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Abstract

Mean residual life is a useful dynamic characteristic to study reliability of a
system. It has been widely considered in the literature not only for single unit
systems but also for coherent systems. This paper is concerned with the study
of mean residual life for a coherent system that consists of multiple types of
dependent components. In particular, the survival signature based generalized
mixture representation is obtained for the survival function of a coherent system
and it is used to evaluate the mean residual life function. Furthermore, two
mean residual life functions under different conditional events on components’
lifetimes are also defined and studied.

Key words. Dependence; Mean residual life; Minimal survival signature;
Reliability; Survival signature

1 Introduction

The study of mean residual life of a coherent system has attracted a great deal
of attention in reliability theory. Consider a system with components which has two
possible states; ¢(x1, ..., z,) = 1 if the system is functioning and ¢(x1, ..., z,) = 0 if the
system has failed, where x; = 1 if the 7th component is functioning and x; = 0 if the
ith component has failed. The function ¢(z1,...,x,) is called the structure function.
A system with structure function ¢(z1,...,z,) is coherent if it is nondecreasing in
each argument, and each component i is relevant to the performance of the system,
ie. o(xy, ., 1,0,241,...,2,) = 0 and ¢(xq,..., 71,1, Tis1,...,x,) = 1 for some
states x1,...,%;_1,%i11, ..., T, of other components 1,2, ...,4 — 1,7 4+ 1,...,n. Besides
the classical definition of the mean residual life, different mean residual life functions
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have been defined and studied in the literature for a coherent system. For a coherent
system with lifetime 7" and components’ lifetimes 77, ..., T},, the usual mean residual
life is defined by E(T — ¢ | T > t). Navarro and Hernandez (2008) studied the
mean residual life function of a system whose reliability function can be written as a
generalized mixture. The mean residual life of a coherent system has also been studied
under different conditional events, e.g. when all components are functioning at time .
The latter mean residual life can be defined as E(T —t | T3, > t), where T,.,, denotes
the rth smallest lifetime among 71, ..., T,, (Asadi and Bayramoglu (2006)). See also
Navarro (2016) and Navarro and Durante (2017) for some recent results on the mean
residual functions E(T' —t | T > t) and E(T —t | Ty., > t). Asadi and Goliforushani
(2008) studied the mean residual life of a system consisting of n components having
the property that if it is known that at most r components (r < n) have failed, the
system is still operating with probability 1, i.e. E(T —t | T,., > t). The concept
of signature (see, e.g. Samaniego (2007)) has been used to evaluate the latter mean
residual life functions.

For a coherent system that consists of exchangeable components, the survival
function can be written as

i=1

where the vector of coefficients (s, ..., a;,) satisfying ", a; = 1 is called minimal
signature and only depends on the structure of the system (Navarro et al. (2007)).
The equation (1) is a generalized mixture representation for the survival function of a
coherent system that consists of a single type of components. With a single type, we
mean that all components within the system have a common failure time distribution.
The mixture representation given by (1) is useful to study limiting behavior of the
mean residual life function F(T'—t¢ | T > t) (Navarro and Eryilmaz (2007), Navarro
and Hernandez (2008)).

Another well-known representation for the survival function of a coherent system
that consists of single type of components is given by

P{T >t} = Z d()P{CH) =1},

where C(t) is the number of working components at time ¢, and ®([) is the survival
signature defined by

rn(0)
@ pu—
=",
l
where 7,(l) denotes the number of path sets of size [ (Coolen and Coolen-Maturi

(2012)). A path set is a set of components whose simultaneous functioning ensures
the functioning of the system.



In this paper, we study mean residual life functions E(T' —t | T > t), E(T —t |
T>tT.,>t)and E(T —t|T > 75,an(11;)n1 >t ...,T,gf;)nK > t) for a coherent system
which is composed of K > 2 types of dependent components, where T,«(ZT)LZ denotes the
rth smallest among the failure times of n; components of type i,2 = 1, ..., K. Under
this general setup, the random failure times of components of the same type are
exchangeable and dependent and the random failure times of components of different
types are dependent. The concept of survival signature has been found to be very
useful to study reliability properties of such systems (see, e.g. Coolen and Coolen-
Maturi (2012), Samaniego and Navarro (2016)). By utilizing the concept of the
survival signature, we obtain a generalized mixture representation for the survival
function of a coherent system that consists of K types of dependent components.
The obtained mixture representation generalizes the representation given by (1) and
is used to study the limiting behavior of E(T"—¢ | T" > t). The survival signature
based representations for E(T —t | T > t, Ty, > t) and E(T —t | T > t, T\, >
t ey quff;zw > t) are also obtained.

