1 1

We now show how torelate ¢4 toc;j and (§j,7;) = SJ._1 (00) and how to relate 1
toc; and (wj, s;) = S;j(00). Geometrically, this enables us to relate the radius of the
isometric spheres of Sjj.El TSjFl to the radius and centres of the isometric spheres of

and Sj_l. Specifically, using (26) and (29) we have:

-1

€

cj1C; = 207UE =20 g + 26 T — T lPu + i
—2081Pp + prj =i, (31)

c; 5j+1c;1 =20j0w; — 2t pw; + 207t — Tl + 11

—2llwjPp + psj — sju. (32)

Furthermore, the vertical projections of the centres of the isometric spheres of S;
and S;l are H(S;l (00)) = ¢; and I1(S;00)) = w;. Their images under the vertical
projection of T are I"I(TS]._I(oo)) =U¢um+rtand II(TS;(c0)) = Uwjm + 7. We
define
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& =TT S} (00)) = TI(S; ! (00) = UL+ 7 — ¢

1 1 ——1
nj = II(TS;(00)) = TI(Sj(c0)) = U+ T — w;
1 —1— -1
= E(Uajcj n—ajc; )+ T, (34)
Bj = Aj—ozjc;]S;f. (35)

Note that Lemma 2.1 implies B; € Sp(n — 1). Also, ||§;]| and ||| are the Euclidean
translation lengths of the vertical projection of 7' at the vertical projections of the
centres of the isometric spheres of S; and S -1 respectively. The next lemma enables
us to get information about the these translation lengths in terms of the radii of the
isometric spheres of S; and S;—LlTSjFl.

Lemma 4.1 Ifc;, €, &j and n; are given by (26), (29), (33) and (34), then
_ 2 —1 1 _ 2 S P
0=2[” +2Re(c} '¢j1T; '), 0= 201> +2Re@; 'Ec; D).

Proof We only prove the first identity. Writing out 2Re(c;1c j+1571ﬁ) from (31), we
obtain ‘
2Re(c; ' cj1T) ) = 2 UGH — 20 i + 28T — ol + 1
= 201¢5 17 + = rj 4 2uLf UL — 28T + 217
=Nzl =1 = 20g 17 = urjE + 1
= QU+ T — EHULTE+ T — &),
where we have used t*u = t*U. The result follows since §; = U¢jmw+ 1 —¢;. O

We now find the centres of the isometric spheres of S;11 and Sj__:l in terms of the
other geometric quantities we have discussed above.

Lemma 4.2 Let Sj_l(oo) = (¢j,rj) and §j(00) = (wj, sj). Let &§; and n; be given
by (33) and (34). Then

1
Ci+1 _E

2 =
—NEj+1ll" +rjrr = djyic;y,

8j+15;41>1 = a)j — BJU*EjEjE;Jil, (36)

— 12 4 oles =l
= —|lojll —i—s]—i—cj ey

~ 1
+2a);(BjU*§jCjCj+l), (37)
1 _ _
wjy1 = _\/zaj-i'lcj-}l-l =wj+ B.ig./lj“c./cj-il-l’ (38)

2 -1
—lwjt1ll* 4+ sj41 = ajr1cy,
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= —lljl? +sj +7¢; ucicit,
—ij(BjEijcjch). 39)

In particular,

E =UgnE+1 — g =1, — UBUETE I

+ (B.;U*.f;jEjE;]), (40)
njv1 =nj + Vo B+7 —wjp = UBj§uc;c;| i
— (Bj&jucjci)). 41

Proof We have

ajy1 =yiUS; —N2a;t*us; + N2yftuc; — a;j(|t|* — Huc; + ajud; + bjuc;
=ajc;'cip + (yj‘ —ajc; 'S Ws;T; 'm - 85" + V2r)ue;
+ (s ! —aje'sss e + by —ajei dpus,
‘a3 B (U - 852 + V20 e,

-1
=ajc; c]+1+c /LCJ ¢;

In the last line we used (10) and (15) to substitute for yjf"(Sj and 5;.‘5]- and Lemma 2.1

to write y —ajc; 18* = —¢; ;‘Bj. Now using the definitions of s, w; and &; from
(30) and (33) we obtam (39)

The other identities follow similarly. When proving the identities for ¢;11 and
—11¢j4+101% + rj+1, we also use U*t = fit. |

The following corollary, along w1th Proposition 2.5, will enable us to compare the
Cygan translation length of T at S 1(c>o) and S;41(oo) with its Cygan translation

lengths at S/ (oo) and §;(00).

