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School of Engineering and Computing Sciences, Durham University, Science Site, South Road, Durham, DHI 3LE, UK.

SUMMARY

This paper presents a framework for r-adaptive quasi-static configurational force (CF) brittle crack
propagation, cast within a discontinuous Galerkin (DG) symmetric interior penalty (SIPG) finite element
scheme. Cracks are propagated in discrete steps, with a staggered algorithm, along element interfaces
which align themselves with the predicted crack propagation direction. The key novelty of the work is
the exploitation of the DG face stiffness terms existing along element interfaces to propagate a crack in a
mesh independent r-adaptive quasi-static fashion, driven by the CF at the crack tip. This adds no new degrees
of freedom to the data structure. Additionally as DG methods have element specific degrees of freedom, a
geometry driven p-adaptive algorithm is also easily included allowing for more accurate solutions of the CF
on a moving crack front. Further, for non-determinant systems, we introduce an average boundary condition
that restrains rigid body motion leading to a determinant system. To the authors’ knowledge this is first time
such a boundary condition has been described. The proposed formulation is validated against, single and
multiple crack problems with single-and mixed-mode cracks, demonstrating the predictive capabilities of
the method. Copyright © 2016 John Wiley & Sons, Ltd.

Received ...
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1. INTRODUCTION

Recently, there has been significant interest in the numerical prediction of crack propagation.
However, despite numerous frameworks being proposed, accurate and efficient simulation of
crack probation is still one of the most challenging problems in solid mechanics. The fracture
mechanics community requires algorithms that can predict the evolution of cracks from initiation
through to large-scale propagation. In this paper we present an algorithm based on the concept of
configurational forces (CF) combined with a discontinuous Galerkin (DG) numerical framework
that allows for efficient brittle crack propagation in two dimensions.

The work of Eshelby [15, 16], Rice [60] and Irwin [30, 29], are fundamental to all work in this
field. The local variational formulations in [38, 19, 34, 20, 70, 71, 39] use a CF acting at a crack
tip to describe the propagation of a crack. CF values have been determined numerically at static
fracture fronts by [69, 11, 45, 25]. Using the CF to describe a moving fracture front was initially
attempted by Mueller and Maugin [46] within the conventional finite-element context and Larsson
and Fagerstrom [37, 17] in XFEM, with an optimally convergent DG-XFEM achieved by [66]. Later
a robust r-adaptive technique was defined by Miehe and co workers [44, 43, 18] for propagating
cracks which was also taken to three dimensions by [33]. Futhermore, the framework has recently
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been applied to materials with non-linear behaviour, see for example the works of Runesson et al.
[63] and Tillberg and Larsson [76] on elasto-plasticity and Néser et al. [48, 47] on time-dependent
materials and the review by Ozeng et al. [51].

An alternative to CF crack propagation is the path independent J-integral [60]. Ishikawa et
al. [31] demonstrated the J-integral is the sum of its mode 1 and mode 2 counterparts, from
which the respective stress intensity factors (SIF) can be found. The SIF are evaluated seperately
by decomposing the stress and displacement field about the crack tip, [78]. The crack direction
can then be determined by the maximal principal stress criterion [14]. Mixed mode cracks can
also be analysed using the ‘GA method’, see [13], in conjunction with the maximum strain
energy release rate criterion (MSERRC) [9]. The G can also be used in conjuction with the
maximum circumferential stress criterion (MCSC) [14] or the minimum strain energy density
criterion (MSEDC) [67]. Further, the virtual crack extension (VCE) method can be used to model
mixed mode problems. The VCE method was introduced independently by deLorenzi, [10] and
[54, 53, 55, 26, 27].

Hansbo and Hansbo [21, 22] present a crack propagation method, for linear and non-linear
elasticity, using DG methods. However, similar to Heintz [24], the crack propagation techniques
proposed in these papers do not exploit the face communication at element interfaces that exist in
DG methods. This is similar to several continuous Galerkin (CG) methods where the elements are
split internally. Arranz et al. [5] very briefly outlined the advantages of using weak element face
terms to propagate a crack however they do not provide any algorithm to do so.

The hybrid DG method exploits element interfaces and element specific degrees of freedom to
propagate a crack using a cohesive zone, initial works include [42, 28]. However, this method is
strongly mesh dependent as the failure criterion is defined across element interfaces rather than
nodes at the crack tip. Cracks can therefore only exist at the initialsed boundaries of elements of
the orginial mesh, unlike the r-adaptive method provided by [44] where the element interfaces adapt
and align with the predicted crack direction. Accurate solutions for crack propagation paths can
only be obtained with very refined meshes [58]. Hybrid DG methods have also been explored by
[49, 58, 77, 57], amongst others. Within the context of cohesive law fracture h- and hp-adaptive
schemes, respectively [1] and [74], have been produced for space-time DG methods. Additionally
a review of the cohesive laws which drive the traction-separation is provided by [52]. In this paper
we combine the mesh independent r-adaptive CF crack propagation method provided by [44] with
a DG formulation, to take an advantage of the element specific degrees of freedom along element
interfaces to propagate a crack in a mesh independent fashion.

DG methods were first introduced by Reed et al. [59] for solving the neutron transport equation.
Richter [61] prompted an extension of the original DG method to elliptical problems including
linear convective-diffusion terms. However, the discontinuous approximation was only applied for
the convective terms, with mixed methods for the second-order elliptic operators. Bassi and Rebay
in [7] introduced the complete discontinuous approximations for both the convective and second-
order elliptical operators. A review of the use of DG methods for elliptical problems can be found
in [3], from here the SIPG method can be found. In this paper the bilinear weak form for linear
hyperelastic problems proposed by [23] is used.

