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1 Introduction

In this paper we consider the integrability of the defects in affine Toda field theories
(ATFTs) found in [1]. Since (some of) the interest in integrable systems is due to their
ability to model physical phenomena whilst remaining exactly solvable it is important to
be able to incorporate common physical occurences without destroying the integrability of
the system. A defect is some discontinuity in physical media or fields in a mathematical
model, and we will check whether incorporating a discontinuity into an integrable model
can be achieved without destroying its integrability. We follow the classical Lagrangian
picture of defects introduced in [2] and further studied in [1, 3-8]. In this approach for a
defect at © = 0 there is a field vector u defined in the region z < 0 and a field vector v
defined in the region x > 0, with both fields obeying the same bulk theory. There may also
be some additional degrees of freedom appearing only at the defect, which are referred to as
auxiliary fields. The Lagrangian density of the whole system then contains the Lagrangians
of the bulk theories, restricted to the appropriate regions, and a defect term coupling the
two sets of bulk fields and any auxiliary fields at = 0. This defect term consists of a
“kinetic” part, containing time derivatives of the fields, and a defect potential. Using this
Lagrangian density in the Euler-Lagrange equations will yield the bulk equations of motion
for u restricted to z < 0, the bulk equations of motion for v restricted to x > 0, and some
equations of motion coupling the bulk fields v and v to each other and to the auxiliary
fields (if they are present), evaluated at = = 0.



For classical 1 + 1 dimensional field theories Liouville integrability is defined as pos-
sessing an infinite number of independent conserved quantities in Poisson involution. Such
a system is in principle solvable [9, 10]. Solitons are a particular set of solutions which are
a feature of integrable systems and appear as stable, localised field configurations. There
are many physical examples of integrable systems and solitons, for just a few of these
see [11, 12]. One method of proving the integrability of a system is using the method of
Lax pairs and r-matrices first introduced in [13].

The Lax pair is a pair of matrices ag(t, z, A) and a; (¢, z, A) such that for a vector field
U(t,x)

‘“I’étt’"’”) — —ao(t, 2, NU(,2) (1.1)
WD) ot (0, 2) (1.2)

where A is the spectral parameter. These Lax matrices may be used to transport the vector
U as

U(ty, z,\) = Pe Ji Wl g (g 0y (1.3)

U(t, 29, \) = Pe doi Wl Vg 0y (1.4)

where P denotes path ordering. The transport matrices themselves are also solutions
to egs. (1.1), (1.2) respectively. By either requiring that the overdetermined system of
equations in eqs. (1.1), (1.2) are consistent, or that the transport as given in eqgs. (1.3), (1.4)
is path independent, we find the zero curvature condition to be

ai ¢ — apz + g, a1] = 0. (1.5)

This must be satisfied by the Lax pair if we are to generate an infinite number of conserved
quantities. The gauge transformation

ap — ap = —GyG™1 + GagG™!
a; — ap = —GwGil + GalGil (1.7)

leaves the zero curvature condition unchanged.

The system in the bulk is some field u (or v) which is governed by an equation of
motion. If a pair of matrices which are dependent on u and the spectral parameter A
satisfy eq. (1.5) if and only if u satisfies the equations of motion of the system then we have
a Lax pair of the system. This Lax pair may then always be used to generate an infinite
number of conserved quantities involving the field u, and thus being conserved quantities
of the integrable system. To generate these conserved quantities the Lax pair is used to
give the monodromy matrix, which transports ¥ between x — —oco and x — oo. The trace
of this matrix is equal when evaluated at different times, and it is possible to expand this
in terms of the spectral parameter \ and equate powers of \ to give an infinite number of
conserved quantities. If the system is integrable it is then possible to construct a related
r-matrix, which will ensure that these conserved quantities Poisson commute.



The integrable field theories which we will be considering here are the ATEFTs. They
began life as a description of a one-dimensional lattice of particles with nearest-neighbour
interactions, which was shown to be integrable with soliton solutions [14]. The potential

of this system contained terms of the form e%i—17%

, where u; is the position of particle
i, and in [15] these potential terms were generalised to depend on the simple roots of
any Lie algebra. The “affine” refers to the fact that the potential is written in terms of
the simple roots and the lowest weight root, as the addition of the lowest weight root
to a Dynkin diagram gives an affine Dynkin diagram. In [16] the Toda lattice is taken
to a two-dimensional field theory for the A, and Tzitzéica cases. All ATFTs are given
in [17] and their conserved quantities are investigated. These were first shown to have zero
curvature (and so an infinite number of conserved quantities) [17, 18] and later shown to be
integrable [19, 20] using the method of the Lax pair and r-matrix. All ATFTs have solitons
as solutions [21-23]. As well as being integrable solitons (stable by virtue of a cancellation of
nonlinear and dispersive forces) these solitons are also topological (stable due to possessing
some topological charge, in this case the difference between the field as  — +00).

An ATFT is described by the Lagrangian density

w1 1 M’ e
LY = JUitlit — SUiaUiz — U U= 5 Znie /3% (1.8)
=0
where a; (i = 1,...,r) are the simple root vectors of a Lie algebra, n; (i =1,...,r) are a
set of integers characteristic of each algebra, ng = 1 and ag = — _;_,; nicy gives the lowest

weight root which corresponds to the extra node on an affine Dynkin diagram. m is the
mass constant, S is the coupling constant and in the classical case we can rescale the field u
and the variables t and = to set m = § = 1. Taking this expression with v instead of u gives
the Lagrangian density £Y and the potential V' which will goven the behaviour of the field to
the right of the defect. The vector u = (u1, ..., u,)? lies in the space spanned by the simple
root vectors and the fields {u;} are the projections of u onto the basis of this vector space.

Because the simple roots are defined only up to their inner products with other simple
roots the potential based on the set of roots {«a;} and the potential based on the set of roots
{Qa;}, where @ is some orthogonal transformation, describe the same ATFT. Because the
kinetic part of the bulk Lagrangian is invariant under orthogonal transformations of the
fields the ATFTs based on the roots {a;} can be obtained by taking v — Qu in the ATFT
based on the roots {Qa;}. In a similar manner we can take the ATFT based on {ca;},
14, and a rescaling of the coordinates ¢ and x such
that 0y ; — €Ot 5, return to the ATFT based on the roots {c;}. Therefore our precise choice

of root vectors is unimportant, and they can be set to be as simple as possible.

where ¢ is a constant, and, with v — ¢~

This potential has multiple vacua occurring at 277 multiples of weights of the Lie
algebra whose simple roots the potential is based on, so if the field u is complex then we
can have soliton solutions to the ATFT equations of motion which interpolate between
different vacua as x — £o00. Such soliton solutions have been found for all ATFTs [21-24].



For an ATFT the Lax pair is

1 1 < ! 1
= — = H+ — vnilogle2® " | AE,, — —FE_,, 1.9
aO 2 (u + \/5; n ’a ’62 ( T )\ z>> ( )
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1 — 1
= = H+ — iloglez® " | AE,, E_,. 1.1
a1 = g (ut + ﬁ;\/n ;e ( L+ 3 Z>> (1.10)

[17] where H are the Cartan generators and E,, is the generator associated with the root
;. While we are using the affine simple roots we are still using the non-affine, finite
dimensional generators which obey the commutation relations

[Hj, Ea] = (@) Ea (1.11)
E,=E', (1.12)

2
[Ea, E—a] = W(Q)J J (1.13)
[Ea, Eg) = nopEatp it a+ B € roots (1.14)
[Ea, Egl =0 if a4+ [ ¢ roots, 0. (1.15)

Here subscripts are used to identify the different generator matrices and roots. A subscript
outside a bracket denotes a component of the bracketed vector. From eq. (1.11) we see that
the Cartan generator H; is associated with the projections of the roots onto the basis vector
e;, hence each Cartan generator is associated with one of the orthonormal basis vectors of
the root space and we can take u.H = w;H;. Using this Lax pair in eq. (1.5), along with
these commutation relations, we can check that it is satisfied provided that the equations
of motion of the ATFT (given by the Lagrangian density in eq. (1.8)) are satisfied, and so
our bulk theories have zero curvature.

Some of the earliest studies of defects were in quantum integrable field theories, for
example in a free fermion theory [25, 26] and in sine-Gordon theory [27], and here it was
shown that integrable defects must be purely reflecting or transmitting. From the fact
that quantum defects must be purely transmitting (a purely reflecting defect is simply
a boundary, as investigated in [28]) came the idea that momentum conservation may be
important in the classical case.

In [2] it was found that for a defect in sine-Gordon theory certain defect equations
ensured that momentum was conserved. The conservation of energy and some higher spin
charges was also checked for these momentum conserving defects. These defects which
couple the bulk fields u and v, but have no auxiliary fields, are referred to as type I defects,
and were generalised to give momentum conserving defects in A, ATFTs. However it was
also proved that momentum conserving defects of the particular form found in [2, 3] could
never appear in an ATFT based on a Lie algebra other than A,. In [6] the momentum
conserving defects first found in [2] were modified by the addition of a degree of freedom
at the defect, allowing a momentum conserving defect in the Tzitzéica model (previously
excluded due to not being based on the roots of A,) to be found. These defects with
auxiliary fields are referred to as type II defects. This idea of extra fields at the defect, and



the fact that one ATFT can be folded to a different ATFT using certain symmetries of the
Dynkin diagram [29, 30], was used in [7] to fold existing A, ATFT defects to new C,, ATFT
defects. These type II defects were generalised in [1] and momentum conserving defects
were found in the B, and D, ATFTs. Some investigation into defects in non-relativistic
theories such as the nonlinear Schrodinger equation and the Kortweg-de Vries equation
have also been made [31, 32].