Sadegh (2011) extended the results of Asadi and Goliforushani (2008) when the
lifetimes of the system components are independent random variables but not neces-
sarily identically distributed and when the joint distribution of the component life-
times is exchangeable. Zhang and Meeker (2013) obtained mixture representations of
the reliability functions of the residual life and inactivity time of a coherent system
with n independent and identically distributed components, given that before time
t1, exactly r (r < n) components have failed and at time o, the system is either still
working or has failed. Some recent discussions on the mean residual life of systems can
be found in Navarro and Gomis (2016), Bayramoglu and Ozkut (2016), Bayramoglu
Kavlak (2017).

The paper is organized as follows. In Section 2, we obtain a generalized mixture
representation for the survival function of a coherent system consisting of multiple
types of dependent component. Section 3 is devoted to study different mean residual
life functions.

2 Minimal survival signature

Consider a coherent system with K > 2 types of n components. Let n; denote the
number of components of type i, i« = 1,2, ..., K, where n = Zfil n;. It is assumed
that the random failure times of components of the same type are exchangeable and
dependent, and that the random failure times of components of different type are
dependent. Without loss of generality, the assumption on components’ lifetimes can

be written as
d

(Tl, ,Tn) - (To(l)a '-'7Ta(n))7
for any permutation o such that o(i) € {1,...n1} for all i € {1,...,n1},0(i) €

{n1+1,...n1+no} for all i € {n;+1,...,n1 +ny}, and so on, where 2 denotes
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equality in distribution. It should be pointed out that this is a quite strong assump-
tion.

If C;(t) denotes the number of components of type i working at time ¢, then the
survival function of the system can be written as

P{T >t} = Z Z (I, ... lg)P{Cy(t) = Iy, ...,Ck(t) = Ig}, (2)

11=0 lg=0

where ®(ly, ..., i) represents the survival signature and is defined by

Ty Iy, ..., 1
(11 o lpe) = Tzl l) (3)

(Coolen and Coolen-Maturi (2012, 2015)). In (2), 7, . ng (11, ..., [k ) denotes the num-
ber of path sets of the system including exactly [; components of type 1, ..., exactly
[ components of type K. The computation of survival signature is a challenging
problem. Reed (2017) proposed an efficient algorithm to compute survival signature
of a system. Patelli et al. (2017) presented a simulation method for system reliability
using the survwal signature.

Let T denote the failure time of the jth component of type i,7 = 1,2, ..., K.
Then from Theorem 1 of Eryilmaz (2017), the joint distribution of Ci(t), .. C’K( )
can be written as

P{CW(t) =11, ... Cxe(t) = I} = (ll) <7;;:>5n ,,,,, (Bl li), (4)

where
nh n1—11 nK—lK
S (il 21+--~+Z‘K( | )( | )x
G ZO ZKZO i i
1 1 K K
P{Tl( st T s T s T, s t} (5)

We first obtain the following generalized mixture representation for the survival
function of a coherent system which will be useful in the sequel.

Theorem 1 The survival function of a coherent system consisting of n; components
of type 7,7 =1,2, ..., K can be written as

P{T >t} = Z Z «(my,...,mg)P {mln(Tl(erLl,...,Tl(fn)K) >t}, (6)

m1=0 mKO



where T1(27)n = min(T?, .., T%),i=1,.., K, and

®,(my,....,mg) = i...%(_l)ml11+...+szK(7ll11>m(nK>

l
11=0 lg=0 K

nl_ll TLK—ZK
(P e,

and for convenience P {Tl(zg > t} =1.
Proof Let

Aty vyl i = P {Tl(l) >t .. TV

(K) (K)
i, > b I >t T >t},

lk+ir

then from (2), (4) and (5) we have

P{T >t} = Z Z (I, I <711) (”K)

