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Abstract. We consider a heterogeneous elastic structure which is stratified in one direction.
We derive the limit problem under the sole assumption that the Lamé coefficients and their inverses
weakly* converge to some Radon measures.
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1. Introduction. In this paper, we study the asymptotic behavior of the three-
dimensional isotropic linear elasticity problem

—div (. tr(e(u)I +2u.e(u)) = f inQ, wuc Hy(Q;R?),

@) e(u) == 1(Vu+ V'),

when the Lamé coefficients )., p. and their inverses are bounded in L!(€) and weakly*
converge to some measures. We determine the limit problem in terms of these mea-
sures in the case when A and p. depend only on one variable. Our results have been
announced in [13].

It is well known that when the Lamé coefficients are uniformly bounded from
above and below by positive constants, the sequence of the solutions to (1) converges,
up to a subsequence, to the solution of a problem of the form —diva®/fe(u) = f (see
[37, property 4, p. 374]). Under suitable periodicity assumptions, the effective tensor
a®/’ can be characterized by means of the theory of homogenization [16], [29], [37],
[43], [52]. Diverse asymptotic analyses of (1) and of the associated vibration problem
have been performed under various hypotheses related to geometry and periodicity
when the latter boundedness assumptions fail [1], [7], [8], [9], [12], [14], [15], [20],
[23], [40], [44], [45], [46], [47]). In this context, stratified media have recently been
investigated in [11], where a two-phase medium comprising a distribution of possibly
very stiff homothetical layers alternating with much softer ones is considered. An
interesting aspect of this study resides in the possible emergence of higher order
derivatives (resp., nonlocal terms) in the effective equations when the Lamé coefficients
(resp., their inverses) fail to be bounded in L'. Let us also notice that spectral
properties of high contrast stratified media have been studied in [21], [22], where, in
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the presence of a defect, unusual phenomena of “super-exponential” localization of
eigenmodes to the vicinity of the defect are demonstrated.

In this paper, both the elasticity coefficients and their inverses are assumed to be
bounded in L'. Apart from these boundedness conditions, we make no assumption
relating to the oscillatory behavior of these coefficients. In this respect, our analysis is
much more far-reaching than that developed in [11]. Unlike [11], its range of applica-
tion includes both homogenization and singular perturbation problems (see Remark
3.6). Indeed, most of our results do not fall within the scope of [11] (see Remark 3.5).
We show that the latter boundedness assumptions in L' preclude the appearance of
higher order derivatives in the limit equations and, in most cases, of nonlocal effects.
The sequence of the solutions to (1) is not, in general, bounded in H'(2;R3). The
natural functional space is the space of functions with bounded deformation, that is,
the set of elements u of L' (€2; R?) whose distributional symmetrized gradient Ewu is a
matrix-valued measure with finite total variation. This space, introduced in [39], [48]
(see also [41]), has been intensively investigated in the literature [2], [4], [34], [38], [49],
[53], [54]. A significant feature of our results is that the effective problem depends
only on the limit measures of the elasticity coefficients and of their inverses, not on the
sequences themselves, provided these measures have no common atom. Otherwise,
the arbitrary choice of the converging sequences leads to infinitely many distinct limit
problems, some exhibiting nonlocal terms (see Remark 3.7). Similar properties were
already known for diffusion problems in stratified media [17] (see Remark 3.12). The
generalization of such results to elasticity is anything but straightforward, because
effective problems may take a much more complicated form. More precisely, the limit
energy associated to a sequence of linear diffusion problems is always of Dirichlet
form [41]. In contrast, the limit energy associated to a sequence of linear elasticity
problems can be any nonnegative lower semicontinuous quadratic form on L?(Q;R?)
taking vanishing values on the set of rigid motions [18].

We now present our results in more detail. For a given cylindrical bounded open
subset Q = (0,L) x €' of R® with Lipschitz boundary, we consider the problem (1).
The Lamé coefficients are assumed to depend only on the variable x7. We suppose
that A\. = lu. for some nonnegative real [ and that the following convergences hold:

(2) e Sm, () Sy weakly* in M(0, Z).

Under (2), we prove that the solution u. to (1) weakly* converges in BD() to
some function u with bounded deformation. This effective displacement is character-
ized by the emergence of jumps w1~ at the interfaces ¥y = {t} x Q' corresponding
to atoms {t} of v, giving rise, if m and v have no common atom, to the following
concentrations of elastic energy:

3) L({t)! / (= u™) - Al — u)dH?,

PP

where A is given by (25). Concentrations of elastic energy also appear on the planes ¥;
corresponding to atoms of m. These extra terms are similar to membrane stretching
energy and take the form

im ale, (u*) : ey (u*)dH?
(1)) [ aleu) e (u)int

where the operator e, and the fourth order tensor all are given by (9) and (22),
and u* stands for the precise representative of u (see (4)). A concentration of elastic
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energy also emerges on a set of fractal Hausdorff dimension between 2 and 3. It is
given in terms of the Cantor parts ¥ and m¢ of the measures v and m by

%/ at y%%z : V%%Q dv° ® L2 + %/ aley (w*) : ey (w)dm® @ L2,

Q Q

the tensor a' being given by (22). The effective displacement u is a function with
bounded deformation and hence is approximately differentiable £3-almost everywhere
(a.e.) in Q (see Remark 3.4). The bulk effective energy takes the form of a classical
linear elastic energy defined in terms of its approximate symmetric gradient e(u) by

! [actupetuis

the effective tensor a being given by (25). The total elastic energy F(u) is the sum
of the terms mentioned above, which can be synthesized as follows:

Fu) = 5/96“ B Blave £+ /Qa'ewf (u") - e (u)dm & L.

The effective displacement is the unique solution to the problem mingpym (q) F'(u) —

Jo F - udz, where BDy"™(Q) is defined by (84). When the Cantor parts v and m®
vanish and v and m have a finite number of atoms, this limit problem is equivalent
to the system of equations (26).

The paper is organized as follows. The notation is specified in section 2, and
the main results are stated in section 3. Section 4 is devoted to the analysis of the
asymptotic behavior of the solution to (14), and section 5 presents technical results
relating to partial mollification. The proof of the main result (Theorem 3.1) is situated
in section 6.

2. Notation. In this article, {e;, ez, e3} stands for the canonical basis of R3.
Points in R? and real-valued functions are represented by symbols beginning with a
lightface lowercase letter (for example, x,i,tr A, ...), while vectors and vector-valued
functions are given by symbols beginning with a boldface lowercase letter (for ex-
ample, u, f, divo., ...). Matrices and matrix-valued functions are represented by
symbols beginning with a boldface uppercase letter, with the following exceptions:
Vu (displacement gradient), e(u) (linearized strain tensor). We denote by u; or (u);
the components of a vector w and by A;; or (A);; those of a matrix A (that is,
u =37 ue = Y (u)ie; and A = 3775 Ajje; @ ej = 375 1(A)je @ e,
where ® stands for the tensor product). For any two vectors a, b in R3, the symmet-
ric product a ® b is the symmetric 3 X 3 matrix defined by a © b := %(a Rb+b®a).
We do not employ the usual repeated index convention for summation. We denote
by A: B = Z?,jzl A;jB;; the inner product of two matrices, by S? the set of all
real symmetric matrices of order 3, and by I the 3 x 3 identity matrix. We denote
by L" the Lebesgue measure in R” and by H* the k-dimensional Hausdorff measure.
The letter C' denotes constants whose precise values may vary from line to line. Let
Q= (0,L) x © be a connected cylindrical open Lipschitz subset of R3. For any

p € L, (Q;R3), we denote by ¢* its precise representative, that is,
N lim ][ e(y) dy if this limit exists,
(4) P (z) = =0 B, (z)
0 otherwise,
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Jo, 0y #W) dy

where B,.(x) is the open ball of radius 7 centered at 2, and-f (I)Lp(y) dy == sl
We also set
lim ][ e(y) dy if this limit exists,
(5) ©*(x) = r=0 ) pE(g)
otherwise,
where

(6) B (zx):=B.(z)N((z1,L) xQ), By (z):=Br(z)N((0,21) x Q).

T

The fields ¢* and (T are Borel-measurable and take the same values on the
Lebesgue points of ; thus,

(7) et =p*=¢p L:ae in Q.
We denote by ¢’ the element of L}, (2;R?) defined by

(8) ©1=0, ¢, =ps Yae{23},

and ¢ is the extension of ¢ by 0 into R3. If s, ¢3 admit weak derivatives with respect
to xa, T3, we set

3

_ 1 (9¢a %)
(9) e (p) = a%; 2 ((930[3 * O0zq €a ® €p-

The symbol D¢ represents the distributional gradient of ¢, and Eyp:= %(D(p—l—
DypT) is the symmetric distributional gradient of . The space of functions with
bounded deformation on €2 is defined by

(10) BD(Q) :={p € L'((LR?) : Ep € M(Q;S%)},

where M(Q; S?) stands for the space of S*-valued Radon measures on 2 with bounded

total variation. For any ¢ € B;D(Q), we denote by Ecp the extension of E¢ by 0 to
Q, that is, the element of M(Q;S?) defined by

(11) E@(A) := Ep(ANQ) for any Borel subset A of §.
For any x; € [0, L], we set
(12) Y i={z1} x Q.

The symbol % represents the Radon—Nikodym density of a (finite) vector-valued
Radon measure A on 2 with respect to a positive Radon measure 6 on 2. For any Borel
subset E of 2, we denote by A| g the Radon measure defined by A\|g(A) = A(ANE).

3. Setting of the problem and results. Let Q := (0, L) x ' be a bounded
cylindrical Lipschitz domain of R3, let (\.), (ue) be two sequences in L>(0, L; R™)
such that p-1 € L>(0, L;RT), and let

(13) Ve 1= M;lﬁho,L], me (= lLLSElHO,L]'
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We are interested in the asymptotic analysis of the sequence of linear elasticity
problems

—div(o:(u:))=f inQ,
(14) (Po): o (us) =Actr(e(u)) T+ 2u-e(u.), e(u.)= %(Vus +VTu,),
u. € HY(SER?),  f € Lo, R?),

under the hypotheses (see Remark 3.3)

Ae =lpe  (12>0), sup (HHeHLl(o,L) + Hﬂ;1||L1(U,L)> < 00,
(15) e>0
me = m, v. 2 v weakly* in M([0, L]).

We emphasize that \. and p. depend only on x1. We suppose that v and m have
no common atom (see Remark 3.7), that is,

(16) A,NAn=0, A,:={t€0, L];v({t})>0}, A,,:= {t€ [0, L];m({t})>0},
and do not charge the boundary of [0, L] (see Remark 3.8), namely,
(17) m({0}) =m({L}) =({0}) =v({L}) = 0

Under these assumptions, we prove that the sequence of the solutions to (14)
weakly™* converges in BD(Q2) to the unique solution to

(18) za(p, p) /f pdz,

<p€BD' ’"(sz)

where BDy™ () is the Hilbert space defined by (see (4))

ESD <ve® L2a V®L2 S Ly®[,2 (9783)
(19)  BDg™(Q2) = ¢ € BD(Q) |pr € L2,(0, L; H (), a€{2,3} (-
=0 on 0N

1

20)  lllppp e = (/|VW\ du®£2 /|el Yedme £2)”,

and a(-,-) is the continuous coercive symmetric bilinear form on BDg"™ () given by

(21) (e, ) = /aﬂgz’;:ywduw / ale, (157 : e (*)dm ® L2
Q Q

in terms of the fourth order tensors a* and all defined by

[tr = -+ 2511 2512 2513
— 2 p— —_—
CLLE = 2249 li—iQ tr= + %:11 , 0 ,
= 1 o=y 2=
(22) 2513 0 I trE+ 3550
G,H]-‘ l+22rﬁﬁzea®e“+2 Z Fa56a®eﬁ
a= a,3=2

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/01/17 to 129.234.0.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

4280 MICHEL BELLIEUD AND SHANE COOPER

Notice that

(23) (at+a)E=1trEr+2

[

Equivalently, we have (see Remark 3.4)

a(th, p)= /Q ae()e(@)ds+ 3 v({t}) ! / () - At — o )dH?

teA,

(24) + 3 m(e) [ alen () entot)in?

teA,, Tt

+ [ ot B Beare 4 [ dlen(w) e )ime o L2,
Q Q

where T, 3; are defined by (5), (12), v¢ (resp., m®) stands for the Cantor part of v
(resp., m), e(y) is the approximate symmetric differential of ¢, and

l+2

(25) a:= (ﬁ)71 at+ %a“, A=

o o+

0 0
10
0 1

THEOREM 3.1. The space BDy™ () defined by (19) and endowed with the norm
(20) is a Hilbert space. Under the assumptions (15), (16), and (17), the symmetric
bilinear form a(-,-) defined by (21) or (24) is coercive and continuous on BD{™ ().
The sequence of the solutions to (14) weakly® converges in BD(Q) to the unique
solution to (18).