After this introduction the paper is split into 5 further sections. In Section 2 the CF method for
fracture propagation is outlined, based on the work of [43, 44, 18]. In Section 3 the DG finite
element framework, in which the fracture propagation model is cast, is defined. This includes
all weakly applied homogeneous and heterogeneous boundary conditions for linear elasticity. In
Section 4 the different methods for calculating the CF are described. Section 5 contains the novel
numerical implementation of the CF method within the DG framework using an rp-adaptive scheme.
Specifically we exploit the element specific degrees of freedom and the weak interaction between
elements, existing as stiffness terms in the global stiffness matrix, to propagate a crack. Also
included in Section 5 is a description of the average boundary conditions which are used to make a
problem determinant when only tractions are applied to the boundaries. Section 6 presents numerical
examples which demonstrate the accuracy of calculating the CF, in terms of both magnitude and
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direction for: static, quasi-static, mode 1 and mixed mode problems. Conclusions are drawn in
Section 7.

2. CONFIGURATIONAL FORCE FRACTURE

This section provides the key equations for the small strain description of the CF approach to
modelling brittle fracture based on the work of Miche et al. [44]. The continuous formulation is
valid for both 2D and 3D however the discrete formulation is different, see [18, 33] for variations of
the 3D discrete formulation within a CG framework.

2.1. Continuous formulation in space and time

Consider the homogeneous evolving material body in Figure 1, & C %2, which has an exterior
boundary 0.8, crack lips T and crack tip OT'. The subset Br = 2 \ T' U 9T is defined with the crack
lips T and T~ and the surface C encircling the crack front. In the limit T™ — T, T~ — T and
C — OT. Finally 0%r = 82 UT~ UT™ U C is a set containing all the boundaries of the problem.
Here, 02 = %p U By U By where Bp, BN and Br are the Dirichlet, Neumann and roller
boundary conditions respectively.

ay

or

0%

PBr
Figure 1. CF quantities defined on the material domain %r (adapted from [44]).

The material points are defined & € %r. They evolve from a set of reference coordinates 8 € €2,
where 2 C %#° is the reference domain. This is achieved by using the time dependent mapping
=:(8) =  which allows for a change in material structure that reflects the propagation of a crack.
The small strain displacement at time ¢t € %™ is defined as

ey

{%F — R
Uy =
x — u(x):.

Next we define the global power postulate of the mechanical form of the second law of
thermodynamics for power dissipation, 2,

@::@fiqzzo, P=[ t-udS and U= [ o(e)dV. (2)
dt 8% Br

2 is the power applied to the boundary 0.2 by a traction ¢, 9 is the free energy function and € is
the infinitesimal strain

€= % [(Ous/0)" + Ouy /O] . 3)

Following the work by Miche et al. [44], (21) becomes

92=2— | (c:Vv+X:VV)AV >0, @)

PBr
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where o = V.1(¢) is Cauchy stress, ¥ = 1(e)d — (du,/dx)T o is the Eshelby stress and 8 is an
identity matrix. The boundary conditions for the spacial velocity field v are
Jui(x)

ot -’
which has a prescribed value ¥ on a Dirichlet boundary 0.4 p. The boundary conditions for the
material velocity field, V, are

&)

ve{vlv=vondBp}, where v=

Ve{VIV-n=0mdAUIl, V=060ondl'}, where V = (8:520)> o= N (x), (6)

with a material velocity o at the crack tip. Given that v and V' are arbitrary in %1 and have boundary
conditions (5) and (6) respectively, the following statements of equilibrium can be defined

V-o=0in%Br, o-n=tond#B, o-n=0onl' and V- -X =0in HBr. @)

2.2. Discrete formulation in space

A discrete formulation of the power dissipation also exists. This is taken directly from (4) using
isoparametric shape functions Ny which act on a node I of element K. K € T, where 7 is a
subdivision of the polygonal domain Zr C R? into disjoint triangular elements, with its coordinates
mapped into the reference domain using =; * (). The nodal material and spacial velocities existing
on element K are respectively Dy and d;. The derivative of the shape functions in the material
domain Bj(x) = VN7 also exists. Equation (4) can be discretised into the form

nr

92 =Y (f1+pi1]-dr +gr-Dr) >0, ®)
I=1

where nj is the set of all element nodes in the mesh. The conventional force components in (8) are
defined as

T T
fr= —AK:1 / Bi'o"dV and p;= AK:1 Ni'thdv ©)
K oK

and the CF is
.
gr=-A, / B,TS"V. (10)
K

A, is the usual finite element summation operator. Additionally the material and spacial velocities
in element K take the discrete form, denoted by the superscript A,

V= Ny(x)D; and of = Ny(z)dy, (11)
with all interpolation occurring in the material domain, where
dy € {dr|d; = dy on 0Bp} (12)
is a prescribed displacement on the boundary and,
Dy e {Df|Dr - n=00ndAUT, Dy = o7 on dl'}, (13)
where oy is the crack tip material velocity. A consequence of (12) is that the following is true
fr=0in%r, fr+pr=00n0% and fr=0onT. (14)

This means that the reduced descritised global power dissipation (8) at the crack tip is

7" = g1-or (15)

gr is the CF , it determines crack growth and direction and is calculated in post processing
procedure, once the linear elastic system has been solved.
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2.3. Discrete formulation in time

The final step is determining how the crack will propagate. Here we will employ a quasi-static crack
propagation framework as presented in [44, 43] to perform a quasi static analysis. First we integrate
the discrete dissipation power at the crack, (15), over the time period [t", ¢" ]

tn+1
A" :/ 2"t ~ Z gr - MNor. (16)

2 Icor

This gives an incremental constant increase in the crack surface length, Aoy, over the time period
[t",¢" 1], It has the form,

ho for |gI‘ 2 9e (17)

Aoy = Av;ﬂ where A~vyy = )
0 otherwise.

|QI|

where g. is a QGriffith material failure criteria. h, is the increase in crack length defined as
ho = 91/|gs| - L¢, L, is the original length of the most aligned element face with 91/|g;|. A crack
will propagate the entire reorientated element face associated with L.. Ay is subject to the Karush-
Kuhn-Tucker conditions

Avr 20, (lgrl —9.) <0 and Avr(lgr| —gc) =0. (18)

Motion of nodes can be permitted in the material configuration, except motion that would change
the shape of the boundary. We recognise that is possible to dissipate power by moving nodes in
the material configuration, [75, 64], and thus achieve a minimal energy solution to the problem by
increasing the total power dissipated by the term Y 7~ gr - Dy in (8). However this is a highly
non-linear problem and therefore computationally expensive. We therefore do not solve for it here,
consistent with the works of [43, 44, 18, 21, 22, 25, 5] and many others, but instead recognise it
could potentially improve our solutions. Here, we only consider power dissipation in the form of
surface generation, or crack propagation, when the Griffith failure criterion |gr| > g, is satisfied at
a crack tip.

