On the centre of mass of a random walk

Chak Hei Lo Andrew R. Wade
10th December 2018

Abstract

For a random walk S,, on R? we study the asymptotic behaviour of the associated
centre of mass process G, = n~ ! >, Si. For lattice distributions we give conditions
for a local limit theorem to hold. We prove that if the increments of the walk have zero
mean and finite second moment, G,, is recurrent if d = 1 and transient if d > 2. In
the transient case we show that G,, has a diffusive rate of escape. These results extend
work of Grill, who considered simple symmetric random walk. We also give a class
of random walks with symmetric heavy-tailed increments for which G, is transient in

d=1.

Keywords: Random walk; centre of mass; barycentre; time-average; recurrence classification;
local central limit theorem; rate of escape.
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1 Introduction and main results

Let d be a positive integer. Suppose that X, X, X5, ... is a sequence of i.i.d. random vari-
ables on R%. We consider the random walk (S,,n € Z,) in R? defined by Sy := 0 and
Sp =Y+ X; (n >1). Our object of interest is the centre of mass process (G,,n € Z)
corresponding to the random walk, defined by Gy := 0 and G,, := + 3" | S; (n > 1). The
question of the asymptotic behaviour of G, was raised by P. Erdds (see [10]). We view
vectors in R? as column vectors throughout; 0 denotes the zero vector. We write || - || for
the Euclidean norm on R?. Throughout we use the notation

p=EX, M:=E[X—-p)(X—-p]

whenever the expectations exist; when defined, M is a symmetric d by d matrix.
The strong law of large numbers for .S, yields the following strong law for G,,, whose
proof can be found in Appendix B.

Proposition 1.1. Suppose that E||X| < co. Then n™'G, — p, a.s., as n — oo.
To go further we typically assume the following.

(M) Suppose that E[|| X||?] < oo and M is positive-definite.
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Note that
~(n—i+1
Gp = — | X5 1.1
(=) -
The representation (1.1) leads via the Lindeberg—Feller theorem for triangular arrays to the

following central limit theorem; again, see Appendix B for the proof. We write <4y for
convergence in distribution, and Ny(m, ) for a d-dimensional normal random variable with
mean m and covariance 3.

Proposition 1.2. If (M) holds, then, as n — oo,
n 2 (G — ) =5 Ny(0, M/3
n 2/*1’ d( ) / )

Our first main result is a local central limit theorem. We assume that X has a non-
degenerate d-dimensional lattice distribution. Thus (see [1, Ch. 5]) there is a unique minimal
subgroup L := HZ of R?, where H is a d by d matrix, such that P(X € b+ L) = 1 for
some b € R?, with the property that if P(X € x + L’) = 1 for some closed subgroup L’ and
x € R? then L C L/, and with h := |det H| € (0,00). In other words, we make the following
assumption.

(L) Suppose that the minimal subgroup associated with X is L := HZ with h := | det H| >
0.

See Appendix A for background on lattice distributions. Equivalent conditions to (L) can
be formulated in terms of the characteristic function of X or in terms of the maximality of
h: see Lemma A.4 below. Note that there may be many matrices H for which HZ? is equal
to (unique) L, but for all of these |det H| is the same. Also note that symmetric simple
random walk (SSRW) does not satisfy (L) with the obvious choice H = I (the identity), but
does satisfy (L) for an H with h = 2, the maximal |det H| for which P(X € x + HZ4) =1
for some x € R%: see Section 2 and Appendix A for details.

Notice that P(X € b+ HZ?) = 1 implies P(S, € nb + HZ?) = 1, which shows that
P(n~2G, € L£,) = 1, where we define

L, = {n"*?(EAnn+1)b+ HZY}.
For x € R?, define p,(x) := P(n~"/2G,, = x), and

exp{—3x"M'x}

v(x) = , 1.2
(9 (2m)4/2, /det(M/3) (1.2)
the density of Ny(0, M/3).
Here is our local limit theorem.
Theorem 1.3. Suppose that (L) and (M) hold. Then we have
, n3/2 (n+1)
T}erolojéla Tpn(x) —v <x — Wu)‘ =0. (1.3)
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Remarks 1.4. (i) In the case d = 1, versions of Theorem 1.3 are given in [13, Lemma 4.3],
in [4, Proposition 2.3], and in [10, Lemma 1]; the latter result deals only with the special case
of SSRW and only bounds p,(x) up to constant factors. See Section 2 for a demonstration
that our assumptions are indeed satisfied by SSRW on Z¢ for appropriate choice of H with
h = 2. The proof in [13] is a sketch, and the statement that “it is enough to apply the
usual analytical methods” [13, p. 515] does not quite tell the whole story, even in the one-
dimensional case. The papers [4, 10, 13] also give bivariate local limit theorems for (.5, Gy,)
(in the case d = 1). Related results can be found in [7, Theorem 4.2] and [6].

(ii) If Z, := Sp — G, then (1.1) shows that Z,,1 = ;%5 > 1 (/n)Xiy1, which implies

that 7,11 4 nL—I—lGn’ where ‘2’ stands for equality in distribution. Thus Theorem 1.3 also
yields a local limit theorem for Z,,. However, the processes Z, and G, may behave very
differently: see [3, Remark 1.1].

We turn to the almost-sure asymptotic behaviour of ¢,,. First we have a recurrence result
for d = 1 that does not require the lattice assumption; in the case of SSRW the fact that G,,
returns i.o. (infinitely often) to a neighbourhood of the origin is due to Grill [10, Theorem 1].

Theorem 1.5. Suppose that d =1 and that either of the following two conditions holds.
(i) Suppose that E|X| € (0,00) and X < —X.
(i1) Suppose that (M) holds and that EX = 0.

Then liminf, . G, = —oo, limsup,,_,., G, = +0o0, and liminf, ,. |G, — x| = 0 for any
r € R.

In contrast to Theorem 1.5, we will show that in the case where E |X| = 0o, G, may be
transient. The condition we assume is as follows.

(S) Suppose that X 2 _X and X is in the domain of normal attraction of a symmetric
a-stable distribution with « € (0, 1).

Theorem 1.6. Suppose that d = 1 and (L) holds, i.e., P(X € b+ hZ) =1 for b € R and
h > 0 mazimal. Suppose also that (S) holds. Then liminf, . G, = —oo, limsup,,_,. G, =
+00, and lim,_,, |G,| = co.

Remark 1.7. The transience here fails in the natural continuum version of this model. The
analogous continuum model, a symmetric a-stable Lévy process for « € (0,1), s;, has centre
of mass ¢g; = % f; sydu, and it is surely true that g; again changes sign i.o., but in this case
continuity of g; implies that g, = 0 i.o.

We have the following transience result in dimensions greater than one. In particular,
Theorem 1.8 says that lim,,_, ||G,|| = +00, a.s., and gives a diffusive rate of escape; in the
case of SSRW the result is due to Grill [10, Theorem 1].