That it is possible for a system which explicitly breaks time translation invariance to
have conserved momentum is very interesting, and it is hoped that the restrictions arising
from momentum conservation are sufficient to ensure the integrability of the system. There
are already some strong indications that this is the case. All of the above defects have
soliton solutions in which a soliton passes from one bulk theory to the other, experiencing
a delay and sometimes a change in topological charge. An interesting consequence of
requiring momentum conservation is that the defect equations can always be modified in
such a way that they give a Backlund transformation (some first order differential equations
coupling the solutions to two sets of uncoupled higher order differential equations [33]) for
the bulk theories [1-3, 6].

The type I defects have already been shown to possess an infinite number of conserved
quantities, and this along with the soliton solutions indicates that they are likely inte-
grable [3-5]. However, the integrability of these particular defects has not been proven as
they are given in a Lagrangian rather than a Hamiltonian form, meaning that the Poisson
brackets and r-matrix required to prove that the charges are in involution are difficult to
write down. A type II defect matrix for the Tzitzéica model is found in [34] and the sys-
tem is shown to have an infinite number of conserved quantities. A Hamiltonian set-up in
which the Lax and r-matrix equations are immediately assumed to be satisfied by some
matrix associated with the defect is investigated in [35-38] for defects in the nonlinear
Schrodinger equation, sine-Gordon and ATFETs. While these defects are integrable they
do not necessarily describe the same systems as the momentum conserving defects found
in the Lagrangian set-up. Some attempt to reconcile this Hamiltonian approach and the
Lagrangian approach to defects is made in [39, 40]. The type I and type II Lagrangians
are rewritten as Hamiltonians with second class constraints in [6].

In this paper we will not attempt to prove the integrability of a system with a defect,
only that it posesses an infinite number of conserved quantities. We will achieve this using
the method of zero curvature and Lax pairs developed for the Kortweg-de Vries equation
in [13] and modified to apply to a system with a type I defect in [3]. We first give a
recap of momentum conserving defects, giving the generalised type II defects found in [1]
in section 2.1, with these momentum conserving defects in ATFTs given in section 2.2.
Section 2.3 gives the Tzitzéica defect found in [6] and section 2.4 gives some new, more
complete results for a momentum conserving defect in the Dy ATFT. In section 3.1 we
show the derivation of the zero curvature condition for a defect which appeared in [3]. In
section 3.2 we find that for a defect in an ATFT momentum conservation can be shown
to be a necessary condition for zero curvature of the system, and are able to find some
possible restrictions on the exact form an integrable defect may take. However, we are
unable to prove that the zero curvature condition for these defects can be satisfied. Finally



in sections 3.3 and 3.4 we consider the zero curvature of two specific defects, those in the
Tzitzéica model and the Dy ATFT. The defect matrix for the Tzitzéica model has been
found previously in [34]. Both are shown to satisfy the zero curvature condition, and so
have an infinite number of conserved quantities.

2 Momentum conserving defects

We will now present the results on generalised type II momentum conserving defects which
appear in [1], with the defect Lagrangian and potential for momentum conserving defects
in any ATFT, the Tzitzéica model and the Dy ATFTs.

2.1 Generalised momentum conserving type II defects

Components of the bulk fields u and v are denoted as w1, us, ..., vi,ve2,... and because we
assume that u and v describe two copies of the same bulk theory the number of components
of u and v are equal. The auxiliary fields at the defect are contained in the field vector A,
with components denoted by Ai, Ao, .... There may be any number of components of the
auxiliary field vector. Note that this field vector A is not the spectral parameter; we specify
whether A\ is the auxiliary field vector or the spectral parameter whenever it appears in
this paper. The Lagrangian description of the theory in the presence of a defect at x = 0
is given in terms of a density

L=0(—z)L"+0(z)L" + ()LD, (2.1)

where the bulk Lagrangian densities

1

LY = §(ui7tui7t — U pUj ) — U(u) (2.2)
1

[,U = i(vmvijt — Ui,xvi,z) — V(’U) (23)

govern the behaviour of the bulk fields v and v. Subscripts of ¢ and = denote partial
differentiation with respect to that variable and are separated from subscripts of indices by
a comma. Einstein sum notation is used throughout. The two bulk theories are coupled
at = 0 via the defect Lagrangian £ which depends on u, v and A. Note that this form
of defect is not restricted to the ATFTs. This Lagrangian set-up was pioneered in [2].
Motivated by the form of the type I defects appearing in [2-5] and the type II defects
appearing in [6, 7| the generalised type II defect Lagrangian density was taken to be

1 1 1
P = §uiAijUj,t+iviBij'Uj,t‘i‘UiCijvj,t‘i'iAiWijAj,t+)\iXijUj,t+)\i}/ijUj,t_F(uaU, A) (2.4)

where A, B, C', W, X and Y are arbitrary, constant, real coupling matrices.

Because the auxiliary field vector A\ does not appear in the bulk Lagrangians the
behaviour of the system is not altered under the redefinition of the auxiliary fields A\; —
ajjuj + Bijvj +vi;A;. o and B are any matrices and v is an invertible matrix to ensure the
degrees of freedom associated to the auxiliary fields are not removed. The bulk fields can



also be transformed as u; — Qjju;, v;i — Q) ;vj without changing the general form of the
bulk and defect Lagrangians provided @) and Q' are both orthogonal.

Energy and momentum were the only conserved charges investigated in [1], with mo-
mentum conservation proving to be particularly restrictive. Provided {u;}, {v;} — constant
as r — +oo and U and V have no local minima the energy of the system in the bulk dif-
ferentiated with respect to ¢ is

dE
g = (ialie = Viavie)l,—o - (2.5)
Using the defect conditions arising from eq. (2.4) to remove the z derivatives we find that

eq. (2.5) may be rewritten as
dE  dF

dt o dt
Therefore E + F' is the conserved energy-like quantity, where E is the bulk energy and

(2.6)

F' is the defect potential. Since the defect breaks manifest translation invariance and so
the system is no longer obviously momentum conserving it was expected that requiring
conservation of momentum would be far more restrictive than requiring conservation of
energy. The momentum of the system in the bulk differentiated with respect to ¢ is

dP 1
— = ( (Wi it + Ui Wi g — VigVig — VigVig) — U + V) (2.7)

dt 2

=0

For the system to be momentum conserving we must be able to use the defect equations
arising from eq. (2.4) to rewrite the right hand side of this equation as a total time derivate.
This places certain constraints on both the coupling matrices and the defect potential.
By using this freedom to make field redefinitions and by applying the constraints arising
when the system is taken to conserve momentum this defect Lagrangian was rewritten as

1 1 1 1
D ()Awuu <>vaj<t) uD (1 4y, 0!
+u(2)vft)+2u§)( @ @) 1 Lewise, - F 29

The components of A\ which (after field redefinitions) coupled to no bulk fields, only other
auxiliary fields, are contained in the vector &, with the coupling matrix W given by

01... 00
—10... 00
W= oo (2.9)
00... 01
00...-10

The remaining auxiliary fields, which do couple to the bulk fields, are contained in the
vector p?). The form of the couplings of the bulk fields and these auxiliary fields are
partly determined by requiring momentum conservation and partly by our choice of field
redefinitions, intended to simplify the various couplings as far as possible. The vector &
contains m components, the vector u(?) contains n components and the bulk vectors u and



v have r components. Of the components of u and v, n couple to some auxiliary field (with
every component of ;) coupling to a different pair of bulk fields) and n — r do not. The
bulk fields which do not couple to any auxiliary fields are contained in the vectors u) and
v, so labelled because they couple like the fields in a type I defect. The coupling matrix
A may be any antisymmetric matrix. The bulk fields which do couple to auxiliary fields
are contained in the vectors u(?) and v(® with the labelling indicating coupling similar to
that in a type II defect. The bulk fields may be split between the (1) and (2) vectors, and
the auxiliary fields between the x(2 and ¢ vectors, in any way (provided 1@ u@ and v®@
all have the same number of components). For the full calculation taking the general defect
Lagrangian in eq. (2.4) to the momentum conserving defect Lagrangian in eq. (2.8) see [1].

It was shown in [1] that every momentum conserving defect must be related to this
form of defect Lagrangian by a field redefinition of the auxiliary fields or an orthogonal
transformation of the bulk fields. The particular choices of field redefinitions made to reach
this form of the Lagrangian were intended to simplify the couplings as far as possible.

