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Abstract. We study the Ollivier—Ricci curvature of graphs as a function of the chosen idleness.
We show that this idleness function is concave and piecewise linear with at most three linear parts,
and at most two linear parts in the case of a regular graph. We then apply our result to show that
the idleness function of the Cartesian product of two regular graphs is completely determined by the
idleness functions of the factors.
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1. Introduction and statement of results. Ricci curvature plays a very im-
portant role in the study of Riemannian manifolds. In the discrete setting of graphs,
there has recently been much active research on various notions of Ricci curvature
and its applications.

In [10] Ollivier developed a notion of Ricci curvature of Markov chains valid on
metric spaces, including graphs. According to this notion, an idleness parameter,
p € [0,1], must be set in order to obtain a curvature k,. Ollivier considered idleness
0 and %. Idleness £ has also been considered in [13]. For graphs Ollivier’s notion
for idleness 0 has been studied further in [1, 2, 3, 6, 12]. In [11] Ollivier and Villani
considered idleness ﬁ, where d is the degree of a regular graph, in order to investigate
the curvature of the hypercube. In [5] Lin, Lu, and Yau introduced a modified version
of Ollivier—Ricci curvature, which they defined to be the negative of the derivative of
kp at p = 1; see (1.1).

We will show that for a regular graph the following holds:

d+1

1= K_1_.
2 d d+1

K=2K1 =
Therefore some of these different notions of curvature are related to each other by
scaling factors.

In [1] Bhattacharya and Mukherjee derived exact expressions for Ollivier—Ricci
curvature for bipartite graphs in the special case of idleness p = 0 and for graphs
of girth at least 5. They used this result to classify all graphs with ko = 0 for all
edges (called “Ricci flat” in their paper) and girth at least 5. There is a small overlap
in this paper between some of our methods and theirs (for example, they discussed
the existence of integer-valued optimal Kantorovich potentials in the special case of
vanishing idleness (p = 0)).
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OLLIVIER-RICCI IDLENESS FUNCTIONS OF GRAPHS 1409

To the best of our knowledge the global piecewise linear structure of the function
p — Kp has not yet been established, and the only concrete examples in the literature
where the full idleness function is computed are the hypercube and complete graphs
[5]. However, some properties of this function have been discussed. In [5] it was shown
that the idleness function is concave. It was shown in [8] that x, is linear close to
idleness p = 1, and in [14] that x, is linear if a certain condition is satisfied (see the
introductory part of section 5).

Throughout this article let G = (V, E) be a locally finite graph with vertex set
V and edge set F and containing no multiple edges or self-loops. Let d, denote the
degree of the vertex x € V and d(x,y) the length of the shortest path between two
vertices x and y, that is, the combinatorial distance. We denote the existence of an
edge between x and y by = ~ y.

We define the following probability measures pu, for any z € V, p € [0, 1]:

P if z =1,
1 —
ph(2) = Ptz o,
xr
0 otherwise.

Let W3 denote the 1-Wasserstein distance between two probability measures on V/
[15, page 211]. The p-Ollivier—Ricci curvature of an edge x ~ y in G = (V, F) is

rp(@,y) =1 = Wiph, piy)-

Ollivier-Ricci curvature has also been defined for arbitrary pairs of vertices (not nec-
essarily adjacent vertices) [10], and it is known that
inf ky(z,y)> inf k,(x,y).

z,yeVv p( y) T ozyeV p( y)

7Y Ty
In this paper we consider only curvature on edges, since these are the discrete ana-
logues of tangent vectors, i.e., of infinitesimal directions.

Lin, Lu, and Yau [5] introduced the following Ollivier—Ricci curvature:

. Fp(,y)
K(z,y) Zzljlinl I{j-

Note that their notion of curvature does not have an idleness index, and is thus
distinguished from the idleness function p — k,(z,y) in this paper, which we call the
Ollivier-Ricci idleness function. We will show that x,(z,y) = (1—p)k(z,y) for all p €

iy 1) and that
2
o(a.9) < Kla9) < Rolls) + i
Observe that
(1.1) ay) = — 2| wplay).
op

Next we give some examples of graphs and their Ollivier—Ricci idleness functions
at a particular edge x ~ y.