The key equations for modelling brittle fracture propagation based on CF have now been outlined.
Their values are calculated in a post-processing procedure once the linear elastic system for small
strain problems has been solved. The linear elastic system is cast within a DG framework presented
in the next section. It should also be stated that it is possible to simultaneously solve for the CF and
material velocity as in [33], based on the works of [35]. However, there is debate in the literature on
the validity of linearising the CF in these approaches [40].

3. DISCONTINUOUS GALERKIN FINITE ELEMENT APPROXIMATION

We consider the following model problem on a bounded Lipschitz polygonal material domain Zp
in R?, with 08y U0%Bp U0PBr = 0Pr. In this section three different boundary conditions are
described within the DG formulation. On 0%p Dirichlet boundary conditions are applied, the
prescribed displacement on this boundary has a value g ,. On 0% Neumann boundary conditions
are applied, here the traction has a value g ;. Last a roller boundary condition is applied on 0%,
here the tangential component to the boundary surface has a value of zero and the displacement
normal to the surface has the value g - n, where n is the unit vector normal to the boundary. The
strong form of the problem with the boundary conditions is defined as
V.-o(u)=0in%r, o(u) -n=gyondBy,

19
u=gpond&Bp, (o(un) nl=00n0%r and w-n=gs; nond%r (19

where nll is the tangential unit vector to the boundary. The prescribed values on the respective
boundaries, g, g and g, are the prescribed displacements (fully prescribed g, and roller g ),
and the traction vector g .

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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Each element K of the mesh 7, where T is in general irregular, is the image of the reference
triangle under an affine elemental mapping Fi : K — K. We denote by F(K) the set of the three
elemental faces of an element K. If the intersection F' = 0K N JK’ of two elements K, K’ € T
is a segment, we call F' an interior face of 7. The set of all interior faces is denoted by F; (7).
Analogously, if the intersection F' = 0K N 0%r of an element K € 7 and 0%r is a segment,
we call F' a boundary face of 7. The set of all boundary faces of T is denoted by Fp(7) and
it is the union of the three sets Fn(7), Fp(7T) and Fr(7T) of faces on the three boundaries
0ABN, 0PBp and 0Ar respectively. Additionally the internal crack is represented by tractions on
OK N0%xn N (I'" UT ™) as zero and the crack tip being represented by an element node existing at
OT'. Moreover, we set F(T) = F;(T)U Fp(T). For each element K € T, we define px to be the
order of the element. We also define the vector functionp = {px : K € T }.

For any mesh 7 of %r with the degree vector p, we then define the hp-version discontinuous
Galerkin finite element space by a

Wy(T) = {w € [L*(Zr)]® : wlk € [Pp (K)*, K €T},

[L?(%r))? = [L*(%r)] x [L?(%r)] represents the functional space of the two components of the
function w and Py, (K) denotes the set of all polynomials on the triangle K of degree no more
than pg. The basis functions chosen are hierarchical, [68], with the test function and displacement
described respectively as w = IN ;w; and up, = Nu,. w, and u, are the hierarchical basis function
coefficients and IV, are the hierarchical functions in the reference element K.

We now introduce the SIPG method in the bilinear form, for the approximation of the model
problem (19): Find u;, € W,(T), such that

a(up, w) = l(w), (20)
for all w € W,(T), where

ax(un,w) = Y (o(un) e(w))x — Y ({o(un)}, [w])r

KeT FeF(T)UFp(T)

= > (lunl {o(@)r + Y Blrhe [us], [w])r

FGf[(T)UfD(T) FEJ:I(T)U]'—D(T)

- Y {(wn-n)no(wn)r - Y (o(un)n, (w-n)n)x

FE.FT(T) FE.FT(T)

+ Z Bp%hgl/(uh'n)(w-n)d&

FeFr(T) F

2D

where (3 is a penalty term for linear elastic SIPG

(5Eyy

b= I+v)1—-2v)

(22)

In this paper § = 10, its range is defined by [23], Fy the material’s Young’s modulus and v as

Poisson’s ratio. Further, h g is the element face length, and
max(pt,pr) if F e Fi(T
Di if F e Fp (T)

where {-}, [], (-,-) and (-, -) are defined in [4].

The first term on the right hand side of (21) describes the virtual energy in the material bulk. The
second is a face stiffness term which averages the jumps in tractions existing between elements.
This is followed by its transpose to make the global stiffness matrix symmetric. The fourth term is
required to stabilise the method. The last three terms impose the conditions on the boundary 0%
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weakly, the first of the three terms is the weak implementation of the boundary, next is the transpose
followed again by a term to stabilise the method.
The right hand side of (20) has the form

l(w) = 7Z<gD7n'U(w)>F+ Z ﬂ<p%‘h1_719D’w>F+ Z <gN’w>F

FeFp FeFp(T) FeFn(T)

(24)
~ S {gr mmowinye + Y frkhy! / (g7 - m)(w - m)dS.
FeFr(T) FEF(T) F

The first term is the weak implementation of the Dirichlet boundary condition, followed by its
stabilising term. The third term is the implementation of the Neumann boundary condition. The
fourth is the boundary condition applied on 0%r followed by its stabilising term. For more
information on the implementation of problem (20) we invite the reader to refer to [23].

4. NUMERICAL CALCULATION OF CONFIGURATIONAL FORCE

Here we consider the tip [44, 43] and domain methods [11] for calculating the CF at the crack
tip within the SIPG framework. The tip and domain methods are shown in Figures 2a and 2b
respectively. The tip method considers only the CF value at the crack tip node, marked as white
in Figure 2a. The choice of this node is a result of the power dissipated from crack growth being
only associated with CF at this node, as discussed in Section 2.3.

