The Annals of Applied Probability

2019, Vol. 29, No. 2, 1233-1261
https://doi.org/10.1214/18-AAP1434

© Institute of Mathematical Statistics, 2019

THE CRITICAL GREEDY SERVER ON THE INTEGERS IS
RECURRENT

BY JAMES R. CRUISE! AND ANDREW R. WADE
Heriot-Watt University and Durham University

Each site of Z hosts a queue with arrival rate A. A single server, starting
at the origin, serves its current queue at rate u until that queue is empty, and
then moves to the longest neighbouring queue. In the critical case A = u, we
show that the server returns to every site infinitely often. We also give a sharp
iterated logarithm result for the server’s position. Important ingredients in the
proofs are that the times between successive queues being emptied exhibit
doubly exponential growth, and that the probability that the server changes
its direction is asymptotically equal to 1/4.

1. Introduction and main results. The following continuous-time stochas-
tic model was introduced by Kurkova and Menshikov [13]. Each site of the one-
dimensional integer lattice Z is associated with a queue. Each queue has an inde-
pendent Poisson arrival stream of rate A € (0, 00). The system has a single server,
which starts at the origin at time 0. The server serves the queue at its current site
exhaustively at rate p € (0, 00). If the queue at the current site is empty at time
t > 0, the server moves to one of the two neighbouring sites using a greedy policy:
it chooses to move to the site with the longest queue (measured at time ¢), ran-
domly breaking any tie. The server moves (deterministically) at unit speed, and so
arrives at the new site at time ¢ + 1, at which time it starts to serve the new queue.
Of interest is the asymptotic behaviour of S(¢), the location of the server at time
t>0.

There are 3 cases. The least interesting is when A > p and any queue under
service is transient, so each time that the server starts serving a nonempty queue,
there is a (uniformly) positive probability that the server remains at the site for all
time. Thus with probability 1, the server changes site only finitely many times, so
S(t) converges almost surely (a.s.); see Theorem 1.1 of [13].

The main object of study in [13] is the case A < . Theorem 1.2 of [13] shows
that in this case the server changes its direction only finitely many times, so that
the server eventually moves from site to site in a single direction, and S(¢) — o0
a.s. The intuition behind this result is as follows. Any queue under service is now
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recurrent, so becomes emptied in finite time. Consider the server’s first visit to site
x > 0 at time ¢ (say). At time ¢, with very high probability, the queue at x — 1 will
be essentially empty, while the queues at x and x + 1 will have lengths concentrated
about Az. It takes time about ct for the server to empty the queue at site x, where
c is a positive constant depending on A and u, and in this time there will be about
Act new arrivals at the queues at sites x — 1 and x + 1. So by the time the queue
at site x is emptied, the queue lengths at sites x — 1 and x + 1 are about Act and
(A + Ao)t, respectively. The fluctuations are of order #!/2, and so with very high
probability, the server will choose to go to site x + 1 next.

In the present paper, we study the critical case A = u, which was left open
in [13]. The analysis of this case seems somewhat more delicate. Again, any queue
under service is recurrent. But now an attempt to follow the idea of the argument
sketched in the previous case reveals a new issue. Once again, upon the server’s
first arrival at site x, the queues at x and x 4+ 1 will have lengths about At while
the queue at site x — 1 will be essentially empty. But now the queue at site x is
critically recurrent, and so typically takes time of order 2 to empty. In this time,
the fluctuations in the new arrivals at sites x — 1 and x + 1 are of order ¢, that is,
on the same scale as the initial difference in queue lengths. So it seems likely that
the server will change direction many times; an understanding of the details of this
behaviour seems necessary to obtain the asymptotic behaviour of the server.

In the case A = u, Menshikov and Kurkova [13] proved that
(1.1) limsup|S(7)| = +o0 a.s.,

11— 00
showing that the server does not get stuck. Our main result is that the server is
recurrent, in the sense that it returns to every site infinitely many times.

THEOREM 1.1. Suppose that A = . € (0, 00). Then, a.s., for every x € R, the
set {t >0:8(t) = x} is unbounded.

We also establish the following result on the growth rate of S(¢).

THEOREM 1.2. Suppose that A = u € (0, 00). Then, a.s.,

. S(t) 6
lim sup =
1—o0 «/loglogtloglogloglogt log2

o S(1) 6
liminf =— .
t—oo /loglogtloglogloglogt log2

The rest of this paper is devoted to the proofs of Theorems 1.1 and 1.2. We give
a concrete construction of the process, via a discrete-time process that is the basic

and
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object of study in this paper, in Section 2. In Section 2, we also describe the main
steps in the proof and give the outline of the rest of the paper.

The greedy server on Z is a variant of the greedy server problem introduced
in [5] and surveyed in [17], in which a server greedily moves from job to job arriv-
ing randomly in some space, such as on a line or a circle; see also [9]. Also related
is the so-called greedy walk problem [2]. These models have received significant
attention over several decades, in part because the dynamics of the server possess
features of both self-interacting processes and processes in random environments,
which remain very active topics of current research, and because the problems they
pose are challenging. A number of open problems remain: see, for example, [2,
17].

A continuum analogue of our problem on Z is the greedy walk on R, for which
it was recently shown that the server escapes to infinity [10], in contrast to our
Theorem 1.1.

2. Discrete-time process and paper outline. For the remainder of the paper
we fix A = u € (0, 00). We write Z4 :=1{0,1,2,...} and N:={1,2,3,...}.

We will study the continuous-time process described in Section 1 via a discrete-
time process obtained by observing the full process at the nth time at which the
server empties a queue. Consider a Markov process V,, = (Qy, X, 1), n € Z+,
where 0 = (Qn())rez, € Ly U {x)”, Xy € Z, and T, € Ry If Qy(x) € Zs,
that is the number of customers at queue x € Z; if Q,(x) = * then this indicates
that the length of the queue at x € Z is not yet being tracked. The coordinate X,
represents the location of the server when a queue is emptied for an nth time, and
T,, represents the total time that has elapsed (i.e., the sum of all the services times
plus the travel times up to this point).

Set Qp(x) :=0 for |x] <3 and Qy(x) := * for |x| > 4; set Xg:=0 and Ty :=
0. We describe the law of this process by its Markovian transitions. The random
ingredients that go into this description are as follows. Let &1, &, ... be i.i.d. with
P =+1) =P = —1) = 1/2 (these will be the tie-breaking variables).

We write P (k) to denote a Poisson random variable with mean « € R, ; for
a random variable W on R, we write P(W) to denote a random variable that,
conditional on W, has a Poisson distribution with mean W.

Let (Z;,t € Ry) denote an M /M /1 queue with arrival rate A and service rate (,
with Zo = k € Z initial customers; let { (k) denote a random variable distributed
as inf{r > 0: Z, = 0}, the time to empty for the queue. Similarly, conditional on
a random variable W € Z,, (W) is distributed as the time to empty the queue
started from Zg = W.

Given (Qy,, X, Ty) for n € Z 4, generate (Qp+1, Xn+1, Tn+1) as follows:

e Define

+1 if 0,(X,+1) > Q0,(X, — 1),

MEEEN 0 0Ky — 1) > O (X + 1),
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If Qn(Xn +1)= Qn(Xn — 1), then take Mn+1 = En

Let X1 = X5 + nny1.