Ezxamples.  The following is the 1-path and a plot of the corresponding idleness
function:
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1
kp
— o
€T Y
0 1 1
2 op
We now present the idleness function for 3-, 4-, and 5-cycles:
1
Kp
1
2
x Y 0 1 1
’ P
Kp 2
T y 0 1 1
° p
Kp
1
3
T Y
0 1 1
3 p

For cycles of length 6 or greater the idleness function at every edge vanishes identically
(we call those edges bone idle; see section 7).

So far we have only seen idleness functions with at most two linear parts. We will
show that if d, = d,,, then this is always the case. However, if d; # d,,, then three
linear parts may occur, as shown in the following example:
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T Y 0
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—_

1
! p

In fact the Ollivier—Ricci idleness function is piecewise linear with at most three
parts always, a fundamental fact that is included in the following theorem (our main
result).

THEOREM 1.1. Let G = (V, E) be a locally finite graph. Let x,y € V with x ~ y.
Then the function p — kp(x,y) is concave and piecewise linear over [0, 1] with at most
three linear parts. Furthermore, ky(xz,y) is linear on the intervals

1 1
0, ——— d |——,1
*lem(dy, dy) + 1} an Lnax(dz, )+ 1’
Thus, if we have the further condition dy = d, then kp(x,y) has at most two linear
parts.

In our example above of three linear parts, the changes in slope occur at m

and m However, this need not always be the case. Consider the following
example:
Kp
. . y
0 L1 1
137 »
. . . 1 1
Here the first change in gradient does indeed occur at Tem(@, 41 = 13 but the

1

1
second change occurs before (@ )T~ 5

REMARK 1.2. Since ky(z,y) =1 — Wi(uh, ub), and Wi(uh, ub) is the supremum

of affine functions of p (by the Kantorovich duality theorem), p w— Wy(ub, ) is
convex and so p — Kp(x,y) is concave. An alternative proof of concavity was given in

[5]-
A consequence of Theorem 1.1 and the results in [5] is the following corollary.

COROLLARY 1.3. Let G = (Vg, Eg) be a dg-regular graph and H = (Vg,Eg) a
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dg-regular graph. Let x1,x2 € Vo with ©1 ~ x2 and y € V. Then

KEXH((xhy)a(any))

A R G G R (R (M et B

Tata ¢ (a1, 22)(1 = p) if pe | g 1) -

This result shows that the idleness function of the Cartesian product of two regular
graphs is completely determined by the idleness functions of the factors.

We finish this introduction with an outline of the rest of this paper. In section 2
we present the relevant notation and background material. In section 3 we show that
D — Kp is piecewise linear with at most three linear parts. In sections 4 and 5 we give
bounds on the sizes of the last and first linear parts, respectively. We prove Corol-
lary 1.3 in section 6. Finally, in section 7 we present some open questions. Moreover,
we discuss the problem of characterizing edges with globally linear curvature func-
tions.

2. Definitions and notation. We now introduce the relevant definitions and
notation we will need in this paper. First, we recall the Wasserstein distance and the
Ollivier—Ricci curvature.

DEFINITION 2.1. Let G = (V, E) be a locally finite graph. Let py and ps be two

probability measures on V. The Wasserstein distance Wi (1, uo) between py and ps
is defined as

(2.1) Wi, pe) = _inf %" d(z,y)w(z,y),

TI(p1,
mellne) [oy Loy

where

(g, po) = S w2 VX V= [0,1] () = Y w(w,y), paly) = Y wl(,y)
yev zeV

The transportation plan 7 moves a mass distribution given by p; into a mass
distribution given by po, and Wi (p1, pu2) is a measure of the minimal effort that is
required for such a transition. If 7 attains its infimum in (2.1), we call it an optimal
transport plan transporting pq to po.

DEFINITION 2.2. The p-Ollivier—Ricci curvature of an edge x ~ y in G = (V, E)
18
Hp(x?y) =1- Wl(ug7/’(‘5)7
where p is called the idleness.

A fundamental concept in optimal transport theory, and vital to our work, is
Kantorovich duality. First we recall the notion of 1-Lipschitz functions and then state
the Kantorovich duality theorem.