We can derive the PDE system associated with (18) when v and m have vanishing
Cantor parts and a finite number of atoms.

COROLLARY 3.2. If v© = m® = 0 and A,, A, are finite, the problem (18) is
equivalent to

—divae(u) = f in Q\X, we BD;"(Q),
(26) v({t} A(ut—u") = (ae(u)e;)” = (ae(u)e;)t on Xy Vt € A,
(ae(u)er) —(ae(u)er) = m({t})divyaley, (u*) =0 on %, Vt € A,

where (ae(u)e;)t (resp., (ae(u)e;)™) denotes the trace of ae(u)e; on the right
(resp., left) face of Xy, and

(27) Y=, U, ¥, = U Y B i= U Y.
teA, teEAn,

Remark 3.3. The conclusions of Theorem 3.1 are unchanged if the assumption
Ae = lpe in (15) is replaced by A. = l.u., where (I.) is a sequence of positive real
numbers converging to some [ € [0, +00).

Remark 3.4. The equivalence between (21) and (24) derives from fine properties
of functions with bounded deformations. More precisely, the symmetric distributional
derivative E¢p of any ¢ € BD(Q)) can be decomposed into an absolutely continuous
part E%p with respect to £3, a jump part E’¢, and a Cantor part E°p. The Cantor
part vanishes on any Borel set which is o-finite with respect to #2. Any element ¢
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of BD() is approximately differentiable £3-a.e. in Q [2, Theorem 7.4], [34]. This
means that, for £3-a.e. z € €, there exists a 3 x 3 matrix Vi (z) such that

i [ e®) =@ - Ve -2,

r—0TJ B, (z) r

y=0.

The absolutely continuous part of E¢ with respect to £3 is given in terms of the
approximate symmetric differential e(p) = 1(Vep + VT p) by

(28) E"p =e(p)L’.

When Ep < L3, e(p) is the weak symmetric gradient of ¢. The jump part
takes the form E’¢p = Ee|,,, where the “jump set” J,, is a countably H2-rectifiable
subset of (2 (1 e., there exist countably many Lipschitz functions f; : R — Q such that
H? (Jo \ UL z( %)) = 0; see [3, Definition 2.57]). For any countably #?-rectifiable
Borel set M C €, the following holds (see [53, Chapter II], [2, eq. (3.2), p. 209]):

(29) Eo|v= (¢4 — o) © nuHiy,
where n /() is a unit normal to M at x, and cpf/[ is deduced from (5) by substituting
BE(z,ny) := {y € B.(2),£(y — ) - na(x) > 0} for B (). In particular, we have
(30) Elo=(¢], —¢5,)0ns M, .

Due to its absolute continuity with respect to v®£2, the symmetric distributional
gradient of an element of BD{"™ () enjoys a specific decomposition. The measure v
(resp., m) can be split into an absolutely continuous part v® (resp., m®) with respect
to the Lebesgue measure, a singular part without atom or Cantor part v¢ (resp., m¢),
and a purely atomic part v

v=uv"+v° vt = Z v({t})oy, v = Fﬁl,
te A,
(31)
m=m"+m+m*, m*= Z m({t})d, m"= ﬁﬁl
teEA,

We have v ® L2 < £ and v*' ® L? < Hfy, , where 3, is given by (27). The
measures v° ® £2 and £3 are mutually singular. If A is a Borel subset of Q that is
o-finite with respect to H2, then by Fubini’s theorem, v¢ ® £2(A f(o L H2(AN

Y., )dve = 0 because {z1 € (0,L),H*(ANX,,) > 0} is at most countable and thus
ve-negligible. Accordingly, there exists a Borel partition of 2, = Q*UQ°UQ with
Q% =3, (see (27)) such that

%Efm, ve® L2 =v @ Lige,

Ve L =veLlly = Y v{thHs,.
teA,

The condition E(p) < (v* + v 4+ v*) @ L2, satisfied by any element ¢ of
BDy™(9), implies E%p < v* ® L2, E¢p < 1°® L2, Elp < ”Hfzy, and

ViR L% = 1/®£an =
(32)

V-g%zz = Vlﬂ?®ll2]l9a + %HQ“ ,,a_l?‘@l:z 1y, v® L3-a.e. in Q,
(33) E'e= f®£2119“” ® L2 = f@@ﬂﬂa =L Efp= ch®L2]IQCV ® L2,
Elp= V£®£212 v ® L= VEQ@»CZnEf ({t})HLEt
teA,
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In particular we have J, C ¥,, and therefore by (27), (30),

m Bo=Bpis, = 3 (6" —¢ ) oeitl,
teA,

Taking (28) into account, we infer

(35) Ep =e(p)L® + r@,;z VL Y (e ) © erHy,.
teA,
We deduce from (28), (33), and (34) that £-2, = (%) " e(y) L3-ae. in Q and
veRL L
%éiz = w{t})) et —p ) ®es H%ae. in X forall t € A,, and then from (33)
we deduce that

ot = () e(@la + Ffla+ Y () et — @) Oels,
(36) teA,

v® L%-ae. in Q Ve BDE™(Q).

By (32), (36), and the formula a'(b®e;) : (c®e;) = c- Ab for all b, c € R? (see
(22) and (25)), the following holds for ¢, € BDy™ ():

1 Evy . 2
/Qa V®£2.V®£2d v L

(37) - /a (ﬁ)il ale(d;) : e(‘P)dﬁg’ T /Sc GL% : c®cde ® L2
+Y / ({t})~ —Y7) - ApT — @ )dH’.
teA,

On the other hand, by (31) we have

/ ale, (") : ex(p*)dm @ L
Q

38) = [ Balen @ entoin+ [ alesw) s enlpt)int o’
+ 3 ml) / alley (%) : eqr(")dH?.
teAm,

Combining (21), (37), and (38), noticing that, by (7) and (22),

/ Fa“ex ):eq (¢*)dx :/Ql’:’”iale(w) ce(p)de,

and taking into account (25), we obtain (24). Notice that when v¢ vanishes, the space
BDg™() is a subspace of the space of special functions with bounded deformation
defined by SBD(Q?) := {¢ € BD(Q2), E°p = 0} (see [2], [5], [6], [19]).

Remark 3.5 (comparison with the results of [11]). The paper [11] investigates
the linear elastodynamic equations associated with (14) when p. is given by

He = ,UOEH(O,L)\CE(xl) + ,ulsﬂcs(xl)y Ce = U a+Te (*%; %) )
a€A.
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where A is a finite subset of (0,L), r. is a small parameter satisfying r. < e :=
info pea. azp |b — a|, and (o), (p1e) are two sequences of positive reals. Except in
one case (see [11, section 3.1, case 0 < k < +00]), this paper studies instances when
one of the sequences (p.) or (u-!) is unbounded in L'(0,L). This case corresponds
to peo = po > 0, re K ¢, and lime 0 % p1. =: k € (0, 400). Then the conclusions of
Theorem 3.1 can be obtained in the context of [11]. More precisely, the sequence ()
(resp., (uz')) weakly* converges in M([0, L]) to m = (uo+nk)L! (resp., v = ﬁﬁl) for
some function n € L*°(0, L), defined by [11, Formula (3.16)], which characterizes the
rescaled effective number of sections of stiff layers per unit length in the e; direction.
By (16), (19), and (27), the following hold: A, = A,, = 0, ¥ = 0, BDZ™(Q) =
H}(£;R3). The sequence of the solutions to (14) is bounded in H} (€2; R?) and weakly
converges to the solution to the problem given, in accordance with (26), by

—divae(u) = f in Q, w<c H)(QR?),
a = po(a* +al) + nkal

Taking into account (23) and setting Ao := luo, oo(u) := po(at + ale(u) =
Ao tr(e(u))I + 2upe(u), o, (u) := alle(u), this effective problem can be rewritten
under the form

—divoy(u) — nkdivey (u') = f in Q,
u € Hy (O R),

which corresponds to the stationary version of the limit problem obtained in [11,
equation (3.18)].

Remark 3.6 (some applications). (i) Our result can be applied to various prob-
lems of homogenization with high contrast which do not fall within the scope of [11].
As an example, let us fix two small parameters ¢ and r. such that r. < €, and con-
sider a two-phase e-periodic composite comprising an alternation of possibly very soft
elastic layers of thickness r. and Lamé coefficients of order =, with stiffer layers of
thickness of order £ and Lamé coefficients of order 1. More precisely, let us assume

that

(39) He T polone. + Fmle., A =lpe, Ce:= U (ei+rel).
{i€Z,(ci+r.1)C(0,L)}

Then the assumptions and convergences (15) hold with m = puoL! and v =
(£ + 1) £ By (16) and (19), we have A, = Ay, = 0 and BDy™(Q) = H§ (% R?),
and the limit problem as ¢ — 0, deduced from (26), takes the form

{diva(u) =f in Q we H ) (QR?),

o(u) = (%al + u()all) e(u),

(40)

where a* and al are defined by (22).

(ii) Besides homogenization, our result can be applied to various singular per-
turbation problems. By way of illustration, let us consider the case of an elastic
homogeneous isotropic body reinforced by a single stiff layer of thickness € and Lamé
coefficients of order % More precisely, let us assume that the Lamé coefficients take
the form

(41) te = ol pne. + tmle, Cei=(5—-5,5+%), A =lp..
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Under these hypotheses, the assumptions and convergences (15) hold with m = gL'+
pidp and v = I%OEI. By (16) and (19), we have A, =0, A,, = {L/2}, and
2

BDy™(9) = {p € Hy(GRY), ¢i(L/2,.) € H{(SY) Vo€ {23}}.
Setting

oo(u) = lugtre(u) + 2upe(u),

(42) / *\/ 21 *\/ / *\/ ! 000
o1 (u")') = gZzpm tr(eq (W))NI' +2me ((w*)), I':=|0 1 0|,
0 0 1
the limit problem as ¢ — 0, deduced from (26), takes the form
—divog(u) = f in Q\ Xz,
(43) (oo(u)er)” —(oo(u)e)) — divyoy((u*)) =0 on Xy,

we Hy(QR), uh(L/2,.) € HY(Y) (a € {2:3)).

The field (o(u)e1)™ (resp., (o(u)e;)™) represents the superficial density of forces
exerted by the material occupying €\ X1, /5 on the left (resp., right) face of Xy, /5.
(iii) Assume now that the latter single layer is filled by a soft (instead of stiff)
material of Lamé coefficients of order e. More precisely, assume that u. is defined
by substituting ey for 2 in (41). Then the assumptions and convergences (15)
hold with m = poL! and v = u%ﬁl + ;%155' In this case, by (16) and (19), we have
2

A, ={L/2}, A, =0, and
BDy™(Q) ={p € H'(Q\ Z1,2;R*), ¢ =0o0n 09}
By (26), the limit problem as e — 0 takes the form

—divoy(u) = f in Q\ Xz,

pAut—u")=(oo(u)er)” =(oo(u)er)”

u € Hl(Q\EL/g;R3), u = 0 on 0,

on EL/27

where A (resp., oo(u)) is defined by (25) (resp., (42)).

