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Abstract—This paper considers the problem of power mini-
mization based robust orthogonal frequency division multiplexing
(OFDM) radar waveform design, in which the radar coexists
with a communication system in the same frequency band.
Recognizing that the precise characteristics of target spectra are
impossible to capture in practice, it is assumed that the target
spectra lie in uncertainty sets bounded by known upper and
lower bounds. Based on this uncertainty model, three different
power minimization based robust radar waveform design criteria
are proposed to minimize the worst-case radar transmitted
power by optimizing the OFDM radar waveform, which are
constrained by a specified mutual information (MI) requirement
for target characterization and a minimum capacity threshold
for communication system. These criteria differ in the way the
communication signals scattered off the target are considered: (i)
as useful energy, (ii) as interference or (iii) ignored altogether at
the radar receiver. Numerical simulations demonstrate that the
radar transmitted power can be efficiently reduced by exploiting
the communication signals scattered off the target at the radar
receiver. It is also shown that the robust waveforms bound the
worst-case power-saving performance of radar system for any
target spectra in the uncertainty sets.

Index Terms—Radar waveform design, mutual information
(MI), orthogonal frequency division multiplexing (OFDM), un-
certainty model, power minimization.

I. INTRODUCTION

A. Background and Motivation

N recent years, radar waveform design in spectrally dense
environments has become a very challenging and essential
problem. Traditional solutions to the radio frequency (RF)
spectrum congestion call for the radar and wireless com-
munication systems to be widely separated in the frequency
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band such that they do not interfere with each other [1]-
[3]. However, it is still a problem today due to services with
high bandwidth requirements and the exponential increase in
the number of wireless devices. As such, various schemes
such as waveform optimization, dynamic spectrum sensing and
management can be adopted by either radar or communication
systems for spectrum sharing [4]-[6]. The coexistence between
radar and communication systems has been regarded as a
promising solution which can replace traditional spectrum
access approaches [7]. In such case, the radar and commu-
nication systems operate in the same frequency bandwidth,
without causing too much interference to each other.

In terms of sharing the same frequency bandwidth, mul-
ticarrier waveforms are taken into account to be amongst
the best candidates for both the radar and communication
systems [8], which can bring several advantages over single
carrier waveforms in radar system [9]-[11]. Motivated by the
recent interest in multicarrier waveforms for radar system, the
work in [12] develops a new mechanism for spectrum sharing
between radar and orthogonal frequency division multiplexing
(OFDM) communication systems, which allocates the subcar-
riers based on the importance of each channel. Bica et al. pro-
pose the radar waveform optimization algorithms for spectrum
sharing based on target detection [13] and characterization
[14], which show that the radar detection performance can be
improved by exploiting the communication signals scattered
off the target at the radar receiver. More recently, the novel
bounds on performance of the joint system are defined in
[15]. Reference [16] proposes a cooperative spectrum sharing
scheme, where the MIMO radar transmit precoder and the
communication transmit covariance matrix are jointly designed
to optimize the radar signal-to-interference-plus-noise ratio
(SINR) while guaranteeing certain rate for the communication
system. The authors in [17] present a novel radar-embedded
communication framework based on the remodulation of the
incident radar signalling. Later, a multi-objective optimization
paradigm based waveform design procedure is proposed in
[18][19], where the symbol error rate and the intercept metric
of the designed waveform are evaluated. Overall, the previous
studies lay a solid foundation for the problem of radar and
communication systems in coexistence, and it’s worth men-
tioning that the radar system performance can be improved by
optimizing the multicarrier radar waveform while guaranteeing
the quality of communication links.
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B. Brief Survey of Similar Work

Information theory was applied to radar systems by Wood-
ward for the first time in the early 1950s [20]. While the
information-theoretic radar waveform design was pioneered by
Bell with his seminal work [21], and the mutual information
(MI) was utilized as a performance metric for target estima-
tion. After that, the research in [22] studies the waveform
design for multiple-input multiple-output (MIMO) radar by
optimizing MI and minimum mean-square error (MMSE),
showing that these two criteria yield the same optimum
solution. Signal-to-noise ratio (SNR) and MI based matched
illumination waveform design approaches for extended target
are developed in [23][24]. Other existing works can refer to
[25][26].

The radar waveform design for extended target requires the
information of the target spectrum and the clutter statistics. In
reality, the estimation of the clutter characteristics are formed
by the receiver through previous received signals before the
target appears [27]. While the spectra of the target of interest
corresponding to various incident and scattered directions and
polarized types can be stored in a database through electro-
magnetic modeling and calculation, which are obtained based
on the target-radar orientation. However, the prefect target
spectra are usually not available because the exact target-radar
orientation is practically imprecise [28][29]. Some literatures
adopt robust methods to design radar waveform in the presence
of parameter uncertainty [30][31].

Although the reported studies provide us guidances to deal
with the problem of optimal and robust radar waveform
design, they are all addressed solely for the radar system. For
the coexistence of a monostatic radar with a communication
system operating in the same frequency band, the formulations
and limitations are far more complicated. On the other hand,
it is necessary to dynamically manage the radar resources to
decrease its transmitted power for a given target estimation
performance. Technically speaking, low transmit power, large
sampling interval, and waveform agility will decrease the
power consumption of radar system [32]. In [7],[13], and
[14], the probability of detection and MI are maximized by
optimizing OFDM radar waveform with a minimum capacity
constraint for communication system respectively. While the
algorithms do not concentrate on power minimization for radar
system, and the effect of the signal-dependent clutter is ignored
[34]-[36]. On the other hand, in [37], the low probability of
intercept (LPI) based radar waveform optimization in signal-
dependent clutter and white Gaussian noise for joint radar and
communication systems are presented for the first time, where
the radar transmit power is minimized for a predefined SINR
threshold. However, these early works assume that the precise
target spectra are available, which are no longer valid in the
presence of target spectra uncertainties. In this paper, we will
extend the result in [37] and the problem we will investigate
is how to design robust waveform for a radar coexisted with a
communication system in clutter and colored noise. To the best
of our knowledge, the problem of power minimization based
robust OFDM radar waveform design for spectrum sharing has
not been fully considered until now.

C. Major Contributions

The major contributions of this work are fivefold:

(1) Various expressions of MI between the received echoes
from the target at the radar receiver and the target impulse
response are derived to characterize the radar characteriza-
tion performance, which incorporates the radar transmitted
signals, the communication signals, the target spectra, the
power spectral densities (PSDs) of signal-dependent clutters
and colored noise. These expressions of MI differ in the way
the scattering off the target due to the communication signals
is considered: (i) as useful energy, (ii) as interference or (iii)
ignored altogether at the radar receiver.