[
11=0 =0 K

1K

- n; - nzli o(ly, ..., L) (73)(“)

Ik

m1—l1+..‘+m (M —h ng — lg
X Z Z K—IlK <m1 B l1> ( ))\mh.“mK

ni1—l ng—lK ' ] ny — ll ng — lK
X Z Z (—1)“*'”*”(( i )( . ))\l1+i1,.~-ik+ik

mi=l1 mg — lK
ni nkg mi mE
= Z e Z Z... Z(_l)mlfll‘i"i’m}{*l;( <n1)(nK)
=0 mg=00=0  lx=0 I Ik

ny — ll Nk — lK
)
- <m1 — ll) (mK — lK) (B L) A,

n1 nKg
— Z Z q)*(ml,...,m[())\ml,...m}(

m1=0 mi =0
ni ng
=Y Y (g, mi) P {Tf” St T > T > T 5y
m1=0 mi =0
ni ng
=S Y Bu(myy e mg) P {Tf})nl >t T > t},
m1=0 my=0



where

&, (my,....mg) = i...mi(_l)mlzl+...+mKlK(7lz11>m(nK>

l
=0  lx=0 K

- —1
c(M Y (T g m
ml—ll mK—lK

Clearly, the coefficients ®,(my,...,mg) in (6) satisfy

ni nK
Z Z b, (my,....mg) =1,

m1=0 mi=0

but they may take negative values. Therefore equation (5) is a generalized mixture
of series systems. Similar to systems with a single type of components, we will call
the ®,(my, ..., mx) minimal survival signature of the system that consists of multiple
types of components.

Corollary 1 If the system consists of independent components such that the com-
mon failure time distribution of type i components is F;(t),i = 1,2, ..., K, then

PAT>t}=> > . (my,...mg) " (t).. F< (). (8)

The generalized distorted distribution corresponding to n distribution functions
G1, G, ..., G, is represented as

Fo(t) = Q(Gi(1), ..., Gu(2)),

where the increasing continuous function @ : [0,1]" — [0, 1] is called multivariate
distortion function and satisfies Q(0,...,0) = 0 and Q(1,...,1) = 1. For the survival
function we have

Fo(t) = Q(Gi(t), ..., Gu(t)),
where Q(uy, ..., u,) = 1 = Q1 —uy,...,;1 —uy,) is called multivariate dual distortion
function. The function () is also a multivariate distortion function and it satisfies the
same properties as () (Navarro et al. (2016)).
Proposition 1 Let C be a survival copula corresponding to Tl(l), o TT(LP, e Tl(K)7 - Tflf),
ie.
P{TY > 0, T > 1B, T > i, T > 40

ny oty ng

= C(RED), . B (D), P, L Fre(t09)).

ni nK
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Then the lifetime T of a coherent system that consists of K types of dependent
components has a generalized distorted distribution whose survival function is

P{T >t} = Q(F\(t), ..., Fx(t)), (9)

where the multivariate distortion function is given by

Quy, ..., ug) = Z Z o, (my,...,mg)

m1=0 m=0
xC’(ul, sy U, ]_, ceey 1, ey Uy ooy UK, ]_, ceey ].) (10)
——— N — ——— N —
mi ni—mi mg NK—mMg

Proof The proof is immediate from (6) since
P {min(Tl(}TZH, LT s t}
- P {Tf” St T > T s TE) S t}
= C(B(®), - Fi(1), 1,0, 1, Fie(D), o, Fie(1), 1, 1) 0

~
mq ni—mi mg ng—mg

Although Navarro et al. (2016) have represented the system’s lifetime distribution
as a generalized distorted distribution when components’ lifetimes are dependent,
their representation was implicit. In particular, they noted that

P{T >t} = H(F\(t), ..., F,(1)),

where H = () is a function which depends on the minimal path sets of the coherent
system structure and on the survival copula C' (see also Navarro et al. (2017), Miziula
and Navarro (2017)). Our representation given by (9)-(10) is explicit as a function
of the survival signature which fully characterizes the system structure and can be
computed through equation (3). As a direct consequence of Proposition 1, for a
coherent system that consists of independent components such that the common
failure time distribution of type ¢ components is Fj(t),i = 1,2, ..., K, we have

ni ng
Q(ur, ..., ug) = Z Z D, (my, ..., mp)uy"t R

m1=0 m =0

In the special case, if the system consists of single type of independent components,
then

Qu) =Y ®.(m)u™
m=0
which has been called domination function by Navarro and Spizzichino (2015).