Remark 3.7. Assumption (16) is needed in the proofs of Lemma 4.6 and (100).
This assumption is equivalent to (see [26, Lemma 6.2, p. 300])

Vn >0, 30>0, Tdgg >0, Ve<eg,

44
(44) / pot(51)pe(ty)ds dty < e.
{(s1,t1)€(0,L)2, |s1—t1|<8}

When v and m do not satisfy (16), the effective problem depends not only on
the couple (v, m) but also on the choice of the sequence (u.) satisfying (15). By way

of illustration, let us choose two sequences of positive reals (rgl)), (r£2)) such that

(1) (1) (2)
r < r® < 1 Set I = (k- Ly :

2 22 2)3nd[2€5:<%*5775+§)vﬁx
¢ € {—1,1}, and consider the sequence (y.) defined by

¢ —<
(45) l’l’f;‘ = ]l(O’L)\I2a + (r£2)) ]1125\115 + (Tél)) ]1[15'
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The convergences (15) are satisfied with v = m = oL + L. By adapting to the
framework of elasticity the argument developed in [10, Chapter 4] in the context of
the heat equation, one can prove that under these assumptions, the solution w. to
(14) strongly converges in L?(€;R?) to the unique solution to

(PO inf{F(C)(cp)—/Qf-godx, goED},

D= {pe H(Q\ 1)), o=0on 92 (¢)F,(¢)" € HY(Sy:RY)} .

(46)

If { = —1, the effective energy is given by

FD () = %/ o(p):elp)dr + 1+72/ o — o1 [PaH?
O\Zz )0 =

L/2
1
=y
3r/2

+;/E ()" — (@) | ane.

L/2

oule) seale )i+ [ aulet) s enlo)an?
3r/2

If ( =1, the effective energy is the nonlocal functional defined by

M _ inf <I> ’
(47) () vemi  w) (p, "),
where
Bpv)i=t [ o) ielpdo+ B2 [ ol - P
AR Zr/2
+ %/ 0. (V) ey (v)dH?
X2
[ = @) I - () P
32
Substituting M for v’ in (47) and applying the two-dimensional Korn

inequality in H&(EL/Q; R?), we find
PO =0 (05 ) 1k [ oy (1050 ) e (L5 )

L/2
> 6 (i, L0 +C/ ’W%W*fdﬁz
Xr)2
Therefore, by (47), F(=Y () > FM(¢p), and the equality F(~1(p) = F1)(p)
can hold only if
L (@)t = (¢')” on X /o, which means that ¢'*(L/2,2") = (¢')"(L/2,2') =
() (L/2.2);
2. v/ = ¢™(L/2,2) is the solution to the infimum problem (47), which implies
that ¢ = (¢')* = (¢')” =0in Xz o.
Such an occurrence does not seem likely, in general, for the solution ¢ to (46);
for instance, if we choose f = es in (46), we intuitively expect that projections
(@) (L/2,2"), (¢')~(L/2,2") of the traces on ¥, 5 of the solution ¢ to (46) do not
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vanish. Indeed, when (16) is not satisfied, one can prove the existence of infinitely
many different limit problems associated to some sequence (u.) satisfying (15).

Remark 3.8. If v({0}) > 0, the effective displacement may fail to vanish on 3,
and the following concentration of elastic energy may appear on 3:

1, -1t Autan?
(48) L, ({0}) /Z - Aui

The extra term (48) is obtained by substituting (0,0) for (¢f,u~) in (1.3). A
similar contribution emerges on Xy, if v({L}) > 0. This phenomenon is related to the
fact that the trace application is not weakly* continuous on BD(2).

Remark 3.9. Our method applies to the study of second order elliptic systems of
PDEs of the type

(49) (P.): —div(u:CVu)=F in Q, wu.c Hj(GR™), f€L®(Q;RY),

where ) := (0, L) x € is a cylindrical domain in R? and C is a second order tensor
on R"*? satisfying the following assumptions of symmetry and ellipticity:

(50) Cijpg = Cpgij V¥ ((3,7), (p,q)) € (R™ x Rd)Qa
CE:EECE\Q V= e R?X for some ¢ > 0.
We suppose that

(51) T:= Z Ciiprei ® e, is invertible.

1,p=1

We denote by BV (2; R™) the space of R"-valued functions on Q with bounded
variation, that is,

(52) BV(R") == {p € L'({R™) : Dy € M(QR™)} .

Under these assumptions, the solution to (49) weakly* converges in BV (2; R")
to the unique solution to the problem

i 1 _ ud
(53) ueBrgD},Qn(Q)Qa(u,u) /Q f - udz,

where BV, () is the Hilbert space defined by

Do<v@ Ll =0 on 09
BVy™(Q) = pe BVRY) | De_cr2 . (R ,
(54) @* € L2,(0,L; H (Q';R™))

1
D 2 _ 2 N B
HCPHBVO””"(Q) :(/Q’y@wﬁq dve L 1) +( ; Vo (%) "dm @ L7 1)
and, setting

1
2
]

n d

(55) vm"P = Z Z gf; € ®eq,

=1 a=2
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a is the continuous coercive symmetric bilinear form on BV, () given by

656 alw = at R Lo e £ 4 [ alVu ) Vulpt)im e £
Q Q

with

n
L -1
iy =Y Cijpt(T™1)prCrane,
p,r=1

(57)

n

= 3 (Cijpr (T )prCrapa + Cijra) (1 — 8;1) (1 — 611

p,r=1

PROPOSITION 3.10. The normed space BVy"™ () defined by (54) is a Hilbert
space. Under the assumptions (15), (50), (51), the symmetric bilinear form a(-,-)
defined by (56) is coercive and continuous on BVy ™ (), and the sequence (u.) of the
solutions to (49) weakly® converges in BV (;R™) to the unique solution u to (53).

The proof of Proposition 3.10 is sketched in section 6.4.

Remark 3.11. The particular case of the heat equation in a three-dimensional
domain corresponds to the choice (n,d) = (1,3) in (49). Setting A;q := Cyj14, we
deduce from Proposition 3.10 that under the assumption (15), if A is positive definite
and Aq1 # 0 (see (51)), the solution u. to

(58) (P.): —div(p.AVu.) = f in Q, wu. € H}(Q), feL>9),
weakly* converges in BV (2;R) to the unique solution to

min %
u€BDg ™ (Q)

a(u,u) — /Q Fudz,

where a is defined on BV, (Q)? by

a(u, ) =% / APy Dedveor?+ ] / AV (w*) - Vo (9*)dm @ L

in terms of A™, Al given by

A Ay Ain Ay
AZLJ = .»‘;11“7 Al‘] = ( 1;111] + AZJ)(l - 611)(1 - 6]1)
Linear diffusion problems in stratified media with high contrast have also been
studied in [25, 26, 27, 28, 30, 31, 32, 33, 35].

Remark 3.12. Let X, Y be separable reflexive Banach spaces such that X C Y
with dense and compact embedding, let f : [0,L] X X — [0,400), g : [0,L] XY —
[0,400) be convex mappings with respect to the second variable with growth condi-
tions of order strictly larger than 1, and let (a.), (be) be sequences in L>°(0, L) such
that a% X v and b, = m weakly* in M([0, L]) for some couple (v, m) satisfying (16),
(17). Denoting by v’ the distributional derivative of u, we set WH(0, L; Y, X) :=
{u € LY0,L;Y),u € L'0,L;X)} and BV (0,L;Y,X) := {u € L'(0,L;Y),u €
M(0, L; X))}, where M (0, L; X) is the set of X-valued measures on (0, L) with bounded
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total variation. Bouchitté and Picard have established in [17] the I-convergence (see
[24]) with respect to the strong topology of L(0, L; X) of the sequence of functionals

L L
/ [t acul)dt + / b.G(t,u)dt
0 0
_>
if ue € WH(0,L; Y, X),

+ oo otherwise,

F.:=uc LY0,L; X)

to the functional

L ) L
/ f(t,%)dl/-f—/ G(t,u*)dm
0 0
if we BV(0,L;Y,X) and v < v,

+ 0o otherwise.

F:=ucL'0,L;X) —

As an application, we set X = L2(Q0'), Y = H}(Q), f(t,u) = [ul%, G(t,u) = |u|%,

and

a: O
b

o o

A, =

€

0

o o
S

€

to deduce the convergence of the solution to —divA.Vu. = f, u. € H&(Q), to the
solution to minpgy»m(q) F(u) — [ fudz, where

Fluy =4 [

Unlike ours, this approach does not apply to nondiagonal conductivity matrices.

Remark 3.13. When (pc) and (p2 ') are uniformly bounded in L°°(0, L), the so-
lution u. to (14) weakly converges, up to a subsequence, to u in H}(Q;R3), and the
sequence o := o.(u.) weakly converges in L?(Q2;S?) to some o satisfying —dive = f
in Q. The constitutive relation between o and e := e(u) can be deduced from classical
layering arguments (see the early works of Murat and Tartar [42, 51], [52, p. 140]; see
also [29]). These arguments rest on the so-called good behavior of some components
of 0. and e, := e(u.), which do not oscillate in 2 in the following sense: a sequence
(ge) that weakly converges in L%(f2) to g is said to not oscillate in z; if, for any
sequence h.(z1) depending only on 2; and weakly converging in L?(0, L) to h, the se-
quence (g:-h.) weakly* converges in M(f2) to gh. It turns out that (oc1;)icq1,2,3) and

D
vRL2

2 3
dv@ L+ %/ V| dm @ L2
a=2 Q

(€cap)a,pe{2,3} are “good” components of o and e.: denoting by o'? the ith column

of o. and noticing that —dive = fiand curl (he(z1)ep) = 0, we see by the div-curl
lemma (see [52, Lemma 7.2]) that the sequence ol he(xz1)e; = oe1ih(x1) weakly*
converges in M(Q) to o1;h. Likewise, since curl Vu., = 0 and div(h.(z1)eg) = 0,
the sequence Vueq - he(z1)eg = %lfg he(z1) weakly® converges in M(2) to gg; h(z1).
The original idea of Murat and Tartar consists of transforming the constitutive equa-
tion o, = a.(z1)e. into an equation of the form O, = b.(x1)G., where b, = ¢(a.) for
some suitable fourth order tensors’ valued (nonlinear) mapping ¢, and G (resp., O;)

is the matrix of the “good” components (resp., of the remaining so-called oscillatory
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ones), namely,

Oell 0Oc12 0O¢l3 €c11l  €c12  €c13
G.:=| 021 €22 €23 |, O, :=| €21 0c22 0223
031 €32 €33 €e31 0eg32 033

Notice that o : e. = O, : G. = b.G. : G.. It turns out that up to a subsequence,
(b. (1)) weakly converges to some b in L2, and hence we can pass to the limit in the
equation O. = b.(71)G. in the weak* topology of M(£2;S?). We obtain the equation

011 012 013 €11 €12 €13
O=0bG in Q; G = 021 €929 €23 5 O = €21 022 023 s
031 €32 €33 €31 032 033

which is equivalent to the effective constitutive equation
o=ae inQ, a:=q¢ (b).

The limit process yielding the effective elasticity tensor @ = ¢~ (lim, , oqk @(@c)) is
called the 1*-convergence of the sequence (a.) ( see [51, p. 14]). Our proof is connected
to these classical layering arguments insofar as, in order to pass to the limit as e — 0 in
the variational formulation (133), we write o (u.) : e(p:) = b-G:(u.) : Ge(p.) (see
(141)) and establish that G (¢.) has “good” behavior with respect to some suitable
notion of strong convergence (see (60), (140)).