Theorem 1.8. Suppose that d > 2 and that (L) and (M) hold, and that p = 0. Then

log |G, 1
L logllGall 1

, @.S.
n—oo  logn 2
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Obtaining necessary and sufficient conditions for recurrence and transience of G, is an
open problem. For d > 2, we expect that GG, is always ‘at least as transient’ as the situation
in Theorem 1.8:

Conjecture 1.9. Suppose that supp X is not contained in a one-dimensional subspace of
R?. Then

g 081Gl S 1

im in —, a.s.

n—0o0 ogn 2

Section 2 verifies our main assumptions for a couple of simple examples. The proof

of Theorem 1.3 is given in Section 3. The proof of Theorem 1.5 uses Proposition 1.2,
some observations following from the Hewitt—Savage zero—one law, and the fact that in the
case where E X = 0 oscillating behaviour is sufficient for liminf, .. |G, — x| = 0: see
Section 4. The proof of Theorem 1.6 uses another local limit theorem (Theorem 4.5) and is
also presented in Section 4. The proof of Theorem 1.8 relies on Theorem 1.3: see Section 5.
Appendix A collects auxiliary results on lattice distributions and characteristic functions
that we need for the proofs of our local limit theorems. For completeness we include the
proofs of Propositions 1.1 and 1.2 in Appendix B.

2 Examples

We use the notation p(t) := E[e“TX ] for the characteristic function of X. Set U := {t €
R?: |o(t)| = 1}, and given an invertible d by d matrix H, set Sy := 2n(H ")~ Z%.

Example 2.1 (Lazy SSRW on Z%). Let ey, ..., eq be the standard orthonormal basis vectors
of R, and suppose that P(X = e;) = P(X = —e;) = 45 for all i, and P(X = 0) = ;. Then
for b = 0 and H = I, the d by d identity matrix, we have P(X € Z%) = 1. To verify
that L = Z? is minimal, it is sufficient (see Lemma A.4) to check that U = Sy = 2rxZ%. If
t = (t,...,tq) € RY

l\DI»—t

1 <& ) 1 1<
—dz :§+ﬁZcostj.
: j:l

Thus t € U if and only if cost; = 1 for all j, i.e., U = 27Z% = Sy, as required. Note that
we could alternatively use the bound in Lemma A.2 to check that h = 1 is maximal. A

Example 2.2 (SSRW on Z?). Suppose that P(X = e;) = P(X = —e;) = 55 for all 4. For
SSRW the construction of H for which (L) holds is non-trivial. For d = 1, we take b = —1
and h = 2. In general d > 2, we take H = (h;;) and b = (b;) defined as follows. If d = 2n—1
for n > 2,n € Z, we take

bij=—1 foralli=1,2,...,d;

b 1 ifi—j=0orn (mod2n—1),
Y 0 otherwise.



Ifd=2nforn>1n € Z, we take

b 0 if¢=2n,
B | otherwise;

hij=4q1 ifj—i=0orl (mod 2n)and (i,7)# (2n,1),
0  otherwise.

For example, for d = 2 we have

For d = 3, we have

-1 110
b=|-1 and H=1[0 1 1
—1 1 01
For d = 4, we have
-1 1 100
-1 0 110
b= 1 and H = 0 01 1
0 -1 0 0 1
For d = 5, we have
-1 101 00
-1 01010
b=]-1 and H=110 0 1 0 11,
-1 10010
—1 01 001

and so on. Note that h = 2 for all such H. It is elementary to verify that P(X € b +
H{0,1}%) = 1. Tt suffices to check that H*(x —b) € {0, 1} for any x = +e;. For example,
in the case d = 2n — 1 we have that ! has elements h;jl given by

-1
e :{

and then one checks that, for example, H~!(e; — b) = a where a has all components zero
apart from a; = --+ = a;4,—1 = 1 (for i < n). The other cases are similar.

We show that (L) holds for SSRW with this choice of H, by checking (see Lemma A.4)
that U = Sy. Since Lemma A.3 shows that Sy C U, it suffices to show that U C Sy. For
SSRW on Z4, if t = (t1,...,tq) € RY,

ifi—j=0,1,...,n—1 (mod2n—1),

otherwise,

| N =

1
2

S

1 - it; —it;
so(t)zﬁ;(etw Y) =

d
E cost;.
j=1
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So t € U if and only if | Z;l:l cost;| = d, which occurs if and only if either (i) cost; =1 for
all j, or (ii) cost; = —1 for all j. Case (i) is equivalent to t € 27Z? and case (ii) is equivalent
tot € 71 + 27Z¢, where 1 is the vector of all 1s. Hence

U= (2rZ% U (71 + 2nZ%).

Consider x € U. Then for some a € Z¢, either (i) x = 27a, or (ii) x = 71 + 27a.
In case (i), let z = H'a; then since all entries in H are integers, we have z € Z¢ and
2n(H") 'z = 2ma = x, so x € Sy. In case (ii), let z = H'(31 + a). Note that if d is odd
then %HTl = 1 while if d is even, %HTl =(0,1,1,...,1)"; in any case it follows that z € Z<.
Then 27(H") 'z =71 + 271a = %, so x € Sg. Thus U C Sy. A

3 Local central limit theorem

This section is devoted to the proof of Theorem 1.3. The outline of the proof mirrors
the standard Fourier-analytic proof of the local central limit theorem for the random walk:
compare e.g. [9, Ch. 9], [8, §3.5], or [11, Ch. 4] for the one-dimensional case, and [12, §§2.2—
2.3] for the case of walks on Z9. The details of the proof require some extra effort, however.

First we show that it suffices to establish Theorem 1.3 in the case where b = 0 and
H = I (the identity). To see this, suppose that X € b + HZ? and set X = H~'(X — b).
Then X € Z%. By linearity of expectation, we have

p=EX=H'(u—-b), and M =E[(X —@)(X — )| = H 'M(H™Y)",

Note that (H~1)" is nonsingular, so (H~')"x # 0 for all x # 0. Hence for x # 0, x" Mx =
y" My wherey = (H~')Tx # 0, so that since M is positive definite we have x" Mx > 0; hence
M is also positive definite. Also, S, := Y7 X; = H (S, —nb) and G, :=n"' 37, S; =
H(G, — ®Hb). The assumption that HZ? is minimal for X implies that Z¢ is minimal
for X. Thus the process defined by X satisfies the hypotheses of Theorem 1.3 in the case
where b =0 and H = I, with mean f& and covariance M, and that result yields

: sdf2m —1274 oy oo+ |
nh—>nolo xe:}l?)r/zzd > P(n~ G, = x) — v (x ooz P )| = 0, (3.1)
where _ L2
. det M /3)~ 3 —~_
v(z) = % exp {—§ZTM 12} .
But .
P(n Y2G, =x) =P (nl/QGn = <;Ln—t/2>b + Hx) =P(n G, =y)

where y = Ub 4+ Hx so y € n=*?(In(n + 1)b + HZ?). Also,

onl/2
B (n+1)ﬂ: (Hly— (n+1)H1b> . (n—f—l)Hfl(M_b)

2n1/2 2n1/2 2n1/2



(n+1),
2n1/2

Hence, since M~ = H'M~'H and det M = h2det M,

5 (X B (Znt/;)ﬁ) _ (det(fr)/j/)z_lm exp {_g (y B %M)T M (y - (Zn%/?u) }

— (y— (n—i—l)“)'

2n1/2

It follows that (3.1) is equivalent to

3d/2 1
n_P(n—l/QGn — y) —y <y _ (n + )“)' — O,

lim sup

1/2
"7 yen—3/2(dn(n+1)b+HZA) 2nt/

which is the general statement of Theorem 1.3. Thus for the remainder of this section we
suppose that b =0 and H = I; hence £, = n=%/?7Z<.