Corollary 4.3 Write S;l(oo) = (&j,rj) and Sj(00) = (wj, s;) in Heisenberg coor-
dinates. Then '
(@j,5)) 7" €jp1,rj41) = (=B;UEeie; ]|, Im(@; ' wees ),

(@, 5) " @41, 5j41) = (BjEjucicr ), (e uejer ).

4.2 Translation Lengths of T at SjTl(oo) and S; (o0)

We are now ready to define the main quantities which we use for defining the recur-
rence relation between S;;1 and §;. Recall that §; and S/fl have isometric spheres
of radius rs; with centres S;l (c0) and §;(00), respectively. We write ET(S;.F1 (00))
for the Cygan translation length of 7 at the centres of these isometric spheres and
I I'ITS;Fl (00) — HSfl (00) || for the Euclidean translation of T at the images of these
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centres under the vertical projection. The quantities X ;, X j»Yjand f;j are each the ratio
of one of these translation lengths with the radius of the isometric sphere. Specifically,
they are defined by:

tr(5;"(00)) |78 (00) — 1S (00) |
Xj =, Yj = - s

rs; rs;
%= L1 (S;(00)) 7. (ITIT S (00) — T1S;(00) ||
! rs; ’ ! rs; .

Observe that Corollary 2.4 immediately implies ¥; < X; and ? i =< X j- Using (16),
(31) and (32), we see that in terms of the matrix entries they are given by:

2 S —
Xj=lc; cjric; |lcjl

= 20U — 2t pgj + 20t — (Tl — D = 211¢5 1w

+urj—rjullc;l, (42)
X3 =1c7'C e eyl
= 205U = 20" pw; + 20ftu = (17l = Dp = 2]w;|*u
+us; —sjulle;l, 43)
Y2 = 1&171e1 = IV + 7 — ¢17le1, “4)
I7jz= Inj1le;l = UwE + 1 — w;l?c;]. (45)

In Sect. 6, we will show that if the condition (6) of our main theorem does not hold
then the sequence S;11 = S jTSj_1 converges to 7' in the topology induced by the
Hilbert—Schmidt norm on PSp(#n, 1). To do so, we Eeed the following two lemmas
giving X 11, §j+1’ Yjy1 and ?jﬂ interms of X;, X;,Y; and Y;.

Lemma 4.4 We claim that

X3, < X3X3+4Y;Y; + 2Ny, + Ny, (46)
X3, < X3X7+4Y;Y; + 2Ny, + Ny (47)

Proof Writing S71(00) and S j(00) in Heisenberg coordinates and using Proposi-
tion 2.5 and Corollary 4.3, we have

7 (S5} (00))?
< €7(8j(00))” + 4|TITS;(00) — T1S; ()| || — B;U*&e ¢, |
+2Ny |l = BiUEeic; 17 + Nyllm(e; 'mwe e )l
< €r(8;(00))” + 4ln; I 1Ej 1l el lej11™" + 2Ny g 171ej Plej 1172
+ Nylejl ™"
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Now, multiply on the left and right by |c; 11| = 1/r§j+1 and use ZT(ijl(oo)) = Xjrs;
and €7 (S;(00)) = X jrs,. This gives

X5 _X lejatllej ™"+ 4lmsIIE I e + 2Ny wllE; 1P Plej1l ™" + Ny

Finally, we use |cj41]|c;|7! = xf I€11c;1'? = Y; and |In |l |c;|'/? = Y;. This
gives

2 252 & 22
X/+1 < Xij +4Yij +2NU,;J,Yj Xj + N,,_.
The inequality (46) follows since Y; < X ;. The inequality (47) follows similarly. O

We now estimate Y; | and ?j+l in terms of X ;, Xj, Y; and ?,

Lemma 4.5 We claim that

2 T2 v2 v 2
Y2, < V2X2 42Ny, Y¥; + NG . (48)
T2 v2 % 2
Y2, < VX34 2Ny YY)+ NG, (49)

Proof Using the definition of Y; from (44) and the identity for &;,1 from (40), we
have:

Yip1 = lI&lllejal'?
= nj — UB;U*§c;c, ) DI+ (BjU*Eje;e; Dl ej] '
< ?j|cj|_l/2|cj+1|l/2 + Ny, . Yjlejl /2|cj+1| 1/2
=Y, X, + Ny, Y X7

Squaring and using ¥; < X; gives (48). A similar argument gives the inequality (49).
O

Therefore, we have recurrence relations bounding X j 41, X j+1, Y41 and Y j+1 (that
is translation lengths and radii) in terms of the same quantities for the index j. In the
next section, we find a basin of attraction for this dynamical system.