That the defect Lagrangian is in the form eq. (2.8) is a necessary but not yet sufficient
condition for the defect to be momentum conserving. In addition to the “kinetic” part of
the defect Lagrangian being in the form given in eq. (2.8) the defect potential must be
given by F' = D + D, where the dependencies of D and D are

D=D (p(l) + AgM, p®) — ), q(Q),é) (2.10)
D=0 (qu),q(m,ﬂm),g) (2.11)
and they satisfy the momentum conservation condition

2U0-V) = ngl)qu(l) + Dqu) D/h@) — Dﬂgz) DqZ@) — 4D§iW¢jD§j. (2.12)

The new field vectors p and g are given by p; = & (u; +v;), ¢ = 3 (u; — v;), with the
components split between p™), ¢V and p?, ¢ in exactly the same way as the u and v
field vectors split into v, v(1) and u?, v2). The total conserved energy and momentum of
the system are E+D+D and P+D—D, where E and P are the bulk energy and momentum.

A redefinition ,u( ) u @ —|— f ( ) ® does not alter the defect Lagrangian in eq. (2.8)
as it only introduces a total ¢ derlvatlve Redefinitions of the bulk fields which are the
orthogonal transformations «(Y) — Qu(® and v — QTuW, or the orthogonal transfor-
mations ©® — Qu®, v® — Qv® and p?® — QT @, or the shifts u — u+c, v — v+d
(where @ and @’ are any orthogonal matrices and ¢ and d are any constants) alter neither
the bulk nor the defect Lagrangian. This means that once D and D satisfying the momen-
tum conservation condition have been found these field redefinitions can be used to give a
family of different defect potentials satisfying the same momentum conservation condition.

The equations of motion at the defect, with the defect Lagrangian given in eq. (2.8)
with F' = D + D and written in terms of p; = (uZ +v;), i = %(uZ —v;), are

1 1 1 1 1-

p,E,x) = pit) + 2Aqu§,t) _ §Dq§1) - §Dq§1) (213)
o_ o 1

Qo = Dp — 5Dp51> (2.14)



2 _ (2 @2 1 1

Pig = Dif = 2H;¢ — §Dq(2) - iD‘I@) (2.15)
2 2 1
qz(,z) == z(,t) —30,® (2.16)
0=q"> 'p 2 — 'p @ (2.17)
bt 4w 4w :
0=&:+ Wingj + WijDEj- (2.18)

Requiring momentum conservation is evidently very restrictive on the form the cou-
plings at the defect and the defect potential may take. In the type I case requiring the
defect to have zero curvature showed that the restrictions on the defect which ensured
energy and momentum conservation were necessary and sufficient to ensure the existence
of an infinite number of conserved charges [3, 5]. We aim to show the same for the defects
described in this section.

2.2 Momentum conserving defects in ATFTs

Recall that for the defect in eq. (2.8) we were required to split the bulk field components
between vectors u!) and w(?). For an ATFT w lives in the root space of the underlying Lie
algebra, so we can divide this vector space into the 1-space, with the projection of u on to
this space being u(!), and the 2-space, with the projection of w onto this space being u(%).
The 1-space and 2-space are orthogonal and sum to the root space. We then have (ozl-)(l)
as the projection of the simple root «; onto the 1-space and (ai)@) as its projection onto
the 2-space.

We can take the momentum conservation condition in eq. (2.12) and use the ATFT
potential in eq. (1.8) (dependent on u for U and on v for V'), along with the dependencies

of D and D given in egs. (2.10), (2.11) to see that they must take the form

n
DS, (4, 6) Y GP) (g
=0
n
o2t Sy <q(1)’ q(2)7§> o @) AjalV + ()Pl (2.20)
g
=0

This arises from considering the exponentials of the field p which appear in U — V" and the
dependencies of D and D. The defect parameter o is a free constant and appears because
all terms in eq. (2.12) are of the form DD. x; and y; are functions yet to be determined. A
major difficulty in finding D and D which satisfied the momentum conservation condition
was that there is no systematic way of determining how the root space should split into
the 1-space and the 2-space. Trial and error was used to give all the results in [1].

Using egs. (2.19), (2.20) in the momentum conservation condition and equating powers
of p we have

,

2, <e(ai)ka _ e_(Oéi)ka) _ Z (%’(ai)kyj,qk + xiyj<az‘)§€1)f4kl<aj>l(l) +a,
=0

2
@ (Oéj);(C Yy,
Ay,

— da; ¢, Wiyy; gl)e(ai*aj)l(gl)Aqul(l)*(ai*aj)gf)ﬂk (2.21)



for ¢ = 0,...,r as the momentum conservation conditions. We will give the solutions to
these conditions for the Tzitzéica and D4 ATFT cases.

2.3 Momentum conserving defects in the Tzitzéica model

This momentum conserving type II Tzitzéica defect first appeared in [6].
The Tzitzéica potential is given by eq. (1.8) with simple (and lowest weight) roots

Qp = —2 a1 = 1 (2.22)
and marks
nog = 1 ny = 2. (223)

The bulk fields are evidently scalar, and from [6] we know that there will be a scalar
auxiliary field. The defect Lagrangian is

LP = wvy + 2p (ug — v)) — D — D (2.24)

and for this to be momentum conserving D(p — p,q) and D(q, p) (with p = 3(u + v),
q = 3(u—v)) must satisfy the momentum conservation condition

2 <e—2(p+q) — e 2r=a) 4 gerta _ 2ep—q> = D,D, — D,D,. (2.25)

Because only D is dependent on p and the right hand side must be overall independent of
[ We can write

D = o (zo(q)e " + z1(q)e" ) (2.26)
D= (e} +pn(a)e") (2.27)

At the end of section 2.1 we noted that the redefinition u — p+ f(q) of the auxiliary field,
where f is any function, does not change the kinetic part of the defect Lagrangian and
so can be used to give a family of D and D satisfying the same momentum conservation
condition. In order to simplify the differential equations to be solved we will use the field
redefinition p — p — %ln x1 to set 1 = 1. The other coefficients are currently arbitrary,
so can be redefined to include this.

Using these choices for the Tzitzéica simple roots, marks and choice of 1-space and
2-space (i.e. no 1-space and a one dimensional 2-space) in the set of differential equations
which are the momentum conservation conditions for a general ATFT in eq. (2.21) we can
write down a set of differential equations to be solved for zg; and yo 1. This set of four
differential equations which form the momentum conservation condition are then solved by

o = 5 (e + e 9)? Yo =c

o1 =1 yp = 4(e? + e79) (2.28)

,10,



where c¢ is a constant. We now have a specific solution,

1
D=c¢ (2(6‘1 +e9)2e 2P 2 ep_“) (2.29)
C
1
D=—(ce ™ +4(e? + e V)eM). (2.30)
g

We can choose to take y — p+ %lnc and redefine the defect parameter as o — cso. This
removes all instances of the constant c¢. To introduce as much freedom as is possible we
then make the field redefinition p — pu+ f(q), giving

1
D=o <2(eq + e 1) e W2 efep“> (2.31)
_ 1
D=- (e_Qfe_Q" +4(e? + e_q)efe“> (2.32)
o

as the solutions to eq. (2.25).

There is also some freedom to redefine the external fields. We can shift u or v by
an integer multiple of 27 without affecting the bulk Lagrangians or the kinetic part of
the defect Lagrangian. Taking w — u + 2min, v — v + 2mim (so p — p + wi(n + m),
q — q+ mi(n —m)) gives the defect potential

1
D=o¢ <2e2f (€21 4 720 4 2)e= 220 4 (_1)ntme=/ ep—“> (2.33)
1
D=— (672]0672‘“ +4(=1)"med (e + efq)e“> . (2.34)
g

But we can also immediately take the redefinition u — u + 7i(n + m) to return to the
D and D given in eqgs. (2.31), (2.32), and since the freedom to shift the external fields
corresponds to a shift in the auxiliary fields the entire family of momentum conserving
defects satisfying the momentum conservation condition in eq. (2.25) have a potential
given by egs. (2.31), (2.32).

The interactions of solitons with this defect were investigated in [6], and a similar
situation to the A, ATFT case was found, with the defect able to delay or absorb solitons
and change their topological charge.