Let Y, := >, S; and thus G,, = Y;,/n. Recall that ¢ denotes the characteristic function
(ch.f.) of X, and let ®, be the ch.f. of n=3/2Y,, i.e., for t € R?,

@(t) = ]EeitTX’ and q)n(t> — Eein_S/QtTYn.

Denoting the smallest eigenvalue of M by A (M) and writing t := t/||t|| for t # 0, we
have that
%%ETMt = Amin(M) > 0, (3.2)

since Apin (M) is an eigenvalue of a positive-definite matrix under assumption (M). Define

i+t tTMt
fu(t) :=exp { 52 T g : (3.3)
For £ € (0,00) set Ry := [/, (]?. Our starting point for the proof of the local limit theorem

is the following.

Lemma 3.1. Suppose that (M) holds and that P(X € Z%) = 1. Then, for any ¢ € (0, 00),

1
sup [n¥/2p, (x) — v (X_ (n J;/Q)“)’ < |Dn(t)|dt+/ 1P, (t)|dt
x€Ln 2n Ry R(m)\Rx
Anﬁn M
+/ exp{—#HtH?}dt,
Rd\Rl 6
where R(n) := [—mn®? 3% and D,(t) = ®,(t) — f,.(t).

Proof. For arandom variable W € Z¢, by the inversion formula for the characteristic function
(see e.g. [12, Corollary 2.2.3, p. 29]) we have that

1 T T
P _ _ —uly g [eu w d A
W=y) =G /[_M]de [e™ ] du, (3.4)
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for y € Z%. Now we have for x € L,, p,(x) = P(Y, = n%2x), so applying (3.4) with
W =Y, € Z% we get for x € L,, that

1 _ao3/2. T uTY,
N — n°/“u XE u''Y, du.
P = g [ e e du

Using the substitution u = n~%/?t, we obtain

1 T
34/2 _ ~it' X (t)dt. 3.5
" pn(X) (271-)01 /[—7m3/2,7m3/2]d ¢ n( ) ( )

On the other hand, since the probability density v(x — (nt1) ), with v as defined at (1.2),

2nl/2
corresponds to the ch.f. f,(t) as defined at (3.3), the inversion formula for densities yields

v <x - %“) = (2—71T)d /R d e X E (4)dt, (3.6)

for x € RY. Now we subtract (3.6) from (3.5) to get

+1) 1 LT 1 T
n3d/2pn(x) — (X o (TL “) _ / e it an(t)dt + / e it xq)n(t)dt
2n1/2 (27T)d Ry (27T)d R(n)\R1
1 4T
e " X f,(t)dt.
(27T)d /Rd\Rl f ( )

Thus, by (3.3) and the triangle inequality with the estimates 7 > 1 and |e~ *| < 1,

1
sup |22, (x) — v (X _(n t/z)u)’ < [ |Du(t)|dt +/ 1B, ()|dt
x€Lr 2n Ry R(m)\R:
/ { t' Mt }
+ expq — dt,
Rd\Rl 6
which with (3.2) yields the statement in the lemma. O

To prove Theorem 1.3 we must show that the right-hand side of the expression in
Lemma 3.1 approaches 0 when n — co. To do so, we bound |®,(t)| and |D,(t)| for ap-
propriate regions of t. Observing that Y, = Y1, S; = > "7 (n — j + 1) X, we see

exp {in_3/2 Z(n —-J+ 1)tTX]}] :
j=1

®,(t) =E [exp {in**t"Y,}] = E

For fixed n, 37 (n —j + 1)t' X; 4 > i1 jt' Xj, so that, by independence,

D,(t) = E

exp {in3/2 thTX]}] = HE [exp {m’:}/zjtTXj}] .

j=1 j=1



Hence we conclude that for t € R,
@, (8) = [[o(n 2jt). (3.7)

To study ®,, we require certain characteristic function estimates, presented in Appendix A.
Recall that R(n) = [-7n®?2 7n%2? and R, = [—¢, (]. Also define the regions

Ry(n) := [=6v/n,6v/n]"\ Ry
Ry(n) := [=mv/n,mv/n]* \ (R1 U Ry(n))
Ry(n) := R(n) \ (R; U Ra(n) U R3(n))

where the constant § € (0, 7) will be chosen later. We denote the corresponding integrals by

LIi(n) = |D,,(t)|dt, and Ij(n) ::/ |D,,(t)| dt, for k € {2,3,4}.
R Ry (n)

Lemma 3.2. For § > 0 sufficiently small, the following statements are true.

(i) For any ¢ € (0,00), lim, o I1(n) =0,

(71) limy_, sup,, Io(n) =0,

(7i) lim, o I3(n) =0,

(iv) lim,, o I4(n) = 0.

We will combine all the estimates at the end of the argument.

Proof of Lemma 3.2. First we aim to show that

lim sup |D,(t)| = 0. (3.8)

n—0 tc Ry

Since EX = p and E[(X — p)(X — p)'] = M, we have E[XX'] = M + pp', so that
Lemma A.1 implies, uniformly over t € Ry, as n — 00,

H o(n32jt) = exp {Z log [1+ A(n, j, t) +o(n™")] } ,

j=1 j=1

where ]
A(n, j,t) =it T — §n_3j2tT(M + ppl )t (3.9)

Taylor’s theorem for a complex variable shows that for a constant C' < oo,

2
log(1 + 2) — (z - %) ‘ < Oz, (3.10)



for all z with |z| < 1/2. Note from (3.9) that
An,j7,t)* = —n 3% T pup "t + Ag(n, 5, 1), (3.11)

where maxi<j<, SUpcg, |2o(n, j,t)| = O(n=%2). Then, by (3.7), (3.10), (3.11), and the fact
that max;<j<, Supgeg, |A(n, j,t)] = O(n=1/2), it follows that