4. Technical preliminaries and a priori estimates. This section is dedi-
cated, essentially, to the analysis of the asymptotic behavior of the solution (u.) to
(14) and its stress o-(uc) in the limit € — 0. The following notion of convergence is
a crucial part of this study.

DEFINITION 4.1. Let 6,0 be positive Radon measures on a compact set K C RV,
and let f, f be Borel functions on K. We say that (fe) weakly converges to [ with
respect to the pair (6¢,0) if

sup/ LPdo. < o0, f e LA(E),
5 K

(59) 0. %0 and 0. = f0  weakly* in M(K)

(notation: f. O ).
We say that (f) strongly converges to f with respect to the pair (¢, 0) if

(60)  fe — f and limsup/ |f-[?d6. < / |f|?d6 (notation: f. 2=, f).
K K

e—0

We now present the main statement of the section. For notational simplicity, the
measures (v: ® £L?)5 and (m. ® L?) g are denoted by v. ® £? and m. @ £L2. We set

(see (11))

(61) o" () i=ltr (%) 142
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PROPOSITION 4.2. Let (u.) be the sequence of solutions to (14). Then wu. is
bounded in BD(Q)) and

(62) sup/ |u’€|2dm5®£2+/ |u€|dm+/u5|e(ua)|2dx<oo.
e>0JQ Q Q

Up to a subsequence, there exists w such that

u. > u weakly* in BD(Q), Eu. > Eu  weakly* in M(Q;S?),

RL2VRL: | L2 YR L
(63)  pee(u.) “EES B g () R g (),
2 2
e, (u’E) ML ML ez,((u*)/)’ u e BD(I)/,m(Q)

Before presenting the proof of Proposition 4.2, we establish some auxiliary results.
The next lemma states some fundamental properties of convergence with respect to
the pair (6, 0), proved in [36, Theorem 4.4.2] in a more general context.

LEMMA 4.3. Let (6.) be a sequence of positive Radon measures on a compact set
K C RN weakly* converging in M(K) to some positive Radon measure 6. Then
(i) any sequence (fe) of Borel functions on K such that

(64) sup/ |f-|?df. < oo
e JK

has a weakly converging subsequence with respect to the pair (6,0);
L 0,0 0,0
(11) Zf fe f (resp., fe ? f); then

(65) lim inf ffd@EZ/ f2de (resp,, lim/ ffd@sz/ f2d9>;
e—0 K K e—0 J i K

(iii) if fe 98 f and g 98 g, then

lim/ fagedﬁez/ fgdo.
e—=0 J K

As a first application of Lemma 4.3, we obtain some relations between the mea-
sures v, m, and Lho 1 as follows.

LEMMA 4.4. Under (15), the following hold:
Llony <v, 2 eLl(0,L]), Lipy<m, = elL;(0,L]),

(66) 22y, < Cpg
/[O,L]|"|d < m([0, L1), /[O?L]|m| dm < v([0, L]).

Proof. Noticing that by (13) and (15), sup, f[o I |pe|2dv. = sup,. mc([0, L]) < oo
(resp., sup, f[o L |e|~2dm. = sup, v.([0, L]) < 00), we deduce from Lemma 4.3 that

the sequence (pic) (resp., (1-1)) has a converging subsequence with respect to the pair
(ve,v) (resp., (me,m)), and that

UeVe R qv, ,u;lmE RN hm, g¢g¢€ L?,, h € Lfn,

(67) 2 2 2 2
/\g| dv Sliminf/|ue| dvg, /|h| dm Sliminf/mg\_ dme.
e—0 e—0
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’m. = v, and

By (13) we have p.ve = ﬂ;lme = Eth]’ |,ue‘2Vs = M, |pe|”
1 1
therefore gv = hm = Eho,L]v Eth] <L v, Lth] <m,g=% h=% and the

convergences (15) and (67) imply

/ |£- )2y < limsup m. ([0, L]) < m([0, L]),
[0,L] 0

(68) E—r
/\%Pdm < limsup v ([0, L]) < v([0, L]).
e—0
Assertion (66) is proved. O

The following statement is proved in [17, Lemma 3.1].

LEMMA 4.5. Let (b.) be a bounded sequence in L'(0, L) that weakly* converges in
M([0, L]) to some Radon measure 0 satisfying

(69) 0({0}) = 6({L}) = 0.

Let (we) be a bounded sequence in WH1(0, L) weakly* converging in BV (0, L) to some
w. Assume that

(70) 0{t}HDw({t}) =0 Vte (0,L).
Then

L
lim/ Pbowdx =
0

e—0

Ypwdh = YwWds vy e C([0, L)),
0,L)

( (0,1)

where w'") (resp., w) ) denotes the right-continuous (resp., left-continuous) represen-
tative of w.

For any ¢ € BD(f), we denote by 'yil (¢) the trace of ¢ on both sides of
Y4, (see (12)). As shown in the next lemma, the mappings x — ’yil (¢)(z) can be
identified with the Borel fields ¢ defined by (5).

LEMMA 4.6. Let o € BD(Q), and let o*, oF be defined by (4), (5). Then

+

(71) 75, (p)(z) = ©*(z) = lim py)dy H*a.e €%, Vr,€(0,L).

o "0)BE (@)

Moreover, we have

1
(72) = 5(9@* +¢7) H*ae on¥,, Vr, €(0,L)
and
(73) o, ot € L}2(2,,) Va1 €(0,L).

Furthermore, the following hold:

(74) " =¢ =¢" =Ilm @(y)dy H>-a.e. in Sy, if |Ep|(Ss,) =0

"0JBE (@)
and

(75) Eop<vefl? = ot =¢ =¢* H*ae on Ye, Jform-ae. x1€(0,L).
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Proof. The traces of a function with bounded deformation on both sides of a C*
hypersurface M contained in € are H2-a.e. equal to its one side Lebesgue limits (see
[38, Trace Theorem, p. 84; Proposition 2.2, p. 91] or [2, (ii)—(iii), p. 209]). Applying
this to M = ¥,,, we obtain (71). Assertion (71) ensures that for all z; € (0, L), for
H2-a.e. © € 3, the two limits in the first line of (5) exist and are finite. When they
do exist, the limit in the first line of (4) also exists, and

1 ~ 1(
5(9{9*(%) +te (@) =3 (}g% ][Bj(x)w(y) dy + ][BT(I)SO(Z/) dy)

= lim p(y) dy = ¢*(2).
r—0 B (z)
Assertion (72) is proved. Assertion (73) results from (71), (72), and the fact that
the traces of ¢ on each side of ¥,, belong to L}, (¥,,). Noticing that by (29) we
have

Eols, | =|(¢" —¢ ) ©el|H[z,, VYz1€(0,L),
we deduce from the elementary inequality
(76) la| <V2jaen| if ||n]|=1

that T = ¢~ H?-a.e. in ¥, whenever |Ee|(X,,) = 0. Assertion (74) then follows
from (71) and (72). Assertion (75) is deduced from (74) by noticing that, by (16),
m(A,) = 0 and that v ® £L2(3,,) = v({z1})L3(Y) = |Ep|(X,,) =0 if 71 ¢ A, and
Ep <v® L2 0

Combined with Lemma 4.5, the following lemma will be used to prove a delicate
identification relation (see (100)) in the proof of Proposition 4.8.

LEMMA 4.7. Let ¢ € BD(R) such that ¢ = 0 on 99, and let ¢ € L' (0, L;R?) be
the Borel function defined by

(77) Bl(z1) = /)E G dH? Y € (0,L).

z

The following hold:

EGBV(OvL;R3)7 ||¢||L1(O,L;R3) < H90||L1(Q)7 H¢‘|BV(O,L;R3) S\/§H90||BD(Q)»
Dg < |Ep|(. x ), |Dg|(B) < V2|Eg|(B x Q) VBeB((0,L)),

where B((0,L)) denotes the Borel o-algebra of (0,L). Moreover, the left-continuous

representative G(l) (resp., right-continuous representative E(")) of @ is given by

¢<l>(x1)=/ @ dH? Vi, € (0,L)
b))

@

(. w0 |
P

Proof. Let eV(@, (0, L)) denote the essential variation of @ on (0, L), that is,

b, tn € (a,b)\N}

a<t1 < - <t,<b

(79)
ptdH? Yz, € (0,L)> .

Tl

(80)  eV(®,(a,b)) ::ﬁ(i]r\ligzosup {Z [@(tiv1) —Pp(ti)]
i=1
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By [3, Proposition 3.6 and Theorem 3.27], the field @ belongs to BV (0, L; R3) if
and only if eV(¢, (0, L)) < oo, and in this case eV(%, (0, L)) = |Dg|((0,L)). Let a,b
be two real numbers such that 0 <a <b < L, D :={t € (0,L),|Ep|(Z;) > 0}, and
let ¢1,...,t, C (a,b) \ D such that 0 < ¢; < --- < t, < L. By (74), (76), and Green’s
formula in BD(£;), where Q;:=(t;,t;41)x ', since ¢ = 0 on 92, we have

J.

i+1

[P(tiv1) —p(ti)| =

cp_d’HQ—/ ptdH?
Ty,

(81) “dH? — tdH? e
S\/E </Efi+14p i Lti¢ dH>® 1
= V2| [ () @ nd#?| = VE|Bi ()] < VE|Bpl ().
oQ;

where «;(¢) denotes the trace on 9€; of the restriction of ¢ to €;, and therefore,

n

Do lP(tin) =) <D V2|Eg| () < V2| Eel ((a,0) x ).
i=1 i=1
By the arbitrary choice of t1,...,t,, noticing that D is at most countable and
thus £!-negligible, we infer that € BV (a, b;R3) and
(82) |D|((a,b)) = eV (%, (a,)) < V2|Eg|((a,b) x ),

yielding, by the arbitrariness of a, b, the second line of (78). The first line easily fol-
lows. Since @ € BV ((0, L); R?), there exists a left-continuous (resp., right-continuous)
representative @) (resp., ) of @. Let us fix 1 € (0,L). By (81), we have

/ go_dHQ—/ et dH?
) Xy

T

lim sup
t—ax t¢D

/E o~ dH? — (1)

T

= limsup
t—ax tgD

< limsup V2|Ee|((t,z1) x Q) =0,
t—ax tg€D

and therefore ) (1) = Js @~ dH?. The proof of the identity 7" (x1) = Js  ptdH?
£ r1
is similar. O

In the next proposition, we study the asymptotic behavior of a sequence (¢.)
satisfying the estimate

(33) sup [ feulds+ [ pele(eo)] do < oc.
e>0JQ Q
This study will be applied to the sequence of the solutions to (14), and also
to the sequence of test fields defined in section 6 (see Proposition 6.1), which do
not necessarily vanish on 9Q2. We are led to introduce the normed space BD"™ ()
deduced from (19) by removing the boundary conditions, namely,

vRL2
(¢*) € L2,(0,L; H(Q;R?))

— F
10l = | Il + ([ [ B

E 2, Ee ocrz L (R?
BDV’m(Q):{LpEBD(Q) LA € Lugea (BRY |

(84)

2 3 3
du®£2) + (/ |ew/(go*)|2dm®£2> .
Q
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PROPOSITION 4.8. Let (p.) be a sequence in WHL(Q;R3) satisfying the estimate
(83). Then (<) is bounded in BD(Q2) and, up to a subsequence,

P — P strongly in LP(Q;R?) Vp € [1, %) ,
(85)  elpe)Liq=Ep. = Ep weakly* in M(9;S°),
e(gog)ﬁfﬁ =Ep. 57T weakly* in M(Q;S?)

for some ¢ € BD(Q), X € M(;S?). Moreover,

T = Eo,

(86) Bo<var’, Lo er? .8,
UE®E2,V®£2 i) VE®£2,V®£2 v

ﬂ'ee(cps) E— l;gfu 0’5(‘105) EE—— (50)7
where o is given by (61). Assume in addition
(87) sup/ . |2dm. ® L* < oo;

e>0JQ

then
) (¢")" € Ly, (0, L; H'(Q5R%), @ € BD"™(Q),

;ma®l:2,m®£2 (90*)/7 ,) me®L: mRL?