2.4 Momentum conserving defects in the D4 ATFT

Here we present a more complete description of a defect in a Dy ATFT, expanding on work
carried out in [1].
The Dy ATFT potential is given by eq. (1.8) with simple (and lowest weight) roots

-1 1 0 0
—1 —1 1 0 0
ap = 0 o = 0 Qo = 1 a3 = 1 oy = 1 (235)
0 0 0 -1 1
and marks
nog = 1 ny = 1 Nno = 2 ng = 1 ng = 1. (236)
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The fundamental weights w; satisfy (o, w;) = d;;, with w; being the fundamental weight
associated to the simple root a; and the fundamental weights of D, are

1 1 1 1
0 1 1] 1 1|1

Y= 19 2= 1o =51 Y1=5 1 (2.37)
0 0 1 1

In [1] it was found that taking the 1-space to have the basis (e, e4) and the 2-space
to have the basis (e, e3), giving two auxiliary fields puo and ps3, and taking A = 0 and no ¢
fields gave a defect which, with the correct choice of potential, was momentum conserving.
With these choices of 1-space and 2-space the defect Lagrangian in eq. (2.8) becomes

LP = ugv 4+ ugvoy + uzvs g + ugva + 2pn (uze — vor) + 2u3 (ugs — vsy) — D — D (2.38)
where D(p1,p2 — p2,ps — 13, P4, G2, 93) and D(qu, g2, g3, qa, p2, pt3) (with p; = 3(u; + v;),
¢ = 3(u; — v;)) must satisfy

2 (efplfth —P2—q2 _ o= P1t1—P2Ha2 4Pt ta1i—p2—aq2 _ op1—q1—p2+q2 _|_ep2+fI2*p3*qs _eP2—a2—P3tas

+€p3+q3—p4—q4 — eP3—a3—Patas +ep3+Q3+p4+q4 _epa—q3+p4—Q4)
=Dp, Dq1 +Dq2Du2 _Duquz +DQ3DM3 _Du:qu:a +Dp4Dq4~ (2.39)
From egs. (2.19), (2.20) we expect D and D to be

D = 0(060((12, q3)6*P1*p2+#2 + x1 (q% q3)6p1*p2+l12 4 x2(q27 q3)6p2*p3*,u,2+,u,3

+ 23(qa, q3)e TP 24 (qa, g3)eP TPITHY) (2.40)

_ 1
D =

;(yo(ql, 42,43, 91)e " + y1(q1, 42, 43, qa)e " + ya(q1, g2, 43, qa ) €> 18

+ y3(q17 q2,43, Q4)€#3 + y4(Qla q2, 43, Q4)6u3) (241)

where z; and y; are unknown functions. As some terms in D have the same exponentials
of u we can redefine some of these currently arbitrary functions as y; — y1 — yo and
ys — Y3 — y4 to set yg = 0 and yg4 = 0. We can also use the field redefinitions ps —

p2 — ([ Inwo(dh, g3)dgh)
of the x; and y; can simply be redefined to include this extra function.

and p3 — 3 — (fq2 ln:co(q’2,q;),)dqé)q3 to set g = 1. The rest

Using these choices in eq. (2.21) and equating powers of 9 3 we find a set of differential
equations which z; and y; must satisfy as a momentum conservation condition. While a
single possible defect potential was given for the D4y ATFT in [1], these differential equations
were not solved exhaustively there, and the following working is new.

There are two distinct solutions,

xg =1
=1 y1 = (e +e 1) (e + e %)
w2 = 29(g3) (e + e ®) yo = g(gz) " (e +e )
1
r3 = EQ(Qs)_l (e® + %) ys = cg(qz) (e™ +e™)
1
24 = Eg(QS)_l (e + ™) (2.42)
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and

g = 1
x] = —1 Y1 = (e(h _ e—q1) (eq2 _ e—(m)
zo = —2g(q3) (e — e %) yo = g(g3) " (e — e ®)
1
T3 = —EQ(%)_I (e —e %) ys = cg(gs) (" —e ™)
1= Lty o ) o

where the constant ¢ and function g(¢3) are free (and may be different in each case). When
used to write down D and D from egs. (2.40), (2.41) these will give two separate possibilities
for the momentum conserving defect potential.

We can use our freedom to carry out field redefinitions to remove the constant ¢ and
function g iln both cases. For the first solution taking po — po — %ln c, 3 — p3 — glnc
and 0 — ¢30 removes (or absorbs into the definition of ;(?) and o) the constant ¢ and
taking po — po, pug — 3 — In g(gs) removes the function g(g3). Reintroducing all possible
freedom available from auxiliary field redefinitions by taking ps — p2 + f(q2,93)qs, H3 —
w3+ f(q2,93)q; (where f may be any function) we now have, from the first set of solutions,
the defect potential

DT = 0—<efq2 (€p1 + e—p1) e~P2th2 + 2€_fq2+fq3 (eqz + e—qz) eP2—P3—pztis

+ e—fq3 (EQS + e—%) (6174 + e—P4) €p3_“3> (244)

Dt — 1 (efqz (efh + e*Ql) (eq2 + efqz) e H2 4 efaa—fa3 (eqs + 6*(13) eH2— 13
o

+ efas (% 4 e794) e“3>. (2.45)

The + superscripts will differentiate this from the defect potential arising from the second
set of solutions, and refer to the fact that terms of the form (e? 4+ e~9) appear here.

For the second solution taking po — po — %ln c, 3 — 3 — %ln c, 0 — cso and
w3 — w3 — Ing(gs) again removes the constant ¢ and function g(g3). Reintroducing all
possible freedom available from auxiliary field redefinitions by taking po — p2 + (g2, ¢3)g.,
ps — i3 + f(q2,93)q; (Where f may be any function) we now have, from the second set of
solutions, the defect potential

D™ = 0<efq2 (em — e—m) e P2tu2 _ 9o—Ffaytfas (etn — e—qz) eP2—p3—p2tps
+ e fas (qu — e*qS) (ep4 — e*p‘*) ep3“3> (2.46)
_ 1
—— | o f n_ 0 @2 _ a2 g He2 fay—Faz (93 _ =03 pH2—13
D J< e ‘72(61 e )(e e )e + e’az qd(e e )e
+ efus (e —e ) e“3>. (2.47)

The — superscripts here refer to the fact that terms of the form (e? — e~%) appear.
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There is still the freedom to carry out field redefinitions on the bulk fields. The bulk
fields may be shifted by any 27 multiple of a weight of D4 without affecting the bulk
Lagrangians. If v and v have the same shift then p is also shifted by a 27 multiple of a
weight, and as exponentials of p in D all appear in the form e®? they remain unchanged.
g remains completely unchanged. So as in the Tzitzéica case it is the relative shift between
u and v which is important. We will consider shifts of v proportional to the fundamental
weights given in egs. (2.37).

Acting on the defect potential given by DF, D in eqs. (2.44), eq:D4Dbargenerall with
v — v + 2miwy, where w; is one of the fundamental weights given in eq. (2.37), and also
performing the shift us — ps + 7 on the auxiliary fields and the redefinition ¢ — —o gives
D*, Dt. The freedom from this external field redefinition is equivalent to the freedom we
already have to redefine the auxiliary fields and the defect parameter, and does not give a
defect potential that is materially different. Carrying out an identical set of redefinitions
on D™, D™ returns to D™, D~ also.

Acting on DT, DT with v — v + 2miwy immediately returns Dt, DT, and likewise
acting on D™, D~ with v — v 4 27miw,y immediately returns D=, D~.

Acting on DT, DT with v — v + 2miws and pu3 — pu3 — %1 gives D~, D™, so the two
defect potentials, while not linked by any redefinitions of the auxiliary fields, are linked by
a shift of the bulk fields. Using the same shift and set of redefinitions on D=, D~ returns
DT, D*.

Finally acting on DT, D* with v — v+2miwy, the shifts o — po+mi, p3 — pz—% and
the redefinition ¢ — —o gives D~, D~. Unsurprisingly the same set of field redefinitions
take D~, D~ to DT, Dt.

A shift of a 27w multiple of fundamental weights w2 has no effect on either defect
potential beyond utilising the freedom to make auxiliary field redefinitions which is already
encapsulated by the presence of the arbitrary function f in the potentials. A shift which
is a 277 multiple of fundamental weights w3 4 links the two distinct defect potentials.

3 Zero curvature for systems with defects

We have now given all the necessary background on the generalised type II defects from [1].
In this section we first give the defect zero curvature condition, then apply it to the defects
given in sections 2.1-2.4.

3.1 General defect zero curvature condition

Consider a defect at x = 0. There will be an integrable theory in the region = < 0 with the
Lax pair a (t,z), ay (t,z) dependent on the field u and satisfying the zero curvature con-
dition in eq. (1.5), and an integrable theory in the region z > 0 with the Lax pair aj (¢, z),
ay (t,z) dependent on the field v and also satisfying eq. (1.5). We consider the transport of
the vector ¥ in the region of the defect, where some time dependent defect matrix K acts
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to move from the left of the defect to the right of the defect without changing position.

Uu v
K
U(t + ot,0) U(t+ 6t,0)
e faé e fa§
(t,0) —r U(t,0)
(3.1)

The defect transport matrix K depends on both the u and v fields evaluated at x = 0
and on any auxiliary fields which are confined to the defect. The Lax matrices on either
side of the defect will be dependent on the same spectral parameter A\, and K will also be
dependent on A. These Lax matrices and the defect transport matrix K can then be used
together to give the monodromy matrix which transports ¥ from x — —oo to x — oo. For
this transport to be path independent we require

K(L+ 8t)Pe= 177 atag (10) — pe= [/ dt'ag (.0) e p) (3.2)
and expanding this in §¢ we have

K, =Kaj —ag K (3.3)

evaluated at x = 0. This calculation of the defect zero curvature condition is not specific
to defects in ATFTs, but can be applied to a defect in any integrable theory. The zero
curvature condition is the same as that found in [3].

The bulk zero curvature condition in eq. (1.5) is satisfied if and only if the bulk equa-
tions of motion are satisfied, and this extra defect zero curvature condition must be sat-
isfied if and only if the defect equations are satisfied. Note that eq. (3.3) is equivalent
to K being a gauge transformation between the operators d; + a5 and & + aj, with
O+ a5y = K Y0 + a7 )K. Carrying out a gauge transform of G on aj and G’ on ag (as
given in eq. (1.6)) along with the gauge transformation K — K’ = G'’KG~! leaves this
defect zero curvature condition unchanged.