- 1
®,(t) = exp {Z (m—?’/?jtm — 5n—3j2tU\4t) + Ao(n, t)} ,
j=1

where supyc g, [Ao(n,t)| = 0. Elementary algebra gives >, j = n(n+1) and Y7, j* =
sn(n+1)(2n + 1), so we obtain the estimate

in+DtTn  tTMt
2nt/2 6

®,(t) = exp { + Ai(n, t)} ;

where supicp, |[A1(n,t)| = 0 as n — oo. Hence, by (3.3),

[ Dn(t)] = [@n(t) = fu(t)] < [1 = exp{As(n, t)}],

which establishes (3.8) and proves part (i) of the lemma.
Fix ¢ € (0, Amin(M)/12). Suppose that t € [0,6n'/2]%. Then for 1 < j < n, we have
In=3/25t|| < §d*2. Thus, from Lemma A.1,

Sp(n_S/zjt) =1+ A(na.]?t) + Al(n>j7t)’

where A(n, j,t) is as defined at (3.9), and |A;(n, j,t)| < en™!||t]|? for all t € [0,0n'/?]? and
§ sufficiently small. Also note that [A(n, j,t)| < Cn~'/?||t||, so that

[A(n, 4, 8)° < Cn=*21t]° < C'an|[t]* < en”Jt]%, (3.12)

for ¢ sufficiently small; here C' and C" are constants that do not depend on §. Thus we may
apply (3.10) to obtain

[T ot *2jt) = exp {Z log [1+ A(n, j,t) + Ai(n, ], t>]}

7=1 7j=1

= exp {Z (A(n,],t) — %A(n,],t)Q) + Al(n,t)} ,

Jj=1

where |A;(n,t)] < ¢||t]|* for ¢ sufficiently small. Here (3.11) holds, where now, for all
t € [0,6n'/?]?, similarly to (3.12), |Ag(n, j,t)| < en!||t||? for § sufficiently small (depending
on g). So, for ¢ sufficiently small, for t € Ry(n),

n

. T T
Lot 2jt) :exp{“?”‘“)t p_ LM +A2<n,t>},

2nl/2 6

j=1
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where |Ay(n,t)| < g]|t]|? for all n sufficiently large. Then, by (3.2) and choice of ¢, t" Mt >
12¢][t]|?, so that, by choice of 4,

[P (t)] =

™
exp{—t — +A2<n,t>}] < exp{—<[[t]*}, for all t € Ry(n).
So we have

12(n):/ |<I>n(t)|dt§/ exp { —<[[6]?} dt,
Ra(n) R4\ Ry

for ¢ sufficiently small and n sufficiently large. This yields part (ii) of the lemma.
Now we proceed to estimate I3(n). First note that, by (3.7),

t)| =[] le(n2jt)| < H n=%2jt))|. (3.13)
J=1 j=[n/2]
For any t € R3(n), we have n=%/2jt € [—nj/n,7j/n]¢\ [~ /n,dj/n]?. In particular

U {2t} € [=m,@)?\ [-6/2,6/2)".

j=[n/2]

Thus we may apply the final statement in Lemma A .4 for some p sufficiently small to obtain

sup  sup (V%)) < e,
teR3(n) [n/2]1<j<n

for some ¢, > 0. Hence from (3.13) we have supg g, ) [Pn(t)] < e "e0/2, Tt follows that

Ig(n) < / e_ncp/2 < <2ﬂ.>dnd/26—ncp/2.
[—m/n,m/n]?

This gives part (iii) of the lemma.
It remains to estimate I4(n). Fix t € Ry(n), and consider sets

An(t):{n’3/2jt:j€{1,2,.. ,n}}, and L,(t) = {n~ 32t 1<u<n}.

Recall that Sy := 27Z% in the case H = I, and, for p > 0, define Sy (p) := UyesB(y;p),
where B(y;p) is the open Euclidean ball of radius p centred at y € RY. Define N,(t) :=
|An(t) \ Su(p)|. Lemma A.4 and (3.7) show that

|—H!<;7 “2jt)| < exp{—c,Nu(t)}, (3.14)

for some positive constant c¢,. We aim to show that N, (t) is bounded below by a constant
times n. To do this we use a counting argument related to one used in [7, Lemma 4.4].

11



Let K, (t) be the number of x € Sy such that B(x;p) N L,(t) # 0. Set x := n=3/2||t]|.
As t € [—mn®2 an®/2)4\ [-mnl/2, /)] we have

<k < mVd. (3.15)

313

Take p = 7/8. We claim that between any two balls of Sy(p) that intersect L, (t) there
is at least one point of A,(t)\ Sy(p). Write y; = n=3/2jt for j € {1,...,n}. Suppose
Q1,09 € {1,...,n} with iy < iy and x1,x9 € Sy with x; # x5 are such that y;, € B(x1;p)
and y;, € B(x2,p). To prove the claim we need to show that there exists j with i; < j < iy
such that y; & Su(p). First note that since n=3/?t € [—m,7]¢ and y;, € B(x1;p), the point
Vi +1 must lie in the box Q(x;) = x; + [—97/8,97/8]%. As 97/8 < 157/8 = 27 — p, the box
Q(x1) does not intersect any balls in Sy (p) other than B(x;; p). There are two cases. Either
(1) ¥i,+1 & B(x1;p), or (ii) yi,+1 € B(x1;p). In case (i) the claim is proved. In case (ii), we
have k < 2p, and since B(xy;3p) is contained in Q(x1), there is some j with 7; +1 < j < iy
such that y; ¢ Sy (p), proving the claim. Hence

N, (t) > Ko(t) — 1. (3.16)

The total length of the line L,(t) is less than xn, and each segment of L, (t) between
neighbouring balls that intersect L, (t) has length at least 2m —2p, so (K, (t) —1)(27 —2p) <

kn, or, equivalently,

4
Kot) < 204, (3.17)
T

Moreover, each ball of Sg(p) that intersects L,(t) contains at most 14 2p/k points of A,,(t),
so that the number of points in A, (t) NSy (p) satisfies

n— Np(t) < Kn(t) (i + 1) . (3.18)

Let € > 0 be a constant. We consider the following two cases.
Case 1: K,(t) < enk. In this case we have from (3.18) and (3.15) that

£
N,(t) >n— %TL—EHK, >n— Zen—emr\/glz en,

for € small enough.
Case 2: K,(t) > enk. If kK > %, then we have from (3.16) that,

Na(t) = K (t) =12 (¢/3)n,

for n sufficiently large. On the other hand, if s < 3, then (3.18) and (3.17) show that

== —-1
7 4x T
6n_n_2n_1

-7 4  Tr ’



by (3.15) and the assumption x < 1. Thus we have shown that, in any case, N,,(t) > en for
some constant £ > 0 and all n sufficiently large. Thus from (3.14) we conclude that

Iy(n) = /R o @, (t)|dt < (27n®?)? exp {—ec,n} .
4(n

Hence we have proved the last statement in Lemma 3.2. O]
Now we can gather all our estimates and complete the proof of Theorem 1.3.