€y’ (‘Pe

ear (7))

Proof. By the Cauchy—Schwarz inequality and the estimates (15) and (83), we
have

(89) /Q<,osldx+/ﬂIe(sae)ld:cS/Q<ps|d;z;+</Q Ldm)é (/Que|e(cpg)|2d9:)2
<C,

and thus the sequence (¢.) is bounded in BD(Q2) and weakly* converges in BD((),
up to a subsequence, to some . From the compactness of the injection of BD(Q)
into LP(Q; R?) for p € [1,2) (see [53, Theorem 2.4, p. 153]), we deduce

|

e = P strongly in  LP(Q;R3) Vp € 1, 3y,

(90) x
Ep. > Ep weakly* in M (Q;S?).

The estimate (89) also implies that (e(goe)/v':[’ﬁ) is bounded in M(£2;S?), and hence
the following convergence holds, up to a subsequence, for some ¥ € M(Q;S?):

(91) e(p:)Lig = Ep. 2 Y  weakly* in M(Q;S%).

By testing the convergences (90) (second line) and (91) with some arbitrary field
W c D(;S?), we deduce that the following equation holds in M (Q;S?):

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/01/17 to 129.234.0.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

ANALYSIS OF STRATIFIED MEDIA IN BD(2) 4295

By (13) and (83), we have

(93) sup/ lpee(p:)|* dv. @ £2 = sup/ 1 |e(po)]? da < oo.
e>0JQ e>0J¢Q

Since the sequence (v, ® £2) weakly* converges to v ® £2 in M(Q) (see (15)), we
deduce from Lemma 4.3 and (61) that, up to a subsequence,

Ve [)2,1/ £2,_, Ve [12,11 £? — P
(94) pee(ee) SR NG o:(p:) RN E)I+2E
for some
(95) Ee Ll (0S?).

The first convergence in (94) implies, by Definition 4.1, that
(96) e(gos)ﬁz[’ﬁ =Ep. “Ev®L?  weakly* in M(Q;S%).

Taking (91) into account, we infer that the following equation holds in M (€2; R?):
(97) T=8vreL’

Noticing that by (17) we have v ® £2(92) = 0, we infer from (97) that T(9) = 0,
and then from (11) and (92) that

(98) T = TL@Q + TLQ = Ego.

By (90), (91), (97), and (98), the assertions (85) and (86) are proved.
_ Let us now prove (88). By (15), the sequence (m. ® £L?) weakly* converges in
M(Q) to m® L2, and by (13), (87), and (93) we have

sup [ |@Ll” + |ew (L)) dme © L2 < +oc.
e>0JQ

Applying Lemma 4.3 we infer, up to a subsequence, the following convergences:

L2 mOL2 i Q
MBI mOL? by pepl Sh'm@ L2 weakly* in M(%R?),
meQL:mRL?
ez/(‘P/s) B—

(99)
r, te€a (L) 2 Tm® L% weakly* in M(Q;S?)

for some h' € L2 (G R?), T € L2 »(9;S?). The proof of (88) (and of Proposi-

tion 4.8) is achieved provided we show that

(100) h = (¢*) m®L%ae. in Q,

(101) (%) € LZ,(0,L; H(5R?)), T =ew ((¢%)), m®Lae in Q.

Proof of (100). Let us fix ¥y € D(Q). By (85), (¥¢.) weakly* converges in BD(Q)
to 1, and hence by the estimates (78) established in Lemma 4.7, the sequence (Yepe)
defined by (77) weakly* converges in BV (0, L; R3) to 1. By (66), (78), and (86) we
have

|DYe| < |E(We)|(. x Q) = [WE(p) + VY © oL (. x Q) < v,
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and therefore, by (16) and (17), the assumptions of Lemma 4.5 are satisfied by
(be,we) == (pe,Pepe) and (0,w) = (m,1Pe). Taking into account (75), (79), and
(99) and applying Fubini’s theorem, we deduce

/ Yh'dm @ L? = hm/ peppldr = hm/ pet(@*)dr = hm/ pebpldry

N /0 L)(z/xp )(T)dm (0,L) (/ Ve +dH >dm
/1/) Nrdm e L£? = /1/) Ydm ® L2

By the arbitrary choice of 1, assertion (100) is proved.
Proof of (101). Let us fix ¥ € D(Q;S?). By (99) and (100), we have

/ L:¥dneL?= 1im/ peer (@e) : Wdxr = lim —/ pepr - div,, ®dx

(102) Q e—0 Q e—0 Q

=— / (@*) - divy ®dm @ L2
Q

where div, ¥ := Za B=2 am[f e,. By the arbitrary choice of ¥, we deduce that
e, ((cp*)/) =T, m® L3-a.e.,

yielding e, ((¢*)") € L2,(0,L; L*(€';S®)). This, along with (100) and the two-
dimensional second Korn inequality in H'(Q'; R?), implies (¢*)’ € L2,(0, L; H*(SV;S?)).
Assertion (101) is proved. 0

We are now in a position to prove the main result of section 4.

Proof of Proposition 4.2. By multiplying (14) by u. and integrating it by parts
over €2, we obtain [, o (u.) : e(uc)dz = [, f - u.dz and deduce

(103) / pieleus) [2de < / o2 (ue) - e(us)dz < ||l ume) / e |d.
Q Q Q

3(u5)1
al’l

Assumptions (15) and the Poincaré and Cauchy—Schwarz inequalities imply
8951

o e o[ L)' ([ 22] )
<c ( | letuoas)

1
By Fubini’s theorem, Poincaré’s inequality in W' (Q'; R?), assertion (15), the Cauchy -
Schwarz and Jensen’s inequalities, and Korn’s inequality in Hg (€2'; R?), we have

L 3/ oL 2 \2
/|u |dz < C/ |Voul|lde <C (/ d:rl) (/ He ( |Vm/u’5|d:v'> d:rl)
Q 0 Me
< C’(/ pe | |Varull dm’d:z:1> < C’(/ ,ug/ | (ul)] dm’dml)
Q/ ’

(105)
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1
We deduce from (103), (104), and (105) that [, |uc|dz < C ([, |ue|dz) 2, yielding

(106) / uclda < C.
Q

On the other hand, by Korn’s inequality in H}(€'; R?), we have

/|u|dm5®£ —/ug( \u|dx>dx1
Q
<c/ e /|eT |2dl’)dfv1<0/us|6 u.)Pda.

By (103), (106), and (107), estimate (62) is proved. In other words, the field ¢, = u.
satisfies (83) and (87). Therefore, by Proposition 4.8 the convergences stated in (63)
hold for some u € BD"'"™(f2). The proof of Proposition 4.2 is achieved provided we
show that

(107)

(108) u=0 on 0

(which is not straightforward, because the trace is not weakly* continuous on BD({))
and that

(109) (u*) =0 H'®@m-ae. on Y x (0,L).

Proof of (108). Let us fix ¥ € C’OO(Q S3). By passing to the limit as € — 0 in
the integration by parts formula fQ e Wdr = f% u. - divW@dzx, and taking into
account the strong convergence of wu, to w in L'(;R?) and the weak™ convergence
of (e(ue)) to E(u) in M(Q;S?) (stated in (85), (86)), we obtain [5W® : dEu =
— [ou - div®dz and infer from (11) that [, ¥ : dEu = — [, u - div@dz. We then
deduce from Green’s formula in BD(2),

/\Il:dEu:—/u-div\Ildx—i— \II:'u@nd’HZ,
Q Q o0

that [, ¥ : uw ©ndH?(x) = 0. By the arbitrariness of ¥, taking into account (76),
assertion (108) is proved.

Proof of (109). Let us fix ¥ € C>(Q;S3). Since u. = 0 on 91, (102) holds for
e = u.. We infer

(110) /QegC/ (u): Wdme L* = — /(O}L) (/Q/ (u*)' - divx/\Ildx’) dm(zy).

By (88) applied to ¢, := u., the field (u*)’ belongs to L2, (0, L; H(€2’; R3)), and hence
there exists an m-negligible subset N of (0, L) such that (u*)(z1,.) € H*(Q;R3) for
all 1 € (0,L) \ N. By integration by parts, taking into account the symmetry of ¥,
we infer

(111) /(u*)’-divxf\lldx’:/ (w*) - UndH!' (z) —/ ey ((u*)): Odr' m-ae. z;.

’ o

It follows from (110) and (111) that f(o Lyx o6 (u*) - Tndm®@H' = 0. By the arbitrary
choice of ¥, assertion (109) is proved. d
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5. Partial mollification in BD*"™ (). For any two Borel functions f,g :
Q — R, we denote by f %’ g the partial convolution of ¢ and f with respect to the
variable z’, defined by

[ ] Fava =)y i Fens - 0a0) € 1 E),
0

otherwise.

(112) f*g(x):

Given 6 > 0, the symbol f° stands for the “partial mollification” of f with respect
to x’ given by

(113) fO = f s,
where 75 € D(R?) denotes the standard mollifier defined by

1
Cexp (7) it |2 <1, 1 /(2
n') = w1 w(o) = (%)),

0 otherwise,

the constant C' being chosen so that fR2 ndz’ = 1. Some basic properties are stated
in the next lemma.

LEMMA 5.1. Let f : © — R be a Borel function, let  be a positive Radon measure
on [0,L], § >0, and let p € [1,+00). Then f° is Borel measurable. If f € L§®£2(Q),
the following estimates hold:

(114) [ 1r@arar < [ (fapa v e 0.0,
Q/ Q/
In particular, we have
(115) foe L§®£2(9), ||f6||LZ®£2(Q) < ||f||L§®C2(Q)-
Moreover, the following convergence holds:
(116) 1 s [ strongly in Ly .. (Q).
The following regularity assertion holds:
(117) Fo(z1,.) € C®(@) Vai € (0,L),
and
5m+m 5 , n—+m »
833".’17mf = f * Ol Ns € Lg®£2 (Q) Vn,m € Na
203 27L3
(118) 8n+m C
s
— A4 N.
’ ooy’ s Wl Vo e

If f € Ly 2(Q) and h € Ly - (Q) (5 + 5 = 1), then

0R L2
119 Shdd @ L2 = hodo @ L2
(119) /Q fohdo® /Q hdo @
If ¢ € CL(Y), then ¢ € CY(Q) and
o(v°) _ (o
(120) Sor _(8—“) vk € {1,2,3}.
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Proof. By Fubini’s theorem, the mappings h*(z) := [5, (flz1, 2 —y )ns(y) Edy’
(where [T (x) := sup{l(z),0}) are Borel measurable, and so is the set A := {z €
Q, [z ‘f(xl,x’ —y')ns(y)|dy’ < +oo}; therefore f *' ns = (h™ — h™)1, is Borel
measurable. Assertion (114) follows from the classical properties of convolution in

R? (notice that [;, nsdz’ = 1). Assertion (115) is a straightforward consequence of
(114). We have

_ pop 2 _ _ pop / /
s sranecr= [ ) [ 17—,

By (114), it holds that [, |f — fo[P(.,2")da’ < 2°=1 [, |fP(.,2')dz’ € L, and
by the properties of mollification in LP(§'), for all z; such that f(z1,.) € LP(Q') and
thus for 6-a.e. z1 € [0, L], [, |f— f°P(x1,2")dz’ converges to 0. Assertion (116) then
results from the dominated convergence theorem. Assertion (117) follows from well-
known properties of mollification, and (118) is obtained by differentiation under the
integral sign. Assertion (119) is proved by applying Fubini’s theorem several times.
Assertion (120) is obtained by noticing that ¢ € C(R?) and by differentiating under
the integral sign. O

The next proposition specifies some properties of partial mollification when ap-
plied to elements of BDy™ (Q).