3.2 Zero curvature for a defect in an ATFT

Using the ATFT ap matrix given in eq. (1.9) and taking it to depend on u = p + ¢ to give
ay and v = p — ¢ to give aj the zero curvature condition on the defect becomes

2Kt = pjo K, Hj] + ¢ { K, Hj}
1 T
+ 5 X VialeHeom (A (Hebm K E, - e, k)
=0

_ % (e%(ai)]'quEiai - 6_;(ai)jquaiK)> (3.4)
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where square brackets indicate a commutator and curly brackets an anticommutator (not
a Poisson bracket).

We will begin by taking the defect to be of the general form given in eq. (2.8), which has
defect equations given in eqs. (2.13)—(2.18), where D and D must have the dependencies
given in egs. (2.10), (2.11) and satisfy the additional momentum conservation condition in
eq. (2.12). Using egs. (2.13)—(2.16) to remove all = derivatives from eq. (3.4) gives

j?t B

2K, = (p(” 2047 Aj —
(4 -2~ g0 30,0 ) ]
; ;
+ <—q§}2 - ;Dp§1)> {5, HV} + (—qﬁ) - ;ngg)) (K, 1P}
+ \}5 ZZT; il o2 (@)iPs </\ (e%(ai)jquEai _ e*%(ai)ﬂ"“EaiK>
_ % (e%(ai)jquE_ai _ e—é(ai)jq;‘E_aiK>>. (3.5)

Every Cartan generator is associated with one of the orthonormal basis vectors of the root
space, so H) denotes the Cartan generators which are associated with the orthonormal
basis vectors which form a basis of the 1-space and H®) denotes the Cartan generators
associated with the orthonormal basis vectors of the 2-space. The ¢ derivatives on the right
hand side can be removed by applying the transformation

K= e‘%(Pj+qj)Hj+q<l>jAijz<€1)+“§'2)HJ('2)K

1 1 2) (2
o3 pi—ay) Hi—a\ Ay BV = H (3.6)

to give
4K, + Dy, AR, Hj} + (Dy, + Dy,) | K, Hy
T
=V2}_ vhilail (Aewmﬂa»ﬁ”Aa-w,i”<az~>§”“§'2’ & E,,]
=0

- %eﬂaz—)ﬁ-%mé”+<az->§2>u§” (el R, — e @B E_o,K) ) (3.7)

If K is dependent on a field then the term K, introduces a t derivative of that field,
which will not appear anywhere else in eq. (3.7). For the fields ¢(® and & we can remove
the ¢ derivative using eq. (2.17) and eq. (2.18) respectively. For the fields p(*), ¢, p®)
and ) the ¢ derivative cannot be removed (except by the introduction of an x derivative,
which returns us to the previous step in our calculation) so K cannot be dependent on these
fields. The same argument can be used to show that K cannot depend on the derivatives

of fields as well. With K only dependent on ¢® and & we have K, = quz)qgi) + K&gi’t,
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and using this and eqgs. (2.17), (2.18) the zero curvature condition becomes

K (2)(D @ +D (2)) - 4K§iWij(-D§j + D¢,)+ D -{K7Hj} +(Dy, + Dy,) {K,Hj}
= \fz \/7Tl‘az|<)\6 @i)p;i+ (Ch) )A q(l) ( )(2) (2) [K)Ea_}

_ Xe—(ai)f)f‘mqg)ﬂ D5 (e(ai)m KE_,, — e (@)% E—aik> > (3.8)
To progress further we now need a specific form for the defect potential. In section 2.2

we stated that for a defect in an ATFT to be momentum conserving D and D must be of

the form given in egs. (2.19), (2.20). Using this in the zero curvature condition we have

" W), (1) )2 . 5

o 3 elosdsprt 0] A (@0 ) ( — i) K o+ 46, Wik Re,
=0

+:L‘Z(oz1)( )Ajk [K H( )} +, o [K H]@)} +$i(ai)j{f(’Hj}>

r

1 IO C ey .
+*Z€ (i) Ajreay, ”+(oa) ™ 1y (yz(al)( )K (2)+4y15]ijK§k

g “
=0

_ yi(ai)gl)Ajk [K, H,gl)} + Yig, [Kv H]} >

= \[Z \/E’az‘ (/\e @;)jpj+(a;) D) A; kq —(a )(2) @ {K’ani]

6_(ai)§'l ]qu +(a1)(2

A

(i, —ewmp &) )
Equating exponents of p splits this into r + 2 equations,
V2yiilailp K, B, = —zi(0) V& [+ i WinKe,

D ] g [

—|—£U¢(Oéi)j{K,Hj} (3.10)

fori=0,...,r and
_ 2 Z Jilaile= @5 A+ @) (e@):‘%f(E_ai — e )G E K )
_ pz"":6_(%);1),4]%1)“%)(2) @ ( B yi(ai)gnAjk [ff, H,il)} + Yig, [[g’ Hj]
i) R o + e, Wy e, ) (3.11)

where we have set p = Ao~ !. We cannot split eq. (3.11) by equating exponentials of (),
as two different roots a; amd «; may have the same projection onto the 2-space.
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Multiplying K by a constant does not affect the zero curature condition in eq. (3.3),
so we can always take the highest power of p appearing in K to be zero. Therefore we can
always expand K in p as

K=Y p k. (3.12)
s=0

The ks are matrices, and any of them may be zero. We do not know if this expansion
terminates. We will assume that, like the bulk Lax pair, this defect matrix will consist of
generators of the Lie algebra. More specifically, since it appears as part of the monodromy
matrix, we would expect to be able to write it as an exponential or combination of ex-
ponentials of the generators. Expanding such an exponential in terms of p (which should
appear in the exponent by comparison with the bulk monodromy matrix) we therefore
expect that the matrices ks will be some combination of generator matrices.

Substituting this expansion into the zero curvature relations in egs. (3.10), (3.11) and
equating powers of p gives a set of recursion relations,

\TQ\/TTACYZ’ [kst1, Eai] = —xi(ai)§2)k8 oo + 4xi,§jokks,§k (3.13)
g
+$i(ai)§-l)Ajk [kS,H,S)} +tr, @ [ks,H](-Q)} + xi(0){ks, H; }
g

fori=0,...,r and

,
— \/52 ﬁni’ai‘e—(ai);DAjkql(CU+(ai)§_2>ug2) (e(ai)jqj ksE_o, — 6—(ai)jqu_aiks>
i=0

T

(e D A oD ()@, @)
= S a0 (i) gy [, B |+ g, oo, 1)
1=0

2
+ y,(az)g )ks+17q§2) +4yig; ijk3+17£k>. (3.14)

We can now attempt to solve these relations, which would ensure zero curvature across
any momentum conserving defect of the form given in eq. (2.8) in an ATFT. Unfortunately
it is not possible to solve the recursion relations for all values of s for a general defect in
an ATFT, but the s = —1, s = 0 and s = 1 recursion relations give us an idea of the form
all ks matrices will take, and if the expansion terminates then the recursion relation for
the highest value of s gives some potentially useful constraints on the splitting of the root
space into the 1-space and 2-space.

Beginning with s = —1 we have

0 = V2y/milai] [ko, Ea,] (3.15)

fori=0,...,r and

T

eV A gD ()@ @
0=y e (i Ama ey <— yi(ai)ﬁ»l)fljk {ko,H;gl)} + Yig; [ko, Hj]
i=0

2
+ ()} >k07q;2) + Ay, ijk0,§k>. (3.16)
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If kg is to commute with all simple root generators and the lowest weight root generator
then by Schur’s lemma it must be proportional to the identity matrix. This ensures the first
r + 1 equations are satisfied. We will take kg to be a scalar multiple of the identity matrix
(satisfying the final equation), and using the fact that K may be multiplied by a constant
without affecting the defect zero curvature condition, set kg = 1. There may be some
choices of ko which are dependent on ¢(? and ¢ and satisfy eq. (3.16), but it is certainly
not obvious. No defects found thus far have contained auxiliary fields which couple only
to other auxiliary fields, and if these is no £ field vector then for eq. (3.16) to be satisfied
we must have k: @ = 0 and so ko will always be a scalar multiple of the identity matrix.