DEFINITION 2.3. Let G = (V, E) be a locally finite graph, ¢ : V. — R. We say
that ¢ is 1-Lipschitz if
lp(z) — ¢(y)| < d(z,y)

for all x,y € V. Let 1-Lip denote the set of all 1-Lipschitz functions on V.
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THEOREM 2.1 (Kantorovich duality [15]). Let G = (V,E) be a locally finite
graph. Let p1, po be two probability measures on V. Then

Wilm,pe) = sup Y ¢(@)(u (@) — pa ().

If ¢ € 1-Lip attains its supremum, we call it an optimal Kantorovich potential trans-
porting i1 to po.

3. Properties of the idleness function. In this section we prove that the
Ollivier—Ricci idleness function has at most three linear parts. Two ingredients of
this proof are the “integer-valuedness” of optimal Kantorovich potentials and the
complementary slackness theorem, which we now state and prove.

LEMMA 3.1. Let G = (V, E) be a locally finite graph. Let xz,y € V with  ~ y.
Let p € [0,1]. Let m and ¢ be an optimal transport plan and an optimal Kantorovich
potential transporting pk to ub, respectively. Let u,v € V with m(u,v) # 0. Then

$(u) = ¢(v) = d(u, v).

This follows from the complementary slackness theorem (see, for example, [9,
page 49]) or from standard results in optimal transport theory [15, page 88]. For the
sake of completeness we include a short proof here.

Proof. By the definitions of ¢ and © we have

/’(‘w’:uy Z ¢ Mﬁ)(w) = Z Z d(waz)ﬂ-(waz)

weV weV zeV
and
S r(w,2) = pi(z), S w(w,2) = i (w).
weV zeV
Then
Wi (B, b)) =Y dw)ub(w) = Y ¢(2)uh(2)
weV z€V
= Z ¢(w) Z 71'(11}, Z) - Z ¢(Z) Z ﬂ-(wv Z)
weV zeV zeV weV
=D D (d(w) = é(z))m(w, 2)
weV zeV
< Z Z d(w, z)m(w, 2)
weV zeV
= Wi(uf, 1)
Thus
DY (b(w) — @) m(w,2) = > Y d(w, 2)m(w, 2).
weV zeV weV zeV
Therefore
o(w) — P(z) < d(w,z) = w(w,z) =0,
thus completing the proof. 0
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As mentioned in the introduction, in [1] Bhattacharya and Mukherjee discuss
the existence of integer-valued optimal Kantorovich potentials in the special case of
vanishing idleness (p = 0). We first introduce the floor and ceiling of functions and
then state a corresponding result for the case of arbitrary idleness.

DEFINITION 3.1. Let G = (V, E) be a locally finite graph and let ¢ : V — R.
Define the functions |¢] and [¢] as follows:

lo]: V - R

v [6(v)],
[¢] : V=R

v [(0)].

LEMMA 3.2. Let G = (V,E) be a locally finite graph. Let ¢ € 1-Lip. Then
l¢] . [¢] € 1-Lip.

Proof. For each v € V set 0, = ¢(v) — |¢(v)] . Note that 6, € [0,1). Then

[ Le(v)] = [o(w)] | = |$(v) = 6y — (w) + bu| < d(v, w) + [y — u]-

Since §, — d,y € (—1,1) we have | [¢(v)] — [¢p(w)] ]| < d(v,w) + 1 and so | [¢p(v)]| —
lo(w) || < d(v,w) since | |¢(v)] — |¢(w)] | is integer-valued. Thus |¢| € 1-Lip. The
proof that [¢] € 1-Lip follows similarly. O

LEMMA 3.3 (integer-valuedness). Let G = (V, E) be a locally finite graph. Let
x,y € V with x ~y. Let p € [0,1]. Then there exists ¢ € 1-Lip such that

Wil i) = ¢(w) — py(w)),

weV

and ¢p(w) € Z for allw € V.

Proof. Let ® be an optimal Kantorovich potential transporting uf to u?. Let 7
be an optimal transport plan transporting pf to u?. Consider the following graph H
with vertices V' and edges given by the following adjacency matrix A:

A(w,w) =1 if 7(v,w) >0 or w(w,v) >0,

A(v,w) =0 otherwise.