Let 7,41 be distributed as 1 plus ¢(Q, (X, +1) + P(L)).

Let Th41 =Th + Tt

For every k € Z \ {X;+1} such that Q,, (k) # *, take Q,41(k) to be distributed
as 0, (k) + P(Aty41), independently for each k.

o If 0,(X,+14+3n,) =*thenlet Q,41(X,+1+3n,) be distributed as P (ATy,+1).
e Set Op4+1(Xnt+1) =0.

Note that Q,(X,) =0 for all n, and T, = > >}_, w. If a, = minp<;<, X,, and
by = maxo<j<u Xy, then at time 7}, all the queues in the interval [a,, b, ] have been
visited at least once, the server has inspected the length of no queue outside the
interval [a, — 1, b, + 1], and, by construction, Q,(x) # * for x € [a, — 3, b, + 3],
so the process tracks the queue lengths within distance 3 of the queues visited so
far.

For n € Z., define the o-algebra F,, := o (Wy, &, V1, &1, ..., ¥Y,,&,). Forn €
N, clearly both 7, =T,, — T,,—1 and n, = X, — X,,—1 are J,,-measurable, but it is
important to observe that X,,+; and 1,4 are also F,-measurable. Thus (X, n,)
is J,,_1-measurable. Note that 7,, > 1, a.s., so that T,, > n, a.s.

Let N; :=max{n € Z4 : T, <t} denote the number of times that a queue has
been emptied by time ¢. Since 7,, — oo a.s., we have N; < oo a.s. forall t € Ry;
indeed, N; < Ty, <t, a.s. Moreover, N; is nondecreasing in t. Note Ty, 11 > t.
Thus if Ny - N < 0o, we have Ty = oo which contradicts T,, < oo for all n;
hence N; — oo a.s. as t — o0.

Observe that Xy, is the most recent queue that was emptied prior to time ¢, and
X n,+1 1s the next queue to be emptied after time ¢. Also, Ty, <t is the time at
which the most recently emptied queue was emptied. It follows that we have for
the server’s location S(¢) the representation

XN, +1 ift =Ty, > 1,

2.1) S(t) = )
XN, + @ —Tn)(XN,+1— XN,) ift =Ty, <1.

We end this section by outlining the main steps in the proofs of Theorems 1.1
and 1.2, and some of the underlying intuition. The first key ingredient is that t,
and T}, exhibit doubly exponential growth (see Propositions 4.1 and 4.2). This very
rapid growth in the time-scales suggests an effective memorylessness for the sys-
tem: the configuration of the discrete-time system more than one or two time-steps
ago is not important. This provides the intuition behind the second key ingredient,
which is establishing (in Proposition 5.1) that the turning probability converges:

1
(2.2) Pmns1 # 0n | Fua1) — Z a.s.

Some rough heuristics behind this result are as follows. Because of the double-
exponential growth, when the server arrives at a queue, the size of the new queue
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is about the same as the neighbour ahead of it, whereas the queue behind is essen-
tially empty. In order for the server to backtrack, two conditions must be satisfied:
the difference between the sizes of the queues ahead and behind must (i) reach zero
before the current queue is emptied, and (ii) be negative when the current queue is
emptied. The probability of (i) is close to 1/2, and when (i) occurs the conditional
probability of (ii) equals 1/2, hence the 1/4.

The convergence of the turning probability at (2.2) means that the server’s
motion is asymptotically similar to the Gillis-Domb—Fisher correlated random
walk [3]. In fact, more than convergence in (2.2) is necessary: we need a bound
on the rate of convergence with n. Fairly rough estimates are enough, due to the
double-exponential growth of the time-scales. The double-exponential growth is
also the origin of the iterated logarithm in Theorem 1.2; the precise value of the
constant comes in part from the value of (2.2). A technical device central to the
proofs of both theorems is the construction of a function f (X, n,) of the process
that is close to a martingale.

The outline of the rest of the paper is as follows. Section 3 collects some results
on the random variables ¢ (k) that we will need in our analysis. Section 4 contains
the key estimates on the growth of 7, and 7;,. Section 5 contains the convergence
result for the turning probability. Section 6 contains the martingale construction
that allows us to complete the proofs of Theorems 1.1 and 1.2. Finally, the Ap-
pendix collects a couple of auxiliary results used in the analysis.

3. The critically-loaded queue. Let (Z;,r € R;) be a continuous-time sym-
metric simple random walk on Z with jump rate 2, that is, for every x € Z, for all
te R+,

P(Ziyh=xx1|Z; =x)=Ah+o0(h),

as h — 0. Suppose that Zg = k € Z and let { (k) :=inf{t > 0: Z, = 0}, the time
to reach O started from k. Note that up until ¢ (k), Z; is distributed as the number
of customers in an M /M /1 queue with arrival rate and service rate both equal
to A € (0, 00); so ¢ (k) is the time to empty such an M /M /1 queue, started from
k € Z initial customers, as described in Section 2.

First we collect several straightforward results about ¢ (k) that we need in the
rest of the paper.

LEMMA 3.1. (a) For k = £ >0, ¢ (k) stochastically dominates ¢ (£).

(b) Forany a € (0,2) and c € (0, 00) there exist ¢ > 0 and k| € N such that
P(z (k) < ck®) <exp{—k®} forall k > ky.

(c) Forany B € (2,00) and c € (0, 00) there exist € > 0 and ky € N such that

P(¢(k) = ckP)<k™®  forallk > k.
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Before proving this lemma, we make some observations. Suppose Zg =k € Z .
Then we can represent ¢ (k) as

3.1 Ck)y=Y1+---+ Y,
where
Yi=inf{r >0:Z;,=j -1} —inf{r >0: Z, = j}.
Note that, by the strong Markov property and the spatial homogeneity of the ran-

dom walk, the Y; in (3.1) are i.i.d. copies of ¢(1).
It is well known that for k € N, ¢ (k) has density

k
few) := L 2au)e™  foru > 0;
u

see, for example, Sections II.7 and XIV.6 of [8]. Here, I is the modified Bessel
function of the first kind:

o (/2P

Jj=0

In particular, the density of (1) is

(32 f:=filw)= l11 Qru)e M = w2 4 05,
u

2/ A
as u — 00, using the asymptotic expressions of [20], page 203. Note that f(u) >
0 for all u € (0, 00). Let F(u) :=P(¢(1) <u) and F(u) :=P( (1) > u). Then,
by (3.2),

(3.3) Flu)= /OO Fvydv =

as u — Q.