(2) Recognizing that the exact precise knowledge of target
spectra is not available in realistic scenarios, the target
spectra are assumed to lie in uncertainty sets bounded by
known upper and lower bounds.

(3) The problem of power minimization based robust OFDM
radar waveform design for the coexisting radar and commu-
nication systems in signal-dependent clutter and colored noise
is studied. It is assumed that the second order statistics of the
communication signals and the PSDs of clutters are known
by the radar. Based on the uncertainty model, three associated
OFDM radar waveform design criteria are proposed to mini-
mize the worst-case radar transmit power with a predefined MI
constraint for target characterization and a minimum required
capacity for communication system.

(4) All the radar waveform design strategies are convex
and solved analytically, and the bisection search technique is
employed to find the optimal solutions for the aforementioned
robust problems. It is shown that remarkable computational
savings are obtained through the use of bisection method when
compared with the exhaustive search approach [37].

(5) Numerical results demonstrate the significance of ex-
ploiting the communication signals scattered off the target to
decrease the power consumption of radar system via Monte
Carlo simulations. In addition, we also reveal that the robust
waveforms bound the worst-case power-saving performance of
radar system for any target spectra in the uncertainty sets.

D. Outline of the Paper

The rest of this paper is organized as follows. The con-
sidered system model as well as the underlying assumptions
needed in this paper are introduced in Section II. In Section III,
the power minimization based optimal OFDM radar waveform
design criteria are proposed given perfect knowledge of target
spectra. In Section IV, the robust waveform design methods
are presented, where the true target spectra are known only
to lie in the uncertainty sets bounded by known upper and
lower bounds. Numerical simulations are provided in Section
V. Finally, Section VI concludes this paper with potential
future work.

Notation: The continuous time domain signal is denoted
by z(t); the frequency domain representation of a discrete
sample is X [k]. A single lower capital bold letter x represents
a column vector with a given dimension, while an upper capital
bold letter X represents a matrix. By xj or x[k] we denote
the kth element of a vector x. E{-} represents the expectation
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Fig. 1. Illustration of the system model.

operator. The symbol * signifies the convolution operator. The
symbol o denotes the Hadamard product. The superscript ()7
and (-)* indicate transpose and optimality.

II. SYSTEM AND SIGNAL MODELS
A. Problem Scenario

Let us consider a scenario, where one monostatic radar
coexists with multiple communication base stations (BSs)
aiming at tracking a target [14], as depicted in Fig.1. The
channels of interest are given as follows: h, for the radar-
target-radar path, hg for the BS-target-radar path, hy for the
direct BS-radar path, h., for the radar-clutter-radar path, h._
for the BS-clutter-radar path, h. for the radar-target-BS path,
h. for the communication channel inside a BS cell. Without
loss of generality, this paper will concentrate on a single
communication BS. However, the model and the derivations
can be easily extended to /Ny communication BSs [37].

To increase the spectral efficiency, we consider the co-
existence of radar and communication systems in the same
frequency band. The radar works with an antenna directed to
the communication BS to receive the communication signal,
and another one illuminates the target to receive the scattered
echoes. Thus, the radar can receive the echo scattered from
the target due to the transmitted radar signals as well as
the communication signals from the BSs, via two channels:
a direct path and a path which is due to scattering off the
target. It is assumed that the channels are stationary over the
observation period. The communication system carries out its
task of data transmission by broadcasting signals throughout
the space. In addition, it is assumed that the radar antenna
is directional and steered towards the target, thus the target
signal does not arrive at the communication systems through
a direct path, but only scatters off the target.

B. Signal Model
It is assumed that both the radar and the communication
systems use OFDM-type multicarrier signals with K subcar-
riers. The deterministic radar signal x..(t) is given by [7]:
=

m(t) = 7 D ueTITRAI, W
k=0

where u, denotes the amplitude of the kth subcarrier of radar
signal, f. denotes the carrier frequency, and Af denotes the

subcarrier spacing. The matrix formulation for the discrete
time version of (1) is [8]:

X, = QxU, 2)

where Qx is a K x K-dimensional inverse discrete Fourier
transform (IDFT) matrix

L) 5
Q= = boQk K (3)
) ?1 Qg—ixK—l)
with Qx = e?™/K. U = [ug,u, - ,urx_1]7 is a K x

1 vector that contains the weights of all subcarriers. Here,
all-cell Doppler correction (ACDC) method is employed to
enable an inter-carrier-interference (ICI) free processing for
OFDM systems [38]. With this approach, the cyclic prefix
can be omitted. Hence, it is a highly valuable feature for radar
applications with dynamic targets and long range of interest.
Moreover, the radar transmitted energy can be continuously
received and processed, which improves the SNR and energy
efficiency of OFDM radar system. Refer to [38] for details.
For the communication BS, the transmitted signal x4(¢) is:

K-1

1 .
- \/? Z wyel 2T FetkANT 4)
k=0

where wy, is the amplitude of the kth subcarrier of com-
munication signal. Without loss of generality, it is assumed
that the wy, are statistically independent, identically distributed

.. . . . A
(i.i.d.) random variables with zero mean and variance o2 =

T
E{|ws|?} for large number of subcarriers by the central limit
theorem [39] (See more details in [39]). Thus, the baseband
communication signal z,(t) of (4) converges to a complex
Gaussian random process with zero mean and variance J%S for
large K, and the variance of the communication signal, that is,
the power of the communication signal, is known at the radar
receiver after a previous estimation step [40]. The autocorre-
lation function of x4(t) can be written as R(7) = o2 (1),
where §(-) denotes Dirac function, 7 = t5—t; denotes the time
difference between time slot ¢ and ¢;. Likewise, the matrix
formulation of the discrete time version of (4) is:

xs(t)

X, = QxW, &)

where W = [wg, w1, ,wx_1]T. Also, ACDC is applied
for communication system analogous to radar.