The domain method, shown in Figure 2b, considers the CF on the interior set of nodes, marked
as white, of elements within the boundary r4. The motivation for this choice is that the CF values
should be zero on the interior set of nodes, except the crack tip node at 9T'. [11] concluded that
spurious CF values exist at interior nodes around the crack tip which should exist at the crack tip. It
was found in summing these to the value at the crack tip gave a more accurate solution for the CF.
As shown by [29], the stresses close to the crack tip are a function of r~'/2, where r is a distance
from the crack tip. The finite elements within the discretised space struggle to capture the stress
singularity and so the CF, a function of stress, is poorly represented. When using elements which
can capture the stress singularities at the tip, [6], the spurious internal material forces become near
zero. When singular elements are used in [64], a more accurate CF is obtained compared to using
conventional finite elements for their examples.

The equation for calculating the configurational force for the tip and domain method is

ng

g=-33 /K B, TSdV. (25)

n=1KecA

For the domain method A is the set of elements K which have all their nodes within r4. For the tip
method the set A is the set of all elements K which have a node on OI'. Finally, n; is a list of all
nodes in A which do not lie on the exterior. The white shaded nodes in Figures 2a and 2b are the
interior nodes and crack tip node in the set ny,.

Evaluation of (25) is performed in a post-processing procedure after (21) has been solved.

5. RP-ADAPTIVITY

In this section we describe a method for propagating a crack in quasi-static rp-adaptive procedure
using CF fracture mechanics cast within the presented SIPG finite element framework using
hierarchical shape functions.

The benefit to using SIPG is the flexibility available to switch off face interactions between
elements by removing the DG face stiffness terms from the global stiffness matrix. This creates
new surfaces, and is used to propagate a crack. No degrees of freedom (dof) are added to the

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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(a) (b)

Figure 2. The mesh around the crack tip OT" showing the nodes which are considered in the CF calculation
using tip (a) and domain (b) methods.

data structure to propagate a crack whilst only minimal manipulation is required to enable a
p-adaptive scheme. The data structure is arranged such that all the dof corresponding to first
order components of all elements are numbered first. The labelling of all these dof is unchanged
throughout a simulation, as this is the minimum requirement for a finite element discritisation to
exist. All subsequent higher order dof are numbered greater than their first order counterparts. An
example of the data structure is shown in Figure 3.

5.1. Hierarchical shape functions

In this paper we employ shape functions defined for a reference K triangular clement in [68] with
improved interior bubble functions. An advantage of the adopted shape functions is that values for
an arbitrary high order shape function can be created in a hierarchical algorithm. This means it is
not necessary to hard code equations for high order shape functions and an element of an arbitrary
high order can be generated.

5.2. rp-adaptivity algorithm

In a crack propagation scheme the configurational force, gy, is evaluated at each crack tip using
cither the tip or domain method. If |gr| > g., then the crack will propagate in the direction gy and
the rp-adaptivity method will be applied as given in Algorithm 1.

An example of a crack propagating through a mesh, using Algorithm 1, with its corresponding
changing global stiffness matrix is shown in Figure 3. The mesh is constructed from 6 elements. For
the simplicity of this example only elements sharing a node at the crack tip having a polynomial
order, pg, greater than 1. It is possible to have a group of elements with px > 1 about the crack tip,
these element reside within the radius r,. An element is considered inside 7, if at least one of its
nodes are inside r,,. To propagate a crack, first the linear elastic system is solved producing a stress
field. gy is then calculated from the stress field in the material domain, then following Figure 3:

e Step 1, the element face most aligned with gy is reorientated about the crack tip to be
coincident with gz. The face length has size h, = 91/|g;|F,, where F, is the most aligned
element face with 91/|g,.

e Step 2, the DG face stiffness terms associated with the reorientated face are removed from
the global stiffness matrix. This propagates the crack. Their values reside at the positions
highlighted by the black ‘X’s in the second global stiffness matrix.

This is equivalent to applying homogencous Neumann boundary conditions on the new crack
surfaces. Furthermore the DG face stiffness matrix calculations for this face are also removed

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2016)
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from any further calculations to prevent any face interaction reappearing. This removes any direct
interaction between elements along the face creating a new surface, which extends the boundary of
the domain, and propagating the crack.

Step 3 Step 4

Element mesh at
the crack tip

pk=1 pr>1 pr=1 prx>1 prk =1 px>1
T2 3 45 6234 T 723 435 61234 T 723 435 6W456
Y | i . (i N
Corresponding (o OO mao Ml DX X [0 I a1 | | H
stiffness matrix X 0ol oo N S M X —
! af~ OOO O 000 == =+ XEX {000 — 2] HEE Emni
at the crack tip I Cl OO0 |Sep2 [+ W HE |l o HEI 11
NS Ood o N g | ] | N HEE I
=|ooms oo Nelea= R Afjommm  mmm_ mmm
(ECESCR e == . N
N o e e e S e gy D= m— R3] ™ i wam

r-adaptivity p-adaptivity

Figure 3. rp-adaptivity for a 6 element mesh at a crack tip, with high order elements at the tip and the
corresponding sparsity matrix. The numbers on the rows and columns of the matrices correspond to element
numbers in the mesh.

e Step 3, as only elements on the crack tip have a polynomial order greater than 1, and the crack
has moved, all rows and columns of the global stiffness matrix associated with the higher
order dof of elements no longer at the crack tip are removed.

This is highlighted by the black lines through the final rows and columns of the second stiffness
matrix. Additionally, as the geometry of elements which share a node with the new crack tip
have also changed, all values associated with these elements’ local stiffness are removed. This is
represented by the solid black blocks in the second matrix.

o Step 4, the updated local stiffness matrix components of elements are added back into the
matrix. This corresponds to element with a changed geometry or increase in polynomial order.
All new values are highlighted with black boxes in the third matrix in Figure 3.

The specific detail of the rp-adaptive method which Figure 3 follows is provided in Algorithm 1.
The last stage of Algorithm 1 is recalculating the DG area and surface local stiffness matrices for
E, and F, and adding them back into the global stiffness matrix. When adding new higher order
dof, the only constraint is that their numbering is unique to an element, as with all dof in DG.