Let (W;)"_; denote the connected components of H. Fix u,v € W; for some i €
{1,...,n}. By Lemma 3.1 we have |®(u) — ®(v)| = d(u,v).
Define ¢ : V. — R by

¢(v) =sup{y(v) : ¢ : V = Z, ¢ € 1-Lip, ¢» < O}

By definition, ¢ is an integer-valued 1-Lipschitz function and ¢ < ®. Note that ¢ =
|®], since |®] € 1-Lip by Lemma 3.2.

Finally we must show that ¢ is optimal. For each v € V set §, = ®(v) — |P(v)]| =
®(v) — ¢(v). Note that pb(W;) = ub(W;) for all i (since no mass is transported
between different connected components W;), and that §,, = 4, if v and v belong to

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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the same component W; for some i. Set §; = d,, for any u € W;. Then

Y D) (b (w) = ph(w) = Y (D(w) = 6u) (1 (w) — 4y (w))

weV weV

=D > (@(w) = du)(ph(w) — ph(w))

=1 weW;

= Z Z O(w)(ph (w) — iy (w))

=1 weW;

= > Sulph(w) — ph(w))
i=1 weW,;

= ) O(w)(ph(w) — ph(w)) =D & (uE(W;) — pb (W)

weV =1

=0

Therefore ¢ is optimal, as required. ]
Now we formulate our main result of this section.

THEOREM 3.4. Let G = (V, E) be a locally finite graph. Let x,y € V with © ~ y.
Then p — ky(x,y) is piecewise linear over [0,1] with at most three linear parts.

Proof. For ¢ : V — R, let

(3.1) F(g)=dy | Y o(2) | —da | Y 0(2)

For j € {—1,0,1}, define

(3.2) Aj={¢:V = Z: d(x) = j, é(y) =0, ¢ € 1-Lip}
and define the constants

¢; = sup F(¢).
PEA;

Finally define the linear maps

l1-p\. 1-p
f@)=< - )J+c-
J d, dpdy

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Then
Wil uh) = sup Y d(w)(ph(w) — pb(w))
d)Gl-LipweV
= sup Y o(w)(h(w) — pl(w))
¢€1-Lip =,
¢ V7L
#(y)=0
= sup { () (p— 1”’) + S ) - L2 S g(w)
¢€1-Lip dy dz W dy wey
¢ V7L w#Y wH#z
#(y)=0
= sup { () <p 17)) IR, ST pw) - da 3 b(w)
¢€1-Lip d?! dl’dy ! w~T . wey
V7L w#y wHT
#(y)=0
1— p) 1-p }
= su T — + F
¢61—Eip{¢( ) <p dy dxdy (¢)
¢ VL
#(y)=0
. 1-p\ 6 1-p }
= max su — + F
jE{*l,O,l} d)EEj {] <p dy > dmdy (¢)
) 1- p) 1—-p
= max — + sup F
je{-1,0,1} {] <p dy dydy ¢E£J (¢)}
ma; {( 1—p)+1—pc}
je{—1,0,1} TP d, dydy J
(3.3) = max{f_1(p), fo(p), f1(p)}-
Therefore

rp(e,y) = 1 —max{f_1(p), fo(p), f1(p)}-

Since max{f_1(p), fo(p), f1(p)} is the maximum of three linear functions of p, it is
convex and piecewise linear in p with at most three linear parts, and thus the proof
is complete. 0

4. Length of the last linear part. Before discussing the size of the last linear
part we first need the following lemma about some of the assumptions we can impose
on an optimal transport plan. We then show that if different idlenesses p; < po share a
joint optimal Kantorovich potential, then the Ollivier—Ricci idleness function is linear
on the whole interval [p1, p2]. This was already mentioned in [14] for the special case
p2 =1

LEMMA 4.1. Let p1 and ps be probability measures on V. Then there exists an
optimal transport plan m transporting py to pe with the following property: for all
x € V with py(z) < po(x) we have m(z,z) = py1(x).

This lemma can be proved using Corollary 1.16 in [15] (invariance of the Kantoro-
vich—Rubinstein distance under mass subtraction), but we present a proof in our much
simpler context for the reader’s convenience.