5 Convergence of the Dynamical System

In this section, we interpret the condition (6) of Theorem 1.1 in terms of our dynamical
system involving translation lengths, and we show that if (6) does not hold then X j,
X; j» Yj and Y are all bounded. Broadly speaking the argument will be based on the
argument of Parker [21]for subgroups of SU(n, 1) containing a Heisenberg translation.
This argument was used by Kim and Parker [16] for subgroups of Sp(#, 1) containing a
Heisenberg translation. If Ny ,, = 0 then T is a Heisenberg translation, since u = %1
and U = pl,—1. Moreover, K = 1. These conditions make the inequalities from
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Lemmas 4.4 and 4.5 much simpler (see [16, p. 307]), and so Theorem 1.1 reduces to
[16, Thm. 4.8].

Recall the definition of K from (5). The only properties of K that we need are that
2Ny,u < (1 +2Ny,u)/2 < K <1—-2Ny,, < 1and that K satisfies the equation:

(K —2Ny,)(1 — K) =2Ny .+ Ny. (50)
Observe that (46)—(49) together with (50) imply

max{XJ+1, X3 ) SX3X544Y,Y) 4 (K = 2Ny, (1= K), (51)

max{Y7, . Y7 |} < X3Y7 + 2Ny . ¥;¥; + Ny (K — 2Ny ) (1 — K) /2. (52)
Our goal in this section is to prove the following theorem.

Theorem 5.1 Assume that Ny, # 0. Suppose X j, fj, Y; and )N’j satisfy (51) and
(52).1If
4Y017()

XoX — < K 53
0 O+K_2NU,/4< (53)

then for all ¢ > O there exists J; so that for all j > Jg:

max{X3, X3} < 1— K +¢, max{Y}, ¥} < Ny,(1—K)/2+e. (54

Note that (53) is simply the statement that (6) fails written in terms of Xo, X 0, Yo
and Yo In the case where T i isa Helsenberg translation, thatis Ny, =0and K =1,
the theorem implies that X ;, X; j» Yj and Y all converge to 0. In the general case we
have the weaker conclusion that these sequences are uniformly bounded. In particular,
we can find a compact set containing X ;, X; j» Yj and Y for all j > J.. Hence there
is a subsequence on which we have convergence of each of these variables.

In order to simply the notation, for each j > 1 we define

Xj = max{Xz-, )N(f} yj = max{Y-z, Yf}

It is clear that (51) and (52) imply that for j > 1 we have:
Xj41 < x7+4yj + (K — 2Ny, (1 — K), (55)
Yj+1 £ xjy; + 2Ny uyj + Nu,pw(K — 2Ny )1 — K) /2. (56)

The proof of Theorem 5.1 will be by way of three lemmas. The first one converts
the hypothesis (53) of Theorem 5.1 to an initial condition for this dynamical system
involving x| and y;. Assuming this initial condition, the second and third lemmas,
respectively, show that for each ¢ > 0 there is J; so that for j > J,

xj<1—K+e, yj <Ny, (1-K)/2+e¢.

This is just a restatement of the conclusion of Theorem 5.1.
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Before giving the proof, we give a geometrical interpretation of Theorem 5.1.
Consider the dynamical system where we impose equality in (55) and (56) for each
J - Ithas an attractive fixed point at (x, y) = ((1 — K), Ny, (1 — K)/2) and a saddle
fixed point at (x, y) = (K — 2Ny 1), Ny, u(K — 2Ny, ,)/2). Points on the line

4y
X+ —"——=K
K — 2Ny,
are attracted to the saddle point and points below this line are attracted to the attractive
fixed point. Since we only have inequalities, we cannot describe fixed points. However,
our main result says that points below the line accumulate in a neighbourhood of the
rectangle x < (1 — K),y < Ny ,(1 — K)/2.

Lemma 5.2 Suppose that X2, X f Y 12 and Y, 12 satisfy the recursive inequalities (51)
and (52). If (53) holds, that is:

~ 4Yoi;0
XoXo+ ——F—— <K,
K — 2Ny,
then
4 ~ 4max{Y?, Y?
X1+ o = max{X2, X%} + # <
K—ZNU’M K_ZNU,[L

Proof Suppose that (53) holds. Interchanging Sp and S Lif necessary, we also suppose
that XoYp < XoYo. Using (51) and (52) we have:

4
X1+ o
K —2Ny,,
4max{Y12, ?12}
K —2Ny,,

< (X3X3 +4YoYo + 2Ny, + N,

= max{Xz, X%} +

~ ~ 4
X2Y? +2Ny ,YoYo+ N3 )————
+ (Xp¥y + 2Ny, . YoYo + U’“)K—2NU’M
< (X3X3 +4YoYo + 2Ny, + Ny
~ ~ ~ 4
XoXoYoYo + 2Ny o YoYo + N3 )————
+ (XoXoYoYo + 2Ny, YoYo + U’“)K—ZNU,M
- 4Y, Y, ~ 4K Yo Y, 2K N,
= (XoXo+ —29 ) xoXo + 00 Ui 4N,
K —2Ny.,. K —2Ny, K —2Ny,
- 4Y, Y, 2K N, KN
< K XoXo+ 070 Yo W
K — 2Ny, K —-2Ny, K —-2Ny,
< K>+ K(1-K)
— K.
This proves the lemma. O
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We now use this lemma to give an upper bound on x;.

Lemma 5.3 Suppose that x;j and y; satisfy the recursive inequalities (55) and (56)
and also that

4
4 —2r k.
K — 2Ny,

Then for any €, > 0 there exists J. € N so that for all j > J, we have
xj<1—K+e,.

Proof Using (55) and (56) we have

4yj+1

.
it T 2Ny,

4
= sz +4y; + (K —2Ny )1 — K) + m()‘j}’j +2Nu.uyj)
+2Ny (1 = K)

_ 4yj
_K—(XJ+K) K—Xj—m .
s

Since x| +4y1 /(K —2Ny,,) < K, the above inequality implies that, for each j > 2,
we have

i—1
4y; 4 !
Koo Y (kw2 Vw400
K — 2Ny, K —2Ny i

If there exists ¢ > 0 so that x; > (1 — K + ¢) for all but finitely many values of j,
then the right-hand side of the above inequality tends to infinity as j tends to infinity.
Howeyver, the left-hand side is at most K, which is a contradiction. O

Finally, we use the upper bound on x; to obtain an upper bound on y;.

Lemma 5.4 Suppose that y; satisfies the recursive inequality (56) and also that for
all &y > O there exists J, € Nso thatforall j > J;, we have xj <1 — K + ;. Then
for any e, > 0 there exists J, > J, so that for all j > Jy, we have

yj = NU,/l(l - K)/2+8y.
Proof Given e, > 0 choose &, with0 < &y < K — 2Ny, so that

Ny, (K —2Ny )1 = K)
K—ZNUJL — Ex

< Nyl = K) +eéy.

Using (56) for j > J,, we have

Yj+1 < xjyj + 2Ny uyj + Ny u(K — 2Ny )1 — K)/2
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= Xjyj +2NU,Myj + (K — ZNU,/J. - 5x)(NU,u(1 - K)/2+8y/2)
=Ny,(1—-K)/2+¢,/2
+(1 =K +2Nyu+e)(y; — Ny —K)/2—¢,/2).

Ify; < Ny,(1—K)/2+¢y/2thensois y;i1 and the result follows. Otherwise, we
have

Vi+1 = Nuu(l — K)/2 —¢ey/2
<(1-K-+ 2NU,“ + Sx)(yj — NU,M(I - K)/2 - ay/2)
<(—K+2Ny,+e) Ty — Nyl — K)/2 —&,/2).

Since K —2Ny ;, +¢&x > 0, we see that the right-hand side tends to Ny, (1 — K)/2+
ey/2. Therefore, we can find J, > J, so that for all j > J,, we have

(1 =K + 2Ny, +e)/ T (g, — Ny (1= K) /2 — £,/2) < &y/2.

This gives the result. O

Finally, Theorem 5.1 follows by taking ¢ = min{ey, ¢,} and J; = max{Jy, Jy} =
Jy. This completes the proof.

6 Convergence of S; to T

We are now ready to prove that the S; converge to T as j tends to infinity under
the condition (53) of Theorem 5.1. We claim that the sequence {S} is not eventually
constant and so this convergence implies that the group (S, T') is not discrete.

In order to verify the claim, suppose the sequence {S;} converges to T and is
eventually constant. Then §; = T for sufficiently large j, and so S;4 fixes oo for
some j > 0. Since oo is the only fixed point of 7" then §;(o0) is the only fixed point
of Sj11=5; TS7'. Hence, if § +1 fixes oo then so does S ;. Repeating this argument,
we see that all the S; must fix co. However, we assumed Sp = § does not fix oo,
which is a contradiction.