1 u—1/2+0(u—3/2),
TA

PROOF OF LEMMA 3.1. For 0 < ¢ <k, the representation (3.1) gives ¢ (k) >
¢ (£) in the obvious coupling, so we get part (a).
For part (b), we use (3.1) and the fact that ¥; > 0 to write

P(¢(k) <r) < ]P’(lrgiék Y < r)

k
=P<ﬂ{Y,- < r})
j=1

= (1 — (A(1 4 0(1))r)” /3,
as r — 00, by (3.3). In particular, taking r = ck® with ¢, o > 0 gives

P(¢ (k) < ek) < (1= (whre(1+o(D)k) ™),
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as k — o0, so that
log P(£ (k) < ck®) < klog(1 — (rrc(1 + o(1)k*) /) ~ (i)~ 1/2k!~@/2),

which gives part (b).
For part (c), let p € (1/B, 1/2). Note from (3.3) that the Y¥; appearing in (3.1)
have E(YJP ) < C for some C < oco. Then by subadditivity of the function y >

y? we have from (3.1) that E(¢(k)?) < ZIJ‘-ZI E(Y}’) < Ck. Hence, by Markov’s
inequality,

P(¢(k) > ckP) =P(¢ (k)P > cPkPP) < CcPi! PP,
which, by choice of p, gives part (c). U
_ Let @ be the distribution function of the standard normal distribution, and let
®u):=1— ®(u) for u € R. We say that S has a Lévy distribution with location

parameter O and scale parameter 1 (see [14], Section 1.1) if S € R has distribution
function given by

(3.4) Fsu):=P(S<u)=2®u""?)  foru>0.
Note that the density fs(u) := F é (u) corresponding to (3.4) is

1
V21

LEMMA 3.2. Let S be a random variable with the distribution given by (3.4).
There exists a constant C € Ry such that, for all k € N,

u_3/ze_”71/2 for u > 0.

(3.5) fs(u) =

sup [P(k~2¢ (k) <u) — FsQau)| < Ck™'.

uelR

PROOF. For the purposes of this proof only, we take Zg = 0. Let D :=
D(R4, R) denote the space of functions from Ry — R that are right continuous
and have left limits, endowed with the Skorokhod metric. Define for m € N,

@) i =m~ Y%7,  fort>0.

Then z,, € D for each m € N. Let (b(¢),t € Ry) denote standard Brownian mo-
tion started at bg = 0. The invariance principle for continuous-time random walks
implies that as m — 00, z,, = ~/2Ab in the sense of weak convergence on D (one
may apply Theorem 7.1.4 of [7], pages 339-340, for instance).

For z € D, let o (z) :=inf{t > 0: z(¢) > 1}. For Brownian motion, we have that
o(b) =inf{r > 0:b(r) = 1} as., and, for any & > 0, supy<;<;p)— b(s) < 1, as.
Thus the set of discontinuities of the mapping z — o (z) has measure zero under
the measure induced by Brownian motion (see Section 5.7.5 of [21]). So by the
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mapping theorem (see, e.g., Theorem 2.7 of [1]) we get a(2n)~12z,) —d> S:=

o (b) (where —d> denotes convergence in distribution). Here,
o (20 "V22,) =inf{t > 0: Z,; > v/24m}
=m~Vinf{s >0: Z; > 14 [v2um])
L= c(1+ [V2am)),
where < denotes equality in distribution. Setting k = 1 + [+/2Am] € N, we have
that 2)»/k2 =m 14+ O(m_3/2) so that, as k — oo,

2\ d
(3.6) k—zg(k) — S.

The reflection principle for Brownian motion (see, e.g., [6], page 372) shows that
P(S > u) =1 —2P(b(u) > 1) =2d(u"/?) -1,

so S has the distribution given by (3.4).

It remains to estimate the rate of convergence in (3.6). By (3.3) and Theo-
rem 2.6.7 of [11], we have that ¢(1) is in the normal domain of attraction of a
positive stable law with index 1/2. Indeed, S is stable with index 1/2 since, by the
scaling and strong Markov properties of Brownian motion, for any m € N,

s inf{r > 0:m~'b(m*) =1}
=m™%inf{t > 0: b(r) = m)}
Lm=2(S) +- -+ Sw),

where the S; are independent copies of S. Thus we can apply results on the rate of
convergence in the stable central limit theorem for the sum in (3.1). First note that,
by Taylor’s theorem,

-1/2 / -1/2 Q") -3/2
o) =) + @' Ou '+ —=u + 0w
_ 1 + L,fl/Q + 0(u’3/2),
2 2
as u — 00. Thus if Fg(u) := 1 — Fs(u) we have from (3.4) that

L i —32
—u + O(u ,
= (@™"7)

as u — 0o. Combining (3.7) with (3.3), we have that
|F(u) — Fsau)| = O (u?).

(3.7) FsQau) =2®(au)~Y?) - 1=
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This condition enables one to verify standard “pseudomoments” conditions for
Berry—Esseen bounds in stable limit theorems. Indeed, setting H (1) = F(u) —
Fg(2Au) and

’

o0 o
W:/ u*dH(u) and W:f u|*|dH (u)
0 0

we have that v < oo and g = 0, so we may apply the results of [18] (which has
a statement but no proof), [15] (Corollary 1) or [4] (combine Theorem 3.11 of [4],
page 66, with Lemma 2.5 of [4], page 27). This gives the result. [J

4. Time-scale estimates. In this section, we study the asymptotics of 7,, and
T, . First we have a lower bound.

PROPOSITION 4.1.  Forany o € (1,2), Ty, > 1, > e for all but finitely many
n, a.s.

We also have the following upper bound.

PROPOSITION 4.2. For any B € (2,00), 1, < T, < e for all but finitely
many n, a.s.

REMARK. A rough calculation (cf. Lemma 5.2 below) suggests that we may
have
log T,

lim =y a.s.,
n—oo n

and the same for 7,. Here, y € (0, 00) is a random variable with representa-
tion y = Z?i] 2t log(AS;/2), where S1, S», ... are independent random variables
with distribution given by (3.4). To establish Theorems 1.1 and 1.2, however, the
bounds in Propositions 4.1 and 4.2 are sufficient (in fact, for Theorem 1.1, we need
only the lower bound).

We work towards the proof of Proposition 4.1. We start with a crude bound.
Here and elsewhere, “i.0.” stands for “infinitely often”.

LEMMA 4.3.  We have 1, > n>

i.0., 4a.s.

PROOF. We have from the description in Section 2 and Lemma 3.1(a) that 7,
stochastically dominates ¢(Q,—1), where Q,_1 := Q,_1(X,). Moreover, since
X, # X,_1, we have that the queue at X, is not being served between times
T,—» and T,_1, and in that time accumulates a Poisson number of arrivals with
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mean At,_1 > A, since 7,—1 > 1 a.s. Hence Q,_1 stochastically dominates a Pois-
son random variable with mean A, independently of ,,_, 7,—2, . ... Hence (1,),
stochastically dominates (Z,),, where Z1, Z,, ... are i.i.d. with

P(Zy >r)=P((P(A) >r)
>P(P(V) = P((1) > r)
> (1—e ) (mr(140(1))r)” "2,
as r — oo, by (3.3). In particular, anl P(Z, > n2) =00, and so Z, > n?1i.0., by

the Borel-Cantelli lemma, and hence the same is true of 7,. O

The next result gives conditions under which an a.s. lower bound for 7, that
holds infinitely often can be converted into a bound that holds all but finitely often.
LEMMA 4.4. Let by, by, ...€(0,00) and a € (1,2) be such that:

(1) lim,— 0 by = 00;
(ii) 1imn—>oo(ls7n+1/bg) =0;
(iii) 302, en < oo for every & > 0.

Suppose that P(t,, > b, i.0.) = 1. Then t, > b, for all but finitely many n, a.s.