It should be noted that (10) can be used jointly with the results in Navarro et al.
(2016) to compare different systems.



Example 1 Consider the system in Figure 1 which has been considered in Feng et
al. (2016). The system has six components with K = 2 types with n; = 3 and
ny = 3. Type 1 and type 2 components are represented respectively by blank
and black boxes. Table 1 displays the minimal survival signature of the system.
Note that the minimal survival signature is computed using the relation (7) and
the survival signature of the system presented in Table 1 of Feng et al. (2016).

V]
o

- =

Figure 1. System with two types of components

Using the entries in Table 1 and the equation (5), the survival function of the system
can be represented as

P{T >t}
= P} > 6.1 >t} 2P {18 > 0,18 > ¢} —2p {1l > 1,7 > 1}
4P {Tfﬁ} > t} —3p {Tf}g > 7% > t} +op {Tf}g’ > 4,73 > t} .
Using survival copula, the survival function can be represented as
P{T >t} = Q(F(t), Fx(1)),
where the distortion function is given by

Q(U'l? u2) - C(uh Uz, UZ) + 20(“17 Uy, U2, Ug) - 2C(u17 U, U2, Uz, u2) + C(Ul, Uz, ul)
—3C (u1, uy, uy, ug, up) + 2C (w1, uy, Uy, ug, Us, us).
If the components are independent, then the distortion function becomes

A 2 2 2 2.3, 3 3,2 3,3
Q(u1, ug) = ugusy + 2ujuy — 2ujuy + uy — 3ujus + 2ujus.



myq Mo <I>*(m1, mg) myi Mo CIJ*(ml,mg)
0 0 0 2 0 0
0 1 0 2 1 0
0 2 0 2 2 2
0 3 0 2 3 -2
1 0 0 3 0 1
1 1 0 3 1 0
1 2 1 3 2 -3
1 3 0 3 3 2

Table 1. Minimal survival signature of the system in Figure 1

3 Mean residual life functions

Using Theorem 1, the MRL of the system that consists of multiple types of compo-
nents can be computed from

mit) = E(T —t|T>t)

Z Z «(my,....,m fP{ >ttt Tl(ﬁ)K>t+:L‘}dx

_ m1=0 mi=0 (12)
Z Z i) AT, > 4, T > 1
m1=0 m =0

The following result of Navarro and Hernandez (2008) is useful to examine the limiting
behavior of the MRL function.

Theorem 2 (Navarro and Hernandez (2008)) Let S be a survival function such that

for all t > 0, where S1(t), ..., S,(t) are survival functions, and wy, ..., w, are real
numbers such that Y )" | w 1 Let m;(t ) be MRL function corresponding to
Si(t),i=1,...,n, ie. ml( NS (w)du. If
t t
lim inf ma(t) > 1, lim sup ma(t) < 00,
t—oo  my(t) t—oo T my(t)

for i = 2,3, ...,n, then the MRL function m of S satisfies

lim m(t)

=11
=00 1y (1)




Because Theorem 1 presents a generalized mixture representation for a coher-
ent system that consists of multiple types of dependent components, Theorem 2
enables us to investigate the limiting behavior of the MRL function for such sys-
tems. Application of Theorem 2 needs a multivariate distribution or survival function
for modeling lifetimes of components. Suppose that the joint survival function of
Tl(l), ...,TT(L}), o Tl(K), ...,qulK() is given by

P{Tl(l) . tgl),- 7D < 1) 7T1(K) > th)’ TE) - t(K)}

LT > 0 oy T >
(1) < |

= (140> 6+ . 40> : (13)
i=1 i=1

for t9 > 0,4 =1,..,n;,j = 1,...,K; 6; > 0,0 > 0. It should be noted that the
survival copula corresponding to (13) is

A _1 _1 _ 1 —
Cur, gy .oy ) = [U1 Uy F o F U — (n— 1)] ,

and
P{Tfl) LI RO s EICS I (O tgfg}
= C(B(t), ., Fy(1), ., (1), ., Fie (1)),
ni ng

with Fj(t) = (1 +6;t)"*,i=1,2,..., K.
In the following, we present the limiting behavior of (12) for the model (13).