Generally speaking, OFDM systems are much more sensi-
tive to timing and frequency offset than single-carrier systems.
Hence, timing and frequency synchronization is one important
step that must be designed for these systems [41]. Several
timing and frequency synchronization techniques have been
presented in the literature, which are either training data aided
[42]-[45] or simply blind [41], [46]-[48]. The second scheme,
which is also known as non-data aided, is power efficient or
bandwidth efficient and can be utilized when the cyclic prefix
is absent. Therefore, the radar and communication systems
can be synchronized in terms of timing and frequency. It
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is also supposed that the radar and communication system-
s have the same symbol duration. This enables an inter-
symbol-interference (ISI) free processing between radar and
communication signals. In case of a monostatic radar and a
communication BS, the received signal at the radar receiver
can be expressed in the continuous time domain as:

y(t) =r(t) + [rs(t) + s(t) + re, (8)] + 7e, (t) +n(t), (6)

where y(t) denotes the received signal at the radar receiver,
r(t) is the echo from the target due to the transmitted radar
signal, 7,(t) is the scattering off the target due to commu-
nication signal, s(¢) is the communication signal arriving
through a direct line of sight path at the radar receiver.
re,(t) is the complex-valued, zero-mean Gaussian random
process representing the signal-dependent clutter due to the
communication signal, . (t) is the complex-valued, zero-
mean Gaussian random clutter due to the radar signal and
n(t) is the additive colored noise with known variance. Thus,
for a single communication system, (6) can be rewritten as:

y(t) =z, (t) % hye(t) + [25(2) * hs(t) + 245 (L) * hy(t)
+ z5(t) * he, (£)] + 20 (t) * he, (t) + n(t). @)

It is indicated in [21] that an extension for the delay-
Doppler case is possible, but it complicates the formulation.
Then, the discrete time version of (7) can be written in matrix
formulation as follows [8]:

¥y =Qx (H, o LY?)U + [Qx (H, o L)W + QxLY*W
+Qx(H, oLY/)W] + Qg (H,, oLY/*)U +n, (8)

where y represents a K x 1 vector corresponding to the signal
at the radar receiver, n is modeled as the colored noise with
zero mean and known variance, the K x K diagonal matrices
H, and H; denote the corresponding target spectra:

©))

H, = dlag{HT[O]v T[l]a"' 7HT[K_ 1]}7
Hs = diag{Hs[O]aHs[l]v T 7H5[K - 1]}7

where H,.[k] and H[k] denote the target spectra for the
radar-target-radar path and the BS-target-radar path at the kth
subcarrier, respectively. H., and H._ represent the clutter
frequency responses due to communication and radar signals:

{ HCs = diag {HCS [0}7 HCS [1]5 T ’HCS [K (10)

Hcr = dlag {Hc'r [0]7 HCT [1]7 T ,HCT [K - 1]} )

where H,_[k] and H. _[k] denote the corresponding complex-
valued, zero-mean Gaussian random processes for the kth sub-
carrier, and characterized by the PSDs P._[k] and P. [k]. The

matrices L,, Ls, Ly, L., and L. represent the propagation
losses of the corresponding channels [49]:

L, = diag {LT[0]7 Lr[l}v T 7L7‘[K - 1]}
= L., = diag{L,[0], Lc, 1], -, Le, [K — 1]}
. [ GGA2 GG N,
= dlag AR ,
(4m)3d3 (4m)3dd
Ly = diag {L4[0], Ls[1],--- , Ls[K — 1]}
:Lcs :dlag{Lrg[O]aL(‘e[lL aLCs[Kil]} (11)
G2 GG\
= diag GsGrAp o K1 %
(4m)3d2d? (4m)3d2d?
Ly = diag {Lq[0], Lq[1],- -+ , La[K — 1]}
G, )\2 GG\
:dlag{GéG;Agav 2K21}’
(4r)d; (4m 2

where G, is the transmit antenna gain of the radar system,
G, is the receive antenna gain of the radar system, G, is
the antenna gain of the communication system, A is the
wavelength at kth subcarrier. We let d,., ds, and d;, denote
the distances between the radar and the target, between the
communication system and the target, and between the radar
and the communication system, respectively.

Remark 1: From a practical stand point, one of the major
disadvantages of OFDM waveform is the high peak-to-average
power ratio (PAPR), which leads to nonlinear distortion of
the signal, ICI, and radar performance degradation due to the
limited linear region of the power amplifier [50]. Over the
years, there have been a number of proposed techniques to
minimize the PAPR by phase modulation transform, block
coding, etc., which make it possible to implement the OFDM
radar waveform in reality. The OFDM waveform design taking
into account the PAPR will be investigated in the future.

III. OpTiIMAL OFDM RADAR WAVEFORM DESIGN
A. Basic of the Technique

Mathematically, the power minimization based optimal
radar waveform design can be formulated as a problem of op-
timizing OFDM radar waveform to minimize the radar trans-
mitted power subject to some system constraints. Firstly, three
different expressions of MI between the received echoes from
the target at the radar receiver and the target impulse response
are derived, which differ in the way the communication signals
scattered off the target are considered: (i) as useful energy, (ii)
as interference or (iii) ignored altogether at the radar receiver.
We are then in a position to design the radar waveform in
order to minimize the power consumption of radar system.
The general power minimization based optimal OFDM radar
waveform design strategies are detailed as follows.

B. Optimal Radar Waveform Design Criterion 1

As implied in [8][21], the MI between the received echo
and the target impulse response can be utilized as a metric
for target characterization performance in the radar system. It
is assumed that the target spectra at different subcarriers are
independent and both H, and H partly contain information
about the target, since the radar signals and the communication
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Fig. 2. Venn diagram of information theoretic measures for y, H,- and Hj.
The area with the horizontal red stripes and vertical green stripes corresponds
to I(y; H,; Hs), which denotes the multivariate MI between y, H, and Hs.
The areas with the horizontal red stripes and vertical green stripes correspond
to I(y; Hy) and I(y;Hs), respectively. The area with only the horizontal
red stripes corresponds to I (y; H,|Hs). The area with only the vertical green
stripes corresponds to I(y; Hs|H;).

signals illuminate a common area of the target [14]. Fig.2
illustrates the Venn diagram of information theoretic measures
for the received signal at the radar receiver y and the target
impulse responses associated with the radar signal H,. and the
communication signal H,. Thus, the achievable MI between
y and, jointly, H, and H, which is marked by the thicker
blue line in Fig.2, can be posed as (12), shown at the top of
the next page [14][24].

In (12), U[k] denotes the amplitude of the kth subcarrier
of radar signal in frequency domain, |U[k]|? and o2 [k] are
the power of the radar and communication signals for the kth
subcarrier respectively. o2 [k] is the power of the radar recevier
noise for the kth subcarrier. It should be pointed out from
(12) that the communication signals scattered off the target is
considered as useful energy. In this case, we can notice that
the achievable MI is related to the radar transmitted waveform,
the target spectra, the communication waveform, the PSDs
of the signal-dependent clutters, and the propagation losses
of corresponding channels. Intuitively, maximization of MI
means better radar estimation performance, while it also leads
to higher power consumption in hostile environments.