Proof of Theorem 1.3. As explained at the start of this section, it suffices to prove the case
where b=0 and H = I (so h = 1). Then we have from Lemma 3.1 that

4
3d/2 _ _ (n+1) < I / _)\mm—(‘M) tl2 4 dt
02,00 v (x - G <Son+ [ e {-20ge a

Fix ¢ > 0. Then we can choose ¢ sufficiently large such that the integral in the above display
is less than €, and, by Lemma 3.2, also I5(n) < ¢ for all n; fix such an ¢. Then Lemma 3.2
shows that I;(n) + I3(n) + I4(n) — 0 as n — oo. Since € > 0 was arbitrary, the proof of the
theorem is completed. O

sup
xXELy

4 One dimension

We start with a couple of general observations. Recall that an event defined in terms of a
sequence of random variables X1, X, ... is permutable if its occurrence is a.s. invariant under
any finite permutation of Xi, Xy, ...: see [5, p. 232] for a formal definition.

Lemma 4.1. Let d = 1. For any x € R, the event {limsup,,_,. G, > x} is permutable.

Proof. For any z € R, we notice that for any positive integer k,

1 1
{hmsqun > x} = {thUP {5(51 + Sy 4+ + Sk) + E(Skﬂ + Skt2 +"'+Sn>:| > x}

n—oo n—00

n—o0

= {limsup%(SkH+Sk+2+---—|—5n) zm}, (4.1)
up to events of probability 0, since lim,, %(Sl + -4+ Sk) = 0, a.s. But the event on the
right-hand side of (4.1) is invariant under permutations of X, Xo, ..., X}. ]
Lemma 4.2. Let d = 1. One and only one of the following will occur with probability 1.

(i) G, =0 for all n.
(i) G, — o0.
(i1i) G, — —o0.

(iv) —oo = liminf, ,., G, < limsup,_,. G, = cc.
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Proof. We adapt the proof of Theorem 4.1.2 in [8]. Lemma 4.1 and the Hewitt—Savage zero—
one law (see e.g. [5, p. 238]) imply limsup,_,. G, = A, a.s., for some A\ € [—00,00]. Let
Gl =" (G — X1) = 200 X4 Recalling (1.1), we see the sequence (G7,) has the
same distribution as (G,). So taking n — oo in nLHG;L = G,y1 — X1 we obtain A = X\ — X7,
a.s., implying X; = 0 a.s. if A is finite, which is case (i). Otherwise, A = —oc0 or +00. A
similar argument applies to liminf,,_,., G,. The 3 possible combinations (limsup,,_,. G, =
—oo and liminf, ., G, = 0o being impossible) give (ii), (iii), and (iv). O

Clearly cases (ii) and (iii) of Lemma 4.2 are transient; case (iv), when the walk oscillates,
is the most interesting case. The next result shows that oscillating behaviour is enough to
ensure recurrence provided that E X = 0.

Lemma 4.3. Suppose that d = 1 and EX = 0. Suppose that limsup,,_,,, G, = +o0 and
liminf, ,, G, = —00. Then, for any x € R, liminf, , |G, — x| =0, a.s.

Proof. Fix € > 0. Since S,,/n — 0 a.s. and, by Proposition 1.1, G,,/n — 0 a.s., we have

Sn—l—l_Gn
Gpy1 — G =————0, as.
+1 ntl a.s

Hence |G,+1 — G| < € for all but finitely many n. For any = € R, limsup,,_,. G, = +00
and liminf, ,, G, = —oo implies that there are infinitely many n for which G, — x and
Gn+1 —  have opposite signs. Hence |G, — x| < ¢ i.0. O

The next result shows that G,, does oscillate when (M) holds.

Lemma 4.4. Suppose that d = 1, that E[X?] € (0,00), and that EX = 0. Then
limsup,,_, ., G, = +o0 and liminf, .., G, = —o0.

Proof. For any x € R, we have that

P (hm supG,, > x) >P(G, > xio.)

h P(ﬁ U{Gan}>

m=1n>m

= T&@@P(U {G, > x})

n>m

> lim P(G,, > z)

m—0o0

1

2 Y
by the central limit theorem, Proposition 1.2. With Lemma 4.1 and the Hewitt—Savage zero—

one law (see e.g. [5, p. 238]), it follows that limsup,,_,., G, > x, a.s., and since z € R was
arbitrary, we get limsup,,_,., G,, = +00. A similar argument gives lim inf,, ,, G,, = —oco. [
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Proof of Theorem 1.5. Under the conditions in part (i) of the theorem, the process (G,,) has
the same distribution as the process (—G,,), and so we must be in either case (i) or (iv) of
Lemma 4.2. The trivial case (i) is ruled out since E | X| > 0. Thus case (iv) applies, and G,
changes sign i.0., so by Lemma 4.3 we obtain the desired conclusion.

Under the conditions in part (ii), Lemma 4.4 applies, so Lemma 4.2(iv) applies again,
and the same argument gives the result. O]

For the remainder of this section we work towards a proof of Theorem 1.6. The proof
rests on the following local limit theorem. We use the notation

L, = {n" (In(n+1)b+hZ)},
and p,(7) := P(G, = n'"z).

Theorem 4.5. Suppose that d = 1 and (L) holds, i.e., P(X € b+ hZ) =1 for b € R and
h > 0 maximal. Suppose also that (S) holds. Then

nl—l—l/a
lim sup |——pn(z) — (o + 1) ((a+ l)l/o‘x) =0, (4.2)

n—oo IEﬁn h
where g(x) is the density of the stable distribution in (S).

Proof. The proof is similar to that of Theorem 1.3, and can also be compared to the proof
of the local limit theorem for sums of i.i.d. random variables in the domain of attraction of
a stable law: see [11, §4.2].

Assumption (S) implies that n~1/%S, converges in distribution to a (constant multiple
of ) a random variable with characteristic function s(t) = e~*" where ¢ > 0 and o € (0, 1);
see Theorems 2.2.2 and 2.6.7 of [11]. It also follows, by an examination of the statements
of Theorems 2.6.1 and 2.6.7 of [11] and the proof of Theorem 2.6.5 of [11], that for ¢ in a
neighbourhood of 0,

log p(t) = —clt]* (1 + (1)), (4.3)

where |e(t)] — 0 as t — 0.
Define V,, = Y7 | S; and let

O, (t) ;=R 0

Using the d = 1 case of the inversion formula (3.4) with W = (Yn — n(n2+1)b> /h € Z, we get

pn(;v) _ 2i/ e_%(nlﬂ/az_ n(n2+1)b) E [e%(yn_n(n;-l)b)] du, for x € ﬁn.
™

—Tr

Using the substitution ¢ = un'*/¢/h, we obtain

e ", (1)dt. (4.4)

nitl/a 1 mnltl/e/p
o) = o [

27T ,Tm1+1/a/h
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On the other hand, from the inversion formula for densities we have that

g(x) = L /_OO e " s(t)dt, (4.5)

21

where ¢ is the density corresponding to s. It follows that

1 [~ . .
(0 1) (04 )Yo) = 5o [ e e s g at

™ 00

1 > —iux U d
= — e S —_— u
21 J_ oo (a+ 1)a ’

using the substitution u = (o + 1)/%¢. Since s(t) = e =" we get

clt[®

1 o0
(a+ 1) ((a+ 1)"z) = %/ e T dt, (4.6)

Subtracting equation (4.6) from equation (4.4) we obtain

7,1/1—‘,—1/@ 4
sup | ") = (o 1) (a4 1)) | < 3 () + s,
where
£ clt|®
:/ ‘@n _ oot |at
4
- / (1)) dt
e§t|<5n1/a
= [ @,(0)|
snt/eL|t|<mnt/e/h
l/a/hg|t‘§ﬂ.n1+1/a/h
J5 I:/ e_f"‘ﬂl dt
[t|>¢

for some constants ¢ and d to be determined later. The statement of the theorem will follow

once we show that
éhm lim sup (Z Je(n) + J5> =0.