Proposition 2 For the multivariate Pareto model given by (13), let C' = {(i1, ..., ix) :
Nt ...+ig < jl + ... +]K and q)*<i1, ,’LK) > 0 for all jl = 0, 1, Ny, ,]K =

0, 1, ,nK} CIf
v+ ... + vl <101+ ... + ik, (14)
for all (iq,...,1x) € C, then
t
lim m(t) = 1. (15)
t—oo 1 [t X 1 ]
a—1 1)191+...+UK9K
Proof The MRL corresponding to min(Tl(:li)l, o Tl(iz) is
1 [ o fra K
- 1 [P{Th s e T st o
P {Tm >t TE) > t} J

1
= , —— [ [T+ 01i1(t+2) + ... + Oxig(t + )] “dz
14+ 6yit+ ...+ Oxigt ‘”/
(14 60101t + ... + Oikt] /

1 1
= t
a—1 |: +0111++0K2K:| ’
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for a > 1. For (vy, ...,vk) € C satisfying (14), the conditions in Theorem 2 hold
true for the MRL of min(7; (L) Ty, () ..). Thus the proof is complete.l

IR

Example 2 For the system in Figure 1, let

P{Tl(l) >0, 18 > 40 1Y > 6D, 1 > P 1 > 1P 1 > t?’}

3 3 -
1+6, Z tEl) + 04 th@)
i=1 i=1

From Table 1, it is easy to see that C' = {(1,2),(3,0)}. Thus from Proposition
2, if 91 Z 02, then

t
lim — m(?) — =1,
E |:t + 01+292]
and if #5 > 61, then
im0

=

It should be noted here that the limiting result in (15) depends on determination
of the coefficients vy, ..., v defined by (14). As it is clear from Example 2, these
coefficients heavily depend on the relation between the parameters 6; and 6,.

Consider a coherent system that has the property that if at most r» components
(r < n) have failed, the system is still operating with probability 1. Then, the con-
ditional expected value E(T —t | T,.,, > t) represents the mean residual lifetime
function of a coherent system given that at least n — r 4+ 1 components of the system
are working at time ¢ (Asadi and Bayramoglu (2006), Sadegh (2011)). For a coher-
ent system that consists of multiple types of components, define the following mean
residual life.

E(T—t|T>tT.,>t) = / {T'>t+z|T>tT.,>thde. (16)
0
For a coherent system consisting of K > 2 types of components, it is easy to see
that
P{T > t,T,., >t}
= > Y Bl ) P{CI(t) = by, Ok (t) = Ui}
h+..+Hlg>n—r+1
n n
= > > k) () ) S (s s ), (17)
ly Ik
h+..+Hlg>n—r+1
where Sy, n. (811, ..., k) is given by (5). In the following Theorem, we present the

conditional survival function of T" given {T" > ¢, T,., > t}.
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Theorem 3 For a coherent system consisting of n; components of type 7, i =
1,2,..., K,

P{T>s]T>tTrn>t}

a P{Ts > t, Trn>t}z ZZ Z(I) (s ooy )N (G Ly s -5 Iy Uy M)

=0 lk=0 (j1,.--,jr )€U
x P {nl — 71 of TMg <t,j1— 1 of TWs € (t,s],1y of TWg > s,
g — ji of TWs <t jre — e of TWs € (¢, 5], 1 of TWs > s} , (18)

where U = {(j1, .., Jx) i1+ -+ g >n—1r+ 11l <ji <ny, .. lg < jg <ng}l,
and

. . ni nkg
N l [ = .
Uy b i iy b, ) (”1 —JJ1— l17l1> (TLK — JK,JK — lKJK>

Proof By conditioning on the number of working components of each type at time
t and s,

P{T > s,T,., >t}

i"'ZZ"'Z‘I’(ll"“’lK)

=0 Ix=0 (j1,...jk)EV

XP{Cl(S) = ll, ,CK(S) = lK,Cl(t) = jl, ,CK<t) = ]K} . (19)