PROOF. We have from Lemma 3.1(a) that, given JF;,, 7,41 stochastically dom-
inates ¢£(Q,,), where Q,, := 0, (X,;+1). Thus

P(tut1 < but1, T > bp) <P(E(Qn) < byt1, T > bn)
<P(Z(Qn) <bnt1, On = A10/2, Ty > by)
+P(Qn <A70/2, Ty > by).
Moreover, given 1,,, O, stochastically dominates P (At,), so that
P(tyt1 < bpt1, T > bp) <P(E(Qn) < bpt1, On = Ay /2)
+P(P(Aty) < ATy /2, Ty > by).

By another application of Lemma 3.1(a), we have

P(C(Qn) = bn+1’ Qn = )‘-bn/z) = P(g(l.)‘-bn/zj) = bn—H)
<P(¢(LAbn/2]) < [Abn/2]%),

for all n sufficiently large, since (i) and (ii) imply that b, 1 < |Ab,/2]% for n large
enough. Hence, by Lemma 3.1(b) and the fact that b, — oo, for some & > 0,

P(£(Qn) < bns1, On = Aby/2) <e ln,
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for all n sufficiently large. On the other hand,
P(P(ATy) < ATn/2, Ty > by) < sup P(P(hs) < As/2) <e %0,

s>by
for some § > 0, by standard Poisson tail bounds (see, e.g., [16], page 17). Com-
bining these estimates and using the fact that b, — oo, we get, for some & > 0,

e
P(th41 <bpt1, 1w > by) <e b",

for all n sufficiently large. Then by (iii) and the Borel-Cantelli lemma, we have
that {t,,11 < by+1, Tn > by} occurs only finitely often, a.s. In other words, for all n
sufficiently large we have t,, > b, implies 7,41 > b, +1, and since 7,, > b, i.0., the
result follows. [

We can now deduce the following lower bound, which, despite being far from
best possible, is an important step in proving Proposition 4.1.

COROLLARY 4.5. Almost surely, for all but finitely many n, t, > n>.

PROOF. We take b, = n? in Lemma 4.4 and apply Lemma 4.3. [0

The next result, showing that queues are rarely much shorter than we would
expect, will be used a couple of times.

LEMMA 4.6. Almost surely, for all but finitely many n, Q,(Xn+1) > A1, —
3/4
tn .

PROOF. Let Q, := 0,(X,+1). Let n € N. Then, given F,_1, O, stochasti-
cally dominates a Poisson random variable with mean At,. Thus

]P)(Qn < AT, — 73/4 | fn—l)
<P(P(Aty) <Aty — T/ 1y > 1| Fut) + P(ry <1 | Fu1)
<supP(P(rs) < As — s3/4) +P(t, <n|Fn-1)

s>n
<e™ +P(t, <n|Fn1),

for some ¢ > 0 and all n sufficiently large, by Poisson concentration (see, e.g., [16],
page 17). In particular, since by Corollary 4.5, 7, < n only finitely often, a.s.,
Lévy’s extension of the Borel-Cantelli lemma (see, e.g., [12], Corollary 7.20) im-
plies that ), - P(z, <n| F,—1) < oo, and hence

Y P(Qn <t — 1)/t | Fus) <00 as,
n>1

which gives the result. [J
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The next result gives the final ingredient in the proof of Proposition 4.1, and a
bound that we will use later.
LEMMA 4.7. Let o € (1,2). Then for some ¢ > 0,
P(ty+1 <17 | Fu) < e for all but finitely many n, a.s.
In particular, a.s., t,41 >t for all but finitely many n, and t,/t,4+1 — 0, a.s.
PROOF. Let Q, := 0,(X,+1). Let @ € (1,2). Given F,, we have from
Lemma 3.1(a) that 7,4 stochastically dominates ¢ (Q,). Hence
P(tar1 <70 | F)
<P(Qn < A1u/2| Fu) + P(Qn > A14/2,8(0n) < T, | Fa).
Here by Lemma 3.1(a) once more we have
P(Qn > 214 /2,£(Qn) < 7, | Fo) <P(E(AT0/2)) < T/ | F)
<exp{—[A1,/2]"},

for some ¢ > 0 and all n sufficiently large, by Lemma 3.1(b). By Corollary 4.5, we
have 7, > n? for all n sufficiently large, so since Q, and 1, are F,-measurable,

P(ta1 <70 | Fu) <HQu <ATa/2) e,

for all but finitely many . It follows from Lemma 4.6 that the indicator here van-
ishes, a.s., for all but finitely many n. The probability bound in the lemma follows.
A consequence of the probability bound is

ZP(‘L’n_H <t | Fp) <00 a.s.

n>1

Hence, by Lévy’s extension of the Borel-Cantelli lemma, 7,41 > 7,7 for all but
finitely many n. Moreover, Corollary 4.5 shows that 7, — oo and hence, for all
but finitely many n, 7, /7,41 < r,}_‘" —0. O

We can now complete the proof of Proposition 4.1.

PROOF OF PROPOSITION 4.1. Lemma 4.7 shows that there is some N with
IP(N; < o0) = 1 such that

4.1 Thtl > T, for all n > Nj.

Since (by Corollary 4.5) t,, — 00, a.s., we have tiy > e for some a.s. finite N > Nj.
Then iterating (4.1) we have Ty > e for all k > 0. Take @ € (1, @). Then

7N ~
Tn ze“n l{nzN}ze“n,

for all but finitely many #n, giving the result. [
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A posteriori, armed with Proposition 4.1, one can greatly improve
the probability bound in Lemma 4.7; as stated, however, it is adequate for its use
later in the paper.

The next result shows that 7;,/7,, — 1, a.s., and will be useful in the next section
as well as in the proof of Proposition 4.2.

LEMMA 4.8.  Almost surely, for all but finitely many n, Ty, /1, < 1 + e~

PROOF. Let a € (1,2). We have from Lemma 4.7 and Proposition 4.1 that
there exists N with P(N < oo) = 1 such that 7,1 > 7 and 7, > e?" foralln > N.
Set

N—1 %
K:=1+ max

lsm<N—1 " Tt
Then since 1 < 73 < 00, a.s., we have that K < oo, a.s. Now, forn > N,

1
n "
max

Tk
= max
I<m<n—1 Ty, I<m<n-—1

k=m Tk+1

n—1

A

N—-1
Tk Tk
max [[ — —1{m<N-1)

n—1
Tk
+ max H —1{m > N}.
1§m§n—lk:m Tk+1
For k > N, we have that 7 /7441 < tkl_“ <l1,soforanym e {N,...,n— 1},
n—1 n—1
T T Ty—
k < k < n—1
Hence, forn > N,

m
max — <K
I<m<n—1 Ty

It follows that, a.s.,

Tn—1

<Kt ¥

(v — n—1
¢ <Ke (a—1Da )
Tn

m — —
max -~ <Ke ¥ <e ™
1<m<n—1 Ty,

’

T,

n—1
—=1+Zr—m§1+n max ‘
Ty T

This completes the proof. [

I<m<n—-1 T, '

for all but finitely many n. Now the result follows from the fact that

We also need a complementary result to Lemma 4.6.
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LEMMA 4.9. Almost surely, for all but finitely many n,

0n(Xnt1) < A(1 +e7")1,.