In this section, we will show that the condition (53) implies that each of the nine
entries of §; converges to the corresponding entry of 7. We divide our proof into
subsections, each containing convergence of certain entries. The main steps are:

o We will first show that c; tends to zero as j tends to infinity (Proposition 6.2).

e After showing ||ozjc;1/2 Il ||8j571/2 || are bounded (Lemma 6.3), we can show that

ajand §; both tend to 0 € H"~! as j tends to infinity (Proposition 6.4).

e We then show the remaining matrix entries are bounded (Lemmas 6.6, 6.7 and
Corollaries 6.8, 6.9).

e Using the results obtained so far, we can show that a; and d; both tend to 1 and
Aj tends to U as j tends to infinity (Propositions 6.10 and 6.11).

e Finally, we show that 8;, y; and b; tend to V2t =27t and (—||t||> + D),
respectively, as j tends to infinity (Propositions 6.12 and 6.13).
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Throughout this proof we use Theorem 5.1 to show that the hypothesis (53) implies
that (54) holds, that is for large enough j:

max(X3, X3} < 1— K +&, max{Y?,¥?} < Ny,(1—K)/2+e.

We will repeatedly use the following elementary lemma to show certain entries are
bounded and others converge.

Lemma 6.1 Let Ay, L2, D be positive real constants with A;j < 1 and Ay # Ap. Let
C; € RY be defined iteratively.

1) If Cjy1 < MCj+ D for j > 0then
Cj = D/(1=2) +A{(Co— D/(1 = A1),
In particular, given ¢ > O there exists J; so that for all j > J. we have
C;<D/(1=Ay)+e.
(i) If Cj+1 < MiCj + A4 D for j > 0 then
Cj <M Co+ DR = 1))/ G — ).

In particular, C; < Co)»{ + max{)»j, )»é}D/l)»l — A2l

6.1 Convergence of c;

The easiest case is to show that ¢; tends to zero. Geometrically, this means that the
isometric spheres of S; have radii tending to infinity as j tends to infinity.

Proposition 6.2 Suppose that (53) holds. Then c; tends to zero as j tends to infinity.

Proof Using Theorem 5.1, given ¢ > 0, the hypothesis (53) implies that for large
enough j we have X? < 1— K + ¢e. Since K > 1/2 we can choose ¢ so that

0 < & < K — 1/2. Then there exists J; so that X% < (1 —-K)+e¢e < 1/2for all
j > Jo. From (42) and (54) for j > J. we have

2 j—Je+1
lej1l = X3lejl < lejl/2 < -+ < ey /277

Thus that c; tends to zero as j tends to infinity. O

6.2 Convergence of o; and §;

In this section, we show that o; and § ; both tend to the zero vector as j tends to infinity.
To do so, we first show their norms are bounded by a constant multiple of |c;]| 172,
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Lemma 6.3 Suppose that (53) holds. For any ¢ > 0 there exists J. > 0 so that

J3 s J3

o — t+ &, 5_ < —F——+¢.
laje; I < = e | I<— ==

Proof Again, using Theorem 5.1, given ¢1 > 0 there exists J; so that for j > J;

X;<(1-K)+er.

Observe that o jcj_l/ - V2w jc}/ 2, Therefore, Eq. (38) implies that for j > J; we
have
oy = V2lwjs1l gl
= V2llw; + Bjgjucici ! lejl'?
< V2wl lejp1 1" + V21 ejl ejer |2
e P e 1V 4+ V208 e e
= x~||ajcj‘/ I+ v2yx;!
< V1=K +eileje; I+ V2.

Therefore, using Lemma 6.1, given &, > 0 we can find J> > J; so that for j > J, we
have

= ||Ol/

o 2 < V2 +
o €.
i€ “1-Ji-K+¢

Given any ¢ > 0 it is possible to find &1 > 0 and &5 > 0 so that

V2 V2
+eo<———— 4.
1-V1—K +¢; 1-JV1—-K

This proves the first part. A similar argument holds for [|§,¢ 1/ 2 Il O
Proposition 6.4 Suppose that (53) holds. Then o; and §; both tend to 0 € H*! as
J tends to infinity.