5.3. Average boundary conditions

This type of boundary condition is used for non-determinant 2D systems. This is the case for linear
elastic problems where the displacement is not constrained in both axes. To the author’s knowledge
this is the first of its kind implemented for a linear elastic problem. These boundary conditions
average the displacements in x and y (v and v), and the rotation, to be 0

o:/udeZ/NuuKdV, o:/udeZ/vaKdv (26)
Q KeqV K Q KeqV K

and

dv  Ou
0= — — — | dV = E B dv. 27
/g <3=’r 3y> /k WUk @7

KecQ
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Algorithm 1 rp-adaptivity

Step 1 — r-adaptivity

Find nodes within r4 about 9I" — ng.

Find interior nodes of the space A, ng — np.

Perform (25) with n, to obtain gj.

Use (17) to get Aoj.

Create set F, for faces connected to crack node OI" with corresponding unit vectors away from
crack tip m.

6: Identify the most aligned face F. with Aoy by comparing all m with Aojy. Label the most
aligned unit vector m as m., and the corresponding face length L.:

F. = arg{lgggc(Aol -m;)}, [43].

A

7: Reorientate m,. such that m. x Aoy = 0, [43]. Make the reorientated face length h, =
91/\g1| - Le.

Step 2 — Creating a new surface

8: Identify new crack node n. at the end of face F..
9: Remove any further DG face stiffness calculations associated with F,. and delete its values from
the global stiffness matrix.
10: Identify all elements with changed vertex coordinates — F,..
11: Remove all values in rows and columns, in the global stiffness matrix, for all dof associated
with E,.

Step 3 — p-adaptivity

12: About n. find nodes within 7, — n,.
13: Remove all rows and columns associated with an order px > 1 for elements not within 7.
14: Identify elements with p;, = 1 which contain nodes n,, and label E,,.

Step 4 — Computation

15: Compute local area and surface stiffness matrices for all dof in set F,..

16: Compute components of the local area and surface stiffness matrices components associated
with a polynomial order > 1 for elements in F,,.

17: Add the newly computed local stiffness matrices components, for E,. U E,, to the global
stiffness matrix.

Here ux and vy are degrees of freedom (dof) corresponding to w and v within element K.
wg = [u1,0,Uz ... Undof, 0|7, Vi =[0,01,0,02 ... Vnaor])" and Uk = ug + v, Where paof is
the number of dof of a variable within an element. N, and IN, are arrays of shape functions,
[N1,0,Na, ... Npdof, 0] and [0, N1,0, No, ... Ny4of] respectively

_ 761\/'1 6N1 78Nndof 8]\/v'n.dof
Bi=|-%0, o, .. s O], (28)

Equations (26) and (27) are incorporated into the global stiffness matrix and thus form part of the
solution.

[ NudV . [ N,V

n K Kpc'|l[ U
{J:)} {K 20 ] {a C}7 Kpo= [, NudV ... [N,V |, (29
Be B Jo, B1dV ... [ Bn.dV

where ,,. is the number of elements, f,, is I(w) evaluated at each node, U contains all displacement
dof and aeg is a set of arbitrary unknowns that form part of the solution vector.
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6. NUMERICAL EXAMPLES

In this section several crack propagation problems are investigated to demonstrate the accuracy of
the SIPG for predicting crack paths against analytical numerical benchmark tests and experimental
results. All problems considered in this section assume linear elastic material behaviour. Only small
strains in plane strain are present with the free energy function

)= %ET(CE), (30)

where € is strain and C' is the fourth order stiffness matrix for linear isotropic elasticity. The accuracy
of the numerical scheme for predicting a crack propagation path can be evaluated by considering
the CF value and direction for mode 1, mode 2 and mixed mode problems.

6.1. Single edge notched static tensile test

This static single edge notched (SEN) test is used to show that SIPG method produces CF values
within the range of accuracy obtained in literature, [11, 44]. The value of the CF is dependent on:

o the characteristic mesh size at the crack tip h.p;
o the domain around the crack tip where elements have py > 1 defined by the radius 7,; and
o the radius containing all elements used in the domain evaluation of the CF 74, (25).

Additionally, r, s defines the region around the crack tip where elements are of a different length
scale to the rest of the mesh. These variables are also shown graphically in Figure 4a.

Tl? i
b

H
o

H

/

Py

(a) (b)

Figure 4. SEN example: (a) geometry and loading conditions of single edge notched specimen. (b) mesh of
single edge notched specimen.

The geometry of the test is taken from the benchmark provided by [17] and is shown in Figure
4a. Here the crack length ¢ = 0.1 m, the width of the plate b6 = 0.5 m, the half height of the plate
H = 1.0 m and the uniaxial tensile stress applied is ¢ = 10 MPa. The plate has a Poisson’s ratio
of ¥ = 0.3 and a shear modulus ;¢ = 80 GPa. Zero average displacement and rotations boundary
conditions were applied using (26) and (27). Last, the mesh was generated using the unstructed
mesh triangle generator, Triangle [32], and is shown in Figure 4b. All h-refinement occurred in a
homogeneous manner uniformly across the entire mesh, as in Figure 5.
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Level 1
h-refinement

—

Figure 5. A level 1 homogeneous mesh refinement of triangular element Ey into 4 new elements. The nodes
of the new elements either lie on the middle of the edges, or nodes, of Ej.