PROOF. At time T,, the queue at X,, is emptied and the queues at X,, £ 1 are
inspected; let Q7 = O, (X, —1) and Qr = O, (X, +1). Then O, := O, (Xp+1) =
max{Qr, Or}. Suppose that the queue at X,, — 1 was most recently emptied at
some time 77 < T, and that the queue at X,, + 1 was most recently emptied at
some time Tg < T,. After the time at which it was most recently emptied, each
queue has been inspected a finite number of times, and, because the queue was not
served at any point after it was last emptied, on each inspection it was found to
be no larger than the queue to which it was being compared. Each such inspection
therefore (see Lemma A.2) stochastically reduces the queue length. Thus immedi-
ately before the inspection at time 7},, we have that Q7 is stochastically dominated
by P(A(T,, — Tr)) and Qp is stochastically dominated by P(A(T;,, — Tr)). It fol-
lows that Q,, is stochastically dominated by the maximum of two P (AT,) random
variables. Thus

P(Q = ATy + T,)/*) <2P(P(AT,) = AT, + T,/*).
Now, since T,, > n a.s., we get

P(P(AT,) = AT, 4+ T/%) < supP(P(hs) = As +s¥/4) <e™,

s>n

for some ¢ > 0 and all n sufficiently large, by standard Poisson tail bounds (see,

e.g., [16], page 17). Thus the Borel-Cantelli lemma implies that Q,, < AT, + T, n3/ 4

for all but finitely many 7, a.s. Lemma 4.8 shows that T}, < (1 +e~%")t, for all but
finitely many n, so

On <A1 4e7)g, + 20774,
Now, by Proposition 4.1, for all but finitely many #,
2034 =21, .1 <1, 67" < he 1,

which gives the result. [J
Now we can complete the proof of Proposition 4.2.

PROOF OF PROPOSITION 4.2. Let8 > 2andset Q, := O, (X, +1). Given F,,
Tp+1 18 distributed as 1 + ¢(Qp, + v) where v ~ P(X). Thus
P(tas1 > T | Fu) =P(1+(Qn +v) > T | Fy)

<P(QR0n)>TF —1,v< Q| F)) +P(v > O | F).
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We have by Markov’s inequality and Lemma 4.6 that

A2
P> Qy|Fp) < — < — <e ",
On ™ T
for all but finitely many #, a.s., by Proposition 4.1. On the other hand,
P(£2Qn) >TF —1,v< 0, | F)
<P(¢Q2Qu) >TF — 1,0, <20T, | F) + P(Q, > 24T, | F)
<P(¢([4rT,1) > TP — 1| F) + 1{Q, > 24T,
<T,°,

for some ¢ > 0 and all but finitely many #, a.s., by Lemma 4.9, Lemma 3.1(c), and
the fact that 7,, > t, — oo. Hence, since 7, > t,,, we have from Proposition 4.1
that a.s.,

P(TrH—l > Tnﬂ |Jtn) E e_nv
for all but finitely many n. It follows that 7,41 < Tnﬁ for all but finitely many n,

a.s. LetB > . Then Lemma 4.8 shows ~that Thy1 < 2T,,ﬁ < Tnﬁ, for all n > N with

P(N < oc0) = 1. It follows that 7, < T£ﬂ for all n. Since ,5 > 2 was arbitrary, the
result follows. [

5. Turning probability. For n € N, define
(.1 qn :=POn1 # 00 [ Fu1)-

The main result of this section is the following.

PROPOSITION 5.1. Let g := 1/4. Then there exists ¢ > 0 such that, a.s., for
all but finitely many n, |q, — q| <e™"" .

We work towards the proof of Proposition 5.1. We need the following result.

LEMMA 5.2. Let S be a random variable with the distribution given by (3.4).
Then, a.s., for all but finitely many n,

sup
uel0,e"]

]P’(z—" <u ]-",,1) - FS(ZM/A)’ <e

Tnfl

PROOF. We have from Lemma 3.1(a) that, given F,_1, 7, stochastically dom-
inates £(Qpn—1), where Q,,—1 := Q,—1(X},). It follows that for u € Ry,

P(Tn =< Mfr%_l | fn—l) =< IED(é‘(Qn—l) =< Mfr%_l | fn—l)

<P(L(Qn-1) Sut? y, Qnot = A1 — T4 | Fut)
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+]P)(Qn 1 S ATy— l_t 1|fn 1)

<P (Atamt — 1,0 ) S utd ) | Fac),

3/4
Tt

for all but finitely many 7, a.s., by Lemma 4.6. Write y,_1 := 7,1 — A~}
Then

P(Z ([AYn—1]) <ut?_y | Fu1)
<P([Ayn—1]7"%¢ (wn_u) <u(yno1 — D720 | Fusi)
< FsQur(Ayn—1 — 2 )—i—Cy

for some C < oo not depending on u or n, by Lemma 3.2. By Proposition 4.1, we
have y, _11 < e~ for all but finitely many n, while

14 dn

|Ayt — D21y —27%| < Cx) :

for all but finitely many n. Since the density of S in (3.5) is uniformly bounded,
Fs(2ur(hyu—1 — D212 |) < Fs(227'u) + Cue™",

for all u. Combining our estimates gives, a.s., for all but finitely many #,

(52)  P(oy<ut’;|Fu1) < Fs(2x7'u)+e > forallu €[0,e"],

which is one half of the required result.
For the corresponding lower bound, we have that, given F,_1, 1, is distributed
as 14+ ¢(Q,—1 4+ v) where v ~ P(A). Then, by Lemma 3.1(a),

P(t, <ut’ || Fu_1)
ZP(1+§(Qn—1+L J)<UT ]aU<en|fn—l)

P(£(Qn-1+]€"]) < ut? | — 1| Fn 1) —=Pv>e"| Fuor).

By Markov’s inequality, P(v > e" | .7:,,_1) < xe . Let E, = {0, < A1 +
e_S”)tn}. Then we have that

IP)(é‘(Qn—l‘i‘|_enJ)<l4"5 1_1 Eyp 1| Fne 1)
> P (A1 +e " D)g [+ ["]) <ut? | — 1| Faut) — LES_)
>PE (M1 4+ Mg +e|) <ut? | — 1] Fuo),

for all but finitely many #, a.s., by Lemma 4.9. Set y,—1 = (1 + e_s(”_l))tn_l +
A~ le". Then

P(¢(LAyn—1]) <utp_y — 1| Fuzi)
> P(Ayn—1)"2¢([Ayn—1]) <272y, 1(MT = 1) Fac1)
= P2y, 2 (el — 1)) — e,

<e
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for all but finitely many n, a.s., by Lemma 3.2 and Proposition 4.1, since y,,—1 >
T,—1. Proposition 4.1 also shows that y,—1 > t,—1 > e?" and

—4n
T, 1>1—e ,

1>y, 1

for all but finitely many #, a.s. Thus
Fs(24" "y, 2wy = 1))

> Fs(227tu — 227 tue™* — 257 1e ™)
> F5(2)Flu) —e

provided u € [0, "], using the fact that the density of S given by (3.5) is uniformly
bounded. Combined with (5.2) this completes the proof. [J

The origin of the value 1/4 in Proposition 5.1 is the following fact.

LEMMA 5.3. Let S be a random variable with the distribution given by (3.4),
and let Z be a standard normal random variable, independent of S. Then

1
P(ZV/S > 1) = T
PROOF. Recall thglt & denotes the distribution function of the standard normal
distribution, and that ®(u) := 1 — ®(u). Observe that
p=P(Z>S"V)=E[P(Z> S| )] =EdD(S"/?).