Proof. Let m be an optimal transport plan transporting p; to pus. Assume there
exists an z € V with pi(x) < pa(z), but n(z,z) < pi(x). Let T = {z € V\ {z}:

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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m(z,2) >0} and O = {w € V\ {z} : 7(x,w) > 0}. Since = is optimal, we must have
ZN O = . Then the relevant part of 7 can be depicted as

We now modify 7 to obtain a new transport plan ' as follows:
pr(z) — m(x, x)

This new transport plan 7’ is still optimal (by the triangle inequality). Note that
(2 7) = 7(z, z) ?f z #x,
wi(z) if z ==

Repeating this modification at all other vertices that violate the condition of the
lemma successively gives us our required optimal transport plan. O

LEMMA 4.2. Let G = (V, E) be a locally finite graph. Let x,y € V with x ~ y.
Let 0 < p1 < py < 1. If there exists a 1-Lipschitz function ¢ that is an optimal
Kantorovich potential transporting ph* to bt and transporting pk? to b2, then Wy, :
0,1] = R, Way(p) = Wi(ph, ub), is linear on [p1, pa].

Proof. Let a € [0,1]. The convexity of W, (see Remark 1.2) implies that
aWay(p1) + (1 = a)Way(p2) = Way(aps + (1 — a)ps).
It only remains to show that the above inequality is in fact an equality. Observe that
paPrtUmers — qub 4 (1 — a)ud?,
g =P — bt 4 (1 — a)pbe.

Then, setting p = ap; + (1 — oz)pg, we have

> 3 () (s () — g )

weV
= dw) (apl! (w) + (1 — @) (w) — apl (w) — (1= a)b? (w))
weV
=a > p(w) — b (w) + (1= a) Y ¢(w) — 2 (w))
weV weV
— AWy (p1) + (1 — @)Wy (p2). 0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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LEMMA 4.3. Let G = (V, E) be a locally finite graph. Let x,y € V with x ~ y and
de >dy. Letp € ( Let ¢ be an optimal Kantorovich potential transporting ur
to piby. Then

a1

o(x) —dly) = 1.
Proof. Let m be an optimal transport plan transporting ph to pub. We may assume

that 7 satisfies the conditions of Lemma 4.1. Since p > 1+d , 1P (y) = 1d P < dd”p =

p = ph(y) and therefore there exists z € By(z) \ {y} such that 7(z,y) > 0.If z = x,
then gf)( ) oy ) =1, by Lemma 3.1. Suppose z ~ y and z # x. Then observe that
ph(z) = =2 <1 72 = ph(z). Thus 7(z,y) = 0, by Lemma 4.1, which contradicts our

assumptlon that w(z, y) > 0.
The only case left to consider is z ~ x, z = y, 2 # y. Then d(z,y) = 2, in which
case we have ¢(z) — ¢(y) = 2, by Lemma 3.1. Then

2=09(z) — 9(y)

= ¢(2) — ¢(z) + ¢(z) — 9(y)
<1+ ¢(x) — 9(y)

§2a

which implies ¢(z) — ¢(y) = 1. |
We are now ready to prove the main theorem of this section.

THEOREM 4.4. Let G = (V, E) be a locally finite graph and let xz,y € V with
x~y and dy > dy. Then p— k,(x,y) is linear over [%er 1].

Proof. Let 1 > pg > Fr— +1 and let ¢ be an optimal Kantorovich potential trans-
porting p£° to pbe. Then, by Lemma 4.3, we have ¢(z) — ¢(y) = 1. Note that any
1-Lipschitz v satisfying w(x) —¢(y) = 1 is an optimal Kantorovich potential trans-
porting 1l to ,u;. Thus, by Lemma 4.2, p — k,(z,y) is linear over [pg, 1]. By continuity
of p— kp(x,y) this linearity extends to [ﬁ, 1]. O

REMARK 4.5. Note that the above proof shows the existence of a 1-Lipschitz func-
tion ¢ with ¢(x) — &(y) = 1, which is an optimal Kantorovich potential for all
pE [ﬁ, 1]. We choose ¢ to be an optimal Kantorovich potential transporting ubo
to pte for some 1 > pg > ﬁ and satisfying ¢(x) — ¢(y) = 1, as in the proof of
Theorem 4.4. Then both Wy, and the function

pe Y d(w) — py(w))

weV

are linear over [ﬁ, 1] and agree at p = pg and p = 1. Therefore they agree on
the whole interval, and consequently ¢ is an optimal Kantorovich potential for all

pe 1
5. Length of the first linear part.