Herein, we concentrate on the power minimization based
optimal OFDM radar waveform design for the coexisting radar
and communication system, whose purpose is to minimize the
radar transmitted power for a predefined target characterization
performance. We impose a minimum capacity constraint per
channel for the communication system and for the radar signal
an upper bound on the transmit power per channel. Eventually,
the optimal radar waveform optimization can be formulated
as (13), where 7, = {0,1,--- , K — 1} is the index-set of
all K subcarriers, o2[k] is the variance of white Gaussian
noise at communication BS. The first constraint stands that
the achieved MI is greater than a given MI threshold M,
such that the required target estimation performance is met,
while the second one stands that the capacity of the kth
subcarrier in communication system should be above the
threshold ¢, to guarantee the communication performance,
which can be provided by the communication system. It is
worth mentioning that if the communication system is not
accessible, the threshold ¢; cannot be obtained by the radar.
However, the radar waveform can still be designed based on
the received communication signal. In this case, the symbol
error rate (SER) can be calculated as indicated in [6]. The

communication receiver works well as if no radar signal
is present. It has been demonstrated that the SER of the
communication system coexisted with a radar is approximately
zero in the simulation scenario, which is not shown due to the
limited space. The third constraint represents that the transmit
power for the kth subcarrier is limited by a maximum value
Prax,, and a minimum value 0. H.[k] is the target spectrum
for the radar-target-BS path. L.[k] and L.[k] represent the
propagation losses of the corresponding channels:

G2\
L _ sk
GG A2
T Gy

where d. is the radius of communication cell. The minimum
capacity constraint for the communication system is consid-
ered inside a cell. The interference is represented by the radar
signals that are scattered off the target and arrive inside the
cell. After simplifying the constraints and making the notation
x;, = |U[k]|?, we can rewrite problem (15) as follows:

K-1
Por:  min > w, (152)
k=0
K miTL + a
log 1+ —E 778 ) > MLy,
s.t.: I;J 0g< + lea?k—Fbk) - i
0<x<d.
(15b)
where we define:
ar = o3 [K]|H[k][*Ls[k],
by = o> [k|Lalk] + o7 [K]P.,[K|Lc, [k] + o2 [K],
2 [k|L.[k
or = ot [Tl o]
|H,[K]|2 L[k etk — 1 (16)

dk = min {Pmax,ky Ck} )
my = |H,[K]|*L,[K],
ng = P, [k]Lc, [K].

Lemma 1: The optimization problem Pgp.; is convex.
Proof: The proof is provided in Appendix.
Theorem 1: Suppose perfect knowledge of target spectra is
available. Define
Ay = (mg + ng)ng,
By, = (my + ng)br, + (ar + br)ng,
Cr = (a + by)by,

Dk = bkmk — ARNE.

a7

Then, under a predefined MI threshold and a minimum capac-
ity requirement for the communication system, the optimal
OFDM radar waveform corresponding to Pp_; that minimizes
the total transmitted power should satisfy (18), shown at the
top of the next page, where A3 is a constant determined by
the given MI constraint:

K mpxt 4+ a
> log (1 + ’“k’“) > Mlin.
k=0

19
nkxz + b (19



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. , NO. , SEPTEMBER

Ioptimal(}’? Hra Hs) £ H(y) - H(Y|Hr7 Hs)
K—

IS <1 . (U] 2 L[R2 L (K] + 02, K] [ K] L 1] > )
2 (UK Ps, (K] Lo, [K] + 02, (K1 Lalk] + 02, (K Pe, [FLe, K] + 02K] )’
B, Z U (132
(U] 2| [ 2 L [K] + 02, ] [ K] L, 1] |
Z s (1 TP, L, 0+ o LT 73 7. W 770 M
S.t.: | ) o2 [k]L.[k] .- (13b)
o8 (  UTKPIH. KL ] + azm) =t
0 < |U[k]|2 < Pmax,k~
0, AiDj, — Cp <0,
Ty, = 2Ak + 2A /B? —44,(Cr, — X;Dy), 0 < N\;Dy — Ci, < Apd; + Bydy, (18)
dg, A3Dy — Cy > Akdi + Bydy.

Proof: The problem Po.; can be solved by utilizing the
method of Lagrange multipliers, which is omitted here for
brevity. Refer to [37] for detailed proof.

Remark 2: As it reasonably arises, our solution scheme is
to choose A3 as a search variable, and use the result (18) to
identify the optimal power allocation for all the subcarriers.
The well-known bisection search approach [6] is employed
to find the value of A3, which ensures the optimum transmit
waveform z}, while making sure that the constraints are totally
satisfied. The importance of the derived solution (18) lies
in the fact that it provides an explicit relation between the
power allocation in each subcarrier and the resulting value
of \3. Criterion 1 defines a procedure which finally provides
the optimal transmit power allocation, and consequently, the
optimum power-saving performance. The iterative procedure
is detailed in Algorithm 1. The bisection search algorithm is
listed as Algorithm 2.

Remark 3: The problem of power minimization based
optimal radar waveform design Po.; given by (15) is convex,
and the optimal OFDM waveform design results {12},5;01
can be obtained by solving (15) for a specified MI constraint
and a given set of transmit power. At the (¢t + 1)th step,
the designed Waveforms {T(t+1)} are updated from the
optimal solutions {:z: )}f ! determmed through the previous
iteration. Hence, {:c(t“)} are always feasible solutions
of the next iteration, and the optimal waveform design results
{z (Hl)} K- will achieve an MI value, which is greater
or equal to that of the previous iteration. This shows that
the achieved MI value will monotonically increase at each
iteration step, such that the gap between the temporal MI and
the specified MI threshold is minimized. Thus, Algorithm 1
will converge to the optimal solutions through bisection search
method, which is due to the fact that the achievable MI is

upper bounded for a given set of transmit power at the radar
transmitter.

Algorithm 1 : Optimal Waveform Design Criterion 1
1: Initialization: Ml iy, Phax k. iterative index ¢ = 1;
2: Loop until x converges:

for k=1, ---, K, do
Calculate xff) by solving (18);

meT )+a
Calculate MI‘9) + Zk o ' log (1 + W)

Obtain )\g 1 Via bisection search in Algorithm 2;
end for
3: End loop
4: Update: Update x}, <+ xk) for Vk.

C. Optimal Radar Waveform Design Criterion 2

Next, we define the achievable MI between y and H,. as
shown in (19) [see (19) at the top of the next page], which
corresponds to the area with the horizontal red stripes and
vertical green stripes in Fig.2.