Here ® : R — (0,1) is a strictly decreasing, continuous function with
limy— _oo P(x) = 1 and limy s 4 5o ®(x) =0, so @ has a strictly decreasing in-
verse ®~!:(0,1) - R, which is positive on (0, 1/2) and negative on (1/2, 1),
and

p= / 2y > u)du

1/2
(5.3) - f P(S > (3~ () "2) du

12 _

= Fs((® () ™?) du

where Fs(u) :=1— Fg (u) for u € Ry. Now applying the formula in (3.4) we get
Fs((@ ') ) =1-20(d ' (u)), so that

1/2 1
p=/ (1—-2u)du =,
0 4

as claimed. O
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REMARK. As pointed out by the anonymous referee, a more elegant proof

of Lemma 5.3 goes by observing that Z 24 S, so that, for Z;, Z, independent
standard normal random variables, P(Z+/S > 1) = P(Z; > |Z»|), which is the
probability that a bivariate normal random variable lies in the quadrant {(z1, z2) :
|z2] < z1}. However, we present the argument via (5.3), since it will be used in the
proof of Proposition 5.1 below.

Now we can complete the proof of Proposition 5.1.

PROOF OF PROPOSITION 5.1. Given F,,_1, we have that Q,,_1(X,,—1) =0 at
time 7,1, and the server then heads to X,, = X,,_1 + n,,. At time T},, after serving
the queue at X,,, the server inspects the queues at X, & 1.

First we obtain an upper bound on g,, the probability that the server changes
direction. We have

gn = P(Qn(Xn —Mn) = On (X +1n) |-7:n—l)-

Note that Q,,—1 (X, — n7n) = Qn—1(X,—1) =0, that is, the queue at X, — n, was
empty at time 7;,—1. Thus Q, (X, — n,) is Poisson with mean A times t, = T, —
Tyh—1.Set vy := Q0 (X, — ).

The queue at X, + n,, which is neither X,, nor X,,_1 = X,, — n,, was, prior to
time 7}, last inspected by the server no more recently than at time 7;,_»> (when the
server decided to move to X, _1). Thus the number of customers at the queue at
time 7, is at least v, + v,/ where

V= Qn(Xp + 1) = On—1(Xn + 1)
and
V= On—1(Xn + 1) = Qn-2(Xn + 1)
note that these are well defined since | X,,—» — (X, + n,)| < 3. So we have
gn <P(va = v, + v, | Fact),

where v, ~ P(At,) and v}, ~ P(At,) are both F,,-measurable, and are condition-
ally independent given t,, and v, ~ P(At,_1) is F,_i-measurable. Define

Zn = (1) (0 — M)
Z) = () V(v = a);
Z = ()»1',,_1)_1/2(1),/1’ — ATy—1).
Then we get
Gn <P(Zn = Zy+ (i1 /) P2y + 2P0 Py | Fuc).
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Hence, writing W,, := Z,, — Z,, we have
Gn <P(Wy 22201 P — e | Fumy)
(5.4) +P(1Z) | (/w2 z 7" | Fumi),
where, for p € (0, 1/2),
P(|Zy (@t /t)'? z 7" | Fyi)
<P(Z)| =) | Fao) + P(ry < 7,570 | Foe 1)

Since Z, is JF,—_i-measurable, we have that P(|Z)| > 7, | | Foe1) =
1|z > r _1}- We show that this event occurs only finitely often. Set ]-' _y =

o (Fn—2, Th—1); note that v; (and hence Z))) only depend on ]-";_2 via T,—1. We
have that

P(1z)| =< | FF ) <P(Z)| =1 | tumr =0 | FS ) + Y1 <n}
<P(Z)| =" | tam1 =0 | F ),
for all but finitely many #, a.s., by Proposition 4.1. Now
P2 = 7yt 20 | FL)
=P(v; — At | =220 s =0 | B

< supP(|P(hs) — As| = a1/ 2s1/DHP)

s>n

&

<e™

for some ¢ > 0 and all n sufficiently large, by Poisson concentration (see, e.g., [16],
page 17). So we conclude that }°, -, P(1Z)| > 2 ]__+ ,) <00, a.s., and, since
{1Z)] = r _1}EF 1, Lévy’s extension of the Borel-Cantelli lemma implies that
|Z)| < tn71 for all but finitely many n, a.s. On the other hand, we have from

Proposition 4.1 that a.s., for all but finitely many 7, ‘L’r}j_lz Pe2n < 7' |, provided

that we choose o € (1 + 2p, 2). Hence by Lemma 4.7 we have for some ¢ > 0,
a.s.,

P(fn = TH_ZP 2n | Fn— 1) <P(fn = 01_1 |fn—1) fe_nsa

for all n sufficiently large. Combining these estimates, we get that for some ¢ > 0,
a.s., for all but finitely many n,

(5.5) P(|Z)|(taet /) /2 = 7" | Fumg) <7
Thus from (5.4) with (5.5) we see that, a.s., for all but finitely many 7,
(5.6) Gn <P(Wy = 2120 1Py —e " | Fumy) e
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For u e R, write G,,(u) :=P(W,, > u | t,). Set S, := rn/r,%_l and, as above, set

F | :==0(Fu—1, tn). Then we have
P(W, > A28, 12 —e™ | Fuy)
=E(P(Wy = 225712 — e | FE) | Fac).
Since W, depends on F, | only through 7, and S, is 7, -measurable, we have
P(W, > 2128712 — e | FF ) = G, (W 128712 — ).

Since W,, = (A1) /2 (v, — v;) we have from Lemma A.1 and the fact that 7, > 1
that

Gu(u) < ®w/vV2)+ Ct;log(1 +1,)  as.,
for all n and all u € R. It follows that
P(W, > )LI/ZSn—l/2 e | Fui)
=E(G, (A28, 12 —e™) | Fur1)
<E(@1V28,12 /N2 —e™) | Fuoi)
+ CE(z, P log(1+ 1) | Fu),
for all n sufficiently large. Here we have, since t, > 1, for o € (1, 2), a.s.,

E(r; " log(1 + 1) | Fut)

(5.7)

(5.8) ) a3 e .
<P(tpn <ty | Fao1)+1, | <e " +e",

for all but finitely many n, by Lemma 4.7 and Proposition 4.1. Moreover, since the
standard normal density is uniformly bounded, we have that for some C < oo and
allu eR, ®P(u —e™) < dP(u) + Ce™". Thus, for some ¢ > 0, a.s.,

(5.9) P(W, = 2Y28712 —e™ | Fut) <E(O(WY2S, V2 /V2) | Fust) 77,

for all but finitely many n.
Similar to (5.3) we have

i} 172 _
E(® (12812 //2) |fn,1)=/0 P(S, = A(D " () 2/2 | Fu_1) du.

Set a, := ®((r/2)!/%e7"/?); then a, € (0,1/2) with a, — 1/2, and
A(CD_l(u))_Z/Z € [0, ¢e"] for u € (0, a,). Thus, by Lemma 5.2,

E(D(/28,12/v/2) | Fuma)
an _ _ 1
(5.10) < fo (Fs(@7' ) ) +e ) du 5 — ay

<qg+e 4 Ce 2,
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by (5.3) and the fact that the standard normal density is uniformly bounded; here,
q = 1/4 is the probability in (5.3) and Lemma 5.3. Combining (5.6), (5.9) and
(5.10) we obtain g, < g 4+ e~ for all but finitely many n, a.s.