LEMMA 5.1. Let G = (V, E) be a locally finite graph. Let F be as defined in (3.1).
Then

sup  F(¢)= sup  F(¢),
¢€1-Lip ¢€1-Lip
bV =17 bV —7)2
$(z)=¢(y)=0 P(z)=¢(y)=0

where Z/2 = {n/2:n € Z}.
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Proof. Pick ¢ € 1-Lip such that ¢g : V — Z/2, ¢o(x) = ¢o(y) = 0, and

F(¢o) = sup F(o).
$€1-Lip
HV—7)2
¢(z)=¢(y)=0

Note that
[¢o(v)] + [¢o(v)]
2

po(v) =
for all v € V. Thus
F(l¢o]) + F([¢0])

F(¢o) = 5 :

By combining this with F(¢g) > F(|¢o]) and F(¢g) > F([¢¢]|) we obtain

F(¢o) = F(l¢o]) = F([do])-

Since |¢g] : V — Z, this completes the proof. 0

The rest of this section is devoted to the proof of the following result.
THEOREM 5.2. Let G = (V, E) be a locally finite graph. Let x,y € V with x ~y
and dy > dy. Let £ =lcm(dy,dy). Then p — kp(x,y) is linear over 0, ZJ%I]

Proof. Let F, Aj, c;, and f; be as defined in the proof of Theorem 3.4. In order
to bound the length of the first linear part of k,, we look at the intersection points
of the functions f;. First we derive inequalities between the constants c;. Note that

i\d,+1) = (dy + D)d,

for j € {—1,0,1}. We claim that fl(ﬁ) > fj(ﬁ). It then follows that ¢ > ¢p

and ¢; > c_1;. We now prove the claim. Note that ﬁ € [ﬁ, 1] and that, by

Remark 4.5, there exists an optimal Kantorovich potential ¢ at idleness ﬁ with
Y

¢(x) — ¢(y) = 1. Therefore, by (3.3),

1 1 1 1 1
/i (dwl) :W””’(dwl) :max{fl (dy+1)’f0<dy+1)’f1 (dy+1>}’

which proves the claim.

Let ¢; € Aj satisfy F'(¢;) = ¢; = maxy, F. Let ¢ = % Note that ) is
1-Lipschitz and ¢ (z) = ¢(y) = 0. The function v may fail to be integer-valued, but
we note that ¢ : V' — Z/2 and so, by Lemma 5.1, we have

(5.1) COZF(¢—12+¢1> _ c_12+01 > ey,

Therefore
c1 2 cCy = cCq.

Let g = ged(dg,dy). Since the constants ¢; are integer linear combinations of
d, and d,, we have g|e; for j € {—1,0,1}. For the computation of the possible
intersection points of f;, we will make use of the following simple observation. Let
b > 0 and suppose that 0 < a%_b < 1. Then a > 0.
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Suppose that p’ satisfies f_1(p") = fo(p'). Then

p_ e —(co—c)
dzdy + dI - (Co — 671)'

p

We can write ¢g — c_1 = d, — Kg for some K € Z. Then

; Kg _ K
Cdydy+Kg (+ K’

p

with ¢ = lem(d,,d,). Since 0 < p’ < 1, we have K > 0. Thus the smallest strictly
positive intersection point is p’ = “%1.
Now suppose that p’ satisfies f1(p’) = fo(p'). Then

’_ dy — (c1 — ¢o)
dxdy + dx — (Cl — Co)'

p

We can write ¢; — ¢g = d,, — Kg for some K € Z. Then

;. Ky - K
S dydy+Kg (+ K

p

Since 0 < p’ <1 we have K > 0. Thus the smallest strictly positive intersection point
is again p’ = 2_‘%1.
Now suppose that p’ satisfies f_1(p’) = f1(p’). Then