—0  n—oo —1

Thus it remains to establish this fact.
Since Y,, has the same distribution as Z?Zl JX;, we get

log @, (?) logHgo (nl-l-l/a) ZIng( 1+1/a>
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] K, gt
=TS (e (). (4.7

j=1

using (4.3). Since |e(t)] — 0 as t — 0, we have

lim sup  max
n—=00 tc(—g ¢ I€{1,2,..m}

A simple consequence of the fact that 71—, k% < Jo utdu < S0p_; k* for oo > 0 is

n na—f—l 0
a— a9, 4.
;J oM (4.9)

It follows from (4.7), (4.8) and (4.9) that

clt]”

+ A, ), (4.10)

where sup,c;_s 4 |A(n,t)| = 0 asn — oo. It follows that lim,, ., Ji(n) = 0 for any £ € (0, o0).
For Jy(n), we see that

lim sup sup - max
=0 g te[,(gnl/cx’(;nl/a]]e{lﬁ ..... n}

So by (4.7) and (4.9) we have that (4.10) holds for ¢t € [—dn'/* én'/®] where, choosing
§ sufficiently small, we have that for all n sufficiently large and all t € [—dn'/® dn'/?],

|A(n, t)| < %% Hence for sufficiently large n, for all ¢ € [—0n!/®, én'/*],

It follows that, for all n sufficiently large,

n

c|t|®
sup Jo(n) < / e et dt,
[t]>¢

which tends to 0 as £ — oo.
Next we consider J3(n). First observe that

gt
» nlt+l/a ’

Now for any én'/® < |[t| < mn'/*/h and any [n/2] < j < n, we have

j=[n/2]




We can take p sufficiently small so that

5 _| it
5 - | pltl/a

2m
< = —p.

T
< =
~ h h

p <

So an application of the d = 1 case of Lemma A.4 gives, for all n,
Jt e
() s

sup |D,,(t)] < e nen/2,
nl/a<|t|<mnl/a /b

sup sup
snl/a<|t|<mnl/a /b [n/2]1<j<n

for some ¢, > 0. Hence we have

and hence ,
Js(n) = / @, ()] dt < Sptoemen’2 g,
snl/a<|t|<mnl/e/h h

as n — 0.
For Jy(n), we follow essentially the same counting argument as that used for I,(n) in
Section 3. Let ¢’ = t/h. Define

N = {n 7ot je{1,2,...,n}} and L (¢) := {n ""Vout' : 1 <u < n}

Let x := n~'='/|¢'| denote the spacing of the points of A/(¢'). Set N, (') := [N (') \ S(p)|,
where S(p) := Ugeanz(z — p,x + p). Since mn'/* < |t/| < 7™/ we have I < x <, which
is just the d = 1 case of (3.15). The counting argument in Section 3 is based on the fact that
there are n points with spacing satisfying (3.15), so the argument goes through unchanged
to give N, (t') > en, and we get

2
Ju(n) = 1@, (1) dt < %nm/a exp {—ec,n} — 0,

Lnl/a/h§|tgwnl+1/a/h

asn — 0.
Finally, it is clear that lim,_,. sup,, J5 = 0. ]

Proof of Theorem 1.6. First note that the assumption (S) implies that we are in case (iv) of
Lemma 4.2, so that liminf,,_,, G,, = —oo and limsup,,_,. G, = +00.

It remains to prove that |G, | — oco. Fix z € (0, 00) and consider the interval I = (—z, x).
Then P(G,, € I) = P(n"Y/*G,, € n~"/2I). Since the lattice spacing of £,, is of order n=1=1/«
the interval n=Y/*I contains O(n) lattice points of £,. Theorem 4.5 and the fact that,
by (4.5), sup, g(x) < oo, shows that each such lattice point is associated with probability
O(n=1Y). So we get P(G,, € I) = O(n~'/®), which is summable for a € (0,1). Hence the
Borel-Cantelli lemma implies that liminf, ., |G,| > z, a.s., and since = was arbitrary the
result follows. O
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5 Transience and rate of escape

This section is devoted to the proof of Theorem 1.8 for d > 2. The idea is to use the
local limit theorem to control (via Borel-Cantelli) the visits of G, to a growing ball, along
a subsequence of times suitably chosen so that the slow movement of the centre of mass
controls the trajectory between the times of the subsequence as well. Here is our estimate
on the deviations, which is valid for any d € N.

Lemma 5.1. Suppose that (M) holds and that p = 0. Let a,, = [nP] for some 3 > 1. Then,
for any € > 0, a.s. for all but finitely many n,

max |Gy — G, || < n3 1t
an<m<an+1

Proof. We use the crude bound that for any € > 0, ||S,|| < n(!/2+ all but finitely often
(f.0.), a.s. From this and the triangle inequality, it follows that

1 — .
|Gl < - Z 1S5 < max 15;]] < m(1/2He, (5.1)

i=1

all but f.o., a.s. Next, by the triangle inequality again, for any ¢ > 0, a.s., all but f.o.,

16 =Gl = [P < Bl o coreme e
It follows that for any € > 0, a.s., all but f.o.,
m—1
Lmax G = Gall = | max ]§(Gj+1 - Gj)
<(apt1 —an) max  ||Gpi1 — Goll,

an<m<an+1—1
where a1 —a, < (n+1)% —nf +1=0(1n"1), and, as., all but f.o., by (5.2),

max |Gt — G| < a;(1/2)+s _ O(n—(ﬂ/2)+55)‘

an<m<an41—
Since € > 0 was arbitrary, the result follows. O
Now we are ready to prove Theorem 1.8.