PROPOSITION 5.2. Let v € BDy™ () and 6 > 0. Then,

E(v%) Ev \°
121 e BD(Q), Ev° 2 :( >
(121) VI EBDWY), Bvl<wvall Corm =\ om)

(W) = (vF)° H%-ae on X, Vry € (0, L),

122
(122) (©°)* = (v*)° H2-a.e. on B, Vay € (0,L),

(123)  ((0)") € L2(0, L HNQ:RY),  ew ((v°)") = (e (v*))’,

| )

and the following hold for all x € Q, « € {2,3}:

lim (v°)F (21 & K, 2') = (v0)F (),

K0+
(125) o ) —
. o T N _
OBy B, ) @ R T) = 5 (0 ),
1
() @) =5 [ @) ens) s
[+ (0,21]
3 5
! o ({91),8 /
(126) - [;2 m . %(817.’17 )dsl,
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Proof. By (115) we have v° € L*(Q;R?) and [, [v°|dz < [, |v|dz. Let us fix

¥ ¢ D(Q;S?). Then ¥ € C>(Q;S?); thus using (119), (120), Green’s formula in
BD(R), and the fact that v € BD{™(2), we obtain

/ v° - divl dz = / (div®)°® dz = / v - div(®?) dz = / w0 . dEv
Q
/1115.V®£2dy®£2 /'1: Vgg dv ® L2,
By the arbitrary choice of ¥, the assertion (121) is proved. Similarly, applying

Green’s formula in BD(Q)) and using (119), (120), and (121), we infer, for all z; €
(0, L),

/\I: NoedH?= | T:v’ondH®= 'I':dEv5+/ div¥ - v0dz
a((O,ZEl)XQ/) (O,:El)XQ/ (O,Il)XQ’
o
:/ v (LYY avec? +/ (div®)® - vdx
O,Il)XQ/ (O,Il)XQ/

:/ L O Y vt / div(¥°) - vdx
(O,Il)XQ’ (O,II)XQ,

:/ xpﬁ:v*@eldﬂ?':/ U (v) ©edH?.
P

E31

By the arbitrary nature of ¥ and x;, we deduce that (v‘s)f Ge; = (v*)é ®e; and
then, taking into account (76), that (v°) = (v*)é. Arguing in the same manner for

(v5)+, we find the first line of (122). By (72) and the latter line, for all z; € (0, L)
the following equalities hold H2-a.e. on ¥,:

@) =5 (0" +07) =5 (1) + (07)") = 5 (W) + (v°)7) = (")

Assertion (122) is proved. To prove (123), we first notice that by (19), (115), and
*\/ -
(122), we have ((v‘;) ) € L2 (0,L; L?(fY;R3)). Taking into account (119), (120),
(122) and integrating by parts with respect to 2’ in L2 (0, L; H}(Q; R?)), we find

/Q((ué)*)'.div\ydm ® ,62:/

Q

:—/ex/ (v*):Wodm @ L2 = —/(ex/ (v*))’: Wdm ® L2,
Q Q

(")) divirdm o £ = [ (0*)-div () dm o £
Q

yielding (123). Assertion (124) is a consequence of (84), (121), (123), and (116)
applied for f € {%,ey(v),v} and § € {v,m}. Let us fix x € Q: by (76), (122),
and Green’s formula, denoting by « the trace application on BD((x1,z1 + k) x '),
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we have
@)1+ m,2') = (o) @) < V2 (07 (1 4+ m,0") — (01) (@) O e

=2

/ n(x’ — o y(w)(s1,9/) © ndH2 (51, ¢)
O((z1,214+K)xXQ")

— V2

/ ns(z' — 1y )dEv(s1,y") +/ v O Vns(z' —y)dsidy’
(z1,21+K)XQ (z1,21+K)XQ

C <|E'u| (1,71 + k) X Q) +/ |v|dm) ,
(z1,21+K)XQY

and therefore lim,_,o+ |(v°)™ (21 +I<E,.’£’) — (v°)T(x)] = 0. We likewise find that
lim, o+ |(v°)" (21 — &,2") — (v°)"(x)| = 0. The first line of (125) is proved. The
second line is obtained by applying (118) and by substituting 3 a"“ for ns in the above
computations. To prove (126), we fix (z1,2') € Q, k > 0: by (121) and Green’s
formula, we have

/ ’ig};’f (s1,7")dv(s1) = / féfﬁg (51,9 )ns(x’ — 9 )dv @ L*(s1,y')

(0,z1+kK) (0,z14r)xQ/

:/( o ns(x" —y")dE1v(s1,y')
0,21+kK) X

- / ne(a’ — o )or (1,0 )dH (s1,9) = (o) (21 + o).

z1+K

Likewise, the following hold for 3 € {2, 3}:

s
/ Bl (s1,2")dv(s1) = / ns(x’ = y')dEgv(s1,y)
(0,21 ++) (0,214r)xQ

0
= O ) el o1y
r1+K)XQ

T Tt o’
= / <% / 775(:U/ - y/)v,ﬁ(sla y/)dy/) dsl = / 8$Z (317 )dSl.
0 Q/ 0

Passing to the limit as x — 0%, taking into account (122) and (125), we infer

5 +
[ B niiteon = () )
(127) o @
Egg'l)6 , . ng /
vorz (51, @) dv(s1) = 375(81’1” Jdst,
(0,%1] 0

yielding, by (61),

[ @m@ene) sy = [ v (Ee) w2 B aus)
(0,z1] (0,21]

(l+2) (’Ul .731, +ZZ/ 81, d81
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The first equation in (126) is proved. Similarly, by (121) and Green’s formula,
the following holds for « € {2,3}:

/(0 281V (5, 0" )dv(s1) = / 2n5(2" —y')dE1av(s1,Y)

,x1+K) (0,x1+rK) X

_ 0
- /?’]5(.%‘/ — g (s1,y)dH?(s1,9") +/ vl(sl,y’)—ané (2" —y)ds1dy’
Exl+r€ (0,I1+H)XQ/ Lo
5

T1+K
= (’Ug) ($1+/€,l‘/)+/ o L (51,2 )ds;.
0

(03

Sending r to 07, we infer from (125) that

1 oud
(128) / 2€gﬁg (Sl, )dy(sl) = (vg)Jr (55171'/) +/ 71(81,55’)(151
(0,21] 0o Oxq

and from (61) that

/0 ](a'”)la(v‘s)(sl,x’) dv(sy) = 2%5}1’2 (s1,2")dv(s1)

d317

8

yielding the second equation in (126). 0

PROPOSITION 5.3. For allv € BDy™ () and 6 > 0, the following holds for some
constant C' independent of §:

Ev |?

2
/Q”%%Z du®£2§/ By |"av @ £? < o,
(129)
o E 2 _ C Ev |? 2
/Q EV@}[}? d ®£ < ﬁ V®22 dl/®£ < oo,
o 5 82 6 .
(130) v, 22 Y e LR Va,fe{2,3).

" Oz, 02,01p

Proof. Assertion (129) follows from (115), (118), and (121). By Lemma 4.4, the
Lebesgue measure on 2 is absolutely continuous with respect to m @ £2; thus by (7)
and (75),

(131) (1)5)+ = (v5)7 = (v‘s)* =v° L3ae. in Q.

By (127), (129), (131), the Cauchy—Schwarz inequality, and Fubini’s theorem, we
have

2
E )
/ DY (s1.a') du(sy)
(0,z4]

12 _ o\+12 —
s = [ ) |dx—/ﬂ ap da
Ejv° E
< V(g?;? dv @ L2 < e Cve £ < oo,
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yielding, by (118),
E11’U

vl |2
vy % / "Ul %
Q 81}04 6 £2

We deduce from (121), (128), (131), and the last inequalities that for o € {2, 3},

2
dv @ L% < .

v [2dx < C / Brav? (s1,2")dv(s1) de +C /ml 0y (s1,2") ds Qdm
o ° ~ Ja (0131 ve L2l ' olly Oz’ !
Eiqv 2 81}1 C Ev | 2
< Y d ®L +C/ dm_62 Y dv ® L* < 00
and then from (118) that for «, 8 € {2, 3},
Ev |? 2
5‘:5,1 _52/|'u |d:r:_5—4 Y dv ® L* < o0,
2v | ov’ C Ev |?
_— < = — d < = —Q| d L? .
o |9za025 ”—52 oloza| =5 Jy v WO <
Assertion (130) is proved. d

6. Proof of Theorem 3.1. The proof of Theorem 3.1 rests on the choice of an
appropriate sequence of test fields (¢, ), which will be constructed from an arbitrarily
chosen partially mollified element of BD{™ (€2), that is, a field ¢ of the type

(132) =", veBDy"(Q), §>0.

Let us briefly outline our approach. In the spirit of Tartar’s method [50], we will
multiply (14) by ¢. and integrate by parts to obtain

(133) /Qag(ug) ce(pe) de = /Qf - pedr.

By passing to the limit as ¢ — 0 in accordance with the convergences established
in Propositions 4.2 and 6.1, we will find a(u,v’) = [, f - v°dz, where a(-,-) is the
symmetric bilinear form on BD*™(Q) defined by (21). Then, sending 6 to 0, we will
infer from Proposition 5.2 that a(u,v) = fQ f - vdx. From Proposition 4.2, we will
deduce that u belongs to BDy™(£2) and hence is a solution to (18). Next, we will
prove that BD{™(2) is a Hilbert space and a(-,-) is coercive and continuous on it;
hence the solution to (18) is unique, and the convergences established in Proposition
4.2 for subsequences hold for the complete sequences.

The sequence (¢.) will be deduced from a family of sequences ((¢%).)ren by a
diagonalization argument. Given k € N, the construction of (¢¥). is based on the
choice of an appropriate finite partition (If)je{l,i..,nk} of (0, L] defined as follows:
since the set of the atoms of the measures v and m is at most countable, we can fix
a sequence (Ayg)ren of finite subsets of [0, L] satisfying

Ak:{tlg,t’f,...fk }, AkCAk+1 Vk € N,

' Yng

O=th<th<th<. . <th  <th =1,
(134) v ({t5}) :m({t;f}) =0 VEeN, Vje{0,....m},
lim sup t;‘f — t;tl‘ =0.

k:—)ooje{l e}
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Setting

(135) , ,
IV = (th 5] VEeN, Vje{l,...,m},

j J
we introduce the function ¢¥ : (0, L) — R defined by
o ve((t5_1, 21))

(136) AEHEEDY V(15

j=1

]lzf (z1).

Note that the restriction of ¢* to each I Jk is absolutely continuous, and

d¢]s€ ﬂ;l(xl) . & k . s
1 = 1 I ; 0 < ¢ < 1 n O
(137) day (1) VE(IJI‘C) A sgeslin (0.0)

OE((t5)7) =1 and GX((tj_1)") =0 Vje{l,...,m}
Forallje{l,...,ni}, xz € I]l€ x Q) a € {2,3}, we set (see (61))

k 1 ,
o) = 18 [ ot aiv(s)

J

1 S b
- E OPo / + 4k ’
(138) I+2 4 /t’?l I (51 )51+ 1 (1 1,27),

ZT1
0
—afi (s1,2)dsy +<pi(t?_1, ).

chala)=oblen)] atule)ona)v(sn) - |

k
j
The sequence of test fields (¢.) is determined by the next proposition.