One can see from (19) that the scattering off the target
due to the communication signal is considered as interference.
Similarly, the optimal radar waveform design approach is
expressed as follows:

Po_z : (2021)

MEZk
log ( 1 > M,
s.t.: Z og( +nk$k+ak+bk>
() S x < d.
(20b)
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A

Iopnmal(y7 = ( ) (Y|HT)

k=0

o (1 T UTHPE, Lo, [F] + 02, L[k

UK]1*| H, [K]* Ly K] )
IPLs[K] + oF (K] Lalk] + o3, k| Pe, [K] Le, [K] + o7 [K] /]~
19)

Algorithm 2 : Bisection Search of A3

1: Initialization: )\gt), A3,max> A3,min, the tolerance e > 0;

2: Loop until: M1 — Mlin > €
for k=1, ---, K, do
)\;(;) — (>\3,min + )\S,max)/Q;

Calculate xﬁc) from (18) and update Ml(t);
if M1 > MIani then
)\3 max < A 5

>\(t) ()\S,mm + >\3,max)/2;
else
)\B,min — )\;(;t)Q
A;(gt) — ()\S,min + )\S,max)/2;
end if
Sett«—t+1;
end for
3: End loop

Theorem 2: Suppose perfect knowledge of target spectra is
available. Define

E, = (mk + an)(ak =+ bk),
Fy, = (ap + bi)?,
G = mk(ak + bk).

2y

Then, under a predefined MI threshold and a minimum ca-
pacity for the communication system, the optimal OFDM
radar waveform corresponding to Po., that minimizes the total
transmitted power should satisfy (22), shown at the top of the
next page, where \j is determined by:

miTy,

—"5 | > Mlyin- 23
nkx,‘;—kak-i-bk)_ (23)

K-1
Z log <1 +

k=0

The iterative procedure for problem Py, is similar to
Algorithm 1, and thus the details are omitted here.

D. Optimal Radar Waveform Design Criterion 3

One can also choose the MI between y and H,., conditioned
on Hg, as shown in (24) [see (24) at the top of the next page],
which corresponds to the area with only the horizontal red
stripes in Fig.2. It can be seen from (24) that the scattering
due to the communication signal is ignored. Proceeding as

before, we can write the optimization problem as follows:

K-—1
Pos i Z Tk, (25a)
k=0
K-—1 [
log (1 ok MIpnin,
S.t kz_‘;og< +nka:;¢—|—bk) min
0<x<d
(25b)

Theorem 3: Suppose perfect knowledge of target spectra is
available. Define

H;, = bk(mk + 2n}€),
Iy, = b,
L = mybg.

(26)

Then, under a predefined MI threshold and a minimum ca-
pacity for the communication system, the optimal OFDM
radar waveform corresponding to Pp._3 that minimizes the total
transmitted power should satisfy (27), shown at the top of the
next page, where \j is determined by:

1 1 > Mlin. 28
Z"g(+nklk+bk>— min (28)

The iterative procedure for Pp_3 is also omitted here.

E. Discussion

1) Implication: Note that the MI (12), (19) and (24) have
a similar expression as a function of radar transmit waveform
x, which results in a similar structure between the target
parameter estimation requirement constraints (15b), (20b) and
(25b), and hence Po.1, Po., and Po.3. Thus, we can present
the optimal OFDM radar waveform design algorithms for the
three scenarios under a unifying framework. It should be noted
from the SINR term of the MI expressions in (12), (19), and
(24) that the reflections off the target due to the communication
signals contribute to the signal part in (12), to the interference
part in (19) and to neither in (24) [14].

2) Computational Complexity: The computational complex-
ity of Algorithm 1 is dominated by the number of subcarriers
and the procedure of bisection search method. The complexity
of the loop inside the step 2 is O(K). The convergence rate
of the step 2 is based on the bisection search method, which is
given by O(10g,[(A3 max — A3,min)/€]). Thus, the total complex-
ity of Algorithm 1 is O(K10g5[(A3 max — A3,min)/€]). In addi-
tion, Criteria 2 and 3 have the same computational complexity
as Criterion 1, i.e., O(Klogy[(A3max — Azmin)/€]). While
the exhaustive search [37] has a complexity of O(K (A5 —
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0, NGl — Fy, <0,
Th =~ + 7 VEL = 4AL(Fe = MiGr), 0 < N5Gy — Fy, < Agd} + Eydy, (22)
dg, A;kaFk > Akdi+Ekdk.
Ioptimal(y; Hr|Hs) £H Y|Hs) - H(y‘HT‘) Hs)
N g (14 U], K] L [#] o
U[K]|2P., [K]Le, [k] + 02_[k]La[k] + 02_[k] P, [k]Le, [k] + 02[k] )
k=0 T T Tg Tg s s n
0, AsLy — Ji <0,
wp = —ad + o VHR — 4Ak(Jk — N5Lk), 0 < N3Lg — Ji < Agd} + Hydy, 27)
dg, ANsLy — Jp > Akd% + Hydy,.

Ag,min)/€). It should be pointed out that significant com-
putational saving can be achieved through the use of the
proposed algorithms for large number of subcarriers and great
MI threshold. Also, the gap goes up rapidly with the increase
of the number of subcarriers and MI threshold.

IV. ROBUST OFDM RADAR WAVEFORM DESIGN

In this section, we first introduce the uncertainty models
for target spectra, and then propose the robust OFDM radar
waveform design approaches to minimize the worst-case total
transmit power under parameter uncertainties.

A. Uncertainty Models

Obtaining the optimal solutions of Pg.;, Po, and Po.s
requires the target spectra H,[k|, Hs[k] and H.[k],k €
Fi. However, the perfect knowledge of these parameters
is usually not available, which is because the exact target-
radar/communication BS orientation is practically imprecise
[29][31]. One approach is to utilize estimated values of the
parameters in the waveform design strategies. Since these
estimated values are subjected to uncertainty, the formulations
Po.1, Po, and Pg3 may fail to provide reliable or feasible
solutions. Furthermore, it is of high importance to control
the power-saving performance loss to be within a certain
bound. Thus, it is essential to develop robust waveform design
methods to cope with the parameter uncertainty.

In realistic scenarios, the characteristics of the target spectra
H,[k], Hs[k] and H.[k],k € Fj can be obtained through
electromagnetic modeling and calculation, and thus all are
subject to uncertainty. We adopt robust signal processing
methodology, which is developed in recent years to handle the
optimization problems with parameter uncertainty [28][29].
Typically, the target spectra are assumed to lie in certain
bounded sets, referred to as uncertainty sets. The upper and
lower bounds can be obtained through field measurement or
propagation modeling [28][29]. For illustrative purpose, the
uncertainty set of target spectrum is shown in Fig.3, where
the nominal target spectrum is illustrated by the blue bars,

and the upper and lower bounds of the uncertainty set in each
subcarrier are depicted by the error bars. Herein, we consider
the actual target spectra to lie in linear uncertainty sets, i.e.:

(k] € S, 2 {I,[k] < H,[k] < u,[k],k € F},
[k] € Su, £ {IS[M < Hs{k] < us[k]ak € fk}v
(k] € Su, 2 {l[k] < H[k] < uc[k],k € Fi}.