Now con51der s = 0. The recurrence relations give
V2l [k, Ba,) = 22i(0:); H (3.17)

fori=0,...,r and

i

_ \fz Vil aile =@ )5 Agra) (@) (e(ai)m - e*(ai)ﬂj) E_,

=0

(l> (1) (2) (2)
_ Z az A]kq +(a) M ( yl(al)(l)A]k |:k1’ ( )i| + y@qj [klaHj]
+ yi(ai)§~2)kl NO) + 4yi7§j ijklﬂgk), (3.18)
45

and we can immediately see that the first r + 1 equations in eq. (3.17) are satisfied by
Z |aj|xJE,a] (3.19)

using the fact that a simple root plus the negative of a simple root is never a root and that
the highest (lowest) weight root plus any positive (negative) root cannot be a root. The
final equation, eq. (3.18), then becomes

22 Vnilaile” (ai)y ) )Aqu(l)+( )(2) @ <e(ai)ka _ 6*(%‘)qu> E_q,

M) 4 (D) @) (2) 5
_ Z Z ’O@’G (i) " Aprg, + (o) (?/1(041);2 )xjqu(cg) =+ 4yi,§kalxj,§l + 3 Yi,q (aj)k
=0 j= 0

— .’L‘jyi(ai)](cl)Akl(Oéj)l(l))E_aj (3.20)

where we have made use of eq. (1.11). Because the generators of the simple and lowest
weight roots are linearly independent we can equate the coefficients of these matrices to give

r

o, (e(ai)k% _ e_(ai)ka) _ Z 6(041'—aj)éwAqul(l)‘i‘(aj_ai)f)#g(f)
j=0

X (yj(aj)l(f)%,q,g2> + 4y Wiatig + Tiyjq (ai)r — myj(aj);(:)Akz(ai)l(l)) (3.21)
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for ¢ = 0,...,r. But this is identical to the set of differential equations appearing in
eq. (2.21), which came from taking D and D to be of the form in eqs. (2.19), (2.20) then
substituting these into the momentum conservation condition in eq. (2.12) to give a set of
differential equations which must be satisfied by x; and y; if the defect is to be momen-
tum conserving. We have not quite shown that momentum conservation is necessary for a
system with a defect to have zero curvature, as we made the assumption that kg did not
depend on . We also have not shown that momentum conservation is a sufficient condition
as this would require the recursion relations to be satisfied for all values of s. However, this
highlights the link between momentum conservation and integrability, and for all defects
found in [1] their momentum conservation is necessary if they are to be integrable.

These first two terms indicate some sort of pattern of grading, with the n® power of p
in the expansion of K containing the product (or rather a sum of products) of n generators
E_,, (i =0,...,7). From eq. (1.14) we see that the generators of roots which are not
simple or the lowest weight root can still be written as a sum of products of the generators
of simple or lowest weight roots. This also implies some cyclicity, as by taking commutators
of E_,, with E_,, (i =1,...,7) we can eventually reach H. So the Cartan generators can
be written as a sum of products of > ;_; n; + 1 generators of negatives of simple roots and
the generator associated with the highest weight root. So (from eq. (1.11)) the generators
E_,, (i =0,...,7) can be written as a sum of products of > ._; n; + 2 such generators.
So if this grading pattern continues then the terms in the expansion in eq. (3.12) with
p~ 211~ are a rewriting of the terms with p.

By inspection of the s = 1 recursion relations it appears that the grading described here
will give the correct matrices from the commutators appearing in the recursion relation.
However, actually calculating ko is too difficult, as we do not know anything about the
root structure of the underlying Lie algebra and so do not know the exact form of the
commutation relations for the generators. To actually calculate this defect zero curvature
matrix we will need to consider specific ATFTs.

However, there is still some useful information about defects in ATFTs to be gleaned
from these recursion relations if we consider what happens if the expansion for K termi-
nates. Let us assume that for all s > n we have ks = 0. Then take s = n for the recursion
relations, giving

2
0= —-Tz(az)§ )kn Ne) + 41‘1‘753. ijkn,ék
45

+$i(ai)§‘l)Ajk [kn,H,E”} +, @ [kn,H](Q)} + wi(v)j{kn, Hj} (3:22)

g

fori=0,...,r and
" ND 4 (D) (@) (2)
> il |e @i Aika @k (e(o‘i)jqiknE_ai —e—<ai>a'%'E_aikn) —0. (323
=0

We will not solve these equations, but can use eq. (3.23) to get some information on the
form of defects with zero curvature.

For the right hand side of eq. (3.23) to be zero the terms appearing there must either
be equal to zero or proportional to another term, enabling cancellations to occur. For a
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term to disappear k,, must annihilate E_,, or vice versa. However, to know whether this
happens and for which terms we need to know not just k, but also what the underlying
Lie algebra is and what representation we are using. We will therefore assume that this is
never the case, and so every term in eq. (3.23) is non-zero. This assumption is acceptable
as we are not trying to prove every defect with zero curvature must take a particular form.
Instead we are looking for constraints which apply in certain cases which may be useful in
finding momentum conserving defects for the F series ATFTs, which were not covered by
the trial-and-error method used in [1].

Every term in eq. (3.23) must cancel with at least one other term. First consider a
cancellation between terms k, E_,, and knE_aj. Because k,, is only dependent on q(2) and
¢ any dependence on ¢ and p(? appearing in these two terms must match. From the
exponentials appearing in these terms this requires

(@) Vg — ()M At + (@) P = () Vgt = (@) Apg™ + ()P p?). (3.24)

Because A is real and antisymmetric the matrix 14+ A has complex eigenvalues which are all
non-zero, so is invertible. Therefore requiring eq. (3.24) to hold gives a; = o, so we cannot
have a cancellation between two terms of the form k,E_,,. Next consider a cancellation
between terms E_,k, and E_q; k. This requires

1 2 2 1 1 1 2 2
—(@) Mg — (@) Awa + (@) P i = — ()Pl — (@) Augt + ()P, (3.25)

which again immediately gives a; = «;, and so no cancellations. So all cancellations must
be between a term of the form k,, E_,, and another term of the form E_q; k. This requires
every root «; to have another root «; for which it satisfies

(@) = ()P 4™ + ()Pl = —(a) Vgl — () A + ()P p?. (3.26)

If the assumptions we have made about the K series terminating and the k,, matrix
not annihilating any F, operators hold (and for the Tzitzéica and D, defect matrices we
find in the following sections they do hold) then we have some fairly restrictive constraints
on the projections of the roots onto the 1-space and 2-space. Either the root «; must have
(ai)(l) = 0, in which case the k,, E,, term is able to cancel with E,, ky,, or there must be some
other root o with (1 —i—A)aEl) = (—]l—i—A)ag-l) and 0%(2) = 0452). By their projections onto the
2-space we should be able to find sets of roots whose projections onto the 1-space are linked.

For the A, ATFTs found in [3] there is no 2-space and these constraints give the
relations between simple roots which were required for a type I defect to be momentum
conserving. For the Tzitzéica defect there is no 1-space and so the constraints obviously
hold. These constraints can also be checked to hold for all defects and choices of 1-space
and 2-space found in [1], including the D, defect given in more detail here. Whilst we
have not proved anything definite the fact that these constraints have held for all previous
momentum conserving defects certainly gives a possible direction for future calculations of
defects in E series ATFTs.

As mentioned it is difficult to progress further without any knowledge of the generators
appearing in the zero curvature condition, so we will now use these results to show that the
momentum conserving Tzitzéica and Dy defects given in section 2.2 have zero curvature.
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3.3 Zero curvature for the Tzitzéica defect

The roots for Tzitzéica are given in eq. (2.22), the momentum conserving ATFT de-
fect based on these roots in eq. (2.24) and the momentum conserving defect potential in
egs. (2.31), (2.32). The defect zero curvature conditions in egs. (3.10), (3.11) then become

2v/2p [K an} = &2 (e7 + ¢79)? (f(q (K, H} +§, [K HD

+ e (el + e 9)(e? — e79) [K, H} (3.27)
2 [K Eal} _— (—K'q K, HY - f, [KH]) (3.28)
pe~ (Kq + f4 [f(, HD =2 (e_QqIA(E,ao - quE,aOIA(> (3.29)
ape (1 e70) (& + £y [K 1] ) + (00 o0 [ ] )
. (le(E,al - e—QE,alf() : (3.30)

where eq. (3.11) has been split into two equations by equating powers of p and f is some
arbitrary function which is present due to our freedom to carry out redefinitions of the
auxiliary fields.

In order to solve egs. (3.27)—(3.30) we will choose a representation, write down the
generator matrices explicitly, then solve the matrix equations entry by entry to find the
elements of K. For notation we will take e;; to denote an n X n matrix with zeroes
everywhere except position (4, 7), where the entry is 1. Our chosen representation is

H = (el —eis) Eay = €31 Eo, = V2 (el + €3 3) (3.31)

and we recall that F_, = Elé
Using Maple to solve egs. (3.27)-(3.30) as described then gives

1= i5p7%e® gp~2elei(e +e7%) ——5p~te? (el +e79)?
R=| —dpled 1oy Ly teuerie) | (3.32)
1p-2e2f _%p—le—f 1— r1@p—3€—2q

This matrix fits into the proposed form of K as a finite series in p. The structure of this
matrix is identical to the Tzitzéica defect matrix found in [34]. When writing K as given
in eq. (3.32) in terms of the expansion in p given in eq. (3.12) one possible choice is

ko=1

1 1
ki1 = ——e? (e! + e 9)2E_,, — §e_fE,a1

V2
1
el (e? 4 e79) ("E_ayF—a, + € "E_oq,E_q,) + ge_QfE,mE,a1

1

=53
1

ks = —

(BB, B, + E—a,E_qyE_o, + e 2 E_o E_o E_o)).  (3.33)
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This fits into the grading hypothesised in the previous section, with ks consisting of prod-
ucts of s generators. Because K appears as part of the monodromy matrix we would hope
that K could be written as an exponential of generators, but so far such a form of eq. (3.32)
has not been found. This is due to difficulties with the calculation (at least when carried
out in Maple) and there is no proof that it is not possible.