An analytical solution of the energy release rate for the plane stress problem, in Figure 4a, for the
mode 1 crack path is derived from the J-integral,

_ Kit—v)

G=J o

; €1y
where the empirically corrected stress intensity factor, Ky, can be determined from multiple
empirical equations provided by [73]. So not to be biased, we choose to define a range in the stress
intensity factor, and therefore also the expected energy release rate. The range is provided by the
empirical equations which give the smallest and largest K values in [73], respectively:

4 0.8574+0.266¢
a) +#, (32)

Ky
=026 (17 -
(1-%)2

K, b
K 2b 0.752 + 0.2022 4+ 0.37(1 — sin Z&)3
212 e I +0.2025 +0.37(1 — sin 55)° (33)
K, Ta 2b cos T

Using the stress intensity factor K, = o/ma for an infinite plate with a crack length of 2a, [29].
The energy release rate for the mode 1 SEN problem is in the range G € [256.7,261.8] N/m. As the
finite element solutions converge from below for h and p refinements, we will consider G = 261.8
N/m as our reference solution and comment all percentage differences from this value, unless stated
otherwise. Considering virtual work in the direction of mode crack propagation, the reference mode
1 CF value is ¢ = 261.8 N.

and

6.2. SEN static tensile test results

The first investigation was conducted to verify that using SIPG it was possible to obtain accuracies
within the range obtained in literature for CF using continuous Galerkin methods, see Table I. Given
that the most accurate results obtained in both [44, 11] were obtained using the domain method, this
method was used to compute the CF for the problem described in Figure 4a, Section 6.1.

First we investigated how varying r4 around the crack tip affected the accuracy of the CF. For this
test v, = 0.1 m and px = 1 for all elements. The initial element length within 7, was set to 0.04 m
and graded to 0.34 m outside 7. The mesh refinement was uniform, as in Figure 5.

The changes in CF magnitude when considering element rings to compute the domain evaluation
of the CF (25), Figure 6, are consistent with the works of [11, 12, 36, 50, 41]. We demonstrate that
the CF domain integral, [11], is poorly represented by all refinement levels when only considering
elements at the tip (ring 0). This is followed by a large increase in accuracy, =~ 20% for all
refinements. After this initial jump an overall average = 1% increase in accuracy between 1 and
4 rings of elements occurs, however it is noted that increasing the ring size in this region does not
guarantee an improvement, and indeed even with refinement an improvement for an element ring
size is not guaranteed. For instance [75] exploited the fact that the CF is dependent on the mesh for
a mesh improvement strategy. If an increase in the element rings includes a section of poor mesh,
the domain evaluated CF could be perturbed leading to a worse result.
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Figure 6. CF magnitude, for different mesh refinements at the crack tip, the range in the empirical solution
of g is marked in grey.
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Figure 7. SEN: (a) How the CF derivation angle changes with element size at the crack tip and when

considering different rings of elements around the crack tip when computing (25). (b) How CF derivation

angle varies when considering the same area of elements, dictated by the element ring area on the coarsest

mesh, when computing (25) for different mesh refinements. Example meshes of the elements considered for
the computation of the CF are shown for ring 0 in both (a) and (b).

The lack of CF angle convergence, both when increasing element ring size and refining the mesh
for a ring size, is demonstrated in Figure 7a. However, when considering a fixed area which is
dictated by the element ring size on the most coarse mesh, Figure 7b, monotonic convergence is
achieved with uniform homogeneous mesh refinement. The domain integral in its continuous form,
[11], is evaluated by considering an area around the crack tip. In the finite element formulation if the
area for computing the domain evaluated CF is fixed, and uniform homogeneous refinement occurs,
the stress solution will improve in this area. Therefore the domain integral, represented here as the
summation of CF nodal values, will improve monotonically.

The next investigation demonstrates how varying element polynomial order around the crack tip
affected the accuracy of the CF magnitude with homogencous mesh refinement. The initial mesh
is displayed in Figure 4b. In Figure 8a r4 = 0.08 m and 7, = 0.05 m, both are kept constant. The
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Figure 8. SEN: (a) varying polynomial order, pg, of elements within r, = 0.05 m, (b) varying the number
of px = 5 elements modelling the stress field around the crack tip for different mesh refinements. The range
in the empirical solution of ¢ is marked in grey.

Author Type of CF Element type Minimum error
evaluation | (order at around tip) | (CF magnitude)
Miehe et al. [43, 44] tip 15t 2 —16%
Miehe et al. [43, 44] domain 15t 2—8%
Bird et al. tip 1% 2.9%
Bird et al. domain 1% 2.1%
Bird et al. domain 3t 1.6%

Table 1. Comparison of error results for calculating the CF at the crack tip for the static SEN problem against
methods using a CG framework.

polynomial order px of elements within r,, at the crack tip was varied.

In order to demonstrate convergence rates for this problem a value g = 256.9 N for the CF was
obtained using a structured mesh with greater than 10° degrees of freedom with h.r = 9.8 x 107°
m. This value is within the range presented in Section 6.1 by the empirical equations (32) and (33).
Figure 8a demonstrates that refinement in either h or p converges to a CF value of g = 256.9 N. For
all polynomial orders monotonic convergence was achieved with uniform h-refinement, Figure 5.
h-refinement converges more efficiently than p-refinement as the stress is singular at the crack tip
[29]. This agrees with the analytical convergence studies obtained in [56, 65] where it was shown
for problems with a singularity h-refinement is more efficient than p-refinement. Overall a minimal
error of 1.1% for py, = 7 against the upper bound of g.

Last, in Figure 8b, the rings of elements around the crack tip where px = b is varied whilst 74
remains constant at 0.08 m. It demonstrates that the accuracy of the CF solution is more dependent
on the rings of elements around the crack which have py = 5 rather than 7,,. By having 2 element
rings of high order elements around the tip. The CF error reduces by 7.32% whilst the radius for
considering 2 element rings decreases by 8.75 times.

To be consistent the error values in Table I are found using the same empirical solution for this
problem found in [43, 44], here g = 259.1 N. SIPG obtains results in the range found in literature
for CF values.

6.3. Single edge notched quasi-static crack propagation test
The SEN quasi-static crack propagation test, presented here, has the same geometry as the previous

section. Here, weakly imposed heterogeneous Dirichlet boundary conditions are applied for a
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displacement of 0.01 m at the top and bottom of the specimen. These act in place of the uniaxial
tensile stress shown in Figure 4b. The specimen had a Griffith failure criterion g. = 1000 N/m. The
mesh is shown in Figure 9c, with an element length graded from 0.04 m around the expected crack
path to 0.35 m. For this test 7, = 0.08 m and 74 = 0.1 m, the domain of elements with a higher
polynomial order moved with the crack tip.