H,
H, (29)
H,

where u,[k], us[k] and w.[k] denote the upper bounds of
H,[k], Hs[k] and H,[k] for the kth subcarrier, respectively.
Likewise, I.[k], ls[k] and [.[k] denote the lower bounds of
H,[k], Hs[k] and H.[k] for the kth subcarrier, respectively. It
should be pointed out that the distance between the upper and
lower bounds at each subcarrier may be different. Also, note
that a larger difference between the upper and lower bounds
means greater uncertainty about the target [28].

Thus, as suggested by the robust signal processing theory
described in [29], for the uncertainty sets, the robust radar
waveform z[°™" is the optimal waveform for the worst-case
target spectra, i.e., H.[k] = HY"™[k]|, Hs[k] = HY"™'[k] and
H.[k] = HY"'[k], k € Fy. If utilizing other waveforms,
the power-saving performance of the radar system will be
degraded; while if the robust radar waveform xf"“s‘ is utilized,
the power-saving performance will be always as good as or
better than the case H,[k] = HY"'[k], H k] = H)'[k]
and H.[k] = HY"'[k], k € F}, for all target spectra in the
uncertainty sets, which indicates that the achievable power-
saving performance will never be worse than this limit. Hence,
the robust waveform is optimum for the worst-case target
spectra in the uncertainty sets.

B. Robust Radar Waveform Design Criterion 1

We employ the robust optimization methods to guarantee
the worst-case power-saving performance in the presence of
target spectra uncertainties. The worst-case MI due to target
spectra uncertainties is shown in (30) [see (30) at the top of the
next page]. Since the achievable MI in (12) is a monotonically
increasing function of H,.[k] and H,[k|, the minimization of
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Fig. 3. Illustration of bounded target spectrum.

the achieved MI over H, [k] € Sy, and H,[k] € Sy, simply
follows that:

{ir (K], Ls[K]}

A

=arg
(31

Subsequently, we obtain ay = a;, and mj, = m,,, where

{ ay = o3 [K]|1s[k]|* Ly K],

S (32)
12 (K11 Lo [K].

my

On the other hand, however, the remaining maximization
over H.[k] does not permit an explicit expression. It should
be noticed that c; is a monotonically decreasing function
in H.[k]. That is to say, ¢y is reduced as H,[k] goes up.
Then, with the increase of H.[k], ¢ will become smaller
than Ppax k. thus we can have di, = ¢ < Ppaxk, 1.6., the
maximum transmit power at the kth subcarrier is decreased.
This leads to the increase of A3, and thus, more transmit
power will be allocated to guarantee the given MI constraint.
The maximization over H.[k] € Sy, can be achieved at
H k] = uclk].

Hence, we replace ar, m; and d with a5, m; and d
respectively in (15) and present a robust counterpart Pg..

K—-1
min Z log (1 + W) .
H,[k|€Su, ,Hs[k|€Sm, k€T P nETr + by

Then, to guarantee the target characterization performance in
the worst case, the problem of robust radar waveform design
can be formulated as follows:

K—1
Pr-1 : ku,Ililenfk ];) Tk, (33a)
K—1
Z log (1 + Lnikxk + ak) > MIminy
st.r & ngTr + by
0<x<d.
(33b)
where
i 1 Ufcs [k]L.[k] e n
TR W[k LK) | et —1 M (34)

dk = min{Pmax7k7Qk}~

Theorem 4: Suppose the target spectra lie in uncertainty sets
bounded by known upper and lower bounds satisfying (29).

Define N
By = (mk + nk)bk + (Qk + bk)nk,

Cr = (ay, + bi)br,

Dy, = bpymy, — apnp.

(35)

The robust OFDM radar waveform corresponding to Pg.; that
minimizes the total transmitted power under a predefined MI
threshold and a minimum capacity for the communication
system is the optimum waveform for any target spectra with
samples H.[k] = l.[k], Hs[k] = ls[k], H.[k] = wuc[k], for
k € Fi. To be specific, the robust waveform uses (36), shown
at the top of this page, where the constant A3 is chosen now
to satisfy:

K-1

3" log (1 + W) > M.

— (37)
o ngTy + bi

Remark 4: Other formulations developed in Section III can
also be extended to their robust formulations utilizing the
above approach, where the target characterization performance
is guaranteed to satisfy the MI requirement and the minimum
capacity per channel for the communication system is main-
tained. However, if employing the non-robust formulations,
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the requirements for the target estimation and the channel
capacity in (13b) cannot be guaranteed due to the imperfect
characteristics of target spectra.

C. Robust Radar Waveform Design Criterion 2

Now, we investigate the robust radar waveform design
based on the optimal Criterion 2 Pg,. To circumvent the
maximization of the total transmitted power, we consider the
robust formulation, which can be written as follows:

K—-1
W 2 o G5
k=0
I2 S 'Hr > MImina
s.t. robust(y7 ) = (38b)
0<x<d.

where Z2,  (y;H,.) is shown at the top of the previous page.
In this case, since the MI in (19) is a monotonically increasing
function of H,[k] and a decreasing function of H[k| respec-
tively, the minimization of ﬁ K-1log (1 + ﬁ)}
over H,[k] € Sy, and H k] € Sy, is achieved at H,.[k] =
I[k] and Hg[k] = wug[k]. Similarly, the problem (38) is
equivalent to the following:

K—1
Pro:  min >, (40)
k=0
m, X
1 1 k > MImina
s.t.: Z Og( +nkask+ak+bk>
0 § x <d.
(40b)
where
ay, = o2_[k]|us[k]|* Ly [k]. (41)

Theorem 5: Suppose the target spectra lie in uncertainty sets
bounded by known upper and lower bounds satisfying (29).
Define

Ek = (mk + an.)(ak + bk),
F, = (@x + br)?,
ék = mk(ak + bk)~

(42)

The robust OFDM radar waveform corresponding to Pr.» that
minimizes the total transmitted power under a predefined MI
threshold and a minimum capacity for the communication
system is the optimum waveform for any target spectra with
samples H,.[k] = [.[k], Hs[k] = uslk], He[k] = wu.[k], for
k € Fi. To be specific, the robust waveform uses (43), shown
at the top of the next page, where the constant A3 is chosen
to satisfy:
K-1 —x
log <1 + DTk
k=0

BTk ) S M. 44
nkw}z+ak+bk>_ “)

D. Robust Radar Waveform Design Criterion 3

Similarly, the robust waveform design based on the optimal
Criterion 3 Pg.3 aims to solve:

K-1
nin_ > (452)
k=0
7, T H;) > MIminv
s.t.: robust( | ) (45b)
0<x<d.

where Imbust( H, |H,) is shown at the top of the next page.