—1 2 _—1 2 .
Pl1ej1Y2 and 18] = 18,2 | |c,|1/2 Using Propo-

——1/2
2

are bounded. Thus «; and §; both tend to 0 € H"™ Ias j tends to infinity. O

Proof Clearly [l || = [letjc;

sition 6.2 and Lemma 6.3 we see that c; tends to zero and llojc -2 [l and ||§; ¢;

The following estimate will be useful later.
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Corollary 6.5 Suppose that (53) holds. Given ¢ > O there exists Jy so that for j > Jy
we have

12 _ VNuw

+ €.
ﬁ_

Y; ||otjcj_
Proof From (54) we have
2Y7 < Ny (1 — K) + &1,
and from Lemma 6.3 we have

122 2
—J1 - K)2

Given ¢ > 0, combining these inequalities for suitable ¢, &2 > 0, we obtain

\/NU[L(I_ )+8

”aj

Yillajc; =

~JI-K
Since (1 — K) < 1/2 we have
Ny,,(1 -K) Ny, (1/2) _ Ny,
I-VI-K? (-1 (217
This completes the proof. O

6.3 The Remaining Matrix Entries are Bounded

In this section, we show that the norms of the remaining matrix entries are bounded.
Later, this will enable us to show they converge. We begin by showing |a;| and |b;]|
are bounded.

Lemma 6.6 Suppose that (53) holds. There exists J € N so that for j > J we have
laj| <4, |d;| <4.
Proof We use (39) to obtain

jajiil = lajc; ejon +¢; ' ue; — vV2¢;  al(Bj& ue,))|

_ _ —12

< lajllej+1lle;l +1+«/_II§,|||c]| Paje; )
—X2|a]|+1+\/_Y loje; 2.

Using (54) and Corollary 6.5, since 1 — K < 1/2, for any & > 0 we can find J; so
that for j > J; we have
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2N,
VYl P < Y
ﬁ—l

X?S + 1

N =

Therefore, using Lemma 6.1(i) with A; = 1/2and D = 1 + Vf + &1, for any

&y > O thereis a Jo > Ji so that for all j > J, we have

1+ /2Ny /(W2 — 1) + ¢ N - 21/2N
oy —
1-1/2 S, S
Now, using our assumptions about Ny , and N/, we have:

3-2/2+N,  (V2-1)2
< .
2

2

laj| < K26 4 6.

Ny, <

Therefore, we can choose €1 and &, so that
V2Ny,
V2-1

Hence |a;| < 4 for j > J>. A similar argument shows that |d;| < 4 for large enough
J- O

+81+82/2<1

Lemma 6.7 Suppose that (53) holds. Then |b | is bounded above as j tends to infinity.

Proof If aj = O then y; = 0 and so bjy; = 0. Hence we take a; # 0. Then (11)
gives

0= (a]b —l—yj vj+bj a])a ,uaj —a]b a pLa] —i—y/ y]a pLa] +bjuaj,
IlyjlI* = —(ajbj + b;a;) < 2la;||bj.
Hence, using (22), we have
bjy1 = y;ij — \/Eajr*,u)/j + ﬁyfryﬁj — aj(||r||2 —tpdj+ajub; +bjua;
= yiU(yja; Ya; —V2a;t* ny; + 2y frpa; — aj (el — Hua;
+aju(5ja;1)aj +bjuaj — ]/jf’(()/ja;l)uaj — aj(BjajTI)uaj —bjua;
=y;Wy;a;" - yja; ' wa; — N 2a;t* wy + V2yitua; — a; (It — Hua;
+aj(MEjﬁ;1 —EjE;IM)Ej.
Using Lemma 6.6 we suppose j is large enough that |a ;| < 4. Then we have
Ibj1l < ly; Wyja; " = yia; wa,l + v2la;t* uy;l + 2y} eua;)
+laj (Tl = npaj| + laj(ubja;' —b;a; wa;|

@ Springer



186 W. Cao, J. R. Parker

< Ny ullyiI? +2v2la; <l v+ la; Pl = o]+ Nylaj| 1b;]
< Ny, + Nlajl 1b;] + 4la; 2Nl ;1% + la; P lIT ) — 1]
< 4Q2Ny.. + NIbj| + 3202 b; V% + 16]|12]* — 1.

Observe that our hypotheses N, < 1/4 and Ny ;. < (3 —2,/2+ Ny,)/2 imply that

2Ny + Ny <Ny +3-22+ N, =2+ N, —D* <(3/2—1)?*=1/4.
(57)

Hence we can find » > 0 with 42Ny, + N,) < 2> < 1 and
Ibjs1l < A%1bj| + 320t 161" + 1617 |1* — |

2
N (A|bj|‘/2 +16||7)? - t|‘/2/x) .

Then, using Lemma 6.6(i), given £ > 0 we can find J; so that for j > J; we have

16/[1)1> — t]'/2/x

b2 <
1bjI7" < 1—2

O

Corollary 6.8 Suppose that (53) holds. Then ||B; || and ||y;|| are bounded above as
J tends to infinity.