Now we obtain a lower bound on g,. In addition to vy, v,, v, defined above,
also define v, := Q,_2(X,, +np). Then v, is Fp_1- measurable Wlth W, and Z/
as defined above we have

an = P(0n(Xn — 1) > On(Xn + 1) | Fut)

P(vy > v, +v, +v," | Faz1)

=P(Wo > (muo1/w) 22y + 2120, Py 427 P 20 Fy)

> P(W, > 2P0 Py e 07 P VA F)
—P((ta-1/m) 2|2} z &7 | o).

Applying (5.5), we see that a.s., for all but finitely many #,
gn =P(W, > A2 120, e a7 V2 2 ) —e "
>P(W, > 220 V20, +2e7 | Fuo)

—IP’( 1/2 1/2 /// —n |]_—n_1) _e—ns.

Here we have that, a.s., for all but ﬁnitely many n,
]P’( 1/2 1/2 "M~ o—n |]:n—1)

sP(v”M‘/Z e 1 Fact) + Pt <7, | Fc)
S 1{1),/1// Z)\‘l/zl_’file—n} +e—n5’

by Lemma 4.7. By Lemma 4.8 and Lemma 4.7 again, we have that a.s., for all

2/3

but finitely many n, T,,—» < 27,7 and 7,2 < 7,7}, so, by Proposition 4.1, since

/12 _,
T, e — oo,

kl/zrjﬂe_” = Al/zr,;flze_”r,fﬁ > 20T, _»
Thus, a.s., for all but finitely many 7,

(5.11) 1! =22 e < 1 = 20T, 1)

The queue at X, 4+ n,, which is neither X, nor X,,_; = X,, — n,, was, prior to time
T,, last inspected by the server no more recently than at time 7,,_», at which point
the server decided to move to X, (and not X, + 1,). Thus v, is stochastically
dominated by P(AT,,—>), so

P(v)" > 2AT,—2) <P(P(ATy—2) > 21T, _2)
P(P(As) > 2Ms),

< sup
522
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using the fact that 7,,_, > n — 2, a.s. Then by standard Poisson tail bounds (see,
e.g., [16], page 17) we have that this last quantity is bounded by e =" for some
8 > 0 and all » sufficiently large. Hence the Borel-Cantelli lemma shows that the
indicator random variable in (5.11) is a.s. equal to O for all but finitely many #.
Thus, a.s., for all but finitely many 7,

P2 120" > e | Fuly) < e,
It follows that, for some ¢ > 0, a.s., for all but finitely many n,
gn > P(W, > kl/z‘rn_l/ztn_l +2e7" | Fuot) — e,

The estimation of the main term here proceeds in a similar way to in the upper
bound. Similar to (5.7) and (5.8) we have that

P(W, > Al/zrn_l/zrn_1 +2e7" | Fuo)
> E(O(28, V2 N2+ 2e7") | Fyet) —e ™

> E(@(AV28, 12 /N2) | Fuot) — Ce™ —e™.

Finally, similar to (5.10), we have
— an  _ _
E(®(12S, 122 | Fact) = [ (Fs((87 ) ) - )
0

>q— e—2n _ Ce—n/Z,

n

and this gives g, > g — e~ °, as required. [J

6. Proofs of theorems. With ¢ = 1/4 as appearing in Proposition 5.1, set
a:=12=2To prove Theorem 1.1, we consider the function defined for x € Z
andi € {—1,+1} by

fx,i):=x+al{i =1}.

We consider Y, := f(X,, n,) for n € N; recall that (X,,, n,,) is JF,,—1-measurable.
Note that, for all n € N, | X;, — Y, | < a. The next result describes the increments of
Yy, and, in particular, shows that it is close to a martingale.

LEMMA 6.1. Let g, be the JF,_i-measurable random variable defined
in (5.1).

(a) We have that, for all n € N,

(6.1) [Yus1 — Yul <3 as.
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(b) There is a sequence 8, of nonnegative J,_1-adapted random variables such
that

(6.2) |E(Yn+1 - Y, |]:n—1)| <éy a.s.,

for all n > 1, and, for some € > 0, 8, <e™ for all but finitely many n, a.s. In
particular, ), 8, < 00, a.s.
(c) We have

(6.3) E((Yag1 =Y | Fac1) =1+48g,  as.

PROOF. Forx eZandi € {—1,+1}, define
AT (x, i) = f(x+i,0) — f(x,i)
and
A (x,i):=f(x —i,—i)— f(x,i).
Then since X,,+1 = X, + nn+1, we have that
6.4)  Yoip1 =Yy =A% X, 0) Uit = 0} + A7 (X, 1) U1 # 1)
Note that A" (x,i) =i and
A", i)=—i+al{i=—1} —al{i=1} = —i — ai.

Thus from (6.4) we have |Y,+1 — Y| =1+ al{n,+1 # n,} <3, a.s., giving (6.1).
For g, the F,_-measurable random variable defined in (5.1), we have from (6.4)
that

EYyp1 =Y | Fi) =01 - Qn)A+(Xna ) + gn A~ (Xn, Mn).

Since A*(x, i) are uniformly bounded, we have from Proposition 5.1 that there is
an F,_-adapted sequence &, with 8, := |e,| < e for all but finitely many n,
such that

(1 —g) AT (0, i) + g A (x, ) = (1 = @) AT (x, i) + g AT (x, i) + &n.
Here we have that
(1 =) AT (x, i) +gA™(x, i) = (1 = q)i +q(—i —ai)
=1 -2q)i —aqi =0,

for all x and all i, by choice of a. This gives (6.2).
For the second moment, note that, by (6.4),

E((Yps1 — Y2 | Fuo1) = (1= g) (AT (X, 10))* + gn(A™ (X 1))
Here (At (x,i))>=1and (A~ (x,i))> = (1 +a)?> =9, and (6.3) follows. [
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The proofs of our two main theorems will use the following martingale decom-
position. Set 8, := E(Y,,+1 — Y, | Fn—1) for n € N. Note that, by (6.1), |6, | <3, a.s.
As in Doob’s decomposition, forn > 1 let A, := Zl’.‘:_ll 0;,andset M,, =Y, — A,,
so that

E(MrH—l - Mn | ~Fn—l) = E(Yn-i—l - Yn | -Fn—l) - (An+1 - An) = 911 - en =0.
Thus M, is an F;,,_1-adapted martingale (n > 1), and
(6.5) My — My,| < |Yn+1 =Yl + |9n| <6 a.s.

Note that |0, | < é,, a.s., where anl dn < 00, a.s., by Lemma 6.1(b).