Thus the proof follows noting that

P{Ci(s) =1y,...,Ck(s) = lk,Ci(t) = j1, ..., Ck(t) = jk }

C
= (=) Lo s = tte)
ni—Jji, 1 — i, b T\ ng — JK,Jr — l, Ik

x P {n1 _jl of T(I)S S t,jl - ll of T(l)S € (t, S] ,ll of T(l)S > s,
ng — jr of THs <t ji — I of T®)s € (t, 5], 1k of THE)s > s} ,

for s >tand j; > 1y, ..., jx > lx. W

In equation (19), it is quite interesting to observe that the survival signature
depends on only the number of working components of each type at time s (later time
point) and independent of ji, ..., jx which denote the number of working components
of each type at a previous time point .

Corollary 2 If the system consists of independent components such that the com-

12



mon failure time distribution of type i components is F;(t),i = 1,2, ..., K, then

P{T>s]T>tTm>t}

- P{T>tTm>t}Z ZZ PILUER

11=0 lg=0 ( ..... jK)GU

. H <n i — i, zi> EP T ()(Fy(s) = (1) (1 = Fy(s))". (20)

Corollary 3 Let r = 1 in Theorem 3. Then the conditional survival function of the
system under the condition that all components are working at time ¢ can be
represented as

P{T>S’T1n>t}

1
_ S }Z Zcpzl,...,

P{Tf” Sty T >t T s T e
XP{Cl(S) = ll, ...,CK(S) = ZK,Cl(t) =Ny, ,CK('[J) = 7’LK}, (21)

for s > t.

In the following, we obtain an expression for the joint probability involved in (18)
when K = 2, i.e. the system consists of two types of components. The following
result is useful since it only involves joint survival probabilities.

Proposition 3 For a system that consists of two types of components,

P{Ci(s) = I, Cols) = I, O (£) = ma, Co(t) = o}
= (711) (7;22) [p1(s, 8,1, 12) — pa(s, t, 1, l2)

_p3(57t7 l17l2) +p4(37t7l17l2)] ) (22)

where for s > t,

st l) = P{Tfl>>s,... T > 6 TN, >4, TV > ¢t

*) n1
T2 > 5, T2 > s, T2 > t,.., TP > t} (23)
p2(87t7 l17l2)
il (g —1
= > (—1)1‘1< ! 2_ 1)P{T1(1) > s, T > 8, T >t T >
=1
T® > 5, TP > 5T, >, TO > t} (24)

13



p3(5, ta lla l2)

na—la

i ng — Iy 1
= > (-1 1( Z, >P{T1()>s,...T()>sTl(lll>t LT >
=1
T2 > s, T8, > s, T2 >t T > t}

p4<87 ta l17 l2)

ni1—li na—ls o ny — ll No — l2 (1) (1)
SR L )( et
7

i=1 j=1 J
M 1 @ o @)
Tyl >t T > T LTl > s,
(2) 2
Tlin >t T2 > t}

In equations (24)-(26), 3.0 = 0 if a > b,
Proof Clearly,
P{Ci(s) = l1,Cs(s) = Iy, C1(t) = ny, Cs(t) = na}
(”1> (”2)13 {Tf” > 5., TN > s T >t TO > ¢

L)\ s T

T <5, TO <5, > 5, T > 5, T2 > 6,0, T >
1+1 TNy +1 ) Tng
(2)

,le-‘rl < S, ’TT(L? < S}

Define the events

A = {Tfl) > s, T > 8, T > 1, T > t}
AQE{TI(2)>5,. T2 > 5, T > t,.. ,Tg)>t}
ni n2
B, = U {Ti(l) > s} , By = U {Ti@) > 5} )
i=l1+1 i=la+1

Then
P{Cl(S) = ll, CQ(S) = 12,01<t> =Ny, CQ(t) = 77,2}

_ <71) (’Z ) [P(A; N As) — P(Ay N Ay N By)
1 2
—P(A1N AN By) + P(A; N Ay N By N By)l.