Proof of Theorem 1.8. First, given the upper bound in equation (5.1), we only need to show
that for any € > 0, a.s., for all but finitely many n,

1G]l > n/27e. (5:3)

Let B(r) denote the closed Euclidean ball, centred at the origin, of radius » > 0. We show
that for any v € (0,1/2), G,, will return to the ball B(n?) only f.o. To do this, we show that
along a suitable subsequence a,, = [n°], 8 > 1, G,, returns to the ball B(2a}) only f.o., and
Lemma 5.1 controls the trajectory between the instants of the subsequence.
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First, we claim that
P(G, € B(2n")) < Cn?-2), (5.4)

for sufficiently large n and some constant C'. Then

iP(Gan € B(2a))) < cinﬂd@—%).

n=1 n=1

Assuming that
2

d(1 —27)

this sum converges, so the Borel-Cantelli lemma shows that G,, ¢ B(2a7) for all but finitely
many n, a.s. It then follows from Lemma 5.1 that between any a,, and a,,,; with n sufficiently
large, the trajectory deviates by at most n(#/2=1*¢ In particular, the trajectory between
times a,, and a,; will not visit B(a)) if we ensure that n(#/2=1+¢ < 7. (See Figure 1.) The
latter condition can be achieved (for sufficiently small choice of ¢) if (8/2) — 1 < (v, i.e.,
B < (3 —7)". Combined with (5.5) we see that we must choose 3 such that

B> (5.5)

max{l #} <B<L
Td(1—27) (1—2y)

which is possible for any v € (0,1/2), provided d > 2.
Consider n such that a,, < n < a,,1; then we have shown that a.s., for all but finitely
many n,

By
G| > a2, > m® > [ —— ) al,,,.
- m —\2(m+1)pr )™

In particular, for all n sufficiently large, |G, || > (1/4)n”, which establishes (5.3).

Figure 1: Controlling GG,, along a subsequence.

It remains to prove the claim (5.4); here we use our local limit theorem. First note that

P(G, € B(2n")) = P(n~Y%G, € n=1?B(2n")).
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Since |det H| € (0,00), the set nH'B(2n?) is contained in a hypercube of side length
O(n"*1), and this hypercube contains O(n®+1)) points of any translation of Z¢. Hence
n~'2B(2n"7) contains O(n?+1)) lattice points of £,. From Theorem 1.3, we also know that
for all x € £,,, P(n"'2G,, = x) = O(n~3%?). Summing up over all x € n~'/2B(2n7) we get

P(n~'2G, € n72B(2n)) = O (n7*¥* x n40t)) = O (nd(%%)> ,

establishing (5.4). This completes the proof. O

A Lattice distributions and characteristic functions

Recall that o(t) ;== Ee® ¥ is the ch.f. of X.

Lemma A.1. Suppose that E[|| X|]?] < co. For any t € R,
1
pt)=1+it' EX — 5tTH—z[XXT]t + ||t]PW (¢), (A1)

where for any € > 0, there exists § > 0 such that |W (t)| < e for all t with ||t]] <.

Proof. Applying [8, Lemma 3.3.7] with = = t" X, we get that if E[|| X]|"] < oo, then

EeitTX o i ]E (ZtTX)m < E eitTX o i (ZtTX)m
m! - m!
m=0 m=0
< Emin [bTX 2t X
- n+1)!"  nl '

Taking n = 2 and rearranging, we get equation (A.1), and |[W(t)| < E Z(t), where Z(t)
min{||t|||| X ], | X||*}. Now |Z(t)] < || X]||? and E[||X]|?] < oo. Also we have |Z(t)]
1t]|[| X2 — 0 a.s. as [|t]| — 0. So the dominated convergence theorem implies that E Z(t)
0 as [[t]] — O.

04 IA

We collect some facts about lattice distributions: for reference see [1, Ch. 5] and [14, §7].
Let
H:={H:P(X € b+ HZ) =1 for some b € R%}.

If X has a lattice distribution, then H is nonempty, and if X is non-degenerate then any
H € H has |det H| > 0. (Here and elsewhere, ‘non-degenerate’ means not supported on any
(d — 1)-dimensional hyperplane.) Let K := {|det H| : H € H}. The next result gives an
upper bound on h € K; note that this bound is sharp in both of the examples in Section 2.

Lemma A.2. Suppose that X has a non-degenerate lattice distribution. Then K C (0, 00)
1s bounded, and inf K = 0.

Proof. Since X has a non-degenerate lattice distribution, we have that (i) H is non-empty
and |det H| > 0 for all H € H; and (ii) there exists X := {X¢,X1,...,Xq} such that
Xo, . ..,Xq are affinely independent, and P(X = x;) > 0 for each i. Statement (i) shows
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that K C (0,00) is nonempty, and statement (ii) shows that K is bounded. Indeed, for
any H € H we have that there exists b such that X € b+ HZ¢, i.e., H-Y(X —b) C Z4.
For i € {1,...,d} let \; = x; — xg. Then the linearly independent vectors Ay, ..., \; define
a parallelepiped P with volume |det A| € (0,00), where A denotes the d x d matrix whose
columns are A1, ..., \g. Since H~}(X —b) are points of Z?, we have that all the vertices of the
parallelepiped P’ := H~!(xq + P — b) are points of Z?. Now P’ has volume h~!|det A| > 0,
but, as a parallelepiped of positive volume whose vertices are in Z¢, must have volume at
least 1. Thus A7'|det A| > 1, ie., b < |det A| < oo. Also, we see that if H € H, then
H/2 € H as well, so if h € K then h/2¢ € K too. O

Define U := {t € R? : |p(t)| = 1}. Given an invertible d by d matrix H, set Sy =
2m(H")71Z4. The next result shows that if H € H, then Sy C U.

Lemma A.3. Suppose that H € H. Then |p(u)| =1 for allu € Sy.

Proof. First observe that the norm of the characteristic function is invariant under translation
by any vector of the form of 2m(H ")~k with k € Z<. To see this, note that for any k € Z,

‘gp(t i QF(HT)flk)} _ ‘]E |:eitTX , ezm;kTH—lx] ‘ .
Since H € H, we may write X = b + HW, where b € R? is constant and W € Z?. Hence

e2m’k7H*1 b

lo(t +2n(H")'k)| =

itT X 2mik | W

because k' H~'b is a non-random scalar. Then, since | exp{2rik' H 'b}| =1 and k'W € Z,
so that exp{27ik' W} = 1, it follows that for any k € Z¢,

|o(t + 27 (HT)"'k)| = [io(t)] - (A.2)
In particular, the case t = 0 of (A.2) shows that |p(u)| =1 if u € Sy. O

IfP(X € b+HZY) =1and P(X = x) > 0, then x—b € HZ? so that x+ HZ? = b+ HZ",
and so if H € H then P(X € x + HZ) =1 for any x with P(X = x) > 0.

Lemma 21.4 of [1] shows that there is a unique minimal subgroup L of R? such that
P(X € x+ L) =1 for any x with P(X = x) > 0 and if H € H then L C HZ® Moreover,
the discrete subgroup L is generated by {¢ : P(X = x4+ &) > 0} for any given x with
P(X = x) > 0. We have L = HyZ? for some (not necessarily unique) Hy € H; let Ho :=
{HeH:L=HZ.