Thus, (45) is equlvalent to the following problem:

K—-1

Pra:  min Y, (472)
k:O

mpTr
1 1+ Mlmim
s.t. Z °8 ( gy + bk)
0 S x <d.
(47b)

Theorem 6: Suppose the target spectra lie in uncertainty sets
bounded by known upper and lower bounds satisfying (29).
Define _

Hy = bi(my, + 2ng),
Jp = b2,

Zk = mkbk-

(43)

The robust OFDM radar waveform corresponding to Pr.3 that
minimizes the total transmitted power under a predefined MI
threshold and a minimum capacity for the communication
system is the optimum waveform for any target spectra with
samples H,[k] = [,[k], Hc[k] = uelk], for k € Fj. To be
specific, the robust waveform uses (49), shown at the top of
the next page, where the constant A3 is chosen to satisfy:

xr
log (1 7k > M. 50
Zog(+nkk+bk>_ e (50)

E. Discussion

In all the robust OFDM radar waveform design criteria, the
worst case is either the lower bounds or the upper bounds
of the uncertainty sets of target spectra. Thus, the limitation
can be reduced by employing either the lower bounds or the
upper bounds of the target spectra uncertainty sets for all the
criteria. Robust criteria are more concerned with the problem
of how the radar waveform design schemes are affected by the
target spectra uncertainty sets. Due to the fact that the objective
of robust waveform design methods is to bound the worst-
case power-saving performance, the robust radar waveforms
are chosen based on the lower/upper bounds of the uncertainty
sets of target spectra for all criteria.

V. NUMERICAL SIMULATIONS AND ANALYSIS

In this section, simulation results are provided to verify the
accuracy of the theoretical derivations as well as demonstrate
the improvement of the power-saving performance brought by
our proposed radar waveform design algorithms.
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0, NG — Fy, <0,
o= B+ B 44 (Fy - NiGh). 0 < X5Gx — Fi < Axd} + Byd, 43)
dg., MGy — F > Akdi + Eidy.
K-1 ———
73 ‘H,|H,) £ i log1+ ——% 46
(i HAHL) £ min kZ:O og ( o bk) (46)
0, MLy — J, <0,
7=l g AR 44T MEK). 0 < XLy — Ji < Ay} + Hydy, (49)
dg., A;Ek — jk > Akd% + ﬁkdk.
TABLE 1

CO-EXISTING RADAR AND COMMUNICATION SYSTEMS PARAMETERS

Parameter Value Parameter Value
Gt 30 dB Gr 40 dB
Gs 0 dB dy 20 km
ds 15 km de 5 km
dp 20 km  Ppax (V) 450 W
Af 4 MHz o2 [k] 1.66 x 10714 W

A. Numerical Setup

Throughout the simulations, the carrier frequency of the
coexisting radar and communication system is 3 GHz. Here,
we set the total bandwidth to be 512 MHz, which is equally
divided by 128 subcarriers. In order for the communication
system to function properly, the achievable capacity for each
channel must be above a predetermined threshold, which is
set to be ¢, = 1 nat/symbol(Vk). The radar can access
all the channels with a given MI performance constraint
Mlin = 2.5 nats, which is approximately equivalent to the
value of SINR = 10.5 dB for a specific target estimation
requirement here [21][24]. We set the system parameters as
given in TABLE 1. To solve the optimal problems in Pg.i,
Po-» and Po.3, it is assumed that the radar knows the precise
characteristics of the target spectra, the propagation losses of
corresponding channels and communication signals by sensing
itself with a spectrum analyzer. While for the robust problems
in Pgr.1, Pro and Pgr., the uncertainty sets of target spectra
are similar to Fig.3, which are not shown for clarity.

B. Simulation Results

We consider a scenario that the target is illuminated from
the front by the radar waveform and from the side by the
communication signals. The power of corresponding channels
hy, hs, and h. are shown in Fig.4, respectively. The PSDs
of the radar receiver noise and signal-dependent clutters as-
sociated with the radar signal and communication BS signal
are depicted in Fig.5, where the clutters characteristics can
be estimated by the radar receiver through previous received
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signals. The communication waveform is illustrated in Fig.6.
Fig.7 depicts the robust radar waveform design results, which
give insight about the power allocation for the power-saving
performance of radar system in the presence of target spectra
uncertainties. Note that the optimal radar waveform results
are similar to the robust results and are not illustrated. For
all the criteria presented here, it can be observed that the
transmit power allocation is determined by the target spectra
and the communication waveform. To be specific, for the
situation where the target spectrum H,.[k] is weak while the
interference power provided by the communication system is
strong, we should concentrate less power for the subcarriers
of radar transmitted waveform. While for the situation where
H,[k] is large and the interference power is weak, we should
allocate more power for the corresponding subcarriers of radar
transmitted waveform. To minimize the total transmitted power
for a predefined MI constraint and a minimum required capac-
ity for the communication system, the robust radar waveform
design criteria are formed by water-filling action, which only
place the minimum power over the subcarriers with the largest
gain and least interference power [30].

Fig.8 illustrates the comparisons of radar transmit pow-
er employing different algorithms, which is conducted 103
Monte-Carlo trials. One can see that the proposed optimal

o
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Fig. 8. Comparisons of radar transmit power using different algorithms.

2
Index of Criteria

and robust waveform design algorithms enable us to reduce
the radar transmit power to 25%-50% of that obtained by
predefined waveforms with and without target uncertainty, in
which the predefined waveforms allocate the transmit power
uniformly in the whole frequency band. Furthermore, it should
be noted that the power-saving performance of Criterion 1 out-
performs that of the other two criteria, which is due to the fact
that the communication signals scattered off the target would
be a much more significant component in target parameter
estimation than the radar signals [14]. Specifically, in Fig.7,
more transmit power is allocated between the subcarrier 2 and
62 in Criteria 2 and 3 than that in Criterion 1. That is to
say, if the communication signals scattered off the target are
not considered for the alternative hypothesis of the Neyman-
Pearson (NP) detector, the detected energy is reduced, result-
ing in a considerably lower target estimation performance.
Therefore, we can conclude from Figs.4-8 that considering the
scattering off the target due to the communication signals at
the radar receiver significantly improves the target estimation
performance, which in turn confirms that the power-saving
performance of radar system benefits significantly from taking
into consideration the communication signals scattered off the
target at the radar receiver.