PROOF OF THEOREM 1.1. We have that M,, is a martingale with uniformly
bounded increments, by (6.5). Theorem 5.3.1 of [6] says that M,, either oscillates
(liminf, ;o M, = —o0, limsup,,_, ., M,, = 4+00), or converges (lim,_, oo M, —
M € R). Suppose that M;, — M. Then

n—1 oo

limsup|Yn|5|Moo|+limsup2|9,-|§|Moo|+28,-<oo a.s.
But since |Y,,| > | X,,| — a, this contradicts Kurkova and Menshikov’s result (1.1),
which says that limsup,,_, . | X, | = 00, a.s. Thus we must have that M,, oscillates,
a.s. Then since sup,,~.; |A,| < 0o, it follows that Y;, oscillates, and hence X, oscil-
lates. Since X, € Z satisfies | Xn+1 — Xn| =1, and it oscillates between —oo and
400, we must have X,, = x i.o0. for every x € Z. Hence, a.s., for every x € Z, the
set {r > 0: §(¢) = x} is unbounded. The result extends to all x € R by continuity
of the server’s trajectory. [J

Now we turn to the proof of Theorem 1.2. The next result is essentially an
inversion of Propositions 4.1 and 4.2.

LEMMA 6.2. We have that

. Ny 1
lim = — a.s.
t—oologlogr  log?2

PROOF. Leta € (1,2). Since N; — o0 a.s., we have from Proposition 4.1 that
a.s., for all ¢ sufficiently large,

Ny
t>Ty, >e*

It follows that loglogt > N, log« for all ¢ sufficiently large. Hence

1
lim sup <
t—oo loglogt ~ loga

a.s.
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Since « € (1, 2) was arbitrary, we get

. 1
limsu

p <— a.s.
t—oo loglogt ~ log?2

On the other hand, for 8 > 2 we have from Proposition 4.2 that a.s., for all ¢
sufficiently large,

Ni+1
t<Ty<ef”

It follows that loglogt < (N; 4+ 1) log 8 for all ¢ sufficiently large. Hence
1

liminf ! > a.s.
1—oo0 loglogt ~ logp
Since B > 2 was arbitrary, we get
1
liminf a.s.

>
1—oo0 loglogt ~ log2

Combined with the lim sup result, this gives the statement in the lemma. [J
Next, we have an iterated logarithm law for X,.

LEMMA 6.3. We have that

. +X,
lim sup

N JorToglogn

PROOF. First note that
E((Myy1 — My)* | Fuet) = B((Yg1 — Yo — 00)% | Fuci)
=E((Yps1 — Y)? | Fuct) — 67,

where, by Lemma 6.1, |6, | < §, a.s., and both §,, and 8,% are a.s. summable. Thus
from (6.3) and Proposition 5.1, we have that

E((Mys1 — Mp)* | Fuct) =14+8q +e,  as,

where £ := ), - &, has |¢] < 00, a.s. Since g = 1/4, it follows that

(6.6) spi=Y E((Mig1 —M)* | Fic) =3n+e+o(l)  as.

i=l
The conditions (6.5) and (6.6) show that M,, and —M,, each satisfy the martingale
law of the iterated logarithm [19], yielding

. M,
lim su

e —
n—>oop /6nloglogn

a.s.
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Since | X, — Y, | <a and |6,| < §,, we have that

o0
sup|M,,—X,,|§a+sup|Mn—Yn|§a+26n<oo a.s.
n n

n=1

Thus the iterated logarithm law for M,, transfers to X,. [

PROOF OF THEOREM 1.2. Since N; — oo as t — oo, Lemma 6.3 shows that
) Xy,
lim sup

t—00 «/N[ IOgIOgNt -

Combining this with Lemma 6.2 gives

a.s.

) +Xu, 6
lim sup =
t—o0o +/loglogtloglogloglogt log2

We have from (2.1) and the fact that | X,,+1 — X,,| =1 that

a.s.

S() >min{Xy,, Xy, 41} > Xy, — 1
and

S() <max{Xy,, Xn,+1} < Xn, + 1.
The result follows. [J

APPENDIX: AUXILIARY LEMMAS
Recall that ® denotes the distribution function of the standard normal distribu-

tion.

LEMMA A.1. Let k >0 and let v ~ P(x) and v ~ P (k) be independent.
Then there exists C € Ry such that, for all k > 0,

supUP’(K_l/z(v ') <u)— qD(u/«@)} <CA+x)""log2+«).
ueR

PROOF. Let u, :=«!/?logk. Then, by symmetry,
sup [Pk~ (v =) <u) — ®u/V2)|

u:lu|>uy,

= sup [P(k"2(v—v') > u) — du/V2)|

<P (v =) >u)+ O (ue /V2).

Here we have from standard Gaussian tail bounds (see, e.g., Theorem 1.2.3 of [6])
that ® (u, /+/2) = O(e ™), say, while, since v/ >0,

P(c 12 (0 =) > ue) <P(v > «2u) = 0(e™),
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by Poisson large deviations bounds (see, e.g., [16], page 17). The result in the
lemma will thus follow from the claim that there exists C € R for which

(A.1) sup \]P(K_l/z(v V') <u)— CD(u/ﬁ)\ < Crk ' 1ogk,
THUZIRS

for all ¥ > 2. It remains to prove (A.1).
By Poisson additivity, we can write

lx]
V—U/:Zsj—i—)/—]//,
j=1

where y, y’, &1, &, ... are independent random variables, each & j being the dif-
ference of two independent P (1) random variables, and y, ¥’ being Poisson

with mean « — [x] < L. Let S, := Y.\, &. Then E¢; = 0, E(¢?) = 2, and
E(|§j|3) < oo, so the Berry—Esseen theorem (see, e.g., Theorem 3.4.9 of [6],
page 137) implies that

(A.2) sup|P(Lxc] =128, <u) — du/V2)| < Ck 12,
uelR

forall « > 1.
First we prove one half of (A.1). Since y > 0,

Pv—' < u/cl/z) <P(S, —y' < ulcl/z)
<P(S¢ <uk'?+r)+P(y' =r),

for any r > 0. Here we have that

1/2
P(Se <ux'/?+7r) :P(LKJ_I/ZSK < (LIIE—J> u+ |_KJ_1/2r>.

Note that, by Taylor’s theorem,
1/2 1\ 1/2
(L) < (L"J * ) <1+cc,
Lk ] L]

for some C € Ry and all ¥ > 1. Thus, by (A.2) and the fact that the standard
normal density is uniformly bounded,

P(S, < ur 2 + r) < Du/vV2) + CxMu|+ Cx™V?r + Cx ™12,
for all # and all ¥ > 1. In particular, taking r = logx we have
P(Se < ur /2 +logk) < ®u/vV2) + Cx 2 logk for all u € [—u,, u,],

where C < oo does not depend on u or k. On the other hand, P(y’ > logk) <
P(P(1) > logk) = ok™hH by Poisson large deviations bounds (see, e.g., [16],
page 17). This establishes one half of (A.1).
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For the other direction, we have that

P(v —v' <ux'?) = P(S, +y <ux'’?)
>P(Se < urc'’? —r) =Py >r).

Taking r = logk, we get P(y >logk) = O (k') and, similar to above, we get

P(S, <ux'’? —logi) = ®(u/v2) — Ck Y?logk  forall u € [—u,, u,],

completing the proof of (A.1). U

Finally, we record the following elementary result.

LEMMA A.2. Let X, Y be random variables. Then for any x € R,

P(X>x|X<Y)<P(X >x).

PROOF. For x,y € R, we have

. 1 if x >
P(X < , zZY,
PX <x|X=y= oo ) e oy
(X <y — ifx <y.
P(X <y)

In any case, we have P(X < x | X <y) > P(X <x), and the result follows. [
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