The next result gives equivalent formulations of the fundamental assumption (L). For
p > 0, define Sy (p) := Uyes, B(y; p), where B(y;p) is the open Euclidean ball of radius p
centred at y € R

Lemma A.4. Suppose that X is non-degenerate and H € H. The following are equivalent.
(Z) H e H,.

(i) |det H| is the mazimal element of K.
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(iii) Sy =U.

Moreover, if any one of these conditions holds then, for any p > 0, there exists a positive
constant c, such that
[p(u)] < e, for any u ¢ Sp(p).

Proof. Suppose that Hy € Ho and H € H. Let hg = |det Hy| and h = |det H|. Then,
by minimality, HyZ¢ C HZ4, i.e., H 'HyZ C Z. Thus H 'Hy[0,1]? is a parallelepiped
whose vertices are all in Z?, and necessarily this parallelepiped has volume at least 1. Hence
ho/h > 1, ie., h < hyg. Thus if H € H, then |det H| is maximal. On the other hand,
suppose H € H \ Ho and Hy € Ho. Then HyZ? C HZ? are not equal, so there is some
x € HZ® with x ¢ HyZ. Thus for y = H !'x € Z% we have that H 'HyZ¢ C Z with
y ¢ H'HyZ?. For z € Z% we have y = H 'Hy(z + ) where a € [0,1]? is not a vertex;
but then y — H 'Hyz € Z% as well. Thus 8 = H 'Hya is a point of Z? contained in the
parallelepiped P = H~*Hy[0, 1]¢, and moreover all the vertices of P are in Z%, and 3 is not a
vertex. Hence the parallelepiped P has volume strictly greater than 1 (see [14, p. 69]), and
so ho/h > 1. Thus if H ¢ H, then | det H| is not maximal. Thus (i) and (ii) are equivalent.
We show that (i) implies (iii). For H € H set

Ry ={t e R :x"t € 27Z for all x € HZ"}
={tcR?: 2" H"t € 277 for all z € Z}.

It follows that
Ry=2r(H ) Yy eR': z'yeZforallze 2%} =2r(H")'Z* = Sy.

So Ry = Sy for any H € ‘H with |det H| > 0. Moreover, Lemma 21.6 of [1] shows that
Ry = U if HZ? is minimal. Thus (i) implies (iii).

Next we show that (iii) implies (ii). Let h, := sup K, which, by Lemma A.2 is finite and
positive. Suppose that H € H with |det H| = h € (0, h,). Then for any ¢ > 0 sufficiently
small, we can find H; € H with |det Hy| = hy € (h,hy] such that h; > (1 + 2¢)h and
hy > (1 —é¢)h,. Let S =27(H")"1Z% and S, = 2= (H| )~ Z%.

Consider x with P(X = x) > 0. Then there exist b,b; € R? (not depending on x) and
z,2, € 7¢ (depending on x) such that

x=b+ Hz =b; + Hyz,

and hence
zZ — H_l(bl — b) + H_1H1Z1. (AS)

Take s = 27(H{ ) 'z; € S;. Assume, for the purpose of deriving a contradiction, that
S; € S. Then s € S, i.e., there exists zy € Z¢ such that

s=2n(H) 'z, = 2rn(H") '2,.
Together with (A.3), this implies that

z=H 'HH (H) 'z, + H (b, —b).
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It follows that
x=Db + Hz = b1 + HlHlT(HT)_IZQ.

Now if we take by = by and Hy = H{H{(H")™!, we have shown that every x for which
P(X =x) >0 has x € by + HyZ%, ie., Hy, € H. But

2
|det Hy| = |det Hy| |det H{ | |det(H )| = %

> (14 2¢)(1 —e)hy > hy,

for e sufficiently small, which contradicts the definition of h,. Thus there exists some x € 5
with x ¢ S.

From Lemma A.3, we have S; C U; hence there is some x € U with x ¢ S. In other
words, we have shown that if h € (0, hy) then S # U. Thus if we assume that S = U, the
only possibility is h = h, € K. Thus (iii) implies (ii).

To prove the final statement in the lemma, we may suppose that (iii) holds. Then |p(u)| <
Lif u ¢ Sy. To finish the proof of the lemma, it suffices to show that sup,gg, ) [v(u)] < 1.
But, by the periodicity of |p(u)] from (A.2), we have sup,¢g,, () |9(0)] = SuDyery, () (1))
where Ty(p) := 2n(H")"'[—3,3]* \ B(0;p). Suppose that sup,cr, () [¢(u)] = 1; then by
the continuity of |¢(u)|, the supremum is attained at a point u in the compact set Ty (p),
contradicting the fact that [p(u)| <1 for all u ¢ Sy. Hence sup,er,(,) [¢(u)] < 1, and the

proof is completed. O

B Proofs of Propositions 1.1 and 1.2

Proof of Proposition 1.1. By the strong law for S,,, we have that for any € > 0 there exists
N, with P(N. < o0) = 1 such that ||S, — nu|| < ne for all n > N.. Then, by the triangle
inequality,

n

> (Si—ip)

i=1

1 & 1<
- S, —i - S, —i
H;H w|l+n > IS —ipl]

1=N¢

1 & 1 <
E;H&—W“ +52i5-

1=

1G — (n+ 1) (/)| = -

n

IN

IN

It follows that
limsupn ™" |G, — (n+1)(p/2)|| < /2,

n—o0

and since € > 0 was arbitrary we get the result. O

Proof of Proposition 1.2. For any unit vector e € R?, e - G, is the centre-of-mass associated
with the one-dimensional random walk with increments e - X;; thus, by the Cramer—Wold
device (see e.g [8, Theorem 3.9.5)), it suffices to establish the central limit theorem for d = 1.
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So take d = 1 and write g = pu, M = o2 € (0,00). It follows from (1.1) that for fixed n,
(&,, has the same distribution as

=1

It thus suffices to show that n~'/?(G), — 2Zu) converges in distribution to N;(0,0?/3). We
show that this follows from [2, Corollary 8.4.1]. Define T, ; := =i (X; — 1), so that

ZTW — 12 (G; - gu) — 0, a.s.
=1

Then

n ) 2

zn:Var(Tn,i) = Z %02 — %.
i=1

i=1
It remains to verify the Lindeberg condition for triangular arrays: for every € > 0,

I 2 y =
Jim DB [F21{1T > )] =0
But we have that

SR [T2{|T] > e}] <Y E[T2,1{|T,.| > €}]
=1 =1

_ Z%E [(X = w)?1{|X — | > ev/n}]

=E[(X — p)*1{|X — u| > ev/n}].

Now (X — u)?*1{|X — pu| > ey/n} — 0 as. asn — oo and [(X — p)*1{|X — p| > ey/n}| <
(X — p)? which has E[(X — p)?] < co. Thus the dominated convergence theorem yields
E[(X — p)*1{|X — u| > ey/n}] — 0 as n — oo and the Lindeberg condition is verified,
and [2, Corollary 8.4.1] shows that Y. | T),; converges in distribution to N7(0,02/3). O
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