On the other hand, in robust Criterion 1, a system with
K = 1024, € = 0.1, A3 min = 0, A3 max = 10°, and N} =
2.3145 x 10* would require only on the order of 2.55 x 103
iterations with the presented schemes, while the exhaustive
search approach [37] requires on the order of 2.37 x 108
iterations. This indicates that the proposed algorithms require
only 1.0759 x 1073% of the iterations compared with the
exhaustive search method.

The total transmit power curves versus MI for each criterion
are depicted in Fig.9. The total transmit power of the radar
system when employing the optimal radar waveform for nom-
inal target spectra, the robust radar waveform for the worst-
case target spectra and the predefined radar waveform in the
worst-case are compared in Fig.9. The best power-saving gain
can be obtained when utilizing the optimal waveform in the
best case, i.e., the nominal target spectra are used and the
optimal radar waveform is designed assuming that the precise
target spectra are known. It indicates that the radar transmits
the minimum power for a predetermined MI threshold. The
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transmit power of the predefined waveform in the worst case
is also provided. As aforementioned, the predefined waveform
allocates the transmit power uniformly in the whole frequency
band without any prior knowledge of the target spectra. It
can be clearly observed that the predefined waveform exhibits
a much inferior worst-case power-saving performance than
that of the other waveforms. As expected, the robust radar
waveform in the worst case is between the above two. This is
due to the fact that the robust waveform design scheme has less
prior knowledge about the target spectra. However, it is much

better than the predefined waveform in the worst case, which
optimizes the worst-case power-saving performance for the
radar system [28][30]. Moreover, the robust Criterion 1 out-
performs the robust Criteria 2 and 3 by 63.91% and 62.08%,
respectively, when My, = 3 nats, which implies that the
power-saving performance can be significantly enhanced by
exploiting the communication signals scattered off the target
at the radar receiver. Overall, the robust waveform effectively
bounds the worst possible power-saving performance of the
radar system over the entire uncertainty sets. If the robust
radar waveform is employed, the power-saving performance
will not be worse than this bound.

VI. CONCLUSION

In this paper, we have addressed the problem of power
minimization based OFDM radar waveform design for spec-
trum sharing. Three different robust OFDM radar waveform
design criteria are presented in the presence of target spectra
uncertainties, which differ in the way the scattering off the
target due to the communication signals is considered: (i) as
useful energy, (ii) as interference or (iii) ignored altogether
at the radar receiver. For each criterion, the worst-case radar
transmit power is minimized and the associated optimization
problem is formulated and solved analytically. With the aid of
numerical simulations, it is demonstrated that the transmitted
power of the radar system can be significantly decreased by
exploiting the communication signals scattered off the target
at the radar receiver. Moreover, the results also show that
the robust waveforms can bound the worst-case power-saving
performance at an acceptable limit. In future work, we will
investigate the joint subcarrier and power allocation in OFDM
radar systems. The radar waveform design problem taking into
account the PAPR will also be studied in the future.

APPENDIX
PROOF OF LEMMA 1

Proof: Since the contribution of each subcarrier’s transmit
power on the MI constraint is independent of the power of
other subcarriers, that is,

o {log (1 + W)} —0,VE£L,  (51)

o, Nk + by

then, we have:

0 METr + ag
oxy, |:Og ( + nexr + bi
bkmk — QEpNg

= . 52
(ngzg + b)[(my + 1)k + ak + by ©2)

It can be noticed that whether the value of (52) is positive or
not is relevant to ay, by, my, and ng. From (16), we know
that a;, > 0, by, > 0, m; > 0, and ny > 0, then:

(bxmg)/(agny)
_ |H, [K]|>L,[k](0F [k]La[k] + o2 [K]Pe,[k]Lc, [k] + o [K])
P, [K]Le, [k]o2 [k]|H[K]|?L[K] '

(53)
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With o2[k] > 0, it can easily be shown that

(b )/ (axmy)
|H, [K)|* L. [k] (03 [k]Lalk] + o3 [K]Pe,[k]Ls[K])
P, [k Ly [k]oZ [K]|Hs[K]|*Ls k]
[K]1*(Lalk] + Pe, [K]Ls[k])
P, [K]|Hs [K]]> L[]

H,
[H 42 [ (4m) 5 + P, K]

= . (54)
Pe, [K][H[K]|?
According to the inequality ds + d, > dp, we know that
(ds + d,)* > d?. Then, we can obtain

(ds +d.)* = d? + d? 4 2dd,

> 2/ + 2d,d,

= 4d.d, > d3. (55)
With some mathematical derivation, we have
d2d; 4 2 2
(4m) 22’" > (4m)d, /(16d;) = wdj /4. (56)
b

Substituting (56) into (54), we can reformulate (54) as

(b )/ (akmy)

[ (k]2 [ (4m) 5= + P, K]
P, T H, K]
(H K] (nd2 /4 + P, [k])

Pe, [K]|Hs[F][?

As d, > 1lkm in practice, it is rational to achieve
|H,.[k]|?(nd? /4 + P._[k]) > P..[k]|Hs[k]|* for conventional

air targets and clutter environments. Thus, (bgymy)/(arng) >
1. Then, we obtain

0 {log <1+mkwk+ak>] >0,

>

(57)

58
oy ngxk + by (58)

and
0? mgZy + ak
o —(bkmk - aknk)

(g + be)2[(my + nk) Tk + ag + by
X [an(mk + nk)xk + ngag + 2nibg + mkbk] <0, (599

9? MmrZr + ag
1 1+ —— )| =0,Vk #1
0xLx; |:Og ( + nexr + bi >:| ’ 7 b

(60)

where equation (58) explains the increasing nature of the MI
with respect to each z;. Moreover, equations (59) and (60)
show that the Hessian matrix of MI (12) with respect to
xy, Vk € Fy, is a diagonal matrix with non-positive elements.
Therefore, it is shown that Iopima(y; H,, Hy) is increasing
and concave with respect to x; (One can see from the above
analysis that the value of d, ensuring the concavity depends
on the other system parameters. It should be noticed that
the concavity of Iopima(y; Hy, Hs) holds in most practical
scenarios, while a sub-optimal solution can be provided when
its concavity is not satisfied).

As a consequence, the MI constraint in (15b) constitutes a
convex feasible set over xy,Vk € JFj, while the objective
function is affine and the power constraint in (15b) is the
intersection of 2K half-spaces, and hence convex [51][52].
This concludes the convex nature of the optimization problem
Po.1, which completes the proof. ]
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