The proof is now completed using the principle of inclusion-exclusion.ll
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As it is clear from Proposition 3, to compute E(T —t | T}., > t), it is enough to
evaluate the integration in the form

/P {Tl(l) >t+x,..., T(l) >t+x, T(+)1 >t Tb(1) >t
0

For the multivariate Pareto model given by (13), it can be easily seen that the later
integral equals to

/ 14 601((t+z)a+ (b—a)t) + 02((t + x)c+ (d — c)t)] “dx
L [14+ (610 + 02d)]' ™
a—1 01a + O5c

for a« > 1. Thus, using Proposition 3 the MRL of a coherent system when all
components are functioning at time ¢ can be computed from
1 niy N2

E(T—t | Tip>t)= ZZ@ll,ZQ

[ + 91n1t + 92n2t l1 015—0

y (7;;) (7;;) [1+t(01(n1 — 1) + O2(na — 1o))]'~

Qlll + 02l2
_nIZfl )it <n1 - ll) [+ t(61(n — b — i) + O5(ny — 1)) °
01(ly + 1) + O2ly

_nzzle )it <”2 - 12) [+ t(61(n — ) + O3(ny — 1, — )]
91[1 + 02(l2 + Z)

ny— l1n2 ’L+j72 nl_ll n2_12
5 () ()

J

[1 + t(@l(nl — ll - Z) -+ 62(7?,2 — lg — j))]l_a
X , . , (27)
01(l + 1) + 02(l2 + j)
for a > 1.
Another MRL function that may be of practical interest can be defined as
mK () = B(T—t | T>¢, T8, >t T8 >4, (28)

for 1 < r; < mn;,i = 1,..., K. The function defined by (28) represents the mean
residual life of the system given that at least n; — r; + 1 components of type i are
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working at time ¢, ¢ = 1, ..., K. Clearly, for s > t,

P{T > s, T\ LTE) >t

)T r1ing DTTKINK

i---ZZ---Z@(zl,...,zK)

l1=0 Ik=0 (j1,....ix)EU*

XP{Cl(S) = ll, ,OK(S) = lK,Cl(t) = jl, ,CK(t) = ]K}, (29)

where U* = {(j1, ..., jx) : max(ly, N — 7m + 1) < jim < npym =1,..., K}. On the
other hand,

P{T>¢T}) >t . TF >t}

7TTriing UUTKINK
ni ng
= > e > Oy, ) P{CI() =, C(t) = 1k} (30)
li=n1—7r1+1 lk=ng—-rrg+1

The MRL function defined by (28) can be computed using (29) and (30) in

mTE () = B(T—t | T>tTY >t .., TE) >t

’Tr1ing )Y T rKINK

1
P {T >t Ty >t T > t}

x/P{T>t+9c, Th, >t TE) > t)da. (31)
0
Equation (31) corresponds to E(T —t | Ty, > t) when r = ... = rg = 1.

Example 1 (continued) In Figure 2, we plot m(t) =FET-—-t|T >t (MRL),
mb(t) = BE(T —t | Ty, > t) (MRL1) and m?2(t) = E(T —t | T > ¢, To)), >
t,T. 2( 7,32 t) (MRL2) for the system in Figure 1 under the model (13) when
6, = 1,0, =2,a = 2. We have m(t) < m>?(t) < mb(t) with m(0) = m??(0) =
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m*1(0) = E(T) = 0.4103.

J1.601, T T

MRL
MRL1
MRL2

Figure 2. MRL functions of the system in Figure 1.

4 Discussion

This paper has presented general results on survival function and mean residual life
for coherent systems, with multiple types of components, with the only assumption
that the failure times of components of the same type are exchangeable. Hence, such
components can be dependent, and also dependence of components of different types
is allowed. The use of the survival signature enabled derivation of a general expression
for the mean residual life for such scenarios, in particular through the introduction
of the minimal survival signature for such system, generalizing this concept that was
introduced by Navarro et al. (2007) for systems with a single type of components.
Main future research challenges related to this work include computational issues,
in particular for large real world systems, and the use of the mean residual life for
decision support, where one can think about aspects like maintenance but also issues
of system design.

In addition to the minimal signature, Navarro et al. (2007) also represented the
survival function of a coherent system as a generalized mixture of survival functions
of parallel systems and called the corresponding set of coefficients as a maximal
signature. This concept can be generalized to the maximal survival signature along
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similar lines as the minimal survival signature presented in this paper, and may be
useful for various reliability problems, e.g. stochastic comparison of two different
systems.
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