Proof Note that ||y;|> = —(a;b; + bja;) < 2la;||bj| and ||B;|I*> = —(b;d; +
Ejbj) < 2|bj||d;|. Thus Lemmas 6.6 and 6.7 imply that || ;]| and ||y; || are bounded.
O

Finally, we show that ||A || and |A; — U|| are bounded.

Corollary 6.9 Suppose that (53) holds. Then ||A | and ||A; — Ul|| are bounded as j
tends to o0.

Proof Using (13) we have

I, = AjAjf +05j,37+,3j057
= (Aj — U)(A;f —U*)+U(A; —U*)+(Aj —U)U*+ 1,4
+O{j,3; +,3j0{j-<.

Therefore
1A P < el + 20511 1B; 1, I1A; — UI* < 201A; — UL+ 2lle; | 1B11-

The latter implies that

lA; = Ul <1+ /1T+2lejll 18] (58)

Hence [|A; — U] and ||A;|| are bounded. O
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6.4 Convergence of a; and d;

Having now shown that all the entries of S; are bounded as j tends to infinity, we
can now show that the matrix entries of S; tend to the corresponding entries of 7.
Recall that we have already shown, Proposmon 6.2, that ¢; tends to 0 € I and in
Proposition 6.4 that «; and §; tend to the zero vector in H"~ L

We now show a; and d; both tend to .

Proposition 6.10 Suppose that (53) holds. Then both a; and d; tend to | as j tends
to infinity.

Proof Recall from (10) that 1 = ajgj + y]’.“Sj + bjc;. Using (20), we have
ajy1 — 1 = y]’."USj — «/Eaj‘c*ua' + \/_J/;-k‘lf,ufj —aj(||r||2 — D)UC; +aj/,LEj
+bjuc; —pLy;"S Majd — ubjc;
= (yjU — uy)8; —V2a;v*pné; + V2yFoue; —a;(Il* — nue;
+ ((aj — W — pulaj — w)dj + (bjp — ubj)c;.
Using Lemma 6.6, we suppose that j is large enough that |d;| < 4. Then:
lajr1 — il < Nullyi 1181+ ~20T i a1 1851+ ~2l ] esl vl + )
—tllajllcjl + Nyuldjllaj — ul + Nyplbjllc;l
< Nuldjllaj — pl+ (Nuullysll + V27| lajDIgjc;
+ (V20T lyil+ Tl =t lag] + NlbjDle;]
——1/2
< 4Nylaj — I+ (Nu iyl + V2l ag D18 e ) e 12
+ (V20T iyl + Tl = ¢l lag] + NulbjDle;-

——1/2 |1/2

Ile;

Note that 4N, < 1. Moreover, for j > J; we have Xf < 1/2. Therefore
lejl < leg,1/27771. Also, |ly; ], ||8j5;1/2||, la;| and |b;| are all bounded. Then using

Lemma 6.1 withA; =4N, < land X, = |cj|1/2 < 1/«/5, we see that |a; — | tends
to 0 as j tends to infinity.
Similarly |d; — p| tends to zero as j tends to infinity. O

6.5 Convergence of A ;

We now show that A tends to U.
Proposition 6.11 Suppose that (53) holds. Then A; tends to U as j tends to infinity.
Proof Recall from Corollary 6.9 that ||A ;| and |A; — U]l are bounded. Note that

AU —UA;j = (Aj = U — u(Aj = U)) + (u(Aj = U) = (Aj = U)p)
—(U(A} = U) = (Aj = U)p).
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Therefore
|A;U—-UA;|l < Ny, +NJIA; = U|l.
Hence

IA;UAS —UA;AS| = [(AjU —UA(A* = U") + (A;U = UA)U"|
= 1A4;U = UA;l(lA; = Ul + 1D
=< @Nyp+NIIA; = Ul(A; = Ul + D).

From (58) we have

@Nuy+ NA; = U+ 1) < @Nu o+ N (24 T+ 2105 AT -

Since 2Ny, + Ny < 1/4 by (57), ||8;1l is bounded and ||« || tends to zero, we can
find J so that for all j > J we have

2442

|A;UAT —UA AT < == 114; = U]l

Noting that U = Ua; 7 + UA ;A% + UBjaj, we use (24) to find that

Aj1 —U = AjUAS = V2o;0° n A% + V24 T pe — aj (7)1 = t)per
+ajupi + Bina; —UA;AT — Ua;p; — UBjo;
= AjUAS —UAjAS — V207" (A5 — U*) + V2(A; — U)tpa’
—Olj(||‘E||2 — Dpa — «/zotjt* + \/EU‘L'/,LOl;f
—Uaj —a;u)p; — (UBj — Bjmej.