PROPOSITION 6.1. Let v € BDy™(2), 6 > 0, and @, @¥, respectively, be given
by (132) and (138). There exists an increasing sequence (k.) of positive integers
converging to co such that @, defined by

(139) Pe = Pl

strongly converges to @ in LY (2;R?) and satisfies assumptions (83) and (87) of Propo-
sition 4.8. In particular, the convergences and relations (85), (86), and (88) are
satisfied. In addition, the following strong convergences in the sense of (60) hold:

- ®L VL
T ex (")),

m®L:,mRL?
(140) o-(p:)er ) M

where oV is given by (61).

o (@), ew(ip:

Proposition 6.1 will be proved in section 6.1. The next step consists of passing
to the limit as ¢ — 0 in (133). Expressing in (133), for g € {u., .}, the scalar
fields e11(g), 0c22(g), 0e33(g) in terms of the components of o.(g)e; and e, (g) (the
details of this computation are given at the end of the section) leads to the following
equation:

3

/ H%O—ell(us)oell(()oe) + Z O—Ela(us)a—sla((‘oe) dl/a & £2

Q a=2

3
(141) =+ /Q degz(ue)eas(p:) + 4(ll_:r21) Z Can(Ue)ean(pe) dm: @ L2

a=2

+/ %(622@5)633(805) +€33(ua)€22(905))dma ® L= / I peda.
Q Q
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By (63), the next weak convergences in the sense of (59) hold:

ear((u*)").
By passing to the limit as ¢ — 0 in (141), by virtue of (140) , (142), and Lemma
4.3(iii), we obtain

2 2
(142) O'E(u )61 u5®£ V®[, o (u)el’ ey ('U/s) meRL ML

1 2
/sl+20-11 u)oy; (¢ +§ 7o (u)oi,(p) dv @ L

(143) + / 4 623(U*)€23 4(ll_;L21 Z eaoz eaa )dm ® L7
Q

"'/Q +2 (e22(u*)ess(¢™) + esz(u”)ean (™)) dm @ L z/Qf-go dx.

An elementary computation yields

2 1 Fu . 2
/Ql_t,_%o-ll Joti(e JFZ oo ()0l (@)dvaL /Q ey u®£2 £ dv@L”,

(144) /94 eas(u”)ezs(@”) +/ 15 (eaz(u®)ess (9*)+ ezs(u*)ean(*))dmeL?

4(11:_21 Z €aa(u eaa )dm ® ‘C2:/Qa|ez/ (U’*) P €y ((P*) dm & £2»
where a' and all are given by (22). We infer from (143) and (144) that

a(uacp):/QfSdea

where a(-, ) is the continuous symmetric bilinear form on BD*"™(Q) defined by (21).
Substituting v° for ¢ (see (132)) and letting § converge to 0, we deduce from the
strong convergence in BD"™ () of v° to v stated in (124) that

(145) a(u,v) = /Qf v dx Yve BD;™(Q).

Since, by Proposition 4.2, the field u belongs to BDy™(£2), we conclude that u is a
solution to (18).

Let us prove that BDy"™(Q2) is a Hilbert space. By the Poincaré inequality in
{veBD(), v=0 on 9N} (see [63, Remark 2.5(ii), p. 156]), we have

/|’U\dx<C’/d\E'v| C/ V®£2 dv @ L?
(146)
< C (‘/Q V‘ggg dv ®£2) < CH'UHBDV Q) Vove BDS’m(Q),

and hence the seminorm ||.|[ppym(q) defined by (20) is a norm on BDg"™(£2). On the
other hand, Fubini’s theorem and Korn’s inequality in Hg(£)'; R?) imply

/| )V |Pdm @ £* = /dmx1/| )*|2da’
(147) 0

< [Canten) [ lewtw )P < Clolfupgei, o< BT )
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Let (v,) be a Cauchy sequence in BD{™(2). By (146) and (147), the se-

quences (v,,), ((v),)"), (VE®%§) are Cauchy sequences in BD(Q), L2, (0, L; H}(Q; R?)),

L?,® 22 (8 S3), respectively, and hence the following convergences hold:

Uy, =V strongly in  BD(RQ),
(148) (v/)* — w' strongly in L2,(0, L; H}(Y;R?)),
Ev,

cert & B strongly in L2 o2 (4 S%)

for some v, w’, E. We prove below that

(149) Ev)<v®/L? E= %, v=0 on 09,
(150) w = (v)*, m® L-ae.

It follows from (148)—(150) that v € BD{™ () and that (v,,) strongly converges
to v in BD"™(2); hence BDy"™(Q) is a Hilbert space. The proof of Theorem 3.1
is achieved provided we establish that the form a(,-) is continuous and coercive on
BDy™(S2). The continuity is straightforward. The coercivity of a(-,-) results from
Lemma 6.2 stated below.

Proof of (149). As v, = 0 on 99, by (148) and Green’s formula we have, for
¥ e CL();S?Y),

/ v-div¥dr = lim v, - div¥dr = — lim VdFEv,
Q

= — lim_ Qfggg :1/Jd1/®£2:—/QE:'¢dV®LQ.

We deduce from Green’s formula that

—/\Il:dE(v)+/ v@n:\IldHQZ—/E:de(@EQ.
Q o9 Q

By the arbitrary choice of 1, we infer (149).
Proof of (150). By (148), lim,,— 4 fQ [(v))* —’w/|2dm®£2 = 0, and hence there
exists an m-negligible subset N of (0, L) such that

(151) lim |(v),)* —w'[*dH* =0 Va, € (0,L)\ N.
n—-4o0o Ewl
On the other hand, since (v,,) strongly converges to v in BD({2), the traces
'yil (v,,) on both sides of ¥, strongly converge to 'yil (v) in L} 5 (8,,) for all 2 €

(0,L). By (71), (75), and (149), v*(xy,.) = 7511 (v) = 7511(1;) H?-a.e. on ¥, for
m-a.e. 1 € (0, L). Accordingly, there exists an m-negligible subset N; of (0, L) such
that

(152) lim |(vn)* —v*|dH?* =0 Vax; € (0,L)\ Ny.
n—-+oo )

T

Let us fix 1 € (0,L) \ (N U Ny). By (151) there exists a subsequence of (v, )*
converging H2-a.e. on ¥,, to w’. By (152), there exists a further subsequence

converging H?-a.e. on ¥, to (v’)*. Hence w’ = (v')* H?*a.e. on ¥,, for m-a.c.
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x1 € (0,L). Setting A := {x € Q, w'(x) # (v')*(x)}, Az, := AN E,,, we infer that
H2(A,,) =0forall z; € (0, L)\ (NUN;). It then follows from Fubini’s theorem that
m® L2(A) = f(O,L) H2(Az,)dm(z1) = 0.

LEMMA 6.2. For allv € BDy™ (), ., B € {2,3}, we have

(153) /Q

Proof. Let v € BDy™(2), 6 > 0, and ¢. be defined by (132), (139). By
Proposition 6.1, the convergence (86) holds, and hence by Lemma 4.3(ii) we have

for a, 8 € {2,3}
/

As, on the other hand, by (60) and (140) the following holds:

E.pV
vRL2

2 2 *\7Y |2 2
dve L §/|eag((v I dm e £2.
Q

Eapgp
vRL?

2
dv ® L2 < liminf | p. |eaﬁ(§08)|2 dx.
e—0 Q

iy [ e leap(e0)l® do = [ leasl(@?)) dme 2

e—0

J

Substituting v° for ¢ and passing to the limit as § — 0, taking into account (84) and
(124), we obtain (153). O

Justification of (141). We fix e, e € S® and set o := I(tre)I +2e, o = I(tre)] +
2e. We have

we deduce that

Eape
vRL?

2
dv @ L? S/ leas((©*))]> dm ® L2,
Q

3
(154) o:e= Z ngu + 0'12512 + 013513 + 4623g23.
i=1
Noticing that

€11 = H_%(Un —legs —legs), €11 = H_%(an —leay — legs),
022 = ler + (I + 2)es + less = 5 (011 — lean — less) + (I + 2)eas + less,
o33 = leny + legs + (14 2)ess = 5 (011 — leas — less) + leas + (I 4 2)ess,

+
[
—_~~

we obtain, by substitution,

3

> oiiti =015 (011 — e —1Ess) + (H%(Gn —less —l€33)+(l+2)622+l€33)522
i=1

+ (H%(Uu — leay —less) +leaa + (I + 2)633) €33
= 1%2011511 + %(622522 + e33€33) + 1_2%2(622533 + e33€22),
yielding, by (154),

o:é= H_%O’n&n + +2012€12 + 2013€13

~ 4(1+1 ~ ~ 21 ~ ~
+ 4egzeas + (HQ ) (e22€22 + €33€33) + 775 (€22€33 + €33€22).

Substituting e(ue), e(p:), %Ue(ug), %ag(gaa), respectively, for e, e, o, o, we
infer (141).
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6.1. Proof of Proposition 6.1. The proof of Proposition 6.1 lies in the asymp-
totic analysis of the family of sequences (((p’; )6) e the results of which are presented
in the next proposition, whose proof is located in section 6.2.

PROPOSITION 6.3. Let v € BDy™ (), § > 0, o defined by (61), and ¢, o~
respectively, be given by (132), (138). Then ¥ belongs to H'(€;R3) and satisfies

(155) sup / |k |2dm. @ £? < o0,
keN; e>0JQ
(156) lim sup/ l* — | dz =0,
k—00 >0 Q
2
(157) lim sup limsup/ 0'5<<p§)61‘ dv. @ L2 < / lo” (p)er|? dv @ L2,
k—oc0 e—0 Q Q

(158) lim sup lim sup /
Q

k—o0 e—0

ex ()] dme o £ < /Q lear (%)) dm @ £2.

Let us fix a decreasing sequence of positive reals (ag)gen converging to 0. By
Proposition 6.3, there exists a decreasing sequence of positive reals (ex)ren converging
to 0 as k — oo and such that, for all € < gy,

/ ot — | dz < o,
Q

(159) /Q
/,

Let k. be the unique integer such that e_y; < e < e, (notice that k. — co). We set

2
ae(gof)el‘ dv. @ L* g/ lo” (@)e1]* dv @ L2 + ay,
Q

(Y ((P];)

2
dm5®£2§/ lea (@)|* dm @ L2 + ..
Q

(160) P = ke

By (14), (13), (155), (159), and (160), the sequence (¢.) strongly converges to ¢ in
L' (Q;R3) and satisfies assumptions (83) and (87) of Proposition 4.8. Therefore, the
convergences (86) and (88) hold. We deduce that

y5®£2,u®£2 m£®£2,m®£2

o-(pe)er o’(pler,  ex((pe)) ex ((¢*))-

On the other hand, (159) and (160) imply (since k. — o0)

timsup [ Joulpo)en a0 22 < [ ot (plenfdve 22
Q Q

e—0

timsup [ Je,r (o)) dme 2 < [ Jew (7)) dmes 22
Q Q

e—0

yielding (140). Proposition 6.1 is proved provided we establish Proposition 6.3.
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6.2. Proof of Proposition 6.3. Let us prove that ¥ belongs to H!(Q;R?).
By (138), ¢* belongs to Hl(IJ’»f x V;R3) for all j € {1,...,n, — 1}, and therefore it
suffices to show that the traces of ¢¥ coincide on each side of the common boundaries
of IJIC x € and ka—s—l x €V, that is,

(161) (") = (¢F)" H2-a.e. on Spe Vie{l -1}

One easily deduces from formula (126) (applied to v’ = ) that

P15, 2') —pf(t]y, 2") (a")11(p)(s1,2")dv(s1)

J

3
l Do ,
_;7-‘,—2 o 8xa (sl,x)ds1.