1 . . . . . . . 1 . . . . .
0.8} ___':;T% ] 0.8} --0-- 3
0.6} —a-5 | 061 ——5
<041 —7 || 04} 2, 7 2
g 0.2} ] RS
R —
= -0.21
A -0.4}
-0.6}
_(_)ig' S ]
1 2 3 4 5 6 7 8 9 12 3 4 5 6 7 8 9
Load steps Load steps
(a) ) ©

Figure 9. SEN crack propagation direction: (a) using the domain method, [11], to calculate gy, (b) using the
tip method to calculate gy, [43], and (c) the initial mesh used for both (a) and (b).

The results for the instantaneous CF deviation from the expected crack direction, of 0°, are shown
in Figures 9a and 9b. Each figure shows a total of 8 element face separations. This equates to a total
crack path length across the plate of 0.31 m and 0.30 m, for Figures 9a and 9b respectively. The
figures demonstrate the improvements gained by using the domain approach. The domain method
obtained a maximum difference, from 0°, of 0.09° compared to the tip evaluation which achieved
0.55°. The figures show how the path direction is governed by integration scheme more than the
polynomial order of elements around the tip. The average difference between pi = 1 and px =7
for the domain approach was 0.029°, and for the tip approach was 1.86°.

6.4. Double notched two holed quasi-static crack propagation test
This benchmark taken from [9], is a tension test of a double edge notched specimen with two holes
for mixed mode problems, the geometry and loading conditions are shown in Figure 10a. This

um

!

3m
(] =
5 1m
10 m m
T2.85 m 14 et
- 20 m -
(a) (b)

Figure 10. Double crack and hole example: (a) geometry for the two holed quasi-static crack propagation
test and (b) starting mesh with element length of 0.3 m refined to 0.015 m at the crack tips.
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test is necessary to show that SIPG can produce accurate results, compared to CG, for the mixed
mode crack propagation problems. The plate acts in plane strain and has a shear modulus ;o = 8
GPa, Poisson’s ratio v = 0.3 and a Griffith failure criterion of g. = 1000 N/m. In Figure 10b the
mesh is refined around the crack tips as in [43], this is to ensure a more valid comparison. Here

(a) (b)

Figure 11. Double crack and hole example: (a) propagation path and deformed mesh using the domain

evaluation method of the CF [64] where the displacements have been magnified by a factor of 10 and (b) a

comparison of paths between those obtained in Figure 11a (solid line) and the path obtained by [43] (dashed
line).

rp = 0.1 m, with elements of polynomial order of 3 within r,, and 1 elsewhere. The CF domain
method [11] with ;3 = 0.2 m was employed to evaluate this mixed mode problem. The two cracks
propagate simultancously in the same load step. The deformed mesh is shown in Figure 11a. The
crack propagation path obtains a good agreement with Miehe et al. [43] as shown in Figure 11b.

A slight variant of the experiment, shown in Figure 11a, was performed with the same material
properties, loading conditions, radii r4 and 7, and polynomial order distribution. The experiment
analysed the precision of the crack propagation. As the problem is symmetric the two cracks paths in
the problem should have the same normalised position relative to their starting point. The difference
in the crack paths is a measure of the precision. The results are displayed in Figure 12a, however
it is important to note that the difference in the crack paths is empathise by the x and y axes being
different scales. The precision was measured as the maximum percentage difference from the mean
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07t crack2 | | s . oK
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XA %
crack 1 E‘%%%‘ gvé;:’
05 | 1 B KRS
= bV DTE
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= 04 SRRSO IERE!
Q . - -
L
<
._g
2 031 4
3]
3
[&]
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Figure 12. Double crack and hole example: (a) crack propagation paths for the two different mesh
refinements in (b), where h.p = 0.250 m (top right), and h.r = 0.123 m (bottom right).
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of the two crack paths. The coarser mesh, element length of 0.25 m, obtain a precision of 20%.
The refined mesh, element length of 0.123 m, achieved a precision of 2%. The lack of precision is
caused by two features. First, for a coarse unstructured mesh, the stress field is poorly represented.
This means on the first load step the configuration force is unlikely to be the same at both crack
tips and so the two cracks will propagate in slightly different directions. Secondly, as the increase
in crack length Ao, is larger for the coarse mesh the error in crack path is magnified. This results in
a diverging crack path, Figure 12a, and different stress fields at the tips, Figure 13b. The locations
of the new crack tips and the stress fields, Figure 13a, now contrast more than if a finer mesh was
used, Figure 12a. Ultimately the difference between the stress fields and the error in crack path
compounds the inaccuracy as the crack propagates through the specimen.

(@)
Figure 13. Double crack and hole example: plot of o4 (Pa) for (a) Ap = 0.123 m and (b) hp = 0.250 m.

6.5. Mixed mode single crack propagation in a beam

In this section a mixed mode single crack propagation problem in a double cantilever beam is
analysed, the problem was first described by [8]. The problem is described in Figure 14a, it considers
a fixed beam with a centre crack where the tip perturbed by a small angle. A traction is applied to the
end of beam such that the two halves are pulled apart. The problem acts in plane stress, with . = 0.3
m, h=0.1m,a=0.1m,p=0.175 N/m, Az = 7.6 mm, g, = 500 N/m, 8 = 5.41°, Fy = 206.8
GPa, and v = 0.3. The crack is propagated using (17) with, 74 = 0.0l mand px =2 VK € 7. The

L

P 2

a Az N
~
y o N
p [#|h/2 \
R R
. O]
ORRKAAAAR
(a) ®)

Figure 14. Crack in a beam problem schematic (a) with the corresponding mesh (b).

crack step is dictated by the side length of elements in the mesh, Figure 14b elements are graded
from 1/400 m at the crack tip to 1/200 m at the far field. The resultant crack path using (17)
with the SIPG face splitting method is compared against the XFEM methods using the maximum
circumferential stress criteria (MCSC) [8, 62], and against the cracking particle method which also
uses MCSC, [2].