1—p c1+c¢ BH1—p
dyd, 2 T dgdy

Fal) = S (Fa )+ F10) = 0 = fole)

In particular

1
H) =fa0) = i(f—l(P/) + f1(0") < fo(?).
Thus either fo(p') > fo1(p’) and fo(p’) > fi(p'), in which case there is no turning
point at p’, or fo(p') = f_1(p’) = f1(p’), in which case p’ is one of the points we have
already considered. Thus p — kp(z,y) is linear over [0, ”%] O

Let us finish this section with some observations about relations between various
different curvature values. Assume that d,|d;. Then lem(dy, d,) = max(dy,d,) and
s0, by Theorem 1.1, p — kp(z,y) has at most two linear parts. We can give a formula
for k,(x,y) in terms of the curvatures ko(z,y) and k(z,y) by using the fact that
kp(z,y) can change its slope only at p = d11+1 and that k; = 0, K} = —k. This
formula, given in the following theorem, emerges via a straightforward calculation

and applies, in particular, to all regular graphs.

THEOREM 5.3. Let G = (V, E) be a locally finite graph. Let x,y € V with x ~ vy
and dy|dg. Then

1].
ds +1’ }

(dor(r,) — (do + Do, y))p + ro(z, ) #pe@
Hp(x7y) =

d; +1
(1 - p)(z,y) qpe[l
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REMARK 5.4. As mentioned earlier Kis KoL, and k have been studied in various
articles. In fact, the identity

(5.2) tip(x,y) = (1 = p)r(z,y)

holds at all edges (even those whose Ollivier—Ricci idleness function has three linear

parts) and for all values p € [m,l]. Equation (5.2) follows from Theo-

rem 4.4 and the fact that k1 = 0 and k] = —k. As a consequence, we have
d+1
KR = 2%; = K_1_.
2 d d+1

We end this section with a connection between « and .

THEOREM 5.5. Let G = (V, E) be a locally finite graph. Let x,y € V with x ~ y
and dy > d,. Then

2
Iio(l',y) < H(x7y) < KO(x,y) + =

dy
Proof. The first inequality follows from the fact that the graph of a concave
function lies below its tangent line at each point and that x; = 0 and kK = —k]:

ko < K1+ K1 (0—1) = k.

Now we prove the second inequality. Let ¢ be a 1-Lipschitz function with ¢(y) = 0
such that

Wy (0) = > l(w) — g (w)) = +f2¢ ——Z¢

wEV Ao Z~T y z~y

2#Y zF#T

Then
Wey (=) = 3 () (487 @)~ pf 7 ()
WA\d,+1) ~ Y
weV
1 d, 1
(d Y1 (dy +1)dy> o)+ T M‘ZS(Z)
27y
(dy +1)d, +1 )d, ;j‘b
zH#x
Thus

= Wy (0) + ésb(fv)
= W2 (0) + - (0(a) — 6(0)
> Wy (0) — é
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since ¢ is 1-Lipschitz. Therefore

da

fiﬁ(%y) <1+ il mWwy(O)
2 dy
= — 1—W,,(0
dx+1+dw+1( s(0))
. e
Finally, by (5.2),
d, +1 2
= < —_
H($7y) da: Hd11+1 (l’,y) = HO($>y)+ dm 0

REMARK 5.6. Let G = (V, E) be a locally finite d-regular graph. Let x,y € V with
x ~y. Then, by the above theorem, we have

2
K/O('Tay) < K(l’,y) < HO('xay) + &

These inequalities are sharp. The lower bound on k is achieved, for example, by the
6-cycle, and the upper bound on k is achieved by the 4-cycle. Furthermore, by [8],
ko(z,y) € Z/d. Similar arguments show that k(x,y) € Z/d. Thus

C
K(.’L‘,y) = lﬂ?o(fE,y) + Ea

where C € {0,1,2}.

6. Application to the Cartesian product. In [5] the authors proved the
following results on the curvature of Cartesian products of graphs.