Note, we have used T*U = t*u. Thus for j > J,

1Aj41 — Ul < [A;UAY — UA;AS| +2V211A; — Ul lloj | Tl + [
—t|lloj1I* + 220t s Il + 2Nyl 1L 1B |

2+42

4
—12

+QV20A; = Ullllzl 4+ 2V20tll + 2Nu 1B D lecjc 2l e 12

2 —1/2,2
IA; = Ul +zl” =l llejc; P1R1e;)

<

Suppose that J is large enough that for j > J we have |c;| < |c;|/2/~/. Now apply
Lemma 6.1 with A1 = (2 + +/2)/4 and A, = 1/4/2, and s0 ||A; — U tends to zero
as j tends to infinity. O
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6.6 Convergence of 8; and y;
We are now ready to show convergence of 8; and y;.

Proposition 6.12 Suppose that (53) holds. Then B;, and y; tend to V2t and
—/21it, respectively, as j tends to infinity.

Proof Using UBja; + UAy; + Uajb; = 0, which follows from (14), we have

Bi+1 — N2t

= A;Uy; — V2a;t*ny; + V24 tpa; — aj(t)* — tyua;
+ajub;+ Bipa; — 2t

= A;Uy; — V2a;t*ny; + V24 tpa; — aj(|t)* — typa;
+ajub;+ Bipa; — 2t
—UAjy; —Ua;b; — UB;a;

= (AjU = UA))y; —2a;t*ny; —a;(IT* = Hpa; — (Ua; — oju)b;
+V2(A; — Uytpa; — (U(Bj — 2t p)
—(Bj — V2rwwa; + V2t @; — ).

Therefore

IBj+1 — V2Tl
< Ny ulajl1B; — V2rul + Cliyil + V2l la;DIlA; - Ul
—1/2
+ V20T vl + TP = el laj| + NolbiDleje; 1 e 1 2.

Using Lemma 6.6, suppose j is large enough that |a;| < 4 and so Ny ,la;| < 4Ny 4.
Note that

4Ny, <23 =22+ Ny <2(V2-1)% < 1.

/2 and || A j — Ul| are bounded by a constant multiple of 2772 we can apply

Lemma 6.1(ii) to show that || 8; — /2t 1| tends to zero as j tends to infinity. A similar

argument shows that [|y; + V27t || tends to zero as J tends to infinity. This argument
uses U*t = ur. O

Since |c|

6.7 Convergence of b

Finally, we show that b; converges as j tends to infinity.

Proposition 6.13 Suppose that (53) holds. Then b; tends to — (||t > — 1) as j tends
to infinity.
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Proof Note that if b; tends to —([| 7[> — ) then b; tends to —7z(||7[|* + 1).
Using 0 =y yjn + ajbju+b;a;p, we have

bjvi+(T)* = p

= y}iUyj —~2a;t*ny; + V2yfrua; — aj(|tl* — Oua; + ajpb; + bua;
—yivim—ajbjpw—bjaju+ (Itl> — Hu

= YU (yj + V2I1) — v (vj + V20 + Y2y} + V2 it — 2| 7|
—V2a;T* u(yj + V2IT) + 24,17 IP + V2y @ —
—aj(It|* = Hu@; — @ —a;j(ll* — 1)
+ajn®;+wlcl> +0) —a;(t|*> + 0+ bju@; — )
—a;(; +mTI* + O+ amtll* + Hu —bj@; —mu+ (Il — Hu

=] (U(y; + V2r) = (vj + V200)10)
+ «/5()/;‘ + V2t W — \/Eajr*u(yj +V271)
+V2y @ - —a;(IT)* — Hp@; — w + b (u@; — w — @; — ww)
+(aj —war(TI* + Op +a;(w@; + Tl +0) — &; + 7dlitl* + ).

Therefore

bj1 + (1717 = Dl < Ny vl + V20Tl aj ] + D)lly; + V25|
+ 20yl il + izl = tl(ajl + 1) + NulbjDlaj — ul
+ Nylajl1bj + (IT)* = Ol

We can take j large enoughthat N, |a;| < 4N, < 1. Also, we know that || y; +217||
and |a; — | are bounded by constant multiples of 2U=/2 Therefore, we can apply
Lemma 6.1 to conclude that [b; + (||T |2 — #)u| tends to zero. m]

Propositions 6.2—6.13 imply that S; tends to T as j tends to infinity, which com-
pletes the proof of Theorem 1.1.
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