“1+2),
(162)

On the other hand, by the properties of ¢* and the definition of ¥ (see (137), (138)),
we have

(i) = 75 [ @)’ duts)

(163)

3 I t;‘f P
- Z 172/ 3(5‘1 (s1,2")dsy + cpf(t?_l, x').
t (o7

a=2 j—1

We infer from (162) and (163) that (o%)7 (t5,2')) = @7 (t5,27). Since (137) and (138)
imply (@F)F () 2") = of (tF_,,27) for all j € {1,...,n,}, we deduce that (161) is
satisfied by the first component of ¥. Likewise, we deduce from the second equation
in (126) that for a € {2,3},

g%(sl,a:’) dsy

Ik @
J

Gt a) = g 0 1) = [ (@ alp)on, o) dvor) -
Ik
and then from (138) that

()i () = [ (@ (@Dralsraiv(sn) = [ GEsr.adss ot (0 1),

k Ik T
J J
yielding (@), (t%,27) = ok (%, 2'). Noticing that (138) also implies (@) (th_,, z’) =
@k (th 1 2) for all j € {1,...,nx}, we infer that (@F); (t,2") = (@F)L(th, o). As-
sertion (161) is proved, and ¥ belongs to H!(2; R?).
The next lemma plays a crucial role in the proof of Proposition 6.3. In what
follows, for all 1 € (0, L), we denote by j,, the unique integer satisfying

(164) woe (th .tk ]
LEMMA 6.4. We have

(165) gi_r%z/s(fj’?):u(lf) and gigéms(fj’?):m(fj’?) VkeN, Vje{l,...,n}.
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For all k € N, the mapping x; € (0, L] — V(I]l-il) defined by (135), (164) is Borel

measurable and satisfies, for all p € (0, 00),

limy / I Ydm(21) = / V(I% Ydm(a),

(166)

lim / v(I¥ Y dLY(zy) =0, lim v(IF )P dm(z;) = 0.
0

k— o0 Jzy k—o0 [O.L] Jzy

Proof. Since I/(@IJ]»C) =m(01 ) Oforall ke N, je{l,...,n;} (see (134)), the
convergences (165) result from ( 5). By (134) and (164) we have

nk

(167) w1 ) =3 v () (o),

j=1

and hence the mapping x; € (0, L] — v(I¥ ) is Borel measurable and, by (165),

]rnl
nk nk
lim v(Ij, Jdm.(z1) = lim S v )me(If) =Y v(IF)ym(If)
j=1 j=1

= /1/([]’21 )dm(xq).

The measure v is bounded and the assumptions (134) imply that, for each ﬁxed

x1 € (0, L], the sequence of sets (I]’i Jren is decreasing and satisfies (yen | 1 le =

{z1}; therefore limy_, V(IJ]?”) =v({z1}). Applying the dominated convergence the-
orem, noticing that, by (16), £L}(A,) = m(A,) = 0, we infer

L |
fi [y ace = [ )Lt a) =0,
im kP dm(zy) = v({x M )Pdm(z;) = 0.
fim [ vty dme) = [ vt ) <o

Proof of (155). By (61), (126), (130), and (132), we have, for all z; € (0, L),

I,

and therefore by (137), (138), and (164),

2
<p+(t§1171,m’)’ dr' < C

o ()2 du®£2+0/9’86$% dr < C,

Q

sup |5 (21, 2" )da’
z1€(0,L) JQ/

§C</9|a”(<p)|2du®£2 /'i‘ dx—i—/ PG )\Qd:v’)g().

By integrating over (0, L) with respect to m., we obtain (155).
Proof of (156). By (126), (130), and (132), the following estimate holds for
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x1 € Ijl-€ (or equivalently for j = j,,):

(168)
3
+ / + / ’ v 2 3
ot (z1,2') — pT(t;,2')|da’ < C o’ (p)ldve L+ C / e
Q/| (z1,2") (J )| IJ’?X‘Q’ ()] Z kxﬂl)axa‘
1
<0 Ik 1 v 2 C <
< Cv(I})2||e (‘P)HLi@LZ)"’ (JG{TUPW > ZHﬁma L2(9)

< CV(If)% JrC( sup L%If)) .

JE{1,...,ni}

By integration over (0, L) with respect to £!, taking into account (134), (164),
(166), we infer

(169) tim [ J* (e10") = @ (1, ) lde = 0.
Q

k—o0

By the same argument, we deduce from (137), (138) that

(170) tin [ fokon, o) = @ (1,0 dz =0,
Q

k—o0

Assertion (156) results from (169) and (170).
Proof of (157). Taking into account (14), (61), (137), and (138), an elementary
computation yields, for all j € {1,...,n;} and for L3-a.e. z € I]]?C x

o (eb)(@)er = pe (tr(e(@!)I + 2e(eh)) e
1

(
(171) /Ik o (p)(s1,2)erdv(s1) + ri(z),

VE(IJI?)

where for a € {2, 3},

rk d Dot
Zelig) = zz (a‘ga (th_y,a') — %(mbx/))

e s
+2l¢5 x Z/ (o 104(517 )dv(sy —lZ/k O 2 (s1,x )dsl,
(172) -t
e (o) = ok /6 (s1,2) dv(s)
. l+2 5 1 1

0 )
HQZ/k o+ L () = G o)

«
We prove below that

(173) lim sup lim sup/ [r¥2dv. @ £ = 0.
Q

k—o0 e—0
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By (171), we have

/
ng fI’? ,us_l(xl)dxl/

(1) =2k

j=1 j
o (1)

< 2 / |o"’(<p)61|2 dv ® L2
JZVE(IJk) Ik xQ/

J

0’5(506)61 - ’l“

2

/I,v o’ (p)ei(s1,z')dv(sy)| da’

Assertion (157) follows from (165), (173), (174).
Proof of (173). A computation analogous to (168) yields for z; € Ij’?, taking into
account (130),

(175) / Op" ’

9 2
00 (21,0') — G (1)

dz’ < Cv(I; MY+ C  sup El(If).
je{1,...,n}

Similarly, by (115),

2

do” ’ oo’ k
(176) [ 1[92 (v, atyvtsn)| da’ < ourh) | Wa o = OV,
/ " e (s1,2")ds 2da:’ <C sup LMI)) O i
1, 1 >~
(177) ' tﬁlaxﬁam“ JE{L . mi} 0x50%a || 2
<C sup L' (Ik)
Je{l,...ni}

Collecting (137), (172), (175), (176), (177), noticing that u2v. = m., we infer

(178) / [rF2dr. ® L2 < C’/ k dm8 (r1) +C sup L (Ik)me((O L)).
JE{L,...,nk}

Assertion (173) results from (134), (166), (178).
Proof of (158). By (138) we have, for x; € IJ’-“,

ew (¢F)(2) = e (91)(t5_1,2") + RE(2),

RE(@) i= okwn) [ e (0¥ ()en) (s1,0)iv(s)
(179) I

- P
0x,0T

(s1,2")ds1eq © €.
a,B=2 t‘?—l

We deduce from (137), (176), (177), (179) that |, |R¥|2(x)dm. is bounded from
above by the left-hand side of (178), and hence by (134), (166)

2
(180) lim Sup/ ‘Rf =0.
Q

k—00 ¢>0
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By (13) and (135) we have
/ e —1,a') dme QL% = st |e$ c,oJr)|2 (t5_y,2) da’,
yielding, by (165),

: 2 2k
(181) lim lex (™) (152121717 a)dme @ L2= | |ew(oT)] (tﬁzlfl’ z")dm @ L2
Q Q

By (134) and (164), for all 21 € (0, L), the sequence (tfxl_l)keN converges to
from below as k — oo. Therefore, by (125), for each = € Q the following holds:

2

2
(182) Jim |ew (95)[" (15, -1,2") = |ex (97| ().
—00
On the other hand, by (126), |ex/(go+)|2(t§m171,:z:’) < g(z), where
2
g(gc)::/|ex/(a'( Jen)|? (s1,2)dv(sy) +Z/ ‘ T x (s1,2)dsy.
(0,L) opaz a

We deduce from (129) and (130) that g € L}, ., »»(2) and then deduce from (181),
(182) and the dominated convergence theorem that

(183) hm/|em 1T ) dm® L? = /}ez ’ dm ® L.

By (16) and (35) we have |E¢|(X,,) = 0 for m-a.e. x; € (0, L); therefore assertion
(74) implies that e,/ (¢~ ) = e (¢*) m® L2-a.e. Collecting (179), (180), (181), (183),
and the last equation, assertion (158) is proved.

6.3. Proof of Corollary 3.2. Choosing ¢ € D(Q\X) in (145) (see (27)), taking
into account (24), we get fQ\E o(u) : e(p)dr = [, f-@dr and infer, by the arbitrary
choice of ¢, that —divae(u) = f in Q\ X. Choosing ¢ € BDy"™(§) such that
@ € C(U) for every connected component U of Q\ X, and integrating ae(u) : e(p)

by parts over each connected component of Q2 \ ¥, taking the first line of (26) into
account, we deduce

> / ((ae(u)er)” — (ae(u)er)™) - ¢ + m({t})ale, (u*) : e, (p*)dH?
> / (ae(u)er) o —(ae(w)er) o +(ut—u ) v({}) A"~ )dH=

and obtain the transmission conditions stated in the second and third lines of (26).
Conversely, any solution to (26) satisfies (18).

6.4. Sketch of proof of Proposition 3.10. Repeating the argument of the
proof of Proposition 4.2, we establish the a priori estimates

sup/ |u€|2dm5®£2—|—/ |u€|dx—|—/u5 Vu.|” dz < oo
Q Q Q

e>0
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and deduce, up to a subsequence, the following convergences (analogous to (63)):

u. > u weakly* in BV(Q;R") for some u € BVy"™(Q),

(184) me®L?mag?

ve®QL2vRL3?
pe(CVue)e; (C Vggz_l Jer, Vyu.

vx’U*v
where BV"™ () and Vv are defined by (54) and (55). Fixing v € BVy"™(Q),
§ >0, k€ N*, we set ¢ = v and

oF (@) = /I (1710 Per) ersr2) dulsy) ) o)

Jaq
Z1

— (T C V) ei(si, ' )ds; + ot (t

. Jag =10

Jzq—1

x').
Mimicking Propositions 6.1 and 6.3, we exhibit a sequence . (= ¢*<) satisfying

lim/ lpe — | dz =0,
(185) e—0 Q

ve®L2 vRL?
1=(C'Ve:)el pes (C De Jer, V.

meRL2,mRL>
B
vRLI—-1

Vx/ cp*.
Multiplying (49) by ¢., integrating by parts, and applying the formula
(186)
CVu. :Vp.=(T 'CVu.)e;-(CVp.)e; — (T 'CV,u.)e - (CV,p.) e
+CVyu. : Ve,

proved below, we obtain
| #-putn = [ T OVuer n(C Vs drv o £

+ /Q f(TflCVx/us)el (CVpp)er + CVue -V, dm, ® L2
Passing to the limit as € — 0 in accordance with (184) and (185), we find

a(uv‘p):/ﬂu@dxa

a(u, ) ::/Q (TﬁlC %) e - (C’ %) e; dv@ L1
- / (T7'CVu)e - (CV @) e + CVpu* Vo) dm @ L7
Q

An elementary computation shows that a(-,-) is also given by (56). The rest of the
proof is similar to that of Theorem 3.1.
Proof of (186). Noticing that T' defined by (51) satisfies

(TVv)e; = (CVwv)e; — (CVyv) ey,
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and taking into account the invertibility of T' and the symmetry of T~ and C, we
obtain

CVu:Vv = (CVu)e;-(Vv)e; + CVu:Vyv =(CVu)e;-(Vv)e; +Vu:CV v

M.

=

M.

=

M.

M.

=

M.

M.

=

M.

M.

M.

=

M.

=

=

= (CVu)e;-(Vv)e; + (Vu)e;- (CVyv)e; + Vyu:CVyv
(CVu)e;- T H((CVv)e; — (CVv)ep)

+ T '((CVu)e; — (CVu)er) (CVv)e; + Vpu:CV v
= (T_lCVu)el -(CVv)e;— (T_lCVgCru)el (CVyv)e1+Vu:CV v,
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