The resultant crack paths are displayed in Figure 14a. It is important to note that the axes are
different scales and, the axes are also normalised with respect to the maximum length of the plate in
the axes’ orientation. Very similar results are obtained between CF SIPG, XFEM MCSC [62], and
the cracking particle method MCSC [2]. The only outlier is [8], however the general shape of their
crack path is similar. In this paper we choose the CF method, [44], as this method maximises the
power dissipation through crack growth, derived from the second law of thermodynamics.
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Figure 15. Comparison of crack paths, for the crack in a beam problem 14a, using the SIPG CF crack
path criterion (17), XFEM MCSC [8, 62], and the MCSC cracking particle method [2]. The axes = and y
correspond to the same orientation as in Figure 14a.

6.6. Quasi-static cross crack propagation in a finite plate

The final numerical example is taken from [72], shown in Figure 16a. The example is used here to
investigate the consistency in CF values within a numerical experiment for two different boundary
conditions, the average boundary conditions presented in Section 5.3 and a fixed bottom left corner
node. The plate has a shear modulus ;o = 8 GPa, Poisson’s ratio v = 0.3 and a Griffith failure
criterion of g. = 1000 N/m. The traction ¢ acting perpendicular to the plate surface has a value
of 10 MPa. The problem is a symmetric plate biaxial loaded, acting in plane strain, with four crack
tips orientated in a cross. The cracks are propagated using the r-adaptive method combined with
the face splitting algorithm presented in this paper. The increase in crack length for each crack
propagation step is the same as the characteristic element size of the mesh, 1/30 m or /50 m, and
corresponds to splitting of one element face. px = 1 everywhere and the tip method was used to
investigate the effect the different boundary conditions had on the CF value at the crack tip node.
This ensures that only the boundary conditions can cause any disparity in CF values at the crack
tips. It is possible for the domain method to capture a different number of elements around the crack
tip depending on the element distribution. Each crack was propagated at the same rate. The mesh
generated was structured and symmetric, the mesh before crack propagation is shown in Figure 16b.

Each crack should undergo mode 1 propagation, the CF vector should therefore only have one
non-zero component which in this example is parallel with the crack lips. The first investigation is
designed to isolate the effect the different boundary conditions have on the CF value at each crack
tip. Therefore a symmetric structured mesh is used as in Figure 16b. The magnitude of the deviation
of the CF away from its expected direction for each crack tip is represented the by angle between
its vector components as shown in Figure 17.

Figure 17 shows that refining from h.p = 1/30 m to h.p = 1/50 m shows no improvement or even
a worse representation of the crack path. The fixed corner makes the problem non-symmetric by
introducing a reaction force. Therefore the boundary conditions are not sufficient for pure mode 1
crack propagation hence it is unachievable, even with refinement. However, the boundary condition
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Figure 16. Cross crack: (a) problem geometry where 2w = 1 m, the cracks at the centre have a length « = 0.1
m with the cracks labelled to 1-4. (b) the deformed structured symmetric mesh with element face length

h.r = 1/30 m before propagation, with the displacement scaled by a factor 102,
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Figure 17. The deviation angle of the CF for a structured homogeneous meshes with the same pattern as in
Figure 16b for different element face length h.p = 1/30 m and h.r = 1/50 m. The results for average and
fixed corner boundary condition are displayed.

does conserve symmetry in one respect as the deviation angle is the same for all cracks, within
computational accuracy.

The range of the deviation angle for the 4 cracks using the average boundary conditions is shown
Figure 17 by the greyed regions in the graph. The crack path deviation is within the order of
computational error for both h.r = 1/30 m and h.r = 1/50 m. The example demonstrates that the
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average boundary conditions are suitable to obtain pure mode 1 fracture. The crack path deviation is
at least an order 8 times more accurate than that obtained with the fixed corner boundary condition.
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Figure 18. (a): resultant unstructured mesh with element length 1/30 m after 9 propagation steps with the
displacement scaled by a factor of 103. (b): mode 1 CF components for each of the 4 cracks.

Finally the norm of the CF values at each of the 4 cracks, see Figure 18b, is compared using an
unstructured mesh with average boundary conditions and an average hpr = 1/30 m, Figure 18a. The
cracks undergo 8 element face splits corresponding to a total crack length increase of ~ 0.27 m.
The percentage difference of the CF, from the average value, for each crack ranges from £0.39%
to +1.24%. For the symmetric mesh in Figure 16b the CF values were found to be the same for
each crack. The range here is therefore generated by the non-symmetry of the unstructured mesh.
At a = 0.1 m the mean CF value is 105.6 N, this is comparable to the XFEM solution calculated in
[72] where a value of 102.9 N was obtained, via a J-integral domain evaluation.

7. CONCLUSION

In this paper we have used the thermodynamically consistent framework presented by Miche
and co-workers [43, 44, 18] to model brittle fracture for small strain problems in a SIPG finite
element method. The proposed method exploits the element specific degrees of freedom and the
weak interaction between elements, and existing as stiffness terms in the global stiffness matrix
to propagate a crack in a fashion that is independent of the original element interface orientation.
These benefits have not been taken advantage of in the past. In the proposed numerical method
a crack is propagated through: (i) moving an element face in line with the CF, (ii) removing the
DG face stiftness values, in the global stiffness matrix corresponding to the reorientated face, (iii)
recalculating the local stiffness matrices of elements with changed geometry or polynomial order,
and, (iv) updating the values global stiffness matrix. This r-adaptive procedure in DG adds no dof to
the data structure, only the change of local element stiffness values in the global stiffness matrix is
required. Additionally we have presented an algorithm to implement arbitrary high order elements
around a moving crack tip and produced an rp-adaptive scheme for SIPG methods. Good agreement
for CF values and crack paths was obtained for static and quasi-static, single and mixed mode,
problems using the proposed formulation. Mixed mode crack paths using the CF method were also
compared against the MCSC method within the numerical framework of XFEM, and the cracking
particle method. The comparisons were made from results found in literature using existing finite
element methods for the same problems. Finally, for non-determinant systems, we introduce an
average boundary condition that restrains rigid body motion leading to a solvable system. The
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proposed average boundary condition method has been shown to achieve machine accuracy for
mode 1 crack propagation irrespective of element size for a cross crack problem.
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