The defect transport matrix satisfying eq. (3.3) is given by

K — e 3wta—2mH fr o5 (p—a—2p)H (3.34)

One interesting observation is that there is some additional gauge freedom to that
already discussed for the bulk Lax pairs and the defect. Applying no transformations to
the bulk Lax pair we can take K — e9(@H ge=9(@H gq K — e9@DH ge—9@H give

1— 47\1/§p—362q %p—Qengq(eq +e79) _%p—le2f+2g(eq + e 9)?

> 1 -1, —f— 1 -3 1 -2 - -

K = _lﬁp e—f—9 11_ mp 5P ef+g16 q(eq+e q) . (335)
172 —epTle Lo e

This transformation obviously corresponds to making the field redefinition p — 1 + g(q),
and so the defect matrix for defects with different definitions of the auxiliary fields are
linked by this gauge transformation. The transformed matrix will also satisfy the zero
curvature condition, but where before we had f in the defect equations of motion we will
now have f + g.

3.4 Zero curvature for the Dy ATFT defect

The roots for Dy are given in eq. (2.35) and the momentum conserving defect Lagrangian
in eq. (2.38). The two possible momentum conserving defect potentials are given in
eqgs. (2.44), (2.45) and eqs. (2.46), (2.47). Using the first defect potential (F = Dt 4+ D¥)
in egs. (3.10), (3.11) gives

2% K, By, | = efo (ch K, H) - {K,HQ})
el frygy [K I 4 f fryg, [, | (3.36)
20 | K, Boy| = efi2 (Ko + {K, n} — (K, Ha})
€9 fragy | K Ha| + e/ fq, | K, Hy (3.37)

V2p _IA(, Ea2_ = e Ja2 T ay (92 4 ¢42) (—KQQ + Ky + {K, Hy} — {K, H3}>

+ e Jatie ((—fazae + fangs) (€ + €7%2) + e — 7 %2) [K’ H2}

e TRt (— foy + fosas) (€2 +€7%) [f{? H3} (3.38)
20 [K Eag} = e Ja (g9 4 ¢ %) (—K% +{K, H3) — (R, H4})

—efa f . (e® 4 e [f(, Hz]

eI (= frugs (e + e79) + B — ¢793) [R’, Hg} (3.39)
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20 [K EM} = e Ja (9 4 ¢ %) (—f{% +{K, H3) + (R, H4})
+—ea f . (e® 4 e79) [K, H2:|

+ e Jas (= faaqs (e + €79) 4 €% — %) [R’, Hg} (3.40)

—2 (e—‘h—%f(E,ao — TR E K4 e PRKE_, — e—q1+q2E,a1f()
= pe_f‘?2 ( — (e + e ) (e + e_qz)f(qz + (e —e ) (e®2 4+ e B) [K’, Hl}
+ (—frogu (€T +e7T)(e® 4+ e7%) + (e + ™) (e®? — ™ %)) [f(, Hg}
— fgaqs (€T +e7T)(e® + %) [IA(, Hg] > (3.41)
—2V2 (qu_qU%E_O(2 — e_QQ+q3E_a2k>
— pelo—Tu ((e% ) (Ky = Koy ) + isas = Janan) (€5 + ¢7%) [ K, H |
+ ((fgoas — fasgs) (€% + €7 8B) + B — e™®B) [K, H3:| ) (3.42)
—2 (e%_q“f(E_as e BtUE K4 eBTURE , — e_q3_‘I4E_a4f()
= Pefq3 <(€q4 + e_%)f(qs + faaqs (e +e ™) [f(, HZ]
 fanas (€7 + €Y |K L Hy | + (e = ) | K, Hy ) (3.43)
and using the second defect potential (F = D~ + D~) gives
2[R, Fug| = e (— o + (K, 0} + (K, H2})
— €19 gy | K, Ha| — 7 g, | K, Hy (3.44)
2p _K, Eal_ = ¢fo (Kq2 +{K,H} - {k,H2}>
I fopgy [ K Ha | + €5 fong, | K Hy (3.45)

V2p | K, Eay | = e7fithis (¢ — ) (Ry, = Ky — (R, Hy} + {K, Hy})

+ e Jaatfa ((fqzqz — faqs) (e — ™) — P — e_qQ) [f(7 HQ}

e (fh0, = fongs) (€ — e7®) [K, H3] (3.46)
2 [K EaS] = ¢ o (e85 — o) (f(% — (K, H3} + {K, H4})

+efuf, (e — e ) [K, Hg}

e (frag (e — e B) — B3 — ™) [f(, H3] (3.47)

2p [R’, Ea4] = ¢ Ju3 (e —e B) (—qu + {K, Hs} + {K, H4})
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— e Jus flI2Q3 (qu - eiqs) [K’ H2}

+ e fas (_fngg(e% — e B) 4B 4 6—!13) [K’, Hg} (3.48)

-2 (e_Q1_q2KE_ao — et K4 e TRPKE ,, — e_ql"'q?E_alIA()
= peJaz ((eq1 —e M) (e — e B)K,, — (eP 4 e M) (e® — e ®) [R’, Hl}
F (s (e = € )(% = e72) — (¢ — e (e %)) K, Hy)
+ Fngs (e — e791) (92 — ¢7®2) [K’, Hg} ) (3.49)
NG (eqHSJf(E_&2 _eetep K)
= pelizlu <(€q3 —e ) (qu - Kq3) + (ferer = faags) (€ —€7%) [K’ HZ}
 ((Fasas = fasas) (€% = €72) €% 4 ™) [ KK, H | ) (3.50)
-2 (eq‘”’*q‘*K’E_063 —eBtup K4 eBTURKE ,, — efq37q4E_a4IA(>
= pefqg <(eq4 _ efq‘*)f(% + fq2q3(€q4 — e ) [K7H2}
b frpa (€% — e ) [f(, H3:| + (% + M) {f{,[ﬁ] > (3.51)

where in both cases eq. (3.11) has been split into three equations by equating powers of p.
Again in order to solve these matrix equations we must choose a representation of Dy.
Using the same notation as in the Tzitzéica case we take

_ .8 8 _ 8 8 _ 8 8 _ 8 8
Hl = 6171 — 6272 HQ = 63’3 — 64’4 H3 = 65’5 — 66,6 H4 = 6777 — 68,8 (352)
8 8 8 8 8 8 8 8
Loy =eigteqs Loy =e55+¢4  Fay=e57tesg  Fay =e53+e75
8 8
an = 6273 + 6471. (353)

Using this representation and the expansion of K in p given in eq. (3.12) we solve the matrix
equations (3.36)—(3.43) for the first defect potential, given by egs. (2.44), (2.45), to give

ko=1

ki = —el2 (B_gy + E_p,) — V2e T2t/ (e® 4 e~2)E_
— e fas (e 4+ e B)(E_o, + E_q,)

ke =B o E_o + V2l (ePE_oE_qy + € PE_o, E_q,)
+ V20 (eRE_o E_q, + ¢ 2E_o,E_q,)
+V2e a2 (e®2 4 e92) (eqi”f’f,azf’f,a3 + e_%E,%E,aQ)
+V2e T2 (e 4 e72) (eBE_o,E_o, + e BE_o,F_q,)
+ e Ha(e® 4 e B)VE_ F_,,
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ks =

ky =

ks =

ke =

—V2eletln (ePE_(E_oE_q, + ¢ 2E_o,E_qyE_q,)

~ V2 (e2TBE_(E_ 0B o, +e PBE_ F_o,E_o,)

~V2 (et BE_(E_0,E_ o, +e P BE_,E_o,E_q,)

~ V2 (eBTBE_( B 0B o, +e PBE_ F_ o, E )

—V2 (et BE_( E_0,E_ o, +e ®BE_ E_o,E_,,)

—V2e Sl (¢ 4 o7 ) (B 4 e (eBE_ B oq,E o, +€ BE_oyE_o,E_,)
20453 E_ 0, F B oy E_ay +2¢7 Y02 (e®? 4 e 2)2E_,E_(.E_0,F_q,

+V2el2 (ePTBE_\ B 0 B_gyE oy +e 2 BE_o E_0,BE_oF_4,)

+V2ele (e2TBE_( B o E_q,E_o, +e 2 BE_ B ,E_ o E_q,)

+ V2 fus (B 4 e7B) (ePTBE_o E_gyE_ayE_o, + € 2 BE_o E_,E_o,E_o,)
+V2e s (e 4 e7B) (ePTBE_y B gy E_ayE_o, + € 2 BE_( B\ F_o,E_q,)
—V2ef2—fas (€q3 + e—q3)

X (e2tBE_o B0, E—q,B_q,F_q,+€ P BE_ E_o,E_0,E_o,E_q,)

—2ef (eBE_p,B_agE_a,B—ay, By + € BE_o,E_0,E_qyBE_n, E_q,)

—2ef5 (eBE_p, B oy E—ay B—ay By + € BE_o,E_0, E_ayE_n, E_q,)

—2e e (e® +e72) (ePE_nyEBay E—ayB—a,B—ay + € PE_o,E_0,E_0,B_o,E_y,)
—2e Ju2 (e 4+ e72) (ePE_o, E_0, B0y B0, E—ay + ¢ PE_g,B_q,E_o,E_o,E_q,)
202 E_ o B0y B0, B 03B 0,F_a,