THEOREM 6.1 (see [5]). Let G = (Vg,Eqg) be a dg-regular graph and H =
(Va, Ex) a dg-regular graph. Let x1,xo € Vg with x1 ~ x9 and y € Vig. Then

da

“GXH((xl,y)v (72,y)) = WI‘EG(%,@%
dg
“(?XH((xlay)v (z2,y)) = mﬁg($1a$2)~

Using our formula from Theorem 5.3, we extend this result and derive relations
between the full Ollivier—Ricci idleness functions involved in the Cartesian product.

COROLLARY 1.3. Let G = (Vg, Eg) be a dg-regular graph and H = (Vi,Ex) a
dg-regular graph. Let x1,x2 € Vg with ©1 ~ x2 and y € V. Then

KZC);XH((-rhy% (1‘2, y))
dady

d
Totay iy (@1, 72) + G (R

“(@1,x2) — K (x1,22))p if p€ [07 m} )

dGliGdH K% (21, 22)(1 — p) if pe [dGTll_IH7 1} .
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Proof. For ease of reading, we define x> := x> ((

Hg(xl,xg) Let p € [0 Then, by Theorem 5.3,

Ilvy)a (xZay)) and Hg =

b dG+dH+1]

kGOH = ((dg + d) kS H — (dg + dir + 1S T )p + 6§H

P
d
:ﬁ{((dGerH) (dGerHJrl IQO p+l€0}
dG deH G G
=—-( do+1 + + —
dG+dH{( G’i — (dg )Hop "fo} dG+dH( Ko )P
— dg G dadu G G
o dGﬂLdHKp dGJFdH( R0 )p-
Now suppose p € [m, 1]. Then
d
GxH _ [ GxH(q _ — G G —
Ky 7 =k (1-p) dG+dHH (1-p). 0

7. Bone idleness and some open questions. We finish this article with a
discussion of when the Ollivier—Ricci idleness function p — £, (x,y) is globally linear
for all edges. First we introduce the notion of bone idleness.

DEFINITION 7.1. Let G = (V, E) be a locally finite graph. We say that an edge
x ~ y is bone idle if ky(z,y) = 0 for every p € [0,1]. We say that G is bone idle if
every edge is bone idle.

REMARK 7.1. Note that k,(x,y) = 0 for all p € [0,1] if and only if ko(z,y) =
k(z,y) = 0. This follows from the concavity of ky(x,y).

It is an interesting problem to classify the graphs that are bone idle. From the
above remark this question is closely related to various notions of Ricci flatness. The
following result allows us to classify bone idle graphs with girth at least 5. Recall that
the girth of a graph is the length of its shortest nontrivial cycle.

THEOREM 7.2 (see [1]). Let G = (V, E) be a locally finite graph with girth at least
5. Suppose that ko(x,y) =0 for all x,y € V with x ~ y. Then G is isomorphic to one
of the following graphs:
(i) the infinite ray;
(ii) the cyclic graph C,, for n > 5;
(iii) the path P, forn > 2;
(iv) the star graph S, for n > 3.

COROLLARY 7.3. Let G = (V,E) be a locally finite graph with girth at least 5.
Suppose that G is bone idle. Then G is isomorphic to one of the following graphs:
(i) the infinite path;
(ii) the cyclic graph Cy, for n > 6.
Proof. By Remark 7.1, it suffices to check which of the examples given in Theo-
rem 7.2 satisfy k = 0, which is straightforward. ]

REMARK 7.4. Note that the above corollary shows that there exists no bone idle
graph with girth equal to 5.

The full classification of bone idle graphs is still open.

The condition of bone idleness of an edge  ~ y can be weakened to require only
that p — kp(x,y) is globally linear on [0,1]. This is equivalent to ko(z,y) = k(z,y).
It is natural to want to understand this weaker condition better.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/21/18 to 129.234.39.193. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1424 BOURNE, CUSHING, LIU, MUNCH, AND PEYERIMHOFF

Recall that & > kg. The Petersen graph has x(z,y) = 0 and ko(z,y) < 0 for all
edges x ~ y. In an earlier draft of this paper we asked whether there exists a regular
graph satisfying x(z,y) > 0 and ko(z,y) < 0. In the meantime, Kangaslampi [4] has
proved that such a graph cannot exist.
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