+2e722F W E 0, EB 0, F 0, B o,E_a,

+2*BE 0, B 0y Foy B oy B0y F—a,

+2e72BE_ (. FE 0, B 0,F 0yE_o,E_a,

+2E 0By B0 B0, B0y B—oy

+2E 0B 0yB 0B 0, B0, B o

+2E 0B 0y B o0 B0y B0y By

+2E 0,B 0y FoyE-oy B0y Fa, - (3.54)

Solving eqs. (3.44)—(3.51) for the second defect potential, given by eqgs. (2.46), (2.47), we

have

ko =
k1 =

ko =

1
elaz (E_oy — FE_a,) + V2e Jutlas (et _ oma2\E_

+e BB — e B)(E_ o, — FE_q,)

—eMeE_ B0 4+ V26! (PE_ g E_gy — ¢ PE_ g, E_pp)
— V26l (e2E_o E_o, — e PE_g,E_q,)

+V2e Faz (e — e7R) (B E_py B gy — e BE_oyE_y,)
—V2e (et — ¢02) (eBE_oE o, — € BE_o,E_q,)

- e_2fq3 (qu - e_q3)2Efa3Efa4
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ky = —V2eletie (e2E_o E_( E_o, — e PE_o,B_oyE_q,)

+ V2 (ePTBE_oE_0,E oy +e P BE_ E_o,E_u)

~V2 (et BE_(E_0,E_ o, +e P BE_,E_o,E_q,)

~ V2 (eBTBE_( B 0B o, +e PBE_ F_ o, E )

+V2(e?YBE_ E_q,E_o, +e 2 BE_o E_,F_,)

—V2e filas (e — g792) (B — ¢7) (eBE_ B _oq,E o, —€ BE_oyE_o,E_,)
ky=2e38E_ E o E_ g, E o, +2e 02 (e? — e 2)2E_E_o.FE_q,F_q,

—V2ele (ePYBE_\ B o E_q,E_o, +¢ P BE_o B o,E_o E_q,)

+V2ele (e2TBE_( B o E_q,E_o, +e 2 BE_ B ,E_ o E_q,)

—V2e (e — ) (ePTBE_y B gy E_ayE_o, + € P BE_o E_o,E_0,E_q,)

+V2e (e — 7B (ePTBE_o B, F_qyE_a, + ¢ 2 BE_o E_0,E_o,F_4,)
ks = V/2efi"Jas (93 — ¢793)

X (e2tBE_o B0, E—q,B_q,B_q,+€ P BE_ E_o,E_0,E_o,E_q,)

+2ef93 (eBE_,B_oB_o, E_a,E_ny — € BPE_o,B_o,B_oyE_o,E_y,)

—2ef0 (eBE_p, B oy E—ay B—ay By — € BE_o,E_0, E_ayB_n, F_q,)

+2e foz2 (e — 72) (ePE_oyB_pyF_ay B0, E—ay — € PE_0,B_o,F_o,E_0,E_q,)

—2e fu2 (e — e72) (ePE_o E_0,E_0,E_0,E o, — ¢ PE_0,B_o,E_0,E_o,E_q,)
ke = —2¢*2E_ o E_ oy B0y B0 B_0,F_a,

—2e*RFE (B 0, B 0,FE_0,E_o0yF_a,

—20*BE_\ E 0B 0, B0y B0 B o,

—2e7BE_ . F 0, F 0, B o0yE- oy E—ay

—2F 0y B0y B3 B0, B0y By

—2F_ 0B 0y B 03B 0, B0y B,

—2F 03By B0y By B0y B

—2E_ 0, FB 0y B0y F o, B0y B_a,. (3.55)

These solutions also fit into the proposed grading. We have not checked whether the
solutions given here and in eq. (3.33) are representation independent.
The defect transport matrix satisfying eq. (3.3) is given by

K = e~ 3((p14a1) Hit(p2+a2—2p2,¢) Ho+(p3+qs —2u3,e) Ha+(pa+aa) Ha)

% e%((Pl*lh)Hl+(P2*Q2*2M2,t)H2+(p3*Q3*2u3,t)H3+(p4*q4)H4) _ (3.56)

Once again we have K — €9(92:43)az H2+9(42,03)a3 Hs [ ¢=9(02,03) 0y H2—9(02,98)a3 H3 taking the
K matrix from that of the original defect to that of a defect which is the original defect
with the auxiliary fields shifted by po — p2 + 9(42,93) g0, 13 = 3 + 9(q2, G3)g5-

The structure of these defect transport matrices is clearer if we write out the matrices
in full. To do this we simplify the situation slightly by setting f = 0, knowing that
the above expression could immediately be used to restore the ela3 multipliers to their
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correct terms. We also take K — %IA( , which does not affect whether K satisfies the zero

curvature condition in eq. (3.3). We use Qétﬁ to denote the brackets (e?2:3 4 ¢923). The
defect matrix for the defect with the first defect potential is

El vz _vEeQf 4y e2FEef 92 _caztay  matas
V2 o0 PP V2p pt p? o3 p3
V2 1 _VEeRef _ 1 1293 Q 92 _ ed2+93 d2ta3
= . !
o0 V2 p° V2p ot 02 o3 o3
L T G 1 _e2tBof e cmtas ctw
V2p V2p V2 0 V2p? p° p3 ot o7
_VEeTRef vEeTRof  vaf? | me2e _eBefef  _ef  eBof  B30f
K _ pb pd ot V2 o0 P P 02 02
= +
e 92 e 92 _ @ 792 1y V2?8 NG _ V3e93 /2693
2 p2 p p3 V2 2;)6 5 p° PP
e792793QF  cm92793QF B T I3QF QT B e"92793QF QF 1y VBe—203 QF B QF
ot ot P pd V2p2 V2 o0 V2p V2p
_eT92°93 92703 e 9307 e—42—43 _ QF _ V/3e~43 1 V3
o3 P 02 ot V2p p° V2 o0
w243 w243 e BQF —92-03 _ef /B3 N e
p3 p3 p? ot V2p o PO \/? )

and for the second defect potential we have

1 V3 V2e12Qy 1 2T Q- 042 od2+a3  La2+a3
V2 i R V2p A P2 T
V2 1 V2e92Q5 1 2307 042 £a2+a3 cd2+4a3
e V2 IV T V2p A T2 Y
1 1 | VB2 1 <2TNBQy _e%2 e92t93 _ cd2ta3
V2p V2p o0 V2p2 P p3 ot ot
VIe92Q; V920 vIQE? | me2ap  eBQpQp @ <%0y B3y
K _ P P ot V2 o0 p3 P 02 p?
e 92 e 92 Qy e~ 92 1 /26293 V2 _ V/2e93 V293
2 2 o 3 NG 0 oA 5 5
cmIIQL o BTG0p B07e; < RTBer _of 4 ypews 0 Qp
ot ot 03 o° V2p2 2 o0 V2p V2p
e—12—93 e—92—43 e 13Qy e—1293 Q3 V2e—93 1 V2
3 o3 P2 - V2p 5 V2 s
e—92-93  —d42—d3 e BQy e—92-43 _ Q3 V2~ 93 _V2 1
03 o3 2 ot V2p p° o0 V2

(3.58)

With these defect contributions to the Lax pair which give zero curvature if and only

if the equations of motion for a momentum conserving D, defect are satisfied we have

made a step towards proving the integrability of the general momentum conserving defects

found in [1]. In both the Tzitzéica and D, case momentum conservation gave sufficient

constraints on the defect for the generation of an infinite number of conserved quantities.
It is very likely that in all cases momentum conservation is necessary for integrability.

4 Conclusions

In this paper we have made some small additions to the results found in [1], with the more
complete D4 defect potential given in section 2.4. The likely constraints on the 1-space
and 2-space splitting found in section 3.2 may help to further expand the set of momentum
conserving defects in ATFTs if they can be applied to the E series root space.

Most importantly we have applied the defect zero curvature condition to the Tzitzéica
and Dy ATFT defects and found that requiring momentum conservation was both necessary
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and sufficient for systems containing these defects to have an infinite number of conserved
quantities.

While we have successfully shown that two specific defects have zero curvature, and
thus an infinite number of conserved quantities, there is still much work to be done on the
integrability of defects. It is not clear how the general ATFT defects could be shown to
satisfy the zero curvature condition. Beginning by checking whether the Tzitzéica and Dy
defect matrices found in sections 3.3, 3.4 are representation independent, it may be useful
to attempt to carry out a representation independent calculation of these matrices. Unlike
these two specific examples the zero curvature condition for the defect matrix of a general
defect in an ATFT cannot be written explicitly as a matrix equation, and so some more
general method of solving it will be necessary.

We have also made no attempt to approach these defects from a Hamiltonian per-
spective, as has been carried out in [35-38], and have yet to prove that these defects are
integrable. It would be interesting to apply the method given in [6] of moving from a
Lagrangian to a Hamiltonian picture to these defects.

Finally we have only considered classical integrability in this paper. Quantum defects
are well studied, having been introduced in [25, 26] and with defects of the type appearing
in this paper being investigated in [4, 41, 42]. The quantum forms of the defects found in [1]
have not yet been investigated, but once the quantum transmission matrices are known
the quantum integrability of these defects could be investigated.
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